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Abstract

The Wald interval is typically used to assign confidence to the accuracy of activity
sampling studies. It is known the performance of the Wald interval is poor, especially
when the observed probability is near zero or one. The suitability of the Wald interval for
activity sampling is not often discussed in the operations management literature; if it is,
this is usually followed by inappropriate and incorrect advice. Herein a range of
alternative binominal confidence intervals for activity sampling is reviewed. A number of
selection criteria are considered including achievement of the target nominal coverage
probability, size of the interval, and ease of use and presentation. It is recommended that
the Clopper-Pearson interval is used for activity sampling. A table of confidence intervals
and sample sizes that is specifically designed to be used within a new activity sampling
procedure based on the Clopper-Pearson interval is developed. Finally, pedagogical
issues are considered.

Key words
Activity sampling, work sampling, binomial proportion confidence intervals, coverage
probability.

1. Introduction and motivation

Activity sampling is an empirical data collection technique attributed to Tippet (1935). It
can be used to determine the proportion of time: an activity is being conducted by an
operator; an operator is doing productive, value adding work; a machine or operator
being delayed, or whether an entity (customer, supplier, product) possesses a particular
(quality) characteristic or not.

Activity sampling has been defined by British Standard 3138 (1992) as “A technique in
which a large number of observations are made over a period of time of one group of
machines, processes or workers. Each observation records what is happening at that
instant and the percentage of observations recorded for a particular activity or delay is a
measure of the percentage of time during which that activity or delay occurs”. Activity
sampling has also been known as: work sampling in the U.S.; snap reading, Tippets’
original name for the technique; the ratio delay technique, as it can be used to ascertain
the proportion of time a machine or operator is delayed or idle; and in the service sector,
random moment studies.

Activity sampling is a relatively inexpensive technique that can be used to determine the
proportion of time spent on a particular activity. It can be applied to long, varied and
intermittent work. It does not use a stop watch, so it is more acceptable to the subjects of
the study and is not as intrusive as other methods. However, activity sampling is not
efficient when activities are of a short duration, regular and predictable when time and
motion studies might be more suitable.

Almost all Operations Management (OM) textbooks that the recommended activity
sampling procedure use the Wald interval to assign confidence to the results obtained
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from the study. It is known in the statistical literature that this interval is a rather poor
approximation to the true interval. Herein we test this claim and find that, 80% of the
time, the Wald interval does not achieve the desired confidence. This is a serious issue
for anyone using activity sampling for safety assurance. To address this we review a
range of alternative confidence intervals and select one for inclusion in an updated
activity sampling procedure. A new procedure is recommended that actually achieves the
desired confidence and accuracy levels.

1.1. The standard activity sampling procedure

For simplicity we assume that we are monitoring the types of activities that an operator is
undertaking. The standard activity sampling procedure usually involves the following
steps. First, a pilot study (an initial look at the situation being studied) is undertaken to
ascertain the range of activities an operator undertakes. The second step is to design the
sampling tour and data collection forms. The sampling tour specifies when instantaneous
observations of the situation being studied are to be taken. It is assumed that the
underlying probability of an activity occurring does not change over time (at least within
the period of study). It is important to ensure that there is no systematic effect present in
the data collected by taking observations after random intervals of time. The study period
should be long enough to capture the complete range of activities the operator undertakes
but the study can be interrupted if the necessary. It may be also shortened or lengthened
as required. The data collection forms are simply a table with rows that note the time a
observation is taken and columns that document the activity observed.

In the next step, the main data collection is undertaken. The situation being studied is
observed at the prescribed moments of time and the activity being conducted by the
operator is recorded in the data collection form as a tick mark. After several dozen or so
observations the tick marks can be tallied to obtain an initial estimate of the probability of
an activity occurring, p . Alternatively we could use judgement or experience to make an

initial estimate of P . We could even believe that we are being conservative and
(incorrectly) use p=0.5. Note there will be a different p for each of the activities. We

will not index them there — it is fairly obvious which activity is being considered as there
will be a unique estimate for each of the columns in the data collection form.

Based on this initial estimate, p , we can then calculate how many instantancous

observations (n) we need to take in order to be 95% confident that the true (real, constant,
but unknown) probability of the activity occurring (p) is within a certain boundary with

n=4p(1-p)/L, (1)

where L is a tolerance of the form p+ L, within which a desired level of accuracy has to
be achieved. Note L is an absolute distance and not a relative percentage of p. L can be
thought of as the confidence interval half-width.

We continue to take the required number of observations, checking periodically with (1)
for an updated value of n (which may have changed due to the new values of p, the
estimate of the true probability p). Note that n will be different for each of the observed
activities (as p is likely to be different for each activity). In order to gain a complete
picture of the situation, the largest n will determine the required number of samples to be
taken. Observe that the required level of accuracy (L) is a strategic decision that
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influences the trade-off between the efficiency of the procedure and the accuracy
obtained.

1.2. Motivation

At first sight the activity sampling procedure seems fine. It has such a long history and is
relatively straight forward, so what is the problem? Take a look at (1). What happens

when L> p (or L> (1 - f)) ? A negative probability of p (or one that is greater than one)
is not possible, so there is an issue here. What happens when p =0 or p =1? Equation (1)

incorrectly suggests that no samples should be taken. But rarely do operations
management (OM) textbooks discuss these issues.

Equation (1) is actually a simplified and rearranged version of the so-called Wald interval
for the binomial proportion, Wald and Wolfowitz (1939). A literature review (see, for
example, Pires and Amado (2008) for a modern and particularly comprehensive treatment
of 20 different binomial proportion confidence intervals) reveals that statistical scholars
have serious concerns about the adequacy of the Wald interval. However, this is the
interval used in most the OM textbooks.

Table 1 summarises a review of OM books for the terms activity sampling, work
sampling, snap reading, ratio delay, random moment studies and confidence intervals. It
highlights that in general it can be said that the Wald interval is almost exclusively
recommended and guidance on the interval coverage probability is limited to either a

“large sample size” or “np >S5 and n (l — f)) > 57, if it is given at all. If there is indeed a

problem with the Wald interval, then it means that the confidence that is assigned to the
confidence interval cannot be trusted. The purpose of this paper is to investigate this issue.

1.3. Organisation of this paper

Section 2 presents a short review of the literature that exploits activity sampling to
demonstrate the relevance and possible use of activity sampling. Section 3 reviews some
background theory and defines notation. Section 4 studies the Wald interval. Key
performance measures for confidence intervals, suitable for use in an activity sampling
procedure, are defined and justified in Section 5. Section 6 studies some alternative
confidence intervals from an OM activity sampling viewpoint. Section 7 reflects upon the
considered confidence intervals and makes recommendations. Section 8 details a new
updated activity sampling procedure that exploits the recommended confidence interval.
Section 9 provides pedagogical reflections. Section 10 concludes. A blank example data
collection form and the necessary tables required for the updated activity sampling
procedure are presented in the appendices.

2. Recent activity sampling studies

It is interesting to quickly review studies that have used activity sampling in order to gain
an understanding of the range of problems and issues that the methodology could be
applied too. Farrell et al. (2009) determined the unit labour cost of activities in a bank
across multiple branches. Tsai (1996) incorporated activity sampling into an Activity
Based Costing methodology. Thomas (1991) investigated labour productivity in the
nuclear industry. Liou and Borcherding (1986) studied power plant productivity.
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Recommended

. Guidance given Reference
sample size

Adam and Ebert (1992), Barnes (2008),
Finch (2008), Krajewski, Ritzman and
Malhotra (2013), Slack, Brandon Jones and
Johnston (2013), Waters (2002)

None None

‘100 samples’ None Naylor (1996), Schonberger and Knod (1988)
perhaps 2,50 None Bicheno and Holweg (2009)
samples
200 samples’ None Bicheno (2008)

International Labour Office (1974), Lockyer
None (1983), Lockyer, Muhlemann and Oakland
4ﬁ(1 _ p) (1988), Hill (1983 and 2000), Weiss and
— s Gershon (1989), Wild (1995)

2
L ‘np>>5 and
R , Meredith (1992), Rosenkrantz (2009)
n(1-p)>5
Brisley (2001), Chase and Aquilano (1992),
Davis and Heineke (2005), Evans et al. (1984),
2\ s . Greasely (2009), Heizer and Render (2014),
n= (T) p(l - p) > None Jacobs, Chase and Aquilano (2009), Khanna
where 7z is the (2015), Lee and Schniederjans (1994), Noori
standar danormal and Radford (1995), Reid and Sanders (2002),
. Russell and Taylor (2009), Stevenson (2012),
variant that refers :
Whitmore (1987)
to the confidence - 5 -
level required. > 39 samples Curwin and Slater (1990)
‘np>5 and .
n(l 3 f)) S5 Anderson et al. (2007), Silver (1997)

Table 1. Treatment of activity sampling confidence intervals in OM textbooks

Buchholz et al. (1996) characterised ergonomic hazards in the American highway
construction industry. Chen, Peacock and Schlegel (1989) conducted an ergonomic study
to assess physical work stress. Construction site productivity was measured by Heinze
(1984). Kaming et al. (1997) found that craftsmen in the Indonesian construction industry
spent 75% of their time productively and identified five different root causes of
productivity problems.

