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UNIT SPECTRA OF K-THEORY
FROM STRONGLY SELF-ABSORBING C*-ALGEBRAS

MARIUS DADARLAT AND ULRICH PENNIG

ABSTRACT. We give an operator algebraic model for the first group of the unit spectrum gl; (KU)
of complex topological K-theory, i.e. [X, BGL1(KU)|, by bundles of stabilized infinite Cuntz C*-
algebras O ® K. We develop similar models for the localizations of KU at a prime p and away from
p. Our work is based on the Z-monoid model for the units of K-theory by Sagave and Schlichtkrull
and it was motivated by the goal of finding connections between the infinite loop space structure of
the classifying space of the automorphism group of stabilized strongly self-absorbing C™*-algebras
that arose in our generalization of the Dixmier-Douady theory and classical spectra from algebraic

topology.
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Suppose E* is a multiplicative generalized cohomology theory represented by a commutative

ring spectrum R. The units GL1(E°(X)) of E°(X) provide an abelian group functorially associated

to the space X. From the point of view of algebraic topology it is therefore a natural question,

whether we can lift GL; to spectra, i.e. whether there is a spectrum of units gly(R) such that

gli(R)°(X) = GL1(E°(X)).

M.D. was partially supported by NSF grant #DMS-1101305.
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2 MARIUS DADARLAT AND ULRICH PENNIG

It was realized by Sullivan in [22] that gl (R) is closely connected to questions of orientability in
algebraic topology. In particular, the units of K-theory act on the K-orientations of PL-bundles.
Segal [21] proved that the classifying space {1} x BU C Z x BU for virtual vector bundles of
virtual dimension 1 equipped with the H-space structure from the tensor product is in fact a I'-
space, which in turn yields a spectrum of a connective generalized cohomology theory bu, (X).
His method is easily extended to include the virtual vector bundles of virtual dimension —1 to
obtain a generalized cohomology theory gli(KU)*(X) D buf(X) answering the above question
affirmatively: GL1(K%(X)) = gl1(KU)?(X). Later May, Quinn, Ray and Tornehave [15] came up
with the notion of F..-ring spectra, which always have associated unit spectra.

Since gli(R) is defined via stable homotopy theory, there is in general no nice geometric
interpretation of the higher groups even though R may have one. In particular, no geometric
interpretation was known for gl (KU)*(X). In this article we give an operator algebra interpreta-
tion of gly (KU)'(X) as the group of isomorphism classes of locally trivial bundles of C*-algebras
with fiber isomorphic to the stable Cuntz algebra O, ® K with the group operation induced by
the tensor product. In fact one can also recover Segal’s original infinite loop space BBUg as
BAut(Z ® K), where Z is the ubiquitous Jiang-Su algebra [23]. For localizations of KU we obtain
that gli(KU,))'(X) is the group of isomorphism classes of locally trivial bundles with fiber iso-
morphic to the C*-algebra M, (») @ O @K with the group operation induced by the tensor product.
Here My is a C*-algebra with Ko(M,)) = Z,, K1(M(,)) = 0 that can be obtained as an infinite
tensor product of matrix algebras.

Our approach is based on the work of Sagave and Schlichtkrull [18, 19], who developed a
representation of gl; (R) for a commutative symmetric ring spectrum R as a commutative Z-monoid.
Motivated by the definition of twisted cohomology theories, we study the following situation, which
appears to be a natural setup beyond the case where R is K-theory: Suppose G is an Z-space,
such that each G(n) is a topological group acting on R,. To formulate a sensible compatibility
condition between the group action s and the multiplication p® on R, we need to demand that G

itself carries an additional Z-monoid structure u& and the following diagram commutes:

Km X Kn

G(m) X R, x G(n) X R, R,, X R,
(ufn,nwﬁ,n)wl luﬁ,n

GmUn) X Ry

Rm+n

Km4n

where 7 switches the two middle factors. Associativity of the group action suggests that the
analogous diagram, which has G(n) in place of R,, and u® instead of p?, should also commute.
This condition can be seen as a homotopy theoretic version of the property needed for the Eckmann-
Hilton trick, which is why we will call such a G an Eckmann-Hilton Z-group (EH-Z-group for short).

Commutativity of the above diagram has the following important implications:



UNIT SPECTRA OF K-THEORY FROM STRONGLY SELF-ABSORBING C*-ALGEBRAS 3

e the Z-monoid structure of G is commutative (Lemma 3.2),

e the classifying spaces B,G(n) with respect to the group multiplication v of G form a
commutative Z-monoid n — B,G(n),

e if G is convergent and G(n) has the homotopy type of a CW-complex, then the I'-spaces
associated to G and B,G satisfy B,I'(G) ~ I'(B,G), where B,I'(X) for a commutative
Z-monoid X denotes the I'-space delooping of I'(X) (Theorem 3.6).

Let 2°°(R)*(n) be the commutative Z-monoid with associated spectrum gl (R). If G acts on R
and the inverses of G with respect to both multiplicative structures & and v are compatible in
the sense of Definition 3.1, then the action induces a map of I'-spaces I'(G) — I'(Q*°(R)*). This
deloops to a map B,I'(G) — B,I'(Q2*°(R)*) and we give sufficient conditions for this to be a strict
equivalence of (very special) I'-spaces.

In the second part of the paper, we consider the EH-Z-group G4(n) = Aut((A @ K)®")
associated to the automorphisms of a (stabilized) strongly self-absorbing C*-algebra A. This class
of C*-algebras was introduced by Toms and Winter in [23]. It contains the algebras Oy and
M) alluded to above as well as the Jiang-Su algebra Z and the Cuntz algebra Os. It is closed
with respect to tensor product and plays a fundamental role in the classification theory of nuclear
C*-algebras.

For a strongly self-absorbing C*-algebra A, X — K(C(X)®A) turns out to be a multiplicative
cohomology theory. In fact, this structure can be lifted to a commutative symmetric ring spectrum
KU# along the lines of [10, 12, 7]. The authors showed in [5] that BAut(A ® K) is an infinite loop
space and the first space in the spectrum of a generalized cohomology theory E’(X) such that
E%(X) = Ko(C(X) ® A)Y, in particular E(O%o (X) =2 GL1(K°(X)), which suggest that By (X) =
gli(KU)*(X). In fact, we can prove:

Theorem 1.1. Let A £ C be a separable strongly self-absorbing C*-algebra.

(a) The EH-I-group G4 associated to A acts on the commutative symmetric ring spectrum KU4
inducing a map T'(G4) — T(Q®°(KUA)*).

(b) The induced map on spectra is an isomorphism on all homotopy groups 7, with n > 0 and the
inclusion Ko(A)Y — Ko(A)* on m.

(¢) In particular BAut(A ® Os ® K) ~ BGL(KUA) and gli(KU)Y(X) = Bunx (A ® O @ K),
where the right hand side denotes the group of isomorphism classes of C*-algebra bundles with
fiber A ® Oy ® K with respect to the tensor product ®.

We also compare the spectrum defined by the I'-space I'(B,G 4) with the one obtained from
the infinite loop space construction used in [5] and show that they are equivalent. The group
gli (KUY (X) alias F1(X) is a natural receptacle for invariants of not necessarily locally trivial
continuous fields of C*-algebras with stable strongly self-absorbing fibers that satisfy a Fell con-
dition. This provides a substantial extension of results by Dixmier and Douady with gl (KU%)
replacing ordinary cohomology, [5]. The above theorem lays the ground for an operator algebraic
interpretation of the “higher” twists of K-theory. Twisted K-theory as defined first by Donovan
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and Karoubi [8] and later in increased generality by Rosenberg [17] and Atiyah and Segal [2] has
a nice interpretation in terms of bundles of compact operators [17]. From the point of view of
homotopy theory, it is possible to define twisted K-theory with more than just the K(Z, 3)-twists
[1, 14] and the present paper suggests an interpretation of these more general invariants in terms
of bundles with fiber O, ® K. We will pursue this idea in upcoming work.

Acknowledgements. The second named author would like to thank Johannes Ebert for many useful
discussions and Tyler Lawson for an answer to his question on mathoverflow.net. The first named

author would like to thank Jim McClure for a helpful discussion on localization of spectra.

