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Abstract

Functionally graded plates whose material properties vary continuously through the
thickness are modelled as exactly equivalent plates composed of up to four isotropic
layers. Separate models are derived for analysis using classical plate theory, first-
order and higher-order shear deformation theory. For cases where Poisson’s ratio
varies through the thickness, the integrations required to obtain the membrane,
coupling and out-of-plane stiffness matrices are performed accurately using a series
solution. The model is verified by comparison with well converged solutions from
approximate models in which the plate is divided into many isotropic layers. Critical
buckling loads and undamped natural frequencies are found for a range of
illustrative examples.

Keywords: functionally graded, plates, vibration, dynamic stiffness, Wittrick-
Williams algorithm, transverse shear

1 Introduction

Functionally graded (FG) materials can be defined as those which are formed by
gradually mixing two or more different materials, with the main aim of adapting
their physical properties to the external environment. The variation of properties is
required to be as smooth as possible in order to avoid phenomena such as stress
concentrations which could lead to the development or propagation of fractures.
Nature provides examples of materials whose physical properties vary
gradually, but the concept of synthetically manufactured FG materials was first
developed in Japan in the early 1980s [1]. The simplest kind of FG material is made
from gradually varying proportions of two constituent materials, usually with
complementary properties. For example, in a FG material composed of metal and a
ceramic reinforcement, the ceramic material contributes heat and oxidation
resistance, while the metal provides toughness, strength and the bonding capability
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needed in order to minimize residual stresses. Furthermore some crucial properties,
such as thermal insulation and impact resistance, can be conveyed to the material by
varying the internal pore distribution.

Pioneering manufacturing techniques include powder metallurgy, physical and
chemical vapour deposition, plasma spraying, self-propagating high temperature
synthesis and galvanoforming [1]. Property changes during FG material processing
are commonly performed by functions of the chemical composition, microstructure
or atomic order, which depend on the position within the element [2]. Property
variation through the thickness of a FG plate is achieved by bulk processing or
stacking, layer processing by molecular or mechanical deposition, thermal and
electrical preform processing or melt processing. It is also possible to vary
properties in the same plane by means of technologies such as ultraviolet irradiation
[3]. Jet solidification and laser cladding permit greater variation and are suitable for
a wide range of layer thicknesses. Solid freeform fabrication is an advanced
production technique which can be controlled by computers.

Although the most important applications of FG materials have taken place in
the aerospace industry, mechanical engineering, chemical plants and nuclear energy,
they are now attracting attention in optics, sports goods, car components, and
particularly in biomaterials by means of prostheses. Modern FG implants allow the
bone tissues to penetrate between the metallic (often titanium) part and the bone by
means of the hydroxyapatite (a transition porous material), forming a graded layup
in which a suitable bonding is developed [1].

In engineering it is important to highlight the effects of FG materials in
turbomachinery components such as rotating blades, since by varying the gradation
it is possible to alter the natural frequencies in order to guarantee stability at
particular spinning speeds. Finally it is worth mentioning smart applications, in
which piezoelectric sensors and actuators are integrated into the FG material to
control vibrations or static responses in structures [3].

Natural frequencies and critical buckling loads of FG plates have been tabulated
by various authors [4-7], and it was shown by Abrate [8, 9] that these results are
proportional to those for homogeneous isotropic plates. Coupling between in-plane
and out-of-plane behaviour can be accounted for by an appropriate choice of the
neutral surface [10-12]. Thus the behaviour of FG plates can be predicted from that
of similar homogeneous plates. These ideas were exploited to obtain an equivalent
isotropic model for a FG plate [13] so that it can be analysed using existing methods
based on classical plate theory (CPT) for homogeneous plates. This model was
shown to give an exact equivalence when the two component materials have the
same Poisson’s ratio, but otherwise a small approximation is introduced. The
analysis of FG plates with varying Poisson’s ratio poses a greater challenge due to
the complexity of the integrals which have to be evaluated in order to obtain the in-
plane, coupling and flexural stiffness matrices, even when the analysis is restricted
to CPT. Efraim proposed an alternative approach [14] in which these integrations are
approximated, while the present authors performed the inegrations accurately [15]
using a series solution proposed by Dung and Hoa [16].

The present paper includes the previously derived CPT models and examples [13,
15] and then makes important extensions to first-order (FSDT) and higher-order



(HSDT) shear deformation theory so as to permit accurate solutions for thick
functionally graded plates. Section 2 introduces an equivalent (single layer) isotropic
plate model for use with CPT under the assumption that Poisson’s ratio does not
vary through the thickness of the plate. This assumption is relaxed in Section 3,
where an exactly equivalent plate composed of two isotropic layers is derived for
CPT by solving an inverse problem to satisfy six independent stiffness requirements.
Section 4 demonstrates that the extension of these models to FSDT is trivial, and
then outlines extensions to HSDT giving equivalent plates with three and four
layers, respectively. The numerical results in Section 5 verify the proposed models,
and also demonstrate its accuracy in finding critical buckling loads and natural
frequencies of FG plates, using the different plate theories. Section 6 summarises the
conclusions and suggests further extensions to the method.