73% of working time was productive in Gunesoglu and Meric’s (2006) study of the
garment industry. Rutter (1994) identified the activities undertaken by operators in a
pharmaceutical plant. The results were also used to justify the purchase of additional
equipment. Kelly (1964) studied executive behaviour in a factory.

Williams, Harris and Turner-Stokes (2009) identified the proportion of time on patient-
related care issues (as supposed to other nursing activities) within a UK neuro-
rehabilitation setting. Pelletier and Duffield (2003) also considered hospital scenarios.
Finkler et al. (1993) compared activity sampling with time-and-motion studies and
reflected upon the policy implications of sampling accuracy in the health services
industry. Foley (1999) investigated the impact of restraints in nursing homes.
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3. Background theory and notation

Statisticians have developed several formulae to determine, with a particular level of
confidence, a range of estimated probabilities that will contain the true probability. These
formulae are known as binomial proportion confidence intervals or just confidence
intervals for brevity. These confidence intervals are based on the binomial distribution as
we are concerned with the observing X number of successes (the activity occurring or not)
in n observations. Clopper and Pearson (1934) developed an exact solution and there is
also some approximate confidence intervals available that possess various properties.

Let p be the observed value of the probability of a particular activity occurring. This

observed value is not the true probability which can only be obtained by taking an infinite
number of observations. However, it is an appropriate, approximate value for the true
probability p. As the number of observations increases, the more confident we are that the
observed probability is representative of the true probability. However, while p — p as

n— o, P does not approach p asymptotically (Brown, Cai and DasGupta, 2001).

The observed probability p = x/n, where X is the number of successes in the n samples
(the number of times an activity occurs in the n observations). The confidence interval
equation will give us an upper, f, and lower, p, bound for the unknown p, for a desired
level of confidence, 1—« . In other words, the confidence interval is a range of values,
which we can be sure that, (1-a)x100% of the time, will include the true value of p.
Thus if a = 0.05, we can be 95% confident that p, < p < f,. The coverage probability,
A, is the actual confidence achieved by interval, and A, is the actual length of the
interval.

In summary,

. p is the (unknown) true value of the probability of a particular activity occurring
from the entire population, 0 < peR <1

. n is the number of observations that have been taken

=  Xis the number of times a particular activity was observed in the n observations

. p=x/n is an estimate of the true probability p

. f, is the upper limit of the confidence interval
. P, is the lower limit of the confidence interval
. 1 -« is the desired confidence level. « is the ‘confidence coefficient’

= L is the interval half-width. It is the difference between the estimated value of
p and the unconstrained (upper and lower) confidence interval,

P, —P=p-p_=L. Note that when p is near O or 1, the limits of the confidence
limit must be truncated to ensure O0<{f,, P }<1. In which case
L:max[f’u -p, p- f)L]

- A is the coverage probability. The coverage probability is the level of confidence

actually achieved (not the desired confidence level).
- A, is the actual length of the confidence interval. A, = p, — . Note, that A, <2L

near p = {0, 1} .

. z,, 1s the standard normal variant for a given o .
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4. Wald interval & measures of performance for activity sampling

The simplest equation for the confidence interval is a simplified and rearranged version
of the Ward interval, see Table 1. It is based on a normal approximation to the binomial
distribution. The upper and lower limits of the Wald interval are defined as

Ay —min{f)vtza @,1], Ay —max[O, p-z, M] (2)

n

where, p=x/n and z, =CD"1(1—%) is the 1-% quartile of the cumulative density

function of the standard normal distribution. z, for popular confidence levels are;
= 90% confidence, & =0.1 and z, =d~'(1-%) =0 (0.95) =1.64,

2

= 95% confidence, & =0.05 and z, =@ (1-£) ="' (0.975) =1.96,
= 99% confidence, & =0.01 and z, = @' (1-%) ="' (0.995)=2.58.

Notice some boundary conditions have been introduced into (2) to ensure that 0 < p <1.
For 95% confidence, rounding z, =1.96 to 2, ignoring the boundary conditions and
recognising that p, = P+L and p, = p—L, it is easy to see that one of the standard

approaches for determining the confidence interval in OM texts is based on the Wald
interval,

L=2p(1-p)/n = n=4p(1-p)/L>. (3)

If we consider the same procedure without rounding z then the other popular OM
textbook sample size requirement formulae results from the Wald interval as follows,

L=2,Jp(1-p)/n = n=22 p(1-p)/L". @

It is often stated that the Wald interval is a conservative estimate but it performs badly
when n is small or when p is near to zero or one, Blyth and Still (1983). A simple rule of
thumb frequently relied upon (see for example Johnson, Kemp and Kotz (2005) and

Table 1) is that the Wald interval should only be used when np >5 and n(l— p) >5.

However, analysis suggests even this guidance is questionable. Brown, Cai and DasGupta
(2001) also point out that the Wald interval can perform badly for all p and all n.

4.1. Coverage probability for the Wald interval

The confidence level actually achieved by a certain interval is called the coverage
probability. As the true coverage probability is determined by the discrete binomial
distribution, the coverage probability can never exactly equal the desired confidence level
for all values of p. However, if an interval performs properly, then the coverage
probability is always greater than the confidence level desired. If this is the case then we
say the interval is exact. In order to obtain the coverage probability, A the following
formula can be used,
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A:I—Z:;(If{m < p,o,(g p*(1- p)”}rlf{ﬁu > p,O,(Z] p*(1- p)”D, (5)

where If[c,t, f] is the conditional statement, “if ¢ holds then t, otherwise f’. This

expression can be found by deduction (see infra, the Clopper-Pearson interval) and
verified via a Monte Carlo simulation. An alternative to this equation using an indicator
function can be found in Pires and Amado (2008). Making (5) specific for the case for

{n=50, a =0.05} when the Wald interval (2) is used to generate the upper and lower
limits of the confidence interval produces Figure 1.
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Binomial parameter, p

Figure 1. Coverage probability of the Wald interval, (n =50, o =0.05)

In Figure 1 there are 1001 points (at 0, 0.001, 0.002, ... 0.999, 1) of the unknown, but
constant value of the binomial parameter, p. 907 of these 1001 tests fail to meet the 95%
confidence limit (at the extremities, (7) is used in these results). Note that these results
are based on using z, = 1.96. If z, = 2 is used, then the chance of meeting the desired

confidence level will be slightly higher, with 799 of the 1001 tests failing to meet the
desired 95% confidence interval (note z_ = 2 implies 95.47% confidence). If we follow
the advice of excluding np >5 and n(l— f)) >5 then 707 of the 1001 tests fail with z =

1.96 (if z, = 2 is used, this reduces to 601 failures). For 90% desired confidence, there

are 801 failures in the 1001 tests. For 99% confidence there are 999 failures in the 1001
tests.

4.2. Length of the Wald interval
It is also interesting to investigate the length of the confidence interval. Figure 2

illustrates the upper and lower bound of the 95% Wald interval. It also highlights the
length of the interval given by

AI = f)u - f)L' (6)
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Note that for the Wald interval when L < p<(1-L) then A, =2L . However, when
p>(1-L)or p<L,then A  <2L. This is a result of the boundary conditions in (2). It

can be seen in Figure 2 that the interval narrows as more samples are taken. Here we have
illustrated the case of n = 50, 100 and 250. Furthermore, the confidence interval is largest
at p=0.5 and has zero length at p=0and p= 1. This is incorrect as it is known

5 - 0ifx=0 and B, = 1-(a/2)" ifx=0 -
© (ar2)" ifx=n Y Nifx=n

should be used at the extremities, Pires and Amano (2008). These are true the Clopper-
Pearson limits.

Figure 2 also contains a contour plot of the number of samples required to ensure 95%
confidence (according to (4)) as a function of the underlining binomial probability p, and
the interval half-width, L. It can be seen that the Wald interval (incorrectly) advises, for a
given interval half width, that the maximum number of samples required occurs when p =
0.5. The Wald interval also assumes (again incorrectly) that all the contours originate
fromL=0,p={0,1}.

1 95% confidence sample size
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Figure 2. Wald interval, its length and sample size requirement for 95% confidence

5. Evaluating the performance of a confidence interval for activity sampling

The review of the Wald interval has allowed us to introduce the terminology and the
issues involved in binomial proportion confidence intervals. There are many such
intervals in the literature (see Pires and Amado, 2008). In order to select a confidence
interval for professional OM activity sampling we need some criteria to judge the field.

First, and most importantly, the interval should actually achieve the desired confidence
interval. That is, the coverage probability should be greater than the desired confidence
level. Second, the length of the interval should be as small as possible, which probably
means that excessive confidence should be avoided. Third, the confidence interval should
work for different confidence levels. Forth, it should be easy to present and understand in
a classroom setting.
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We should also not need to make any a priori assumptions of the binomial probability p.
Whilst there are good performing conservative intervals (see Sterne (1954) for example)
that use a priori information, they are not suitable for activity sampling as the required
information is rarely available in a usable form. The procedure to determine the
confidence interval is also rather complicated as the solution has no explicit form. Similar
arguments were made by Clopper and Pearson (1934), although Buck and Tanchoco
(1974) and Buck, Askin and Tanchoco (1983) have developed an activity sampling
procedure that does use a priori information.