2. PRELIMINARIES

2.1. Symmetric ring spectra, units and Z-spaces. Since our exposition below is based on
symmetric ring spectra and their units, we will recall their definition in this section. The standard
references for this material are [11] and [13]. Let ¥,, be the symmetric group on n letters and let
8" = 81 A .- A S! be the smash product of n circles. This space carries a canonical ¥,-action.
Define SY to be the two-point space. Let Top be the category of compactly generated Hausdorff

spaces and denote by T op, its pointed counterpart.

Definition 2.1. A commutative symmetric ring spectrum Ro consists of a sequence of pointed
topological spaces R,, for n € Ng = {0, 1,2, ...} with a basepoint preserving action by ¥,, together
with a sequence of pointed equivariant maps 7, : S™ — R,, and a collection ji, , of pointed X, X ¥,,-
equivariant maps

tmn: B AN Ry — Ryqn

such that the following conditions hold:

(a) associativity: ppiq.r © (fpg AN1dR,) = fip.g+r © (dRr, A tigr),
(b) compatibility: g, 40 (Mp ANg) = NMptq
(¢) commutativity: The following diagram commutes

Hm,n

Ry A Ry —% Rinin

twl J/Tm,n

R, \NR,, ﬁ' n-+m

n,m

where tw is the flip map and 7, ,, is the block permutation exchanging the first m letters with

the last n letters preserving their order.

In order to talk about units in a symmetric ring spectrum with respect to its graded multipli-
cation Ly n: Ry A Ry — Ryyin we need to deal with homotopy colimits. Given a small (discrete)
indexing category J and a functor F: J — Top, i.e. a diagram in spaces, we define its homotopy

colimit hocolim 7 F' to be the geometric realization of its (topological) transport category Tr with
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object space HjEObj(j) F(j) and morphism space Hj,j’eobj(J) F(j) x hom7(4,5"), where the source
map is given by the projection to the first factor and the value of the target map on a morphism
(z, f) € F(j) x homy(4,5") is F(f)(x) [25, Proposition 5.7].

To define inverses for the graded multiplication p of R, we need a bookkeeping device that keeps
track of the degree, i.e. the suspension coordinate. We follow the work of Sagave and Schlichtkrull

[18, 19], in particular [19, section 2.2], which tackles this issue using Z-spaces and Z-monoids.

Definition 2.2. Let Z be the category, whose objects are the finite sets n = {1,...,n} and whose
morphisms are injective maps. The empty set 0 is an initial object in this category. Concatenation
mUin and the block permutations 7, ,: mUn — nlUm turn Z into a symmetric monoidal category.
An Z-space is a functor X : Z — T ops.

Moreover, an Z-space X is called an Z-monoid if it comes equipped with a natural transfor-

mation pu: X x X — X o U of functors Z? — T op, i.e. a family of continuous maps
P X(m) X X(n) > X(mUn) ,

which is associative in the sense that 1i 4y © (idX(l) X fmn) = Mtmmn © (Him X idx(n)) for all
l,m,n € obj(Z) and unital in the sense that the diagrams

X(0) x X(n) 2% X (n) X(n) x X(0) % X(n)

X (n) X (n)

commute for every n € obj(Z), where the two upwards arrows are the inclusion with respect to the
basepoint in X (0). Likewise we call an Z-monoid X commutative, if

Hm,n

X(m) x X(n) — X(mUn)

SW\L iTm,n*

X(n) x X(m) % X(nUm)
commutes. We denote the homotopy colimit of X over Z by X7 = hocolimz(X). If X is an
Z-monoid, then (Xpz, 1) is a topological monoid as explained in [19, p. 652]. We call X grouplike,
if mo(Xpz) is a group with respect to the multiplication induced by the monoid structure.

Let NV be the category associated to the directed poset Ny = {0,1,2,...}. Note that there is
an inclusion functor N' — Z, which sends a map n — m to the standard inclusion n — m. This
way, we can associate a space called the telescope to an Z-space X: Tel(X) := hocolimy X. If X
is convergent, then Tel(X) — Xj7 is a weak homotopy equivalence. Any space Y together with a
continuous self-map f: Y — Y yields a functor F': N'— Top with F(n) =Y, F(n — m) = f(m="),
where f(™=") denotes the composition of m —n copies of f. We will denote the associated telescope
by Tel(Y; f) or Tel(Y) if the map is clear.
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As described in [19, section 2.3], a symmetric ring spectrum R, yields an Z-monoid Q*°(R) as
follows: Let Q°(R)(n) = Q"(R,,) with basepoint 7,. A morphism «: m — n uniquely defines a
permutation &: n = 11U m — n, which is order preserving on the first [ elements and given by «
on the last m entries. Mapping f € Q™(R,,) to

a1 77/\f Hi,m O
gn o gn U RIAR,, —> R, —2> R, .

yields the functoriality with respect to injective maps. The monoid structure is induced by the

multiplication of R, as follows

Hm,n

:um,n(fa 9)3 Sm A Sn g Rm A Rn - Rm+n

for f € Q™(R,,) and g € Q"(R,). If R is commutative, then Q°°(R) is a commutative Z-monoid.

Let Q>°(R)* be the Z-monoid of units of R given as follows Q°°(R)*(n) is the union of those
components of Q°°(R)(n) that have stable inverses in the sense that for each f € Q(R)*(n)
there exists g € Q%(R)(m), such that g, .m(f,9) and pmn(g, f) are homotopic to the base-
point of Q°°(R)(n U m) and Q°°(R)(m U n) respectively. Define the space of units by GLi(R) =
hocolimz(2°°(R)*).

If R is commutative, the spectrum of units associated to the I'-space I'(Q2*°(R)*) will be
denoted by gli(R). If R is convergent, then mo((Q2°°(R)*)nz) = GL1(mo(R)), I'(2°(R)*) is very
special and gly(R) is an Q-spectrum.

3. ECKMANN-HILTON Z-GROUPS

As motivated in the introduction, we study the following particularly nice class of Z-monoids.

Definition 3.1. Let Grp, be the category of topological groups (which we assume to be well-
pointed by the identity element) and continuous homomorphisms. A functor G: Z — Grp, is
called an Z-group. An Z-group G is called an Eckmann-Hilton Z-group (or EH-Z-group for short)
if it is an Z-monoid in Grp, with multiplication jiy, ,, such that the following diagram of natural

transformations between functors 72 — grp, commutes,

(Kmn X pom,n ) OT

G(m) x G(m) x G(n) x G(n) G(mUn) x G(m Un)

VUm XVUn i \LVWH—W,

G(m) x G(n) G(mUn)

Hm,n

(where vy, : G(n) x G(n) — G(n) denotes the group multiplication and 7 is the map that switches
the two innermost factors). We call G convergent, if it is convergent as an Z-space in the sense
of [19, section 2.2]. If all morphisms in Z except for the maps 0 — n are mapped to homotopy

equivalences, the EH-Z-group G is called stable (this implies convergence).
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Let ¢y, : 0 — m be the unique morphism. We say that an EH-Z-group has compatible inverses,
if there is a path from (i, Uidm)«(9) € G(m U m) to (idm U tym)«(g) for all m € obj(Z) and
g € G(m).

The above diagram is easily recognized as a graded version of the Eckmann-Hilton compatibil-
ity condition, where the group multiplication and the monoid structure provide the two operations.
Thus, the following comes as no surprise.

Lemma 3.2. Let G be an EH-Z-group. Then the T-monoid structure of G is commutative.
Proof. Let 1, € G(m) be the identity element. If ¢,,,: 0 — m is the unique morphism, then
tmx(1o) = 1. For g € G(n)
fmn(Lms 9) = pm,n(tmx(10), 9) = (4m Uidn)«po,n (1o, 9) = (tm Uidn)«(9)
by naturality. Let g € G(n), h € G(m), then
tmn (9> B) = tmn (Vi (L 9), vn (B 10)) = Vingen (ttmn (1, ), pan.n (B 1))
= Vm-n((tm Uidn)«(9), (idm U tn)+(R))
= Uptn (T, ns (idn U 40)(9) s T s (0, U idim )« (R))
= Tm,nxVntm ((idn U tm)«(9), (tn U idm)«(R)) = Tonnetin,m (B, 9)
In the last step we have used the fact that 7, ,. is a group homomorphism. O

Lemma 3.3. Let G be an EH-Z-group with compatible inverses, let g € G(m), then there is a path
connecting pm.m(g,971) € G(mUm) and 1y m € G(mUm).