2 Equivalent isotropic plate for CPT with constant
Poisson’s ratio

Consider a FG plate of thickness h lying in the xy plane with the origin at mid-
surface, having material properties which vary through the thickness (z) direction.
Using standard notation, the plate constitutive relations of CPT are written as

N = Ag, + Bk M = Bg, + Dk 1)

where the vectors N, M, g, and k contain perturbation membrane forces per unit
length, perturbation bending and twisting moments per unit length, perturbation
mid-surface membrane strains, and perturbation curvatures and twist, respectively.
The membrane, coupling and out-of-plane stiffness matrices are given by

h/2 h/2

h/2
A =f E(z)Q(z)dz B = f E(z2)Q(z)zdz D =f E(2)Q(2)z%dz (2)
~h/2 ~h/2 ~h/2
respectively, where
Q11(2) Q12(2) 0
Q(2) =|012(2) Q11(2) 0 3)
0 0 Qe6(2)

with

T—v)? Q12(2) =v(2)0Q11(2) @

1
Qe6(2) = E (Q11(Z) — Q12 (Z))

Q11(2) =



Young’s modulus E(z), Poisson’s ratio v(z) and density p(z) are assumed to vary
through the thickness according to the rule of mixtures

E(z) =En+V(2)Es v(2) =vpn +V(2vs p(2) =pm+V(2ps ()

where

Es =E, —En Vs =Vr = Vm Ps = Pr — Pm (6)

Here, subscripts m and r denote the properties of the metal and reinforcement
components, respectively, and V(z) is a function representing the volume fraction of
the reinforcement, which is assumed to follow the commonly encountered power
law

-G

The non-negative volume fraction index n controls the variation of the properties of
the FG plate, as illustrated in Figure 1. As n approaches zero the plate consists
essentially of reinforcement material, while as n approaches infinity it consists
essentially of matrix material.

If both materials have the same Poisson’s ratio v,,, = v,- = v, then

A = ApQq B = BrQq D = DrQq (8)

where
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z/h

Figure 1. Variation of Young’s modulus through the thickness of a FG plate with
volume fraction index n
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The presence of By indicates coupling between the in-plane and out-of-plane
behaviour.

Now consider an isotropic plate of thickness h*, Young’s modulus E*, Poisson’s
ratio v* = vy, whose neutral surface is offset by §* above the geometric mid-
surface. The membrane, coupling and out-of-plane stiffness matrices are given by

h*3
A =E*h*Q, B =E"h"§"Q, D=E* <E + h*6*2> Q (1)

and is therefore equivalent to the FG plate of Equation (8) if

Br Dr Bg? Ap
AF h \/ <AF AFZ h* ( )

For vibration analysis an equivalent density p* is also defined, so that the mass per
unit area p*h* of the equivalent plate is equal to that of the FG plate, i.e.

= ()i

Equations (12) and (13) give an exact isotropic equivalence for FG plates with
constant Poisson’s ratio. For cases where Poisson’s ratio varies through the
thickness of the plate, an approximate solution was proposed [13] in which the
Poisson’s ratio for the equivalent isotropic plate took the mean value for the FG
plate, i.e.

v = (v ) 19



3 Equivalent two layer plate for CPT with varying
Poisson’s ratio

3.1 Normalised stiffness matrices for FG plate

When Poisson’s ratio varies through the thickness of the FG plate, Equations (2)
cannot be simplified to the form of Equations (8), because the integrations become
more complicated on account of the terms in v(z) appearing in the denominators of
Equation (4). The independent elements of A, B and D must be evaluated as

M2 E(2) "2 E(2)v(z) )
P O RPR L OTIO
1 _ny2 1 —v(2)? 12 _n2 1= v(2)?
h2  E(z) "2 E(2)v(z)
By, = f — _7dz By, = f T dz \ (15)
Ul v(@)? 27 )T v(@)?
hz  E(z) h2 E(2)v(z)
D11 = .f T(ZZZCZZ D12 :f ﬁszZ
~h/2 z) ~h/2 v(2) J

Note that as a result of Equation (4),

1 1 1 (16)
A = ) (A3 —A1z2) Bes = ) (B11 — B12)  Des = 2 (D11 = D12)
Writing
1 =z _ Es (17)
= — - Es =—
=33 ® " Enm
Equations (15) can be written in non-dimensional form as
oAy " )
A, = = Iy + Esl,,
E,h
] > (18)
14_12 = i = VmIO + (V6 + E6Vm)1n + E6V812n
E,h J
_ 2By, _ )
Bll = E—hz = (211 - Io) + E6(21n+1 - In)
m
_ 2B, _ . 19
By = E h% Vin(2ly — Io) + (Vs + Esvin) (2Intq — 1) o
m
+Esvs(2lzn41 = Ion) /



_ 12Dy,
R

_ 12D,
12 — W = Vm(lzlz - 1211 + 3[0) \

+(V6 + Edvm)(12[n+2 — 126,44 + 3111)
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= (121, — 121, + 31y) + E5(121,,4, — 121, + 31,)
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where the integrals

_ 1 (k
= L T— (o 402 %

are evaluated by means of the series solution [16]

Ji
_2 4 +rn+1

with

-1 .
C&r = l(l — )7t + 1+ Vm)rﬂl Vs

3.2 Normalised stiffness matrices for two layer plate

(20)

(21)

(22)

(23)

Consider the plate shown in Figure 2, which is made from two layers of different
isotropic materials. The figure shows the thicknesses (hy, h,), Young’s moduli
(E4, E;) and Poisson’s ratios (v4, v,) of the two layers. The thicknesses and Young’s

moduli can be expressed in non-dimensional form as

hy =mh hy, =nzh Ey = e Ep E, = e By

(24)