There are also procedures available to modify confidence interval guidance. For example
Wang (2007) and Wang (2009) identifies the minimum coverage probability for a given
sample and size and interval specification. He also provides a mechanism to determine
the average coverage probability. Having determined the exact coverage probability (or
the exact average coverage probability) one can then adjust (in an iterative approach) the
safety factor to achieve target confidence levels, see Agresti and Caffo (2000). We have
not pursued this approach either as this is a rather complex task. Rather we prefer to have
a one-step calculation to the confidence interval calculation.

6. Alternative confidence intervals

This section reviews four other binomial confidence intervals. Three of these intervals are
approximate, one is exact. These four intervals where selected from Pires and Amado
(2008) as being described to possess (or nearly possess) the characteristics outlined in
Section 5.

6.1. Agresti and Coull’s ‘Adjusted Wald’ interval

The first alternative confidence interval we will consider is based on a modification to the
Wald interval that was introduced by Agresti and Coull (1998), sometimes called the
Adjusted Wald interval. The expression for the boundaries of the interval with arbitrary
confidence levels is given by,

$(1-¢)

$(1-¢)

Py, =min| {+2z, 5
(n+za)

,1|{and p, =max|{ -z, ,0 1, (8)

where ¢ =(X+zi /2)(n+zi )_1. Using (8) in (5) allows us to determine its coverage
probability, see Figure 3.



Disney, S.M., (2016), “Revisiting activity sampling: a fresh look at binomial proportion confidence intervals”,
European Journal of Industrial Engineering, Vol. 10, No. 6, pp724-759. ISSN 1751-5254. DOI: 10.1504/EJIE.2016.081021.

-
"

Coverage probability

0.93

0 0i2 0‘.4 016 0‘.8 1
Binomial parameter, p
Figure 3. Coverage probability of the Agresti and Coull interval, (n =50, a =0.05)

For the record, 232 of 1000 tests fail to meet the 99% confidence target, 217 fail to meet
the 95% target (above) and 305 fail the 90% target. While this is an improvement to the
coverage compared to the Wald interval, 20% to 30% of time, the desired level of
confidence is not actually achieved.

Figure 4 highlights the length of the Agresti and Coull interval for 95% confidence. Of
note here is the fact that at the extremities of the probability, p = {0,1} , the interval has a

finite length. Also, the maximum and minimum operators in (8) are activated near the
extremities. The sample size contours also exhibit more natural behaviour as they do not
all originate from the same point in the (L, p) plane. Note that in the contour plot, the un-
truncated behaviour (for L) was considered, as it was for Figure 2.
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Figure 4. Agresti and Coull interval, its length and sample size requirements for 95%
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6.1.1. Agresti and Coull’s ‘Add 4’ interval

If you round the normal variant for 95% confidence from z, =1.96 to z, =2 and add

two successes and two failures to the sample population the Wald interval becomes
Agresti and Coull’s Add 4 interval. Starting with

A X412

=—), 9
p+4 n+4 ( )

the upper and lower intervals can be calculated with

A . A f)+4 (1_ ﬁ+4) A A f)+4 (1_ p+4)
=min| p,, +2,/——=,1 | and p, = max| p,, —2,/———,0. 1
Pu [p4 T a P P.a 4 (10)
Now only 76 of the 1000 tests fail to reach 95% coverage. Equation (10) is interesting as
it shows that if you do not collect any samples i.e. n = x = 0, then you can be confident
that 0 < p<1, which is at least a logical result. It is possible to manipulate the un-

truncated intervals in (10) to find a concise expression for the number of observations
required to ensure p is within p+L,

n=4(f)+4(l—f)+4)—L2)/|-2~ (h
2 "3 :
5 _E :
8 099 b8 -:.::
o [y i
O 098 7.":::% ;o:'::o
) sooeld ::::.
§ 0.97 o..:.§§§1 ‘ ‘ [ ) ®eccee? ¢ ' ’ fssgs.'.
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Figure 5. Coverage probability of the Add 4 interval, (n =50, a = 0.05)

Equation (12) adapts the Add 4 interval for arbitrary confidence levels. It produces 345
failures in the 1001 tests at the 90% confidence level, 211 failures at 95% and 351
failures at 99%.

Py = Buo+ 2, B (1= By ) (n+4) " and B = Py~ 2,/ (1- oy ) (n+4) (12)

In summary, the Add 4 interval has a relatively simple closed form that is only slightly
more complex than the Wald interval. It can be manipulated for n, the number of samples
needed to be collected in order to reach a defined tolerance band. Although the coverage
achieved is vastly better than the Wald interval, especially for 95% when z = 2 is used, it
is still not exact. Agresti and Caffo (2000) report that the Add 4 interval is received well
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in a classroom setting, especially when students realise the implications of the Wald
interval when p={0,1}.

6.2. Wilson Score interval

The Wilson Score interval is often quoted to be the statistician’s preferred choice for an
approximation to the exact interval. The continuity corrected version of the Wilson score
interval is recommended by Pires and Amado (2008) and is given by,

l1ifx=n else
Py =1 2X+2.+1+2 \/z +2-L4+4x(1-p-1) (13)
(n+z )
and
0ifx=0 else
P =12x+z.-1-2 \/z Liax(1-p+1) (14)

o)

As we can see in Figure 6, the coverage probability for the 90% and 95% confidence
levels is acheived. However, for the 99% confidence level the coverage probability is not
met in 36 instances of the 1001 tests.

2
z 95% confidence level .
8 os fR > 1 0 -
R B 2 99% confidence level
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(@) .3, o
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g o '.o.
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gn‘ e R 'I"‘ ' ‘
. \ / . A
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| o] 0.2 04 0.6 0.8
* :B?nomialpu:rameter,i: Blnomlal parameter p

Figure 6. Coverage probability for the Wilson ““Score’ interval (n=50)

Figure 6 highlights the length of the Wilson Score interval for different sample sizes. It
also shows that it deals with the extremities appropriately. It is possible to subtract (13)
from (14), set it equal to twice the interval half length (2L) and solve for n. It results in a
rather unwieldy solution to a forth order equation. However, it is easily plotted, see
Figure 7. By closely comparing the sample size requirements the Wilson interval with the
Agresti and Coull interval sample size requirements, we can see that the Wilson Score
interval always requires more samples to be taken for a given probability and a given
interval half width. This is perhaps the reason why the Wilson Score interval has such a
high coverage probability.
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Figure 7. The Wilson Score interval, its length and sample size requirements

6.3. The Arc Sin interval

The final approximate binomial confidence interval considered is the continuity corrected
Arc Sin interval discussed in Pires and Amado (2008). This is an interval based on the
approximate normal distribution interval after a variance stabilizing transformation. The
Arc Sin interval is given by

lifXx=n else

Py =1 . o Z+x z 15
v sin’| arcsin j + a (13)

and

0ifx=0 else
z (16)

sin’| arcsin
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Figure 8. Coverage probability for the Arc Sin interval (n = 50).
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The Arc Sin interval actually achieves 90% and 95% coverage, but fails to meet 6 of the
1001 tests at 99% coverage probability. This is an improvement upon the Wilson Score
interval, especially as 4 of the 6 failures at 99% coverage occur very close to the extreme
values of the binomial probability. However, the interval is very large, see Figure 9.

95% confidence sample size

95% confidence interval

03
025
02
015
0.1
0.05 355

o R e
0 0.1 02 03 04 05 06 07 08 p 1 0.02 0.04 0.06 008 | 01

Interval length

Figure 9. The 95% Arc Sin confidence interval, its length and sample size requirements

6.4. The Clopper-Pearson interval

An exact solution of the confidence interval is one that always reaches the desired
coverage probability. The original approach to this solution is based on finding the real
root within the valid probability range of a polynomial of an order equal to n+1, Clopper
and Pearson (1934). Specifically, the upper boundary of the Clopper-Pearson confidence
interval is given by the real solution in the range [0..1] to

k=0

X (njy, A~ \N-k a
Z(kjpﬁ (1=py) " =7 (17)
Similarly the lower boundary is given by the real solution, in the range [0..1], to

(N ~ K ~ n—k_g
Z(kaL(l—pL) = (18)

k=x

This form of the Clopper-Pearson interval is rather hard to deal with when n becomes
large. However, the Clopper-Pearson interval can also be expressed in a more
manageable form that uses the Beta distribution (see Newcombe (1998) and Pires and
Amado (2008)) as follows,

1-(2)" ifx=0 0ifx=0
B, =4{1ifx=n else and P, =1(2)" ifx=n else (19)
B [1-%,x+1,n-Xx] B '[£,x,n—x+1]

where B [7,6,,6,] is the y percentile of the Beta[6,,6, | distribution. This form of the

Clopper-Pearson interval is easy to handle with modern statistical and mathematical
software. They are also computable in Microsoft Excel with the following expressions;
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p, =BETAINV (1-¢/2,x+1,n—X) (20)
and

p. =BETAINV (a/2,x,n—Xx+1) . 21)