Proof. Just as in the proof of Lemma 3.2 we see that

ponan(9,971) = Vi (b U idm)«(9), (idm U tm)(971)) -

But by assumption (idm U t,)«(g™!) is homotopic to (i, Uidm)«(g™1). We get

Vi ((tm Uidm)«(9), (4 U idm)*(g_l)) = (tm Uidm)«(vm(g, 9_1)) = (tm Uidm)«(1m)
proving the claim. O

Let G be an EH-Z-group and let A,: Z — Z" be the multidiagonal functor that maps n to
(n,...,n) € obj(Z"). Then we obtain an Z-monoid G(") from this via
G"(n) = (G x - x G)oA(n) =G(n)",
————

r times

where we define G(*) (n) to be the trivial group and G(l)(n) = (G(n). The multiplication is given
by
) G(m)" x G(n)" = (G(m) x G(n))" — G(m Lin)"

where the first map is reshuffling the factors in an order-preserving way and the second map is

Hmn = ,u%)n We can rephrase the fact that ¢,: G(m) — G(n) is a group homomorphism for every
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¢ € mor(Z) by saying that ve: (G x G) 0o As — G is a natural transformation. Thus, we obtain
face maps of the form

(92,---,9r) ifi=0
dip: G (0) = G V() 5 (91590 = S (g1, Va9 gis1)s -y 9r) HO<i<r
(gl,...,grfl) ifi=r

and corresponding degeneracy maps s;p : G — GO+ which insert the identity of G(n) after
the ith element. Altogether, we see that G(") is a simplicial Z-space. If we fix n, then G(')(n) isa
simplicial space. Its geometric realization is the classifying space of the group G(n), which we will
denote by B,G(n). Any morphism ¢: m — n in Z induces a simplicial map G(*)(m) — G(*)(n)
and therefore a map on the corresponding classifying spaces: B,G(m) — B,G(n). This way
n — B,G(n) becomes an Z-space, of which we can form the homotopy colimit (B,G)pz.

Alternatively, we can first form the homotopy colimit of the r-simplices to obtain the simplicial
space GEQ = hocolimz G, Let B,(Gyz) = ]Gg’z)\ As the notation already suggests there is not
much of a difference between these two spaces.

Lemma 3.4. Let J be a small (discrete) category, let X be a simplicial J-space, then ¢ —
|X®)(¢)| is a J-space, r — hocolimys X") is a simplicial space and there is a homeomorphism
lhocolim 7 X ()| 2 hocolim 7| X (®)| . In particular, we have (B,G)nz = B,(Grz) =: B,Gpz. Given
another category J', a functor F: J — J', a simplicial J'-space X' and a natural transforma-
tion k: X = X' o F, the following diagram, in which the vertical maps are induced by F and k,

commutes

%4

lhocolim 7 X (*)]| hocolim 7| X (®)|

l |

lhocolim 7 X'(%)| hocolim /| X"(*)|

Proof. The first two statements are clear, since the face and degeneracy maps are maps of J-spaces.
In particular, the space X (") of r-simplices is a J-space. Let Cg? be the transport category of X ()

and let N, ch) be the sth space of the nerve of ng). This is a bisimplicial space and we have
lhocolimy X )| = [|N,C P |a]r = |INCY|,|s & hocolim 7| X .

The functor F' in combination with the natural transformation yield a map of bisimplicial spaces
Nscgp — NSCEE,). So the last claim follows from the fact that the homeomorphism HNSC;")] slr =
|V, SC;“) |r|s is natural in the bisimplicial space. O

Lemma 3.5. Let G be a stable EH-I-group, such that G(n) has the homotopy type of a CW-

complex for each n. The inclusion map G(1)™ — G%) induces a homotopy equivalence for every

m € N. In particular, B,G(1) — B,Gpz is a homotopy equivalence.
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Proof. Since we assumed all maps G(m) — G(n) to be homotopy equivalences for every m > 1,
the Lemma follows from [19, Lemma 2.1] together with [21, Proposition A.1 (ii)]. O

Due to the Eckmann-Hilton condition the following diagram commutes

Hinln

G (m) x G (n) G (mUn)

di,m Xdi,n l idi,mUn

Gr=D(m) x G"~Y(n) — G~V (mUn)

Thus, G®) is a simplicial Z-monoid, which is commutative by Lemma 3.2. This implies that
n — B,G(n) is a commutative Z-monoid. Let B,G®): Z° — Top, be the Z*-space given by
B,G®) (ny,...,ng) = B,G(n1) X --- x B,G(ng). As explained in [19, section 5.2] there is a I'-space
I'(B,G) associated to B, G with

I'(B,G)(S) = hocolimpg) B,G®) o 7s

where mg: D(S) — Z° for S = {0,...,s} is the canonical projection functor. All G(") are com-
mutative Z-monoids. Therefore we have analogous I'-spaces I'(G(")) and T'(G). Following [21,
Definition 1.3], we can deloop T'(G): Let Y*)(S) = I'(G)([k] A S). This is a simplicial space and
B,T(G)(S) = [Y(®)(8)] is another T-space.

In [3] Bousfield and Friedlander discussed two model category structures on I'-spaces: a strict
and a stable one. The strict homotopy category of very special I'-spaces is equivalent to the
stable homotopy category of connective spectra [3, Theorem 5.1]. Instead of topological spaces,
Bousfield and Friedlander considered (pointed) simplicial sets as a target category. The discussion
in [20, Appendix B| shows that this difference is not essential. Recall from [3, Theorem 3.5] that
a strict equivalence between I'-spaces X and Y is a natural transformation f: X — Y, such that
fs: X(S) = Y(9) is a weak equivalence for every pointed set S with |S| > 2. This agrees with the

notion of strict equivalence given in [20].

Theorem 3.6. Let G be a convergent EH-Z-group, such that each G(n) has the homotopy type of
a CW-complex. Let B,Gyz be the classifying space of the topological monoid (Gpz,p). There is a
strict equivalence of very special I'-spaces B,I'(G) ~ I'(B,G) inducing a stable equivalence of the
induced spectra in the stable homotopy category.

In particular, B,Gpz ~ B,Grz. If G is stable, then B,,Gpz is a classifying space for principal
G(1)-bundles and B,G(1) is an infinite loop space.

Proof. Let GU®): T5 — Top, be the simplicial Z°-space given by
G (ny, ... n,) =G () x - x G (ny) .

Observe that G o 15 is a simplicial D(S)-space with |G(*®) o 75| = B,G®) o mg, therefore
Lemma 3.4 yields a homeomorphism I'(B,G)(S) = |T'(G®)(S)|. By the commutativity of the



10 MARIUS DADARLAT AND ULRICH PENNIG

diagram in Lemma 3.4, this is natural in S. Let |[T'(G(*)|(S) := |T(G*))(S)|. We obtain a levelwise
homeomorphism of I'-spaces I'(B,G) = |T'(G®))|. In particular, this is a strict equivalence. The
projection maps 7 : G (n) = G(n)” — G(n) = GV (n) induce

7: T(GT)(S) = T(G)(S) x --- x T(G)(S) .
For S = S° we have I'(G("))(S) = G;LTI), I'(G)(S) = Gpz. 7 fits into the commutative diagram

Ggg T GhIX'--XGhI
Tel(GW)) — "~ Tel(G) x - - x Tel(G)

in which the homotopy equivalences follow from [19, Lemma 2.1], since G is convergent. Note that
7 (Tel(G)M) = hﬂ(ﬂ'k(G(n)) X+ X m(G(n))), where the limit runs over the directed poset Np.
Moreover, 7 (Tel(G)") = lign(wk(G(nl)) X -+ X m,(G(ny))), where the limit runs over the poset
Nj. The map 7 is induced by the diagonal A,: Ny — Nj. Since the subset A,(Np) is cofinal in
0, we obtain an isomorphism on all homotopy groups and therefore — by our assumption on G —
a homotopy equivalence.
Let now S be arbitrary, let s = |S|. Let G,(LTI’S) = hocolimzs G(™). By [19, Lemma 5.1], the
natural map I'(G()(S) — GELTZ’S) is an equivalence. From the above, we obtain that 7: GEZTZ’S) —
Ggllz’s) X - X GSI’S) is an equivalence. The diagram

