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MULTIFRACTAL SCENARIOS FOR PRODUCTS OF GEOMETRIC
LEVY-BASED STATIONARY MODELS

D.E. DENISOV AND N.N. LEONENKO

ABSTRACT. We investigate the properties of multifractal products of geometric Gauss-
ian processes with possible long-range dependence and geometric Ornstein-Uhlenbeck
processes driven by Lévy motion and their finite and infinite superpositions. We con-
struct the multifractal, such as log-gamma, log-tempered stable or log-normal tempered
stable scenarios. For that we use the general conditions for the £, convergence of cu-
mulative processes to multifractal limiting processes established in Denisov, Leonenko
(2015).

1. INTRODUCTION

Multifractal models have been used in many applications in hydrodynamic turbulence,
finance, genomics, computer network traffic, etc. (see, for example, Kolmogorov (1941,
1962), Kahane (1985, 1987), Novikov (1994), Frisch (1995), Mandelbrot (1997), Fal-
coner (1997), Schertzer et al. (1997), Harte (2001), Riedi (2003)). There are many
ways to construct random multifractal models ranging from simple binomial cascades
to measures generated by branching processes and the compound Poisson process (Ka-
hane (1985, 1987), Falconer (1997), Schmitt (2003), Harte (2001), Barral, Mandelbrot
(2002), Barral, Mandelbrot (2010), Bacry, Muzy (2003), Riedi (2003), Moerters, Shieh
(2004), Shieh, Taylor (2002), Schmitt (2003), Schertzer et al. (1997), Barral et al. (2009),
Ludena (2008),, Jaffard et al. (2010), Schmitt, Marsan (2001)). Jaffard (1999) showed
that Lévy processes (except Brownian motion and Poisson processes) are multifractal;
but since the increments of a Lévy process are independent, this class excludes the effects
of dependence structures. Moreover, Lévy processes have a linear singularity spectrum
while real data often exhibit a strictly concave spectrum.

Anh et al. (2008a,b, 2009a,b, 2010a) considered multifractal products of stochastic
processes as defined in Kahane (1985, 1987) and Mannersalo et al. (2002). Especially
Anh et al. (2008a) constructed multifractal processes based on products of geometric
Ornstein-Uhlenbeck (OU) processes driven by Lévy motion with inverse Gaussian or
normal inverse Gaussian distribution. They also described the behaviour of the ¢-th order
moments and Rényi functions, which are nonlinear, hence displaying the multifractality
of the processes as constructed. In these papers a number of scenarios were obtained
for ¢ € Q@ N[1,2], where @ is a set of parameters of marginal distribution of an OU
processes driven by Lévy motion. The simulations show that for ¢ outside this range,
the scenarios still hold (see Anh et al. (2010b)). In Denisov, Leonenko (2015) we gave
a rigorous proof that the above scenarios indeed hold outside of this range. We also
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constructed new scenarios which generalize those corresponding to the inverse Gaussian
and normal inverse Gaussian distributions obtained in Anh, Leonenko (2008), Anh et al.
(2008a). In the present paper we continue the research of Denisov, Leonenko (2015) and
construct new multifractal scenarios.

Section 2 recaptures some basic results on multifractal products of stochastic processes
as developed in Kahane (1985, 1987), Mannersalo et al. (2002) and Denisov, Leonenko
(2015). In particular Subsection 2.1 contains the general £, bounds for cumulative process
of multifractal products of stationary processes proved in Denisov, Leonenko (2015).
The novelty of the paper is an extension of the results of Denisov, Leonenko (2015) to
the class of supOU processes, which possesses long-range dependence by providing new
scenarios. The scenarios of this paper are largely based on the results of Subsection 2.1.
Section 3 establishes the general results on the scaling moments of multifractal products
of geometric OU processes in terms of the marginal distributions of OU processes and
their Lévy measures. Similar results for the finite and infinite superpositions of OU
processes are proved in the Section 4. The number of multifractal scenarios with exact
forms of the scaling function are given in the Sections 5-10.

2. MULTIFRACTAL PRODUCTS OF STOCHASTIC PROCESSES

This Section recaptures some basic results on multifractal products of stochastic pro-
cesses as developed in Kahane (1985, 1987),Mannersalo et al. (2010) and Denisov, Leo-
nenko (2015). We provide an interpretation of their conditions based on the moment
generating functions, which is useful for our exposition. Throughout the text the nota-
tion C| ¢ is used for the generic constants which do not necessarily coincide.

Following Denisov, Leonenko (2015) we introduce the following conditions:

A’. Let A(t), t € Ry = [0,00), be a measurable, separable, strictly stationary, positive
stochastic process with EA(t) = 1.
We call this process the mother process and consider the following setting:
A" Let A(t) = A®, i =0,1,... be independent copies of the mother process A, and

A be the rescaled version of A® :
AV LAD@, teR., i=0,1,2,...,

where the scaling parameter b > 1, and 2 denotes equality in finite-dimensional
distributions.

Moreover, in the examples, the stationary mother process satisfies the following
conditions:

A" Let A(t) = exp{X ()}, t € Ry, where X (¢) is a strictly stationary process, such
that there exist a marginal probability density function 7(x) and a bivariate prob-
ability density function p(xy,z9;t; — t2). Moreover, we assume that the moment
generating function

(2.1) M(¢) = Eexp{¢X(t)}
and the bivariate moment generating function
(2.2) M(Gr, Gostr — t2) = Eexp{G.X (1) + X (2)}

exist.
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The conditions A’-A" yield
EA (t) = M(1) = 1; VarAl (t) = M(2) — 1 = 03 < o0;

Cov(AP (1), A (t5)) = M(1,1; (£, — t)b') — 1, b > 1.
We define the finite product processes
(2.3) An(t) = T A () = exp {Z X (tbi)} te[0,1],
i=0 i=0
and the cumulative processes

t
(2.4) An(t):/ An(s)ds, n=0,1,2,. .. te[0,1],
0

where X (t),1=0,...,n,...., are independent copies of a stationary process X (t),t > 0.
We also consider the corresponding positive random measures defined on Borel sets B
Of R+ :

(2.5) un(B):/BAn(s)ds, n=012. ..

Kahane (1987) proved that the sequence of random measures p,, converges weakly almost
surely to a random measure y. Moreover, given a finite or countable family of Borel
sets B; on R, it holds that lim, o p1,(B;) = w(B;) for all j with probability one.
The almost sure convergence of A, (t) in countably many points of Ry can be extended
to all points in R, if the limit process A (¢) is almost surely continuous. In this case,
lim,, o0 An(t) = A(t) with probability one for all ¢ € R;. As noted in Kahane (1987),
there are two extreme cases: (i) A,(t) — A(t) in £; for each given ¢, in which case
A(t) is not almost surely zero and and is said to be fully active (non-degenerate) on Ry;
(ii) A,(1) converges to 0 almost surely, in which case A(t) is said to be degenerate on
R, . Sufficient conditions for non-degeneracy and degeneracy in a general situation and
relevant examples are provided in Kahane (1987) (Egs. (18) and (19) respectively.) The
condition for complete degeneracy is detailed in Theorem 3 of Kahane (1987). In our
work we present general conditions for non-degeneracy in Theorem 2.

The Rényi function of a random measure p, also known as the deterministic partition
function, is defined for ¢ € [0, 1] as

log EY 3" it (Lﬁ")>
T(q) = lim inf

2" —1
1
— liminf [ == ) log, B q(ﬂ")),
it (= ) o 3 (1

where I = [k27", (k+1)27"], k=0,1,...,2" — 1, ‘[,5’”
to the base b.
In Denisov, Leonenko (2015) we established convergence

is its length, and log, is log

(2.6) Aa(t) 22 A1), n— oo
For the limiting process we show that for some constants C' and C,
(2.7) O losn BA(H) EAY(t) < Cipa-logy BAT(1)

which will be written as
EAI(t) ~ t718 EAY(t)
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This allows us to find the scaling function

(2.8) <(q) = ¢ —log, EA? (1) = ¢ — log, M(q).
As is shown in Leonenko, Shieh (2013) for the exponentially decreasing correlations and
q € [1,2] there is a connection between Rényi function and the scaling function given by

(2.9) T(q) =<(q) — L.
The exact conditions are stated in Theorem 1 and Theorem 2.

An important contribution of Denisov, Leonenko (2015) is that we proved (2.6) for
general ¢ > 0. In comparison, in Mannersalo et al. (2002) convergence (2.6) was shown
for ¢ € [1,2] under an additional assumption A(t) € L£,. Additionally we simplified
significantly the conditions under which equations (2.6) and (2.7) hold. Finally we provide
a number of scenarios where scaling function can be written explicitly.