Johnston, Kemp and Kotz (2005) provide a comprehensive list of references to tables of
confidence intervals. They also note the link between the Clopper-Pearson interval and
the F distribution and provide the following guidance for the upper limit of the
confidence interval,

v, F

1 vy, l-a/2

pU V +Vl I:v Yy l-a/2 ’ (22)

where Vv, =2(x+1) and v, =2(n—Xx). The lower limit of the interval is

v, F

17 v,v,,a/2

V +V1Fv v, ,a/2

P = , (23)

with v, =2x and v, =2(n—x+1). Using (19) in (5) allows us to inspect the coverage
probability, see Figure 10.
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Binomial parameter, p
Figure 10. Coverage probability of the Clopper-Pearson interval, (n =50, « =0.05)

Figure 10 confirms that for the Clopper-Pearson interval when n =50 and & =0.05 the
coverage probability is always greater than the desired confidence level. However,
because of the discrete nature of the binomial distribution it can often be rather
conservative, especially in the extremities of the binomial probability. The confidence
interval and its length is portrayed in Figure 11. Here we can see that the interval is

largest near p= 0.5, is symmetrical about P = 0.5, and has a finite length at p ={0,1}.
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Figure 11. The 95% Clopper-Pearson confidence interval, its length and sample size
requirements

The inverse problem where we solve the Clopper-Pearson equations for n, was studied by
Johnston, Kemp and Kotz (2005). They highlight that (24) and (25) can be solved to yield
an upper and lower limit on n, n, and n_, such that p is within p+L with

(1—ar)x100% confidence;

k=0

ny P K R K
Z(nﬂ(mt) (1-p-L)*" =7, (24)

5[ Jo-vr0-pery -2 2

k=n_p

Solving (24) and (25) plotting n, and n,_ for different values of p when the interval half
length, L =0.1 and o =0.05 yields Figure 12. Here we can see the two curves for n, and
n, . Obviously we will need to pick the largest n for a particular observed probability, f .

Hence, the parts of the curves that are plotted in grey become redundant. We can also see
that solutions N, <L and n; >1—-L do not exist as p cannot be less than zero or greater
than unity. Interestingly, the maximum number of observations required does not occur
when p = 0.5 (which was advocated by all of the previously considered intervals - see
the solid line in Figure 12 for the Wald interval). Rather the maximum observations occur
near p~+xL (butnot precisely at p=21+L, due to the discrete nature of the binomial
distribution). The nature of the two solutions to (24) explains why Figure 11 does not
have contours that are maximal in L at p=0.5. Figure 12 also highlights that the Wald

interval never takes enough observations to ensure that both sides of the interval have less
than «/2 error probability (error probability = 1—A).
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Defining L as the maximum L in the level sets of the contour plot in Figure 11 allows us
to obtain an upper bound of the number of samples required to achieve a desired interval
half-width. A visualisation of the relationship between L™ and n is given in Figure 13.
Here we can see that the maximum interval half-width reduces as more samples are taken,
but there is a law of diminishing returns with large samples sizes.
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Figure 13. Minimum sample size requirements to ensure L<L-+, 95% confidence

7. Recommendation of a confidence interval for activity sampling

Table 2 summaries the test results from Sections 4 and 6. If you require the most simple
interval possible for 95% confidence, then you could (continue to) use the simplified
Wald interval. This does not guarantee the coverage required (about 80% of the time) and
assumes the user lacks the capability to exploit a more sophisticated approach. A
literature review demonstrated that this approach is almost exclusively advocated by the
OM field.
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A more meaningful interval for 95% confidence is the Add 4 interval. This greatly
improves the coverage probability of the Wald interval and also has a simple closed form
solution for the number of samples required to be within a desired tolerance.

To be sure that the coverage probability was achieved (at least for 90% and 95%, and
almost sure for 99% confidence) in situations where a closed form expression is required,
the continuity corrected Wilson Score interval is recommended. Whilst it is possible to
manipulate the interval for n, given a target interval length, it is rather complex for
classroom use.

If one is willing to drop the requirement for a closed form, the Arc Sin interval ensures
the coverage probability is assured for both 90% and 95% confidence. However, for 99%
confidence the interval does not achieve the required coverage at the extremities (and for
a small number of points in the middle). It is possible to find the sin and arcsin functions
on most good handheld calculators, hence it may be relevant for practising industrial
engineers.

Finally, if you must ensure the coverage probability is met and have access to the
Clopper-Pearson tables given in Appendix B (or access to the inverse beta distribution in
Microsoft Excel) then the Clopper-Pearson interval is recommended. This is the only
interval that guarantees the desired coverage probability for all values of « and p.

Confidence level desired

Interval Notes
90% 95% 99%
Wald 801 fail 907 fails 999 fail Most simple closed form
| (799 fails if 2=2) s oSt stmpfe cfosed 7o
Agresti & Coull’s . . .
‘Adjusted Wald’ 305 fails 217 fails 232 fails Improved performance over Wald
Agresti & Coull’s |55 iy 211 3516als | interval and for sample size
‘Add 4’ (76 fails if 2=2) : P
requirements
Wilson Score 0 fails 0 fails 36 fails Complex closed form
Arc Sin 0 fails 0 fails 6 fails | T\ closed form, but casily done on
a scientific calculator.
No closed form, but amenable in
Clopper-Pearson 0 fails 0 fails 0 fails Excel. Easily pr§sented mn tabular
form. Sample size requirements
possible

Table 2. Summary results from 1001 confidence interval trials for activity sampling

Notwithstanding the arguments above, let’s now investigate the contour plots in Figures 2,
4, 7, 9 and 11 again. Overlaying them all into one single plot as in Figure 14, it is
possible to see when one interval dominates the other in terms of reducing the interval to
a specific half-width with a particular sample size. Note we are ignoring whether the
coverage probability actually meets the desired confidence level here. It can be seen that
the Agresti and Coull interval generally dominates all of the other intervals. That is, it
requires fewer samples to meet its specific half-width. The Wilson interval generally
dominates all other intervals, except the Agresti and Coull interval. This can be regarded
as good performance as the Wilson Score interval is almost exact. The Arc Sin interval
generally dominates the Clopper-Pearson interval. Despite this, it is recommended that
the standard operations management procedure is updated to include the Clopper-Pearson
interval.
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Figure 14. Comparison of the five confidence intervals by sample size requirements

8. Activity sampling procedure using the Clopper-Pearson interval

A procedure to exploit the Clopper-Pearson interval for activity sampling will now be
described. Appendix A provides a blank data collection form. The Clopper-Pearson
confidence interval requires either; the solution of pair of high order equations (equations
(17) and (18)); access to Microsoft Excel to enumerate (20) or specialist statistical
software to realise (22) and (23)); or access to Clopper-Pearson confidence interval tables.
Appendix B provides Clopper-Pearson confidence intervals that fit the data collection
forms for the case of n = 50, 100 and 150. Appendix C gives the maximum of the
solution to (24) and (25), rounded up to the nearest integer, for the required number of
samples n to be within a desired interval half-width for 90%, 95% and 99% confidence
for different values of the estimated binomial parameter, p .

The following step-by-step guide highlights how to use these tools.

Step 1. Determine how much confidence you need to assign to your results. From this,
determine the value of « .

Step 2. Determine an acceptable confidence interval half length (L) for the purposes of
your study. Note. Steps 1 and 2 should be done in consultation with the
“customer” of the activity sampling exercise.

Step 3. Explain the purpose of the activity sampling to the subjects of the exercise, (the
workers, customers, operators etc). Obtain an initial impression of range of
activities being undertaken by the workers, their duration and their frequency.
Make a note of the working time, breaks and any data collection issues present.

Step 4. Modify the activity sampling data collection form in Appendix A for your
situation. Name each of the activities the subject (worker, customer, machine
etc) undertakes in the columns A to J. If there are not enough columns then you
need to develop your own forms. Specify when the observations are to be taken
(ensuring random intervals of time between observations) using the uniformly
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distributed random numbers appropriately scaled to fit your scenario. Make sure
the study is long enough to capture the range of activities that are undertaken.

Step 5. Collect the activity sample. First collect 50 samples (a page worth). Total up the
observations for each activity and calculate the upper and lower limits of
confidence interval, using the table of Clopper-Pearson confidence intervals in
Appendix B. Decide if the confidence interval meets the needs of the study. If it
is not then use Appendix C to determine how many samples should be taken in
order to reduce the interval half-width (L) to an acceptable level.

Step 6. If the confidence interval half length (L) is too large for your purpose, collect
another 50 samples using the data collection form and re-calculate the length of
the interval.

Step 7. Repeat steps 5 and 6 until you are satisfied with the accuracy of the confidence
interval for each of the activities.

9. Teaching activity sampling with the new Clopper-Pearson interval

This new activity sampling procedure has been taught to over 2000 students over the last
5 years in Undergraduate, MSc, MBA and Executive courses in the U. S. and the U. K.
Only the Clopper-Pearson interval is discussed. No detail on other alternative intervals
needs to be given. The data collection forms and tables of intervals and sample sizes are
no more difficult to use than a standard normal table. Students often struggle with the

difference between and selection of appropriate accuracy (L) and confidence (), so it

is worthwhile spending some time on this matter. However, on balance, the new Clopper-
Pearson approach is actually easier to teach as students often find the circular reference to
p in the Wald interval formula difficult. It is also easy to break-out of a presentation to
illustrate the Inverse Beta function in Microsoft Excel.