Application of Equation (2) gives the independent elements of the stiffness

matrices A, B and D in non-dimensional form as

h; Ei, m

h, Ez w

Figure 2: Equivalent two layer plate.
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My = K1(nf + 3n3) M, = K, (317 +13)
3.3 Equivalence of FG plate and two layer plate
Suppose that the non-dimensional stiffnesses of a FG plate and the two layer plate of
Section 3.2 have been calculated by Equations (18)-(20) and (25), respectively.
Then, for analysis using CPT, the two plates are exactly equivalent if

[_;1 /ﬁz Eﬁ Efz Bﬁ sz]T:[/Tn /le §11 §12 511 512]T (29)

ie.if
—a2 a1
K, = K, =
1 V1 — V3 2 V1 — V2 (30)
—B2 B
Ly = L, =
1 Vi1 — V2 2 Vi1 — V2 (31)
—&; 81
M, = M, =
1 Vi1 — V2 2 Vi1 — V2 (32)
where
a1 =v1Ay1 — Arz az = VoAy1 — Az (33)
B1=v1B11 — Byz B2 =vyB11 — By, (34)
61 =v1D11 — Dyz 8 = v3D11 — Dy (35)

Thus from Equations (33)
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e Ayq 2 A1
and in Equations (34) and (35)
(ay +A12)B1r (az + A12)B11
B1= = — By2 B2 = = — By2
Aqq A1x
ay +A43)D _ ay + A43)D _
1:(1 _12) 11_D12 62=(2 _12) 11_D12
A1q A1q
Then, from Equations (27), (30), (31) and (37),
L, B Ly B2
771=K_2=a_1=b1_b2$z1 n2=_K_1=_a_2=_b1+b2$2
where
1 Ell AlZBll
= — = — = — =B — —
51 a 52 a, bl A11 b2 12 A11
Also, from Equations (28), (30), (32) and (38),
Ml 62 2 2 dZ (bl + 772)
K—l—a—z—n1+3772 —d1—b—2
M; 6 dy(by —1y)
—_—— = 3 2 2 = d _
K,  a, N+ 1 b,
where
D _ A,,D
d1=# dy, = Dy, — =
A Ay

Taking the difference between the simultaneous Equations (41) and (42),

d,(ny +12)

23 —nd) = — ™

(36)

37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

which, since the total thickness of the equivalent plate (n; + n,)h cannot equal zero,

implies that



d, (45)

772:771—2_b2

Substituting Equation (45) into the sum of Equations (41) and (42) gives

dZ  2(dyb, - d2b1)> . (46)

2 da
8ny —4—n + 2B b,
2

b,

Solving Equation (46), using Equation (45) and ignoring negative roots,

n = (u++v) n2 = (—u+Vv) (47)
where
"= 2 = (dy1by — dybg)
~ 4b, =T 4b, (48)

The thicknesses of the two layers are now obtained from Equation (24) as
hy =n.h hy =mnzh (49)

The Poisson’s ratios are obtained from Equations (36), (39) and (40) as

1 b _ 1 b _
Vi = _—( 2 + AIZ) Vo = _—< z + AIZ) (50)
Aq1 \by + 1

Finally, the Young’s moduli are found from Equations (24), (26) and (30) as

_ by (1 =) _ by (1 - vj)
B N1z + b)) (v2 —vq) " 2 n2(ny — b)) (vz —vq)

E, E, (51)

For vibration analysis an equivalent density p* is defined, analogously to that of
Equation (13), such that the mass per unit area p*(h, + h,) of the equivalent plate is
equal to that of the FG plate, i.e.

(1 Ps (52)
p= (n1+n2)(pm+n+1)

4 Extensions to shear deformation plate theories

4.1 First order shear deformation theory

First order (FSDT) and higher order (HSDT) shear deformation plate theories
require the satisfaction of additional constitutive relations beyond those of Equation

10



(1), and the use of additional stiffness coefficients beyond those listed in Equation
(2). In the case of FSDT, Equation (1) is supplemented by the constitutive relation

T = ASy (53)
between the transverse shear stresses T and transverse shear strains y. Because the
two components of the FG plate are isotropic, the additional stiffness coefficients of
AS® are obtained easily as

Agy = Ass = fAge Ays =0 (54)

where f is the shear correction factor. Thus no additional integrations are required
beyond those already used to obtain A, and A, under the assumptions of CPT.

4.2 Higher order shear deformation theory

In the case of HSDT, Equation (1) is replaced by the constitutive relations [17,

18]
N A B EJ €
(=B D F||x AT o {4 RS

where M*, x*, T* and y* denote higher order moments, curvatures, transverse shear
stresses and transverse shear strains, respectively. Additional integrations are
required to obtain the additional stiffness matrices E, F and H, while the stiffness
coefficients of D® and F* corresponding to transverse shear effects are obtained as
D4y = D55 = Dgs Dys =0 }

56
Fys = Fss = Fag Fis =0 (50)

As a result there are more independent stiffness parameters than those listed in
Equations (10) or (15). Therefore an equivalent plate has to comprise more than two
layers, as outlined in the following discussion.