D(GM)(S) ——=T(G)(S) x - x T(G)(S)

:l % l:

r,s 1,s 1,s
Gl(lI) = >G§zz)x"‘XGl(zI)

shows that 7 is an equivalence for arbitrary S, which in turn implies that the induced map
7: B,D(GM)(S) — B,T(G)(S) x -+ x B,I'(G)(S) is an equivalence as well. Now observe that
B,|T(G®)|(S) = |B,I(G®)[(S) and [k] = B,I'(G®)(S) is a simplicial space satisfying the prop-
erties of [21, Proposition 1.5]. In particular, mo(B,I'(G)(S)) = mo((BuGhrz)®) is trivial. Therefore
B,T(G)(S) — Q|B,L(G®)|(S) = QB,|[(G®)|(S) is a homotopy equivalence, which is natural in
S. Altogether we obtain a sequence of strict equivalences

I'(B,G) ~ QB,I(B,G) ~ QB,|T(G"®)| ~ B,I'(G) .

We used that B, G is connected (and therefore I'(B,G) is a very special I'-space) in the first step.
S = SY together with Lemma 3.5 yields B,G(1) ~ B, Gz ~ B,Gjz in case G is stable. O

3.1. Actions of Eckmann-Hilton Z-groups on spectra. As was alluded to in the introduction,
the compatibility diagram of an EH-Z-group G from Definition 3.1 enables us to talk about the

action of G on a commutative symmetric ring spectrum R.
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Definition 3.7. Let G be an EH-Z-group and let R be a commutative symmetric ring spectrum.
Then G is said to act on R, if G(n) acts on R, via k,: G(n) X R, — R, such that

(i) Ky preserves the basepoint of R, and is ¥,-equivariant, where 3, acts on G(n) x R,, diagonally
and G(0) acts trivially on Ry,

(ii) the action is compatible with the multiplication in the sense that the following diagram com-

mutes
G(m) x Ry, x G(n) x Ry — "™ ~ R.. AR,
(uﬁ,nwﬁl,n)wl luﬁ,n
G(m (] 1’1) X Rm+n ot Rm+n

where 7 denotes the map that switches the two inner factors.

(iii) the action is compatible with stabilization in the sense that the following diagram commutes
for I,m,n € Ny with [ +m = n, 0, = pm o (m Aidg,,) and the order preserving inclusion
tm;n: M — n onto the last m elements

idsl NKEm,

G(m) x (S'A Rp) S'A Ry,

Lm nx* XUl,ml lal,m

G(n) X Rn Rn

Kn

Theorem 3.8. An action of an EH-Z-group G on a comm. symmetric ring spectrum R defines a
map of Z-monoids G — Q°(R), which sends g € G(n) to g -1y := kp(g,nn) € N°(R)(n) = Q"R,,.
If G has compatible inverses, this factors over a morphism G — Q°°(R)* of commutative Z-monoids,

which deloops to a map B,I'(G) — B,I'(Q>*(R)*). In particular, we obtain B, Gpz — BGL1(R).

Proof. To see that G — Q°°(R) really defines a natural transformation, observe that each morphism
a: m — n factors as o = & o ¢y, With & € 3, as explained in the paragraph after Definition 2.2.
Now note that

(g M) = aopit, (A (g Mm)) 0" = a0 tmmi(g) - o (i A1) 0@

= ax(g) - aompo a = ax(g) * M
where we used (i) and (iii) of Definition 3.7. That G — Q°°(R) is a morphism of Z-monoids is a
consequence of (ii). Indeed, for g € G(m), h € G(n)

Nﬁ,n(g *Tim, h - 7771) = //’gz,n(gv h) ' Nﬁ,n(nma nn) = Mg,n(% h) “Mm+n -

If G has compatible inverses, then g~! provides a stable inverse of g € G(n) by Lemma 3.3.
Forming homotopy colimits, we obtain a morphism of topological monoids Gz — GL1(R), which
deloops. O
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3.2. Eckmann-Hilton Z-groups and permutative categories. Given a permutative category
(C,®) and an object x € obj(C), there is a canonical commutative Z-monoid E, associated to
it: Let E,(n) = Ende(z®") (with 2% = 1¢), let @ € X, be the permutation associated to a
morphism «: m — n as above and define a,.: F,(m) — E,(n) by sending an endomorphism f to

Xn

a o (idyen-m @ f) o @', where the permutation group ¥, acts on " using the symmetry of C.

The monoid structure of F, is given by
pp: Ex(m) x E;(n) = E;(mUn) ; (f,9)— f®g.

Let Az(n) = Aute(z®") together with the analogous structures as described above. This is an
Eckmann-Hilton Z-group. Let C, be the full permutative subcategory of C containing the objects
%" n € Ny.

Definition 3.9. A strict symmetric monoidal functor #: Z — C, will be called a stabilization of
x, if (1) = = and for each morphism a: m — n in Z and each f € E,(m) the following diagram

commutes:

6(m) — > 0(m)

9(a)l i9(a)

f(n) —— f(n
(1) —— 0(n)
Lemma 3.10. Let t1: 0 — 1 be the unique morphism in Z. The map that associates to a stabi-
lization 6 the morphism 6(11) € home(1e,x) yields a bijection between stabilizations and elements

in home (1, ).

Proof. Note that a stabilization is completely fixed by knowing €(¢1), therefore the map is injective.
Let ¢ € hom¢(lc,z). Define 6(n) = z®" on objects. Let a: m — n be a morphism in Z and let
Q = &0 Ly, be the factorization as explained after Definition 2.2. Define (i, n) = P®n—m)
idyem: 2™ = 1?(n_m) @ z®™ — x®" and let 6(a@) be the permutation of the tensor factors. The
decomposition o = & 0 ¢, y, is not functorial, due to the fact that Boaand Bo (id Ua) differ by a
permutation. Nevertheless §(a) = 6(&) 0 §(tm,n) turns out to be functorial due to the permutation
invariance of ¢®*. It is straightforward to check that this is also strict symmetric monoidal. Let
f:a2®m — 2% be in E,(m). We have

O(a)o f=ao (@™ @idyen)o f = a0 (idenm®f)oa " ob(a)=af)ob(a) .
This shows that the map is also surjective. O

As sketched in [21] there is a I'-space I'(C) associated to a I'-category A¢, which is constructed
as follows: Let S be a finite pointed set and denote by S the complement of the basepoint of
S, then the objects of Ac(S) are families {zyy € obj(C) | U C S} together with isomorphisms
ay,y: Ty @ xy — Tyuy, whenever U NV = (), compatible with the symmetry of C and such that
xg = 1l¢ and zy ® gy — xy is the identity. The morphisms of A¢(S) are families of morphisms



UNIT SPECTRA OF K-THEORY FROM STRONGLY SELF-ABSORBING C*-ALGEBRAS 13

ﬁU7U/: Ty — Ty in C such that

ay,v
Ty @y Tyuv
Bu,u' @By, v i lﬁUuV,U/UV’
Ty & Ty Tyruve
O(U/!V/

commutes. We define I'(C)(S) = |A¢(S)|. Let C, be the full (permutative) subcategory of C
containing the objects x®" for n € Nj.

In the next lemma we will introduce a technical tool from simplicial homotopy theory: The
nerve of a topological category D is the simplicial space N, D = Fun([n],D), where [n] is the
category of the directed poset {0,...,n}. We define the double nerve of D as the bisimplicial space
NeN¢D with N,,N,,D = Fun([m] x [n], D). It consists of an m x n-array of commuting squares in
D. The diagonal functors diag,,: [n] — [n] x [n] induce a simplicial map ¢, : N,N,D — N, D.

Lemma 3.11. The simplicial map e induces a homotopy equivalence |NeNeD| — |NoD|.

