
Micromechanical modelling of self-healing
cementitious materials

Doctor of Philosophy Thesis

Robert Elfed Davies

School of Engineering, Cardiff University

2014





For Jenny and Evan
Thank you for your love and support

i





Summary

A self-healing cementitious material could provide a step change in the design of
concrete structures. There is a need to understand better the healing processes, to
predict accurately experimental behaviour and to determine the impact on mechan-
ical properties. Micromechanical modelling, with a two-phase Eshelby inclusion
solution, is chosen as a suitable framework within which to explore self-healing.
The impact of micro-cracking and other time-dependent phenomena are considered
alongside self-healing experiments and the numerical mechanical strength response.

A new approach describes simulating inelastic behaviour in the matrix compo-
nent of a two-phase composite material. Quasi-isotropic distributed micro-cracking,
accompanying volumetric matrix changes, is combined with anisotropic micro-
cracking arising from directional loading. Non-dilute inclusions are homogenised
and an exterior point Eshelby solution is used to obtain stress concentrations ad-
jacent to inclusions. The accuracy of these solutions is assessed using a series of
three dimensional finite element analyses and a set of stress/strain paths illustrate
the model’s characteristics. The problem of autogenous shrinkage in a cementi-
tious composite is applied using a volumetric solidification and hydration model,
which quantifies the effects of micro-cracking. Experiments on early age concrete
and mortar beams showed that autogenous healing is primarily due to continued
hydration. A novel self-healing model focuses on mechanical strength recovery of
micro-cracked material and considers healing whilst under strain as well as allow-
ing for re-cracking the healed material. The constitutive model is combined with a
layered beam model to allow successful comparisons with experimental results.
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Chapter 1

Introduction

This introduction chapter sets the scene for the thesis by describing the significance
of concrete, highlighting important design issues and discussing the potential role
that self-healing can play in addressing these issues. The overall research objectives
and aims are then set out alongside the author’s publications to date and finally an
outline of the thesis content is given.

1.1 Concrete, durability and the role of self-healing

Concrete is currently the most used man-made material in the world, with global
production of cement being 4 billion tonnes in 2013 (USGS 2014). As such, con-
crete is used on many construction projects and it is being used in increasingly
innovative design solutions expanding the known material capabilities. The history
of concrete technology is well documented and it is widely recognised that the An-
cient Romans first used a form of concrete over 2000 years ago (Neville & Brooks
2010). Concrete in its basic form is a composite material with coarse aggregate
particles embedded homogeneously in a hard matrix material. Modern concrete
comprises cement, sand, coarse aggregate, water and chemical admixtures. Cement
is a hydraulic binder where the most well known is Portland cement which was first
patented by Aspdin in 1824. Many other materials have hydraulic properties, such
as, granulated blast furnace slag, natural pozzolana, fly ash and silica fume (BS
EN 197-1 2011). When a hydraulic binder is mixed with water, the resulting paste
reacts chemically during the hydration process, binding the sand and aggregate,
setting hard to form a ‘rock like’ material.

Traditionally, strategies for designing concrete structures have involved damage
prevention, that is, ensuring the materials used meet both serviceability and ultimate
limit requirements of codes of practice such as (EN 1990 2002). Codes of practice
provide basic design requirements taking account of design working life, durabil-
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ity, reliability and quality. Balancing these various design elements whilst satisfy-
ing increasing sustainability requirements is becoming increasingly important. The
current design practice is to limit damage in structures. One such example is to
use partial factors for loads and materials to avoid excessive damage resulting in
the need for larger structural elements and stronger materials. When damage does
occur the re-active approach is employed where by maintenance and repair takes
place. In 2014 repair and maintenance activity was £44.6 Billion which accounted
for 39 % of the total UK construction and building work (ONS 2014).

An alternative approach, to creating stronger structures, is to pro-actively man-
age the damage by accepting that damage will occur in concrete and implementing
strategies to managing this deterioration over time. This planned, pro-active form
of maintenance and repair can lead to increased capital cost but would have low
or negligible maintenance costs over the life of the structure (Van Breugel 2007).
Inspiration is taken from living organisms, such as the bones and skin of the hu-
man body and plants, and their ability to detect damage and repair themselves.
Biomimetic products are beginning to be used across the whole engineering indus-
try. This thinking has created an opportunity for self-healing materials where by the
material can regain a proportion of its performance after being damaged without
intervention. These self-healing technologies appear promising when targeted at a
specific application, but the technology is in its infancy and is yet to be proven at a
large scale. Modelling self-healing concrete should lead to a better understanding
of the mechanisms which govern its behaviour and thereby help transfer the tech-
nology from small scale laboratory experiments to large scale structural designs.

In the first International Conference on Self-Healing Materials, Van Breugel
(2007) asked a valid question: it might be possible to create such materials but
‘is there a market for self-healing materials?’. The article argues that this depends
on being able to take these concepts forward to the design and building processes,
to prevent rejection by the construction industry. The large number of papers and
attendees at the fifth International Conference on Self-Healing Materials in the sum-
mer of 2013 is further proof that this exciting and rapidly evolving field is slowly
being understood and will be the future of engineered materials.

Cracking can be considered one of the major causes of concrete degradation and
is typically initiated by thermal effects, early age shrinkage, mechanical loading or
a combination of these actions. These cracks can in turn lead to water and carbon
dioxide (CO2) ingress causing damage to the cementitious material and corrosion of
the reinforcement. Despite the fact that durability has for many years been an impor-
tant aspect of reinforced concrete design, a significant proportion of these structures
have had problems with durability in recent years (Richardson 2002). The devel-
opment of cementitious materials that are capable of self-repairing any cracks that
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form, and thereby addressing the problems of poor durability associated with crack-
ing, would therefore be very advantageous. Enhanced crack healing can maintain
the stringent tightness requirements of structural protective systems against extreme
events (van Breugel 2011). Crack repair techniques built into the material system
can be broadly grouped into two categories; the first takes advantage of the natural
autogenous (or self) healing properties of cementitious materials and the second is
artificial (or autonomic) healing typically making use of embedded adhesive repair
agents (Dry 1994, Ghosh 2009, Joseph et al. 2010, Li et al. 1998).

The need to incorporate advanced self-healing materials into the design of sus-
tainable structures has led the recent need for a greater understanding of the asso-
ciated complex processes. According to the "Research direction in computational
modelling report" computational modelling forms part of our everyday lives (Oden
et al. 2003). Hence, computational modelling of these novel materials is required to
allow engineers to make the most of the self-healing properties and thereby manage
our infrastructure.

1.2 Overall objectives and aims

The objectives of the main body of research work are listed below.

• Develop a full 3D micromechanical model with the ability to apply prescribed
stress, anisotropic loading (or displacement), inelastic strains and hydration
processes in cementitious materials.

• Simulate time dependent inelastic strains, such as shrinkage, creep, micro-
cracking, differential thermal expansion or ageing.

• Understand the key experimental parameters which control or influence auto-
genous healing in cementitious materials.

• Quantify autogenous healing using mechanistic experiments to determine the
mechanical properties.

• Validate and assess performance of any proposed numerical model solution
by linking to an experimental study.

• Develop a mechanistic numerical model capable of direct application to real
problems.

• Make positive steps towards achieving a fully coupled thermo-hygro-chemo-
mechanical finite element model of concrete describing self-healing.
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1.3 Publications

The author is named on the following publications

• Isaacs, B., Lark, R., Jefferson, T., Davies, R. & Dunn, S. (2013), ‘Crack heal-
ing of cementitious materials using shrinkable polymer tendons’, Structural

Concrete 14(2), 138–147.
URL: http://onlinelibrary.wiley.com/doi/10.1002/suco.201200013/abstract

• Davies, R. E. & Jefferson, A. D. (2014), ‘The simulation of inelastic matrix
strains in cementitious materials using micromechanical solutions’, Engineer-

ing Fracture Mechanics.
URL: http://www.sciencedirect.com/science/article/pii/S0013794414003324

(This paper covers the work detailed in Chapters 3 and 4)

The author is also named on the following conference proceedings and presented at
the conferences as first author:

• Davies, R. E. & Jefferson, A. D. (2012), The simulation of time dependent
behaviour of cement bound materials with a micromechanical model, in ‘1st
International Conference on Numerical Modelling Strategies for Sustainable
Concrete’, SSCS, Aix en Provence, France.

• Davies, R. E. & Jefferson, A. D. (2013), The simulation of inelastic strains
and fracture in a two-phase composite using a micromechanical model, in

‘International Conference on Computational Mechanics (CM13)’, ACME,
Durham, UK.
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1.4 Outline of the thesis

This thesis reports on the research work undertaken in developing a micromechan-
ical model for self-healing cementitious materials. The research work is mostly
numerical in nature supported by investigative experimental findings.

Chapter 2 discusses the state of the art for micromechanical constitutive mod-
elling. This chapter provides background to the modelling approach adopted. The
micromechanical techniques that have been used to model the time dependent pro-
cesses in cementitious materials are reviewed alongside key micro-cracking consid-
erations. Finally, the state of the art for self-healing is presented, focusing on au-
togenous healing in cementitious materials. The first steps in being able to develop
engineering solutions using self-healing materials is to bridge the gap between the
experimental findings and numerical predictions.

A novel micromechanical model is developed in Chapter 3 which is capable of
taking account of inelastic strains in the matrix. The constitutive model theory is
presented before the effects of micro-cracking, micro-crack initiation criterion and
its evolution with time are discussed. The numerical implementation of the model
in a constitutive driver program is described.

This micromechanical model is then validated in Chapter 4. Results from a 3D
finite element model of a two-phase composite are compared with the homogenised
model solution without micro-cracking for a free shrinkage problem. The perfor-
mance of the model is assessed using prescribed stress and strain paths to obtain
characteristic responses. The model is then applied to the problem of autogenous
shrinkage of a cementitious material. For this work, a specialised form of the model
was developed which only employed volumetric components of the constitutive ten-
sors.

Alongside developing a self-healing numerical model, an experimental study
was carried out on autogenous cementitious healing and is presented in Chapter 5.
The preliminary investigations, experimental procedures adopted and findings are
presented and discussed.

The development of a novel self-healing micromechanical model is presented in
Chapter 6. The rationale behind the two-phase composite constitutive model with
micro-crack healing is given alongside the means used to simulate the solidification
strain and continued damage of healed material. The numerical implementation
and characteristic model performance are first described before a comparison with
experimental data from Chapter 5 is presented.

Finally, Chapter 7 outlines the conclusions from each chapter, which are then
placed in context with the overall objectives and aims alongside the recommenda-
tions for future study.
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Chapter 2

Micromechanics State-of-the-art

This state-of-the-art review brings together the main topic areas which are required
to appreciate and develop a self-healing concrete model. Chapter 1 provided the
motivation for this research by giving the background to the problems facing some
concrete structures and how self-healing could provide a step change in how we de-
sign with concrete in the future. The four topic areas presented within this chapter
include defining a suitable numerical model framework, understanding the time de-
pendent processes that occur in concrete, making an allowance for micro-cracking
and exploring self-healing mechanisms.

Over the last century concrete has been studied in increasing detail as technol-
ogy, experiments, modelling and understanding have developed. Concrete has been
considered at different length scales, from bulk macro-scale strength down to nano-
scale pores. The first section in this review, Section 2.1, provides a general back-
ground to the cementitious modelling framework that has been established, whilst
examining the current processes, techniques and theories. It is favourable to adopt
approaches that allow individual properties and processes to be modelled at the scale
at which they occur. For concrete this scale is deemed to be at the micro-scale. Sec-
tion 2.2 takes a closer look at how micromechanics is used to model key processes,
such as shrinkage and creep, within cementitious materials at the micro-scale.

Ever since Coignet placed steel within the concrete in the mid-18th century,
concrete has been used not only in structural elements subject to pure compression
but also in structures subject to high tensile forces. In most case, cracks develop in
the tension zone of reinforced structural members (Mosley et al. 2012). The pres-
ence of these cracks reduce the strength of concrete and its durability by allowing
the ingress of water and other foreign agents. This significantly reduces the de-
sign life. Section 2.3 discussed how these micro-cracks are taken into account in a
constitutive model at the micro-scale.
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An example of self-healing in concrete is its natural ability to heal itself, some-
times termed ‘autogenous healing’. At present this mechanism is investigated em-
pirically and has not been incorporated into design codes of practice such as EC2
(EN 1992 2008) or the CEB-FIP model code (fib 2013). Therefore, there is a need
to better understand the healing processes, to accurately predict experimental be-
haviour and to determine how this impacts on the overall mechanical properties
of concrete. The final Section 2.4 considers self-healing in concrete, focussing on
the state-of-the-art for autogenous healing mechanisms, laboratory experiments and
numerical modelling.

2.1 Modelling framework

The main aspects of concrete behaviour are presented in Section 2.1.1 before mov-
ing on to give a brief history of concrete modelling in Section 2.1.2. The bene-
fits of micromechanical numerical models along with justification for adopting this
approach are discussed. The rationale behind and details of some of the relevant
micromechanical elastic moduli composite solutions are given in Section 2.1.3. Fi-
nally, the modelling approaches considering time dependent inelastic strains are
presented in Section 2.1.4. These have been shown to be particularly relevant to
modelling cementitious materials.

2.1.1 General cementitious material properties

The properties of a cementitious material can be described by considering two main
aspects. The first is the basic nonlinear mechanical response, which includes crack-
ing and crushing. The second is time dependent behaviour, which includes changing
mechanical properties during hydration, shrinkage and creep. Each aspect can con-
trol the stress and strain response of the material which can be combined to provide
an overall constitutive relationship.

Concrete is stronger in compression than in tension, with the uniaxial compres-
sive strength of concrete being approximately ten times greater than the uniaxial
tensile strength (Neville & Brooks 2010). Consequently, mechanical failure is often
due to some form of cracking, initially micro and then macro-cracking. Materi-
als are generally classified as fracturing in either brittle failure or ductile yielding.
However, cementitious materials exhibit quasi-brittle behaviour characterised by a
softening response (Ferretti 2004). Micro-cracking begins before the peak load is
reached and is believed to contribute to the post-peak softening response as these
cracks develop into macro-cracks alongside the effects of aggregate interlock and
frictional slip (on fracture surface). Section 2.3 presents the micromechanical ap-
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proaches to modelling micro-cracking in concrete.

The development of properties with time, such as hydration, ageing, shrinkage,
creep and thermal behaviour (Bažant 2001), often lead to inelastic responses in
concrete. These processes are often interdependent, for example, the ageing process
is linked with the development of creep. The strains associated with these time
dependent phenomena can be summed to give an overall response with time.

Total shrinkage in cementitious materials is known to be a sum of drying shrink-
age and autogenous shrinkage (Neville et al. 1983). Drying shrinkage is caused by
the evaporation of water from the surface of concrete. This process continues until
the relative humidity inside the concrete reaches equilibrium with its environment.
The loss of moisture and subsequent movement of water through the pore system of
hardened cement paste (hcp) causes shrinkage strains throughout the material. The
differential straining between the hcp and aggregate phases are associated with the
build up of stresses. The moisture content and subsequent shrinkage strain has been
simulated using water loss (Bažant 2001), relative humidity (Beltzung & Wittmann
2005) or pore pressure (Mainguy et al. 2001) as the moisture content variable. Au-
togenous shrinkage is attributed to chemical volume changes and self-desiccation
in the cement paste (Hua et al. 1995). Consideration of total shrinkage, in isolation
to all other time dependent mechanisms, can provide an insight into the develop-
ment of micro-cracking associated with shrinkage cracking problems in concrete
structures.

There are two types of creep commonly used to describe the behaviour of ce-
mentitious materials at ambient temperature; basic creep and drying creep (or the
Pickett effect). The generally accepted theories that explain these creep responses
are the solidification theory for short-term ageing (Bažant & Prasannan 1989) and
microprestress of creep sites in cement gel microstructure causing the Pickett effect
and long-term ageing (Bažant et al. 1997). These theories are combined in the B3
model (Bažant 1995) which has recently been advanced in terms of viscosity and
reduced number of parameters (Jirásek & Havlásek 2014). The Pickett effect is
typically referred to as the additional strain observed in a concrete specimen when
loaded and subjected to a loss in moisture. It is accepted that micro-cracking does
contribute to the Pickett effect, but does not fully explain the experimental results.
A theory used to model the Pickett effect is stress-induced shrinkage (Bažant & Xi
1994).

An alternative theory to describe creep in cement paste is given by Thomas &
Jennings (2006). The Calcium Silica Hydrate (C-S-H) gel is assumed to be an ag-
gregation of precipitated, colloidal-sized particles that undergo chemical ageing.
Recent work by Vliet et al. (2013), extend this colloidal gel interpretation and, us-
ing models hypothesis and experiments, show that drying shrinkage and creep can
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be explained by the role of water in the cement paste pore system. Indentation ex-
periments at the nano-scale have been able to show the effects of relative humidity
on creep (Ulm et al. 2013).

These time dependent phenomena of shrinkage and creep, described by mi-
cromechanical models, are discussed further in Section 2.2.

2.1.2 History of concrete modelling

This section provides a brief history of concrete modelling and is dependent on
many previous review papers. The proposed micromechanical model is placed in
the context of a large body of concrete modelling research work.

Concrete is traditionally modelled using continuum mechanics and since the
late 1960s, the beginning of numerical research on concrete, there are two funda-
mentally different approaches to modelling damage in quasi-brittle materials such
as concrete: the discrete approach (Ngo & Scordelis 1967) and smeared approach
(Rashid 1968). The discrete approach is based on the principles of fracture me-
chanics and is ideal for solving localised failure problems. However, the need for
re-meshing of the finite element (FE) mesh with progressive failure makes the ap-
proach both computationally inconvenient and expensive. In the smeared approach,
on the other hand, cracking is simulated with the constitutive model. However, the
smeared approach cannot be considered completely in isolation from the FE mesh
due to scaling and size effects of the fracture (de Borst & Guitiérrez 1999, de Borst
2002, Jefferson 2010).

The difference between these techniques are discussed by Jendele et al. (2001)
where, according to the authors’ experience, the smeared approach remains the most
widely used for practical structural FE analyses. This is due to the reasonably ac-
curate results and lower computational cost. These trends continue to the present
day and are echoed by Jefferson (2010). The smeared approach is also called the
constitutive modelling approach, which can be further subdivided into two areas:
plasticity theory and damage models.

Plasticity models describe nonlinear material behaviour in a material by using
a yield function, flow rule and hardening/softening equation(s). This plasticity ap-
proach has be used to model concrete but fails to address the degradation of material
stiffness due to micro-cracking. The flow rule controls the development of the in-
elastic strains when loading and a hardening rule controls the evolution of yield
surface (or function). A yield functions may be expressed in the form shown by
equation (2.1),

f (σ̄,k) = 0 (2.1)

σ̄ is the composite average stress tensor and k is the plastic variable. The model
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behaves elastically if f < 0 and plastically if f ≥ 0. Important contributions to this
field were made by Willam & Warnke (1975), Han & Chen (1985), Feenstra &
de Borst (1995), Grassl et al. (2002) and more recently Chen (2007).

Damage models, on the other hand, are based on the concept of a scalar damage
variable. This idea was first introduced by Kachanov (1999) in 1958. This approach
can be shown by a relatively simple isotropic damage equation as shown in equation
(2.2),

σ̄ = (1−ω)Del : ε̄ (2.2)

ε̄ is the composite average strain, Del is the elasticity tensor and ω ∈ [0,1] is the
damage variable. 0 represents zero damage and 1 represents a fully damaged ma-
terial. An example of such an isotropic damage model is given by Mazars (1986)
and Giry et al. (2011). Anisotropic damage models have also been developed us-
ing this scalar damage variable in different directions. These anisotropic models
are believed to better represent the damage pattern that occurs in concrete (Simo
& Ju 1987, de Borst & Guitiérrez 1999, Desmorat et al. 2007). A comprehensive
summary of macroscopic damage models are given in Krajcinovic (2000).

These two approaches have also been combined to create hybrid plastic-damage
models where the positive aspects of each approach are employed. These have been
able to simulate the behaviour exhibited by concrete, such as, permanent deforma-
tion, inelastic volume expansion in compression, crack opening/closure effects and
stress relaxation due to micro-cracking (Simo & Ju 1987, Lee & Fenves 1998, Jef-
ferson 2003, Grassl & Jirásek 2006, Nguyen & Korsunsky 2008, Taqieddin et al.
2012). The basic stress-strain relationship typically used in these models is shown
in equation (2.3), where εp is the plastic strain.

σ̄ = (1−ω)Del : (ε̄− εp) (2.3)

The microplane model, based on a slip theory developed by Taylor (1938), has
elements of micromechanical, damage and plasticity theories, but is generally cate-
gorised separately because it doesn’t use any of the formalism of any of these the-
ories. The model has been developed over many years by Bazant and co-workers,
from the M1 versions (Bažant & Oh 1985) to the most recent M7 version (Caner &
Bažant 2013). The stress, strain and inelastic relations are defined on individual mi-
croplanes with different orientations. The effects from all directions are integrated
around a hemisphere to provide an overall constitutive relationship. To solve the
microplane model there is a need to fix and resolve the stress (static constraint) or
strain (kinematic constraint) components in the microplane using the macroscopic
tensors.

Constitutive models can be further classified as using either a phenomenologi-
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cal or a mechanistic approach. Phenomenological models, often developed at the
macro-scale, are typically formulated using the thermodynamics of irreversible pro-
cesses. These thermodynamic potentials are based on internal variables such as
plastic strain, damage parameters and plastic hardening variables (Zhu et al. 2011).
These variables are derived by fitting models to experimental data which often use
a large number of parameters that do not have a physical meaning and are not di-
rectly measurable. The microplane model is a phenomenological model (Caner &
Bažant 2013). One disadvantage of these models, whilst being able to replicate ex-
perimental results, is that they have to be used within the limits of the experimental
calibration and validation data. As such, greater care has to be taken when working
at the limits or outside these bounds. Furthermore, these models become mathe-
matically difficult when considering crack closure or crack interactions (Zhu et al.
2011).

The mechanistic approach, on the other hand, are micromechanical solutions
based on the physical mechanisms that can be observed at the micro-scale. Concrete
testing in the laboratory is undertaken at the macro-scale using typically beams,
cylinders or cubes. However, the micro-cracking and inelastic deformation respon-
sible for the material response occurs at the micro-scale. Research work has moved
to working at this micro-scale, leading to ‘engineering concrete from the bottom
up’ as coined by Jennings & Bullard (2011). Micromechanical models allow indi-
vidual material properties, micro-cracking and inelastic behaviour to be modelled
at the particle scale of a composite material. They also provide a means of linking
the predicted behaviour to the macro-scale response through the homogenisation
process. This micromechanical approach requires a relatively small number of real
measurable material properties and can describe experimental observations such as
material softening due to localization and coalescence of micro-cracks (Zhu et al.
2011).

These micromechanical composite solutions, applicable to most materials, are
presented for the elastic case in Section 2.1.3 and for time dependent inelastic strains
in Section 2.1.4. Micromechanical considerations specifically addressing cementi-
tious materials and micro-cracking can be found in Sections 2.2 and 2.3 respec-
tively.

2.1.3 Micromechanical elastic moduli composite solutions

This section defines the micromechanical elastic composite, discusses modelling
assumptions and various statistical, analytical and homogenisation methods. The
macro-scale strength of a material is dependent on the strength of its microstructure.
This strength is expressed in terms of compressive and tensile strength. The mi-
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cromechanical approach uses the constitutive response of the microstructure com-
ponents to calculate the macro-scale constitutive response.

At the micro-scale, concrete has two distinct phases; aggregate particles and
mortar. Figure 2.1 shows a representative volume element (RVE) of concrete at the
micro-scale. The effective size of the concrete RVE, also known as the character-
istic length, is typically 3 times the maximum aggregate particle diameter (Bazant
& Pijaudier-Cabot 1989). Coarse aggregate particles for laboratory concrete are
typically 10 mm in diameter and 20 mm for structural concrete. This size of RVE
ensures that the homogenized properties are independent of the micro-structural
variations but small enough to ensure separation of scales. The inclusion volume
percentage for concrete is typically 30 %.

Figure 2.1: RVE of concrete

The heterogeneous nature of cementitious materials and resulting homogenised
behaviour mean that they can be idealised as being statistically isotropic or quasi-
isotropic (Bohm 1998). For concrete, aggregate particles are idealised as spherical
inclusions (Ω) and the mortar is taken to be a single matrix (M) phase material.
The bond between the inclusion and matrix for numerical modelling is assumed to
be perfect and continuous. A solution based on a single inclusion within a matrix
subject to farfield strains in which particle interactions are ignored, is termed the
dilute case, as shown in Figure 2.2a. A non-dilute formulation is one in which
interactions between multiple inclusions within a matrix are taken into account, as
shown in Figure 2.2b.
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(a) Dilute case (b) Non-dilute case

Figure 2.2: Idealisation of a homogeneous concrete material

The statistical analytical methods for evaluating the average elastic moduli of
composite materials include Voigt, Reuss, Hashin-Shtrikman bounds, Hill’s theory,
Eshelby method, Self Consistent Scheme and Mori-Tanaka methods (Mura 1987).

The Voigt and Reuss methods are defined by the rule of mixtures for stiffness
and compliance components respectively. The strains are constant in the compos-
ite for the Voigt method and the stresses remain constant for the Reuss method.
Hashin-Shtrikman bounds’ variational principle (Hashin & Shtrikman 1963) takes
the average elastic moduli from the Voigt and Reuss methods. Hill (1963) related
these phase averaged strains and stresses to the overall strains and stresses by using
phase strains and stress concentration tensors. The effective elasticity and compli-
ance tensors for a composite can be obtained from the material properties and the
concentration tensors.

The Eshelby (1957) method determines the stress field within the composite.
This approach adopts a single ellipsoidal inclusion within a matrix (dilute approach)
which undergoes a farfield stress. The state of stress in the ellipsoidal sub-region
was proven to be uniform and this finding is often referred to as the most important
aspect of Eshelby’s work because it results in relatively straight forward calculations
(Mura 1987). The extension to this analysis considers the stress field outside of the
ellipsoid sub-region, this is called the exterior point analysis (Eshelby 1959). A
detailed description of the Eshelby method is included in the derivation of the basic
two-phase composite equation set-up in Chapter 3 and Section 3.1.1.

The self-consistent scheme is a homogenisation theory (also called effective
medium or particle interaction theory) based on the Eshelby method and is suitable
for the situation with non-dilute inclusion idealisation. This effective medium the-
ory calculates the average macro-scale properties based on the relative properties of
its constituent components. The boundary value problem must first be solved be-
fore calculating the interaction between the components. Voids, cracking or damage
have an impact on the average properties of the material, as such the self-consistent
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scheme is less suitable for nonlinear problems such as quasi-brittle fracture in con-
crete.

The Mori-Tanaka method is also a homogenisation theory based on the Eshelby
method (Mori & Tanaka 1973, Benveniste 1987). This method allows micro-scale
models to be used as a basis for macro-scale simulations. The Mori-Tanaka method
allows the average inclusion strains to be related to the average matrix strain, in-
stead of being related to the farfield strain. This approach applies to the non-dilute
inclusion idealisation. The approximate nature of the theory means that the effec-
tive field theory cannot then be transferred to shorter length scales. However, the
method is efficient and sufficiently accurate. This approach has also been shown to
be applicable to viscoelastic composites (Brinson & Lin 1998) and therefore can be
extended for use in inelastic strains, as shown in Section 2.1.4.

These basic homogenisation procedures have been developed to include many
other facets of material properties, such as unilateral effects, different shape inclu-
sions and micro-crack interactions. Castaneda & Willis (1995) proposed a rigorous
homogenisation procedure which takes account of inclusion interactions through
their shape and spatial distribution. The Castaneda & Willis (1995) approach is
used to overcome the limitations of the crack interaction in the work of Zhu et al.
(2008). Subsequent micromechanical models have been developed to include in-
elastic response and micro-cracking, and Section 2.2 particularly focuses on the
application of models to cementitious materials.

2.1.4 Time dependent inelastic strains

Inelastic strains are considered to include all strains that do not have an elastic re-
sponse. Inelastic strains may derive from shrinkage, creep, micro-cracking, differ-
ential thermal expansion or ageing. Many of these are time dependent phenomena
and are particularly important when simulating cementitious composite materials
such as concrete. In cementitious composites, time-dependent inelastic strains are
believed to originate in the matrix phase (or matrix-inclusion interface)(van Mier
1997) and thus it advantageous to be able to explicitly model inelastic behaviour in
the separate phases of a composite at the micro-scale.

Inelastic strains in inclusions are readily considered with the standard Eshelby
(1957) approach and such strains may be added to the eigenstrains arising from
a mismatch of elastic properties (Mura 1987, Weng 1988, Nemat-Nasser & Hori
1999). However, if the elastic properties and strains change with time due, for ex-
ample, to hydration and/or micro-cracking, then methods which consider the non-
linear behaviour of the phases are needed.

A general approach for including inelastic strains in one (or more) of the phases
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of a composite is to linearise the nonlinear constitutive equations. Models based
on this approach have used incremental tangent moduli (Hill 1965), secant moduli
(Tandon & Weng 1988, Dunn & Ledbetter 1997) and second order moduli estimates
of the phase constitutive equations (Castaneda 1996). Ju & Sun (2001) presented a
model for simulating the inelastic behaviour of metal matrix composites in which
an effective yield function was derived using a statistical distribution of inclusions.

The method described as ‘Transformed Field analysis’ (TFA) was conceived
by Laws (1973) and further developed by Dvorak (1992a,b) and Chaboche et al.
(2001). This method allows the simulation of generally anisotropic behaviour in the
phases of a composite at the expense of solving a local nonlinear system. Recently
Monchiet et al. (2012) presented a closed form solution for an orthotropic medium
containing arbitrarily orientated cracks.