2.1. Scaling function for multifractal products. In this Subsection we give the main
results proved in Denisov, Leonenko (2015). Consider an integer ¢ > 2. Now we assume
additionally that A, (t) is a cadlag process. Let

(2.10) p(ur, ... ug1) = EAO)A(ur) ... Alug + -+ - + ug—1)
We require that the function p(uy, ..., u,_1) satisfies certain mixing conditions. Namely,
let m < g—1and C = {iy,...i,} be a subset of indices ordered in the increasing order

1<id; <...<iy <q—1 Consider the vector (uy,...,u,—1) such that u; = Aif j € C

and u; = 0 otherwise. Then we assume that for any set C the following mixing condition
holds

(2.11) Jim p(ur, .. ug1) = BA0)"EA(0)=7" - - EA(0)"™".
—00
The following result was proved in (Denisov, Leonenko, 2015, Theorem 2)

Theorem 1. Suppose that conditions A'-A" hold. Assume that p(uq, ..., u,—1) defined
in (2.10) is monotone decreasing in all variables. Let

(2.12) b1~ > EA(0)?

for some integer ¢ > 2, and

(2.13) (p(b",...,0") — 1) < 0.
n=1
Finally assume that the mizing condition (2.11) holds. Then,
(2.14) BA()? < o,
and A, (t) converges to A(t) in L, (and hence in L; for q¢ € [0,q]).
Now , for g > 1 let

(2.15) pq(s) = inf (

u€e(0,1]

EA(0)7"A(su)
EA(0)¢
Note that p,(s) < 0. For ¢ € (0,1) let

(2.16) pals) = sup

(o)

For ¢ < 1 it is easy to see that p,(s) > 0. Next result, see (Denisov, Leonenko, 2015,
Theorem 3) established the form of the scaling function.
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Theorem 2. Assume that A(t) € L, and p,(s) defined in (2.15) and (2.16) is such that

(2.17) S loa(b™)] < oc.

Then,
(2.18) EA9(t) ~ 2718 BAYD ¢ < [0 1],
and process A(t) is non-degenerate, that is P(A(t) > 0) > 0.

Using the above Theorems Denisov, Leonenko (2015) discusses further the log-normal
scenario, see Theorem 4 of Denisov, Leonenko (2015). Furthermore, the case of geometric
OU processes is considered in Theorem 5 of Denisov, Leonenko (2015). We discuss the
latter scenario in more details below

3. GEOMETRIC ORNSTEIN-UHLENBECK PROCESSES

This section reviews a number of known results on Lévy processes (see Bertoin (1996),
Kyprianou (2006)) and OU type processes (see Barndorff-Nielsen (1998, 2001), Barndorff-
Nielsen, Shephard (2001)) The geometric OU type processes have been studied also by
Matsui, Shieh (2009).

As standard notation we will write
k(z) =C{z; X} =logEexp{izX}, z€eR
for the cumulant function of a random variable X, and
KA{¢X}=logEexp{¢X}, (e€DCC

for the Lévy exponent or Laplace transform or cumulant generating function of the ran-
dom variable X. Its domain D includes the imaginary axis and frequently larger areas.

A random variable X is infinitely divisible if its cumulant function has the Lévy-
Khintchine form

d )
(3.1) C{z; X} =iaz — §z2 + / (e =1 —izuli_y ) (u)) v (du),
R
where a € R, d > 0 and v is the Lévy measure, that is, a non-negative measure on R
such that

(3.2) v ({0}) = 0, /Rmin (1,2) v (du) < oo.

The triplet (a,d, v) uniquely determines the random variable X. For a Gaussian random
variable X ~ N (a,d), the Lévy triplet takes the form (a,d,0).

A random variable X is self-decomposable if, for all ¢ € (0,1), the characteristic
function f(z) of X can be factorized as f(z) = f(cz) f.(z) for some characteristic
function f.(2), z € R. A homogeneous Lévy process Z = {Z (t), t > 0} is a continuous
(in probability), cadlag process with independent and stationary increments and Z (0) =
0 (recalling that a cadlag process has right-continuous sample paths with existing left
limits.) For such processes we have C'{z;Z (t)} = tC{z;Z (1)} and Z (1) has the Lévy-
Khintchine representation (3.1).
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If X is self-decomposable, then there exists a stationary stochastic process {X (t),
t > 0}, such that X (t) 2 X and

(3.3) X (t) = e MX (0) + /(0 Nz ),

for all A > 0 (see Barndorff-Nielsen (1998)). Conversely, if {X (¢),t > 0} is a stationary
process and {Z (t),t > 0} is a Lévy process, independent of X (0), such that X (¢) and
Z (t) satisfy the It6 stochastic differential equation

(3.4) dX (t) = —\X (t)dt + dZ (ML),

for all A > 0, then X (t) is self-decomposable. A stationary process X (¢) of this kind is
said to be an OU type process. The process Z (t) is termed the background driving Lévy
process (BDLP) corresponding to the process X (¢). In fact (3.3) is the unique (up to
indistinguishability) strong solution to Eq. (3.4) ((Saito, 1992, Section 17)).

Let X (t) be a square integrable OU process. Then X (¢) has the correlation function

(3.5) Corr(X(0), X(t)) =rx (t) = exp{—A|t|}.
The cumulant transforms of X = X (¢) and Z (1) are related by

C{Z;X}:/OOOC’{e_Sz;Z(l)}ds:/OZC{S;Z(l)}%,C{z;Z(l)}:z—ac{;z;x}.

Suppose that the Lévy measure v of X has a density function p(u),u € R, which is
differentiable. Then the Lévy measure 7 of Z (1) has a density function ¢ (u),u € R, and
pand g are related by

(3.6) q(u) = —p(u) —up’ (u)

(see Barndorff-Nielsen (1998)).
The logarithm of the characteristic function of a random vector (X (¢;), ..., X (¢,,)) is of
the form

m

(3.7)  logEexp{i(z1X(t1) + ... + 2 X (tm)} = /R/i(z zje M1 ) (5 — s))ds,

where
k(z) =logEexp{izZ(1)} = C{zZ(1)},

and the function (3.7) has the form (3.1) with Lévy triplet (@, d, #) of Z(1).
The logarithms of the moment generation functions (if they exist) take the forms

log Eexp {CX (1)) = Ga-+ 56+ [ (¢ =1 = Cutany () (d).

where (a, d, v) is the Lévy triplet of X (0), or in terms of the Lévy triplet (a, d, #) of Z(1)

logEexp{(X(t)} = EL/

—A(t—s d~ —A(t—s
R(Ce M )1[0,00)(?5 —s))ds + 552/]1{(56 M )1[0,00)(75 —5))%ds

(3.8)
+ / /[exp {uCe’)‘(t’s)l[om) (t—s)}—1—u (Ce™M91 1 o) (t = 8)) L1y (w)]7 (du) ds,
R JR
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and

log Eexp{(1 X (t1) + (X (t2)}

2 5 2
8 Nt d RV
=g /R (Z Ge M1 0 (t —s))ds+§<2 /R O Ge M1 0 (8 —5))2> ds
j=1 Jj=1

2
+ / /[exp {uzgje_’\(tj_s)l[opo) (t; — s)} —1
R JR =
3.9)

(3.
—u (Z e~ o) (5 — 3)) 111 (w)]7 (du) ds.

Let us consider a geometric OU-type process as the mother process:
A(t) = eXOex v =log BeX© M (¢) = EelX®)=ex) My(¢) = EeSX®)
where X (t),t € Ry, is the OU-type stationary process (3.3). Note that
Mo(q) _ M(q)
Mo(1)e M(1)e
Then the correlation function of the mother process is of the form.
M(1,1;7)—1
M(2)—-1 "~

(3.10) Corr(A(t),A(t+ 7)) =

where now

M (G, Gos7) = Eexp{Gi(X(t1) — ex) + G(X(2) — ex)}
(3.11) =exp{— (G + Q)ex t Eexp{Gi X (t1) + X (t2)},

and E exp{(1 X (t1) + (X (t2)} is defined by (3.9).
To prove that a geometric OU process satisfies the covariance decay condition (2.17) in
Theorem 2, the expression given by (3.9) is not ready to yield the decay as ty — t; — oo.
The following result plays a key role in multifractal analysis of geometric OU processes.

Theorem 3. Let X(t),t € Ry be an OU-type stationary process (3.3) such that the Lévy
measure v in (3.1) of the random variable X (0) satisfies the condition: for an integer
¢ =2,

(3.12) / ze? "v(dr) < 0o
|lz|>1
Then, for any fixed b such that
My(g) | ™
1 b —
(313) > \nr)

the sequence of stochastic processes

(3.14) / HAU st ds,t € [0, 1]
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converges in L, to the stochastic process A(t) € L,, as n — oo, for every fized t € [0, 1].
The limiting process A(t),t € [0, 1] satisfies

EA1(t) ~ ta7o8 BAD =g e [0, ¢*].

The scaling function is given by

C
(3.15) S(a) = g — log, BA” (t) = ¢ (1 + @) ~log, Mo(g), ¢ €[0.q7]
In addition,
t S
(3.16) VarA(t) > 2t/ (1-2) (1, 155) — 1),
0

where the bivariate moment generating function M ((y, (o;t1 — to) is given by (3.11)

For the proof see (Denisov, Leonenko, 2015, Theorem 5). The proof of Theorem 3 relies
on the following auxiliary result, which we will need as well.