Proof. To construct the homotopy inverse, let max,: [n] x [n] — [n] be given by max,(k,¥) =
max{k, (}, which completely determines its value on morphisms. We have max, o diag, = idy)-
Let (k,£) € [n] x [n]. There is a unique morphism x ) : (k,£) — (max{k, £}, max{k, £}). Therefore
there is a natural transformation x: idp, x [, — diag, o max,. From £, we can construct a functor

h:[n] x [n] x [1] = [n] x [n], which induces
H: NyNpD x hom([n] x [n], [1]) = NyNyD 5 (F, f) = Foho (idpxm % f) o diagp,«[, -
After geometric realization, H yields a homotopy inverse of diag,, o max,. 0

Let Sg: C; — Cy be the functor 22" — 2+ and f — f ®id,. Observe that
|Tel(NiCy; NiSe)|r = Tel(|NeCzl; | NeSw|) = Tel(|NoCz|) by Lemma 3.4 and that 6 provides a
natural transformation ide, — Sg. Therefore we obtain a map Tel(|NeCy|) — | NeNeCyl.

Lemma 3.12. The map Tel(|NeCy|) — |NeNeCx| constructed in the last paragraph is a homotopy

equivalence.

Proof. 0 yields a natural transformation ide, — Sg. Therefore | NoSg| is homotopic to the identity
and the map |NeCy| — Tel(|NoCz|) onto the 0-skeleton is a homotopy equivalence. Likewise,
[NeCy| — |NeNoC;| induced by the simplicial map NyC, — Ny;N,C, sending a diagram to the
corresponding square that has ¢ copies of the diagram in its rows and only identities as vertical
maps is a homotopy equivalence by Lemma 3.11 since composition with . yields the identity on
Ny C;. The statement now follows from the commutative triangle

Tel(|N.Cx|) |NoNoC:c|
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which finishes the proof. O
Theorem 3.13. Let x € obj(C) and let 0: T — C,, be a stabilization of x. Let G = A,. There is a

map of I'-spaces
®y: I'(B,G) = T'(Cy) -
If G is convergent and there exists an unbounded non-decreasing sequence of natural numbers Ay,

such that B,G(m) — |NeCz| is Ap-connected for all m > n, then ®¢ is an equivalence as well.

Proof. Lemma 3.4 yields a homeomorphism T'(B,G)(S) = |T(G*))(S)| with
I'(G™))(S) = hocolim D(S) G(™%) o rg. The last space is the geometric realization of the transport
category Tér)(S) with object space HdEObj(D(S)) G"%)(mg(d)) and morphism space

mor(70(S) = [ G (ms(d)) x hompsy(d, ) .
d,d’'€obj(D(S))
Given a diagram d € obj(D(S)), we obtain ny = d(U) € obj(Z) for every U C S and define
n; = d({i}). Let (g1,...9s) € GM(ny) x --- x G (n,). We may interpret g; as an r-tupel
(9j.4)jeq1,..ry of automorphisms g;; € G(n;) = Aute(0(n;)). If U,V C S are two subsets with
UNV =, then d yields two morphisms ny — nyyuy and ny — ngy, which form an isomorphism
wyy:nyUny — npuy in Z. Let apy = 0(wwy): 0(ny) @ 0(ny) — 0(npuy). Let ¢f;: n; — ny be
induced by the inclusion {i} C U and define g; v = [[;c; th7,(95:)- This does not depend on the
order, in which the factors are multiplied. The elements g; ;s fit into a commutative diagram

O(ny) ® O(ny) v, f(nyuy)

!]j,U@gj,Vl ig;‘,qu

f(ny) @ O(ny) T auy O(nyuv)

Thus, we can interpret the families g; ¢ for j € {1,...,7} as an r-chain of automorphisms of the

object (0(ny), ay,y) in Ac(S).
Let d’ be another diagram, let my = d'(U), L/U’V: my Umy — myyy and let Sy y = H(L’Uy).

A natural transformation d — d’ consists of morphisms ¢p: ny — my for every U € P(S). Let
fu = 0(pv), then the following diagrams commute:

g5,u ay,v

H(HU) —_—> 9(1’1(]) (9(11(]) & 9<nv) 9<nUUv)
fUi lfU fU®fvi lfqu
0(my) W 0(my) f(my) ® 6(my ) T e O(myuy)

the first since 0 is a stabilization, the second by naturality of the transformation. This is compatible
with respect to composition of natural transformations of diagrams. Altogether we have constructed
a bisimplicial map Nﬂ'G(r)(S) — NyN, Ac(S). Combining this with NyNyAc(S) — NeAc(S) from
Lemma 3.11, we obtain I'(B,G)(S) — I'(C)(S) after geometric realization.
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It remains to be proven that this map is functorial with respect to morphisms x: S — T in
T'°P. Recall that

N£7-C(;T)(S) = H H G d1 {S} X homD(S)(dl,dg) X - X homD(S)(dg,l,dg)
di,.. 7d@EOb‘](D( ) SGS

Let ky: NETG(T)(S) — NgTGT (T') be the induced map as defined in [19, section 5.2]. We have

Ko ((gj,i)z‘eS,jE{O,...,r}79017 . ,SOE_1> = ((hj,k)keT,je{O7...,r}7H*9017---aﬁ*@g_l)
where hjj, = HiEN—l(k) Lé,l(k)*(gj,i). If the left hand side lies in the component (di,...,dy),
then the right hand side is in (kud, ..., kedp) With (kedpm)(V) = dp(k~1(V)) for V. C T. Like-
wise (ke™)y = ¢;”_1(V). The functor .: Ac(S) — Ac(T) sends the object (vy,av,v)yycg to
(azﬁ_l(ﬁ), o1y n—l(f/))U 77 and is defined analogously on morphisms. Observe that the compo-

-----

phisms given by h; v : 8(k.d(V)) = 6(k.d(V)) with
hjv = H H LV Od(b ~1(k ))(gj,i) = H d( L K—1( gﬂ) 9jk=1(V)
keV 'LEn—l(k) i€~ (V)

for V.C T. The transformations ¢™ are mapped to H(Lp’;ll(v)) = f;’ll(v). This implies the

commutativity of

NTE(S) o NTEN(T)
%i i%
NN, Ac(S) s NN, Ac(T)

and therefore functoriality after geometric realization.
To see that @y is an equivalence for each S it suffices to check that B,Grz — |NGC| is a
homotopy equivalence due to the following commutative diagram

I'(B,G)(S) —=T(C)(95)

ﬁi i:

(B,Ghrz)® — |NJC|*

Let Tel(| NeCz|) be the telescope of | N Sg| as defined above. The conditions on the maps B, G(n) —
|NeC,| ensure that Tel(B,G) — Tel(|NoC,|) is a homotopy equivalence. Now we have the following

commutative diagram

B,Gnr INyNoCp| —— | NJCy|

:T T:

Tel(B,G) — Tel(|NoCs|)

in which the upper horizontal map is the one we are looking for. This finishes the proof. O
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4. STRONGLY SELF-ABSORBING C*-ALGEBRAS AND gl (KU%)

A C*-algebra A is called strongly self-absorbing if it is separable, unital and there exists
a *-isomorphism ¢: A — A ® A such that 1 is approximately unitarily equivalent to the map
I:A— A® A, l(a) = a® 14 [23]. This means that there is a sequence of unitaries (u,) in A
such that |upp(a)u) —(a)|| — 0 as n — oo for all @ € A. In fact, it is a consequence of [6,
Theorem 2.2] and [26] that ¢, [ and r: A - A® A with r(a) = 14 ® a are homotopy equivalent and
in fact the group Aut(A) is contractible [5]. The inverse isomorphism 1! equips K.(C(X) ® A)
with a ring structure induced by the tensor product. By homotopy invariance of K-theory, the
Ky-class of the constant map on X with value 1 ® e for a rank 1-projection e € K is the unit of this
ring structure. To summarize: Given a separable, unital, strongly self-absorbing C*-algebra A, the

functor X — K,(C(X) ® A) is a multiplicative cohomology theory on finite CW-complexes.