2.2 Micromechanical modelling of cementitious ma-
terials

Micromechanical models have been developed for cementitious materials which
take account of inelastic strains. These models have a number of material phases
and are considered at various length scales. These length scales are separated by
at least one order of magnitude. Firstly, single phase materials will be discussed
followed by two-phase and three-phase materials. Multi-scale models are then dis-
cussed which consider chemical shrinkage, autogenous shrinkage and basic creep.
The transformation techniques required to convert the nonlinear viscoelastic models
into linear solutions are then discussed before describing how cement hydration, and
the associated strength development, is simulated with multi-scale models. Finally,
micromechanical models considering multiple-phases at the same length scale and
the introduction of other materials, such as fibres, into the concrete mix are dis-
cussed.

A single phase, two-scale micromechanical model taking account of shrinkage,
creep and damage was presented by Benboudjema et al. (2001). This work was
developed into a hydro-mechanical orthotropic elasto-plastic damage model (Ben-
boudjema et al. 2005) where the model produces a pure viscous response for creep
and does not include the Pickett effect. The single phase nature of the model means
that free shrinkage cannot be simulated. A two-phase model with shrinkage strain
in the matrix could generate stresses in the matrix due to the elastic inclusions and
thus would be advantageous.

Neville et al. (1983) reviewed a number of two-phase models for creep and
shrinkage of concrete, including those of Hirsch (1962), Counto (1964) and England
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(1965), in which the behaviour of the composite was derived from the properties of
the aggregate and cement paste phases. A number of more recent models are based
on multi-scale schemes in which macro-scale stresses and strains are derived by
up-scaling the behaviour from the micro-scale and below. Xi & Jennings (1997)
presented a multi-scale model for shrinkage in cement paste that considered the
behaviour from the nano-scale up to the meso-scale. The effective bulk modulus
and effective shrinkage strains were calculated from the displacement of the phase
in the radial direction. Their three-phase model predicts the shrinkage of cement
paste at the millimetre level based on the parameters at the micrometre level.

Bernard et al. (2003) described the inelastic strains from chemical shrinkage in
cementitious composites with a multi-scale model and Pichler, Lackner & Mang
(2007), also using a multi-scale scheme, simulated early age autogenous shrinkage
for the same type of cement based material. These multi-scale microstructure mod-
els have four levels, namely Calcium Silicate Hydrates (C-S-H)/anhydrous cement,
cement paste, mortar and concrete. Chemical shrinkage effects are incorporated
at the cement paste scale as part of the hydration reactions (Bernard et al. 2003).
The shrinkage eigenstrains are homogenised from the cement paste scale, where
the shrinkage eigenstrains rely on the porous C-S-H scale below (Pichler, Lackner
& Mang 2007). These shrinkage strains provide linear isotropic stresses within the
matrix at the scale of the mortar.

In the work of Bernard et al. (2003), the localisation tensor for each material
phase, within each scale, uses the Eshelby inclusion method. The Mori-Tanaka ho-
mogenisation scheme is adopted for all levels apart from the cement paste scale,
where the self-consistent scheme is adopted because it best suits the percolation
theory. Pichler, Lackner & Mang (2007) took the shrinkage eigenstrains from the
cement paste scale by using a strain localisation tensor, Eshelby tensor and repeated
use of the Hill’s Lemma. Hill’s Lemma use a condition such that the local average
equilibrated stress and local compatible strain field can be related to the macro-
scopic stress and strain (Zaoui 2002).

These multi-scale approaches have many benefits. The macroscopic material
can be related to the intrinsic properties of its constituents and to the mixture com-
position. A link can also be established between the material components and ce-
ment chemistry (Pichler, Lackner & Mang 2007). In addition to shrinkage, creep
deformations can also be included at the macroscopic concrete scale (Pichler, Lack-
ner & Mang 2007) or included in the up-scaling process (Pichler & Lackner 2008,
2009).

A three-scale multi-staged model was presented by Scheiner et al. (2009) de-
scribing basic creep in early age concrete. The first homogenisation occurs with a
two-phase composite model, consisting of cement paste and aggregate, where only
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the cement paste exhibits the creep properties. The cement paste properties are ob-
tained by homogenising the components of cement, water, hydrates and air. The
viscoelastic behaviour is deemed to only appear in the cement hydrates which are
approximated by a Burgers creep model. Laplace-Carson transformations allows
homogenisation of viscoelastic properties to be related to the elastic properties.
These are then back-transformed into the time domain using a Gaver-Wynn-Rho
algorithm.

The viscoelastic creep of composite materials is discussed in the early works
of Laws & McLaughlin (1978). They transformed the viscoelasticity problem into
a "quasi-elastic" problem and made comparisons with a number of materials. Vis-
coelastic constitutive equations are also used in a micromechanical context by Bar-
bero & Luciano (1995) who use the Laplace transform technique. It is noted that
the correspondence principle used in Barbero and Luciano’s work cannot be applied
to nonlinear models. A simplified linear version of a power law is required to write
the creep compliance. However, the authors state that there is a good correlation
with experimental data for materials with transversely isotropic fibres.

The effect of creep in the cement paste has been studied by Sanahuja & Dormieux
(2010) using a micromechanical model. Their approach applies the Eshelby prin-
ciple to the ratio of pores to the matrix material and homogenises this two-phase
material using a self-consistent scheme. The effective creep functions for short and
long term are obtained. The non-ageing linear viscoelastic problem is transformed
into to a linear elastic problem by the means of the Laplace-Carson transform. It
is noted that a recent approach by Sanahuja (2013) negates the need to invert the
Laplace Carson transformation by using a Volterra integral which is evaluated nu-
merically and validated using convergence analysis.

Multi-scale models are particularly successful at simulating the development of
strength during cement hydration. Sanahuja et al. (2007) simulated the increasing
stiffness of cement paste during hydration using a micromechanical model. For a
degree of hydration greater than 50 %, the modelling agrees with the experimental
results even without the consideration of creep processes. This model considered
the creep and hydration processes at the scale of the cement paste. The model, pre-
sented by Pichler & Hellmich (2011), has recently been employed in a combined
experimental-numerical investigation of the micro-structure of hcp which explored
the importance of the gel-space ratio and the role of unhydrated clinker on hard-
ened mechanical properties of the paste (Pichler et al. 2013). Zhang et al. (2012)
developed an effective micromechanical model for simulating shrinkage in isola-
tion. This model uses the internal relative humidity (RH), related to the associated
capillary pressure, as the driving parameter for shrinkage predictions. Zhang et al.
(2013) applied this type of multi-scale model, in a thermo-hygro-chemo-mechanical
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framework, to the analysis of early-age concrete and used the model to explore the
influence of the ‘age of shutter stripping’ on the quality of the near-surface con-
crete. Chen et al. (2013) used a micromechanical model for mortar in which the
sand particles were treated as elastic inclusions and the hcp matrix was assumed
to be elasto-plastic. The authors used this model to explore the effect of changing
moisture content on the constitutive behaviour of mortar specimens.

When considering a multi-scale approach there is also the opportunity to work
with many phases at the same length scale. Pichler et al. (2010) considered a num-
ber of material phases within a RVE. There are three governing conditions presented
by Pichler et al. (2010) which are taken from Dvorak (1992a): strain compatibil-
ity, stress admissibility and the elastic reciprocal theorem. The Eshelby matrix-
inclusion scheme has been used and developed for each phase in the composite.
The TFA (Dvorak 1992a) is extended to consider arbitrarily many Hill’s tensors.
The authors derive a Hill tensor relationship for all of the phases by introducing
‘auxiliary matrix eigenstresses’ to account for the multiple phase eigenstress inter-
action. This model has been applied at the cement paste scale.

Finally, this micromechanical approach has been extended to include fibres in
the concrete (Dutra et al. 2010). This work is carried out on two levels, in which
concrete at micro-scale and the steel fibres are treated as being separate. At this
scale, the concrete consists of aggregate particles and mortar which is assumed to
be an homogenised matrix containing micro-cracks. The authors show that model
becomes less accurate as the fibre volume increases. A significant restriction of this
model is that it does not allow for anisotropic loading behaviour.

Micromechanical models have successfully been developed for cementitious
materials taking account of inelastic strains. However, to date, there is no single
model that is capable of describing all relevant inelastic processes (Section 2.1.1).
A concrete material model, in its basic form at the micro-scale, should contain ag-
gregate particles embedded in a mortar matrix represented by a two-phase model.
Introducing many phases and multiple scales, as well as being more complex, in-
troduces additional assumptions, material parameters and increases computational
cost. Using a relatively simple two-phase micromechanical model based on a lim-
ited number of physical mechanisms and a limited number of assumptions, in the
author’s opinion, provides the right balance between accuracy and complexity.

2.3 Micro-cracking considerations in concrete

A number of different cementitious material models were briefly discussed in Sec-
tion 2.1.1. In this section the dominant role of micro-cracking in governing the non-
linear behaviour of these materials was discussed. This micro-cracking is thought

19



to occur initially in the matrix material, at matrix-inclusion interfaces, where the
highest stresses are reached (Prado & Van Mier 2003).

There are two particular requirements when describing micro-cracks in con-
crete. The first is to estimate the effective elastic properties of a micro-cracked
media and the second is to determine the micro-crack initiation and evolution law.
Micro-cracks are typically idealised as either penny-shaped, slit like or flat ellip-
soidal voids (Mura 1987). Complex phenomena such as interacting micro-cracks,
micro-cracking recovery and micro-cracking closure effects can also be described at
the micro-scale. The directional dependent crack density parameter of Budiansky &
O’Connell (1976) can be regarded as a damage variable (Jefferson & Bennett 2007)
for brittle materials which indirectly links the penny-shaped crack volume fraction
to directional damage degree and micro-crack distribution.

The effective elastic properties of the micro-cracked media are generally eval-
uated using one of two approaches. In the direct method the micro-cracks or frac-
ture strains are added to the elastic homogenised macro-strain. In the homogenised
method, the micro-cracks are included in the homogenisation procedure.

The direct approach to determining the effective elastic properties has been
given by many authors (Mura 1987, Nemat-Nasser & Hori 1999, Krajcinovic 2000,
Voyiadjis & Kattan 2006). An example of the direct approach specifically used
in micromechanical models, is given by the work of Pensée et al. (2002). A full
3D anisotropic damage model for brittle materials was developed using an elastic
solid combined with penny-shaped open and closed micro-cracks. The additional
fracture strain is provided by adding the contributions from a set of penny-shaped
micro-cracks evaluated using Eshelby theory (Nemat-Nasser & Hori 1999, Mura
1987). This fracture strain was added to the strain contribution for the elastic solu-
tion. A similar approach was employed by Jefferson & Bennett (2007) and Jefferson
& Bennett (2010). Pensee & Kondo (2003) found that strain based formulations,
taking account of moderate crack density, are preferred to stress based formula-
tions, having non-interacting cracks, for brittle anisotropic damage with unilateral
micro-cracking effects.

The alternative approach to determining the effective elastic properties of con-
crete is the homogenised method which is typically based on the standard Eshelby
homogenisation procedure. A composite with micro-crack inclusions in the matrix
are up-scaled (Eshelby 1957, Mura 1987). However, in these basic models, crack
interaction is not taken into account. Lee & Ju (2007) analysed the stress within an
infinite solid containing both a penny-shaped micro-crack and a spherical inclusion.
A two step superposition scheme was used to obtain a stress field over the crack site.
This was interpreted in terms of the stress intensity factor for a penny-shaped crack.

Both the direct and homogenised approaches are compared by Zhu et al. (2008).
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The direct approach used is from Pensée et al. (2002) and the homogenisation
schemes include Mori & Tanaka (1973) and Castaneda & Willis (1995). It was
found that only Castaneda & Willis (1995) can take account of the spacial distri-
bution of frictional micro-cracks (Zhu et al. 2009). This work was developed fur-
ther to included tensile and compressive tests (Zhu et al. 2011). Their formulation,
that combines micro-cracking and frictional sliding, led to a hybrid mechanistic-
phenomenological model. Another example of such an approach was given by
Brencich & Gambarotta (2001) where a plane crack model was simplified to an
isotropic damage model with frictional sliding for closed cracks under compres-
sion. Isotropic versions of this model were validated with experimental data. In
later works (Gambarotta 2004) developed this model into an anisotropic version
and applied it to a biaxial stress state problem.

Jefferson & Bennett (2007) looked to retain a mechanistic approach throughout
their derivation of a micromechanical model for concrete by introducing a rough
crack closure model alongside penny-shaped micro-cracks. This contact model was
based on the Craft concrete model which simulated rough crack contact behaviour
(Jefferson 2003).

Pichler, Hellmich & A. Mang (2007) studied the fracture process zone ahead of
a main macro-crack and developed a model where the penny-shaped micro-cracks
were treated as void inclusions using the classical Eshelby (1957) procedure. The
penny-shaped voids were specialised for sharp open cracks to simplify the approach.
This included the void having zero stiffness, a volume fraction linked to the Budi-
ansky crack density parameter and where the height of micro-crack tends towards
zero. Micromechanics and fracture energy theories were combined successfully al-
though they showed that the approach led to an overly brittle post peak solution,
thought to be due to the model not accounting for crack arresting due to the pres-
ence of aggregate particles or large voids. This initial work was later developed
to study the cracking risk of partially saturated porous geomaterials in a thermody-
namically based microporoelasticity model (Pichler & Dormieux 2010a). Spherical
micropores at the micro-scale were homogenised and up-scaled to form the matrix
which included penny-shaped micro-cracks. This was further extended and applied
to a drying shrinkage case (Pichler & Dormieux 2010b). One of the difficulties in
simulating anisotropic cracking using a void is that, upon first cracking, the once
isotropic medium turns into an anisotropic medium and the standard Eshelby ten-
sors are no longer applicable.

Having addressed the effective elastic properties of a cracked media, attention
is now briefly given to damage initiation and evolution laws. Pioneering work of
Kachanov (1982) incorporated the initiation and propagation of micro-cracks in the
theoretical framework of fracture mechanics. Many researchers have dedicated time
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to dealing with issues of how these cracks are incorporated and homogenised with
the elastic components. Alongside each of these developments an initiation crite-
rion and continuing yield conditions are been proposed. A few of the significant
contributions included in the review above are the energy-based yield criterion with
a general elastic predictor and damage corrector scheme (Pensée et al. 2002) and
a criterion based on a combination of friction and damage limit states (Gambarotta
2004). However a strain based damage rule with an experimentally derived expo-
nential equation has been shown to be particularly effective (Jefferson & Bennett
2007, 2010, Mihai & Jefferson 2011). This damage initiation and evolution is pre-
sented in Chapter 3, Section 3.3.

Avoiding the need for a numerical solution to evaluate the Eshelby tensor for
a changing generally anisotropic matrix material has great advantages (Desrumaux
et al. 2001). It is apparent that a combination of volumetric cracking built into
the homogenisation equations, added strains to allow for directional cracking and
allowing for progression from micro-cracks to macro-cracks would be very useful
for describing a 3D cementitious material. Having a void as inclusions built into
the modelling framework provides an opportunity to bring in self-healing through
filling of these voids. Utilising these micromechanical frameworks, self-healing
mechanisms are discussed in Section 2.4 and in Chapter 6.

2.4 Self-healing cementitious composites

Research into healing of cementitious materials remains a prominent topic, despite
autogenous healing first being recognised by the French Academy of Science in
1835 (Hearn 1998). The early work of the last century investigated this new phe-
nomena with particular interest in the long term exposure to the environment and
the water permeability of concrete structures (Abrams 1925, Glanville 1931). Vari-
ous researcher have looked to capitalise on these early findings by taking advantage
of this healing concept. Section 2.4.1 provides standard definitions, categorises the
different type of healing and intervention mechanisms. These general descriptions
can be applied to many material types.

The breadth and depth of current knowledge in cementitious materials is shown
by the comprehensive ‘State-of-the-Art Report of RILEM Technical Committee
221-SHC: Self-Healing phenomena in Cement-based materials’ by de Rooij et al.
(2013). The focus of this review will remain within the field of cementitious ma-
terials and in particular on autogenous self-healing. The mechanisms believed to
be responsible for this autogenous healing are described in Section 2.4.2. Experi-
mental evidence for this healing is presented in Section 2.4.3 and finally, in Section
2.4.4, general self-healing modelling is discussed.
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2.4.1 What is self-healing?

“Self-healing: Any process by the material itself involving the re-
covery and hence improvement of a performance after an earlier action
that had reduced the performance of the material.”

This general description is provided by de Rooij et al. (2013). However, self-healing
materials can be classified further into categories. de Rooij et al. (2013) describes
self-healing as either autogenic or autonomic as shown in the following definitions.

“Autogenic: The self-healing process is autogenic when the recov-
ery process uses materials components that could otherwise also be
present when not specifically designed for self-healing (own generic
materials).”

“Autonomic: The self-healing process is autonomic when the re-
covery process uses materials components that would otherwise not be
found in the material (engineered additions).”

A Venn diagram, as shown in Figure 2.3, from JCI TC-075B (Igarashi et al.
2009) by the Japanese Concrete Institute diagram further captures the terminology
used when classifying self-healing materials.

Figure 2.3: Venn diagram to explain terminology of self-healing according to JCI
TC-075B

The healing intervention mechanism can be either passive or active. The report
by de Rooij et al. (2013) also consider active healing materials to have a level of in-
telligence. Furthermore, the concept of performance recovery by a healing function
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is important. This performance recovery is often presented as two distinct self-
healing mechanisms focusing on regaining environmental properties or mechanical
properties. Examples for improvement in environmental properties of concrete in-
clude water tightness and durability linked to limiting crack widths, prevention of
carbonation and corrosion by filling up the cracks. The possibilities for improving
mechanical properties following damage include strength, toughness and stiffness
recovery.

Autogenic, or also termed autogenous, healing materials have the intrinsic abil-
ity to heal themselves. Cementitious materials possess this quality which is exam-
ined in further detail in the next three Sections 2.4.2, 2.4.3 and 2.4.4.

Passive autonomic healing within a polymer material was described in the land-
mark paper by White et al. (2001) in the Nature journal. This work involves repair-
ing damage in structural polymer composites. Micro-capsules containing healing
agents were embedded into the composite, where upon cracking, the healing agent
was released into the crack. Polymerisation of the healing agent occurs on contact
with a catalyst embedded in the composite in which up to 75 % of the toughness
was recovered.

More specifically for autonomic self-healing in cementitious materials, various
techniques have been investigated. An early example of active autonomic healing
was the timed release of chemicals from fibres into cement matrices (Dry 1994). A
summary list of autonomic healing solutions is provided here along with significant
contributions from research groups.

• Hollow fibres (Dry 2000, Joseph et al. 2010)

• Micro-encapsulation (Boh & Sumiga 2008)

• Expansive agents and mineral admixtures (Ahn & Kishi 2010)

• Bacteria (Jonkers et al. 2010, Van Tittelboom et al. 2010)

• Shape memory materials (Saiidi et al. 2007, Jefferson et al. 2010)

• Super absorbent polymers (Snoeck et al. 2012)

• Cement replacement materials (Van Tittelboom et al. 2012)

• Engineered Cementitious Composite (ECC) (Li et al. 1998, Li & Yang 2008)

Detailed discussion and analysis of each technique is beyond the scope of this
review. Interested readers are directed to the works of Wu et al. (2012) and Van Tit-
telboom & De Belie (2013) where detailed comparative studies have been under-
taken. Many of these systems rely on the intrinsic properties of cementitious ma-
terials which are linked to the availability of unhydrated cement and its ability to
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provide calcium ions. This gives further weighting to the need to fully understand
autogenous healing first.

2.4.2 Cementitious autogenous self-healing mechanisms

Autogenous healing in a cementitious material is a complex chemo-physio-mechanical
phenomenon. Figure 2.4 from de Rooij et al. (2013), based on the original work by
Edvardsen (1999), shows the different causes of autogenous healing; these being
physical, chemical and mechanical causes.

Figure 2.4: Different causes that can lead to autogenic self-healing

Physical causes are linked to swelling of concrete in the presence of water
(Hearn 1998). This swelling can be enhanced with expansive agents and geoma-
terials. One such material is montmorillonite, a swelling clay mineral, these do not
improve the mechanical strength, only durability (Ahn & Kishi 2010).

Mechanical causes are linked to fine particles blocking the flow paths through
the crack. These particles can be present due to impurities in the water or movement
of fragments of concrete mobilised during the cracking process. Another mecha-
nism linked to the movement of particles is the self-sealing (or leaching) effect.
These were observed whilst measuring self-healing using water permeability tests.
Various minerals and hydrates present in cement paste dissolve in water and are
then deposited when the physical or chemical conditions change (Hearn 1998).

Chemical causes are believed to be the main contributor to self-healing in ce-
mentitious materials. Numerous postulations, often contradictory, have been made
over the years as to what chemical processes are linked to autogenous healing in
concrete. Early works suggested that continuing hydration of un-reacted cement
particles lead to build up of hydration products which eventually bridge the cracks
(Soroker & Denson 1926, Brandeis 1937). Indeed, rehydration products found in
small cracks (1-10µm) due to the freeze thaw cycle have been shown to be mainly
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C-S-H, the main component of reacted cement paste (Jacobsen et al. 1995). Recent
mechanical characterisation by comparing re-loading specimens after curing under
water and air, shows an initial stiffness gain in specimens cured in water coincident
with new hydrates being formed (Granger et al. 2005).

Others, more recently attribute the whole of self-healing to carbonation, which is
the precipitation or build-up of calcium carbonate (CaCO3) on crack surfaces (Clear
1985, Hearn 1998, Edvardsen 1999). This CaCO3 is often seen as a white crystalline
substance. This CaCO3 is formed when the calcium hydroxide (Ca(OH)2) in con-
crete reacts with the carbonic acid (H2CO3) formed from carbon dioxide (C02) dis-
solved in water or moisture. This is the reverse chemical process of calcination of
lime in the cement kiln. Carbonation is often an unwanted reaction in reinforced
concrete, since it decreases the alkalinity on and below the surface of concrete. A
high alkaline environment is required to pacify the steel reinforcement and prevent
corrosion (Neville & Brooks 2010). The self-healing carbonation process which
deposits CaCO3 within crack eventually block the cracks, reducing the migration
paths and therefore reducing the risk of concrete degradation through chloride or
sulphate attack. Continued hydration is linked to early age cracks where there is
a surplus of unhydrated cement. Conversely, calcium carbonate formation is asso-
ciated with healing in older concrete once the hydration process has largely been
completed. Therefore the type of self-healing that occurs depends very much on the
environment and age of the concrete.

2.4.3 Autogenous self-healing experiments

There are two distinct investigative approaches that are typically used when investi-
gating self-healing: qualitative observation and quantitative assessment of healing.
Autogenous healing in cementitious materials has been investigated using visual
techniques, by changing the environmental conditions, measuring permeability and
examining the mechanical properties.

The advancement of new material testing techniques over the last 50 years,
such as acoustic emissions examining (to measure the Kaiser effect), x-ray diffrac-
tion (XRD) (to discover the chemical composition) and scanning electron micro-
scope(SEM), all help to provide greater visual detail and insight into the self-healing
phenomenon (Mor et al. 1989, Jacobsen et al. 1995). Healing can be observed in
surface cracks using microscopes. However, the latest visual techniques can provide
both qualitative and quantitative data. Microstructure and fracture in three dimen-
sions (3D) have been investigated using a high resolution 3D scanning technique
called X-ray microtomography (CT) (Landis et al. 2003). The microstructure for-
mation process of cement paste is examined by using a combination of techniques
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such as ultrasonic pulse velocity (UPV), non-contact electrical resistivity (NER)
and X-ray computed tomography (CT) (Jiang et al. 2012). In this work the devel-
opment of cement paste properties during hydration was tracked by calculating the
solid volume fraction change with age. This recent work has potential to be ap-
plied to formation/precipitation of healing products inside a crack. Indeed, Fan &
Li (2013) present two samples characterising the self-healing response within the
micro-cracks using time dependent 3D micro-CT. This appears to be a promising
technique which could lead to further understanding of healing in concrete at the
micro-scale.

Environmental recovery has been traditionally quantified by measuring the per-
meability of water through a crack or observing crack closure on the surface of
concrete. A comprehensive list of state-of-the-art techniques are given in de Rooij
et al. (2013). The techniques outside the scope of this review are capillary water
absorption, resonant frequency analysis, ultrasonic measurements, electrochemical
impedance measurements and resistance against corrosion. It is clear that different
environmental control conditions have been used to examine the various mecha-
nisms that impact on autogenous healing in concrete. For example, the presence of
water, initial size of crack, curing temperature, compression and the age of material,
all have an effect on autogenous healing.

Experimental observations have been made on the importance of water in the
self-healing process (Hannant & Keer 1983). Water is an essential factor in enabling
self-healing. The traditional approach to determine the degree of self-healing is to
measure the water permeability through cracks and inspect the surface crack (Clear
1985, Ahn & Kishi 2010). These techniques provide an indirect measurement of
regained durability properties.

An example experiment showing self-healing in concrete is given by Edvardsen
(1999) where a 0.2 mm width crack in a 400 mm thick concrete sample is subjected
to 2.5 m head of water. The initial flow rate was 30 litre/hour through the crack. This
flow rate reduced gradually to almost zero after 400 hours (Edvardsen 1999). Using
water to measure the healing is a problem, since water reacts with the products in the
concrete and is itself fundamental to the chemical healing processes. Furthermore,
the permeability of the concrete matrix is dependent on the moisture content which
changes as water migrates through the sample. Other experiments identifying the
effect of self-healing include isolating cracks from the carbonation, using different
chemical compositions of water (Parks et al. 2010) and having still or flowing water
(Clear 1985).

All experiments show that the smaller the crack size the higher the degree of
self-healing. This is believed to be due to less build-up of material being required
to bridge the cracks. Particles are also more likely to get trapped in smaller cracks
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increasing the sealing effects. Crack widths of less than 0.3 mm are typically in-
vestigated for autogenous healing to satisfy maximum tolerable crack widths for
serviceability limit state design (EN 1992 2008). Some studies have shown that
there is little likelihood of autogenously healing cracks wider than 0.1 mm (Rein-
hardt & Jooss 2003). However, other studies show that 0.2 mm can heal completely
with 0.3 mm healing sufficiently to limit the permeability (de Rooij et al. 2013).
However, more recent work with the expansive and self-healing agents have shown
cracks up to 0.22 mm completely healing over a period of 33 days (Ahn & Kishi
2010).

A higher temperature has been shown to favour a faster self-healing process in
cracks measured by water permeability (Reinhardt & Jooss 2003). Furthermore, it
has been demonstrated that natural self-healing is significantly enhanced if a crack
is subject to compression (Ter Heide & Schlangen 2007). The amount of compres-
sion has been shown not to impact on the degree of healing. Sufficient compression
is only required to bring the two crack faces into contact or to close sufficiently
for healing to take place. The younger the concrete the greater the potential for
autogenous healing, likely to be due to there being more un-hydrated cement avail-
able (Ter Heide & Schlangen 2007). The potential for healing is also higher during
first exposure to water curing where there is an increased water leakage rate (3 to 5
days) (Edvardsen 1999) and is more likely to occur in younger concrete specimens
(de Rooij et al. 2013). Even with considerably older samples (3 months to 1 year)
research on freeze/thaw cycles showed that self-healing remained a possibility with
recovery of 4-5 % compressive strength (Jacobsen & Sellevold 1996).

Studies quantifying self-healing through regained mechanical properties to date
have mainly been focused at the macro-scale. Examples include impact on com-
pressive strength, fatigue resistance, tensile strength of flexure and splitting tests
through modulus of rupture tests. Granger et al. (2007a) compared the mechanical
recovery of samples aged in water and air using three point bending and acoustic
emission apparatus. Micro-cracking within a material was detected from the acous-
tic emission response before any cracking was visible. Zhong & Yao (2008) used
an ultrasonic pulse velocity measurement of concrete cubes to obtain the degree of
damage in a specimen before and after autogenous healing. This reading was com-
pared against the ratio of compressive strength recovery of samples. They found
that there was an optimum degree damage, which gave the highest ratio of strength
increase. Van Tittelboom et al. (2011) compared the healing efficiency of cemen-
titious materials with manual healing against autonomous healing. The autonomic
healed beams had tubular capsules containing a healing agent that was release upon
cracking. The efficiency was measured using peak strength, stiffness and permeabil-
ity. All three measurements showed an improvement in the autonomous samples.
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The measurement of strength recovery, from the macro-scale experiments, is a
direct measurement of healing performance. The strength recovery ratio depends
on a peak load (or stress), a measurement of the remaining strength (load or stress)
at the time of healing is initiated and the strength (load or stress) after healing has
occurred. This is represented by c in equation 2.4 and is illustrated in Figure 2.5
(Homma et al. 2009).

cγ =
σ2−σ0

σ1−σ0
∗100 (2.4)

Figure 2.5: Schematic of the relationship between tensile stress and tensile elonga-
tion of FRCC

In situ non-destructive tests are also used to determine the mechanical properties
of concrete. Some of these tests make use of indentation techniques in which the
material response is related indirectly to determine the strength properties. These
have been applied at the macro, micro- and nano-scale and a comprehensive review
is given in Section 5.1.1.

The mechanical properties of self-healed cementitious materials are required to
enable any micromechanical modelling to be calibrated and verified. The availabil-
ity of mechanical properties for self-healed materials is limited, in particular, when
considering the micro-scale and its application in micromechanical computational
models.