Lemma 1. For s € [0, 1], the following estimate holds

Mo(1 + s) Moy (2) s
(3.17) Mo(D)M(s) = (Mo<1>eEX<1>) |

The proof of Lemma 1 can be found in (Denisov, Leonenko, 2015, Lemma 1).

4. SUPERPOSITIONS OF GEOMETRIC ORNESTEIN-UHLENBECK PROCESSES

The correlation structures found in applications may be more complex than the expo-
nential decreasing autocorrelation of the form (3.5). Barndorff-Nielsen (1998) (see also
Barndorff-Nielsen, Shephard (2001)) proposed to consider the following class of autoco-
variance functions:

(4.1 R(t) = 3 0 exp {=, 1]}

which is flexible and can be fitted to many autocovariance functions arising in applica-
tions. The role of an integer m > 1 is discussed in Barndorff-Nielsen, Shephard (2001).

In order to obtain models with dependence structure (4.1) and given marginal density
with finite variance, we consider stochastic processes defined by

de (t) = —/\ij (t) dt + de ()\]t) 5 ] = ]_, 27 My
and their finite superposition
(4.2) Xinsup(t) = Xq(t) + ... + Xin(t), t >0,

where Z;, j =1,2,...,m, ... are mutually independent Lévy processes. Then the solution
X; ={X;(t),t >0}, j=1,2,...,m, is a stationary process. Its correlation function is of
the exponential form (assuming finite variance of the components).

The superposition (4.2) has its marginal density given by that of the random variable

(4.3) Xnaup(0) = X1(0) + . + X, (0),

and autocovariance function (4.1). One can generalize Theorem 3 to the case of finite
superposition process (4.2).
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We are interested in the case when the distribution of (4.3) is tractable, for instance
when X,,(0) belongs to the same class as X;(0),7 = 1,...,m (see the examples in Sec-
tions 5-10 below). We denote the class of stochastic processes (4.1) of finite superpositions
with marginal law D by

(4.4) FS,.{D; EX;(t); VarX,(t)}.

Define the mother process as the geometric process

A(t) = eXmsup(t)—Cx7 cx = log EeXmsup(0)7 M(¢) = EGC(Xmsup(t)—CX)7 My(¢) = EeCXmsup(t)7
where X, qup(t),t € Ry, is the finite superposition process (4.2). Note that

logEeXp{Clesup(tl) + <2Xmsup(t2)} = Z log E eXp{<1Xj(t1) + QQXj(t2)}a

j=1

where log E exp{(1 X;(t1) + (2X;(t2)},7 = 1,..,m are given by (3.9).
Denote

(45) M(Cla <2a tl - t?) = €Xp {_CX(Cl + CZ)} EeXp{Clesup(tl) + CQXmsup(tQ)}~

We can formulate the following theorem which can be proved similar to Theorem 3.

Theorem 4. Let X, qp(t),t € Ry be a finite superposition of OU-type stationary pro-
cesses (4.2) such that the Lévy measure v in (3.1) of the random variable X,,(t) satisfies
the condition that for a positive integer ¢* € N,

(4.6) / ze? "v(dr) < oo.
j2|>1
Then, for any fixed b such that

(4.7) b > { Molg”) }q*l ,

stochastic processes

t n
A, () = [ TTAY (st) ds,
0 j=o0

j
converge in L, to the stochastic process A(t) € L, as n — oo. The limiting process A(t)
satisfies

EAY(t) ~ 7708 BA® 0 e [0, ¢*],t € [0, 1].

The scaling function is given by

C *
(4.8) s(q) = ¢ —log, EA?(t) = q(1 + @) —log, Mo(q), ¢ €10,q"]

In addition,

(4.9) VarA(t) > 2t /0 t (1 . %) M(Cy, Co w)du,

where the bivariate moment generating function M ({1, (o;ty — ta) is given by (4.5)
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We are interested in generalization of the above result to the case of infinite superpo-
sition of OU-type processes which has a long-range dependence property.

Note that an infinite superposition (m — oo) gives a complete monotone class of
covariance functions

Ryp(t) = / e "dU (u),t > 0,
0

for some finite measure U, which display long-range dependence (see Barndorff-Nielsen
(1998, 2001), Barndorff-Nielsen, Leonenko (2005) for possible covariance structures and
spectral densities and Barndorff-Nielsen et al. (2011) for multivariate generalizations).

We are going to consider an infinite superposition of the OU processes, which corre-
sponds to m — oo, that is now

(4.10) Xaup Z X(

assuming that

(4.11) iEXj(t) < oo,iVaer(t) < 0.

Jj=1

In this case
(4.12) Ry Za exp {=A; [t}

and if we assume that for some 9; > 0

1
(413) EX](t> = 5]'01,\/&1')(]'( ) = O' =9, 02,(5 =3 (1+2(1-H)) 5 < H<1,

where the constants C; € R and Cy > 0 represent some other possible parameters (see
examples in the Sections 5-10 below), then

(4.14) EXqp(t) = C1 Y _6; = Ci¢(1+2(1 — H)) < o0,
j=1
where ((s) = > =, Res > 1, is the Riemann zeta-function, and with A\; = A/j, we have
n=1
L2(|t|)

1
(4.15) Rayp( Zaexp{ At} = CQZ(SeXp{ NI PR —imy <H <1,

where Ly is a slowly varying at infinity functlon, bounded on every bounded interval.
Thus we obtain a long range dependence property:

/ Rgup(t)dt = o0
R

We denote the class of stochastic processes (4.10) of infinite superpositions with mar-
ginal law D as

(4.16) IS{D; EX;(t); VarX;(t)}.
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We are going to make an additional assumption that there exists parameters Sj such
that

(4.17) Ee¢Xi(0) = Bty
for some random variable Y. The sum
j=1

must be finite. When we specialize (4.12) to this situation we obtain
(4.19) Rap(t) = Co Y djexp {=X;[t[},
j=1

for some C; > 0. This approach allows also to treat the case of several parameters.
We are starting our considerations with £, convergence. Let

_ X;5(0)+X; (u1)+X; (urtuz)++Xj (w14 +ug—1
p]’(ul,...,uq,1>—E€ 3(0) j(u1) i( ) 5( a—1)

correspond to the process X,(t). Then, since X;(-) are independent of each other,

(o.9]
(4.20) plur, .. ugr) = [ [ piur, - ugm).

j=1
We have shown above that p;(uy, ..., u,—1) is monotone decreasing in uy, ..., u,—;. There-
fore p(uq,...,u4-1), being a product of monotone decreasing functions is monotone de-

creasing itself. Next we prove finiteness of the series. It follows from Lemma 1 (see
also(Denisov, Leonenko, 2015, Equation (6.19)))

_ n

—Ajb" g 2X;(0) ae 7 Ly n
1< p;(",...,0") < Mo(1 + e : 2 < L — (adje "
Mo(]_)MO(e_/\Jb ) EeXi(0) cEX;(0)

where C' = %, and we denote
Mo, (¢) = Bt
Then, using (4.19), we obtain

n n S P L 4 Rsup(b™ q n
1< p(b”,...,b") < CI%5%1% = O (") < + 0(1)—5 10 CRay (B).

Then > 7 p(b",...,b") is finite if the sum Y 7 | Ry, (b") is finite.

We are left to check the mixing condition (2.11). But this condition follows from the
fact that it holds for p;, representation (4.20) and monotonicity of p;. Indeed let 1 <
i <y < ...<', and put &, ;. (A) = (ur,...,us1), where u; = Aif i € {iy, ..., in}
and 0 otherwise. Let N be a number which we let tend to oo later. Then, for fixed N,

N N

H pi (0 (A)) = H Eei1Xi (O Rei2=i)X;(0)  Fela—im)X;(0)
j=1 j=1

by the corresponding property of the geometric Ornestein-Uhlenbeck process. The prod-

uct,

1< ] pi(0irin(A) < T 2500310 (1) = 1,
j=N j=N
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as N — oo, uniformly in A > 1. Therefore, the mixing property holds.

Now we turn to proving the scaling property. For that we use Theorem 2. Let My(() =
Ee¢Y be the moment generating function of Y and f(¢) = In My(¢). Then, similarly to
(Denisov, Leonenko, 2015, Equation (6.22)),

o1 (Mo(g— 1+ e %) M(1) —1te ) (f ()~ F(1))5;
\Pq(S)\Zl—H( OIS <1—He (a
j=1

<1_He WATOZIOR < 5(f'(q) = F(1) 3 A0

The convergence of the series immedlately follows from this estimate and we can apply
Theorem 2.
Note that

logEeXp{Cl sup(tl) + CZ sup Z52 } - Z 1OgEeXP{C1 (tl) + CZ ( )}7

7j=1

where log E exp{¢1 X, (t1) + (2X;(t2)}, 7 = 1,2, .. are given by (3.9).
Define the mother process as the geometric process

A(t) = eXsuP(t)*CX’ cx = log FeXsup(0) JM(C) = Eeg(xsup(o)fcx)’

where Xg,,(t),t € R, is the infinite superposition process (4.10).
Denote

(4.21) M(Cr,Gastr — t2) = exp {—cx (G + (2) } Eexp{¢i Xsup(t1) + G Xoup(ta) }-

We arrive to the following result.

