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Abstract. An explicit formula is presented for the norm if 1 < p < oo and for the
quasi-norm if 0 < p < 1 of a linear vector-functional L : H — [, on a Hilbert space
H and the set of all extremal elements is described. All eigenvalues and eigenvectors
of a nonlinear homogeneous operator entering the corresponding Euler’s equation, are
written out explicitly.

1 Introduction

Let H be a complex Hilbert space with the inner product (x,y),z,y € H,and [ : H — C
be a continuous linear functional on H. By the well-known Riesz Theorem it has the
form Lz = (x,e),z € H, where the element e is uniquely defined by the functional [.
Moreover, [|l||g—c = ||e|| and each extremal element x, that is an element = € H, x #0,
for which |lz| = ||l||z—c ||z]| has the form x = ce where ¢ € C, ¢ # 0. (See, for example,
[3], Section 3.8 for detailed proof, corollaries and applications.)

We consider the case of a linear vector-functional

L - {lk}leI )

where m € N or m = oo and [, : H — C are continuous linear functionals on H. By
the Riesz Theorem there exist uniquely defined elements e, € H such that

Lo ={(x,ex)}1r,, x € H. (1.1)
Let {ex}7-, be an orthogonal system of non-zero elemets in H, i. e.
(ei,ex) =0, i,k=1,m,i#k; (exer) >0, k=1,m

and let, for z = {z}}~; C Cand 0 < p < o0,

(Xlal)” i 0<p<o,
k=1

sup |zx| if  p=o0.
k=1,m

Izll, =
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We consider the problem of calculating ||L||,, the norm if 1 < p < oo and the
quasi-norm if 0 < p < 1, of the vector-functional L as an operator acting from H to [,
that is

1

. )
(2 lwenl)’
VLl = Ll = sup 1EZ gy i
z€H,z#£0 ||| z€H,x#£0 | z]]

)

and of describing for the case ||L||, < oo the corresponding set E, of all extremal
elements, that is

L
Ep:{er: x40, %:HLHP}.

We derive Euler’s equation for this extremal problem and investigate the nonlin-
ear homogeneous operator entering this equation. We find all its eigenvalues and all
corresponding eigenvectors.

2 Main results

Lemma 2.1. Let 0 < p < 0o and ||L||, < co. If0 < p <2 and x € E,, then (z,e;) # 0
forallk =1,m. If2 < p < oo, then there exists v € E, such that (z,e;) =0 for some
k=1,m.

Lemma 2.2. (Euler’s equation) Let 0 < p < co. If | L]|, < 0o and x € E,, then

NE

m
(2, er) P < o0, Y |(@ en) P77V lex® < o0
1 k=1

>
Il

and there exists A\ = \(x) € C such that

Iz (Z| 2, e |p) Z| z,en) P2z, ex) en = A (2.1)

(By Lemma 2.1 (z,e;,) #0, k=1, m, for 0 < p < 2, hence the quantities |(x, e)[>®~V,
|(z, ex)|P~2 respectively, are defined for allx € E,. If (z,ex) = 0 for all k = 1,m, which
is not excluded if p > 2, then it is assumed that the left-hand side of this equality is
equal to 0.)

We note the following particular cases of equality (2.1). For p = 1 equality (2.1)
takes the form
- (l‘, ek)
||| ———= e =\
,; |(z, ex)|

and for p = 2 equality (2.1) takes the form

-

ol (D 1(weu)?) St en)en = s

k=1
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Equality (2.1) implies that

Let, for 2 < p < o0,

D, = {x eH: Y |(xen)lP <oo, Y [(w,en) PP e < oo}.

k=1 k=1

and, for 0 < p < 2,

D, = {xEH: (r,ex) #0, k=1,m Z x, e Z](x,ek)|2(p’1)||ek\|2<oo}.
k=1 k=

Consider the nonlinear homogeneous operator A, : D, — H defined by the left-
hand side of equality (2.1):

px_||x||(§m:|xek|p) Z|xek P2z, e1,) e (2.2)

Clearly, equation (2.1), together with the assumption (x,ex) # 0, k = 1, m for
0 < p < 2 based on Lemma 1, is equivalent to the eigenvalue problem

Ax=Xx, z€D,. (2.3)

Denote by A, the set of all eigenvalues of the operator A,. Note that A, C [0, 00).
The case A = 0 is trivial. If 0 < p < 2, then equation (2.1) and Lemma 1 imply that
0¢ A, Let 2 <p < ooand let Hy be the closed linear subspace spanned by the
system {ex}7,. If Hy = H, then equality (2.1) with A = 0 implies that z = 0, hence
0¢ A, If Hy # H, then 0 € A, and each element z € Hg-,x # 0, is an eigenvector
corresponding to the eigenvalue 0.