A worked example (activity sampling my 2 year old daughter), a class exercise of activity
sampling a secretary’s duties and case study at Sam’s Tailor in Hong Kong is used. These
teaching materials are available upon request from the author. Sohal and Oakland (1990)
also offer some advice on an engaging method to teach activity sampling that could also
be adopted for use within this Clopper-Pearson activity sampling procedure.

10. Concluding remarks

The standard operations management textbook treatment of activity sampling has been
evaluated. It was found that the Wald interval is almost exclusively used to assign
confidence to the results. A review of modern statistical knowledge on binomial
proportion confidence intervals revealed that the statisticians have serious concerns with
the adequacy of this interval and have developed a range of more sophisticated
approximations. There is even an exact solution to the problem.

These modern confidence intervals have been reviewed and analysed for the purpose of
activity sampling. The Clopper-Pearson interval was found to be the only interval that
actually achieves the desired confidence interval for any desired coverage probability that
does not use a-priori information. The Clopper-Pearson interval has an explicit solution,
but sadly has no closed form. However, given that Microsoft Excel has an Inverse Beta
Distribution function built-in, the Clopper-Pearson interval can be easily determined.
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Two look-up tables for the interval and the sample size requirements have been
developed for classroom use.

A new activity sampling procedure was developed that can be used without advanced
statistical knowledge to gather information about many operations management scenarios.
The interval obtained now economically achieves the desired coverage. The existing
activity sampling procedure in many OM textbooks cannot guarantee this.
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Appendix A: Activity sampling data collection form

Title: Confidence,___ % | a, _| L, | Date:
Purpose: Completed by:
Page  of
= Intervals driven ACt'V'ty
2 5| Uniformly by random A B C D E F | G H
g 2 | distributed | numbers? Y/N
g § random
2 <Z | numbers Time of
o observation
1 98837 67136
2 35311 82655
3 18581 30998
4 81781 03347
5 38285 66912
6 24689 72155
7 93492 29368
8

10281 25221

9 95991 99716

10 57579 12203

11 12468 46011

12 72758 75741

13 86051 48890

14 31430 48040

15 96616 99230

16 92753 37184

17 55585 79446

18 27108 38086

19 53103 45868

20 47128 69377

21 67866 53793

22 35611 99785

23 58725 87497

24 67091 07571

25 28792 56073

26 94790 89294

27 54599 55184

28 44346 65363

29 45804 30298

30 50371 55805

31 53271 59910

32 25086 73884

33 98339 14198

34 08591 41964

35 94737 28459

36 42328 97773

37 2538031213

38 87258 46559

39 83390 54356

40 94856 27832

41 77092 40946

42 76977 34774

43 15537 11515

44 15033 90458

45 63078 91904

46 13037 90690

47 62328 62666

48 51910 39671

49 37489 05840

50 01641 53158

Running count from any previous samples

(n=)

Total sum of observations, x

Observed probability, [3 = %

Lower confidence interval, f)L (App. B)

Upper confidence interval, ﬁu (App. B)

Sample size required based on L (App. C)

24-
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Appendix B: Table of Clopper-Pearson confidence intervals

n=50 po=y (B =1-Y) b=y (P.=1-Y) n=150 b=y (Py=1-Y) b=y (P.=1-Y)

X 99% 95% 90% 90% 95% 99% X 99% 95% 90% 90% 95% 99%
0 (50) y=0 0 0 0.058155079 | 0.071121736 | 0.100545083 0 (150) y=0 0 0 0.019773438 | 0.024292597 | 0.03470557
1(49) ] 0.000100246 | 0.000506228 | 0.00102534 | 0.091398131 | 0.106469546 | 0.139404125 1(149) | 3.34164E-05 | 0.000168771 | 0.000341897 | 0.031233817 | 0.036583168 | 0.048485953
2(48) ] 0.002088725 | 0.004881433 | 0.00715372 | 0.120614155 | 0.137137626 | 0.17250176 2(148) ] 0.000692036 | 0.001618827 | 0.002374192 | 0.04137497 | 0.047333019 | 0.060345774
3(47) ] 0.006872485 | 0.012548588 | 0.016551859 | 0.147837176 | 0.165481947 | 0.202706269 3(147) | 0.002265007 | 0.004143625 | 0.00547293 | 0.050877068 | 0.057334222 | 0.071262464
4(46) | 0.013768445 | 0022227964 | 0.027787668 | 0.173791158 | 0.192342784 | 0.23105085 4(146) | 0.004516558 | 0.007312546 | 0.009158928 | 0.05998104 | 0.066867877 | 0.081586214
5(45) ] 0.022217815 | 0.033275094 | 0.04023659 | 0.198833003 | 0.218135366 | 0.258049729 5(145) | 0.007257229 | 0.010910186 | 0.013224408 | 0.068805184 | 0.076072323 | 0.091490565
6(44) ]0.031862914 | 0.045335321 | 0.053571403 | 0.22316999 | 0.243101317 | 0.284003704 6 (144) | 0.010366487 | 0.014818521 | 0.017560962 | 0.077417997 | 0.085027815 | 0.101076706
7(43) ] 0.042468787 | 0.0581917 | 0.067596699 | 0.246935202 | 0.267396002 | 0.309106966 7(143) | 0.013765426 | 0.01896557 | 0.02210405 | 0.08586338 | 0.093785865 | 0.110409837
8(42) ] 0.053873602 | 0.071700767 | 0.082185062 | 0.270220078 | 0.291126307 | 0.333493522 8(142) ]| 0.017399794 | 0.02330381 | 0.026811658 | 0.094171482 | 0.102381896 | 0.119534935
9(41) ] 0.065961072 | 0.085762078 | 0.097248095 | 0.293090581 | 0.314369411 | 0.357260386 9(141) ] 0.021230608 | 0.027799978 | 0.031654647 | 0.102364084 | 0.11084152 | 0.128484599
10 (40) | 0.078644691 | 0.100302237 | 0.112721613 | 0.315596061 | 0.337183108 | 0.380480351 10 (140) | 0.025228817 | 0.032429728 | 0.036611832 | 0.110457532 | 0.119183977 | 0.137283372
11(39) | 0.091858295 | 0.115265826 | 0.128557379 | 0.337774485 | 0.359611889 | 0.403209554 11 (139) | 0.029372118 | 0.037174615 | 0.041667235 | 0.118464471 | 0.127424162 | 0.145950285
12(38) | 0.105550132 | 0.130609916 | 0.144718155 | 0.359655697 | 0.381690748 | 0.425492219 12 (138) | 0.033642958 | 0.042020265 | 0.046808451 | 0.126394927 | 0.13557389 | 0.154500458
13(37) | 0.119679002 | 0.146300584 | 0.161174597 | 0.381263556 | 0.403447679 | 0.447363763 13(137) | 0.038027232 | 0.04695522 | 0.052025622 | 0.134257008 | 0.143642723 | 0.162946142
14 (36) | 0.134211639 | 0.162310601 | 0.177903198 | 0.402617382 | 0.424905357 | 0.468852912 14 (136) | 0.04251341 | 0.051970172 | 0.057310755 | 0.142057385 | 0.151638531 | 0.171297434
15(35) | 0.149120897 | 0.178617846 | 0.194884897 | 0.423732967 | 0.446082326 | 0.48998318 15 (135) | 0.047091922 | 0.057057435 | 0.062657265 | 0.149801626 | 0.159567885 | 0.17956277
16 (34) | 0.164384449 | 0.195204195 | 0.212104098 | 0.444623296 | 0.46699384 | 0.510773932 16 (134) | 0.051754723 | 0.062210574 | 0.068059646 | 0.157494434 | 0.167436339 | 0.18774929
17(33) | 0.179983844 | 0.212054713 | 0.229547962 | 0.465299081 | 0.487652488 | 0.531241159 17 (133) | 0.056494972 | 0.06742414 | 0.073513243 | 0.165139829 | 0.175248639 | 0.195863098
18(32) ]0.195903809 | 0229157067 | 0.247205894 | 0.485769151 | 0508068648 | 0.551398063 18 (132) | 0.061306798 | 0.072693467 | 0.079014074 | 0.172741273 | 0.183008877 | 0.203909461
19(31) | 021213172 | 0.246501078 | 0.265069158 | 0.506040748 | 0528250837 | 0.571255486 19 (131) | 0.066185114 | 0.078014525 | 0.084558705 | 0.18030178 | 0.190720614 | 0.211892966
20 (30) | 0.228657206 | 0.264078395 | 0.283130591 | 0.526119749 | 0548205972 | 0.590822246 20 (130) | 0.071125481 | 0.083383807 | 0.090144145 | 0.187823988 | 0.198386968 | 0.219817631
21(29) | 0.245471848 | 0.281882241 | 0.301384377 | 0.546010837 | 0567939565 | 0.610105383 21(129) | 0.076123996 | 0.088798232 | 0.095767775 | 0.195310223 | 0.206010689 | 0.227687004
22 (28) | 0.262568945 | 0.299907221 | 0.319825889 | 0.565717627 | 0.587455877 | 0.629110348 22 (128) | 0.081177208 | 0.094255085 | 0.101427285 | 0.20276255 | 0.213594219 | 0.235504232
23(27) | 0.279943342 | 0.318149179 | 0.338451559 | 0.585242759 | 0.606758024 | 0.647841147 23 (127) | 0.086282047 | 0.099751951 | 0.107120622 | 0.210182807 | 0.221139733 | 0.243272126
24 (26) | 0.297591302 | 0.336605092 | 0.35725879 | 0.604587965 | 0.625848055 | 0.666300434 24 (126) | 0.09143577 | 0.105286678 | 0.112845957 | 0.217572646 | 0.228649184 | 0.250993204
25 ]0.315510421 | 0.355272997 | 0.376245891 | 0.623754109 | 0.644727003 | 0.684489579 25 (125) | 0.096635913 | 0.110857332 | 0.118601649 | 0.22493355 | 0.236124327 | 0.258669737