Theorem 5. Let Xyp,(t),t € Ry be an infinite superposition of OU-type stationary pro-
cesses (4.10) such that (4.11),(4.13),(4.17) are satisfied as well as (4.18). Assume that
the Lévy measure v in (3.1) of the random variable Xg,,(t) satisfies the condition that
for a positive integer ¢* € N,

(4.22) /|>1 ze? y(dr) <

Then, for any fized b such that
1
M(g) |
4.23 b —
(4.23) AT

stochastic processes

/HA(J (st/)ds,t €0,1]

converge in L, to the stochastic process A(t) € L4t € [0,1], as n — oo. The limiting
process A(t) satisfies

BAY(t) ~ 9, g e[0,¢"].
The scaling function is given by

(4.24) <(q) = q—1log, EA"(t), q€10,q"],t €0,1].
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In addition,

(425) VarA(t) 2 /t /t M(Cl, Cg;tl — tg)dtdé’,
0 JO

where the bivariate moment generating functions M ((y, (o;ty — to) is given by (4.21).

5. LOG-TEMPERED STABLE SCENARIO

This section introduces a scenario which generalize the log-inverse Gaussian scenario
obtained in Anh et al. (2008a, 2010a). Note that the tempered stable distribution (up
to constants) arises in the theory of Vershik-Yor subordinator (see Donati-Martin, Yor
(2006), and the references therein). This section constructs a multifractal process based
on the geometric tempered stable OU process. In this case, the mother process takes
the form A(t) = exp{X (t) — cx}, where X (¢),¢ > 0 is a stationary OU type process
(3.3) with tempered stable marginal distribution and cy is a constant depending on the
parameters of its marginal distribution. This form is needed for the condition EA (¢) =1
to hold. The log-tempered stable scenario appeared in Novikov (1994) in a physical
setting and in Anh et al. (2001) in a genomic setting under different terminology. So,
we present here a rigorous proofs regarded these scenarios. Some applications of the log-
tempered stable scenario and other related multifractal scenarios considered below in a
subordinated models for currency exchange rates can be found in Leonenko et al. (2013).

We consider the stationary OU process whose marginal distribution is the tempered
stable distribution T'S(k,d,v) (see, for example, Barndorff-Nielsen, Shephard (2002),
G.Terdik, Woyczynski (2004)). This distribution is the exponentially tilted version of
the positive k-stable law S(x, ) whose cumulant transform is of the form: —d(2¢)", ¢ >
0,k € (0,1),9 > 0.We denote its probability density function (pdf) as s, s(x),x > 0. The
pdf of the tempered stable distribution 7'S(x, d, ) is

(5.1) 7 (r) =7(x;K,0,7) = 6575575(:17)6_%71“, x>0,k€(0,1),6 >0,7>0.
It is clear that T'S (%, 9,7) = IG (4,7), the inverse Gaussian distribution with pdf

1 e 2 L.\ 1 5 -
W(x)——%wexp - ;4'790 B Ljo,00)(2),6 > 0,7 = 0.

In general the pdf of tempered stable distribution is given in form of a series representation
(see, i.e., Anh et al. 2010).
The cumulant transform of a random variable X ~ T'S(k, d, ) is of the form.
,yl/n

(5.2) logEeCX:(57—5(7%—2C>H,0<C< 5

Note that

EX(t) = 2;{57%1,\/&&)((25) =4k (1 — k) 5y
We will consider a stationary OU type process (3.4) with marginal distribution 7°S(k, 6, ).
This distribution is self-decomposable (and hence infinitely divisible) with the Lévy triplet
(a,0,v), where

K uyl/®
_ — 9K —1-k_— )
v(du) = b(u)du, b(u) (5—F = H)u e 2 ,u>0
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The BDLP Z(t) in (3.4) has a Lévy triplet (a,0,7), with
(5.3) v(du) = dw(u)du,

1/k 1/k
K K . _uwy
4 =2"0——— [ -+ — " .
(5.4) w(u) 5F(1 Py (u 5 )u ez ,u>0

Consider a mother process of the form
A(8) = exp {X (1) — ex)
with

(5.5) Cx = [57 -0 ('yé — 2)? > 28,

where X (t) is OU processes with T'S(k, ¢, ) marginal distribution and correlation func-
tion Ry (t) = exp{—A|[t|}.
The correlation function of the mother process takes the form

(5.6) () = MQA, L) -1

> 4"
M(2) _ 1 7,}/ )
where

M(C) = e—Sex EeCX(t),

and the bivariate moment generating function M (1,1, 7) is given by (3.11), in which the
Lévy measure v is defined by (5.3), (5.4), and cx is given by (5.5).
Condition (3.12) becomes

R P v v X (g
ued “u e 2 du= u e x 1 du < oo,
1 1

if 0 < qg* < #,K € (0,1). Note that M(q) exists if (29)" < 7.
We can formulate the following

Theorem 6. Let X (t) be an OU processes with T'S(k, d,~) marginal distributions, A > 0
and
1/k

Ty 2 max{(20')", 47}k € (0,1),6 > 03N (0,47,

Q={q:0<g<

where q¢* s a fixed integer. Then, for any

*

b > exp {—75 + 1 _5q* <~y% — QQ*>” - z q*(S (’V% — 2)”} .7 > max{(2¢")", 4"},

the stochastic processes (3.14) converge in L, to the stochastic process A(t) for each
fizedt € [0,1] as n — oo such that, A, (1) € L,, for q € Q, and

EAI(t) ~ t<(q),

where the scaling function < (q) is given by

oy 0 1 " o 1 o0y
57 = 1 —_— K — 2 —_— K — 2 - .
G0 <l q( “Toud " og 7 >) Fiogp 07— 20) — e

Moreover, (5.7) holds, where M(1,1,7) is given by (3.9), in which the Lévy measure v is
defined by (5.3), (5.4).
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Theorem 6 follows from Theorem 3. Note that for k = 1/2 Theorem 6 is an extension
of Theorem 4 ofAnh et al. (2008a).

In this particular case we arrive to log-inverse Gaussian scenario where the scaling
function is of the form:

5[v—m]

c(@)=q |1+ o b +$\/72—2q—%,q€@
and
(5.8) Q:{q:0<q<%2,722,5>0}ﬂ(0,q*)
if

6 *
b>exp{—7(5—1 *\/72—2(]—1(] *5\/72—2}
-4 —4q
and ¢* is a fixed integer.
Note that the set (5.8) is an extension of the log-inverse Gaussian scenario in Theorem

4 of Anh et al. (2008a) which is obtained for the set

2
Q:{q:0<q<%,722,5>O}ﬂ[1,2].

In this case the Rényi function T'(¢) = ¢(q) + 1.

We can construct log-tempered stable scenarios for a more general class of finite super-
positions of stationary tempered stable OU-type processes (4.2), where X;(t),j =1, ...,m,
are independent stationary processes with marginals X;(t) ~ T'S(k,d;,7),7 = 1,...,m,
and parameters ¢;,j = 1,...,m. Using notation (4.4), we consider the class of processes

FS,.{TS(k, Z 9:,7); 2/15]-7%1; 4k (1 — K) VRT_Q(SJ»)
j=1

It follows from Theorem 4 that the statement of Theorem 6 can be reformulated for
Xonsup(t) with 6 =377, d; , and

M(Cl: CZ; tl - t2) = €exp {_CX(Cl + CZ)} EeXp{Clesup(tl) + CQXmsup(tQ)}>

where

1OgEeXp{Cl)(msup(tl) + <2Xmsup<t2)} - Z IOg E exp{ngj@l) + C2Xj(t2)}a

j=1

and log E exp{¢1X;(t1) + (2X,(t2)},j = 1, ..,m are given by (3.9).

Moreover, one can construct log-tempered stable scenarios for a more general class
of infinite superpositions of stationary tempered stable OU-type processes (4.10), where
X;(t),j =1,...,m, are independent stationary processes with marginals X;(t) ~ T'S(k,0;,7),j =
1,2.. and parameters d;,j = 1,2.... .Using notation (4.16), we consider the class of pro-
cesses

IS{TS(k, Z 9;,7); 2/15]-7%1; 4k (1 — R) WKT_Q(SJ»}.
j=1
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It follows from Theorem 5 that the statement of Theorem 6 remains true with § =
> 52y 05, and
M(Cl? C2a tl - t2) = exp {_CX(Cl + C2)} EeXp{Cleup(tl) + CQXsup(tZ)}a

where

log E exp{ (1 Xoup(t1) + G Xaup(t2)} = Z log E exp{(1 X;(t1) + (2X;(t2)},
j=1
and log E exp{(1.X;(t1)+GX;(t2)}, j = 1,..,m are given by (3.9) with Lévy triplet (a, 0, D)
given by (5.3) and (5.4).