4.1. A commutative symmetric ring spectrum representing K-theory. A C*-algebra B is
graded, if it comes equipped Z/2Z-action, i.e. a *-automorphism a: B — B, such that o? = idp.
A graded homomorphism ¢: (B,a) — (B’,a’) has to satisfy ¢ o« = &/ o ¢. The algebraic tensor
product B ® B’ can be equipped with the multiplication and *-operation

(a@b)(d' &) = (~1) (ad' @ bY') and (aDb)* = (—1)%*"(a* & b%)

where a,a’ € B and b,/ € B’ are homogeneous elements and da denotes the degree of a. It is
graded via d(a®b) = da 4+ 0b modulo 2. The (minimal) graded tensor product B® B’ is the
completion of B ® B’ with respect to the tensor product of faithful representations of B and B’ on
graded Hilbert spaces. For details we refer the reader to [4, section 14.4].

We define S = Cj (R) with the grading by even and odd functions. The Clifford algebra C¢; will
be spanned by the even element 1 and the odd element ¢ with ¢ = 1. The algebra K will denote the
graded compact operators on a graded Hilbert space H = Hy & H; with grading Ad,, u = ((1) 0 ),
whereas we will use K for the trivially graded compact operators. If we take tensor products
between a graded C*-algebra and a trivially graded one, e.g. C/1®K, we will write ® instead of &.
It is a consequence of [4, Corollary 14.5.5] that (Cl; ® K)® (Cl @ K) = My(C) ® K = K, where
M;(C) is graded by Ad, with u= (§ ).

As is explained in [7, section 3.2], [12, section 4], the algebra S carries a counital, coassociative
and cocommutative coalgebra structure. This arises from a 1 : 1-correspondence between essential
graded x-homomorphisms S — A and odd, self-adjoint, regular unbounded multipliers of A [24,
Proposition 3.1]. Let X be the multiplier corresponding to the identity map on S , then the comul-
tiplication A: S-S ®Sis given by 1® X + X ® 1, whereas the counit e: S C corresponds to
0 € C, i.e. it maps f +— f(0).

Definition 4.1. Let A be a separable, unital, strongly self-absorbing and trivially graded C*-
algebra. Let KU be the following sequence of spaces

KU = homg, (S, (CH ® A@K)®") |



UNIT SPECTRA OF K-THEORY FROM STRONGLY SELF-ABSORBING C*-ALGEBRAS 17

where the graded homomorphisms are equipped with the point-norm topology.

KU is pointed by the 0-homomorphism and carries a basepoint preserving ¥,-action by
permuting the factors of the graded tensor product (this involves signs!). We set B®0 = C and
observe that K UOA is the two-point space consisting of the 0-homomorphism and the evaluation at
0, which is the counit of the coalgebra structure on S.

Let piym,n be the following family of maps
pmn: KUR ANKUR = KU 5 o A= (9 @) 0 A

To construct the maps 7,: S — K U;:‘, note that ¢t — tc¢ is an odd, self-adjoint, regular un-
bounded multiplier on Cy(R, C¢;). Therefore the functional calculus for this multiplier is a graded
x-homomorphism S — Co(R,C¢y). This in turn can be seen as a basepoint preserving map
St — homgr(§ ,Cl1). Now consider

Co(R,Cl) —» Co(R,CH o ARK) 3 f=fo(l®e),

where e is a rank 1-projection in K. After concatenation, we obtain a graded x-homomorphism
S — Co(R,Cl; ® A ® K) and from this a continuous map 7;: S* — homgr(g7 Ct ® A ® K).
Now let

iin: S = Co(R™,(CH @ A®K)®)  with iy = (m®... @) 0 Ay |
where A, : S — S is defined recursively by Ay = idg, Ay = A and A, = (A@id) oA,_1, for
n > 3. This yields a well-defined map 7, : S — KUZ.

Theorem 4.2. Let A be a separable, unital, strongly self-absorbing C*-algebra. The spaces KUZA

together with the maps e e and ne form a commutative symmetric ring spectrum with coefficients
T (KUL) = K, (A) .
Moreover, all structure maps KU;L4 — QKUT?H are weak homotopy equivalences for n > 1.

Proof. 1t is a consequence of the cocommutativity of A that A, is ¥, -invariant, i.e. for a permu-
tation 7 € ¥, and its induced action 7.: S® — S®" we have 7, 0 A, = A,,. If we let T act
on

Co(R™, (Cl ® A @ K)®) = (Ch(R, Cl ® A K))"

by permuting the tensor factors, then we have that 7, is invariant under the action of X, since
T 0y =Ty 0 (M®...@M) 0 Ay = (MB...@M) 0T Ap =y ,

which proves that 7, is X,-equivariant. The ¥, XX, -equivariance of fi,, 5, is clear from the definition

of the ¥, -action on KU? 1 and the symmetry of the graded tensor product. Associativity of

n
Ite,e (see Definition 2.1 (a)) is a direct consequence of the coassociativity of S and the associativity

of the graded tensor product. The map fip n(9m A 1) corresponds to the *-homomorphism

(@ 7n) 0 A = B ... 87 o(Am® Ap) o A .
——

n+m times
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By coassociativity we have (Am<§> Ap) oA = Aptpn. Therefore (ﬁm<§> M) © A = Tyin, which
translates into the compatibility condition of Definition 2.1. The commutativity of 1ie e follows
from the definition of the permutation action and the cocommutativity of the coalgebra structure
on S. Thus, the spaces KU indeed form a commutative symmetric ring spectrum.

To see that the structure maps induce weak equivalences, observe that for k > 1
Wk(KUf?) = 7TO(QI{:KVU;?) = Wo(homgr(g, Co(Rk, (CHLOK® A)@n)))

The algebra C¢; ® K with trivially graded K is isomorphic as a graded C*-algebra to C¢; @)K, where
K= ]K(H+ @ H_) is equipped with its standard even grading. Therefore

Co(R*, (Cl @ K ® A)®™) 2 Co(RF, (C @ A)P)B RO = Cy(RF, (Cl @ A)PMBK
and by [24, Theorem 4.7]
mo(homg, (S, Co(RF, (Cl @ A)PMBK) = KK (C, Co(RF, (Cly @ A)®™)) 22 K;_,(A)

where we used Bott periodicity and the isomorphism A®"™ = A in the last map. The structure map
KU — QKU;?H is now given by exterior multiplication with the class in KK (C, Cy(R,Cl; ® A))
represented by 71. But by definition this is a combination of the Bott element together with the
map A®K — (A®K)®? that sends a to a® (1®e), which is homotopic to an isomorphism, since A
is strongly self-absorbing. Thus, both operations induce isomorphisms on K-theory and therefore

also on all homotopy groups. Finally, we have for n € Z

Tn(KUZ) = colimp oo mpyk (KUR) = K, (A) . O

Remark 4.3. As can be seen from the above proof, the fact that A is strongly self-absorbing (and
not just self-absorbing, which would be A =2 A ® A) is important for the spectrum to be positive
fibrant.

Remark 4.4. Note that the spectrum KUZ is not connective. However, the Z-monoid Q> (R)* of
a symmetric ring spectrum R only “sees” the connective cover. In fact, Q°°(R),7 is its underlying
infinite loop space. This was already remarked in [18, Section 1.6] and was the motivation for the

introduction of J-spaces to also capture periodic phenomena.

4.2. The Eckmann-Hilton Z-group G4. Let A be a separable, unital, strongly self-absorbing
algebra and let G4(n) = Aut((4A ® K)®") (with (A ® K)®° := C, such that G4(0) is the trivial
group). Note that o € 3, acts on G 4(n) by mapping g € Ga(n) to o o go o', where ¢ permutes
the tensor factors of (A ®@ K)®". Let g € G4(m) and a: m — n. We can enhance G 4 to a functor
Ga:Z — Grp, via

ax(g) =ao (id(A®K)®(n_m) ®g)o at

with & as explained after Definition 2.2. Moreover, G 4 is an Z-monoid via

pmn: Ga(m) x Ga(n) = Ga(mUn) ; (g,h)—>g@h.
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Note that im0 and o, are induced by the canonical isomorphisms C ® (4 ® K)®" = (4 ® K)®"
and (A ®@K)®" @ C = (A @ K)®™ respectively.

Theorem 4.5. G4 as defined above is a stable EH-Z-group with compatible inverses in the sense
of Definition 3.1.