To obtain the stiffness matrices of the FG plate, Equation (2) is augmented by

h/2 h/2
E =f E(2)Q(2)z3dz F =f E(2)Q(2)z*dz
-h/2 ~h/2 ! (57)
h/2
H =f E(2)Q(2)z%dz
—h/2

If Poisson’s ratio remains constant through the thickness of the plate, then extension
of the arguments of Section 2 leads to

11



E = ErQ, F=FrQo H = HpQ, (58)

where

h/2 h/2 h/2
Er = J. E(2)z3dz Fr = f E(2)z*dz Hp = f E(z)z%dz (59)
~h/2 ~h/2 ~h/2

There are therefore six independent stiffness properties, Ag, Br, Dg, Er, Fr and H.
An equivalent three layer plate, see Figure 3(a), can therefore be found by selecting
six parameters, namely the thicknesses (h4, hy, h3) and Young’s moduli (E;, E,, E3)
of the three layers, so that the six independent stiffness properties of the equivalent
plate match Az, Br, Dr, Er, Fr and Hy of the FG plate. Each layer is assumed to
have the same Poisson’s ratio as the two components of the FG plate.

If Poisson’s ratio varies through the thickness of the plate, extension of the
arguments of Section 3 leads to twelve independent stiffness properties, namely
those of Equation (15) augmented by

h/2 E h/2 E \
E11 = f %23612 E12 = f %ngz
—h/2 v(z) _n21—v(2)
M2 E(2) 2 E(2)v(z)
F =] ————z%z F =f —— 7%z > 60
11 _n/2 1 . V(Z)Z 12 _n/2 1 _ V(Z)z ( )
h/2 E h/2 E
H11 = ] %26(12 H12 =J %Zédz
—h/2 v(z) —h/2 1-v(2) J

An equivalent four layer plate, see Figure 3(b), can therefore be found by selecting
twelve parameters, namely the thicknesses (hq,hy, hs, hy), Young’s moduli
(Ey,E5, E3, E,) and Poisson’s ratios (vq,vy,v3,v,) Of the four layers, so that the
twelve independent stiffness properties of the equivalent plate match those of the FG
plate given in Equations (15) and (60).

The problems of selection of the layer parameters for the HSDT analyses of this
section are not readily amenable to analytic solution. However, given suitable trial
solutions, they can be solved numerically using the MATLAB software [19].

h, Ei hy Ei,wn

hy Ez wn

h, Ez he Es vs

hs Es hy, Eas w4
(a) (b)

Figure 3: (a) Equivalent three layer plate; (b) Equivalent four layer plate.
12



Table 1: Summary of equivalent plates for different cases.

Plate  Poisson’s No of No of Independent Layer
theory ratio layers independent stiffness parameters
stiffness parameters
parameters
CPT or € px ok
ESDT Constant 1 3 Agp, Bp, Dp h*,E*, 8
CPT or 1 A11;A12:B11;B12; hl: hZJE]JEZI
FspT  Vaving 2 0 Dy1, Dy, V1,V
Ap,Bp, D hi, hy h
HSDT Constant 3 6 L i N
EFIFFIHF E11E21E3
. All'A12ﬂB11'B12' h1'h2'h3'h4-'
HSDT  Varying 4 12 Dy1,D15,E11,E12, Ey Ey E3 Ey,
Fiy,Fip, Hyg, Hyp V1,V2,V3,V4

5 Numerical examples

Table 1 summarises the forms of the equivalent plates for the various cases
considered in Sections 2-4. Given any FG plate, the integrations given in these
sections enable calculation of the independent stiffness parameters listed in the
penultimate column of Table 1. Then solution of between 3 and 12 simultaneous
non-linear equations gives the layer parameters listed in the final column of the
table, which define an equivalent plate, comprised of between one and four layers
and having the same independent stiffness parameters. Hence structural analyses,
such as the calculation of critical buckling loads or undamped natural frequencies,
can then be performed using existing forms of analysis for plates composed of
isotropic layers.

Alternatively, approximate solutions can be obtained by dividing the FG plate
into a large number n; of isotropic layers, each of thickness h/n;, with the material
properties for the it layer given by Equation (5) with

h 2i—1
Z= E(_l + n; >
and performing analysis for the resulting laminated plate. Under the assumption that
the results from such analysis converge uniformly towards exact results as n; is
increased, a set of results {fnl Jar o2 fnl} from the layered model can be used [13]
to give an extrapolated prediction

(61)

fnl/4fnl - (fnl/z)z (62)

f=
f‘l’ll/‘l- - anl/z +fnl
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where f, represents the result found for the approximate model with n; layers.
Such predictions are taken as comparators for the equivalent isotropic and two layer
models presented in this paper.

Such analysis is available in the exact strip software VICONOPT [20], which
covers free vibration, critical buckling and postbuckling analysis, and optimum
design, of prismatic plate assemblies. In the simplest form of the analysis, which is
described in detail in [21], the mode of vibration or buckling is assumed to vary
sinusoidally in the prismatic (or longitudinal) direction, giving exact solutions for
isotropic and orthotropic stiffened plates and panels in the absence of shear load.
Analytical or numerical solution of the governing differential equations in the
transverse direction avoids the usual discretisation required by the finite element and
finite strip methods. In contrast to finite element analysis, this approach does not
involve separate stiffness and mass matrices, but instead yields a transcendental
dynamic stiffness matrix which cannot be handled by conventional linear
eigensolvers. However the Wittrick-Williams algorithm [22] permits reliable,
accurate and rapid convergence on any required eigenvalue, i.e. undamped natural
frequency or critical buckling load, and the results which follow represent its first
application to FG plates.