6. LOG-NORMAL TEMPERED STABLE SCENARIO

This subsection constructs a multifractal process based on the geometric normal tem-
pered stable (NTS) OU process. The log-normal tempered stable scenario is important
for risky asset modelling, see Leonenko et al. (2013).

We consider a random variable X = p+3Y +v/Ye, where the random variable Y follows
the T'S(k, d, ) distribution, € has a standard normal distribution, and Y and € are inde-
pendent. We then say that X follows the normal tempered stable law NT'S(k,~, (3, i1, 0)
(see, for example, Barndorff-Nielsen, Shephard (2002)). In particular, for K = 1/2 we have
that NT'S(3,7, 3, i, 6) is the same as the normal inverse Gaussian law NIG(w, 3, p, 0)

with a = /52 + 72 (see Barndorff-Nielsen (1998)). We assume that
peR §>0,v>0,8>0,ke(0,1).

It was pointed out by Barndorff-Nielsen, Shephard (2002) that NT'S(k,~, 3, u,d) is
self-decomposable. Thus, there exists a stationary OU-type process X(t),t > 0, with
stationary NT'S(k,~, 3, 1, 0) marginal distribution and the correlation function rx (t) =
exp {—\|¢|} .Note that

EX(t) = i+ 26807, VarX (t) = 26675 — 4686 (k — 1)y .

We see that the variance can be factorized in a similar manner as in Section 4, and thus
superposition can be used to create multifractal scenarios with more elaborate dependence
structures.

The cumulant transform of the random variable X (¢) with NT'S(k,~, 3, i1, ) distribu-
tion is equal to

(6.1) log EetX® = ¢ + 67y =6 (a® = (B+ )", B+ < a= /B2 + 7Y~
The Lévy triplet of NT'S(k,~, B, i, 9) is (a,0, ), where
(6.2) v(du) = b(u)du,

rk+1
rﬁ-% K2

a
\ 27 T (1 — H)
where here and below ,(z) = [;% e #“*® cosh(vz)du, z > 0, is the modified Bessel

function of the third kind of index v, Rev > 0.
From (3.6), (6.1) and the formulae

(6.3 blu) = [u D Ky (o ul)e™, u € R

K, (z)=K,(-x), K_,(x) = K,(z), —K,(z) = _EKV<I> — K, 1(x),
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we obtain that the BDLP Z(t) in (3.4) has a Lévy triplet (a,0, 7), with
v(du) = dw(u)du,

where
) L k2EHL
w(u) = —b(u) —ub (u) = ata
(1) = =blu) — b (1) = 0 E
1 (k) K+
x {(5 — >|u| O K (aful)e? + ul ) [ ol K alue™
(6.4) - Kﬁ_%(QIUI)eﬁuoﬁ K, 1 (aful)e™p]}.
Consider a mother process of the form
A(8) = exp {X (1) — ex)
with
2 71/'$ —1
ex=p+0y =0 (B = (B+1)%)" 5 < ——,

where X (t) is a stationary NT'S(k, 7, 5, 1, d) OU-type process.
Under condition B”, we obtain the following moment generating function

(6.5) M (¢) = Eexp {¢ (X (1) — cx)} = e ¢t =0 04007 g4 ¢ < a
and bivariate moment generating function
M (G, G (T —t2)) = Eexp {G (X(t1) — ex) + G2 (X (t2) — ex)}
(6.6) = e XCOFDE exp {( X (1) + G (X ()}
and Eexp {(1 X (1) + (2 (X(t2)} is given by (3.9) with Lévy measure © having density

(6.4). Thus, the correlation function of the mother process takes the form

(6.7) p(r) = MQA,37)—1

M2)—-1 "~
where we assumed that 8 < (y1/* — 4)/4.
Note that as z — oo the modified Bessel function of the third kind of index v.

4?2 — 1
K, (z) = \/gz—me—zu + ng 4.2 > 0,

Condition (3.12) now becomes
/ ue? " |u]7(”+%) Ki1(a lul)e™du < 00,if |8+ ¢| < a = /B2 + A5
|u|>1
Theorem 7. Let X (t) be a stationary NTS(k,~, 5, 1, 0) OU-type process, A > 0 and
qEQz{q 0<q<q <VB+Y/r—B,8<(/"=1)/2,p R, 5>0,Fv€(0,1)},

where ¢* s a fixed integer.
Then, for any

Y

b>exp{—57+ (62+7 (5+Q)) (52—1_7 (ﬁ"‘l)) }

1—q
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the sequence of stochastic processes (3.14) converge in L, to the stochastic process A(t)
for each fizred t € [0,1] as n — oo such that A(1) € L, for g € Q, and

EAYt) ~ 29, g€ Q,

where the scaling function < (q) is given by

68) §(q):(1 §[(B*+ A — (B+1)2)]" v)q+

log b

P (B2 (BJrq))n—(s—’y

g€ Q.
logbq ¢

_l_
log b
Moreover, (3.14) holds, where M s given by (6.6).
Theorem 7 follows from Theorem 3.
Note that, for k = 1/2, Theorem 7 is an extension to Theorem 5 of Anh et al. (2008a),

which is now extended to present a log-normal inverse Gaussian scenarios with scaling
function:

5 [ VB = (1) 1]
log b

s(g)=[1- q+

5
—\/52+7—(B+q) lgb,q Q,

where we use the notation NTS(i,%B,,u, 0) = NIG(a, B,0, 1), v = /a? — B2,
Qz{q:0<q<q*§ \/ﬁ2+72—6,ﬁ<(72—1)/2,MER,5>0},

and

b>exp{_57+5\/52+’72 (ﬁ"‘q - *(5\/ﬁ2—|—7 (54_1)2}‘

1—q*

We can construct log-normal tempered stable scenarios for a more general class of finite
superpositions of stationary tempered stable OU-type processes (4.2), where X;(t),j =
1,...,m, are independent stationary processes with marginals X;(t) ~ NT'S(k,~, B3, ;, 6;),
Jj = 1,...,m, and parameters p;,d;,7 = 1,...,m.. Using notation (4.4), we consider the
class of processes

S, (VTS (575,350 3061 + 2080753 [200 5 — 4 (= 1)) )

j=1 7j=1
Then the statement of Theorem 7 can be reformulated for X, s, with p = Z;n:l i, 0 =
> e dj, and
M (G, Gos (t1 — t2)) = Eexp {G1 (Xumsup(t1) — ¢x) + G (Xmsup(t2) — ex)}
= e_CX(CH_CQ)E exXp {Clesup(tl) + C2 (Xmsup(tQ)} 3
where

1OgEeXp{<l msup(tl) + CQ msup t2 } ZIOgEexp{Cl (tl) + C2 ( )}7

7j=1
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and log Eexp{(1X;(t1) + 2X;(t2)},j = 1,..,m are given by (3.9) with Lévy measure &
having density (6. 4)

Moreover, one can construct log-normal tempered stable scenarios for a more general
class of infinite superpositions of stationary normal tempered stable OU-type processes
(4.10), where Xj(t),j = 1,...,m, are independent stationary processes with marginals
X;(t) ~ NTS(k,7, B, 1tj,0;),7 = 1,2.. and parameters j;,0;,j = 1,2.... . Using notation
(4.16), we consider the class of processes

IS{NTS(k,~, B,ZMJ,Z(S oy —1—2/155]7 a [2/{7 =4k (k= 1)y (5}
J=1 7=1
Then the statement of Theorem 7 remains true with 6 = Zj; 0, = Z;’il iy and

M (1, Go; (T — t2)) = Eexp {1 (Xsup(t1) — cx) + G2 (Xsup(t2) —cx)}
= e_CX(ClJrCQ)EeXp {Cleup(tl) + (2 (Xsup(t2)} )

where

IOgEeXP{Cl sup(tl) + (X sup t2 } - Z IOgEeXP{Cl (tl) + QX ( )}7
7=1
and log Eexp{(1X;(t1) + (2X;(t2)},7 = 1,..,m, ... are given by (3.8) with Lévy measure
v having density (6 4).

7. LOG-GAMMA SCENARIO

The log-gamma multifractal scenario is well-known in the theory of turbulence and
multiplicative cascades (Saito (1992)). In this section, we propose a stationary version
of the log-gamma scenario. We will use a stationary OU type process X (t),t € R ,(see,
(3.4)) with marginal gamma distribution I'(5, «v). It is known that the gamma distribution

with the moment generating function Eexp{(X(t)} = (1 — %)76, (< a,a>0,6>0,
is self-decomposable. The Lévy triplet is of the form (0,0, v), where

Be—au
u

v(du) = 1(0,00) (u)du,

while the BDLP Z(t) in (3.4) is a compound Poisson subordinator, that is

izZ(1) _ ZBZ

logE
w(2) = log Ee T a—iz

, 2 €R,

and the (finite) Lévy measure 7 of Z(1) is
(7.1) v(du) = afe” "1 ) (u)du.
The covariance function is then ry (t) = (8/a?) exp (= [t]).
Consider a mother process of the form
1
(1-3"
where X () is a stationary gamma OU type stochastic process.
We obtain the following moment generating function:

A(t) =exp(X (t) —cx), cx =log a>1,

e—cx¢

(7.2) M(C):Eexp(C(X(t)—cX)):—ﬁ, (<a,a>1,

(1-2)
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and the bivariate moment generating function is given by the formula (3.9), in which the
measure 7 is given by (7.1), since

M (C1, G (t1 — t2)) = Eexp (G (X (t1) — cx) + G2 (X(t2) — ¢x))
= e X Eexp (X (t) + & (X (t2))
(73) = Q_CX(C1+C2) exp ( B Z?ZI Cje_)\(tj_S)l[OvOO) (t] B 8) )dS) )

Ra— Y (e I )t — s
or

M (C1, Go; (1 — t2)) = exp (—ex (G + (2))

xexp(/ (exp( Zgj At =s) Oo(tj—s)>—1

2
(7.4) (Z S T (S s)) 11 (u)) afe” 1 ) (u)duds).