2.4.4 Self-healing modelling review

Numerical research seeks to explain and simulate experimental findings and as such
its progress tends to follow experimental discoveries. Self-healing materials also
follow this trend, evident at the Fourth International Conference on Self-Healing
Materials 2013, where approximately 10 % of contributions addressed numerical
or analytical modelling. The wide range of materials mean that numerical models
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for self-healing processes should concentrate on the most promising technologies
and on understanding the associated healing mechanisms. These can be individ-
ual component mechanisms or contributions from any of the thermo-hygro-chemo-
mechanical processes. This section reviews a range of these modelling techniques
and considers how they could be applicable to autogenous healing of cementitious
materials.

When visualising healing within a crack, initial thoughts turn to discrete crack
modelling. Recent work by Perelmuter (2013) looked to explicitly describe the
effects of healing on discrete cracks by using a crack bridging approach. Even
though this approach is promising, there is very limited research work on heal-
ing in the discrete crack field. Most of the healing models have been developed
around the relatively simple smeared crack approach. Traditionally these smeared
models have irreversible damage and it would seem important to maintain this qual-
ity. Recent developments in micromechanical modelling have shown a tendency to
move away from being phenomenologically based, as already mentioned in Section
2.1.2. Mechanistic models have the advantage of being less dependent on individ-
ual experimental results and rely on a limited number of easily measurable material
properties. Understanding the essential healing components is key to deriving re-
alistic dependable self-healing models, as is the measurement and quantification of
self-healing properties.

A multiple phase self-healing model was developed by Remmers & de Borst
(2008). Their model simulated three distinct stages in the healing process: fracture,
transport of fluid to the healing location and mechanical recovery. This healing
is simulated by re-bonding the crack surfaces with increased stiffness in the cohe-
sive constitutive relationship controlling the crack opening (Schimmel & Remmers
2006). This interface element is described by the traction relationship shown in
equation (2.5).

σ̄ = (1−ω)Ku+ωth f (t− tth)(1−ωh)K (u−uth) (2.5)

The stiffness of the undamaged material is given by K and the opening of the crack is
given by u. ω is the damage parameter of the original material and ωh is the damage
parameter of the healed material. Both parameters are functions of the opening. uth

and ωth are the crack opening and damage at the time of healing. The new material
is undamaged at the time of healing and develops its strength in relation to a given
time function ( f (t− tth)). This approach is at the macro-scale and working with a
micromechanical model could provide further insight into the mechanical response
of the healing.

The quantity and properties of the healing agent in a damaged location is re-

30



quired to be able to model self-healing. This necessitates the use of a hydro-
chemical transportation model. In many healing processes, the active chemical
species are transported through the pore fluid via advective, diffusive and disper-
sive fluxes (Gawin et al. 2008, Baroghel-Bouny et al. 2011). In other cases, such as
the polymer work of White et al. (2001), the healing agent is transported through
the macro-cracks by capillary flow. The factors governing the capillary flow of
healing agents through macro-cracks in cementitious materials have recently been
investigated by Gardner et al. (2014).

Another healing mechanism is presented by Mergheim & Steinmann (2013a).
The thermodynamically consistent self-healing thermoset polymer model is derived
at the macro-scale using an isotropic scalar damage model (Mergheim & Steinmann
2013b). The healing component is added into the strain-energy density, which leads
to the constitutive relationship shown in equation (2.6).

σ̄ = (1−ω)Del : ε̄+(1−ωh)σ
h (2.6)

The contribution of healing stress (σh) is defined by equation 2.7.

σ̇
h(t) = h(t)Del : ε̇ (2.7)

ω is the original material damage variable and ωh is the healed material damage
variable. Del denotes the elasticity tensor and Del : ε represents the effective stress
of the original material. This rate equation ensures that when the strain rate is
zero, only the stiffness, not the stress, is increased during healing. Mergheim &
Steinmann (2013b) use a 1D example to illustrate the model response with healing
for after load removal, partial damage and constant strain cases.

Traditionally damage that occurs in continuum damage mechanics is irreversible.
However, a team of researchers in Texas, targeting healing in asphalt, assumed that
this recovery can occur by applying a healing factor (Abu Al-Rub et al. 2010). Equa-
tion (2.8) shows how the composite average stress (σ̄) is related to the composite
elastic stress (σ̄e).

σ̄ = (1−ω(1−h))σ̄e (2.8)

ω is the irreversible original damage parameter and h is healed fraction of the dam-
aged area. This micro-damage healing model integrates non-linear viscoelastic,
viscoplastic and viscodamage constitutive models with application focused on as-
phalt and fatigue response. A phenomenological healing evolution function is used
where the rate of healing is dependent on two material constants and healing viscos-
ity, which itself is a function of temperature. Three continuum damage mechanics
transformation approaches using the strain, elastic strain energy and power equiv-
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alence hypotheses are related to this healing mechanism by Darabi et al. (2012).
This micro-damage healing model and power-correlating transformation hypothe-
sis were incorporated into a general thermodynamic framework for a healing con-
stitutive model Abu Al-Rub & Darabi (2012), Darabi et al. (2013). This enhanced
approach splits the forces into energetic and dissipative components, ensuring that
the positive-definite rate of dissipation is maintained, thus ensuring that the model
obeys the laws of thermodynamics. Even though these models aim to simulate heal-
ing at the micro-scale they do not explicitly take account of the different material
phases.

Other authors who have developed micro-damage healing models within a ther-
modynamic framework are Miao et al. (1995), Alfredsson & Stigh (2004) and Bar-
bero et al. (2005). Miao et al. (1995) presented one of the first thermodynamically
based healing models where an experientially derived rate of healing function is
derived for crushed rock salt. Alfredsson & Stigh (2004) used a strain equiva-
lence hypothesis where the damage variable is increased for continued damage and
decreased to represent healing. Barbero et al. (2005) developed an elastoplastic-
damage-healing constitutive model for fibre reinforced polymer-matrix composites.
This work was extended by Voyiadjis et al. (2011) to deal with healing in shape
memory polymers by using elastic strain energy equivalence hypothesis to obtain a
new damage-healing effect tensor. These works do not decompose the damage and
micro-damage healing forces into energetic and dissipative components.

Many of the constitutive models presented are not specific to a material type
and depend on strength properties and damage relationships. An area of research
that specifically addresses cementitious materials is one that takes account of the
hydration process. Furthermore, simulating the hydration process in a cementitious
material, based on continued hydration, has direct application to autogenous heal-
ing. Schlangen et al. (2006) tested this approach for early age crack healing in con-
crete using a 2D FE model with developing material properties. Once a specimen
has been cracked, the healing process was simulated as having the same develop-
ing properties as the original concrete but with a time delay. Developing properties
included maturity, degree of hydration, temperature and moisture potential. The
example chosen was a beam cracked one day after casting and then immersed in
water for 14 days to allow healing to take place. The specimen was then tested at
15 days and it was found that the tensile strength of this healed beam on day 15
was equal to the tensile strength gain of the main uncracked concrete at 14 days.
The study therefore showed that an increase in flexural stress was achieved in the
cracked beam. The authors postulated that this was due to the unhydrated cement
in the crack being able to fully hydrate in the presence of additional water and thus
achieve a higher strength. The authors acknowledge that their model predictions

32



do not exactly match the experimental data but that the model is able to simulate
the healing mechanism. Further detailed studies considering the chemical compo-
sition and the effect of continued hydration on the self-healing potentials have been
investigated using water transport, ion diffusion and thermodynamic theory (Ye &
van Breugel 2007, Huang & Ye 2012). Unhydrated cement particles were simulated
using HYMOSTRUC3D, a cement hydration microstructure model. The amount of
water from broken capsules to promote self-healing could be optimised. This study
did not consider the healing impact on mechanical strength.

The hydration processes and elastic damage models have been combined in
a dual coupled approach within a thermodynamic framework by Granger et al.
(2007b). The healing behaviour in their model is simulated by introducing new
mechanical properties into the damaged layers within a layered finite beam element
model using a thermodynamic potential. The resulting constitutive relationship is
shown in equation (2.9).

σ̄ = E [(1−ω)+(1−ωh)g(x,ω)] ε̄ (2.9)

E is the Young’s modulus, ω and ωh are the damage variables of the original and
healed materials. g is a scalar function dependent on the evolution of healing linked
to the continued hydration of cement (x), and the degree of damage at time of heal-
ing. The evolution of damage in the newly healed material, represented by ωh takes
precedence over the primary damage (ω) which continues when ωh has reached
unity. Figures 2.6 show how the numerical and experimental results compare.

The numerical solution does show an increase in strength during the re-loading
phase due to healing, similar to that seen in the three point bending experiments.
However, the distinctive two gradient pre-peak slope apparent in the experimental
curves is not evident in the numerical responses. This model by Granger et al.
(2007b) is at the macro-scale which allows for easy comparison with experimental
results.

The same research group extended this coupled model by using a hydro-chemo-
mechanical model for autogenous healing (Hilloulin et al. 2013). A macro-scale
1D damage model is used where total and plastic strain are related to an isotropic
scalar damage variable. The authors describe how ingress of water through a crack
changes the water concentration which in turn triggers the hydration. This contin-
ued hydration causes a volume build-up of new material within the crack affecting
the overall mechanical properties by increasing the stiffness. The numerical results
are compared to an experimental plot from Granger et al. (2007b) and is shown
in Figure 2.7. The general characteristic response is represented by the numerical
model. The authors suggest investigating the elastic properties in order to obtain
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(a) Numerical simulations

(b) Experimental results

Figure 2.6: Comparison of numerical and experimental bending test on healed con-
crete specimens (Granger et al. 2007b)

the distinctive dual gradient in the re-loading phase.

A comparison can be made between the self-healing processes and other phe-
nomena, such as mechanical recovery in cracks and precipitation of materials within
metals. The mechanical recovery of cementitious materials when unloading has
been shown to occur during experiments. This response has been described us-
ing contact theory; one such approach is the rough crack closure mechanism using
contact theory at the macro and micro-scales (Jefferson 2003, Jefferson & Bennett
2007). This recovered stress is built into the local stress model, dependent on the
crack contact state, which increases the local compliance. There are similarities
between self-healing cementitious materials and self-healing in metallic compos-
ites where materials precipitate within voids. Precipitation of austenite in stainless
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Figure 2.7: Comparison of Hilloulin et al. (2013) numerical self-healing model with
experimental data

steel is one such example (Karpov et al. 2012). This was modelled by considering
the volume diffusion, precipitation and creep mechanisms using random sampling
(Monte-Carlo) at an atomic level within a system of lattices which was solved using
a FE technique.

Considering the broader field of cementitious materials, a lattice approach sim-
ilar to Karpov’s work was used to model autonomic healing at the macro-scale. A
discrete lattice beam method has been used to describe the impact of adhesive so-
lidifying in a crack (Joseph 2008). This 2D model characterised the mechanical
response captured during experiments of mortar beams that were healed through
external supply of a healing agent through glass capillary tubes. The experiments
showed that the cyanoacrylate adhesive, upon release, solidified within seconds
within the crack. As such, the healing is modelled as taking place instantaneously.
The mechanical recovery of the healed state is considered by making a composite
beam with part mortar and part adhesive. At the time of healing the adhesive had
zero stress and was included in the model by adjusting the nodal displacements.

A similar approach could be developed for the autogenous healing where the
healed portions of the lattice take the properties of newly healed or formed cemen-
titious material. This approach has the advantage of modelling at the same scale as
the experimental work. However, the early stages of micro-cracking and the extent
of damage in the fracture process zone around a macro-crack are difficult to capture
at this scale. Working at the micro-scale allows the non-linear effects present within
the various materials to be captured.

None of the micromechanical (or macro) models developed to date can capture
all observed self-healing behaviour in cementitious materials. To develop such a
model requires the mechanical properties of the constitutive components of con-
crete, including the healed components, at the micro-scale.
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Conclusions

It would be desirable to have a full 3D micromechanical model with the ability to
apply prescribed anisotropic loading or displacement, inelastic strains and hydra-
tion processes in cementitious materials for all eventualities. However, to date, no
single model is capable of describing all of the processes and phenomenon exhib-
ited in concrete experiments. Micromechanics has shown to be a suitable tool and
a scale at which to model concrete. This technique takes advantage of the indi-
vidual properties and different processes that occur at this length scale during the
life cycle of the material. Time dependent inelastic strains from shrinkage, creep,
micro-cracking, differential thermal expansion or ageing, particularly within the
matrix phase, are important when simulating behaviour in cementitious compos-
ites materials. Considering shrinkage in isolation at the micro-scale can provide an
insight into shrinkage cracking problems.

A micro-scale mechanistic based damage or hybrid constitutive modelling ap-
proach with inputs from easily measurable mechanical properties is preferred. This
reduces dependence on phenomenological relationships and the need to have exten-
sive experimental research programme for new materials. The two-phase compos-
ite micromechanical model, based on Eshelby (1957) and Mori & Tanaka (1973)
framework containing penny-shaped micro-cracks in the form shown by Budiansky
& O’Connell (1976), provides an excellent starting point from which to develop
such a model. This two-scale approach can potentially simulate a free shrinkage
problem and has a good balance between accuracy and simplicity. Inelastic strains
can be readily considered using the Eshelby and Mori-Tanaka based approaches.
A combination of volumetric micro-cracking and added directional micro-cracks,
whilst also considering the inelastic strains in the matrix, would be an useful con-
tribution to the literature. A novel approach to incorporating all inelastic strains
at the micromechanical level is presented in Chapter 3 with the model validation,
performance and application are encountered in Chapter 4.

Autogenous self-healing is an important phenomenon known to take place in
cementitious materials. However, this aspect is often overlooked when designing
structures and a better understanding of the processes could lead to more sustain-
able concrete structures, with increased durability, that have the ability to recover
from damage. The main healing mechanism in cementitious materials during early
age is continued hydration whereas carbonation is the dominant mechanism in older
specimens. The performance recovery of the autogenous healing is either measured
by the regained durability properties and/or mechanical properties. It is these me-
chanical properties that are important to validate a numerical self-healing model.
These minimal experimental requirements for enabling a mechanistic autogenous
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self-healed model are explored in Chapter 5. A micro-scale micromechanical model
capable of explaining autogenous self-healing in cementitious materials whilst re-
taining the irreversible damage components and having the capability to be coupled
with the hydration process would be an interesting contribution. A novel microme-
chanical self-healing model is presented in Chapter 6.
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Chapter 3

Inelastic Strain Modelling

Micromechanical models allow individual material properties, inelastic behaviour
and micro-cracking to be modelled at the particle scale of a composite material.
They also provide a means of linking the predicted behaviour to the macro-scale
response. This chapter describes a new two-phase composite micromechanical ma-
terial model having a matrix phase, inclusions, inelastic strains in the matrix and
micro-cracking. The state-of-the-art is presented in the previous chapter, Sections
2.2 and 2.3.

The constitutive model theory for a basic elastic two-phase composite is pre-
sented for dilute and non-dilute inclusions. Particular focus is given to simulating
inelastic behaviour in the matrix phase alone. The material remains generic for the
purpose of this chapter and the inelastic strains may derive from shrinkage, creep,
micro-cracking, differential thermal expansion or ageing. These time dependent
phenomena are particularly important when simulating cementitious composite ma-
terials such as concrete, examples of which are given in the next chapter.

Two forms of micro-cracking are introduced into the model, namely volumetric
and directional micro-cracking. Early age volumetric matrix changes cause volu-
metric strains which lead to isotropic micro-cracking. Directional, or anisotropic,
micro-cracking strains are added to the isotropically micro-cracked composite upon
loading. Furthermore, exterior point Eshelby theory is used to allow for the ampli-
fication in stress and strain at the matrix/inclusion interface. The micro-crack crite-
rion and evolution for both forms of micro-cracking are described before showing
how the micromechanical model is implemented numerically through a constitutive
driver algorithm.
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3.1 Constitutive model theory

The two-phase composite average stress (σ̄) and strain (ε̄) tensors are defined by the
summations in equations (3.1) and (3.2),

σ̄ = fΩσΩ + fMσM (3.1)

ε̄ = fΩεΩ + fMεM (3.2)

in which the subscripts Ω and M denote the inclusion and matrix phases respec-
tively. The sum of the volume fractions ( fΩ and fM) is unity. The right handed
system of rectangular Cartesian coordinates, 3D micromechanical model and di-
rect tensor notation are used throughout this thesis, unless otherwise specified. A
summary of the notation used is given in Appendix A.

A diagram illustrating the principles of the proposed constitutive model is shown
in Figure 3.1. Figure 3.1a shows an idealised two-phase composite with a ma-
trix phase (M) containing spherical inclusions (Ω) and inelastic strains (εIN). For
concrete, the matrix material represents the mortar and spherical inclusions repre-
sent the coarse aggregate particles. Volumetric inelastic strains cause micro-cracks
quasi-isotropic in nature as shown in Figure 3.1b. Applying uniaxial strain to the
isotropically micro-cracked composite results in directional, or anisotropic, micro-
cracking strains as shown in Figure 3.1c. The stress gradients were created using
the LUSAS (2012) finite element software, whereby 2D elastic composite solution
has been subjected a shrinkage strain (Figure 3.1b) and then a far-field tensile strain
(Figure 3.1c). It is noted that the cracks have been drawn onto the diagrams in the
regions with highest stress.

3.1.1 Elastic two-phase composite

The elastic properties of the two-phase composite are computed using the classi-
cal Eshelby (1957) solution and the Mori-Tanaka homogenisation scheme for non-
dilute inclusions (Mori & Tanaka 1973, Benveniste 1987).

Eshelby (1957) considered the transformation of a single ellipsoidal elastic in-
clusion embedded in an infinite elastic body. The ‘free’ transformation of this inclu-
sion when undergoing a transformation is restricted by the surrounding matrix ma-
terial. Using a “simple set of imaginary cutting, straining and welding operations”
a closed form solution to the problem was developed (Eshelby 1957). These trans-
formation strains (εt) (also called eigenstrains) (Mura 1987) are produced without
external forces, such as thermal expansion, a change in shape or in size, and produce
a self-equilibrated stress field within the inclusion and matrix called ‘eigenstress’.
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(a) Idealised two-phase composite with
a matrix phase (M) containing spherical
inclusions (Ω) and inelastic strain (εIN)

(b) Isotropic inelastic shrinakge strain
applied in the matrix only, causing over-
all strinkage and higher stress levels
around the inclusions. Note. The vol-
umetric micro-cracks have been drawn
onin regions of high stress

(c) Isotropic inelastic shrinakge strain
applied in the matrix together with a
tensile uniaxial farfield strain. Note.
The directional micro-cracks have also
been drawn on in the higher stress re-
gions

Figure 3.1: Two-phase composite with illustrative rationale

Eshelby found that the strain and stress field inside an inclusion remained uniform
irrespective of material type and initial transformation strain. The disturbance field
inside the inclusion can be related to this transformation strain using a fourth order
tensor called the interior point Eshelby tensor.

Many composite materials have elastic inclusions, such as the sand particles in
mortar, that have different material properties to the host matrix. When this occurs
the inclusion is called an inhomogeneity or inhomogeneous inclusion. Eshelby’s
relationship is also used to solve the problem of different material properties. By

41



replacing the elastic properties of the inhomogeneous inclusion with elastic prop-
erties of the matrix, an equivalent homogeneous inclusion is create. The difference
in the material properties is accounted for through a transformation eigenstrain (ετ)
included in the equivalent homogeneous inclusion. Equating the stress in the in-
homogeneous inclusion and the stress in the equivalent homogeneous inclusion,
allows this transformation eigenstrain to be determined. This is called the consis-
tency condition (Nemat-Nasser & Hori 1999) and is shown in equation (3.3). The
disturbance (or constrained) strain (εc) is shown in equation (3.4).

DΩ : (εo + εc) = DM : (εo + εc− ετ) (3.3)

εc = S : ετ (3.4)

in which εo is the farfield strain tensor. DΩ and DM are the elastic tensors for the
inclusion and matrix phases respectively. S is the interior point fourth order Eshelby
tensor (Nemat-Nasser & Hori 1999) for an ellipsoidal inclusion. The standard so-
lution for spherical inclusions is shown in equation (3.5) using the summation con-
vention for compact representation.

S =
5νm−1

15(1−νm)
δi jδkl +

4−5νm

15(1−νm)

(
δikδ ji +δilδ jk

)
(3.5)

νm is Poisson’s ratio of the matrix and δi j is the Kronecker delta with δi j = 1 when
i = j otherwise δi j = 0.

Substituting equation (3.4) into equation (3.3) and rearranging yields a relation-
ship for the ετ shown in equation (3.6).

ετ = AΩ : εo (3.6)

where
AΩ = [(DΩ−DM) ·S+DM]−1 · (DM−DΩ) . (3.7)

It is noted that these relationships are for a single inclusion in an infinite domain
and these are readily applied to a composite with dilute inclusions. Mori & Tanaka
(1973) proposed that for non-dilute inclusions the εo can be replaced by the average
matrix strain tensor (εM). Substituting equations (3.4) and (3.6) into the stress-
strain relationships for the phases and applying the Mori-Tanaka theory leads to the
standard constitutive relationship shown in equation (3.8).

σ̄ = DMΩ : ε̄e (3.8)
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where
DMΩ = ( fΩDΩ ·TΩ + fMDM) ·

(
fΩTΩ + I4s fM

)−1
(3.9)

and
TΩ = I4s +S ·AΩ. (3.10)

I4s being the fourth order identity tensor and subscript e denotes elastic.

3.1.2 Inelastic strains in the matrix

Time dependent inelastic strains (εIN) are incorporated in the matrix phase of the
composite material using a new approach. The state-of-the-art review in Section
2.1.4 give an overview of the methods to incorporate time dependent inelastic strains.
The Eshelby based micromechanical solutions are used here to defined a matrix re-
strained by a single inclusion. Multiple inclusions can be considered by applying
the Mori-Tanaka averaging theory.

Firstly, each phase within the composite material is addressed by their individ-
ual constitutive equations. The stress in the matrix including the εIN is shown in
equation (3.11) and the stress in the inclusion is shown in equation (3.12). Noting
that the εIN appears in the matrix stress only.

σM = DM : (εM− εIN) = DM : (εo + εc− εIN) (3.11)

σΩ = DΩ : εΩ = DΩ : (εo + εc) (3.12)

Due to the inclusion stress being the same as for the elastic approach, the Eshelby’s
equivalent inclusion method sets up the same consistency equation as in the standard
approach, shown in equation (3.3). However, the εc needs to consider the impact of
matrix inelastic strain tensor on the inclusion.

Two specific examples having an elastic inclusion and plastic matrix are chosen
from Weng (1988) for a comparison with the proposed approach: the ‘secant moduli
tensor’ approach and the ‘elastic constraint’ approach. The consistency equation
and associated εc for each approach are shown by equations (3.13) and (3.14) for
the ‘secant moduli tensor’ and equations (3.15) and (3.16) for the ‘elastic constraint’
approach.

DΩ : (εo + εc) = DSec : (εo + εc− ετ) (3.13)

εc = SSec : ετ (3.14)

DΩ : (εo + εc + εIN) = DM : (εo + εc + εIN− ετ) (3.15)

εc = S : (ετ− εIN) (3.16)
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The restraining effect of the matrix on the inclusion reduces in the secant mod-
uli tensor approach as the stiffness of the secant elastic tensor (DSec) reduces with
damage. The inelastic shrinkage strain cannot be related directly to stress, and as
such, this secant moduli tensor approach cannot be applied to inelastic shrinkage.
In the elastic constraint approach, the plastic strain in the matrix is transferred to
the inclusion using compatible deformations. Weng (1988) shows that the secant
formulation provides a better estimation of stress when compared with experimen-
tal data and the elastic constraint method gives a stiffer response than the secant
method.

3.1.3 First principle constrained strain with matrix inelastic strains

Consider a problem made from a single matrix material where an ellipsoid within
the matrix undergoes an εIN .

σM = DM (εo + εc) (3.17)

and
σMIN = DM (εo + εc− εIN) (3.18)

where
εc = S : εIN . (3.19)

σMIN in equation (3.18) is the stress inside the ellipsoid. Now, consider a matrix
material which already has an inelastic strain in the matrix. This is shown by adding
this to both the inside and outside of the ellipsoid.

σM = DM (εo + εc + εIN) (3.20)

and
σMIN = DM (εo + εc− εIN + εIN) = DM (εo + εc) (3.21)

where
εc = S : εIN . (3.22)

The addition of the matrix inelastic strain tensor in the σMIN has the effect of can-
celling the transformation strain tensor. Allowing the matrix and ellipsoid material
to undergo a negative inelastic strain, the following equations may be derived.

σM = DM (εo + εc− εIN) (3.23)

and
σMIN = DM (εo + εc) (3.24)
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where
εc =−S : εIN . (3.25)

Applying the same principle for a two material problem, the consistency condition
for the inclusion is shown in equation (3.3) and the εc is shown in equation (3.26)
which includes the εIN due to the inelastic strain and the ετ due to the material phase
change.

εc = S : (ετ− εIN) (3.26)

3.1.4 Individual phase equations for single inclusion

Substituting equation (3.26) into equation (3.3) and rearranging yields the transfor-
mation eigenstrain equation (3.27) in terms of the farfield strain and inelastic strain.

ετ = AΩ : (εo−S : εIN) (3.27)

Noting that the AΩ term remains the same as for the standard elastic solution in
equation (3.7). The relationship for the stress in the inclusion, shown in equa-
tion (3.12), can then be expressed by substituting in equations (3.26) and (3.27), as
shown in equation (3.28).

σΩ = DΩ : εΩ = DΩ : (εo +S : (AΩ : (εo−S : εIN)− εIN)) (3.28)

Collecting terms and making use of equation (3.10), equation (3.28) reduces to
(3.29).

σΩ = TΩ : (εo−S : εIN) (3.29)

This a solution for an infinite elastic matrix undergoing an inelastic strain and con-
taining a single inclusion.

3.1.5 Individual phase equations for multiple inclusions

Multiple inclusions impact on each other and influence the surrounding stress fields.
The disturbance strain tensor for non-dilute inclusion has been shown by Mori &
Tanaka (1973) to be based on the average matrix strain tensor and not the farfield
strain tensor. Applying this theory, where εo = εM, yields the relationship for the
strain and stress tensors in the inclusion as shown in equations (3.30) and (3.31) and
stress tensor in the matrix as shown in equation (3.32) for non-dilute inclusions.

εΩ = TΩ : (εM−S : εIN) (3.30)

σΩ = DΩ ·TΩ : (εM−S : εIN) (3.31)
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σM = DM : (εM− εIN) (3.32)

3.1.6 Constitutive equation

The constitutive equation is constructed by eliminating the individual components
of stresses or strains tensors from the homogenisation equations. Substituting the
inclusion strain tensor equation (3.30) into the total strain tensor equation (3.2) and
isolating the matrix strain tensor yields a relationship equation (3.33).

εM =
(

fΩTΩ + fMI4s)−1
: (ε̄+ fΩTΩ ·S : εIN) (3.33)

Substituting in equations (3.31), (3.32) and (3.33) into equation (3.1), produces the
overall constitutive equation relationship shown by equation (3.34),

σ̄ = DMΩ : (ε̄− εINEQ) (3.34)

where

εINEQ =
[
DMΩ

−1 ( fΩDΩ ·TΩ ·S+ fMDM)− fΩTΩ ·S
]

: εIN . (3.35)

3.1.7 Exterior point Eshelby solution

The exterior point Eshelby solution gives the strain and stress amplification at any
point in the matrix. This exterior point amplification is accounted for in equation
(3.26) by replacing the interior point Eshelby tensor with the exterior point Eshelby
tensor resulting in equation (3.36).

εc = SE (x) : (ετ− εIN) (3.36)

SE (x) is the exterior point Eshelby tensor defined by Ju & Sun (1999) and particu-
larised by Li et al. (2007) see also Mihai & Jefferson (2011). The SE (x) standard
solution for a spherical inclusion in an elastic medium is given in equation (3.37).
The summation convention is again used for compact representation.

SE
i jmn (x) =

ρ3

30(1−ν)
[
(
3ρ

2 +10ν−5
)

δi jδmn +
(
3ρ

2−10ν+5
)

·
(
δimδ jn +δinδ jm

)
+15

(
1−ρ

2) ·δi jx̄mx̄n +15
(
1−2ν−ρ

2)
δmnx̄ix̄ j

+15
(
ν−ρ

2) · (δimx̄ jx̄n +δ jmx̄ix̄n +δinx̄ jx̄m +δ jnx̄ix̄m
)
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+15
(
7ρ

2−5
)
· x̄ix̄ jx̄mx̄n] (3.37)

x is the position vector from the centre of a spherical aggregate particle, ρ = a/|x|
is the relative distance taken as 0.999, |x|=√xixi is the position vector and a is the
radius of the spherical inclusion.

The transformation strain, from equation (3.27), retains the interior point Es-
helby solution. Equations (3.36) and (3.27) are substituted into the inclusion con-
stitutive equation (3.12) and then the Mori-Tanaka theory is applied. The exterior
point Eshelby amplification for the strain tensor εMΩ and stress tensor σMΩ in the
matrix are shown in equations (3.38) and (3.39) respectively.

εMΩ(x) = TE (x) : εM−TΩ ·SE (x) : εIN (3.38)

and
σMΩ(x) = DM : εMΩ(x) (3.39)

where
TE (x) = I4s +SE (x) ·AΩ. (3.40)

Mihai & Jefferson (2011) showed that a solution based on this exterior point Es-
helby approach can represent the mechanisms that occur within the interface tran-
sition zone (ITZ), between the two composite phases, without needing to explicitly
define the ITZ properties. The coarse aggregate particles are also idealised as spher-
ical particles in this micromechanical solution. In reality these particles can have
a range of shapes and textures (see the particle shape classification in Neville &
Brooks (2010)) which can impact on the material response. An icosahedron (poly-
hedron with 20 faces) or similar 3D shape could be used to represent the coarse
aggregate shape. However, this option would necessitate a numerical solution to
obtain the Eshelby tensor. This aspect was not pursued further in this study.