5.1 Properties of FG plates with constant Poisson’s ratio

The first example considered here is a FG plate of thickness h = 2mm, composed of
an aluminium matrix reinforced by ceramic material. The aluminium and ceramic
have Young’s modulus E,, = 70GPa and E, = 121GPa, respectively, and both
materials have the same Poisson’s ratio v,, = v,, = vy = 0.25. Figure 4 shows plots
of the Young’s modulus E*, thickness h* and neutral surface offset §* of the
equivalent isotropic plate, obtained using Equations (10) and (12) for different
values of the volume fraction index n. Figure 4(a) demonstrates how the equivalent
Young’s modulus varies from that of the reinforcement material when n = 0 to that
of the matrix material as n approaches infinity, in agreement with Figure 1 which
shows that these represent extreme cases where the FG plate is composed of a single
isotopic material.

For these extreme cases, the equivalent isotropic plate is identical to the FG plate.
Therefore it has thickness h* = h and its neutral surface coincides with the
geometric mid-surface, i.e. §* = 0, as shown in Figures 4(b) and 4(c), respectively.
Figure 4(b) shows that the thickness of the equivalent plate can be either larger or
smaller than that of the FG plate, by up to about 3% for this example, depending on
the value of n. Also, from Figure 4(c), the neutral surface of the equivalent plate is
always offset above its geometric mid-surface, by up to 5% of the true thickness h.
It can be shown analytically from Equations (10) and (12) that the greatest offset is
given by

5o | (Er = En) (63)
2|(JE: +2Ey)’

14
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Figure 4: Plots of (a) equivalent Young’s modulus E*, (b) equivalent thickness h*,
and (c) neutral surface offset §* against volume fraction index n, for an aluminium-
ceramic FG plate of thickness h = 2mm
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and occurs when n = /2E,./E,,.
Table 2 demonstrates that the stiffness matrices obtained using VICONOPT by

the approximate layered approach, with n; = 128 and extrapolated by Equation
(62), converge exactly to those of the equivalent isotropic plate. Table 2 also lists the
Young’s modulus E*, thickness h* and neutral surface offset §* of the equivalent
isotropic plate.

Table 2: Properties of equivalent isotropic plate, and convergence of stiffness
matrices for an aluminium-ceramic FG plate.

n=02 n=05 n=1 n=2 n=>5

Approximate, n; = 128

A;; (Nm™1) 240010 221870 203730 185600 167470
A, (Nm™1) 60004 55468 50933 46400 41866
Bi1 (N) 8227.4 14501 18132 18132 12950
Bi, (N) 2056.8 3625.4 4533.1 4533.1 3237.6
D;; (Nmm) 78641 72579 67911 64284 60138
D;, (Nmm) 19660 18145 16978 16071 15034
Extrapolated, Eq. (62)
A;; (Nm™1) 240000 221860 203730 185600 167480
A, (Nm™1) 60002 55467 50933 46400 41866
Bi1 (N) 8242.0 14506 18133 18133 12951
Bi, (N) 2060.4 3626.7 45334 4533.1 3238.0
D;; (Nmm) 78626 72574 67911 64285 60141
D;, (Nmm) 19656 18144 16978 16072 15034
Equivalent isotropic plate [13]
E* (GPa) 113.683 105.678 96.655 86.549  76.268
h* (mm) 1.9792 19682 19761 2.0104 2.0585
6" (mm) 0.0343 0.0654 0.0890 0.0977 0.0773
A;; (Nm™1) 240000 221870 203730 185600 167470
A, (Nm™1) 60000 55467 50933 46400 41867
B;; (N) 8242.4 14507 18133 18133 12952
B, (N) 2060.6  3626.7 4533.3 4533.3 3238.1
D;; (Nmm) 78626 72574 67911 64284 60140
D;, (Nmm) 19657 18143 16978 16071 15035
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Figure 5: Relative errors in the critical buckling load of a square simply supported
aluminium-ceramic FG plate with volume fraction index n, comparing a layered
solution with n; layers and the analytical solution for an equivalent isotropic plate.

5.2 Critical buckling of FG plates with constant Poisson’s ratio

A simply supported square aluminium-ceramic FG plate of length a = 100mm,
thickness h = 2mm and the material properties given in Section 5.1 was loaded in
uniform longitudinal compression. For seven values of the volume fraction index,
ranging from n = 0 (i.e. pure ceramic) to n = oo (i.e. pure metal), the software
VICONOPT was used to find the critical buckling load, firstly by using an analytical
model of the equivalent isotropic plate defined in Section 2, and secondly by using
an approximate layered model with up to n; = 128 isotropic layers. The analytical
results can be regarded as exact for this example because both materials have the
same Poisson’s ratio.

Table 3: Critical buckling load of a square simply supported aluminium-ceramic FG
plate with volume fraction index n, comparing the analytical solution for an
equivalent isotropic plate, the approximate layered solution with n; = 128 layers,
and extrapolations from the layered solutions obtained using Equation (62).