Jj=1

Thus, the correlation function of the mother process takes the form (6.7), where M (2) is
given by (7.2) and M (1, 1;7) is given by (7.4). It turns out that, in this case,

a_ 1 (_ L _ 4
log, EA (t) =~ ogb qlog(l_l)ﬁ ﬁlog(l a> ,

and the condition (3.12) of Theorem 3 holds, since

aﬁ,B /°° .
ue? “v(du el emdu < 00, q" < a.
fe @ =55 |

We formulate the following

Theorem 8. Let X (t) be a stationary gamma OU type stochastic process and let QQ =
{¢:0<q¢<q* <a,a>2,0 >0}, where q* is a fized integer. Then, for any

b > [(1&)5q*/(1i—*)6]q*11,

the stochastic processes A, (t) defined by (3.14) for the mother process as in condition
B" converge in L, to the stochastic process A(t) as n — oo, such that A(t) € L, and

EA(t)? ~ 5@,

where the scaling function < (q) is given by

1 1 16 q
(7.5) s(q)=q (1+logblog (1_l)'3> +logb10g <1—a> .q € Q.

Moreover, (3.16) holds, where M is given by (7.3) or (7.4).

Proof. Theorem 8 follows from Theorem 3 O
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Note that Theorem 8 is an extension of the log-gamma scenario in Theorem 3 of Anh
et al. (2008a), in which the set Q@ ={¢:0<¢<2,a=2,8> 0}.

We can construct log-tempered stable scenarios for a more general class of finite su-
perpositions of stationary gamma OU-type processes (4.2), where X;(t),j = 1,...,m, are

independent stationary processes with marginals I'(f;,«),j = 1,...,m. Using notation
(4.4), we consider the class of processes
S Bi B
FS,{I(Y ), 00 25 )
j=1

Theorem 8 can be reformulated for the process of superposition X,,s,, with f =
> iy B; and
M (G, G2i (1 — t2)) = Eexp{G (Xmsup(t1) — €x) + G2 (Xmsup(t2) — cx)}
= e X DB exp {G Xnsup(t1) + G (Xmsup(t2)}
where
log E exp{Ci Xmeup(t1) + Xmsup(t2)} = Z log E exp{1.X;(t1) + (2X;(t2)},
j=1

and log Eexp{¢1.X;(t1) + (2X,(t2)},j = 1, ..,m are given by (7.3) or (7.4).

Moreover, one can construct log-gamma scenarios for a more general class of infinite
superpositions of stationary gamma OU-type processes (4.10), where X;(t),7 = 1,...,
are independent stationary processes with marginals I'(3;, a), j = 1,2... Using notation
(4.16), we consider the class of processes

Bi B
«

IS{T((3_ By) ) s )}

Then the statement of Theorem 8 remains true with § = Z;’il B; and
M (Cr, Gos (t1 — t2)) = Eexp {G1 (Xaup(t1) — ex) + Go (Xsup(t2) —cx)}
= eicX(CﬁCQ)EeXp {1 Xaup(t1) + G (Xaup(t2) }
where
log E exp{ (1 Xsup(t1) + o Xaup(t2)} = Z log Eexp{Ci1X;(t1) + (2X;(t2)},

i=1

and log Eexp{¢1.X;(t1) + (2X,(t2)},j = 1,2, ... are given by (7.3) or (7.4).

8. LOG-VARIANCE GAMMA SCENARIO

The next example of a hyperbolic OU process is based on the variance-gamma distribu-
tion (see, for example, Madan et al. (1998), Finlay, Seneta (2006), Carr et al. (2007)). We
will use a stationary OU type process (3.4)) with marginal variance gamma distribution
VG (k,a, 5, 1), which has the moment generating function

log EeX® = ;¢ + 2k log (’y/ a?— (B+ C)Q) . B+ <«
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where the set of parameters is of the form
Y=a?—-p%Kk>0a>|8>0,uck.

It is known that this distribution is self-decomposable. Note that

EX(t)=p+ 2’%, VarX (t) = 2—/; <1~|—2 (é)2> :

Y Y v
Thus, if X (t)j = 1,...,m, are independent so that X; ~ VG (k;, o, B, 15), j = 1,...,m,
then we have that
Xi(t) 4+ oo + Xin(t) ~ VG (k1 + oo + By, By i1 + oo+ ) -

The Lévy measure v of X (t) has density

(8.1) p(u) = ﬁe’gu_o""l,u eR.

u
By (3.6) the Lévy measure o of the BDLP Z(t) in (3.4) has density
(8.2) q(u) = —p(u) —up' (u),

() = —feulfte)(B 4 a) + Le Pty <0,
p T 2B —a) = Ll w0
Consider a mother process of the form

A(t) =exp (X (t) — cx),cx = p+ 2k log (7/ a?— (B + 1)2) , 18+ 1] < a,

where X () is a stationary VG (k, «, 5, 1) OU type process with covariance function

Rx (t) = i—/; (1 +2 (g) ) exp (—A|t]).

We obtain the moment generating function

(83) M (Q) =Bexp (¢ (X (1) — ex)) = e ox¢ > 0V 54 <,
and the bivariate moment generating function

M (G, G2; (1 — t2)) = Eexp (G (X (f1) — ex) 4 G2 (X (t2) — ¢x))
(8.4) = e Xt Eexp (X (1) + G (X (t2)),

where Eexp ((; X (1) + (2 (X (t2)) is given by (3.9) with Lévy measure 7 having density
(8.2). Thus, the correlation function of the mother process takes the form (6.7), where
M (2) is given by (8.3) and M(1,1;7) is given by (8.4).

The condition (3.12) of Theorem 3 holds for ¢ < a —|f] .

Theorem 9. Let X (t) be a stationary VG (k,a, 5, 1n) OU type process and let
Q={¢:0<q<q <la|=I[B],x>0},

where ¢* is a fized integer.
Then, for any

1 gl q
b > exp{ 2k lo + lo
{ ll—q* Y ey e A S e RV
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the stochastic processes A, (t) defined by (3.14) for the mother process as in condition
B"" converge in L, to the stochastic process A(t) as n — oo such that, if A(1) € L, for

q € Q,
EA(t)? ~ tc(q)’

where the scaling function is given by

g
Ry
Moreover, (3.16) holds, where M is given by (8.4).

Proof. Theorem 9 follows from Theorem 3. U

2K 2K 9 2K
8.5 —ql1 ] ] 2 _ — log .
(8.5) <(q) q( +10gb 0g )+logb ogy\/a?—(B+q) Tog %87

We can construct log-variance-gamma scenarios for a more general class of finite super-
positions of stationary variance gamma OU-type processes (4.2), where X;(t),j =1, ...,m,
are independent stationary processes with marginals VG (k;, o, 8, ) ,j = 1, ..., m. Using
notation (4.4), we consider the class of processes

28 2 B\ 2
FSm{VG(m+...—|—f£m,o¢,ﬁ,5,,u1+...+um);,uj+?ﬁj;¥ 1+2 ; lﬁj}.

m

The generalization of Theorem 9 remains true for this situation with £ = 37",

K= Z;nzl 1, and
M (G, Goi (1 — 12)) = Eexp{G (Xmsup(t1) — x) + G2 (Xmsup(t2) — cx)}
= eicX(<1+C2)E €xp {Clesup(tl) + C2 (Xmsup<t2)} 3

Iij,

where
logEeXp{Clesup<t1) + <2Xmsup<t2)} = Z IOg E eXp{ClXj<t1) + CZXj(t2)}7
j=1

and log E exp{¢1 X;(t1) + (2X,(t2)},j = 1, ..,m are given by (8.4).