3.2 Micro-cracking

The inelastic micro-cracking strains arising from early-age volumetric time-dependent
phenomena are generally quasi-isotropic in nature and distributed (Hearn 1999).
The micro-cracking (and subsequent macro-cracking) resulting from mechanical
loading and/or mechanical restraints are generally anisotropic in nature and arise
once the hydration process is substantially complete, e.g. during initial mechanical
loading. It is this separation in time scales and the different nature of these micro-
cracking mechanisms that is exploited in the proposed model. Therefore, two sets
of micro-cracking variables are introduced into the model, one of which represents
distributed isotropic micro-cracking in the matrix and the other of which accounts
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for anisotropic (or directional) cracking of the composite. The advantage of the
proposed approach is that it avoids the need for a numerical solution to evaluate
the Eshelby (or concentration) tensor for a changing generally anisotropic matrix
material (Desrumaux et al. 2001). Furthermore, the ability to develop anisotropic
micro-cracking means that the model is able to simulate multi-axial loading condi-
tions such as occur in shear tension problems (Fichant et al. 1999).

Although the model presented in this paper does not use a volumetric-deviatoric
separation of the stress/strain tensors, there are some similarities with approaches
that do use such a separation (Carol et al. 2001, Leukart & Ramm 2003, 2006,
Grassl & Jirásek 2006).

3.2.1 Volumetric matrix micro-cracking

The micro-cracking which arises from the volumetric changes in the matrix phase
due to shrinkage and early age thermal effects for cementitious composites are con-
sidered to be effectively isotropic. Such micro-cracking can be simulated by replac-
ing DM with DMωv , where DMωv is defined by,

DMωv = (1−ωv)DM (3.41)

where the volumetric micro-cracking parameter is ωv ∈ [0,1]. 0 is the undamaged
state and 1 is the fully damaged state. The constitutive equation, equation (3.34),
including volumetric matrix micro-cracking is shown in equation (3.42).

σ̄ = DMΩωv : (ε̄− εINEQωv) (3.42)

where

εINEQωv =
[
DMΩωv

−1 ( fΩDΩ ·TΩωv ·S+ fMDMωv)− fΩTΩωv ·S
]

: εIN , (3.43)

DMΩωv = ( fΩDΩ ·TΩωv + fMDMωv) ·
(

fΩTΩωv + I4s fM
)−1

, (3.44)

TΩωv = I4s +S ·AΩωv (3.45)

and
AΩωv = [(DΩ−DMωv) ·S+DMωv ]

−1 · [DMωv−DΩ] . (3.46)

It is noted that the standard form of the Eshelby tensor remains valid with changing
degrees of volumetric micro-cracking because DMωv retains the isotropic form.
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3.2.2 Directional micro-cracking from mechanical loading

Added mechanical loading (and structural restraints) often leads to the develop-
ment of anisotropic micro-cracks which can develop into macro-cracks. Mihai &
Jefferson (2011) employed the Budiansky & O’Connell (1976) solution to represent
such micro-cracking but replaced the elastic properties of single phase material in
the original paper with effective elastic properties of the composite material. This
avoided the need for Eshelby tensors for generally anisotropically cracked media
which (other than for specialised cases) require numerical evaluation.

The same approach is now adopted for the isotropically cracked composite. The
resulting stress-strain relationship is given by equation (3.47),

σ̄ = DMΩωv : (ε̄− εINEQωv− εa) (3.47)

in which the added strain (εa) is now relative to the isotropically micro-cracked
composite. Nemat-Nasser & Hori (1999) describe the derivation of this micro-
crack solution in detail. The additional strain for each micro-crack plane i is given
by equation (3.48).

εaddi =
1

ai3

∫
S

1
2
(
rua

T + rT ua
)

dS (3.48)

S is the plane area of the crack, u is the displacement of the micro-crack and a

Figure 3.2: Reference system for crack planes

is the crack radius. r, s and t define the unit local coordinate vectors as shown in
Figure 3.2 for a single direction. r is the vector normal to the micro-crack surface.
The non-zero additional strain components for a dilute series of circular (penny-
shaped) cracks (εα) is given by equation (3.49) (Budiansky & O’Connell 1976). The
spherical coordinates reference angles (ψ,θ) for each direction have not explicitly
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been written for the variables in the following equations.

εα =


εαrr

εγrs

εγrt

= F
16
(
1−νM

2)
3EM


srr

4
2−νM

srs

4
2−νM

srt

= FCαs (3.49)

νM and EM are Poisson’s ratio and Young’s modulus of the matrix material. F
is the crack density parameter, originally given by Budiansky & O’Connell (1976)
as F= Ncao

3, for circular (penny-shaped) cracks, where Nc is the number of cracks
per unit volume and ao is a single crack radius. Cα contains the elastic compliance
terms and s is the local stress vector. This solution is independent of the crack
radius.

Micro-cracks typically occur in more than one direction and by summing the
contribution of the directional cracks the total additional strain can be calculated.
The total additional strains for ni discrete directions and a continuous distribution
of micro-cracks are shown in equations (3.50) and (3.51) respectively.

εa = ∑
ni

Nεεαi (3.50)

εa =
1

2π

∫
2π

∫
π

2

Nεεαsin(ψ)dψdθ (3.51)

F can also be expressed in terms of a directional micro-crack variable ωd ∈ [0,1]
(Jefferson & Bennett 2007), as shown in equation (3.52).

F=
3

16(1−νM2)

(
ωd

1−ωd

)
(3.52)

which means that equation (3.49) may now be written as follows

εα = FCαs =
(

ωd

1−ωd

)
CL : s (3.53)

where
s =

[
srr srs srt

]T
= N · σ̄ (3.54)

The local stress vector is related to the average composite stress (σ̄) using the stress
transformation tensor (N). Similarly, the strain transformation tensor (Nε) relates
the local strain to the composite average strain (ε̄). N and Nε are the transformation
tensors given by Jefferson (2003). CL is the elastic compliance (Nemat-Nasser &
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Hori 1999) as shown in equation (3.55).

CL = DL
−1 =

1
EM


1 0 0

0
4

2−νM
0

0 0
4

2−νM

 (3.55)

Integrating contributions from all directions around a hemisphere gives the total
added strain εa equation as shown in equation (3.56). McLaren’s integration rule
with 50 sample directions, which reduces to 29 sample directions in a hemisphere,
is used to evaluate this integration numerically (Stroud 1972).

εa =

(
1

2π

∫
2π

∫
π

2

Nε ·CL ·N ·
ωd(ψ,θ)

1−ωd(ψ,θ)
sin(ψ)dψdθ

)
: σ̄ (3.56)

These relationships can be used in equation (3.47) to yield the overall constitu-
tive equation (3.57),

σ̄ =
(
I4s +DMΩωv ·Cadd

)−1
DMΩωv : (ε̄− εINEQωv) (3.57)

where
Cadd =

(
1

2π

∫
2π

∫
π

2

Nε ·CL ·N ·
ωd(θ,ψ)

1−ωd(θ,ψ)
sin(ψ)dψdθ

)
(3.58)

Cadd is the added local compliance term. This solution considers a dilute distribu-
tion of micro-cracks which means that the crack interactions are ignored.

3.2.3 Decomposition of equations into phases

In order to examine the matrix and inclusion phases the final constitutive equation,
equation (3.57), is decomposed by grouping all accessible volume fractions terms.
The stress in the matrix is shown in equation (3.59) and the stress in the inclusion
is shown by equation (3.60).

σM =
(
I4s +DMΩωv ·Cadd

)−1
( fMDMωv) ·

(
fΩTΩωv + I4s fM

)−1

: (ε̄−
[
DMΩωv

−1 ( fMDMωv)
]

: εIN) (3.59)

σΩ =
(
I4s +DMΩωv ·Cadd

)−1
( fΩDΩ ·TΩωv) ·

(
fΩTΩωv + I4s fM

)−1

: (ε̄−
[
DMΩωv

−1 ( fΩDΩ ·TΩωv ·S)− fΩTΩωv ·S
]

: εIN) (3.60)
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3.2.4 Exterior point Eshelby stress with micro-cracking

The volumetric damage in the matrix is accounted for when using the exterior point
Eshelby solution, as shown in Section 3.1.7. The strain and stress amplification at
any point in the matrix with volumetric damage is shown in equations (3.61) and
(3.62) respectively. The stress tensor in the matrix on each local plane is given by
equation (3.63).

εMΩ(x) = TE
ωv
(x) : εM−TΩωv ·S

E (x) : εIN , (3.61)

σMΩ(x) = DMωv : εMΩ(x) (3.62)

and
sMΩ(x) = N ·σMΩ(x) (3.63)

where
TE

ωv
(x) = I4s +SE (x) ·AΩωv. (3.64)

SE (x), TΩωv and AΩωv are given in equations (3.37), (3.45) and (3.46) respectively.
sMΩ is the transformed amplified stress adjacent to an inclusion (Mihai & Jefferson
2011).

3.3 Micro-crack criterion and evolution

The proposed model requires two micro-crack evolution equations for (i) volumetric
micro-cracks which are considered to be controlled by the coarse aggregate particles
and (ii) directional micro-cracks (and eventually macro-cracks) which are consid-
ered to extend over the coarse aggregate particles.

The measurement of post-peak volumetric tensile behaviour of concrete at low
strains is difficult and there is little experimental data upon which to base the evolu-
tion function directly. However, a volumetric softening function may be chosen by
making the following assumptions:

1. The start of micro-cracking is associated with pre-peak non-linearity in uniax-
ial tension, which typically occurs at approximately 70 % of the peak tensile
load (van Mier 1997),

2. the relative displacement at full softening, in any direction under volumetric
loading, is governed by the coarse aggregate particles and

3. this relative displacement is of similar magnitude to that for directional load-
ing.
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The above assumptions allow the same function form to be used for both volumetric
and directional micro-crack evolution. The equation selected is based on a standard
form which was adopted by Mihai & Jefferson (2011), as follows

σβ = ftβe
−cβ

uβ−utβ

u0β−utβ (3.65)

in which subscript β denotes volumetric (v) or directional (d) micro-cracking, cβ is
a constant taken to be 5, which is appropriate for this type of evolution, ftβ is a local
tensile strength at the aggregate/cement paste interface and uβ, utβ and u0β are the
relative displacements across a zone of material.

The strain at first uniaxial micro-cracking (εtβ) is taken as

εtβ =
ftβ
Eβ

(3.66)

in which Ev is Young’s modulus of the matrix and Ed is Young’s modulus of the
composite. The local strains in the effectively fully micro-cracked (ε0β) state are
assumed to be related to the relative displacements by

ε0β =
u0β

hβ

(3.67)

in which hv is the size of a coarse aggregate particle and hd is assumed to be 3 times
the size of a coarse aggregate particle. Coarse aggregate particles are typically 10
mm in diameter for laboratory concrete and 20 mm for structural concrete. The
relative displacement at the fully micro-cracked state for u0v is taken as 0.1 mm
whereas u0d is taken as 0.2 mm (Walraven & Reinhardt 1981).

The function described by equation (3.65), for both the volumetric and direc-
tional micro-cracking cases, is illustrated in Figure 3.3.

The onset of micro-cracking is controlled by the elastic stress field. The micro-
cracking initiation criterion for the volumetric component is reached when the mean
matrix stress reaches the tensile strength of the matrix. The micro-cracking initi-
ation criterion for the directional component is reached when the local principal
stress (sI), given by equation (3.68), exceeds the initial interface tensile strength
( ftd).

sI = srr

(
1+αL

2

)
+

√
srr2
(

1−αL

2

)2

+ τL2 (3.68)

where αL =

(
νM

1−νM

)
and τL =

√
srs2 + srt2, in which s = sMΩ as defined in equa-

tions (3.54) and (3.63).
Once formed, the extent of micro-cracking is expressed in terms of the parame-
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Figure 3.3: Volumetric and directional tensile softening functions

ters (ωβ), which are given by

ωβ = 1−
εtβ

ζβ

e
−cβ

 ζβ− εtβ

ε0β− εtβ


(3.69)

this depends on the effective local strain parameters ζv and ζd , the former of which
is governed by the following volumetric micro-cracking function equation (3.70)
and the latter by the directional micro-cracking function equation (3.71).

Fζv(εMv,εIN ,ζv) =
εMv− εIN

3
−ζv (3.70)

Fζd
(εL,ζd) = εLrr

(
1+αL

2

)
+

√
εLrr

2
(

1−αL

2

)2

+ rζ
2γ2−ζd (3.71)

where γ =
√

εLrs
2 + εLrt

2 and rζd
=

(
νM−1/2

νM−1

)
.

The functions are subject to the standard loading/unloading conditions as fol-
lows;

Fζβ
≤ 0, ζ̇β ≥ 0 and Fζβ

ζ̇β = 0. (3.72)

The micro-cracking evolution for the volumetric component is always controlled
by the mean local matrix strains, shown in volumetric terms by εMv. The directional
local strain component (εL) is assumed equal to the sum of the peak elastic strain
in the matrix phase (εLMe), based on sMΩ and the local micro-cracking strain (εα)
(Mihai & Jefferson 2011), as shown in equation (3.73).

εL = εLMe + εα (3.73)
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where
εLMe = (1−ωd)CL : sMΩ (3.74)

and
εα = ωdNε · ε̄e = ωdNε · (ε̄− εINEQωv) . (3.75)
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3.4 Numerical implementation

The constitutive model, including micro-cracking, presented in this chapter has
been implemented in a Mathcad (2010) sheet using a constitutive driver algorithm.
This model can be driven by total stress (σ̄), total strain (ε̄) or the shrinkage po-
tential of the matrix (εshr). Material data and initial conditions are read along with
initial stress and strain parameters. The integral presented in equation (3.58) cannot
easily be solved analytically and as such is evaluated numerically with the weighted
summations over a finite number of directions. The accuracy of this rule is deemed
sufficient for this study.

A general constitutive driver algorithm is shown in Table 3.1 showing the es-
sential steps required for a specified stress path increment (∆σa) or strain path in-
crement (∆εa). Once these updated stresses and strains are found, the degree of
micro-cracking is determined using a local micro-cracking solution.

Table 3.1: Constitutive driver algorithm

Read in title, control data and mate-
rial data
Read in initial conditions Initialise the stress and strain
Read in the applied ∆σa and/or ∆εa
For i = 1 to n Loop over stress/strain increments

σ̄ = σ̄+∆σai Update total stresses
∆σ = ∆σai Set initial value of out-of-balance stresses for

this increment
For j = 1 to m Loop over iterations

Compute DSec Compute secant stiffness (DSec) using previ-
ous total added compliance (Cadd)

∆σ = DSec∆ε, extract ∆σrc Compute strain increment (∆ε) from out of
balance stress and secant stiffness matrix and
extract ‘reaction’ stress (∆σrc) using Gaussian
elimination algorithm capable of solving for
fixed stresses, strains or a mixture

ε̄ = ε̄+∆ε and σ̄ = σ̄+∆σrc Update strains and add reaction stress compo-
nents to total stresses
Use iterative local micro-cracking algorithm
to update the stress. See Table 3.2.

σex = DSec : ε̄ Compute existing stresses
∆σ = σ̄−σex Compute the out of balance stress
If |∆σ|< tol If converged, exit iteration loop

End j Loop
εM,εΩ,σM,σΩ Decompose component strains and stresses
Output results for increment

End i Loop
Finish
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Table 3.2 shows the essential steps of the computational algorithm with a spec-
ified stress path increment (∆σa) and applied shrinkage strain increment (∆εshr) in
the matrix only. The detailed steps for the local micro-cracking solution using vol-
umetric and directional cracking is shown.

Table 3.2: Computational algorithm for specified stress path with matrix shrinkage

Enter with ε̄pr, ζvpr, ζd pr, ∆εshr Enter with strains and previous (pr)
equivalent strain parameters

∆σ = ∆σa−DSec∆εshr Compute out of balance stresses
ε̄ = ε̄+∆ε, σ̄ = σ̄+∆σrc Update strains and stresses

Volumetric micro-crack component
If σMv ≤ ftv then ωv = 0 Micro-crack initiation condition
Else Volumetric micro-crack evolution

ζv =
(εMv− εshr)

3
if ζv > ζvpr Update strain parameter if it exceeds

previous maximum
Update ωv Update damage parameter

End
Directional micro-crack components

For i = 1 to ni Loop over integ. dir. (i)
εMΩ = TE

ωv (x) : εM−TΩωv ·SE (x) : εshr Compute average matrix stress at
peak position (EPE)

sMΩ = Ni ·DMωv : (εMΩ− εshr) Compute local cracking stress at peak
position

If sI(sMΩ)max ≤ ftd then ωdi = 0 Micro-crack initiation criterion
Else Directional micro-crack evolution

εLi = (1−ωdi )CLM : sMΩ +ωdi Nεi · ε̄ Evaluate local strain vector
ζi = Fζd(εLi) if εLi > ζpri Update strain parameter if exceeds

previous max
Update ωdi Update damage parameter

End

Cadd =
ni

∑
i=1

Nεi ·CL ·Ni ·
ωdi

1−ωdi

wi Evaluate total added compliance

DSec =
(
I4s +DMΩωv ·Cadd

)−1 ·DMΩωv Form secant constitutive matrix
σ̄ = DSec : (ε̄− εINEQωv) Compute stresses

In the next chapter, in Section 4.2, a selected set of stress/strain paths are used
to present the characteristic response of the model using the algorithms shown in
Tables 3.1 and 3.2.
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Conclusions

A new constitutive model was presented in this chapter that describes a two-phase
composite micromechanical material model with inelastic strains in the matrix. The
basic elastic two-phase composite, the derivation of the inelastic strains in the ma-
trix and solutions for dilute and non-dilute inclusions were given. The inelastic
strains allow time-dependent behaviour to be considered within a two-phase com-
posite.

A novel micro-cracking approach was used where two sets of micro-cracking
variables were introduced into the model, namely for volumetric and directional
(anisotropic) micro-cracking parameters. Volumetric isotropic micro-cracking rep-
resents the response due to volumetric shrinkage strains in the matrix. Directional,
or anisotropic, micro-cracking strains can be added to the isotropically micro-cracked
composite to respond to applied loadings. The combination of model components
for isotropic matrix micro-cracking and directional micro-cracking in the composite
material allows early age volumetric and mechanically induced directional micro-
cracking to be simulated in a computationally convenient manner.

The constitutive model theory for a basic elastic two-phase composite with
micro-cracking is presented for dilute and non-dilute inclusions. Furthermore, the
exterior point Eshelby theory was used to allow for the amplification in stress and
strain at the matrix/inclusion interface for both the elastic case and when consider-
ing micro-cracking.

Even though the material properties remains generic with non-specific inelastic
strains applied in the matrix, the micro-crack criterion and evolution, presented
focuses on application to cementitious materials for both forms of micro-cracking.
A description of how the micromechanical model is implemented numerically is
given for a constitutive driver algorithm and specified shrinkage stress path.

Chapter 4 validates the model presented here through 3D Finite Element simu-
lations, demonstrating the performance of the model through illustrative stress and
strain paths, and applying the theory to a cementitious composite with autogenous
shrinkage in the matrix.
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Chapter 4

Model Validation, Performance and
Application

The solutions presented in Chapter 3 are developed further in this chapter. The
accuracy of the homogenisation solutions are assessed using a series of three di-
mensional finite element analyses. Single and multiple inclusion models are pre-
sented in Section 4.1 showing the finite element model details, sections and stress
distributions. Four illustrative stress/strain paths are then used to demonstrate the
performance and capability of the model. These are shown in Section 4.2.

This model is also applied to a real problem where autogenous shrinkage oc-
curs in a cementitious composite. A free shrinkage problem is simulated using a
volumetric solution where a hydration model (Section 4.3.2) and associated solid-
ified volume (Section 4.3.1) is used to evaluate the degree of hydration and elastic
modulus of the matrix over time. Volumetric micro-cracking is also built into the
model.

This autogenous shrinkage model predictions are compared with two experi-
mental results found in the literature, see Section 4.3.3. The effect of including
micro-cracking in a simulation of a matrix shrinkage problem is evaluated by com-
paring results with a solution in which micro-cracking was not considered. A para-
metric study has been undertaken on the model parameters (Section 4.3.4) where
consideration has been given to using this approach a design tool.

4.1 FE Validation of homogenised solution

In this section, the accuracy of the proposed approach adopted for homogenisation
and stress concentrations is assessed using two 3D Finite Element (FE) simulations.
These models simulate the free shrinkage of the composite and were carried out us-
ing the LUSAS (2012) finite element software. Sun et al. (2007) compared the upper
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and lower bound of elastic properties using random unit cell finite element models
for accuracy against an analytical solution and experimental results for varying in-
clusion volume fractions. Here the effect of including the exterior point Eshelby
amplification for a perfect interface bond is examined. The material properties,
chosen to represent a typical cementitious composite, used for both analyses are
given in Table 4.1 Neville & Brooks (2010). Young’s modulus and Poisson’s ratio
are shown for a concrete where subscripts M and Ω denote the cement paste matrix
and coarse aggregate particle inclusion phases respectively. A minimum set of re-
straints were applied to the model to prevent free body displacements and rotations,
but these did not provide any restraint against overall shrinkage of the model.

Table 4.1: Material properties used for the FE validation

EM νM EΩ νΩ

(N/mm2) (N/mm2)

24000 0.15 55000 0.25

The first model simulated a spherical inclusion within a matrix where the volu-
metric shrinkage potential (strain) of 0.0003 was applied to the matrix only. A 3D
mesh was built using quadratic tetrahedral stress elements. Multiple meshes were
employed in this study and the mesh converged solution had 54000 elements for the
single inclusion model. The matrix cube boundary lines were split into 10 elements
and each quarter circumference of the inclusion sphere was also divided into 10 el-
ements. Figure 4.1 compares the numerical and analytical major principal stresses
along section A-A. These major principal stresses compare favourably.

The second model contains multiple inclusions to simulate a homogenised com-
posite material. 64 spherical inclusions were placed within a cube of matrix mate-
rial. Again, multiple meshes were employed in the study. In total there were 93000
quadratic tetrahedral stress elements in the model. The Mori-Tanaka homogenisa-
tion scheme and exterior point Eshelby solution were used in the micromechanical
solution. Figure 4.2 compares the numerical and analytical major principal stresses
along section B-B. Again, the principal stresses recorded for both the micromechan-
ical model and FE model compare favourably. Complete mesh convergence was not
reached, however, these micromechanical and FE comparisons are sufficiently close
to provide confidence in the homogenisation scheme for the present work.

The time taken for this linear 3D finite element solution was approximately half
an hour on a modest laptop computer. The computations were carried out using a
single one core of an Intel i3 CPU M350 2:27 GHz processor. The linear single and
linear multi-inclusion FE analysis took 18 min 24 s and 30 min 11 s respectively,
whereas the analytical solution only took 0.007 s for both the single inclusion and
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the Mori-Tanaka homogenisation. These computational differences are comparable
to the findings of Sanahuja (2013).

A detailed FE mesh sensitivity and convergence study has not been undertaken.
If a full 3D non-linear solution had been attempted for multiple time steps the so-
lution time is expected to be at least two orders of magnitude greater. Comparing
these solution times the overall benefit of employing this type of non-linear mi-
cromechanical to simulate complex micro and meso material behaviour becomes
evident.
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Figure 4.1: 3D FE plot and stress spatial distribution plot for one inclusion
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Figure 4.2: 3D FE plot and stress spatial distribution plot for multi-inclusion
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4.2 Characteristic model predictions

A series of stress-strain paths are used to illustrate the characteristic response of the
model. The paths selected are as follows;

1. Time dependent matrix shrinkage with and without associated matrix micro-
cracking.

2. Matrix shrinkage restrained uniaxially with and without micro-cracking.

3. A uniaxial tensile strain path with and without matrix shrinkage.

4. Matrix shrinkage during the Willam et al. (1989) strain path which involves
micro-crack formation under uniaxial tension followed by a rotating principal
strain path.

The material properties are presented in Table 4.2 and are typical for a standard
strength concrete. The inelastic strain applied in the matrix in all of the stress-strain
paths is derived from the drying shrinkage strain from the EC2 code of practice (EN
1992 2008). The results are presented in graphical form showing the response for
each path in terms of composite average stress and strain components.

Table 4.2: Typical cementitious composite material properties

fM EM νM fΩ EΩ νΩ ε0v ftv ε0d ftd
(N/mm2) (N/mm2) (N/mm2) (N/mm2)

0.3 20000 0.15 0.7 55000 0.25 0.01 1.33 0.0067 2

Path 1 simulates free shrinkage of the composite, for which the mean composite
stress remains null. The results for simulations with and without micro-cracking
(denoted MC and NMC respectively) are given in Figures 4.3b and 4.3c. These
graphs provide the separate responses of the phases and show that the inclusion of
micro-cracking in the model has a very significant effect on the stresses within the
phases.

Path 2 simulates the behaviour in a restrained structural component. In this
path, the composite xx strain component is fixed at zero and all other composite
strain components are unrestrained. The results are given in Figures 4.4a to 4.4c
and again illustrate the importance of micro-cracking on the response of the phases.

Path 3 shows an uniaxial strain path with shrinkage strain (SS) in the matrix and
an uniaxial strain path without shrinkage strain (NSS) in the matrix. Figures 4.5a
and 4.6a show the control data and strain loading paths. The stress results in Figure
4.6b show that the peak stress in the SS case is 7 % greater than in the NSS, for this
particular loading case. This is because the shrinkage strain in the matrix opposes
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the uniaxial force in the composite x direction. This results in xx-stress component,
for the SS case, being less than for the NSS case, thus leading to reduced damage. It
is noted that the inclusion stress is higher than the matrix up to 2 N/mm2 for the SS
case. The difference between the magnitude of the uniaxial strain and the shrinkage
strain determines the Path 3 response.

In Paths 1 and 2 only the ωv micro-cracking parameter increases with time
whilst ωd remains null. However, in Path 3 both parameters increase with time.
Figures 4.7b and 4.7a show the volumetric micro-cracking parameter along with the
directional micro-cracking parameters in six selected directions (See Figure 4.5b),
for cases with and without matrix shrinkage respectively. ωd1 (parallel to the loading
direction) exhibits the most micro-cracking and ωd2 (perpendicular to the loading
direction) shows the least. As might be expected, matrix shrinkage increases the
volumetric micro-cracking variable ωv.

Figures 4.8a to 4.8c illustrate the input for Path 4. The stress plots in Figure
4.9a compare the rotating stress (RS) response with the uniaxial stress (US) re-
sponse without any rotation strains and correctly shows degradation of strength in
the lateral direction with rotation. Figure 4.9b shows that the major principal stress
decreases as the shear strain (γxy) increases, as is desirable (Willam et al. 1989).

These paths illustrate the response of the model for a range of paths with and
without micro-cracking and matrix shrinkage. The responses are all considered to
be reasonable and to show that the two micro-cracking model components work
together seamlessly.
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Figure 4.3: Time dependent matrix shrinkage with associated matrix micro-
cracking (MC) and without matrix micro-cracking (NMC)
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Figure 4.4: Matrix shrinkage restrained uniaxially with micro-cracking (MC) and
without micro-cracking (NMC)
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Figure 4.5: An uniaxial tensile strain path and selected micro-cracking directions
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Figure 4.6: An uniaxial tensile strain path with matrix shrinkage strain (SS) and
without matrix shrinkage strain (NSS)
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Figure 4.7: Micro-cracking parameter response with/without matrix shrinkage
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Figure 4.8: Matrix shrinkage during the Willam et al. (1989) strain path which
involves micro-crack formation under uniaxial tension followed by a rotating prin-
cipal strain path
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4.3 Autogenous shrinkage during curing

In a cementitious composite material during curing, creep and shrinkage occur
mainly in the matrix phase whilst the aggregate phase tends to restrain matrix move-
ments. Most constitutive models for concrete creep and shrinkage consider the ma-
terial as a whole e.g. (Neville et al. 1983, Bažant 1995, Benboudjema et al. 2001,
2005, EN 1992 2008) and do not explicitly consider the separate behaviour of the
phases. This means that material parameters for these empirically derived models
must be generated for each mix. In this section an alternative approach is explored
in which the model described in Chapter 3 is applied to the problem of autogenous
shrinkage of a cementitious composite. The aim is not to derive a comprehensive
two-phase time dependent model for composite materials but rather to illustrate the
benefits of applying the present model to such a problem. There have been a num-
ber of two-phase models for creep and shrinkage in concrete, for example Hirsch
(1962), Counto (1964), England (1965) and Scheiner et al. (2009), see also Neville
et al. (1983), but these do not explicitly consider the effects of micro-cracking. The
present model is intermediate in complexity between the 4 level model of Pich-
ler, Lackner & Mang (2007) and a single phase empirically based model, such as
Bažant’s B3 model (1995), although it is noted that the former model does not ex-
plicitly allow for the evolution of micro-cracks.

The objective of the following derivation is to produce a single shrinkage strain
expression for a composite, given the properties of the matrix and inclusions as
well as a shrinkage response for the matrix alone. To allow comparison with exper-
imental results, an autogenous free shrinkage problem is simulated using a volumet-
ric solution for a two-phase solidification model based on the solidifying material
forming in a stress free state (Bažant & Prasannan 1989), shown in Section 4.3.1,
which is implemented with a hydration model (Schindler & Folliard 2005) shown
in Section 4.3.2). The relationship between the degree of hydration and the elastic
modulus is established using the work of De Schutter (2002).

4.3.1 Solidification model

The solidified volume (v) of material is related to the degree of hydration according
to equation (4.29) shown and explained in Section 4.3.2. Working in volumetric
terms the bulk modulus of the inclusion (KΩ) retains its elastic value, whereas the
bulk modulus of the matrix (KM) includes volumetric micro-cracking and solidifi-
cation as shown in equation (4.1).