Proof. The commutativity of the Eckmann-Hilton diagram in Definition 3.1 is a consequence of
(g@h)-(d@h)=(g9-¢)2(h-h') for g, € Ga(m) and h,h’ € G4(n). Well-pointedness of G 4(n)
was proven in Corollary [5, Prop.2.6]. To see that non-initial morphisms are mapped to homotopy
equivalences, first observe that G 4 maps permutations to homeomorphisms, therefore it suffices to
check that
Aut(A®K) = Aut((A@K)®") ; g g®idgg)em-1

is a homotopy equivalence. But the target space is homeomorphic to Aut(A ® K) via conjugation
with a suitable isomorphism. Altogether it is enough to check that we can find an isomorphism
P: A9 K — (A ® K)®? such that

At(A®K) = Aut(A®K) ; g1 lo(g®idagk)od

is homotopic to idpyt(agk)- Let U I % (A®K) = (A®K)®? be the homotopy of [5, Thm.2.5] and
let ¢ = zﬁ(%) Then

~

$(5) o (9®idagk) o (§) for0<t<1

H: I x Aut(A®K) - Awt(A®K) ; g+—
g fort=0

satisfies the conditions.

Let g € Ga(m). To see that there is a path connecting (tm U idm)«(9) = id(agr)em @ g to
g ®@idagr)em, observe that 74: A® A — A® A with T74(a®b) = b®a is homotopic to the identity
by the contractibility of Aut(A®A) = Aut(A) [5, Thm.2.3]. Similarly, there is a homotopy between
K K®K - K® K with 7x(S ® T) = T ® S and the identity since Aut(K ® K) =2 PU(H) is
path-connected.

Thus, we obtain a homotopy between the identity on (4 ® K)®*™ @ (A @ K)®™ and the cor-
responding switch automorphism 7,,: (4 ®@ K)*™ @ (A @ K)®" = (A®@ K)*™ @ (A ® K)®™. But,
T © ([d(agr)em © 9) 0 T, = g @ id(agryem- O

Recall that KUA = homgr(§ , (Chy ®A®K)®”). There is a unique isomorphism, which preserves
the order of factors of the same type:

0, (Cl ® ARK)E" = (CH)®" @ (A K)®",

where — as above — the grading on both sides arises from the grading of C¢; and A ® K is trivially
graded. In particular, if o € ¥, is a permutation and o,: (Cf; ® A @ K)®" — (Cl; @ A @ K)®" is
the operation permuting the factors of the graded tensor product, then

(1) On 00 = (01 @ 01K 0 0,
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where o€ (C6)E" — (C£;)®" and 029K (A @ K)®" — (A ® K)®" are the corresponding per-

mutations. Thus, we can define an action of G4(n) on KU via

kn: Ga(n) x KU = KU 5 (9,9) = 0,0 0 (id e, @ 9) 000
1

Theorem 4.6. Let A be a separable, unital, strongly self-absorbing C*-algebra. Then the FH-
T-group G4 associated to A acts on the commutative symmetric ring spectrum KUZX via ke as
defined above. We obtain a map of very special T-spaces T'(G4) — T(Q®°(KUA)*), which induces
an isomorphism on all homotopy groups m, of the associated spectra with n > 0 and the inclusion
Ko(A)Y — Ko(A)™ onmo. If A is purely infinite [16, Def.4.1.2], this is an equivalence in the stable
homotopy category.

Proof. 1t is clear that k, preserves the basepoint of K U;:‘. The X,,-equivariance is a direct conse-
quence of (1). Indeed, we have for a permutation o € ¥,,, g € G4(n) and ¢ € KU:

O_A®]K (O_A®]K) —1

Hn( 70-030)
=0 o (id ® (67 0 go (62%K) 1)) 0 b, 000

= 9;1 o (U(Ch ® 0A®]K) ° (ld ®g) o (O_(Cﬂl ®O_A®K)—1 ° 9n 0o o

©go

=006, o(id®g)obyop=00kn(g ),

where we omitted the stars from the notation.
Let 7: C/Y™ @ (A@K)®" R CI" @ (AK)®™ — CLY™ T & (AR K)®™ " be the permutation
of the two middle factors, then 7 o (6,, ® 0r) = Optrn. This implies that

(Km(g, ) @ fin(h,¥)) 0 A = kimin(g @ b, (p @) 0 A)

for g € Ga(m),h € Ga(n), p € KUZ ¢ € KUA, which is the compatibility condition in Definition
3.7 (ii). The same argument shows that for [ +m =n, g € G(m) and ¢ € KUZ

(T ® km(g,9)) 0 A = kp(id ® g, (M B p) 0 A)

which is the crucial observation to see that diagram (iii) in Definition 3.7 commutes.

Thus, we have proven that G = G4 acts on the spectrum KU4. By Theorem 3.8 together with
Theorem 3.6 we obtain a map of I-spaces I'(B,G4) — B,I'(Ga) — B,I(Q®(KU%)*) where the
first map is a strict equivalence. We see from Lemma 3.3 that Gz is in fact a grouplike topological
monoid, i.e. Gz — QB,Gjz is a homotopy equivalence. Thus, to finish the proof, we only need to
check that Gz — GL1(KU?) = Q>®(KU#);; has the desired properties. Consider the diagram

Ghr GL(KU%)

NT T:

G(1) —= Q*(KU)*(1)
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where the vertical maps are given by the inclusions into the zero skeleton of the homotopy colimit.
The latter are equivalences by [19, Lemma 2.1]. By this lemma, we also see that wo(G L1 (KUA)) =
GL1(mo(KU#)) = GL1(Ko(A)) = Ko(A)*. It remains to be seen that

0: Aut(A®K) = QKU = homg (S, Co(R,ClH) @ AQK) ; g~ ki(g,M)

induces an isomorphism on all homotopy groups 7, with n > 0 and the inclusion Ko(A)} — Ko(A)
on 7y. The basepoint of the target space is now given by 77 instead of the zero homomorphism. ©

fits into a commutative diagram

Aut(A @ K) homg, (S, Co(R, C) @ A @ K)

X/

Pr(A®K)*

with ®(g) = g(1®e) and ¥(p) = 1 ®p, where 11 € homgr(é’\7 Co(R,Cty)) arises from the functional
calculus of the operator described after Definition 4.1. It was shown in [5, Thm.2.16, Thm.2.5] that
® is a homotopy equivalence. Let € € homgr(§ ,C) be the counit of S. The map ¥ factors as

U: Pr(A®K)* = homg (S, A@K) = homg (S, Co(R,Cl) © A © K)

where the first map sends a projection p to € - (8 8) and the second sends ¢ to ¢ ®7; o A and
applies the graded isomorphism to shift the grading to Cy(R,C¢;) only. Since the second map
induces multiplication with the Bott element, it is an isomorphism on my. It was proven in [5,
Cor.2.17] that mo(Pr(A ® K)*) = Ko(A)Z. The discussion after the proof of [24, Thm.4.7] shows
that the first map induces the inclusion Ko(A)} — Ko(A) on mp.

Let B be a graded, c-unital C*-algebra and define K/ (B) to be the kernel of the map
K'(C(S™) ® B) — K'(B) induced by evaluation at the basepoint. Here, we used the notation
K'(B) = ﬂg(homgr(g,BQAi)I?)) introduced in [24]. The five lemma shows that K/, (B) is in fact
isomorphic to K, (B), if we identify the latter with the kernel Ko(C(S™)® B) — Ko(B). Forn >0

we have the commutative diagram

*

T (Pr(A®K)*, 1®e) T (KU, 1)

i%

K (Co(R,Cl) ® A)

where the lower horizontal map sends [p] — [¢] € Kn(A) = ker(Ko(C(S™) ® A) — Ko(A)) to
[% ® <8 2)] € K/ (Co(R,Cl;) ® A). The same argument as for my above shows that this is an
isomorphism. Every element v: (5™, z9) — (Pr(A ®K),1® e) induces a projection p, € C'(S") ®
A®K. The vertical map on the left sends [y] to [p,] —[1g(gn)®1®e] € Ko(C(S",10)®A) = K, (A).
This map is an isomorphism by Bott periodicity. Finally, we can consider 7': S” — QKU{! as an
element ¢, € homgr(:S’\, C(S™) ® Ch(R,Cl) ® A ® K) (K trivially graded!). The vertical map
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on the right hand side sends [y'] to [(ng 1c<sr?>®771 )} € K, (Co(R,Cl) ® A). Tt corresponds to
the ‘subtraction of 1°, i.e. it corrects the basepoint by shifting back to the component of the zero
homomorphism. Its inverse is given by ¢ — ¢ ® (10(5’8@771 8), where @ is the addition operation
described in [24].