26 (124) | 0.101880252 | 0.116462173 | 0.12438622 | 0.232266861 | 0.24356675 | 0.266303776

n=100 po=y (B =1-Y) b=y (P =1-Y) 27 (123) | 0.107166776 | 0.122099628 | 0.130198336 | 0.239573797 | 0.250977895 | 0.273897184
X 99% 95% 90% 90% 95% 99% 28 (122) | 0.112493654 | 0.127768266 | 0.136036784 | 0.246855466 | 0258359073 | 0.281451656
0 (100) y=0 0 0 0.02951305 | 0.036216693 | 0.05160403 29 (121) | 0.117859222 | 0.133466786 | 0.14190046 | 0.25411288 | 0.265711481 | 0.288968742
1(99) | 5.01242E-05 | 0.000253146 | 0.000512801 | 0.046559811 | 0.054459385 | 0.071957682 30 (120) ] 0.123261954 | 0.139193999 | 0.147788357 | 0.261346965 | 0.273036218 | 0.296449862
2(98) ]0.001039619 | 0.002431337 | 0.003565153 | 0.0616192 | 0.070383932 | 0.089430673 31(119) | 0.128700453 | 0.144948816 | 0.153699551 | 0.268558571 | 0.280334289 | 0.303896318
3(97) | 0.00340707 | 0.006229972 | 0.008225829 | 0.075710794 | 0.085176053 | 0.105481254 32(118) | 0.134173435 | 0.150730237 | 0.159633196 | 0.275748483 | 0.287606623 | 0.311309311
4(96) | 0.006801694 | 0.011004494 | 0.013776612 | 0.08919625 | 0.099257157 | 0.120632699 33(117) | 0.139679717 | 0.156537338 | 0.16558851 | 0.282917421 | 0.294854074 | 0.318689949
5(95) ]0.010940334 | 0.016431879 | 0.019905564 | 0.102253378 | 0.112834911 | 0.135144683 34 (116) | 0.145218205 | 0.162369272 | 0.171564774 | 0.290066054 | 0.302077433 | 0.326039255
6(94) ] 0.015642513 | 0.022334886 | 0.026449713 | 0.114985256 | 0.126029935 | 0.149168804 | | 35(115) ] 0.15078789 | 0.168225251 | 0.177561322 | 0.297195 | 0.309277432 | 0.333358178
7(93) | 0.02078993 | 0.028605289 | 0.033311916 | 0.127458016 | 0.138919728 |0.162802856 | | 36 (114) | 0.156387835 | 0.174104547 | 0.183577538 | 0.304304832 | 0.316454751 | 0.340647598
8(92) ]0.026301152 | 0.035171563 | 0.040428871 | 0.139717119 | 0.151557636 | 0.176114355 37(113) | 016201717 | 0.180006485 | 0.189612851 | 0.311396082 | 0.32361002 | 0.347908333
9(91) ]0.032117617 | 0.041983596 | 0.047756636 | 0.151795429 | 0.163982255 | 0.18915228 38(112) ] 0.167675086 | 0.185930437 | 0.195666728 | 0.318469248 | 0.330743828 | 0.355141143
10 (90) | 0.038195653 | 0.049004689 | 0.055263238 | 0.163717623 | 0.176222598 | 0.201953521 39(111) | 0.173360831 | 0.191875818 | 0.201738676 | 0.325524789 | 0.337856721 | 0.362346739
11(89) | 0.044501714 | 0.05620702 | 0.06292455 | 0.175502803 | 0.188301132 | 0.214546698 | | 40 (110) | 0.179073703 | 0.197842083 | 0.207828234 | 0.332563138 | 0.344949209 | 0.369525782
12(88) | 0.051009388 | 0.063568903 | 0.070721838 | 0.18716611 | 0.200235684 | 0.226954552 | | 41 (109) | 0.184813047 | 0.203828725 | 0.213934972 | 0.339584697 | 0.352021771 | 0.37667889
13(87) | 0.057697454 | 0.071073046 | 0.078640204 | 0.198719793 | 0.212040677 | 0.239195508 | | 42 (108) | 0.190578251 | 0.209835269 | 0.220058489 | 0.346589841 | 0.35007485 | 0.383806642
14 (86) | 0.064548563 | 0.078705405 | 0.086667578 | 0.210173925 | 0.223727981 | 0.251284745 | | 43 (107) | 0.196368742 | 0.215861271 | 0.226198409 | 0.353578923 | 0.366108864 | 0.390909577
15(85) | 0.071548325 | 0.086454386 | 0.094794012 | 0.221536908 | 0.2353075 | 0.26323494 44 (106) | 0.202183986 | 0.221906316 | 0.232354382 | 0.36055227 | 0.373124204 | 0.397988202
16 (84) | 0.078684647 | 0.09431029 | 0.1030112 | 0.232815835 | 0.246787597 | 0.275056809 | | 45 (105) | 0.208023481 | 0.227970016 | 0.23852608 | 0.367510193 | 0.380121234 | 0.405042991
17(83) | 008594726 | 0.10226491 | 011131212 | 0.244016756 | 0.258175411 | 0.286759506 | | 46 (104) | 0.213886757 | 0.234052006 | 0.244713194 | 0.37445298 | 0.387100297 | 0.412074389
18 (82) | 0.093327359 | 0.110311229 | 0.119690778 | 0.255144881 | 0.269477086 | 0.298350915 | | 47 (103) | 0.219773374 | 0.240151946 | 0.250915436 | 0.3813809 | 0.394061714 | 0.419082811
19(81) | 0.10081733 | 0.118443196 | 0.128142008 | 0.266204729 | 0.280697958 | 0.309837888 | | 48 (102) | 0.225682918 | 0.246269516 | 0.257132537 | 0.38829421 | 0.401005786 | 0.426068649
20(80) | 0.108410541 | 0.126655552 | 0.136661325 | 0.27720025 | 0.291842689 | 0.321226413 | | 49 (101) | 0.231615003 | 0.252404415 | 0.263364242 | 0.395193146 | 0.407932795 | 0.433032269
21(79) | 0.116101179 | 0.134943696 | 0.145244808 | 0.288134916 | 0.302915379 | 0.332521761 50 (100) | 0.237569265 | 0.258556363 | 0.269610314 | 0.402077931 | 0.414843006 | 0.439974014
22(78) | 0.123884115 | 0.143303577 | 0.153889007 | 0.299011796 | 0.313919654 | 0.343728594 51(99) | 0.243545363 | 0.264725097 | 0.275870531 | 0.408948776 | 0.421736667 | 0.446894207
23(77) | 0.131754807 | 0.151731611 | 0.162590871 | 0.309833617 | 0.324858733 | 0.354851056 52 (98) ] 0.249542979 | 0.270910368 | 0.282144683 | 0.415805876 | 0.428614011 | 0.453793149
24 (76) | 0.139709209 | 0.160224613 | 0.171347691 | 0.320602811 | 0.335735489 | 0.365892843 53(97) | 0.255561812 | 0.277111945 | 0.288432575 | 0.422649414 | 0.435475255 | 0.460671123
25 (75) | 0.147743708 | 0.168779738 | 0.180157047 | 0.331321554 | 0.346552496 | 0.37685727 54 (96) ] 0.261601583 | 0.283329612 | 0.294734024 | 0.429479563 | 0.442320603 | 0.467528394
26(74) | 0.15585506 | 0.177394438 | 0.189016773 | 0.341991802 | 0.357312063 | 0.387747312 55 (95) | 0.267662029 | 0.289563165 | 0.301048858 | 0.436296482 | 0.449150245 | 0.474365209
27(73) | 0.164040349 | 0.186066422 | 0.197924924 | 0.352615316 | 0.368016273 | 0.398565651 56 (94) | 0.273742905 | 0.295812415 | 0.307376916 | 0.443100324 | 0.455964359 | 0.481181799
28(72) | 0.172296944 | 0.194793627 | 0.206879746 | 0.363193686 | 0.378667005 | 0.40931471 57/(93) | 0.279843981 | 0.302077184 | 0.31371805 | 0.449891226 | 0.462763112 | 0.487978379
29(71) | 0.180622466 | 0.203574189 | 0.215879657 | 0.373728351 | 0.389265959 | 0.419996682 58 (92) | 0.285965043 | 0.308357307 | 0.320072119 | 0.456669319 | 0.469546658 | 0.494755152
30(70) | 0.189014762 | 0.21240642 | 0.224923224 | 0.384220613 | 0.399814676 | 0.430613554 59 (91) ] 0.292105893 | 0.31465263 | 0.326438993 | 0.463434726 | 0.47631514 | 0.501512302
31(69) | 0.197471878 | 0.221288792 | 0.23400915 | 0.394671654 | 0.410314554 | 0.441167127 60 (90) ] 0.298266345 | 0.32096301 | 0.332818551 | 0.470187557 | 0.483068692 | 0.508250004
32(68) | 0.205992042 | 0.230219917 | 0.243136257 | 0.405082547 | 0.420766862 | 0.45165904 61(89) ] 0.304446228 | 0.327288314 | 0.339210683 | 0.476927916 | 0.489807436 | 0.514968417
33(67) | 0.214573641 | 0.239198535 | 0.252303477 | 0.415454267 | 0.431172751 | 0.46209078 62(88) | 0.310645384 | 0.33362842 | 0.345615283 | 0.4836559 | 0.496531487 | 0.521667688
34(66) | 0.223215213 | 0.248223502 | 0.261509839 | 0.425787697 | 0.441533268 | 0.472463697 63 (87) | 0.316863666 | 0.339983214 | 0.352032256 | 0.490371595 | 0.503240947 | 0.528347952
35(65) | 0.231915427 | 0.257293779 | 0.270754462 | 0.436083641 | 0.451849362 | 0.482779016 64 (86) | 0.323100942 | 0.346352595 | 0.358461516 | 0.497075081 | 0.509935912 | 0.535009334
36 (64) | 0.240673076 | 0.266408423 | 0.280036546 | 0.446342825 | 0.462121893 | 0.49303785 65 (85) | 0.329357088 | 0.352736466 | 0.364902983 | 0.503766432 | 0.516616468 | 0.541651944
37(63) | 0.249487067 | 0.27556658 | 0.289355367 | 0.456565907 | 0.472351641 | 0503241203 66 (84) | 0.335631994 | 0.359134742 | 0.371356583 | 0.510445713 | 0.523282692 | 0.548275884
38(62) | 0.258356408 | 0.284767476 | 0.29871027 | 0.46675348 | 0.482539306 | 0.513389984 67(83) | 0.34192556 | 0.365547347 | 0.377822252 | 0.517112981 | 0.529934654 | 0.554881244
39(61) | 0.267280206 | 0.294010415 | 0.308100663 | 0.476906079 | 0.49268552 | 0.523485007 68 (82) | 0.348237698 | 0.371974211 | 0.384299933 | 0.523768288 | 0.536572414 | 0.561468103
40 (60) | 0.276257658 | 0.303294769 | 0.317526015 | 0.48702418 | 050279085 | 0.533527004 69 (81) | 0.354568328 | 0.378415274 | 0.390789572 | 0.53041168 | 0.543196027 | 0.568036531
41(59) | 0.285288045 | 0.312619977 | 0.32698585 | 0.497108208 | 0.512855796 | 0.543516626 70 (80) | 0.360917384 | 0.384870482 | 0.397291127 | 0.537043194 | 0.549805536 | 0.574586586
42 (58) | 0.294370727 | 0.321985539 | 0.336479745 | 0.507158539 | 0.522880804 | 0.553454447 71(79) | 0.367284806 | 0.391339792 | 0.403804559 | 0.543662861 | 0.55640098 | 0.581118318
43(57) | 0.30350514 | 0.331391017 | 0.346007327 | 05171755 | 0.532866262 | 0.563340969 72(78) | 0.373670547 | 0.397823166 | 0.410329836 | 0.550270708 | 0.562982389 | 0.587631766
44 (56) | 0.312690792 | 0.340836024 | 0.355568269 | 0.527159374 | 0.542812503 | 0.573176625 73(77) | 0.380074569 | 0.404320573 | 0.416866933 | 0.556866752 | 0.569549785 | 0.594126959
45(55) | 0.321927257 | 0.350320229 | 0.36516229 | 0.537110399 | 0.552719811 | 0.582961783 74 (76) | 0.386496843 | 0.410831993 | 0.423415833 | 0.563451007 | 0.576103182 | 0.600603916
46 (54) | 0.331214178 | 0.359843353 | 0.374789154 | 0.547028772 | 056258842 | 0.592696745 75 ] 0392937351 | 0.41735741 | 0.429976521 | 0570023479 | 0.58264259 | 0.607062649
47(53) | 0.34055126 | 0.369405164 | 0.384448663 | 0.55691465 | 0.572418515 | 0.602381754