KMv = (1−ωv) · v ·KM (4.1)
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The notation referring to micro-cracking in the matrix is omitted for clarity. If the
volume of solidified material increases by ∆v the damaged bulk modulus of the
matrix becomes

KM(v+∆v) = (1−ωv) · (v+∆v) ·KM = KMv +KM∆v (4.2)

ωv is the volumetric micro-cracking parameter as used Section 3.2.1.

Solidification strains (εs) are evaluated explicitly and these are defined as the in-
elastic strains necessary to ensure that solidified material first forms in a stress-free
state. These strains are evaluated for each phase of the composite material by sum-
ming the increments associated with a change of solidified volume (∆v) that occurs
over a step interval (∆t). The derivation and final expressions for the volumetric
solidified strain increments for the matrix and inclusion phases are given below.

Solidification in the matrix

The stress in the matrix material before solidification is

σM = KMv (εM− εshrM− εsM) (4.3)

where εshrM is the matrix shrinkage strain and is the εsM is the solidification strain
in the matrix. Bažant’s solidification theory states that material should form in a
stress free state, thus there should be no change of stress due to an increment of
solidification alone i.e. ∆σM∆v = 0.

σM +∆σM∆v = KM(v+∆v) (εM− εshrM− εsM−∆εsM) (4.4)

Therefore,

∆σM∆v =−KMv∆εsM +KM∆v (εM− εshrM− εsM−∆εsM) = 0 (4.5)

which can be rearranged to provide the change in solidification strain in the matrix
(∆εsM).

∆εsM = (v+∆v)−1
∆v(εM− εshrM− εsM) (4.6)

Solidification impact on the inclusion

Similarly, the stress in the inclusion during solidification of the matrix is given by,

σΩ = KΩTΩv (εM−Sv (εshrM + εsΩ)) (4.7)
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where εsΩ is the solidification strain in the inclusion. It is noted that the terms
TΩv , Sv and AΩv are volumetric and as such are reduced to scalars as shown in the
following equations.

TΩv = (1+Sv ·AΩv) (4.8)

Sv =
1
3
· (νM +1)
(1−νM)

(4.9)

AΩv = [(KΩ−KMv) ·Sv +KMv]
−1 · (KMv−KΩ) (4.10)

Upon solidification there is no change in stress in the inclusion i.e. ∆σΩ∆v = 0.

σΩ +∆σΩ∆v = KΩTΩ(v+∆v) (εM−Sv (εshrM + εsΩ +∆εsΩ)) (4.11)

Therefore,

∆σΩ∆v =−KΩTΩvSv∆εsΩ +KΩTΩ∆v (εM−Sv (εshrM + εsΩ +∆εsΩ)) = 0 (4.12)

which can be rearranged to provide the change in solidification strain in the inclu-
sion.

∆εsΩ =
(
TΩvSv +TΩ∆vSv

)−1 TΩ∆v · (εM−Sv (εshrM + εsΩ)) (4.13)

Where
TΩ(v+∆v) = (1+Sv ·AΩ(v+∆v)) (4.14)

and

AΩ(v+∆v) = [(KΩ−KM(v+∆v)) ·Sv +KM(v+∆v)]
−1 · (KM(v+∆v)−KΩ). (4.15)

Noting that TΩ∆v = TΩ(v+∆v)−TΩv is calculated explicitly.

Solidification in a composite

The average stress upon solidification is,

σ̄ = fM · (σM +∆σM)+ fΩ · (σΩ +∆σΩ) (4.16)

which upon substitution becomes,

σ̄ = fMKM(v+∆v) (εM− εshrM− εsM−∆εsM)+ (4.17)

fΩKΩTΩ(v+∆v) (εM−Sv (εshrM + εsΩ +∆εsΩ))
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The total strain upon solidification is,

ε̄ = fΩ ·TΩ(v+∆v) (εM−Sv (εshrM + εsΩ +∆εsΩ))+ fM · εM (4.18)

The overall constitutive relationship is therefore given by equation 4.19.

σ̄ = KMΩ(v+∆v) · (ε̄− εINEQv+∆v) (4.19)

where

KMΩ(v+∆v) =
(

fMKM(v+∆v)+KΩTΩ(v+∆v)

)(
fΩTΩ(v+∆v) + fM

)−1
(4.20)

and
εINEQv+∆v =− fΩTΩ(v+∆v)Sv (εshrM + εsΩ +∆εsΩ)+ (4.21)

K−1
MΩ(v+∆v) fMKM(v+∆v) (εshrM + εsM +∆εsM)+

K−1
MΩ(v+∆v) fΩKΩTΩ(v+∆v)Sv (εshrM + εsΩ +∆εsΩ)

The mean composite stress in the material for a free shrinkage case is zero which
results in ε̄= εINEQv+∆v . The relationship between the total shrinkage in the compos-
ite and the shrinkage in the cement paste is given in equation (4.22). The separate
components of the solidification strains are accumulated over time and thus remain
explicit in the expression for the current time step.

ε̄ =− fΩTΩvSv (εshrM + εsΩ)+ (4.22)

K−1
MΩv fMKMv (εshrM + εsM)+

K−1
MΩv fΩKΩTΩvSv (εshrM + εsΩ)

where KMΩv is volumetric and as such are reduced to a scalar as follows.

KMΩv = ( fMKMv +KΩTΩv)( fΩTΩv + fM)−1 (4.23)

Scalar equations for TΩv , Sv and AΩv are already given in equations 4.8,4.9 and
4.10.

4.3.2 Hydration model

The relative degree of hydration of the cement with time is based on the work of
Schindler & Folliard (2005). The total heat of hydration (Hcem inJ/g) for cement is
calculated using the fraction by weight (pi) for the different cement components of
the total cement (pcem).
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Hcem = 500pC3S +260pC2S +866pC3A +420pC4AF +624pSO3 (4.24)

+1186pFreeCaO +850pMgO

The total heat of hydration(Hu) is calculated taking account of all the cementitious
materials: cement (cem), slag (slag), fly ash (FA).

Hu = Hcem · pcem +Hslag · pslag +HFA · pFA (4.25)

where, Hslag and HFA are the heat of hydration of slag and fly ash respectively. The
ultimate heat of hydration is calculated from

Huls = Hu ·Ccem (4.26)

where Ccem is the cementitious materials content. The relative degree of hydration
(Γr) is given by equation (4.27).

Γr = exp

(
1−
(

τ

te

)βh
)

(4.27)

Where, τ is hydration time parameter and βh is a hydration shape factor. te is the
equivalent maturity or age and defined as follows.

te =
t

∑
0

exp
(

AE

R

(
1
Tr
− 1

Tc

))
·∆t (4.28)

Where AE is the activation energy, R is the universal gas constant, Tr and Tc are
the reference and current temperatures respectively. The rate of heat generation is
also given by Schindler & Folliard (2005) but not used in this work. The expressions
proposed in this hydration model are therefore;

v = Γr
cE (4.29)

E (Γr) = Γr
cE ·E f = v ·E f (4.30)

fc (Γr) = Γr
c fc · fc f (4.31)

ft (Γr) = Γr
c ft · ft f (4.32)

with cE taken as 0.7 from De Schutter (2002) also implemented in the solidifi-
cation theory. c fc and c ft are taken as 1.5 and 1.0, matching data from Yi et al.
(2003). The definition of Γr is different from that employed by De Schutter, in that
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the present expression does not include a percolation threshold value of Γ. The ap-
proach taken is to assume that the stress is zero up to a certain degree of hydration
(Γc), which is typically taken to be 0.35, with the zero stress state being maintained
via solidification strains.

4.3.3 Comparison with experimental results

Two examples are now used to illustrate the model performance with and with-
out micro-cracking; (i) considers the experimental data of Pickett (1956) where the
shrinkage of concrete with different volumetric proportions of aggregate were tested
and (ii) compares model results with shrinkage test data from Baroghel-Bouny
(1994). In both cases, the cement paste shrinkage experimental results have been
used to drive the volumetric free shrinkage for the concrete model. Key model pa-
rameters used are shown in Tables 4.3 and 4.5. For the Pickett (1956) data, Ottawa
sand, type 1 cement and 0.35 W/C ratio were used. The model results are compared
to the experimental results with micro-cracking (MC) and without micro-cracking
(NMC). The data used in the hydration model to simulate the data of Pickett (1956)
and Baroghel-Bouny (1994) are shown in Tables 4.4 and 4.6 respectively.

Table 4.3: Typical cementitious composite material properties Pickett (1956)

fM EM νM fΩ EΩ νΩ E ε0v ftv
(N/mm2) (N/mm2) (N/mm2)

0.338 12600 0.2 0.662 60000 0.25 28600 0.0375 1.0

Table 4.4: Hydration model parameters used for Pickett (1956)

pC3S pC2S pC3A pC4AF pSO3 pFreeCaO pMgO pcem Blaine Ccem
(m2/kg) (kg/m3)

0.565 0.140 0.100 0.080 0.035 0.029 0.013 1 350 400

Table 4.5: Typical cementitious composite material properties Baroghel-Bouny
(1994)

fM EM νM fΩ EΩ νΩ E ε0v ftv
(N/mm2) (N/mm2) (N/mm2)

0.213 25500 0.25 0.787 55000 0.3 48707 0.0563 0.67

Figure 4.10 and 4.11 show results without micro-cracking and with volumetric
micro-cracking. It can be seen, in both cases, micro-cracking brings the strain re-
sults closer to the experimental findings. The difference between the computational
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Table 4.6: Hydration model parameters used for Baroghel-Bouny (1994)

pC3S pC2S pC3A pC4AF pSO3 pFreeCaO pMgO pcem Blaine Ccem
(m2/kg) (kg/m3)

0.573 0.240 0.030 0.076 0.020 0.053 0.008 1 312 400

solution and the experimental results without micro-cracking is 8.3 % for Pickett
(1956) and 18.0 % for Baroghel-Bouny (1994). With micro-cracking the difference
is 2.6 % for Pickett (1956) and 4.4 % for Baroghel-Bouny (1994).

Figure 4.10: Pickett (1956) experimental results compared to model with/without
micro-cracking

Figure 4.11: Baroghel-Bouny (1994) experimental results compared to model
with/without micro-cracking
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4.3.4 Parametric study for design

In addition to comparing with experimental results, this volumetric model has been
subjected to a parametric study. The hydration model is based on a type II ce-
ment with shrinkage strain taken from EC2 code of practice (EN 1992 2008) and
with fixed micro-cracking parameters. The composition (volume fraction of aggre-
gate fΩ) and elastic modulus have been varied, and cases with and without micro-
cracking considered as shown in Figure 4.12. As may be seen, micro-cracking is
most pronounced when the matrix and inclusion volume fractions are equal. These
plots suggest that the model could be used as a concrete design tool.

f = 0.1W 

f = 0.3W 

f = 0.5W 

f = 0.7W 

f = 0.9W 

(a) Elastic modulus ratio 2EM : EΩ (b) Elastic modulus ratio EM : EΩ

f = 0.1W 

f = 0.3W 

f = 0.5W 

f = 0.7W 

f = 0.9W 

(c) Elastic modulus ratio EM : 2EΩ (d) Elastic modulus ratio EM : 3EΩ

Figure 4.12: Parametric study of total shrinkage/matrix shrinkage with/without
micro-cracking
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Conclusions

This chapter has shown a range of applications for the micromechanical theory
developed in Chapter 3. The ability to simulate inelastic strains in the matrix only
for a two-phase composite is an important step towards creating a comprehensive
micromechanical model for cementitious materials. In particular, when considering
that the solution is generic and can use inelastic strains derived from shrinkage,
creep, micro-cracking, differential thermal expansion or ageing. The model solves
these time dependent inelastic processes in a computationally convenient manner.

A 3D FE validation of the homogenisation scheme, including the exterior point
Eshelby solution for matrix shrinkage problem, showed that the solution has satis-
factory accuracy for the cementitious composite considered. The shrinkage of the
matrix constrained by inclusions, during the 3D FE validation, clearly illustrated
the importance of using the EPE solution when choosing realistic micro-cracking
initiation criterion and evolution parameters. The amplified stresses in the matrix in
the inclusion/matrix interface zone show where the micro-cracking will begin. The
computational time saved in using the non-linear micromechanical solution com-
pared to the FE solution shows how beneficial this micromechanical approach can
be in simulating complex micro and meso material behaviours.

The combination of model components for isotropic matrix micro-cracking and
directional (anisotropic) micro-cracking in the composite material allows early age
volumetric and mechanically induced directional micro-cracking to be simulated
in a computationally convenient manner. The characteristic model predictions us-
ing the stress/strain paths clearly showed this separation between the isotropic and
directional micro-cracking components. In particular, this can be seen when com-
paring the difference between the free shrinkage and uniaxial tensile strain path ex-
amples, where the micro-cracking variables are shown graphically. The final stress
strain path chosen, being the Willam et al. (1989) strain path, involved micro-crack
formation under uniaxial tension followed by a rotating principal strain path. The
reasonable response of the model showed that the two micro-cracking model com-
ponents work together seamlessly and that the model is capable of representing the
shear softening response, which is important for future application in fracture prop-
agation problems in FE simulations.

The inelastic behaviour of concrete subject to autogenous drying is successfully
simulated. The volumetric solidification and hydration model provides an accurate
means for simulating the inelastic behaviour of concrete subject to autogenous dry-
ing and is capable of quantifying the effects of micro-cracking. The model results
compare favourably with experimental data and show the importance of including
the effects of micro-cracking during the drying process.
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Chapter 5

Experimental Study on Autogenous
Cementitious Healing

The aim of this experimental study was to determine the mechanical properties of
an autogenous self-healing cementitious material which could then be used to verify
a numerical study of the self-healing process. The material stiffness development
with time was sought for a healed specimen at the macro- and micro-scale. Firstly,
techniques that are capable of measuring autogenous healing as well as the findings
from preliminary investigations into suitable experiments are discussed. The exper-
imental set-up, programme of study, specimen preparation and testing procedure
are then described. Finally, the qualitative and quantitative results are presented and
discussed.

5.1 Preliminary investigations

It was initially envisaged that in order to determine the autogenous crack healing
material properties, they should be isolated from those of the bulk material. How-
ever, this proved difficult since the amount of autogenous material produced in a
healed crack was very small in comparison with the original cementitious material
and was difficult to identify. During the preliminary investigations a range of tech-
niques were reviewed and investigated to establish those that were most appropriate
to be taken forward to the main investigation programme.

An overview of the experimental techniques used in the literature to examine
various forms of self-healing in cementitious materials has already been presented
in Chapter 2.4 Section 2.4.4. The preliminary investigations focused on standard
techniques used to examine material strength.

83



5.1.1 Review of indentation techniques

Indentation tests, also known as hardness tests, have been widely applied across
many material types to indirectly determine their strength properties. Similar to
many techniques, indentation tests can be applied at the macro-, micro- and nano-
scales. The general principle of indentation testing is relatively simple. A known
load is applied through a known shaped indenter onto the surface of the material for
a single loading - unloading cycle. The indentation depth is measured and converted
to a relative material property, for example, compressive strength, tensile strength
or effective yield strength.

In situ non-destructive tests to obtain mechanical properties of concrete are
widely available at the macro-scale. Impact tests on concrete include the Schmidt
hammer test (or rebound hammer test), in which a relationship between rebound
distance and hardness is used to determine an estimate of the compressive strength
(BS EN 12504-2 2012). Schmidt’s invention in the 1950s standardised the in situ
test to determine concrete compressive strength. The hammer measures the rebound
amount of a spring loaded mass impacting against the surface. Windsor probes (or
penetration resistance), measure the hardness of concrete below the surface (Neville
& Brooks 2010). The forces involved in both the Schmidt hammer and Windsor
probes are too large to be applied at the micro-scale. The Schmidt hammer, for
example, applies a significant force over an approximately 1cm2 area resulting in
high impact energy (typically greater than 0.735 Nm). This would be too much im-
pact energy for small, early age samples and would not be sufficiently sensitive to
consider autogenous healing deposits.

At the other end of the physical scale are nano indentation techniques, com-
monly called Atomic Force Microscopy (AFM). These have also been applied to
determine the properties of cementitious materials (Mondal 2008). This involves
measuring the movements and force applied to a mechanical probe when moving
over the surface of a material. One of the downsides associated with this approach is
that it is difficult to attribute the local mechanical properties measured to the matrix
or individual micro-structure elements in the cement paste. A variation on this AFM
approach is the Hysitron Triboindenter, where a scanning probe microscopy imag-
ing facility, was used to determine the mechanical properties of hardened cement
paste and cement paste at the early age (Mondal et al. 2007). The image resolution
of a Triboindenter is not as high as a conventional AFM, and consequently, it over-
comes the ambiguity of assigning properties to these individual material phases.

The AFM technique has been applied to many other materials. The properties
of glass coatings, for example, were investigated by Malzbender et al. (2002). The
key difference between these glass coatings and concrete is the uniform nature of
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the surface at the nano-scale. The issues of surface roughness and contact with
the smooth probe on concrete are discussed in detail by Mondal (2008). Another
relevant application of AFM is in the observation of the carbonation process on the
surface of calcium hydroxide crystals in hardened cement paste (Yang et al. 2003).
Again, at the nano-scale another technique used is the scratch test. The effect of
friction on scratch adhesion testing can be examined using bespoke apparatus, such
as the one used by Blees et al. (2000). These nano indentation techniques cannot be
ruled out altogether, although they require considerable specialist knowledge and
apparatus to use and apply the results objectively.

Micro-scale tests, lying in between the macro- and nano-scale, are ideally suited
to obtaining mechanical properties of the individual components identified in the
micromechanical two-phase models developed in Chapters 3 and 6. At this micro-
scale, hardness testing is widely used to determine metal properties, where empir-
ical relationships are made between hardness, yield strength and tensile strength
(Pavlina & Van Tyne 2008).

Brinell, Vickers, Knoop and Rockwell are examples of such superficial hardness
tests (BS EN 843-4 2005). These are suited to metals and ceramics with smooth sur-
faces. The Vickers test uses a square pyramid and the Knoop test uses an extended
pyramid shaped indenter. They both rely on measuring the width at the top of an
imprint given by a known load on the indenter. The difficulty in applying these
techniques to non-reflective materials, such as concrete, is that the imprint cannot
be seen which leads to the requirement of further processing using another optical
techniques, such as Scanning Electron Microscope (SEM), to accurately measure
the imprint.

The Rockwell hardness test is more suited to ceramics and other non-reflective
materials since the technique does not rely on seeing the imprint left by the indenter.
The Rockwell test applies a minor and major load through a penetrator and measure
the deformation in the surface upon removal of the major load. This test has been
used for concrete samples (Windslow 1981). In these experiments the testing sur-
face was polished to obtain a smooth surface. An advantage of the test is that is very
rapid and is applied using a manually operated unit and the hardness number can be
correlated against tensile strength. The Windslow (1981) experiments showed that
there was only a small variation in Rockwell number even for a rough sawn sample.
The thickness of the material impacted by the major load has shown to be typically
10 times the depth of the indenter (Wilson Instruments 2004, Low 2001) which is
an important consideration when interpreting the Rockwell test results.
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5.1.2 Preliminary investigation

Preliminary investigations were undertaken to establish suitable experimental pro-
cedures and configurations. This involved the selection of the curing, size of beams,
data to measure and how to create cracks. The results of these investigations are not
explicitly reported here, but the lessons learnt feed directly into the main experi-
mental programme.

It was found, consistent with many other studies, that curing samples completely
in water produced much better self-healing results compared to tests in which the
specimens were air cured, partially immersed in water or exposing only the crack
face to water. It was difficult to distinguish the results of self-healing over short time
periods. Using periods of weeks rather than days was therefore deemed suitable for
these experiments.

Larger 500 mm x 100 mm x 100 mm beams were initially tested but it was
found that smaller samples, 255 mm x 75 mm x 75 mm, provided very similar
results but had the advantage of being easier to handle. A few trials were carried
out to determine whether or not to include steel as conventional reinforcement or
as a hinge mechanism at the top of the beam. It was decided not to include any
reinforcement since the higher loads to fracture the samples were avoided. The
difficulty of removing the proportion of load carried by the reinforcement was also
saved, thus giving the pure concrete response leading to transparent results.

The deflection in some specimens was measured using a Linear Variable Differ-
ential Transducer (LVDT) gauge. This LVDT gauge was held in place by a custom
made aluminium arm that was connected to one side of the specimen. The purpose
of this was to avoid bedding in effects of the sample in the test rig when measuring
central displacement. However, it was decided that detailed information on dis-
placement was not required and that deflection data from the testing rig ram would
suffice. This meant that there was no need to drill holes into the concrete before
testing, thus minimising disturbance to the samples.

Self-healing tests were initially carried out on beams where a crack was formed
in the sample through loading using a three point bending test arrangement to pro-
duce natural cracks in the beam at a notch position. The best self-healing results
occurred when the initial stage of testing of the beam took place as soon as possible
after casting and de-moulding the samples, this being at an age of 24 hours. The
details are not reported here but confirm investigations carried out by Ter Heide
(2005). The greatest difficultly with this approach was the adhesion of the knife
edge spacers to the ‘green’ concrete for the Crack Mouth Opening Displacement
(CMOD) clip gauge. The young age and low strength of the samples meant that the
gauge exerted forces that were sometimes higher than the knife edge bond to the
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concrete.

Being able to control the crack width during the healing or curing phase of the
experiments was an important aspect of the study. The natural cracks widths were
varied by wedging open the cracks using different thickness steel fibres. However,
creating a preformed narrow notch in the sample has the distinct advantage of hav-
ing an uniform width. This simulated an idealised crack, in which the deposition
and build up of autogenous healing material was obtained. This method had the
added advantage of giving a clear distinction between the original material and any
new material deposited. Trials were carried out to determine how best to created
these preformed narrow notches. Different materials, such as metals, plastic and
cardboard where tested, creating different uniform cracks width and different notch
depth. It was found that having a metal plate (brass or steel shim) 0.1 mm, 0. 2mm
and 0.3 mm thick to half the depth of the beam gave the best results. Figures 5.1
and 5.2, in the next section, give a visual interpretation of this experimental set-up.

To prevent bonding, this metal plate was removed from the sample approxi-
mately 6 hours after casting. This was an optimum time where the cement paste
had stiffened sufficiently, to prevent plastic deformation and keep the crack open,
yet remained easy to remove. The metal plates were specifically not coated with
mould release oil in order to prevent a change in the nature of the artificial crack
surface. A much thinner copper foil at 0.045 mm thick was used to simulate an
unhealed crack by Ter Heide (2005). Two beams had the foil removed and then
healed in water for two weeks. The mechanical strength under three point bending
was compared to beams with the foil left inside. There was no difference in the
mechanical response of these beams and the authors concluded that no healing had
taken place.

For the control beams, where the plates were to be left in, it was found beneficial
to surround the metal plates with a plastic wrap (cling film) to remove the effects of
any bond between the concrete and the plate. Samples were also examined where
they were completely cracked in two and where a full depth plate meant that two
pieces could be put back together to form a beam. These were cured by standing
the samples vertically in water, using self-weight and loading with 20 kg weights to
force the two halves together. In all cases the beam samples failed whilst attempting
to place them in the three point bending rig.

5.2 Experimental procedure

As a result of the preliminary investigations, a programme of study was planned
to investigate autogenous self-healing in cementitious materials. The procedure
described below was deemed to be the most suitable and practical for obtaining
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the required experimental data to support the numerical models in this thesis. The
investigative nature of the experimental work and interesting results led to further
work examining in greater detail the properties of the preformed narrow notch.

5.2.1 Programme of study and specimen preparation

Sets 1 to 3 were experiments carried out on rectangular concrete beams where natu-
ral cracks were induced. Sets 4 to 6 were experiments again on rectangular concrete
beams but had preformed narrow notches. Set 7 and set 8 samples were also rect-
angular beams but this time made from mortar. These mortar beam tests focused on
tracking the development of healing with time for the preformed narrow notches. A
summary of these experiments are shown in Table 5.2.

The primary focus of these experiments was to quantify and obtain the mechani-
cal properties of cementitious materials that are associated with autogenous healing.
Permeability test were not used as an indirect method to determine the amount of
healing, which meant that self-healing is isolated from self-sealing, as discussed in
Section 2.4.2, Chapter 2. The preliminary investigations showed that the maximum
potential for self-healing occurred when the specimen was damaged as soon as pos-
sible after casting. The healing process began when the samples were submerged
under water in the concrete curing tanks. The crack width to be healed and length
of time of self-healing were the main variables.

Figure 5.1 shows the general arrangement that was used throughout this pro-
gramme of study. The samples were small scale laboratory specimens; with the
dimensions being height (hb) = 75 mm, width (bb) = 75 mm, length between sup-
ports (L) = 200 mm and full length (L1) = 255 mm. The concrete composition, for
both concrete and mortar, is shown in Table 5.1 for mass per cubic metre and mass
proportion to cement.

Table 5.1: Composition of concrete and mortar beams

Material Concrete Mass proportion Mortar Mass proportion
(kg/m3) (to cement) (kg/m3) (to cement)

Cement 396.7 1 533.3 1
Water 178.5 0.45 266.7 0.5

Coarse aggregate 1110.7 2.8 - -
Sand 714.0 1.8 1600.0 3

The aggregate used was 10 mm crushed limestone and the sand was natural
dredged sand sieved to obtain 2 mm size and smaller. The cement used was general
purpose CEM II/B-V 32.5R Portland composite cement complying with BS EN
197-1. This contained 65-79 % of clinker, 21-35 % siliceous fly ash and up to 5 %
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Figure 5.1: Specimen general arrangement

minor additional constituents.
Natural cracks were created using a three point flexural bending test, where

the crack width was varied by limiting the degree to which the crack closed upon
unloading. Crack widths of zero (where the crack was allowed to close under self-
weight), 0.18 mm and 0.3 mm were examined. These were achieved by placing
steel fibres into the opened crack on the underside of the beam whilst under load,
effectively wedging the crack open. Removal of the load resulted in maintaining the
crack widths at the bottom of the beam whilst gradually reducing the crack width to
zero at the top of the beam.

A preformed narrow notch (or ideal crack) with uniform width was achieved
by casting a metal plate into the mix to half the depth of the beam (hn=37.5 mm)
and removing 6 hours after casting. The resulting narrow notch was prevented from
dry out by covering the beam samples with wet hessian sacks. This was done to
preserve the surfaces within the notch and prevent any changes that could occur due
to drying. Three different metal plates with uniform thickness were used; 0.1 mm,
0.2 mm and 0.3mm. Figure 5.2 shows the plate configuration before casting the
concrete mix. Two control samples were also set-up; one in which the plate was left
in simulating zero healing and a plain beam with no plates which provides results
for an uncracked beam.

All samples were de-moulded 24 hours after casting and then cured under water
at 20 ◦C. The length of curing for the samples varied between 7 and 56 days. A
5 mm wide and deep notch was sawn across the mid-point on the underside of the
samples to form a crack initiator before testing.
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Figure 5.2: Plate configuration before casting shown with twin moulds

The material strength tests undertaken included:

• Flexural strength using a three point bending test (BS EN 12390-5 2009).

• Compressive strength ( fc) - 100 mm cube were tested in compression (BS EN
12390-3 2009) carried out on the same day as the flexural test.

• Specific fracture energy (G f ) was calculated indirectly from the load-CMOD
results following Brokenshire (1995) which is based on work from the RILEM
Committee FMC-50.

• Rockwell hardness test on newly deposited material (Wilson Instruments 2004,
BS EN 843-4 2005).

Material property tests were also carried out in addition to visual observations,
which included single samples run through SEM and X-ray diffraction (XRD). Ta-
ble 5.2 shows the summary of the specimen programme configuration, the material
strength and property tests carried out for each set.
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Table 5.2: Summary of experimental study

Label Set 1 Set 2 Set 3 Set 4 Set 5 Set 6 Set 7 Set 8

Material Concrete Concrete Concrete Concrete Concrete Concrete Mortar Mortar
Crack Type Natural Natural Natural Narrow notch Narrow notch Narrow notch Narrow notch Narrow notch
Maximum crack width (mm) 0 0.18 0.3 0.1 0.2 0.3 0.2 0.3
SH samples 9 9 9 4 9 9 8 8
Control beams (No.) 6 6 6 4 6 6 8 8
Zero healing beams (No.) - - - 4 6 6 8 8
Age at first test (hours) 24 24 24 - - - - -
Length of SH (days) 6, 13, 27 13, 27, 41 13, 27, 44 13, 27 13, 27, 35 13, 27, 41 13, 27, 41, 55 13, 27, 41, 55
Flexural strength test Yes Yes Yes Yes Yes Yes Yes Yes
Cube strength test Yes Yes Yes Yes Yes Yes Yes Yes
Specific fracture energy - - - - - - Yes Yes
Rockwell test - - - - - - Yes -
Material prop. SEM - - - - - - Yes Yes
Material prop. XRD - - - - - - Yes Yes
5 mm deep notch Yes Yes Yes Control only Control only Control only Control only Control only
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5.2.2 Testing procedure

A three point bending test was used for the flexural strength test as shown in Figure
5.3. This was a closed loop hydraulic machine (Avery Denison 7152) with a max-
imum load of 600 kN and a digital control system (Dartec 9600) fitted with a 20
kN load cell. The smaller load cell was used to provide greater level of detail at the
lower loads encountered for the unreinforced beams. The span of the beam between
the support (L) was 200 mm and a point load was applied at the centre of the beam.
The load was controlled by the CMOD rate through a CMOD clip gauge. This was
placed between two knife edges fixed to the underside of the sample either side of
the notch.