If A is purely infinite, we have Ko(A)} = Ko(A)*, which implies the last statement. This

finishes the proof. O

4.3. Applications. The infinite Cuntz algebra O is the universal unital C*-algebra generated by
countably infinitely many generators s; that satisfy the relations sjs; = d;; 1. It is purely infinite,
strongly self-absorbing, satisfies the universal coefficient theorem in KK-theory and for any locally
compact Hausdorff space X the unit homomorphism C — O, induces a natural isomorphism of
multiplicative cohomology theories K°(X) = Ko(C(X)) — Ko(C(X) ® Oc)-

Theorem 4.7. The very special I'-spaces I'(Gp. ) and T'(Q>®°(KU)*) are strictly equivalent, which
implies that the spectrum associated to I'(Gp.) is equivalent to gly(KU) in the stable homotopy
category. In particular, BAut(Ox ® K) is weakly homotopy equivalent to BBUg x B(Z/2Z).

Proof. The unit homomorphism C — Oy, yields T'(Q®(KUC)*) — T(Q>(KU®%<)*). To see that
this is a strict equivalence, it suffices to check that GLy(KU) — GLi (KU%) is a weak equivalence.
Let X be a finite CW-complex. The isomorphism [X, Q' (KU >)] 2 Ko(C(X) ® O) constructed
above restricts to [X, GL; (KU9*)] 2 GL; (Ko(C(X) ® Os)) and similarly with C instead of O.
The composition

GL1(K°(X)) 2 [X,GL(KU)] = [X,GLi(KU9*)] 2 GL1 (Ko(C(X) ® On))

is the restriction of the ring isomorphism K%(X) — Ko(C(X) ® Os) to the invertible elements.
By Theorem 4.6 we obtain a strict equivalence I'(Gp, ) — T'(Q®°(KU%=)*). Therefore the
zig-zag T(Go,) — T(Q®(KU%=)*) « T(Q>(KU)*) proves the first claim. From this, we get a
weak equivalence between BGL1(KU) ~ BBUg x B(Z/27Z) and B,G 4(1) = BAut(O ® K) using
Lemma 3.5 and the stability of G 4. O

The UHF-algebra M~ is constructed as an infinite tensor product of matrix algebras M,(C).
It is separable, unital, strongly self-absorbing with Ko(Mpe~) = Z[%], K1(Mp~) = 0. Likewise, if we
fix a prime p and choose a sequence (d;);en such that each prime number except p appears in the
sequence infinitely many times, we can recursively define A, 1 = A, ® My, , Ap = C. The direct
limit M) = lim A, is a separable, unital, strongly self-absorbing C*-algebra with Ko(My)) = Z)
— the localization of the integers at p — and K;(M,)) = 0.

Theorem 4.8. The very special I'-spaces I'(Gr, 20.,) and T'(Q2°(KUy,))*) are strictly equiva-
lent, which implies that the spectrum associated to I'(G M(p>®(’)oo) is equivalent to gli (KU ) in the
stable homotopy category. In particular, BAut(M,) ® O ® K) is weakly homotopy equivalent
to GL1(KU,). The analogous statement for the localization away from p is also true if M) is
replaced by My .
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. . .. M, O .
Proof. Consider the commutative symmetric ring spectrum KU, ® with homotopy groups

ng(KUM@)@O‘X’) = Z(p), W2k+1(KUM<P>®O°°) = 0. Note that the unit homomorphism C — M,) ®
O induces a map of spectra KU® — KUM®»®%< which is the localization map Z — Zp) on the
non-zero coefficient groups. Let S(,) be the Moore spectrum, i.e. the commutative symmetric ring
spectrum with E[l(S(p);Z) = Z(p) and E[k(S(p);Z) = 0 for k # 1. We have KUy, = KU A S
and mp(KU) — mp(KUpy)) = m(KU) @ Zp,) is the localization map. It follows that KUg,) —
KUM@ ®0 A Sp) + KU Mp)®Ocs g g zig-zag of my-equivalences. Just as in Theorem 4.7 we show
that it induces a zig-zag of strict equivalences I'(Q*°(KU(y))*) — D(Q® (KUM@ 0= A Sp))*)
[(Q°(KUM®)®O<)*) which shows that gli(KUy,)) is stably equivalent to gl (KUM»®0=) But
by Theorem 4.6 we have a strict equivalence I'(G 20, ) = ['(Q* (KU M) @O )*) " The proof for

the localization away from p is completely analogous therefore we omit it. O

In [5] the authors used a permutative category Bg to show that BAut(A ® K) carries an
infinite loop space structure: The objects of Bg are the natural numbers Ny = {0,1,2,...} and
hom(m,n) = {a € hom((A®K)®™ (AQK)®") | a((10e)®™) € GL1(Ko((A®K)®"))}, where e € K
is a rank 1-projection and (1 ®e)®? =1 € C. Since hom(0, 1) is non-empty, there is a stabilization
6 of the object 1 € obj(Bg) by Lemma 3.10. In fact, we may choose 6(¢1) € hom(C, A ® K) to be
0N = 1 ®e).

Theorem 4.9. Let A be a separable, strongly self-absorbing C*-algebra. Then there is a strict
equivalence of T'-spaces T'(B,G 4) — I'(Bg). In particular, the induced infinite loop space structures
on BAut(A ® K) agree.

Proof. Note that Autg, (1) = Aut(A ® K) and that the maps B,G4(m) = BAut((4 ® K)®") —
|NeBg| are homotopy equivalences for m > 0. Thus, the statement follows from Theorem 3.13. [0

The above identification may be used to prove theorems about bundles (and continuous
fields) of strongly self-absorbing C*-algebras using what is known about the unit spectrum of
K-theory. As an example let X be a compact metrizable space and consider the cohomology group
[X, BAuty(Os @ K)|, where we use the notation of [5]. Note that the third Postnikov section of
BAuty(On ®K) is a K(Z,3), let BAuty(Ooo @K) — K(Z, 3) be the corresponding map and denote
by F' its homotopy fiber. The composition BAut(K) — BAuto(Ox ® K) — K(Z,3), where the
first map is induced by the unit homomorphism C — O, is a homotopy equivalence. Therefore

we obtain a homotopy splitting
BAut(K) x F — BAuto(Os ® K)

and a corresponding fibration BAut(K) — BAuto(Ox ® K) — F. The weak equivalence between
BAutg(Ox ® K) and BBUg, ~ BBU(1) x BBSUyg, identifies F' with the corresponding homotopy
fiber of the third Postnikov section of BBUg, which is BBSUg. Thus, we obtain a short exact
sequence

0 — [X, BAut(K)] — [X, BAuto(On ® K)] = [X, F] = bsug(X) — 0
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The following was proven by Gémez in [9, Theorem 5].
Theorem 4.10. Let G be a compact Lie group. Then bsul(BG) = 0.
In light of our previous results, we obtain the Corollary:

Corollary 4.11. Let X be a compact metrizable space, let G be a compact Lie group and let P — X
be a principal G-bundle. Let av: G — Auto(Ox @ K) be a continuous homomorphism. Then the
associated Auty(Os ® K)-bundle Q@ — X given by Q = P X4 Autg(Ox ® K) is isomorphic to
Q X aq Auty(Ox ® K) for a principal PU(H )-bundle Q.

Proof. The class [Q] € [X, BAuty(Os ® K)] is the pullback of [Ba] € [BG, BAuty(Ox ® K)] via
the classifying map fp: X — BG of P. The diagram

[BG, BAuty(On ® K)] — [BG, F] = bsul,(BG)

| |

0 — [X, BAut(K)] — [X, BAuto(Ose © K)] X, F]

shows that [Q] is mapped to 0 in [X, F| = bsul, (X), which implies the statement. O
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