48(52) |0.349938269 | 0.37900548 | 0.394140663 | 0.56676815 | 0.582210235 | 0.612016989 | |Examples:

49 (51) | 0.359375032 | 0.388644165 | 0.403865039 | 0.576589349 | 0.591963671 | 0.621602571 n =50, 90% confidence required, and x=10, then p.=0.112721613 and pu=0.315596061
50 ] 0.368861437 | 0.39832113 | 0.413621715 | 0.586378285 | 0.60167887 | 0.631138563 n =100, 95% confidence required, and x=85, then pu=1-0.0864543 and p.=1-0.2353075

Note: For different sample sizes n or for different confidence level then the following formulas can be used
in Microsoft Excel; p, = BETAINV (1-%,x+1,n—x) and p, = BETAINV(£,x,n—x+1).
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Appendix C: Activity sample size requirements

90% Confidence

95% Confidence

99% Confidence

por L por L por L
(1-p) 0.1 |0.09/0.08/0.07/0.06]0.05/0.04/0.03| 0.02 | 0.01 (l -p) 0.1 ]0.09{0.08{0.07(0.06/0.05/0.04| 0.03 | 0.02 | 0.01 (l-p) 0.1 ]0.09{0.08/0.07{0.06{0.05/ 0.04 | 0.03 | 0.02 [ 0.01
0 29 | 3236|4249 |59 |74[99 149 | 299 0 36 [40[45|51|60]72]91]| 122|183 | 368 0 51|57 |64 | 74|86 |104] 130 | 174 | 263 | 528
0.01 31 | 35|40 |47 |56 |69 |90 |128| 216 | 569 0.01 39 |44 |50(59| 70|87 |114| 164 | 279 | 753 0.01 57 | 65| 74 | 87 [104]|131| 172 | 250 | 433 | 1204
0.02 34 | 38|44 |52 |63|79|106(157| 280 | 829 0.02 42 |48 |56 | 66 | 80 |102]|137| 204 | 371 |1124 0.02 63| 728499 |122|156| 212 | 321 | 593 | 1844
0.03 36 | 41|48 |57 |69 |89 |121(184| 343 |1083 0.03 45 |52 [ 61| 73|90 |115|159| 244 | 461 |1484 0.03 69 | 79| 93 1112]138|180| 250 | 389 | 748 | 2468
0.04 38 |44 (51|61 |76 |98 |136|211| 405 (1332 0.04 49 | 56|66 79|99 (129|180 282 | 548 (1837 0.04 74 | 86 |102|123(155]|203| 287 | 455 | 898 | 3077
0.05 40 |46 | 54 | 66 | 82 |107|151|237| 464 |1574 0.05 52 | 60| 71|86 |108(142]|201| 319 | 632 (2181 0.05 80 | 93 |110|135(170|226 323 | 520 [1045| 3672
0.06 42 |49 58|70 |88 |116|165[263| 523 | 1811 0.06 55 [ 63| 7592 |116]|155]|221| 356 | 715 |2517 0.06 8599 |118)145]185|248| 358 | 583 | 1189 | 4254
0.07 44 | 51|61 | 74|94 (125|179(288| 579 | 2042 0.07 57 |67 (80|98 |125|167]|240| 391 | 796 |2846 0.07 90 |105]126]156]200|270| 392 | 644 |1329| 4822
0.08 46 | 54 | 64 | 78 |100/133]192|312| 635 |2268 0.08 60 | 70 | 84 [104|133[179]260| 425 | 875 3167 0.08 94 [111]|134|166(214]|290( 425 | 704 |1465| 5377
0.09 48 | 56 | 67 | 83 [105|142|205|336| 689 | 2488 0.09 63 |74 (89 110/141]191]278| 459 | 952 | 3480 0.09 99 |117]142)176|228|311| 457 | 762 | 1598| 5919
0.1 50 | 58| 70 | 86 |111|150|218(359| 742 | 2704 0.1 65 | 77 |93 [115/149]|202]296| 492 1027|3786 0.1 104]123]149]186|242|330| 489 | 819 | 1728| 6447
0.11 51 | 60 | 73|90 [116|157|230/381| 793 2913 0.11 68 | 80 | 97 [121]156(213|314| 524 | 1100 | 4084 0.11 108|128156|196|255|350| 519 | 874 |1855| 6962
0.12 53 | 63| 76 | 94 |121|165|242|403| 843 |3117 0.12 70 | 83 101|126|164 (224|331 555 | 1171|4374 0.12 112|134|163|205(267|368| 549 | 928 [1978| 7463
0.13 55 | 65| 78 | 97 [126|172|254|424| 892 | 3316 0.13 73 |86 [105(131|171]|234|348| 585 [1241|4656 0.13 116]139]170]214)280|386| 578 | 980 | 2098| 7952
0.14 56 | 67 [ 81 /101(131|179|265|445| 939 |3509 0.14 75 | 89 |108|136|177(244|364| 614 | 1308 [ 4931 0.14 120|144|176|222(292]|404| 606 | 1031|2214 | 8427
0.15 58 | 69 | 83 [104|136|186|276|465| 985 | 3697 0.15 77 | 92 [112|141]184(254|379| 643 |1373(5198 0.15 1241149182|231(303]421| 633 | 1080|2327 | 8888
0.16 59 | 70 | 86 |107|140|193|287 (48410303880 0.16 79 |94 [116/145|191]|264|395| 670 [1437|5457 0.16 128|153]188)239|314|437| 659 1128|2437 9337
0.17 61 | 72|88 [111]144|199|297 503 /1073|4057 0.17 81 |97 [119(150|197]|273]|409| 697 1498|5709 0.17 131]158]194|246|325|453| 685 [1174|2543| 9772
0.18 62 | 74| 90 [114|149|205|307|521 (1115|4228 0.18 83 | 99 |122154|203 (282|423 | 723 | 1558 [ 5953 0.18 135|162|200|254 (336469 | 709 | 1219|2647 |10194
0.19 63 | 76 | 92 [116|153|211|317|538|1155|4394 0.19 85 |102{125/158|209(290|437| 748 | 1615|6189 0.19 138|166 205|261 (346|484 | 733 | 1262 | 2746 | 10602
0.2 64 | 77 | 94 [119]157|217|326|555|1194|4555 0.2 87 [104[128162|214]|298]450| 772 [1671|6418 0.2 141]170]210)268|355]498| 756 [1304)2843|10998
0.21 66 | 79 | 96 [122/160|223|335|572 (1232|4711 0.21 88 |106|131|166|219(306|463| 795 | 1725|6639 0.21 144|174|215|275(365|512| 778 |1345(2936|11380
0.22 67 | 80 | 98 (124164 |228|343|587|1269 |4861 0.22 90 |108|134|170|225(314|475| 818 | 1777 (6852 0.22 147(178|220|281 (374|525 800 | 1384 (3026|11748
0.23 68 | 81 [100(127|167|233|352|602 | 1304|5005 0.23 92 [110(136(173|230]|321]487| 839 [1827|7057 0.23 150]181]225)287|382|538| 820 [1421]|3112|12104