Pcr (KN) Relative error
n | Analytical Approximate Extrapolated | Approximate Extrapolated
33.96899 33.96899 33.96899 0.00 0.00
0.2 | 30.92865 30.93497 30.92874 2.04x10™ 2.73x10°®
0.5 | 28.27660 28.27876 28.27660 7.64x10° 3.18x10”’
1 | 26.17307 26.17314 26.17306 2.94x10°® -5.53x10®
2 | 24.67906 24.67878 24.67906 -1.14x10° -9.00x107®
5 | 23.34671 23.34599 23.34671 -3.10x10 -4.71x10°°
o | 19.65148 19.65148 19.65148 0.00 0.00
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Table 4: Properties of equivalent isotropic and two layer plates, and convergence of
stiffness matrices for a Ti-AlOx FG plate, with v,, = 0.26 and v,, = 0.2884.

n=0.2 n=05 n=1 n=2 n=>5

Approximate, n; = 128

A;; (Nm™1) 348630 429440 509850 590000 669960
A, (Nm™1) 98624 119020 138660 157770 176500
Bi1 (N) -36816  -64550 -80391 -80138 -57091
B, (N) -9597.5 -16229 -19632 -19108 -13342
D;; (Nmm) 122260 149160 169780 185830 204220
D;, (Nmm) 34373 40964 45869 49724 54235
Extrapolated, Eq. (62)
A;; (Nm™1) 348690 429470 509850 590000 669950
A, (Nm™1) 98638 119030 138660 157770 176490
B;; (N) -36880 -64572 -80396 -80142 -57100
B, (N) -9612.1  -16233  -19633  -19109 -13344
D;; (Nmm) 122310 149180 169780 185830 204210
D;, (Nmm) 34389 40964 45869 49723 54232
Equivalent isotropic plate [13]
E* (GPa) 158.880 200.884 245.712 290.726 330.279
h* (mm) 2.0190 1.9735 19214 1.8842 1.8876
6" (mm) -0.1072 -0.1527 -0.1603 -0.1381 -0.0867
A;; (Nm™1) 348850 429890 510490 590660 670420
A, (Nm™1) 98958 119910 139980 159160 177480
Bi1 (N) -37402  -65638 -81815 -81588 -58118
Bi, (N) -10610 -18308 -22434  -21985 -15386
D;; (Nmm) 122520 149550 170160 186010 204100
D;, (Nmm) 34754 41714 46659 50123 54032
Equivalent two layer plate
E, (GPa) 225,542 303.602 346.969 358.940 354.721
v 0.2770  0.2688 0.2638 0.2612  0.2602
h; (mm) 0.5868 0.6297 0.7617 0.9951 1.3724
E, (GPa) 137.684 156.770 177.391 199.647 225.007
v, 0.2869 0.2848 0.2822 0.2789  0.2751
h, (mm) 1.3814 1.3093 1.1716 0.9547 0.6072
A;; (Nm™1) 348690 429460 509850 590000 669960
A, (Nm™1) 98639 119030 138660 157770 176500
B;; (N) -36882  -64573 -80396  -80143 -57100
Bi; (N) -9612.7 -16234  -19634  -19109 -13344
D;; (Nmm) 122330 149180 169780 185830 204210
D;, (Nmm) 34388 40969 45869 49722 54233
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Table 5: Properties of equivalent isotropic and two layer plates, and convergence
of stiffness matrices for a Ti-AlOx FG plate, with v,,, = 0.15and v,, = 0.4 .

n=0.2 n=05 n=1 n=2 n=>5

Approximate, n; = 128

A;; (Nm™1) 366820 438360 508380 577660 646550
A, (Nm™1) 129300 132910 131050 125520 117370
Bi1 (N) -33887 -56991 -70005 -69274  -49162
B, (N) -4277.7  -2328.7 1850.3 5530.5 6056.5
D;; (Nmm) 127480 150910 168820 182900 198990
D;, (Nmm) 43063 42637 41165 40346 40100
Extrapolated, Eq. (62)
A;; (Nm™1) 366870 438380 508380 577660 646540
A, (Nm™1) 129290 132900 131060 125530 117360
Bi1 (N) -33441  -57011 -70010 -69278 -49171
B, (N) -4266.1 -2324.0 1850.3 5530.0 6055.1
D;; (Nmm) 127550 150940 168820 182900 198980
D;, (Nmm) 43055 42631 41164 40345 40099
Equivalent isotropic plate [13]
E* (GPa) 158.880 200.884 245.712 290.726 330.279
h* (mm) 2.0190 1.9735 19214 1.8842 1.8876
&* (mm) -0.1072 -0.1527 -0.1603 -0.1381 -0.0867
A;; (Nm™1) 368040 440630 510730 579310 647210
A, (Nm™1) 131880 139530 140450 135170 124050
Bi; (N) -39459  -67277  -81854  -80020 -56106
B, (N) -14140  -21304 -22510 -18671 -10754
D;; (Nmm) 129260 153280 170240 182440 197040
D;, (Nmm) 46317 48540 46817 42568 37765
Equivalent two layer plate
E; (GPa) 219.628 296.554 339.572 354.349 353.286
2] 0.3007 0.2292 0.1847 0.1609 0.1515
h; (mm) 0.6096 0.6621 0.7957 1.0240 1.3899
E, (GPa) 136.901 154.867 174.719 196.802 222.547
v, 0.3871 0.3695 0.3472 0.3197 0.2864
h, (mm) 13643 12886 1.1509 0.9360 0.5938
A;; (Nm™) 366880 438370 508380 577660 646540
A, (Nm™) 129290 132900 131050 125520 117370
Bi1 (N) -33443  -57010 -70009 -69279  -49170
B;, (N) -4268.9 -2324.1 1850.4 5529.9 6055.1
D;; (Nmm) 127530 150920 168820 182890 198980
D;, (Nmm) 43054 42632 41164 40346 40098
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Figure 5 shows that the results from the layered model converge towards the
analytical results as n; is increased, giving 4 to 6 significant figures of accuracy
when n; = 128. Table 3 shows that these extrapolated predictions from Equation
(62) are even closer to the analytical results, demonstrating the correctness of the
equivalent isotropic model.