Deflection measurements were taken at the midspan of the beam between the
sample and the loading plate. It is noted that this was the deflection of the load-
ing ram and not the true defection of the beam. For sets 1 to 3, the first stage of
testing, the samples were limited to a CMOD of 0.4 mm or until the cracks were
large enough to easily insert the steel fibre spacers, before then unloading. For all
remaining tests to failure, the process was continued until the load on the softening
curve had reduced to 1 % of the peak or the sample fractured completely.

Figure 5.3: Flexural test arrangement

Set 7 and set 8 samples also underwent SEM, XRD and Rockwell Hardness
testing. The deposited material on the flat surface of the narrow notch was scraped
off and collected for XRD testing. The flat surface ensured that a minimum amount
of the original material was collected, this isolating only the deposited material. The
XRD required a minimum weight of 2 g, as such, all 4 healing duration deposits
were combined together for a single test. It was considered that the healing time-
scale of the samples were within the same range and thus would be of the same
type. An alternative method would be to have a much larger number of samples
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to obtain the required weight for a single time period. The specimens required for
the Rockwell hardness test were sawn 20 mm either side of the fracture surface for
loading into the Rockwell hardness test. A single sample, Set 7 beam A, was sawn
further into quarters to obtain a specimen small enough for the SEM. No treatment
or polishing was undertaken on the sample surface.

The SEM observations were carried out on a 1540XB Carl Zeiss apparatus. The
sample was coated with a thin film of gold (80 %) and palladium (20 %) using a
sputter coater. The XRD was carried out on a Phillips PW3830 X-ray generator
apparatus and the set up parameters used are shown in Table B.1 in Appendix B.

A Wilson Rockwell hardness tester JR model was used for the hardness test
as shown in Figure 5.4. This apparatus was operated following the procedure de-
scribed in the instruction manual P/N T582-277. A Rockwell test type C with a
brale penetrator was used with a minor load of 10 kg and major load of 150 kg.

Figure 5.4: Rockwell hardness test arrangement

Figure 5.5 from Low (2001) shows the mechanics of the procedure and the re-
quired testing cycles in terms of the force against time. After the minor load was
applied the displacement gauge dial was reset. The major load was applied and
held until the dial stopped moving or for a recovery dwell time of 20 seconds. The
difference in indenter depth measurements is taken as h shown in Figure 5.5 which
is read from the dial as a Rockwell hardness number. The accuracy of the tester
was checked against a calibrated test block each day. Due to the random nature of
the material on the surface, the penetrator was not deliberately targeted at deposited
material, rather randomly positioned in 5 places across the width of the sample in
three regions. Region one being at the top of the notch and region three at the bot-
tom of the notch, nearest to the underside of the beam as shown by Figure 5.6. It
is recognised that the size of the indenter and depth of major penetration were too
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large for the thin layer of deposited material. In order to achieve an accurate reading
for a material layer, its thickness is required to be typically 10 times the depth of the
indenter (Wilson Instruments 2004, Low 2001). For these samples the underlying
material would also be measured but this approach provides an useful starting point.

Figure 5.5: Plots of force against time and indenter-depth against time (Low 2001)

94



Figure 5.6: Hardness test indenter position within sample region

5.3 Results and discussions

The results and discussions from this experimental study have been divided in to
qualitative observations and quantitative results in Sections 5.3.1 and 5.3.2 respec-
tively. Visual evidence is examined on the external surfaces, on the cracked surface,
under an SEM and development with time. The identification of this material is
made through examine its structure under a microscope and using crystallography.
The typical mechanical response of a sample is examined using flexural strength,
peak loading, fracture energy and using a hardness test. These observations and
results have been able to guide the numerical modelling in Chapter 6.

5.3.1 Qualitative observations

Visual evidence on external surface

The mechanisms for autogenous self-healing in cementitious materials are pre-
sented in Section 2.4.2 of Chapter 2. Both continued hydration and precipitation
of calcium carbonate healing mechanisms are believed to occur in young cemen-
titious samples. A white crystalline substance can be seen on the boundary of the
fracture on the outer surfaces of these cementitious samples. This is evidence for the
precipitation of calcium carbonate. Figures 5.7a and 5.7b show a natural cracked
sample with the white crystalline substance, which was also evident on the pre-
formed narrow notched samples, see Figures 5.7c and 5.7d.

In many studies, the amount of self-healing is measured by the amount of crack
width reduction from the outside of the sample. This may also be directly linked to
the permeability through the crack and hence the increase in durability due to self-
healing. The presence of this material was a good indicator that healing had taken
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place within the crack. However, it was found that measuring this crack reduction
was not a reliable way of achieving repeatable experimental observations.

(a) Natural crack Set 2 (b) Natural crack Set2

(c) Narrow notch formed by 3/4 depth plate (d) Narrow notch formed by 3/4 depth plate
magnified

Figure 5.7: Selection of self-healing evidence on external surfaces

Visual evidence on crack surface

Without the latest micro-CT techniques, the only way of looking for visual evidence
of autogenous healing on the cracked surface was to break open the sample and ex-
amine the material deposited. For a natural crack surface it is difficult to distinguish
between the existing material and new deposited material, due to the nature of the
tortuous surface.

A benefit of using a narrow notch is that any new material deposits within the
crack can clearly be seen, as shown in Figure 5.8a. In many of the samples a ridge of
material build up was seen near to the external surface of the sample. The proximity
of this ridge to the external surface could indicate that this is the boundary between
the environmental conditions within the crack and outside of the sample. This build
up of material is the same colour as the bulk sample.

Another observation can be made with respect to the location of white crys-
talline material, believed to be calcium carbonate, on the surface of the concrete. A
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distinctive pattern of this build up can often be seen, as in Figure 5.8b. The beam
was placed in the curing tank in the same orientation as the figure. It is thought
that this pattern is linked to the capillary rise of water within the crack. It was es-
tablished that there was insufficient calcium carbonate in the water to create these
deposits.

It was noticed that an increasing whitening of the surface occurred with time
once the fractured surface of the narrow notch was exposed to the air. Figures
5.8c and 5.8d show the difference in sample surface after 1 hour of drying at room
temperature. The complete series of time-lapse photography images are shown in
Figure B.12 in Appendix B.

Visual build up of material can be linked to the increased durability of a rein-
forced concrete structure. The flow paths for contaminants through the material is
made more difficult by having to navigate through a more tortuous route, smaller
crack widths and some completely sealed areas.

(a) Plate deposited material Set 6 (b) Plate deposited material pattern Set 7

(c) Plate time lapse 0min Set 8 (d) Plate time lapse 60mins Set 8

Figure 5.8: Selection of self-healing evidence on internal surfaces

Scanning Electron Microscope (SEM)

Scanning electron microscope was used, as mentioned in Section 5.2.2, to exam-
ine the differences between a flat surface and where there was deposited material.
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Figure 5.8a shows a typical flat surface where 2 zones of deposited self-healing
material can be identified by the naked eye. Figures 5.9a and 5.9c show the sam-
ple at 34 times magnification for the flat surface and self-healed deposited material
respectively. Figures 5.9b and 5.9d show the sample at 2030 times magnification.
Figure B.11 in Appendix B shows a range of magnifications from 34 to 54.14 K
which relate to scales between 200 µm and 200 nm. Stutzman (2000) used an SEM
to identify hardened cement paste constituents. The terminology and rationale de-
scribing images used here are the same as that used by Stutzman (2000).

The flat surface has a nondescript micro-structure which results from the hard-
ened cement paste maturing and the build up of crystals in the voids. At 2030 times
magnification (or 10µm scale) in Figure 5.9b, the different forms of the cement
structure can be seen. For this flat surface, sparsely distributed plates and blocky
crystals can be seen on the surface, these are assumed to be calcium hydroxide crys-
tals. This layer of plate-like and foil-like appearance substance can be seen, which
takes the typical form of calcium silicate hydrate gel (C-S-H) Type II.

For the self-healed sample it can be seen that many layers of material have been
deposited. The plates and blocky crystals, again assumed to be calcium hydrox-
ide, can be seen throughout the sample in Figure 5.9d. There are needle crystal
structures visible in the voids consistent with the description for ettringite. Shorter
needles, typical of C-S-H Type I, appear in fine bundles mixed in with the plate-
like and foil-like appearance typical of C-S-H Type II. It is this C-S-H Type II is
dominant in the structure. The presence of these compounds shows that continued
hydration is likely to be the main source of the deposited material.

The traditional carbonation attack would be identified under a microscope by
the presence of calcite crystals and distinct absence of calcium hydroxide, ettringite
and un-hydrated cement grains (Siddiqi 2009). The trigonal-rhombohedral, obtuse
rhombohedra, and prisms of calcite crystals are not visible in the SEM images.

A micro-crack can clearly be seen on the flat surface in Figure 5.9b with a crack
width of approximately 2 µm. Due to the flexural strength test set-up, loading would
not have been concentrated in this region. It is likely that this micro-crack is due
to the shrinkage of the cementitious material in the mortar beam. At the maximum
magnification, the crystalline grains can be seen to be smaller than 0.2 µm and the
growth of these within the micro-crack could lead to full healing.
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(a) Flat surface 34x mag (b) Flat surface 2.03Kx mag

(c) SH surface 34x mag (d) SH surface 2.03Kx mag

Figure 5.9: Selected SEM images Set 7 Beam A
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Self healing development with time

The narrow pre-formed notch experiments, undertaken in Set 7 and 8, were tested at
two week intervals. Figure 5.10 shows photographs of the 0.2 mm narrow notched
surface upon complete failure of the beam at increasing length of healing duration.

(a) 14 day sample 13 days SH 0.2 mm B

(b) 28 day sample 27 days SH 0.2 mm A (c) 28 day sample 27 days SH 0.2 mm B

(d) 42 day sample 41 days SH 0.2 mm C (e) 42 day sample 41 days SH 0.2 mm D

(f) 56 day sample 55 days SH 0.2 mm C (g) 56 day sample 55 days SH 0.2 mm D

Figure 5.10: Photographs of self-healing development with time for Set 7
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Material identification

The collected deposited material on the narrow notched surface, from Set 7, was
placed in an XRD scanner. Details of the apparatus were given in Section 5.2.2 and
the set-up parameters are shown in Table B.1 in Appendix B. The ‘XPert Highscore’
software program from the ‘PANanlytical’ suite was used to analyse the results. The
accuracy of the results obtained from the XRD analysis was dependent on experi-
enced laboratory technicians.

The purpose of the material identification process in this study was to supple-
ment the SEM image assessment by determining the mineral composition of the de-
posited material. The XRD apparatus counts the reflection of X-rays that rebound
from the lattice structure of the crystalline materials. The sample response is com-
pared to the database containing characterised materials. It is noted that one of the
main products of hydration, C-S-H, is amorphous. The lack of lattice planes means
that it is difficult to identify C-S-H using XRD. Notwithstanding these factors the
XRD can provide an insight into the composition and healing mechanism.

The computed diffractogram for the sample is shown in Figure 5.11, where the
intensity (or count) is plotted against the angle of diffraction (2θ◦). Comparisons
were made between the diffractogram and the cement and hydration product subset
database. The three most suitable matches were Calcite (CaCO3), Silica (SiO2) and
Portlandite (Ca(OH)2). The details of the identified patterns are shown in Table
5.3 and the plot of identified samples are shown in Figure 5.12. The small ‘y’
symbol on top of the diffractogram plots show that these peaks are not matched by
the three above, however the residual intensities of these two peaks are small. The
software also determines the approximate percentage volume of each material in
the crystalline sample. These are also given in Table 5.3 where Calcite is shown to
makes up two thirds of the crystalline materials.

Table 5.3: Identified patterns list

Ref. Code Score Compound Disp. Scale Chemical Volume
Name (2θ◦) Factor Formula (%)

00-005-0586 67 Calcite -0.195 0.769 CaCO3 67
00-046-1045 42 Quartz -0.196 0.615 SiO2 31
00-004-0733 6 Portlandite -0.051 0.014 Ca(OH)2 2

Calcite is the most stable polymorph of Calcium Carbonate. Silica is either a
trace picked up from quartz sand or the crystalline structure of the S component of
C-S-H. Portlandite is the typical terminology for calcium hydroxide in cement no-
tation form. The other cement notation in terms of standard chemical composition
are C =CaO, S = SiO2 and H = H2O.
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During the hydration process the two main calcium silicates, Dicalcium Silicate
(C2S) and Tricalcium Silicate (C3S), are converted into C-S-H and calcium hydrox-
ide (Ca(OH)2) in cement paste (Neville & Brooks 2010). This calcium hydroxide
can react with carbonic acid from carbon dioxide (CO2) dissolved in water or mois-
ture, to form calcium carbonate (CaCO3). The high volume of calcite shown in the
XRD analysis suggests that the newly formed hydration products deposited in the
crack, as seen in the SEM, undergo carbonation once they have been collected and
waiting for the test to be undertaken. This carbonation is the same reaction that
typically leads to a reduction in durability of reinforced concrete over years. How-
ever, this traditional carbonation attack penetrating the concrete material has been
shown not to occur at extreme humidity values as found in fully submerged samples
in water (Neville & Brooks 2010). Carbonation in its traditional sense is unlikely
to be occurring. The evidence gathered from the SEM and XRD suggests that the
continued hydration is the dominant process taking place in the narrow notched
cracks.

Figure 5.11: Plot of computed diffractogram Set 7
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Figure 5.12: Plot of identified samples Set 7

5.3.2 Quantitative results

Only a selection of typical results are plotted and discussed in the following section.
The source of the peak results along with a complete Load-CMOD plots, SEM and
time lapse images for all Sets can be found in Appendix B.

Typical mechanical response

The mechanical response of the beam under a three point bending test can be shown
by plotting the load-CMOD graph. The classical concrete softening curve is ob-
served for all samples. A linear elastic response is typically shown up to 70 % of
the peak load. There is then a non-linear response up-to and beyond the peak load,
and this can be attributed to micro-cracking. This non-linear response continues by
following the softening curve until failure.

For the natural crack case, Set 1 to 3, the typical load-CMOD response is shown
in Figure 5.13. This figure shows the initial fracture stage of testing at one day, sub-
sequent re-loading after curing for 28 days and comparison with a control sample.
The gradient of the initial loading curve for the first fracture is relatively straight up
to 70 % of the peak load. The CMOD was 0.01 mm at the peak load. A similar
response is achieved for the control sample where the CMOD was 0.02 mm at the
peak load. The control sample shown in the figure has a peak load 3.2 times greater
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than the first stage of testing, which is to be expected, as the sample continued to
cure and gain strength over 28 days.

Figure 5.13: Typical response 28 days autogenous healing Set 1 Beam C

The peak load, on the first stage of testing, reached 1900 N at a CMOD width
of 0.05 mm and was unloaded when the CMOD reached 0.3 mm for which the cor-
responding load was 400 N. The CMOD measurement on completion of unloading
was 0.25 mm, where the only load on the sample was its self-weight. Resting this
sample on a flat surface meant that the effect of its self-weight was removed which
allowed the crack to close. The crack line was visible but was not able to be mea-
sured and for the purpose of this experiment it was classed as having a zero crack
width.

The load-CMOD response for the second stage of testing is plotted on the same
graph with the CMOD measurement continued from the unloading point. This is
done to illustrate the response of the sample and to clearly show the strength gain.

For the second stage of testing, the positive gradient loading section of the graph
has two distinct regions. This response was also exhibited by the work of Ter Heide
(2005). A linear region up to 60 % of the peak load and then another region with a
shallower gradient up to the peak. It is postulated that the initial linear section is due
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to the original material increasing in strength due to curing and the elastic region of
the healed material. The second region has a shallower gradient which is attributed
to the micro-cracking in the self-healed material. The peak load of the second stage
of testing results from a combination of the amount of crack healing, the strength of
this newly deposited healed material and the strength of the interface between the
new and old materials. This response is consistent with the experimental results of
Granger et al. (2007a).

The post-peak load-CMOD curve for the second stage of testing has a shallower
gradient than the first stage and control beam. The load-CMOD peak width is also
significantly larger than for the first test and control. This indicates that the sample
is less brittle and that some of the micro-cracks are already present in the material
and are simply re-opened during loading.

For the narrow notched cases, Sets 4 to 8, the typical load-CMOD response is
shown in Figure 5.14. The figure shows the results for Set 5, 36 day sample with a
narrow notch 0.2 mm wide. The length of water curing or self-healing duration is
35 days. The gradient of the initial loading curve for the control sample with zero
healing (plate remaining) is shallowest, then the narrow notch specimens exhibit
a steeper gradient and finally the control sample has the steepest initial gradient.
The gradient is reflective of the stiffness of the material and directly related to the
Young’s modulus. The peak load for the narrow notched sample reached 2560 N,
compared to 1960 N and 7890N for the zero healing beams (plate remaining) and
control samples, with CMOD measurements at the peak load of 0.02 mm, 0.02 mm
and 0.04 mm respectively. The load-CMOD peak widths for the zero healing and
narrow notched samples were comparable.

The measurement of strength recovery (cγ) is calculated from equation (5.1).
This equation is of the same form as that presented by Homma et al. (2009) and
reported in Section 2.4.3, but with load (P) replacing stress. Although the same
equation is used for all samples, the position of the load values used varies depen-
dent on the test. For the natural crack case, Set 1 to 3, as shown in Figure 5.13, the
strength recovery is denoted as c1 and all three loads are taken from the same sam-
ple. P0 is at the unloading point of first stage of testing, P1 is the peak load of the
first stage of testing and P2 is the peak load of the second stage of testing. For the
preformed narrow notch, Sets 4 to 8 as shown in Figure 5.14, the strength recovery,
denoted as c2, uses three loads from three different samples. P0 is the peak load for
the zero healing control beam, P1 is the peak load of the healed sample and P2 is the
peak load of the solid control beam. The position of these loads are shown on the
typical Figures 5.13 and 5.14.

cγ =
P2−P0

P1−P0
∗100% (5.1)

105



Figure 5.14: Typical response 35 days self-healing 0.2 mm half depth plate Set 5
Beam A

The natural cracked samples the strength recovery (c1), shown in Figure 5.13,
is 72 % and the preformed narrow notch sample the strength recovery (c2), shown
in Figure 5.14, is 7.6 %. The large difference in the reported strength recovery is
due to the fact that c1 is being compared to the strength of the sample at first testing
(24 hour maturity) whereas c2 makes a comparison with concrete having the same
maturity as the time of healing. The benefit of the latter is that the measured strength
increase is directly as a result of the new material deposited within the narrow notch.
The effect of continued hydration and ageing on the uncracked ligament for the
natural cracked samples is examined using the layered beam model in Chapter 6,
Section 6.4.3.

Flexural strength

The flexural strength development over time for different natural cracks is shown in
Figure 5.15. The crack widths shown are 0 mm, 0.18 mm and 0.3 mm, from Sets
1, 2 and 3 respectively. This crack width is the maximum opening at the base of
the beams when unloaded. The individual results and average values for each crack
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width are shown for three healing time periods. The 0 mm and 0.18 mm crack
width samples show an increase in strength recovery with time. It is noted that this
recovery increases with the inverse of the age of the sample at first fracture. The
0 mm crack width sample shows an average strength recovery of 77 % at 28 days
with the highest recovery being 93 %. The 0.3 mm crack width sample shows a
variable strength recovery with minimum recovery of 11 % and maximum 25 %
over 44 days.
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Figure 5.15: SH strength recovery of samples with different natural cracks

The flexural strength development over time and for different narrow notch
widths are shown in Figure 5.16 from Sets 4, 5 and 6 for concrete and Figure 5.17
from Sets 7 and 8 for mortar. The individual results and average values for each
narrow notch are shown for different healing time periods.

In Figure 5.16 the increase in strength measurement (c2) on the whole remains
between 0 and 10 %. There are a few anomalous results, in particularly linked to
the 0.3 mm thickness plate. There is one result with an abnormally high c2 ratio
at 13 days self-healing for the 0.3 mm thick plate. The negative strength recovery
results, show that sample which retained the plate had a higher peak load than when
the plate was removed. This can be partially explained by the amount of healing
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in the 0.3 mm narrow notch, linked to the strength increase being small compared
to the bond strength between the plates and the concrete. This interface effect was
eliminated from set 7 and set 8 results by using a plastic wrap separating the metal
plate and mortar. However, considering the general trends of the 0.1 mm and 0.2
mm narrow notched samples, the strength increase measurement c2 appears to de-
crease gradually but remain above zero. There are only two results for the 0.1 mm
thickness plate due to difficulties encountered in removing the plate in concrete due
to excessive deformation of the concrete increasing the crack width.
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Figure 5.16: SH strength recovery of samples with different narrow notches Sets 4,
5 and 6

In Figure 5.17, for set 7 and set 8 using mortar beams, the increase in strength
measurement (c2) can be seen with time of self-healing for 0.2 mm and 0.3 mm
narrow notches. Both narrow notches showed a general increase in strength with
time, apart from the 55 days healing samples. The 0.3 mm samples did not show
positive strength recovery with only the 41 day self-healing time samples showing
an increase in strength recovery. The average strength recovery in the 0.2 mm sam-
ples was 2 % higher than that measured for the 0.3 mm samples. This supports the
findings of other autogenous healing experiments investigating permeability that
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0.3 mm crack does not heal as discussed in Section 2.4.3. The 55 day self-healing
results for both 0.2 mm and 0.3 mm narrow notches appear to be significant lower
than the other results. The mortar was cast in two batches, with the 55 day samples
coming from the same mortar batch as the 27 day healing. It can be seen that the
highest results from the 55 days sample is directly comparable to the lowest results
from the 27 days samples. Due to the relatively small differences in strength mea-
surement and the limited number of samples is it believed the results obtained are
within the variability expected from such a heterogeneous sample of mortar. Due
to the sensitive nature of the response a number of other factors could have made a
difference to the results, such as placement position in the curing tank, humidity of
sample upon testing and variability in key sample dimensions measurements.

-6

-4

-2

 0

 2

 4

 6

 8

 0  14  28  42  56  70

S
tr

en
gt

h 
re

co
ve

ry
 (

c 2
 %

)

Time self-healing (Days)

0.2mm narrow notch
0.3mm narrow notch

0.2mm notch average
0.3mm notch average

Figure 5.17: Self-healing strength recovery of samples with different narrow
notches with time set 7 and set 8

These results show that although there is a strength recovery present, in both
natural crack and narrow notches, due to autogenous healing this small amount of
strength recovery means that full recovery of mechanical strength is limited. It can
be seen that if the self-healing is used to target durability, then the reinforcement in
the tension section of beam can be protected if the cracks are small enough to allow
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autogenous healing to take place and prevent the ingress of water.

Peak loads and fracture energy

The peak load and fracture energy changes with time are now explored in set 7
and set 8. Figure 5.18 compares the peak loading for both 0.2 mm and 0.3 mm
narrow notch samples with time. Figure 5.18a shows all the results including control
samples, whereas Figure 5.18b show the magnified response of the self-healing and
zero-healing samples. Again the 0.2 mm narrow notch samples show on average
a higher response than the 0.3 mm, leading to the conclusion that the narrower the
crack width the better the self-healing. The 41 day peak loads are lower than the 27
day peak loads. The 13 and 41 day samples are from the same mortar batch and the
27 and 55 day samples from the same mortar batch. Within the same batch the peak
loads are higher the longer the time of self-healing. Even though the batches contain
the same ratios by weight, the results remain within typical variability expected
from mortar or concrete.

The fracture energy results calculated from the CMOD are shown in 5.19. These
results almost directly reflect the peak loads results.
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Figure 5.18: Peak load against Self-healing time for Set 7 and 8

Rockwell hardness test

The Rockwell hardness test was carried out on the 0.2 mm narrow notched sam-
ples from Set 7. Figure 5.20 shows the Rockwell hardness number plotted against
time of self-healing. The results from the tests on the three regions 1-3 (defined in
Figure 5.6 ) are plotted in groups above the time axes, for example, regions 1, 2
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(a) Fracture Energy CMOD GF - SH time
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Figure 5.19: Fracture Energy CMOD against Self-healing time for Set 7 and 8

and 3 results were carried out on 13 day self-healing samples on the same day. The
individual results showing the spread and average for each region are plotted on the
figure. Table 5.4 shows the mean, standard deviation and coefficient of variance for
each region and sample as a whole and how they vary with time and compressive
strength. There is wide range of results from these Rockwell hardness tests, with
the values ranging between 20 and 65. The widest range was shown by the sam-
ples after 41 days of self-healing and could be linked to the higher number of tests
carried out.
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Figure 5.20: Rockwell Hardness test individual and average results Set 7
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Table 5.4: Summary of Rockwell hardness number experimental results

Self-healing Compressive Strength Rockwell number
time strength Recovery Region R1 Region R1 Region R1 All

(days) (N/mm2) (%) Mean SD CV (%) Mean SD CV (%) Mean SD CV (%) Mean SD CV (%)

13 35.0 -0.15 32.5 3.5 10.9 33.5 4.9 14.8 36.0 1.4 3.9 34.0 3.2 9.5

27 49.4 1.36 42.3 5.3 12.5 40.2 4.7 11.7 50.5 7.5 14.9 44.3 7.3 16.5

42 45.6 5.70 38.6 10.2 26.4 40.6 8.1 20.0 39.0 9.7 25.0 39.4 9.3 23.5

55 57.7 1.30 46.3 12.7 27.4 44.7 7.9 17.6 44.2 10.8 24.5 45.1 10.3 22.9
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The general trend in the results show that the Rockwell hardness number in-
creases gradually with time. The Rockwell hardness number for metals, and in
particular steel, is typically correlated against tensile strength. Figure 5.21 plots the
compressive strength of the mortar cubes against the average Rockwell hardness
number with the associated standard deviation error (SD). There is a clear trend
shown in that as the compressive strength of the sample increases so does the Rock-
well hardness number. The standard deviation and coefficient of variance (CoV)
increases with increasing compressive strength. There is also an increase in vari-
ability with increasing compressive strength. This is in contrast to the experiments
of Windslow (1981) where the CV reduced from 20 % to 5 % as the concrete ma-
tured. One explanation for this observation is that the number of tests on young
specimens (14 and 28 days) are too few to provide a reliable measure of their vari-
ability. Overall, it is noted that there were too few tests carried out to make detailed
statistical interpretations.

There is no particular trend when considering the percentage strength recovery.
This would suggest that the increase in Rockwell number is linked to the underlying
material rather that the deposited healed material. Rockwell hardness tests carried
out on the mortar alone (side of the sample) showed that there was little difference
between the mortar and healed material. The variability of, even mortar, for such a
hardness test at the micro-scale depends on the exact positioning of the penetrator.
The presence of aggregate particles, air pockets and weaker material can alter the
results significantly (Windslow 1981).

Even with further numerous repeated experiments it is difficult to envisage that
the properties of self-healing cementitious materials can be reliably determined
from the hardness tests. These preliminary results show that this technique cannot
be relied upon alone to determine mechanical properties. Factors such as moisture
content of test samples, surface roughness, effects of fine and coarse, aggregate
type, zone of influence below indenter and statistical considerations all have an in-
fluence on the results.

The disadvantage of this technique is that to be able to perform a subjective,
even comparative study, the surface of the samples need to be relatively flat, ideally
polished. The flat surface provided by casting a plate into the samples and then
removing it, did provide a good reference starting point. However, the build up of
deposited or formed material was of neither sufficient thickness nor with a smooth
surface. If the samples were to be polished to obtain a smooth flat surface this
process would result in removing the material that is wanted for measurement. No
attempt is made in this study to define the zone of influence under the tested region.

The latest techniques of measuring a dynamic hardness test could provide more
useful results. This would involve recording the load and penetration depth accu-
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Figure 5.21: Rockwell Hardness test plotted against compressive strength Set 7

rately as the sample is loaded, obtaining a load against displacement curve. The
effect of the underlying material could be examined using this technique. However,
the apparatus required to carry out such dynamic tests are relatively new on the
market and were not available in the University at the time of this study.

Conclusions

These series of experiments carried out on concrete and mortar samples showed that
autogenous healing does readily occur under laboratory conditions. The evidence
gathered through qualitative observations and quantitative mechanical strength re-
sults provide an insight into the development of autogenous healing material with
cracks of different widths over time. The natural crack, closed after loading, showed
the greatest degree of autogenous self-healing and mechanical strength recovery.
The smaller the crack width the greater the strength recovery and it was found that
increasing healing time led to increased recovery levels.

It should be noted that autogenous healing, evident in these experimental results,
occurred for newly cast concrete or mortar where the healing process began within
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24 hours in the presence of water. There was evidence of precipitation of calcium
carbonate on the boundary of the fracture on the outer surfaces. However, inside the
crack the dominant process was found to be continued hydration. Upon fracture and
exposure to the air the calcium hydroxide from the continued hydration turned into
calcium carbonate. The hardness tests performed at the micro-scale did not provide
valuable information for quantifying autogenous healing in cementitious materials
owing to the inherently high variation and idealisation of the sample to obtain a flat
reference surface and small thickness of material build up.

The recovery percentage shown by the natural cracks, in particular the closed
crack, provide confidence that the increase in strength could be significant and legit-
imately form part of a system for managing the strength and durability of structures
post-damage. The mechanical response of a concrete beam with a natural crack
healed in water over 28 days (Set 1) is taken forward to the next Chapter 6, where
the self-healing cementitious materials will be modelled using micromechanics.
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Chapter 6

Self-healing Micromechanical Model

A novel self-healing micromechanical model for cementitious materials is presented
in this chapter building upon the micromechanical work described in Chapter 3. A
state-of-the-art review of a wide range of materials including autogenous cemen-
titious healing is given in Chapter 2, Section 2.4.4. This included a review of a
range of numerical models for cementitious materials as well as a number of mod-
els that simulate self-healing processes. One group of models use a staged approach
to the simulation of self-healing, and it is these which are particularly relevant to
the present work. Chapter 4 showed how this approach, considering solidification
and continued hydration, can be applied to a micromechanical model. The devel-
opment of a self-healing micromechanical model in this chapter will focus only on
mechanical strength regain.