We can construct log-variance-gamma scenarios for a more general class of infinite su-
perpositions of stationary variance gamma OU-type processes (4.10), where X;(t),j =
1,..., are independent stationary processes with marginals VG (k;, «, 8, it;) . Using nota-
tion (4.16), we consider the class of processes

IS{VG (Y ko, B.) g |5+ “5rji—5 | 1+2 (—) Kj}.
= — 7y v
Then the statement of Theorem 15 remains true with g =377, uj, k= > 2 k;, and
M (G, Gos (t1 — t2)) = Eexp {G1 (Xaup(t1) — ex) + G (Xsup(t2) — cx)}

= e_CX(ClJrCQ)EeXp {Cleup(tl) + (2 (Xsup(t2)} )

where

IOg E exp{(leup(tl) + CQXsup<t2)} = Z lOg E exp{(lXj(tl) + CQXj(tQ)},

Jj=1

and log Eexp{(1X;(t1) + (2X;(t2)},7 =1, .., ... are given by (8.4).
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9. LOG-EULER’S GAMMA MULTIFRACTAL SCENARIO

This section presents a new scenario which is based on Euler’s gamma distribution (see,
for example, Grigelionis (2001)). We consider the random variable Y with the gamma
distribution I'(8, &) and the random variable

Xy =7logY,y #0,
which has the pdf
9.1 (T ——exp{——aev}, x € R,
O = BrE
where the parameters satisfy
a>0,8>0,v=#0.

The characteristic function of random variable X with pdf (9.1) is

. (B +ivz)
Ee#Xy = 2“2/ R.

e T () ai VRS
Grigelionis (2003) proved that for
(9.2) 0>0,a>0,8>0,7#0,
the function

, T8+ ivz)\’

. E 12X A el R

(9.3) e (I‘(B)oﬁz 2 €

is a self-decomposable characteristic function. We denote the distribution of the random
variable X by I'(y, a, 8, 9).
6
We note that I'(y,e” 7, 1,1),0 € R, is the Gumbel distribution with location parameter
0 and scale parameter |7y|, since with

Az)=exp{—€e"} ,A(z) =1—-A(-2z),z €R,

A=), v <O,

P{X <z} = ,x €R.

=), v>0

5

We will use a stationary OU-type process (3.4) with marginal distribution I'(~, «, 3, 6),
which is self-decomposable, and hence infinitely divisible. It means that the characteristic
function of X(t),¢ € [0,1] is of the form (9.3) under the set of parameters (9.2). Note

that, for § > 0, we have

, , Vi e " e P
['(8+iz) ='(B) exp{w/ ( i ml{mq}) dx
0
. . ) el
+ /(ezz:c —1— szl{_1§x<0})md$},

and thus the distribution corresponding to the characteristic function (9.3) has the Lévy
triplet (da, 0, ), where

1
™ —x —Bx o —x
azy/W <6 __° >dx+7/ ‘ dxr — vlog a,
0 T 1—e® 1o

[vI
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and
(9.4) v(du) = db(u)du,
éu
— e, u<0,v>0,
|u|<176%u)
b(u) = 8.
ﬁ, u > 0,7 <0.
ul 1—e?

Thus, if X;(t), 7 =1,...,m, are independent so that X;(t) ~ I'(v,«, 3,9,), 7 = 1,...,m,
then we have that

Xi(t)+ oo + X (t) ~ Ty, 0, 8,01 + oo + )

and if X;(¢), j = 1,...,m, are independent so that X;(t) ~ ['(y,e;,5,0), j = 1,....,m,
then

Xi(t) + .+ Xpn(t) ~T(v, [ [ s 8,9)-
j=1

The BDLP Z(t) in (3.4) has a Lévy triplet (a,0,7), where

5 (8)
G =)L + A 1o 04—)\5/ zw(z)dr,
Ty TR e[ >1 (@)
with the density of  given by
(9.5) v(du) = Mw(u)du,

¢ 8 1. 1,
gew“ (1—6W —i—%ew ——, 7>0,u<0,
vy

w(u) =<

1
é = u u
ﬁev“ (1—ew +%e )%, v < 0,u>0.
1-e7"
| (")
The correlation function of the stationary process X (t) then takes the form

rx (1) = exp {—=A[t]}.
Note that

d 00
d?r(éﬁ) —ydloga, Var X (t) = 572/0

Consider a mother process of the form
A(t) =exp{X (t) —cx},

EX(t) =0

with

cx = 0log B8>0,7<0,8>—9.

I'(B+7)
T(B)e
where X (t) is a stationary T'(v, «, 3, 9) OU-type stochastic process with covariance func-
tion

Rx (t) = VarX (t)exp {—X\|t|},
The logarithm of the moment generating function of I'(v, «, 8, 9) is

I'(64 ) B

IOgEBCX(t) zélogm,() <(<——,6>0,v<0.
€ v
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We obtain the following moment generating function

(9.6) M(C) = Bexp {C (X (£) — ex)} = ex6MO | 0 < ¢ < —g,

and bivariate moment generating function

M (1, Go; (1 — t2)) = Eexp {¢1 (X (t1) — ex) + G2 (X (t2) — ex)}

(9.7) = e X DEexp (G X (1) + & (X (1)}

where Eexp {(1 X (t1) + (2 (X (t2)} is given by (3.8) with Lévy measure 7 having density
(9.5). Thus, the correlation function of the mother process takes the form (6.7), where
My(2) is given by (9.6) and Mpy(1,1;7) is given by (9.7).

Theorem 10. Let X (t) be a stationary I'(vy, «, 5,8) OU type process and let

qEQ:{q20<q<q*S—§,6>0,7<0,6>—7,5>0,0¢>0}.
Y
where ¢* s a fixed integer. Then, for any

(8 +~¢) I (6)1 o
L(B)L (8 +7)

the stochastic processes (3.14) converge in L, to the stochastic process A(t), t € [0,1] as

n — oo such that, if A(1) € L,, and q € Q,

b>

EAI(t) ~ tc(q)’
where the scaling function is given by
) J J
9.8 = 1+ —logl — ——logl — ——logI’ .
05) <) =g (14 ooy BT (9:49) = s ouT (9)) = g lowT (3 7). 0 € Q
Moreover, (3.16) holds, where My is given by (9.7).

Proof. Theorem 10 follows from Theorem 3. U

We can construct log-Euler’s gamma scenarios for a more general class of finite su-
perpositions of Euler’s gamma OU-type processes (4.2), where Xj(t),j = 1,...,m, are
independent stationary processes with marginals I'(vy, «, 3,9),7 = 1,...,m. Using nota-
tion (4.4), we consider the class of processes

iF 00 —Bx
FS,{T(7, o, B,5,): @(vdﬁ—(ﬁ) — yloga); 5,72 / S
0

rg) l—e=®
The generalization of Theorem 9 remains true for this situation with 6 = 37, d; ,
and
M (C1, Go; (1 — t2)) = Eexp {1 (Xmsup(t1) — cx) + G (Ximsup(t2) — cx)}
= e_CX(C1+C2)EeXp {GXmsup(t) + G2 (Xmsup(t2) }
where

log E exp{Ci Xmsup(t1) + Xmsup(ta)} = Z log E exp{1.X;(t1) + (2X;(t2)},

J=1
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and log E exp{¢1 X, (t1) + (2X,(t2)},j = 1, ..,m are given by (8.4).

We can construct log-Euler’s-gamma scenarios for a more general class of infinite super-
positions of stationary Euler’'s gamma OU-type processes (4.10), where X;(t),j =1, ...,
are independent stationary processes with marginals I'(v, «, 8, d;). Using notation (4.16),
we consider the class of processes

£r (B) o pe B
HS{F(’y,a,ﬁ,éj);éj(’yd’B —710ga);5-72/ dx}.
0

r'(p) l—e>®
Then the statement of Theorem 10 remains true with 6 = >, §;.
and

M (C1, G (t1 — t2)) = Eexp {C1 (Xmsup(t1) — ex) + G (Xmsup(t2) — cx)}

= G_CX(<1+C2)E €xXp {Clesup(tl) + CZ (Xmsup(tQ)} )
where

logEexp{Clesup<t1) + gZXmsup(t2)} = Z log E exp{ngj(tl) =+ <-2Xj(t2)}7
j=1
and log Eexp{¢1.X;(t1) + (2X,(t2)},j = 1, ..,m are given by (9.7).

10. LOG-Z SCENARIO

The next scenario is based on the z-distribution (see, for example, Grigelionis (2001)).
We consider a pdf of the form

27 exp (%(x — )
10.1 m(r) = )
. ) BB (1 oxp (B - )

where the set of parameters is
a>0,0>0,6>0pueR

(see Prentice (1975),Barndorf-Nilsen et al. (1982). The characteristic function of a ran-
dom variable X with pdf (10.1) is given by

B(B + ig—;,ﬁz - %)
B(f1, Ba)

This distribution has semiheavy tails and is known to be self-decomposable (Barndorf-

Nilsen et al. (1982)), hence is infinitely divisible. Due to this infinite divisibility of the

z-distribution, the following generalization can be suggested.

We will use a stationary OU type process (3.4) with marginal generalized z-distribution
Z(a, By, B2, 0, ). The characteristic function of X (¢), ¢ € Ry is then of the form

r € R,

Ee*X = et zeR.