0.24 69 |83 ]102(129|171|238|360|617 1338|5144 0.24 93 [112(139177|234]|328]498| 860 |1875|7255 0.24 152]185]229]293]391|550| 840 [1457]|3196|12446
0.25 70 | 84 103(131/174|243|367|631|1370|5278 0.25 94 |114|141(180|239(335|509| 880 | 1921 | 7445 0.25 155|188(233|299 (398|562 | 858 | 1491 (3275|12774
0.26 71 |85 [105(134|177|247|374|644 1401|5406 0.26 96 [116[143|183|243]|341]|520| 899 [1965 7628 0.26 157]191]237)|304|406|573| 876 [1524|3352|13090
0.27 72 |86 |106(136]180|251|381 657 1431|5529 0.27 97 [117[145|186|247]|347]529| 917 {2007 | 7802 0.27 159]193]241)309]413|583| 894 [1556|3425]13392
0.28 72 | 87 |108(137|182|255|388|669 | 1459 | 5647 0.28 98 |119]147(188|251(353|539| 934 | 2048|7970 0.28 161|196244|314(420|593| 910 | 1586 | 3495 | 13682
0.29 73 | 88 1109(139185|259|394|681|1486|5759 0.29 99 |120{149191|255(359|548| 951 | 2086 [ 8129 0.29 163]199247|318(426|603| 925 | 1614 | 3562 | 13957
0.3 74 |89 [110(141|187|263|400|691 1511|5865 0.3 100 [121[151/193]|258)364]|556| 966 2123|8281 0.3 165]201]251)322]432]612| 940 [1641)3625|14220
0.31 74 |90 [111(142]189|266|405|702 1536|5967 0.31 101 [123[153(196|261)369|564| 981 2157|8425 0.31 167]203]253|326|438|620| 954 1667|3685 |14469
0.32 75 | 91[112{144/191|269|411|711|1559|6063 0.32 102 |124]154(198|264(373]|571| 995 | 2190 8561 0.32 168|205 256|330(443|628| 967 | 1691|3742 | 14705
0.33 75 |91 [113[145]193|272|415|721 /1580|6153 0.33 103 [125(155/200|267)377|578|1008 | 2220 | 8690 0.33 169]207]259|333]448|636| 979 [1714)|3795]14928
0.34 76 |92 |114[146]195|275|420| 72916006238 0.34 103 [126(157(201|269|381]|585|1020 (2249|8811 0.34 171]208]261)|336]452|643| 990 [1735]3845|15138
0.35 76 | 93 |115(147|197|277|424|737 (1619|6318 0.35 104 (127]158(203|272|385]|591|1031|2276|8924 0.35 172]210( 263|339 (456|649 |1001|1755(3891|15334
0.36 77 | 93 |116(148/198|280|428|744|1637|6392 0.36 105 [127]159(204|274 (388596 |1042|2301[9030 0.36 173]211|265|342(460]655(1010|1773(3935| 15517
0.37 77 |94 116(149(199|282|431|751|1653|6460 0.37 105 [128(160206|276)391]|601|1051[2324|9128 0.37 1741212]266)|344]463]660|1019 (1790|3975 |15686
0.38 77 | 94 |117(150|201|284 |435|757 | 1668 | 6524 0.38 105 [128]160(207|278(394|606|1060|2345(9218 0.38 1741213|268|346(467|665|1027 1805|4012 | 15842
0.39 77 | 94 [117[151|202|285|437|763|1681 | 6582 0.39 106 [129]161(208|279(396]610|1068|2364 (9300 0.39 175(214|269|348(469|669|1034 | 1819|4045 | 15986
0.4 78 | 94 |118(151|203|287|440|767 1693|6634 0.4 106 [129(162(209|280)398|614|1075(2382|9375 0.4 175]215]270|349]471]673|1041[1831]|4075|16115
0.41 78 | 95 |118(152(203|288|442|772|1704|6682 0.41 106 [130(162(209]|281]400]|617|1081|2397|9442 0.41 176215]271|351|473|676|1046 [1842]|4102|16232
0.42 78 | 95 |118(152|204|289|444|775|1713|6723 0.42 106 [130]162(210|282(401|619|1086|2410|9502 0.42 176|216|271|352(475|678|1051|1851|4125|16335
0.43 78 | 95 |118(152|204|290|445|778|1721|6760 0.43 106 (130]163(210|283[403)621|1091 | 2422|9554 0.43 176(216|271|352 (476|680 | 1055|1859 [ 4145 | 16425
0.44 78 |95 [118(152(204|290|446|781|1728|6790 0.44 106 [130(163|210|283)403]|623|1094|2432|9598 0.44 176]216]272)|353|477]682|1058 [ 1865|4162 | 16502
0.45 77 | 94 |118(152|205|290|447|783|1733|6816 0.45 106 (130]163(210|283|404|624|1097 | 2439|9634 0.45 176|216|272|353 (477|683 (1060|1870 (4176 | 16566
0.46 77 | 94 |118(152|205|291 448|784 |1737|6836 0.46 106 [129]162(210|283(404]625|1099 2445|9663 0.46 175|215|271|353 (477|683 |1061|1874 (4186 | 16616
0.47 77 |94 [118(152|204|290|448|785|1740|6851 0.47 105 [129(162|210|283)404|625|1100 |2449|9684 0.47 175]215]271|352|477|683|1062 [ 1876|4193 | 16653
0.48 77 |94 [117[152]204|290|447|785|1741|6860 0.48 105 [129(162(209|283]404|625]1100 |2451|9698 0.48 1741214]1270)351]476|683|1061 |1876]|4196|16677
0.49 76 | 93 |117(151|203|290|447|784|1741|6864 0.49 104 |128]161(209|282 (403|624 |1100|2451 (9703 0.49 173]213|269|351 (475|682 |1060| 1875|4196 | 16687
0.5 76 | 93 |116[151[203|289|446|783|1739|6862 0.5 104 [127(160208|281)402]623|1098 | 2449|9701 0.5 172]212]268|349|474]680|1058 [ 1873|4193 | 16684

Example: Assume that 95% confidence and an interval half width of L=0.05 is desired.
After the first 50 samples, the estimate of p, p is 0.73. The sample size requires are

symmetrical about p, thus in order to save space the table only considers 0 < p<0.5. So
we need to make the calculation p=1-0.73=0.27. The required sample size is then

found in the second table (as this refers to the 95% confidence interval) and we pick the
column associated with L =0.05 and the row associated with 0.27. Thus the sample size

is N = 347.
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