5.3 Properties of FG plates with varying Poisson’s ratio

Abrate [8] studied the free vibration of FG plates composed of a titanium alloy (Ti)
matrix reinforced by aluminium oxide (AlOx). The titanium had Young’s modulus
E,, = 349.55GPa, Poisson’s ratio v,,, = 0.26 and density p,, = 3750kgm~3, while
the aluminium oxide had Young’s modulus E, = 122.56GPa, Poisson’s ratio
v, = 0.2884 and density p, = 4429kgm~3. Table 4 illustrates that the stiffness
matrices for such a plate with thickness h = 2mm, obtained by VICONOPT using
the approximate layered approach with n; = 128 and extrapolated by Equation (62),
converge to those of the equivalent two layer plate proposed in this paper, rather
than to those of the previously proposed isotropic plate [13]. The reason for the
superior accuracy of the two layer model is that it accounts exactly for the variation
in Poisson’s ratio, in contrast to the approximation introduced by Equation (14) for
the isotropic plate. This accuracy is confirmed by Table 5, where the Poisson’s
ratios of the component materials have been artificially adjusted to give a more
extreme variation between them, namely v,,, = 0.15 and v,. = 0.4.

5.4 Natural frequencies of FG plates with varying Poisson’s ratio

The software VICONOPT was used to find the fundamental natural frequencies of
simply supported square FG plates of length a = 100mm with the composition
described in Section 5.3, for seven values of the volume fraction index, ranging from
n = 0 (i.e. pure reinforcement) to n = oo (i.e. pure matrix). As in Section 5.2, results
from an analytical model of the equivalent isotropic plate were compared with those
from an approximate layered model with up to n; = 128 isotropic layers, and with
extrapolated predictions from the latter. Figure 6 shows agreement to approximately
4 significant figures between the analytical and approximate results.

However, in contrast to the example of Section 5.2, Table 6 shows that this
accuracy cannot be significantly improved by extrapolation, indicating that as n; is
increased the layered model converges to natural frequencies which differ slightly
from those of the equivalent isotropic plate. The reason for this is the approximation
introduced by Equation (14) to obtain a constant value of Poisson’s ratio for the
equivalent isotropic model.

The natural frequencies w;; of a simply supported square isotropic plate of length
a and thickness h, with Young’s modulus E, Poisson’s ratio v and density p, are
given by the expression [23]
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Figure 6: Relative errors in the fundamental natural frequency of a square simply
supported AIOx-Ti FG plate with v,, = 0.26, v,, = 0.2884 and volume fraction
index n, comparing a layered solution with n; layers and the analytical solution for
an equivalent isotropic plate.

wij =
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(64)

where i and j represent the number of half-waves in the longitudinal and transverse
directions, respectively. Hence the natural frequencies can be written in the
normalised form

Table 6: Fundamental natural frequency of a square simply supported AIOx-Ti FG
plate with volume fraction index n, comparing the analytical solution for an
equivalent isotropic plate, the approximate layered solution with n; = 128 layers,
and extrapolations from the layered solutions obtained using Equation (62).

o Relative error
n Analytical Approximate Extrapolated | Approximate  Extrapolated
0 996.477  996.477 996.477 0.00 0.00
0.2 | 1163.675 1163.006 1163.274 -5.75x10™ -3.45x10™
05 | 1279.568 1279.162 1279.234 -3.17x10* -2.61x10™
1 1376.225  1376.351 1376.343 9.15x10° 8.63x107
2 1472.185  1472.931 1472.907 5.07x10™ 4.90x10™
5 1594.158  1595.245 1595.199 6.82x10™ 6.53x10™
o0 1813.540  1813.540 1813.540 0.00 0.00
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Table 7: Natural frequencies w;; of a square simply supported AIOx-Ti FG plate
with volume fraction index n, normalised with respect to the corresponding
fundamental natural frequency w;;.

n o1 o @12 | o @ | o1 a3 o @3 | o1 14 | o1
0 1.0000 2.5000 4.0000 5.0000 6.5000 8.5000
0.2 1.0000 2.4987 3.9960 4.,9933 6.4881 8.4787

0.5 | 1.0000 2.4988 3.9962 4.9936 6.4886 8.4797
1 1.0000 2.4989 3.9964 4.9939 6.4892 8.4807
2 1.0000 2.4989 3.9965 4.9942 6.4896 8.4815
5 1.0000 2.4989 3.9965 4.9942 6.4896 8.4814
0 1.0000 2.5000 4.0000 5.0000 6.5000 8.5000
o
R IGRTD (65)

Table 7 shows that this relationship is satisfied exactly for FG plates with extreme
values of the volume fraction index n = 0 and n = co. The remaining cases in Table
7 were obtained using the equivalent isotropic model, and show slight discrepancies
from the analytical results due to the approximation in the representation of
Poisson’s ratio by Equation (14). However the discrepancies can be avoided by
using the equivalent two layer model rather than the equivalent isotropic model.