20

; B(By + L2, 3, — 22) ;
10.2 Ee™* = ( = 2 e z eR,
10-2) B, 7o)

where the set of parameters is

a>0,8>0,6,>0,0>0,uecR.
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This distribution is self-decomposable, hence infinitely divisible, with the Lévy triplet
(a,0,v), where

ab [ e P _ =Pz
a = — ———————————————(ﬂf _% lL,
X

T Jo 1—e"
and

(10.3) v(du) = b(u)du,

2w By
20 —a ¢
T, u>0,
u(l—e a“)

2mB1
20e o “
G-y v<0

b(u) =

Thus, if X,(t), j = 1,...,m, are independent so that X;(t) ~ Z(«, b1, b2, 65, 15), ] =
1,...,m, then we have that

Xi(t) 4+ oo + Xin(t) ~ Z(a, B, By 01 + oo+ Oy o1 + oo+ f)-
The BDLP Z(t) has a Lévy triplet (a, 0, 7), where
© o—hex _ ,—fix
Oé)\(s/ ¢ - /\/ zw(z)dz,
0 |z|>1

l1—e*®

a= \u+
m

with the density of 7 being given from
v(du) = dw(u)du,

_ 27mfBg _ 27 _2n(Ba+1)
4i5<526 a“(l—e a“)—l—e a “)—( L u >0,
l—e o

«

273 2r 2m(B1+1)
(e (1= ) £ ) s uso

27 2
« 1—ea )

(10.4) w(u) =

The correlation function of the stationary process with marginal density (10.1) is then
rx (t) =exp (=A|t]).
The pdf of the generalized z-distribution Z(a, f1, B2, d, 1) has semiheavy tails:

(@) ~ Cy [a]* e, 2] — oo,

where 0
21 By 275y 2m etHoE
P+ T+ a ° o (&B(ﬁhﬁz)> I'(20)
Note that
ad [ e P _ Pz 2025 [ e Per 4 o—hiz
EX(t) = — —d VarX(t) = —— —dx.
(t) s /0 l—e® T+ p, VarX(t) (27?)2/0 T e
In particular, the generalized z-distribution Z(a, 3 + %,% - %,5, w) = M (o, 3,0, 1)

is known as the Meixner distribution (Schoutens, Teugels (1998), Grigelionis (1999),
Morales, Schoutens (2003)). The density function of a Meixner distribution is given by

(2 cos é) 2

”<x>:m@<p <§(m—u)> ‘F ((5+z‘x;“>

a>0,—-mT<pf<md>0,ucR.

2
, T€R,

where
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Note that
T (z+iy)[> ~ V2 |y|" 2 e ™2 as |y| — 0.
| y y Y
This distribution is infinitely divisible and self-decomposable with triplet (a,0, ), where

* sinh 2
a:ozcﬂzanE —25/ Mdm—i—u
2 1 sinh (7z/2)
and /3
5 Bu
. 1 G
u sinh (%)
The cumulant function is
cos 3/2

C{z; X(t)} =ipz+2log z e R

cosh ((az — ’LB) /2)’
In particular, the hyperbolic cosine distribution Z (e, 2, 2, O,u) =M (a 0,2 5 ,u) has the
pdf

1
m(@) = acosh (Z(z — p))’ rek

and characteristic function

iz X(t) _ izp
Ee e o () (a;), z€eR,

while the logistic distribution Z(c, 1,1,0, u) has the pdf

m(x) =

and characteristic function

2mexp (Z(z — p))

o (1+ cosh (Z(z — p)))’ rek

Ee#X®) — S — az ,z € R.
2sinh (%)

Another example is the z-distribution Z (2, %, %, 0, log %), which is the log Fj, k,
distribution, where Fy, x, is the Fisher distribution Barndorf-Nilsen et al. (1982)). Note
that the generalized z-distributions and generalized hyperbolic distributions form non-
intersecting sets. However, one can show that some Meixner distributions and corre-
sponding Lévy processes can be obtained by subordination, that is, by random time
change in the Brownan motion (see, for instance,Morales, Schoutens (2003)).

Consider a mother process of the form
A(t) =exp (X (t) — ex),

cx = 26 (logF<ﬁl )—l—logF(ﬁg—%> —1og£2§3) +

where X (t), t € Ry is a stationary Z(«, 51, 2,0, 1) OU-type process with covariance
function

with

Rx (t) = (VarX (t)) exp (—=At]) .
The logarithm of the moment generating function of Z(«, 51, 2,9, i) is

logEeCX(t) =29 <logP (ﬁl + (2)4_7§> +logT <52 _ §> —log (51))+ C Ce (_ 27rﬂ27 273y

*T(B)

(0%

«

)
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Then we obtain the moment generating function

(10.5) M (¢) = Bexp (¢ (X (£) — ex)) = e oxCeh{6x ),
and the bivariate moment generating function

M (C1, Co; (81 — t2)) = Eexp (G (X (t1) — ex) + G (X (t2) — cx))

(10.6) = xR E exp (X (1) + G (X (1))

where Eexp ((; X (1) + (o (X (t)) is given by (3.8) with Lévy measure o having density
(10.4). Thus, the correlation function of the mother process takes the form (6.7), where
M (2) is given by (10.5) and M (1,1;7) is given by (10.6).

Theorem 11. Let X (t) be a stationary OU type process with z-distribution and let
2
71—51 < q* ﬂ-/BQ
«

(6% (0%
aﬁl 62a61+_>0a62__>0}7

= 0,q%): 0

where q* is a fized integer.
Then, for any

Y

b (5 /T (8
> q*o o

LB+ %) T (5 - 5)
the stochastic processes A, (t) defined by (3.14) for the mother process (5.1) converge in
L, to the stochastic process A(t) as n — oo such that, if A(1) € L, for q € Q,

EA(t)? ~ (@)

where the scaling function is given by

20 <logF (Br+ ) +1ogT (B2 — — log & r )
r(p

10.7 —q|1
(10.7) s(g)=q |1+ o b

- % (1ogT (81 + 2°) +10gT (B2 - 22)) + mzm r( )

Moreover, (3.16) holds, where M is given by (10.6).
Proof. Theorem 11 follows from Theorem 3. U

We can construct log-z scenarios for a more general class of finite superpositions of sta-
tionary OU-type processes of the form (4.2), where X;(t),j = 1,...,m, are independent
stationary processes with marginals
X;(t) ~ Z(a, B, B2,605, 1), 7 = 1,...,m and parameters d;,u;, j = 1,...,m. Then

Xmsup(t),t € Ry has the marginal distribution Z(«, 51, B2, D 05, > 145)-
Rt

We can construct log-z scenarios for a more general class of finite superpositions of
Euler’s gamma OU-type processes (4.2), where X;(t),j = 1,...,m, are independent sta-
tionary processes with marginals Z(«, 51, 52, 6, it;), 7 = 1, ..., m. Using notation (4.4), we
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consider the class of processes

a [ e P _ o—hiz 2002 © =P | o—Piz
FSmi{Z (e, B, B2, 05, 145); (;/o de)éj—i—ﬂj, (W/ B p—

The generalization of Theorem 11 remains true for this situation with § = Z;n:l 0, b=

> pj and
j=1

M (C1, Go; (1t — t2)) = Eexp {C1 (Xmsup(t1) — ex) + G2 (Ximsup(t2) — ex)}
e X (QHOIE exp {1 X sup(t1) + Co (Xmsup(t2)}

where

IOgEeXp{Cl msup(tl) + §2 m sup t2 Z log E exp{gl (tl) + €2 ( )}a

and log Eexp{¢1.X;(t1) + (2X,(t2)},j = 1, ..,m are given by (8.4).

We can construct log-z scenarios for a more general class of infinite superpositions of
stationary OU-type processes (4.10), where X,(t),j = 1,..., are independent stationary
processes with marginals Z(a, 1, B2, 0;, ;). Using notation (4.16), we consider the class
of processes

a [P e P _ =Pz 202 00 o—fax + e Pz
IS{Z(a, B1, Ba, 65, 11); (;/0 ﬁdx)éj + 1y (W/o ﬁdx)éj}.
Then the statement of Theorem 11 remains true with 6 = Z;)O 1 Z {5, and
M (Ch CZ) (tl - tQ)) = EeXp {Cl (Xmsup(tl) - CX) + CZ (Xmsup(tQ) - CX)}
G_CX(<1+C2)E exXp {Clesup(tl) + CZ (Xmsup(tQ)} )
where
1OgEeXp{<1 msup(tl) + §2 msup t2 } Z 10gEeXp{C1 (tl) + C2 ( )}7

7j=1

and log E exp{¢1.X;(t1) + (2X,(t2)},j = 1, .., m are given by (9.7).

In principle, it is possible to obtain log—hyperbolic scenarios for which there exist exact
forms of Lévy measures of the OU process and the BDLP Lévy process; however some
analytical work is still to be carried out. This will be done elsewhere.

11. SUMMARY OF SCENARIOS

For the reader convenience we summarise the scaling functions considered in the paper
in the following table

Distribution Scaling function
TS(k,06,7) (5.7)
NTS("ﬂ"? P)/a ﬁ? /1/75) ( )
I'(a, B) (7.5)
VG (k,a, B, 1) (8.5)
L'(v, e, 8,6) (9 8)
Z(a761762757:u) ( 7)
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