Denote by A the set of all positive eigenvalues of the operator A,.

Theorem 2.1. 1. If 0 < p < 2, then

a—_ 20
%) it > |lex]|z? = o0,
A+ = 11 k=1
p m 2p \p 2 . Ui 2p
(X Nlesl)" it 52 fleall™ < o0
k=1 k=1
m 20\ 573
For \ = ( > ||ek||2fp> < 00 each corresponding eigenvector x has the form
k=1

e 2(p-1)
w=p Y aglle]| = e,
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where p > 0,ax, € C,|ag] =1,k =1,m.
2. If p=2, then
+ _ m
A = {llexll}iy

and for any X\ € Ay each corresponding eigenvector x has the form

where ¢ € C,0 < Y |crl?|lex]]* < oo and
kES)

1_1
AF = {( ffp)p 2} :
p Z lexll= @£Sc{1,....m}

where the set @ # S C {1,...,m} is such that ||ek||% < 00.
kesS

For any \ € A;; each corresponding eigenvector x has the form

2(p—1)
v=p Y alle] e,
keSy

where p > 0,a5, € C, |ax| = 1,k € Sy, and the set Sy C {1,...,m} is such that

_1
2

(X lleel =)™ " = .

keSy

B =

Corollary 2.1. Let 0 < p < oo. If

Z||ek||%:oofor0<p<2 or sup |lex|| =00 for 2 <p< oo,

k=1 k:l,m
then
IL]l, = oo
Otherwise
|L]l, = sup A < oo

Corollary 2.2. Let {ey}7, be an orthonormal system in H.
1. If 0 < p < 2, then

Af =

p

{ o] if m=o00,
{mii%} if meN.

1

1
For A\=m?» 2 m € N, each corresponding eigenvector x has the form

m
r=u E ag€g ,
k=1

135
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where p > 0,ax, € C,|lag| =1,k =1,m.
2. If p=2, then A = {1} and each eigenvector corresponding to the eigenvalue 1

has the form
m
Tr = E Ck€
k=1

m
where ¢ € C and 0 < > |ex]? < oo.
k=1

3. If2 < p< o0, then
A+ = 5%_%}

P

m

s=1"

S =
SIS

(s = 1,m) each corresponding eigenvector has the

m
T=H E Ap€r ,
k=1

where > 0, exactly s coefficients ap € C are not equal to 0, and |agx| = 1 for all
nonzero coefficients.

For the eigenvalue N = s
form

Theorem 2.2. 1. If 0 < p < 2, then

m 2 1 %
12l = (3 Neli=)" 7,
k=1

and, if 2 < p < oo, then

ILllp = sup [lex]-
k=1,m

2. Let ||L||, < o0. If 0 < p < 2, then

“ 2(p-1) —
E, = {u E aglex| e > 0; ap €C, lag| = 1,k = 1,m}.
k=1

If2 <p<oo, let

K={k=Tm: llex| = sup fles]}

s=1m
If K =0, then £, = 2. If K # @, then
E, = {chek o, €C,0< Z ekl |lex || < oo}
keK keK

and for 2 < p < oo
Ep:{ckek:keK, ckG(C?ck%O}.
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Corollary 2.3. Let {ex}7, be an orthonormal system in H. Then

oo if 0<p<2, m=o,
1
L[, =<2 mr 2 if 0<p<?2 meN,
1 if 2<p<o0, meNorm=o0.

Moreover,

Ep:{u Zakek:,u>0; ap € C, |ag| =1,k

k=1

——

1,m

for0 <p<2andm €N,
Ey, = {chek:ck EC,O< Z|Ck|2 <OO}
keK keK

and

Ep:{ckek:k: , M, ckEC,ck%O}
for2 < p < oo.

Remark 2. Theorem 2.2 is a corollary of Theorem 2.1 It is also possible to give a proof
of Theorem 2.2 without applying Theorem 2.1, by using Holder’s and Jensen’s inequal-
ities and investigating the cases in which equalities are attained in these inequalities.

Remark 3. For the case H = Ly(I"™), where I™ = (0,1)" is the unit cube in R",
1 < p<oo,méeN and for the linear vector-functionals L defined by the functions

(1) o!Qaa(t)
1Qa2llZ,1m)

eq(t) =

, teR",

where o = (o, ...,a,), ; are non-negative integers, |a| = a; + -+ a, =1 € N,
al =aq!- !,

QQ,Q = Qa1,2 te Qan,2 )

and (), 2 is a polynomial of order o € N of least deviation from zero in Ls(0, 1),
Theorems 2.1 and 2.2 were proved in [1], [2].

However, it appeared that, in fact, results in [1], [2] are particular cases of general
statements of functional analysis for vector-functionals in Hilbert spaces formulated
above.
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