5.5 Vibration of thick FG plates with varying Poisson’s ratio

VICONOPT was used to find the first three undamped natural frequencies of a thick
Ti-AlOx FG plate with the same material properties as the plate of Table 4. The
plate had length and width 100mm and thickness A = 10mm. Tables 8 and 9 list
the results obtained by the approximate layered approach with n; = 128 and
extrapolated by Equation (62), and by the equivalent isotropic and two layer plates,
using CPT and FSDT (with shear correction factor k = 5/6) respectively. Both
tables show that the approximate layered results converge to those of the two layer
plate, making this an ideal representation of the FG plate whichever theory is
chosen. The significant difference between most of the corresponding results in
Tables 8 and 9 illustrates the necessity to account for transverse shear deformation in
the vibration analysis of moderately thick plates.

VICONORPT is currently unable to carry out buckling or vibration analysis based
on HSDT. However the stiffness calculations of Section 4 have been coded and
verified by the fourth author in an extensive parametric study [24] which will permit
their future use in alternative HSDT software for plates composed of isotropic
layers.
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Table 8: First three natural frequencies of equivalent isotropic and two layer plates,
for a thick Ti-AlOx FG plate with v,,, = 0.26 and v,, = 0.2884, found by CPT.

n=0.2 n=05 n=1 n=2 n=>5

Approximate, n; = 128

w; (Hz) 182.403 200.549 215.754 230.914 250.160

w, (Hz) 450.361 494.899 532.300 569.781 617.549

w3 (Hz) 454,184 512.277 567.302 620.259 671.850
Extrapolated, Eq. (62)

w; (Hz) 182.445 200.562 215.752 230.910 250.152

w, (Hz) 450.440 494.926 532.298 569.771 617.531

w3 (Hz) 454,221 512.221 567.302 620.257 671.847
Equivalent isotropic plate [13]

w; (Hz) 182.531 200.781 216.033 231.160 250.305

w, (Hz) 450.788 496.121 534.124 571.762 619.094

w3 (Hz) 454,143 512.095 567.034 619.990 671.664
Equivalent two layer plate

w; (Hz) 182.495 200.680 215.914 231.067 250.258

w, (Hz) 450.769 495.653 533.273 570.729 618.170

w3 (Hz) 454,226 512.286 567.299 620.255 671.845

Table 9: First three natural frequencies of equivalent isotropic and two layer plates,
for a thick Ti-AlOx FG plate with v,, = 0.26 and v,. = 0.2884, found by FSDT.

n=02 n=05 n=1 n=2 n=>5
Approximate, n; = 128

w; (Hz) 178.175 196.153 211.131 226.324 245.116

w, (Hz) 426.587 469.174 506.301 544.878 589.039

w3 (Hz) 454,122 512.157 567.146 620.130 671.790
Extrapolated, Eq. (62)

w, (Hz) 178.220 196.167 211.130 226.320 245.110

w, (Hz) 426.706 470.217 506.299 543.869 589.023

w3 (Hz) 454,169 512.171 567.146 620.129 671.786
Equivalent isotropic plate [13]

w; (Hz) 177.762 195.785 210.952 225.953 244.683

w, (Hz) 424,072 468.006 505.387 542.200 587.174

w3 (Hz) 454,143 512.095 567.034 619.990 671.664
Equivalent two layer plate

w, (Hz) 178.004 195.975 211.133 226.173 244.979

w, (Hz) 425534 469.161 506.289 543.049 588.299

w3 (Hz) 454,176 512.189 567.182 620.160 671.804
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6 Conclusions and further work

An equivalent two layer model has been developed for a functionally graded (FG)
plate whose material properties, including Poisson’s ratio, vary continuously
through the thickness. The model allows critical buckling loads and undamped
natural frequencies of a FG plate to be obtained using existing methods based on
classical plate theory (CPT) or first order shear deformation plate theory (FSDT) for
plates composed of isotropic layers. Analytic expressions have been derived for the
thickness, Young’s modulus, Poisson’s ratio and density of the component layers.
The model gives an exact analogy with the FG plate, so extending and improving a
previously proposed isotropic plate model which however remains exact if the
matrix and reinforcement materials have the same Poisson’s ratio.

The two layer plate model has been verified by using the software VICONOPT
to obtain the stiffness properties for a simply supported FG plate. The correctness
and accuracy of the model have been confirmed by comparing these results with
well converged solutions from an approximate model in which the plate is divided
into isotropic layers. Agreement has also been demonstrated in the calculation of
undamped natural frequencies, using both CPT and FSDT, for a thick FG plate.

Because the equivalent model can be used directly with established software such
as VICONOPT, the analysis is readily extended to FG plates with different loading
and support conditions, and to prismatic panels containing such plates, e.g. aircraft
wing and fuselage panels. Attention will also be given to FG plates whose volume
fraction varies in different ways through the thickness of the plate.

CPT and FSDT give satisfactory results for thin and moderately thick plates,
respectively, but should be replaced by a more accurate higher order shear
deformation theory when analysing thicker plates of the dimensions used in
composite aircraft panels. The methods proposed in this paper have therefore been
extended to obtain equivalent plates composed of three and four isotropic layers,
which exhibit the additional material properties needed to fully represent the FG
material when using higher order theories. Critical buckling and undamped vibration
studies for such plates will be perfomed using alternative HSDT software for plates
composed of isotropic layers.
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