Early phenomenological based models have given way to more mechanistic
models. The mechanistic nature and scale of applicability of micromechanical mod-
els means that they are ideally suited to considering material constituent properties
and their interaction. The micromechanical model presented in Chapter 3 is consid-
ered to be a suitable point for developing a self-healing model. This 3D two-phase
elastic model with micro-cracking has the ability to describe a range of applied
stresses and strains whilst remaining simple enough to visualise the various mecha-
nisms.

This chapter firstly describes the rationale behind the two-phase composite model,
its individual components and healing mechanisms, before combining each compo-
nent to form a new constitutive model. The introduction of a solidification strain
together with its derivation is also presented along with allowance for continued
damage of the healed material. Secondly, the numerical implementation of the
model is presented and then the performance of the model is illustrated with a series
of theoretical examples. Finally, comparisons are made with experimental results
from Chapter 5 and examples from literature.
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6.1 Micro-crack healing in a two-phase composite

6.1.1 Rationale of the model

The basic two-phase composite with elastic properties to account for healing is
based on the classical Eshelby (1957) solution and the Mori & Tanaka (1973) ho-
mogenisation approach. The anisotropic micro-cracking is taken into account by
summing the additional strain developed from the Budiansky & O’Connell (1976)
circular micro-cracks. Combining these approaches leads to the following form of
constitutive equation (6.1), similar to that shown in equation (3.47).

σ̄ = DMΩ : (ε̄− εa) (6.1)

εa is the total added strain and DMΩ is the composite elasticity tensor, equation (3.9),
derived in Section 3.1.1.

Autogenous healing in a cementitious materials does not occur instantaneously,
in contrast to autonomic healing with some adhesives, which can produce effec-
tively instantaneous healing (Joseph 2008). The continued hydration or precipita-
tion of calcium carbonate takes place over a period of days or weeks. However, as
far as the mechanical strength recovery is concerned, for simplicity and comparison
with experiments, the healing is considered to take place instantaneously.

Healing for this micromechanical model is taken to mean an increase in me-
chanical strength. This is represented as the healed material being able to carry an
additional stress over and above the original micro-cracked material. The microme-
chanical model uses the (micro) crack-plane relationship given in equation (6.2).
Healing is added to this as shown in equation (6.3).

sL = (1−ω)DL : εL (6.2)

sLh = (1−ω)DLεLh +hωthDLh (εLh− εs) (6.3)

The healed material present in the micro-cracks on this local plane will be able
to carry stress. It is proposed that the equivalent local stress in each direction now
comprises two components; original intact material and the healed micro-cracks
that have regained strength. sL is the equivalent local stress and εL is the equivalent
local strain. Subscript h refers to the stress or strain after healing has occurred. DL

and DLh are the local stiffness of the original and healed material respectively.

The healing proportion is defined by the parameter h. h = 0 means that there is
no healing and h = 1 means that the material would be fully recovered, assuming
that the healed material is the same strength as the original. h can be interpreted as
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the healed volume of micro-cracks and micro-voids per unit volume of micro-cracks
and micro-voids. Greater than 100 % healing can be achieved if the combination of
healing ratio and material strength is greater than the original material strength. ωth

is the micro-cracking parameter at the time of healing and εs is the solidification
strain. εs ensures that the healing material solidifies in a stress free state, that is,
upon healing the new material does not instantaneously change the stress state of
the overall material.

Strength recovery will be used to measure and quantify the amount of self-
healing that occurs using equation (2.4). The stresses used in this equation are
shown in from Figure 2.5.

6.1.2 Constitutive model

The constitutive equation requires the local equivalent stress in terms of total added
strain. To obtain this total added strain, equation (6.3) is rearranged to obtain the
local equivalent stress (εLh) shown in equation (6.4).

εLh = [(1−ω)+hωthB]−1 CL (sLh +hωthBDLεs) (6.4)

where,
DLh = B ·DL (6.5)

B is therefore the ratio between the healed and original isotropic stiffness tensor.
DL = CL

−1, where CL is the local elastic compliance shown previously in equation
(3.55).

The equivalent local strain is the sum of the added local strain (εαh) and the
elastic strain (εLe). This relationship is the same as derived in the micro-crack crite-
rion and evolution, Section 3.3 shown in equation (3.73). Rearranging this equation
yields the added local strain with healing as shown in equation (6.6).

εαh = εLh− εLe (6.6)

Substituting equation (6.4) and εLe into equation (6.6) yields equation (6.7).

εαh = [(1−ω)+hωthB]−1 CL (sLh +hωthBDLεs)−CL : sLh (6.7)

Simplifying and grouping terms leads to the added local strain with healing as
shown by equation 6.8.

εαh =

(
ω−hωthB

1−ω+hωthB

)
CLsLh +

(
hωthB

1−ω+hωthB

)
εs (6.8)
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The total added strains for a discrete number of cracks and a continuously dis-
tributed series of cracks were given in equations (3.50) and (3.51) respectively in
Section 3.2.2. The Budiansky & O’Connell (1976) crack density parameter was
equated to the conventional directional damage parameter (ω). The added strains
for a standard micro-cracking case, without healing, is given in equation (3.53) in
Section 3.2.2. For the healed case, the equivalent relationship when substituting
equation (6.8) into equation (3.53) is as follows,

εαh = FCα : sLh =

(
ω−hωthB

1−ω+hωthB

)
CLsLh +

(
hωthB

1−ω+hωthB

)
εs (6.9)

Where CL remains the same as in equation (3.55).

The added local strain with healing, shown in equation (6.9), has two parts;
the stress carried by the material and the compensating solidification strain. This
summation can also be applied to the total added strain with healing, as shown in
equation (6.10).

εah = εac + εas (6.10)

where the total added strain in the new material (εac) is

εac =

[
1

2π

∫
2π

∫
π

2

Nε : CL : N
(

ω−hωthB
1−ω+hωthB

)
sin(ψ)dψdθ

]
: σ̄ (6.11)

which can be simplified to
εac = Caddh : σ̄ (6.12)

where

Caddh =
1

2π

∫
2π

∫
π

2

Nε : CL : N
(

ω−hωthB
1−ω+hωthB

)
sin(ψ)dψdθ (6.13)

The total added strain contribution from solidification strain component (εas) is

εas =

[
1

2π

∫
2π

∫
π

2

Nε :
(

hωthB
1−ω+hωthB

)
sin(ψ)dψdθ

]
εs (6.14)

Noting that N, Nε and ω are functions of the spherical coordinate angles (θ,ψ).

Substituting the total added strain component contributions from equation (6.12)
and (6.14) into the constitutive equation (6.1) leads to equation (6.15), which can
be rearranged into the standard constitutive relationship as shown by (6.16).

σ̄ = DMΩ : (ε̄−Caddh : σ̄− εas) (6.15)

σ̄ =
(
I4s +DMΩCaddh

)−1
DMΩ : (ε̄− εas) (6.16)
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6.1.3 Determining solidification strain

The deposition of the healed material is assumed to take place in a stress free state.
The solidification approach is used where the stress for the overall composite does
not change upon healing (Bažant & Prasannan 1989). In a single direction and when
considering the isotropic loading case, the local solidification strain equals the local
strain at the time of healing. However, when considering the composite material as
a whole, this approach requires both the static and kinematic constraints to be met.
To ensure that the average stress does not change upon solidification, the total added
strain for the original material and healed material must be the same at the point of
healing. Hence εa = εah, or similarly on a local plane εα = εαh, thus equating the
added strain pre-healing and post-healing leads to equation (6.17) which can be
rearranged to find the solidification strain in equation (6.18).(

ω

1−ω

)
CL : sL =

(
ω−hωthB

1−ω+hωthB

)
CL : sLh +

(
hωthB

1−ω+hωthB

)
: εs (6.17)

εs =

[
hωthB

1−ω+hωthB

]−1[(
ω

1−ω

)
CL : sL−

(
ω−hωthB

1−ω+hωthB

)
CL : sLh

]
(6.18)

Noting that at the time of healing ω = ωth and sL = sLh = sLth. Simplifying equation
(6.18) leads to a reduced form,

εs =

(
1

1−ωth

)
CL : sLth (6.19)

where ωth is the micro-cracking damage parameter at the time of healing, sLth is the
local stress at the time of healing and CL remains the local compliance tensor of the
original material.

6.1.4 Continuing damage of healed material

This new healed composite material will also be subjected to further stress or strain
which would mean that the healed material will also eventually micro-crack. With-
out micro-cracking the healed portion of the composite would remain elastic and
eventually dominate the response. A micro-cracking parameter can be applied to
this healed portion of the local stress equation. The hωthBDL term from equation
(6.3) is replaced by (1−ωh)hωthBDL. The local stress with continued damage is
shown in equation (6.20).

sLh = (1−ω)DLεLh +(1−ωh)hωthBDL (εLh− εs) (6.20)
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Where ω remains the micro-cracking parameter of the original material and ωh

is the micro-cracking parameter of the healed material. This set-up allows the
micro-cracking criterion and evolution in both the original and healed material to
be controlled independently. Working through the derivation again with this micro-
cracking in the healed material leads to equation (6.21) for the added local strain.

εαh =

(
ω− (1−ωh)hωthB

1−ω+(1−ωh)hωthB

)
CLsLh +

(
(1−ωh)hωthB

1−ω+(1−ωh)hωthB

)
εs (6.21)

The resulting component total added strain in the new material and total contribution
from solidification strain then becomes,

εac =

[
1

2π

∫
2π

∫
π

2

Nε : CL : N
(

ω− (1−ωh)hωthB
1−ω+(1−ωh)hωthB

)
sin(ψ)dψdθ

]
: σ̄ (6.22)

and

εas =
1

2π

∫
2π

∫
π

2

Nε :
(

(1−ωh)hωthB
1−ω+(1−ωh)hωthB

)
εssin(ψ)dψdθ (6.23)

These equations are then substituted into equation (6.10) and upon following the
original derivation steps, leads to the final constitutive relationship shown in equa-
tion (6.16) which includes continuing damage of the healed material.

6.1.5 Micro-crack criterion and evolution

The original and healed micro-cracking initiation and evolution criterion are based
on the standard form as shown by equation (3.65) as described in Section 3.3. The
effective local strain parameters ζ and ζh are governed by the directional micro-
cracking function. The original material micro-cracking function is based on εL

whereas the healed material micro-cracking function is based on εL−εs which takes
account of the solidification strain. This is illustrated by the volumetric model in
section 6.3.1.

The strain at first uniaxial micro-cracking for the healed material (εth) is taken
as

εth =
fth

B ·EM
(6.24)

where fth is a local tensile strength at the aggregate/cement paste interface for the
healed material. The local strains in the effectively fully micro-cracked (ε0h) state
are assumed to be related to the relative displacements by

ε0h =
u0h

hh
(6.25)
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in which hh can be related to the size of the coarse aggregate.
Similar to the formulation in Section 3.3, where volumetric and direction crack-

ing softening functions are described, the onset of original and healed material
micro-cracking is controlled by the peak elastic stress in the matrix. The micro-
cracking initiation criterion is reached when the local principal stress (shI) exceeds
the initial interface tensile strength ( fth), using equation (3.68).

The exterior point Eshelby (EPE) solution (Ju & Sun 1999) is used to give the
strain and stress amplification at any point in the matrix as shown in equations (3.38)
and (3.39) in Section 3.1.7. The stress tensor in the matrix on each local plane is
given by equation (6.26) for the healed material. The stress in the healed material
is directly related to the ratio B.

sMΩh(x) = N ·B ·DM : εMΩ(x) (6.26)

For the autogenous healing case, the healed material is likely to be weaker than
the original material as shown in Chapter 5. The introduction of this weaker ma-
terial into the micro-cracks will have little effect on the original material stiffness
because the volume of the healed material is very small in comparison with the
total material volume. The effects of micro-cracking healing are explored using
illustrative examples in Section 6.3.2.
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6.2 Numerical implementation

The self-healing constitutive model presented in the previous section has been im-
plemented in a Mathcad (2010) sheet using the algorithm shown in Figure 6.1.
Pseudo-time t = 1 to theal shows how the model behaves for the original material
before healing, time t = theal is at the time of healing and time t = theal to tns are
the time-steps post-healing to the end of the specified steps (ns). This constitutive
model can be driven by total stress (σ̄) or total strain (ε̄). The constitutive driver
algorithm is given in Table 3.1, where the essential steps of the computational al-
gorithm for a specified stress path increment (∆σa) or strain path increment (∆εa)
are shown. Table 6.1 shows the computational algorithm for the pre-healed stress
update and Table 6.2 shows the computational algorithm for the post-healed stress
update.

Figure 6.1: Self-healing algorithm
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Table 6.1: Computational algorithm for iterative local micro-cracking to update
stress before healing

Enter with ε̄,ε̄prv, ∆εa, ζMprv, ζprv Enter with strains and previous equiv-
alent strain parameters

For t = 1 to theal Pre-healing
For i = 1 to ni Loop over integration directions

εMΩ = TE (x) : εM Compute matrix stress (EPE)
sMΩ = Ni ·DM : εMΩ Compute local cracking stress at peak
If sI(sMΩ)max ≤ ft then ωi = 0 Micro-crack initiation criterion
Else Micro-crack evolution

εLi = (1−ωi)CLM : sMΩ +ωiNεi · ε̄ Evaluate local strain vector
ζi = fd(εLi) if εLi > ζprvi Update strain parameter if exceeds

previous max
Update ωi Update damage parameter

End

Cadd =
ni

∑
i=1

Nεi ·CLMΩ ·Ni ·
ωi

1−ωi
wi Evaluate total added compliance

DSec =
(
I4s +DMΩ ·Cadd

)−1 ·DMΩ Form secant constitutive matrix
σ̄ = DSec : ε̄ Compute stresses
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Table 6.2: Computational algorithm for iterative local micro-cracking to update
stress after healing

Enter with ε̄, ε̄prv, ∆εa, ζMprv, ζprv Enter with strains and previous equiv-
alent strain parameters

For t = theal to ns
If Healed = f alse Time of healing

For i = 1 to ni Loop over integration directions
εLsi = (1−ωhti)

−1CLMΩNi · σ̄ Evaluate local solidification strain
vector

Healed = true
End if
If Healed = true Post-healing

For i = 1 to ni Loop over integration directions
εMΩ = TE (x) : εM Compute matrix stress (EPE)
sMΩ = Ni ·DM : εMΩ Compute local cracking stress origi-

nal material
If sI(sMΩ)max ≤ ft then ωi = 0 Micro-crack initiation criterion
Else Micro-crack evolution

εLi = (1−ωi)CLM : sMΩ +ωiNεi · ε̄ Evaluate local strain vector
ζi = fd(εLi) if ζi > ζprvi Update strain parameter original ma-

teriel if exceeds previous max
Update ωi Update damage parameter

End if
sMΩh = Ni ·B ·DM : εMΩ Compute local cracking stress healed

material
If shI(sMΩh)max ≤ fth then ωhi = 0 Micro-crack initiation criterion
Else Micro-crack evolution

εLhi = (1−ωhi)B
−1CLM : sMΩh +ωhiNεi · ε̄ Evaluate local strain vector

ζhi = fdh(εLhi
− εLsi) if ζhi > ζprvi Update strain parameter healed mate-

rial if exceeds previous max
Update ωhi Update damage parameter

End if
End if

Caddh =
ni

∑
i=1

NεiCLMΩNi
ωi− (1−ωhi)hωhtiB

1−ωi +(1−ωhi)hωhtiB
wi Evaluate total added compliance

εas =
ni

∑
i=1

CLMΩNi
(1−ωhi)hωhtiB

1−ωi +(1−ωhi)hωhtiB
wiεLhi Evaluate total solidification strain

contribution
DSech =

(
I4s +DMΩ ·Caddh

)−1 ·DMΩ Form secant constitutive matrix
σ̄ = DSech : (ε̄− εas) Compute stresses
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6.3 Illustrative model performance

The model performance is tested by varying the different parameters that control
the model response. A volumetric isotropic model is first used to give an insight
into how the model performs. The full micromechanical model is then subjected to
a parametric study. The micro-cracking initiation and subsequent evolution for both
original and healed materials are observed. The four main parameters tested are
the healed tensile strength at the aggregate/cement paste interface, the local strains
in the effectively fully micro-cracked state, healing efficiency and strength of the
healed material. The model response to healing whilst subjected to a load is also
considered showing the impact of the solidification strain component.

6.3.1 Volumetric response

The single phase volumetric constitutive relationship is shown in equation (6.27),
which has the basic form as that given in equation (6.20).

σ = (1−ω)KMε+(1−ωh)hωthB ·KM (ε− εs) (6.27)

KM is the bulk modulus of the material and all other terms remain as previously
defined. The micro-cracking parameters are ω for the original material, ωth for the
original material at the time of healing and ωh for the healed material. Both h and
B are taken to be 0.5 in this case and the other material properties used are shown
in Table 6.3.

This model is subjected to a volumetric strain increment where both micro-
cracking parameters are calculated directly. The volumetric strain is incremented
until the original material reaches a point on the load-displacement (stress-strain)
softening curve equal to half the peak stress, after which the strain is returned to
zero. This strain response is shown in Figure 6.2a.

The healing here is assumed to take place when the sample is unloaded which
occurs when there is zero stress and zero strain. For the time strain plot shown in
Figure 6.2a, this unloading point occurs at a pseudo-time t = 1000(s). At this point
the εs is zero and the ωth is fixed. The new material incorporating the healing is
then subjected to further strain increments up to and beyond the initial peak strain,
until the strain is four times the original unloading strain.

Figure 6.2b shows the stress strain response of the volumetric healed model. The
first loading phase, up to t = 1000(s), can be seen where the stress returns along a
linear line to zero. The second loading phase shows a bi-linear line returning to
the softening curve (in stress-time space) of the healed material. This increase in
stress directly relates to the healed material. The first steep gradient is due to the
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Table 6.3: Material properties for volumetric model response

EM νM KM ftv εtv εtvh ε0v ε0vh
(N/mm2) (N/mm2) (N/mm2)

24000 0.15 11429 1 4.17x10−5 8.33x10−5 6.67x10−3 6.67x10−3
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Figure 6.2: Typical volumetric healing response

elastic response of the healed material and the second flatter gradient is the sum of
stresses in both materials. The peak stress after healing is reached at the same strain
at which the model was first unloaded, this being t = 1500(s). The softening curve
for the case where no healing occurs is also shown on Figure 6.2b as a dotted line.

The original and healed material damage independently as illustrated by Figure
6.2c. During the strain unloading, between t = 500(s) and 1000(s), the degree of
micro-cracking in the original material remains unchanged. Micro-cracking in the
healed material starts soon after reloading commences. The original material con-
tinues to micro-crack only when the strain reaches the first unloading strain. Figure
6.2d has been included to show how the stress responds with time step increments
for the original, healed and combined materials. The summation of individual com-
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ponents show how they affect the model response.
When the healing is fully recovered, that is when h and B are unity, the first

gradient upon reloading matches the original loading as expected. However, after
this initial peak, the stresses are summed and, depending on the point of unloading,
the stresses achieved in the material can be higher than the original peak. This
volumetric example is useful in illustrating the mechanisms that occur during the
damage and healing processes.

6.3.2 Parametric study of model performance

This parametric study will consider the response of the healing efficiency (h) and
relative strength of the healed material (B) on the model performance. The same
micro-cracking function is used for both original and healed material. The material
properties fixed during this parametric study are shown in Table 6.4 and the material
properties before being varied are shown in Table 6.5.

Table 6.4: Material properties fixed for parametric study

fM EM νM fΩ EΩ νΩ

(N/mm2) (N/mm2)

0.3 20000 0.15 0.7 55000 0.25

Table 6.5: Material properties varied for parametric study

ft εt ε0 fth εth ε0h B h
(N/mm2) (N/mm2)

1 5 x10−5 0.0067 1 1 x10−4 0.0067 0.5 0.5

The response of the benchmark model, using unchanged material properties,
is shown in Figure 6.3. The model is subjected to a uniaxial tensile strain path,
shown in Figure 6.3a, and the resulting stress strain response is shown in Figure
6.3b. Only one loading case is shown here, but it is noted that the model is capable
of representing multi-directional 3D applied stress or strain increments. The strain
upon first loading is increased linearly until the stress is approximately half the
peak value and half way down the softening curve. Upon unloading, the stress and
strain return to zero as would be expected in a model that does not include any
plasticity. The model also does not simulate the hysteresis that can be seen during
the unloading phase of the three point bending experimental test, as seen in Figure
5.13. The stress difference between the linear unloading curve and reloading strain
is a measure of the amount of healing that takes place. For this benchmark model
the strength recovery (c) is 38 %.
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In this example, the healing takes place when the strain is zero. This represents
the experimental procedure in Chapter 5 where the unloaded fractured samples are
allowed to heal in a curing tank before reloading. The strain is increased linearly
(with respect to time) during the reloading phase where the stress response is shown
to have two distinct gradients up to the peak healed stress. The initial steep gradient
reflects the healed material stiffness and the next flatter gradient section results from
a combination of the new healed material micro-cracking and the original material
taking stress without further micro-cracking. As in the volumetric model example,
the damage in the original material remains constant during the unloading phase.
The micro-cracking parameter response is shown against pseudo-time (t) in Figure
6.4. The healed material damages first during the reloading phase and only when
the strain exceeds the previous maximum does the original material continue to
damage. Only two of the 29 directional micro-cracking parameters are shown here,
r1 and r17, shown on Figure 4.5b in Chapter 4. The right hand figure shows the
micro-cracking parameters magnified for 0.9 to 1.
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The four parameters varied include the local tensile strength ( fth) at the aggre-
gate/cement paste interface, the local strains (ε0h) in the effectively fully micro-
cracked state, healing efficiency (h) and strength of the healed material (B). The
results of the parametric study are shown in Figure 6.5.
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Figure 6.5: Parametric study of model performance

Figure 6.5a shows the influence of changing the ratio between ft and fth on
the stress-strain response. This ratio controls the stress of the first portion of the
post-healing linear reloading phase linked to the initial micro-cracking of the new
material. This ratio also controls the peak reloading stress of the healing recovery
(c).

Figure 6.5b shows how the fully micro-cracked local strain of the healed ma-
terial influences the material response. The larger the ε0h value the less the healed
material micro-cracks. It can be seen that for a smaller ε0h the new healed material
is almost fully micro-cracked by the time the composite reaches the original un-
loading strain, as shown by the plot of 3ε0h : ε0h resulting in negligible changes to
the healing recovery .

Figure 6.5c shows how the healing efficiency (h) influences the response of the
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material. The initial change in gradient during reloading and the healing efficiency
are both affected linearly with the change in h. The model is very sensitive to the
change in h. Conversely, it appears that changing the relative stiffness of the healed
material, within certain limits, has minimal impact on the response of the model,
as shown in Figure 6.5d. This is because the stiffness of the healed micro-crack
is a small proportion of the total stiffness of the material. The relative simplicity
of this micromechanical healing model combined with the fact that it requires a
small number of physically meaningful parameters suggest that it is suitable for
simulating a wide range of two-phase cementitious materials.

The parametric study showed healing taking place when there is zero applied
load and strain. This means that the εs, from equation (6.19), was zero and εas from
equation (6.14) also remained zero. Real structures are likely to undergo healing
whilst being subjected to self-weight and some serviceability loading. Therefore, it
is considered important to also examine the predicted healing response of the model
in which healing takes place under loaded conditions.

A series of paths have been chosen whereby the healing takes place at different
strains during the unloading phase. Figure 6.6a shows 5 paths with uniaxial strain
applied in the x-x direction. 100 % unloading takes place in Path 1 (similar to the
parametric study) and the degree of unloading is reduced in Paths 2 to 4, eventually
showing no unloading in Path 5. The composite is strained to a fixed value in Path 5
where healing takes place instantaneously before then continuing the uniaxial strain
at the same initial rate. All other parameters are kept the same as in Tables 6.4 and
6.5. The stress-strain response of the model for these different paths are shown in
Figure 6.6b.

An interesting response can be seen when plotting all of the strain paths. The
peak stress reached during the reloading phase reaches a maximum between Paths
3 and 4, having 50 % and 25 % unloading respectively. Going from Paths 1 to 3,
the height of the initial steeper gradient during the re-loading phase increases and
the length of the second flatter gradient becomes shorter. The less unloading that
takes place, the less opportunity there is for the new material to micro-crack before
the original material continues to micro-crack. Paths 4 and 5 show the influence of
this continued micro-cracking in the original material on the stress-strain response.
This phenomenon is examined further by using the simplified volumetric model.

The results of the volumetric model are shown in Figure 6.7 for a path in which
healing occurs under loaded conditions. The impact of the healed material on the
stress-strain response can be seen by setting the fully micro-cracked local strain of
the healed material ε0h to an infinitely large number. This has the effect of simu-
lating a perfectly ductile healed material. This ductile material is compared to the
original in Figure 6.7a. Whichever unloading percentage is chosen, the stress fol-
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Figure 6.6: Healing under load

lows a maximum envelope. The peak response drawn by the envelope lines up with
the original unloading strain position also reflected in Figure 6.6b.

The volumetric model allows the total stress and its constitutive contributions
from the original and healed material to be plotted individually against time. Fig-
ures 6.7b, 6.7c and 6.7d plot the individual components for Paths 1, 3 and 5 respec-
tively. Examining Figure 6.7d at the point of reloading, after healing, allows the
phenomenon above to be explained. At this strain the original material continues
to damage, whereas the healed material behaves elastically before micro-cracking.
When the healed material reaches its peak stress the original material has already
lost some stress carrying capacity, resulting in a reduced overall stress. The peak
stress occurs when the healed material peak stress coincides with the point at which
damage recommences in the original material.
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Figure 6.7: Volumetric healing under load

6.4 Comparison with experimental data

Examples are now used to illustrate the performance of the healing model by com-
paring it to experiments. The experimental data obtained in Chapter 5 for natural
cracks in concrete healed under water for a period of 28 days, Set 1, are considered
and compared to the micromechanical model. The experimental and modelling data
from Granger et al. (2007b) are also compared, where standard strength concrete
and ultra high performance cements are healed under water for 20 weeks. In all
cases, beams have been tested under three point flexural bending and results given
in terms of load and CMOD.

The micromechanical model described earlier in this Chapter produces a consti-
tutive model response for a range of stress and strain loading conditions. However,
the micromechanical model can not be compared directly to the experimental re-
sults. The load against CMOD results can be translated to average macro-scale
stress and strain response for the beam but this would be one length scale higher
than the micromechanical model. A model that is capable of describing the three
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point flexural bending test uses a beam hinge approach that incorporates a central
non-linear fracture process zone (FPZ). This beam hinge model can be implemented
within a layered beam framework, where the beam is divided into layers having in-
dividual constitutive responses. The relationship between the load at mid-point and
CMOD can be described by taking account of the micro-scale constitutive response
at each layer. This is accomplished by using the micromechanical model to provide
the constitutive relationship required for each layer of the beam model.

6.4.1 Layered beam model

The layered beam model consist of two elastic sections (Le) with a central FPZ sec-
tion (wc) as shown on the schematic in Figure 6.8. The location of the cracking
is controlled by the notch. This approach means that each layer is calculated indi-
vidually and able to capture the response to deflection in each layer. This detailed
information would not be available for a smeared crack approach. The FPZ damage
would normally be controlled by a simple 1D strain based micro-cracking criterion
and evolution similar to equation (3.65) as described in Section 3.3. However, this
resulting constitutive relationship can be replaced by the constitutive relationship
from a micromechanical model with uniaxial loading. The layered beam model re-
sponse can therefore be controlled by a micromechanical constitutive model without
deriving a special 1D case. The layered beam approach has the additional advan-
tage of being able to examine the stress and strain at any specific location within the
beam.

Figure 6.8: Layered beam model schematic

This layered beam model is relatively simple and implemented in a Mathcad
(2010) sheet. The current model is driven by the change in slope of the beam (θH).
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A similar layered beam model was used by Dunn (2011) when examining the pre-
strain effects of an embedded polymer. A comprehensive derivation of the beam
hinge element development is provided by Dunn (2011). A simplified represen-
tation of the beam is presented in Figure 6.9 and the key equations used for this
comparison are given below.

Figure 6.9: Simplified representation of beam

The strain (ε) in each layer ( j) is given by

ε j = ε̄− 2 ·θH

wc
· z j (6.28)

where ε̄ is the average strain at the neutral axis and z is the layer depth. The
axial force (N) in the beam hinge is given by equation (6.29) and the moment (M)
in the beam hinge is given by equation (6.30).

N = bb

∫ +hb/2

−hb/2
σdz (6.29)

M = bb

∫ +hb/2

−hb/2
σ · zdz (6.30)

where the stress in each layer is given by,

σ = (1−ω)E · ε = Es · ε (6.31)

bb is the width of the beam, hb is the height of the beam and Es is the secant Young’s
modulus term in each layer.

The overall relationship between the axial load, moment, strain and rotation
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components are given by equation (6.32).

{
N

M

}
=


nlay
∑
j=1

Es j ·bb j ·∆z j
−2
wc

nlay
∑
j=1

Es j ·bb j · z j ·∆z j

nlay
∑
j=1

Es j ·bb j · z j ·∆z j
−2
wc

nlay
∑
j=1

Es j ·bb j · z j
2∆z j

 ·
{

ε̄

θH

}
(6.32)

The secant Young’s Modulus is obtained from the micromechanical model, see
equation (6.16). The load (P) and CMOD responses are finally calculated using
equations (6.33) and (6.34) respectively.

P = M
2
Le

(6.33)

CMOD = ε̄wc +2θH
hb

2
(6.34)

The combined micromechanical and layered beam model is implemented in a Math-
cad (2010) sheet. Figure 6.10 illustrates how both models interact. For each step
angle (θH) the micromechanical provides the layered beam model with the consti-
tutive response to allow the stress and strain in each layer to be calculated along
with the overall load and CMOD.

A convergence study was completed where 100 layers, having reduced thickness
towards the top of the beam, was found to be sufficient for comparison with the
experiments. It should be noted that this approach is limited to a three point flexural
test with a single central crack.
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Figure 6.10: Self-healing micromechanical and layered beam model interaction

6.4.2 Results of comparison with experimental data

Autogenous cementitious healing experiments are compared to the micromechani-
cal healing model in this section. An example from the Chapter 5 is chosen along-
side two further examples given by Granger et al. (2007b).

The example taken from Chapter 5 is Set 1 Beam C which represents a typical
28 days autogenous healing response. The experimental details are given in Sec-
tion 5.2 and results shown on Figure 5.13. This beam had a natural crack which
was loaded until the CMOD reached 0.3mm, before unloading and healing in wa-
ter. This experiment is simulated using two different material data sets, one that
was determined using realistic material strength properties (Parameters A) and the
second set ascertained by inverse parameter identification (Parameters B).

The two Granger et al. (2007b) examples chosen are the standard strength con-
crete (SSC) and ultra high performance concrete (UHPC) samples subjected to au-
togenous healing in water. The CMOD, upon loading, was restricted to 0.028 mm
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and then healed in water for 20 weeks. The specific example chosen for the standard
concrete is beam number 4 sample 1 which had a w/c ratio of 0.48. The UHPC used
by Granger et al. (2007b) is based on the concept of reactive powder concrete. The
mass proportion of UHPC composition is not given and a typical UHPC composi-
tion was chosen for the numerical model (Mounanga et al. 2012) which assumed
that there was no coarse aggregate present in the mix. The composition of both the
SSC and UHPC mixes are given in Table 6.6. All of the model parameters used in
each comparison, including beam and notch dimensions, material composition and
material strengths, are shown in Table 6.7.

Table 6.6: Composition of SSC (Granger et al. 2007b) and UHPC (Mounanga et al.
2012)

Material SSC Mass proportion UHPC Mass proportion
(kg/m3) (to cement) (kg/m3) (to cement)

Cement (CEM1 52.5N) 366.2 1 1003.6 1
Coarse aggregate 1051.3 2.87 - -

Sand 722.7 1.97 1104.0 1.1
Water 174.1 0.48 160.6 0.16

Micro-silica fume 36.6 0.10 188.2 0.25 x 3/4
Crushed quartz - - 62.7 0.25 x 1/4
Superplasticiser 2.0 0.005 5.0 0.005
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Table 6.7: Model material properties for experimental comparison study

Model L h b Beam length nlay hn wc
(mm) (mm) (mm) (mm) (mm) (mm)

Parameters A 200 75 75 255 100 5 5
Parameters B 200 75 75 255 100 5 5

SSC 400 100 50 500 100 20 5
UHPC 400 100 50 500 100 20 5

Model fM EM νM fΩ EΩ νΩ ft
(N/mm2) (N/mm2) (N/mm2)

Parameters A 0.463 20000 0.15 0.537 55000 0.25 0.475
Parameters B 0.463 20000 0.15 0.537 55000 0.25 0.475

SSC 0.553 7500 0.15 0.447 45000 0.25 8.0
UHPC 0.583 8000 0.15 0.417 19000 0.25 10.0

Model εt ε0 fth εth ε0h B h
(N/mm2)

Parameters A 1.22 x10−5 0.035 0.475 2.45 x10−5 0.035 0.5 0.8
Parameters B 2.38 x10−5 0.033 0.475 1.59 x10−3 0.027 0.025 0.5

SSC 1.07 x10−3 0.020 2.4 4.27 x10−4 0.010 0.75 0.4
UHPC 1.25 x10−3 0.031 8.0 1.18 x10−3 0.031 0.85 0.2
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Figure 6.11 presents the four comparisons made between the numerical and the
experimental results. The experimental pre-healing (Exp. Pre-H) and post-healing
(Exp. Pre-H) results are compared with the micromechanical model pre-healing
(Mod. Pre-H) and post-healing (Mod. Post-H) results.
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Figure 6.11: Load CMOD plots for micromechanical model and experimental data

Figure 6.11a shows the load CMOD comparisons between experimental and
model results using initially selected strength parameters. It can be seen that the
initial gradient of the predicted post-healing curve is steeper than that from the ex-
periment. The post-healing experimental data also shows a more rounded response
adjacent to the load peak. This suggest that the load carried by the experimental
healed material was higher than the original material between 0.05 mm CMOD and
0.3 mm CMOD. For example, load carried by the healed sample at CMOD 0.1 mm
was approximately 25 % higher than the original material. The numerical solution
does not reflect these characteristics.

During the inverse parameter identification exercise, the two main parameters
adjusted were the local strains (εth) during initial micro-cracking, which was in-
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crease by two orders of magnitude, and the strength of the healed material (B) re-
duced by 95 %. The impact of these changes are illustrated in Figure 6.11b.

Figures 6.11c and 6.11d show the results of the comparison between the numeri-
cal model and results for SSC and UHPC respectively. The post-healing experimen-
tal loading curve displays two straight gradient sections which are reflected in the
model responses. For the UHPC case, the ‘healing in air’ results are also presented
(Exp. Air-H and Mod. Air-H). The numerical model assumes that no healing takes
place for the sample left in air hence the straight line to the peak load. However, the
experimental data for this case does show a small amount of healing taking place
by the slight change in gradient on the reloading section. These comparisons with
experimental data suggest that the model can be used for a range of cementitious
materials with minimal parameter fitting.

One drawback of this model is that it is assumed that healing takes place instan-
taneously, the time taken to heal is not being considered. A hygro-thermo-chemo
diffusion model would provide the basis for predicting when and how much heal-
ing material arrives in the micro-cracks. Once this healed material has arrived, the
material would have to cure and then describe the mechanical response of this new
composite material. Many of the real structures made from cementitious materials
would have healing taking place simultaneously with micro-cracking, such as early
age loading, where hydration would continue to take place. To model this response
there would be a need to simultaneously consider the healing and micro-cracking
processes.

6.4.3 Effect of ageing material properties

The experiments undertaken in Chapter 5, in particular as shown in Figure 5.13,
were initially fractured 24 hours after casting and subsequently re-tested after 28
days curing in water. The re-gain in peak strength of the beam was compared against
the load at the unloading point of first fracture to obtain a measurement of strength
recovery, see equation (5.1). This approach assumes that the residual strength in the
beam does not change with time. However, the uncracked ligament will increase in
strength with curing, as shown by the peak loads of the control beams. This section
considers the effect of the ageing material properties on the strength increase in this
uncracked ligament and examines the impact of this increase on the measurement
of strength recovery.

The layered beam model developed in Section 6.4.1 is used to investigate the
effect of ageing material properties. Beam C from Set 1, presented in Chapter 5, is
again used as the sample for the comparison with the numerical model. The model
material properties used in the comparison are shown in Table 6.8. The hydration
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model, described in Section 4.3.2, was used to obtain the development of Young’s
Modulus (E) with time using equation (4.30). The hydration model parameters are
given in Table 6.9. The micro-crack criterion and evolution functions are based on
the work described in Section 3.3. The ft and ε0 values were back calculated to fit
the experimental load vs CMOD response for both the initial fracture tests at 1 day
and the control beam at 29 days. Figures 6.12a and 6.12b show the load plotted
against CMOD for the layered beam model and the experiment for the beams at 1
day and 29 days respectively.

Table 6.8: Model material properties when examining effect of ageing

Age L h b nlay hn
(mm) (mm) (mm) (mm) (mm)

Day 1 200 75 75 100 5
Day 28 200 75 75 100 5

Age wc E ft εt ε0
(N/mm2) (N/mm2)

Day 1 5 16707 0.6 3.591 x10−5 0.06
Day 28 5 27853 2.15 7.719 x10−5 0.034

Table 6.9: Hydration model parameters

pC3S pC2S pC3A pC4AF pSO3 pFreeCaO pMgO pcem Blaine Ccem
(m2/kg) (kg/m3)

0.51 0.240 0.053 0.166 0.025 0.004 0.009 1 310 396
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Figure 6.12: Load CMOD plots comparison of model and experimental results

The maximum micro-cracking parameter (ω), for each layer of the numerical
model, can be extracted from the model following the initial fracture. This maxi-
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mum occurs at the unloading point, which is at a CMOD of 0.3mm for this case in
Figure 6.12a. The micro-cracking parameter will remain unchanged for the cured
beam if no healing occurs. The micro-cracking parameter for the example presented
here is shown in Figure 6.13a. The micro-cracking parameter development in each
layer of the numerical model is controlled by the material properties and the effec-
tive strain parameter (ζ) in each layer. Translating the micro-cracking parameter
from the initial model to the cured material model requires the effective strain pa-
rameter, in the cured model, to be adjusted to account for the change in material
properties.

Equating the two micro-cracking damage parameters for 1 and 29 days, as
shown in equation (6.35), and substituting in the material properties gives equation
(6.36).

ω1 = ω29 (6.35)

1− εt1

ζ1
e
−c1

 ζ1− εt1

ε01− εt1


= 1− εt29

ζ29
e
−c29

 ζ29− εt29

ε029− εt29


(6.36)

Solving equation (6.36) for the only unknown, ζ29, gives the starting effective strain
parameter for the aged material properties model. The effective strain parameter in
each layer can be seen in Figure 6.13b.
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Figure 6.13: Micro-cracking parameter and effective stain parameter distribution
through beam section

Figure 6.14 shows the effect of the ageing material properties on the strength
increase in the uncracked ligament. Table 6.10 shows peak loads at the various
positions as shown on Figure 6.14. The peak load with ageing material properties
(P0(29day)) is approximately 35 % higher than the original (P0(1day)). However,
the impact of this increase in peak load on the measurement of strength recovery is
minimal. For this natural cracked sample the strength recovery (c1), using the model
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results as calculated using equation (5.1), is 77% and using the updated peak load
taking account of ageing material properties gives a strength recovery of 74%. This
means that the ageing material properties and ongoing hydration in the uncracked
beam do not contribute significantly to the increase in strength for this degree of
damage, since there is very little residual strength in the beam when unloaded. The
hydration that takes place within the crack remains the main factor for increasing
the strength and therefore healing the beam. It should be noted that if the control
sample at 29 days is taken as the reference load (P2(29day)), the strength recovery
without aged material and with aged material properties is taken to be significant
lower at 20 % and 18 % respectively.

This assessment was undertaken using the layered beam model and illustrated
the process required to take account of ageing material properties. The same prin-
ciples could be applied to the micro-mechanical model developed in Section 6.1.

P

P2

P1 (1 day)

P1 (29 day)

P0 (29 day)
0 (1 day)

Figure 6.14: The effect of the ageing material properties on the strength increase in
the uncracked ligament
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Table 6.10: Load at various positions on Figure 6.14

Loading position P0(1day) P0(29days) P1(1day) P1(29day) P2

Load (N) 400 540 1838 5924 1503

Conclusions

The volumetric self-healing model proved to be a useful tool in understanding the
impact of the different damaging mechanisms after healing and could be used as
a development tool in the future. Using a micromechanical model means that the
model is mechanistic in nature and requires very few parameters, which can all
be determined from macroscopic experiments. The modelling work showed that
even though the micro-scale healing properties were difficult to obtain, as shown
by Chapter 5, an inverse parameter identification exercise can be used to find these
parameters. In essence, further development of this micromechanical model could
provide guidance on which area and what parameters to focus on in future experi-
ments.

The novel approach of applying the solidification principle to a healing model
at the micromechanical scale allows a range of loading scenarios to be considered.
This is the first time, to the authors knowledge, that this behaviour has been achieved
for cementitious materials through micromechanical modelling.

The model is presented within the framework of a constitutive driver, allowing
the healing effects to be captured under different loading conditions. Since only the
uniaxial loading scenario was considered in this chapter, there is scope to examine
in further detail the impact of other loading conditions on the mechanical strength
gain of the healing mechanisms. The fact that this micromechanical model was
able to be included in a macroscopic layered beam model shows that it can also be
incorporated into a finite element model.

At the micromechanical model scale, future developments could allow for heal-
ing taking place simultaneously with micro-cracking. Furthermore, since only a
single mechanical component of the healing model was considered here, there is
potential to combine this with developing and ageing material properties, such as so-
lidification and continued hydration of the matrix material. Chapters 3 and 4 showed
that the approach used can be developed to include many aspects of real materials.
Once this ageing process is included, other elements such as predicting when and
how much healing material arrives in the micro-cracks could be considered. This
work is the first and essential step towards achieving a full hygro-thermo-chemo-
mechano micro-scale model capable of representing the characteristic response of
a self-healing cementitious material.
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Chapter 7

Conclusions and Future Work

In the introduction, the overall objectives and aims for the work in this thesis were
set out. The completed work addresses the mechanical aspect of a thermo-hygro-
chemo-mechanical model for self-healing cementitious materials. This chapter re-
views the findings of the research work. The novel micromechanical model pre-
sented in Chapter 3 and 4 is summarized along with the experimental results from
Chapter 5 and the micromechanical self-healing model from Chapter 6. There are
several lines of research arising from this work which should be pursued. These
suggestions are included in Section 7.2.

7.1 Conclusions

• A new micromechanical constitutive model was presented describing a two-
phase composite material model with inelastic strains in the matrix. This
allowed time-dependent behaviour to be considered. The inelastic strains are
introduced in an Eshelby (1959) inclusion based micromechanical solution
considering the compatibility equation and constrained strain. The non-dilute
inclusions were homogenised using the Mori & Tanaka (1973) approach.

• Early age volumetric shrinkage strains in the matrix and mechanically applied
loading both result in micro-cracking. These have been represented by vol-
umetric and directional (anisotropic) micro-cracking components in the con-
stitutive equation. Volumetric cracking is represented using a scalar damage
variable and directional cracking is added using the approach of Budiansky
& O’Connell (1976). This separation, between the isotropic and directional
micro-cracking components, is clearly shown using stress and strain path
loadings. The two micro-cracking components work seamlessly together, as
shown by the reasonable response of the model when representing a shear
softening response.
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• The addition of the exterior point Eshelby theory, containing matrix inelas-
tic strains, enabled the use of realistic experimentally derived micro-cracking
parameters. The amplification of stresses at the matrix/inclusion interface
drives the crack initiation criterion and evolution parameters. This was par-
ticularly evident in the simulation of a two-phase composite undergoing free
shrinkage.

• The micromechanical model, in particular the homogenised scheme adopted,
was successfully validated using a 3D FE discretization of the composite.
The Eshelby based solution meant that micro-scale constitutive relationship
is simulated in a computationally convenient manner. The elastic solution,
for example, is computed in a fraction of a second compared to 30 minutes
for an idealised meso-scale concrete FE analysis. Furthermore, the consti-
tutive driver algorithm, being driven by total stress, total strain or shrinkage
potential of the matrix, means that the constitutive relationship is suitable for
further development as a FE constitutive model.

• The performance of the model is demonstrated by simulating the autogenous
drying behaviour of concrete. The combination of volumetric solidification,
hydration modelling and shrinkage in the matrix allowed quantification of the
micro-cracking effects during drying. The importance of including micro-
cracking can be seen when the solution results are compared with experimen-
tal data. This work could form the basis of a cementitious material design
tool. The overall effect of shrinkage on a cementitious composite can be de-
scribed by knowing the cement paste shrinkage with time, aggregate volume
fraction and material properties of the components.

• Even though the application has focused on shrinkage and ageing in cementi-
tious materials the model can be applied to other non-specific inelastic strains
in the matrix and other materials which contain inelastic strains in the matrix.

• Healing in cementitious materials is traditionally measured from cracks on the
outer surface of a specimen or by measuring crack permeability. These are
associated with improving environmental conditions or durability of concrete.
Mechanical strength recovery is readily measured from the flexural strength
using a three point bending test at the macro-scale. However, the scale at
which the healing takes place is at the micro-scale. Investigations were car-
ried out to identify techniques for measuring strength of healed materials at
the micro-scale. The most suitable technique appeared to be hardness testing.
However, the hardness tests performed did not provide valuable information
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for quantifying autogenous healing in cementitious materials. The high de-
gree of variation meant that results cannot be relied upon.

• Experiments carried out on concrete and mortar samples showed that au-
togenous healing does readily occur under laboratory conditions. The ev-
idence gathered through qualitative observations and quantitative mechani-
cal strength results provided an insight into the development of autogenous
healing material over time. Autogenous healing was examined for early age
concrete and mortar with different crack widths where the first loading stage
occurred 24 hours after casting. The healing mechanism was seen to be con-
tinued hydration, as evidenced by visual inspection, SEM and XRD results.
It was found that the smaller the crack width the greater the strength recov-
ery. Furthermore, increased healing time led to increased strength recovery.
A natural crack, closed after loading and cured fully in water showed the
greatest degree of autogenous self-healing and mechanical strength recovery.

• The strength recovery percentage shown by the natural cracks, in particu-
lar the closed crack, provides confidence significant healing can be achieved
and could form part of a system for managing the strength and durability of
structures post-damage. It should be noted that the large CMOD reached in
unreinforced beams meant that the majority of the material strength had been
lost. Nevertheless, mechanical recovery for a concrete beam with a natural
crack healed in water over 28 days was approximately 70 % of the original
peak load. It is noted that this mechanical recover is approximately 20 % of
the actual control peak load when tested at 29 days.

• A novel self-healing micromechanical model for cementitious materials has
been developed focusing on mechanical strength regain. The model is based
on the basic two-phase composite model described in Chapter 3 of this thesis
and uses the findings from the autogenous healing experimental results for
validation.

• Healing is incorporated into the equivalent local stress equation of the (micro)
crack-plane relationship. This stress equation has contributions from the un-
cracked original material and from the proportion of micro-cracks that have
healed. A solidification strain ensures that the stress of the overall material
does not change at the instant of healing and a further micro-cracking param-
eter is included to allow the healed material to also micro-crack.

• The amount of healing and strength of this new material can be specified and
controlled. Different micro-cracking criteria and evolution functions are used
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for the original and healed material. This means that the model is highly
configurable.

• A simplified version of the self-healing model, that only considers volumet-
ric behaviour, proved to be a useful tool in understanding the impact of the
different damaging mechanisms after healing. The mechanistic nature of the
micromechanical model meant that it required very few material parameters,
all of which can be determined from macro-scale experiments. This is accom-
plished using an inverse parameter identification exercise using experimental
load CMOD data.

• The novel approach of applying the solidification principle to a healing model
and having a constitutive driver numerical implementation means that a range
of loading scenarios can be considered. For example, considering the impact
of healing when a beam remains under stress due to applied load.

• The constitutive self-healing micromechanical model was also incorporated
into a macroscopic layered beam model. This layered beam model allowed
straight forward comparison with experimental results. These comparisons
were favourable and showed that the healing model is applicable to a range
of cementitious materials.

• A layered beam model was used to investigate the impact of ageing material
properties and found that increasing the material strength of the uncracked
ligament had a limited effect on the overall strength recovery.

• This work is the first and essential step towards achieving a full thermo-hygro-
chemo-mechanical micro-scale model capable of representing the character-
istic response of a self-healing cementitious material. The concept used in
this work of adding components to a basic formulation leads to the creation
of a comprehensive micromechanical model for cementitious materials.

7.2 Recommendations for future work

This research has made a contribution towards understanding the autogenous heal-
ing that occurs in concrete structures. This alternative approach of using self-
healing to manage the deterioration of structures, will require an extensive and
comprehensive research programme, before being fully incorporated into the de-
sign process. This study has raised a number of interesting questions, in both the
modelling and experimental work, that if developed further would increase the un-
derstanding of autogenous healing in cementitious materials.
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There are many possible developments for a future micromechanical model.
Firstly, the performance of the current model could be further examined by consid-
ering how the mechanical strength gain changes with other loading conditions and
healing mechanism. To simulate loading scenarios, other than uniaxial loading, fur-
ther targeted experiments would be required. Autonomic healing experiments could
also be simulated using the healing micromechanical model. There is potential to
combine this current healing model with developing and ageing material proper-
ties, similar to the work in Chapter 4, examining the impact of healing with time.
However, this model would still only be able to solve an instantaneous healing prob-
lem. A major development in the capability of the micromechanical model would
be one where the healing could take place as the micro-cracks develop. Therefore,
resulting in continual damage and concurrent healing which would be particularly
relevant to predicting early age concrete response.

Only single mechanical components were considered in this research for both
inelastic strains and the healing model. Other components, such as plastic deforma-
tion, rough crack contact recovery and creep could be added, resulting in a numer-
ical model which has a range of compatible mechanical components which can be
chosen as required. Once a micromechanical model has the required components,
the goal would be to implement the code in a commercial FE structural analysis
package to allow wide dissemination and use in industry. Another important as-
pect to consider when modelling healing, is predicting when and how much healing
material arrives in the micro-cracks. This would require combining the mechanical
model with a thermo-hygro-chemical model.

This micromechanical model could provide guidance on which aspect and what
parameters to focus on in future experiments. For example, the micromechanical
healing model was most sensitive to the healing efficiency parameter (h) and exten-
sive inverse parameter identification could be carried out to find a measurement of
healing that can be related directly to the healing efficiency.

In order to make use of autogenous healing in design, there is a need to fully un-
derstand the processes at a laboratory scale. This research has shown that there are
limited comparable experimental studies on mechanical strength recovery of auto-
genous healing. This is, in part, due to there not being a standard test for measuring
mechanical healing and due to the wide range of variables to be considered when
working with cementitious materials. Future experiments, in combination with a
micromechanical model, could find out how these variables impact on the healing.
The limited number of experiments carried out during this investigative experimen-
tal work are not sufficient to be able to predict statistical relationships. Further
experimental work should ensure that there are sufficient numbers of experiments
to give trends and provide confidence limits for healing with different degrees of

151



damage.
Future experiments could revisit the indentation techniques used here, but this

would only be worthwhile if the micro-indenter apparatus was capable of record-
ing a dynamic response. A relationship between the mechanical strength recovery
of autogenous healing and permeability could be examined, but again this would
require a suitably designed experiment. In a real structure the serviceability load-
ing, often responsible for causing cracking, is likely to remain in place during any
healing process. Experiments, which can provide results for healing under-load
conditions, would be useful to validate the proposed model.

The author would like to mention that the self-healing modelling work in this
thesis will be developed and extended as part of a research grant called ‘Mate-
rials for Life (M4L): Biomimetic multi-scale damage immunity for construction
materials’ from EPSRC with reference EP/K026631/1. The M4L project, a consor-
tium between Cardiff University, University of Cambridge and University of Bath
will develop a multi-scale system using a range of interdisciplinary technologies to
promote and enable self-healing in construction materials. Inspired by nature, the
project will address a range of damage scenarios at a range of spatial and temporal
scales over the whole life cycle. The self-healing micromechanical model will play
a key role in this project.
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Appendix A

Direct Tensor Notation

Table A.1 shows the direct tensor font notation and Table A.2 shows the direct tensor
operation notation. These are used throughout this thesis unless otherwise stated.

Table A.1: Direct tensor notation font

Notation Physical quantity Font description

s = scalar or zero order tensor (light face italic small)
v = vector or first order tensor (boldface roman small)
σ = second order tensor (boldface greek)
T = third order tensor (boldface italic capital)
F = fourth-order tensor (boldface san serif capital)

Table A.2: Tensor operation notation

Direct tensor notation Summation convention

a = b · c a = bici
α = b⊗ c αi j = bic j
α = β · γ αik = βi jγ jk
a = β : γ ai = βi jγi j
A = β⊗ γ Ai jkl = βi jγkl
α = B : γ αi j = Bi jklγkl
A = B ·C Ai jmn = Bi jklCklmn

⊗ is referred to as the dyadic product, · is called the dot product and : is termed
the tensor contraction. Tensor operations follow notation used by Voyiadjis & Kat-
tan (2006) and Nemat-Nasser & Hori (1999). The summation convention is based
on Einstein’s summation of repeated indices.
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Appendix B

Experimental results

• Figure B.1: Autogenous healing 0.0 mm natural crack Set 1 Load-CMOD

• Figure B.2: Autogenous healing 0.18 mm natural crack Set 2 Load-CMOD

• Figure B.3: Autogenous healing 0.30 mm natural crack Set 3 Load-CMOD

• Figure B.4: Autogenous healing 0.1 mm narrow notch Set 4 Load-CMOD

• Figure B.5: Autogenous healing 0.2 mm narrow notch Set 5 Load-CMOD

• Figure B.6: Autogenous healing 0.3 mm narrow notch Set 6 Load-CMOD

• Figure B.7: Load-CMOD for 13 days self-healing narrow notch Set 7 and 8

• Figure B.8: Load-CMOD for 27 days self-healing narrow notch Set 7 and 8

• Figure B.9: Load-CMOD for 41 days self-healing narrow notch Set 7 and 8

• Figure B.10: Load-CMOD for 55 days self-healing narrow notch Set 7 and 8

• Figure B.11: SEM Images Set 7

• Figure B.12: Time lapse Set 7

• Table B.1: Anchor Scan Parameters: X’Pert Highscore PANanlytical soft-
ware
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Figure B.1: Autogenous healing 0.0 mm natural crack (NC) Set 1 Load-CMOD
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Figure B.2: Autogenous healing 0.18 mm natural crack (NC) Set 2 Load-CMOD
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Figure B.3: Autogenous healing 0.30 mm natural crack (NC) Set 3 Load-CMOD
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Figure B.4: Autogenous healing 0.1 mm narrow notch (NN) Set 4 Load-CMOD

159



 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

Lo
ad

 (
N

)

CMOD (mm)

0.2mm NN A
0.2mm NN B
0.2mm NN C

Control A
Control B

Control no healing A
Control no healing B

(a) 13 days SH

 0

 500

 1000

 1500

 2000

 2500

 3000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4
Lo

ad
 (

N
)

CMOD (mm)

0.2mm NN A
0.2mm NN B
0.2mm NN C

Control no healing A
Control no healing B

(b) 13 days SH magnified

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

Lo
ad

 (
N

)

CMOD (mm)

0.2mm NN A
0.2mm NN B
0.2mm NN C

Control A
Control B

Control no healing A
Control no healing B

(c) 27 days SH

 0

 500

 1000

 1500

 2000

 2500

 3000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

Lo
ad

 (
N

)

CMOD (mm)

0.2mm NN A
0.2mm NN B
0.2mm NN C

Control no healing A
Control no healing B

(d) 27 days SH magnified

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

Lo
ad

 (
N

)

CMOD (mm)

0.2mm NN A
0.2mm NN B
0.2mm NN C

Control A
Control no healing A
Control no healing B

(e) 35 days SH

 0

 500

 1000

 1500

 2000

 2500

 3000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

Lo
ad

 (
N

)

CMOD (mm)

0.2mm NN A
0.2mm NN B
0.2mm NN C

Control no healing A
Control no healing B

(f) 35 days SH magnified

Figure B.5: Autogenous healing 0.2 mm narrow notch (NN) Set 5 Load-CMOD
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Figure B.6: Autogenous healing 0.3 mm narrow notch (NN) Set 6 Load-CMOD
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Figure B.7: Load-CMOD for 13 days self-healing narrow notch (NN) Set 7 and 8
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Figure B.8: Load-CMOD for 27 days self-healing narrow notch (NN) Set 7 and 8
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Figure B.9: Load-CMOD for 41 days self-healing narrow notch (NN) Set 7 and 8
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Figure B.10: Load-CMOD for 55 days self-healing narrow notch (NN) Set 7 and 8
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(a) Flat surface 34x mag (b) Flat surface 101x mag (c) Flat surface 312x mag

(d) Flat surface 2.03Kx mag (e) Flat surface 7.67Kx mag (f) Flat surface 54.14Kx mag

(g) SH surface 34x mag (h) SH surface 101x mag (i) SH surface 312x mag

(j) SH surface 2.03Kx mag (k) SH surface 7.67Kx mag (l) SH surface 54.14Kx mag

Figure B.11: SEM Images Set 7
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(a) 0 min (b) 1 min (c) 3 min

(d) 6 min (e) 10 min (f) 15 min

(g) 20 min (h) 30 min (i) 40 min

(j) 50 min (k) 60 min (l) 150 min

Figure B.12: Time lapse Set 7
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Table B.1: Anchor Scan Parameters: X’Pert Highscore PANanlytical software

Dataset Name concrete sample
File name concretesample.RD
Sample Identification concrete sample
Comment X’Pert Industry
Measurement Date/Time 20/06/2013 15:38:00
Raw Data Origin PHILIPS-binary (scan) (.RD)
Scan Axis Gonio
Start Position [◦2θ] 5.0000
End Position [◦2θ] 80.0000
Step Size [◦2θ] 0.0200
Scan Step Time [s] 0.5000
Scan Type Pre-set time
Offset [◦2θ] 0.0000
Divergence Slit Type Fixed
Divergence Slit Size [◦] 1.0000
Specimen Length [mm] 10.00
Receiving Slit Size [mm] 0.0500
Measurement Temperature [◦C] 0.00
Anode Material Cu
K-Alpha1 [Ȧ] 1.54060
K-Alpha2 [Ȧ] 1.54443
K-Beta [Ȧ] 1.39225
K-A2/K-A1 Ratio 0.50000
Generator Settings 0 mA, 0 kV
Diffractometer Type PW1710
Diffractometer Number 1
Goniometer Radius [mm] 173.00
Dist. Focus-Diverg. Slit [mm] 91.00
Incident Beam Monochromator No
Spinning No
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