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Abstract

We present an analytical solution for triad nonlinear evolution equations with mod-
ified Schrodinger terms. An example for application in compressible water waves is
presented.

1 Introduction

We consider a two-dimensional problem of an interacting wave triad of the
form

Uiz, t) =ia; [\Ifj7mm(:n,t) + 5]2\I'j(x,t)] + Vi ()% (x, t) j=1,2,3 (1)

with «;, d;, and v are parameters of the physical problem. We also assume
that the relations

VW, = WUy, Voly =W W3, Vil = 005, (2)

are satisfied, dy = d3 = §;/2 = 0/2, and asterisks denote complex conjugates.
The objective is to derive a periodic analytical solution, for application in long
and short wave triad interactions.
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2 Solution

Redefine V;(z,t) = g;(x)f;(t), so that equations ([Il) can be written as

g1fir =100 [91,m + 5%91} fi 719295 f2f3 (3)
92 far = i0e [92,:0:0 + 5%92] fa+ 720195 f1f5 (4)
G330 = 105 |Gs.0a + 0395] f5 + a1 11 f3 (5)

Based on @), g1 = 9293, 92 = 9193, and g3 = g1 93, so that equations (3)), (),
and (), can be rewritten as

o =fofs +ian [gras + 020n] frgr! (6)
fox =21 fs +io [gz,m + 5%92] fa95" (7)
far = 3f1fs +ias [93,mm + 5?%93] 295! (8)

Now we can seek a solution in two parts. The first part requires that

9jax + 5]29] - O> ] - 1a 2> 3. (9)

A general solution of (@) is given by
g; = ajei(ij + bje_wjx. (10)

For the second part of the solution we need to solve the following simplified
system of three ordinary differential equations that amplitudes satisfy

Jie =nfafs for =12 f1f5, J3e =1f1fs (11)

Multiplying (IT)) by f; and adding its conjugate multiplied by f;, for j=1,2,3
respectively, we obtain the following set of equations

fihie+ ffiy = (fifofs + H1f513) (12)
fofor+ fofor =2 (fifafs + fif5 f3) (13)
fifau+ f3fse = v (fifofs + fifs f3) (14)

More compactly we can write | f]|2t = 273 f¥ fo f2}, where the Hamiltonian
S{ff f2f3} is a constant of the motion (2002)). Now define
Zy = S{fifafs} gives |fj|* = 2v,Z + ¢g;. In order to carry on with the



solution the signs of v; have to be determined. Note that for a resonating
triad, v1 + v2 + 73 = 0, (Lynch et al. @Dﬂj)), thus one has a different sign
than the others. Assume, with no loss of generality, that v, is negative, that
Uy (z,t =0) =1 =0, and that o3| < |1g2| we obtain

Ly = \J —8|711275Z < ¢02> (Z + %) (15)

This is an elliptic function with a solution given by (see |Byrd and Friedman
(1971), equation 236.00, p.79)

7= —%sn *(u, k) (16)

73

where sn(u, k) is the sine amplitude Jacobian elliptic function of argument u,
and modulus k given by

— mbaltelt, k= 1wl [ (17)
Vo

V3

and the expression for |f;| are

5512 = ogl? — 20528 n2 1) (18)
V3

Finally, the analytical solution is given by

Wy (2, 1)] = stj sn’(u, k) [exp (2i6z) + exp (—2i6x)]  (19)
Wy (2, 8)|* = [WOQP WO?" n?(u, k:)] lexp (i6z) + exp (—idz)]  (20)
(Wa(z, )2 = [¢hos|? [1 — 2sn?(u, k)| [exp (i) + exp (=idz)]  (21)

3 Application

The solution presented here can be applied in various long-short wave triad in-
teractions, such as Rossby-type waves (see \Pedlosky (L%_ﬂ |C’hameu| (M)

or wave motion in an inhomogeneous plasma ).
Nevertheless, the following example considers the interaction of two surface
gravity waves with an acoustic wave in a mechanism similar to that proposed

by @ngﬂﬂi@gg_mﬁl (Iﬂﬁj), and more recently by |Kadri and Stiassnie (2!!13)




and [Kadri (IM)

Given an acoustic wave and two gravity waves with potential amplitudes ¢,,
®g1, and ¢go, satisfying the following evolution equations

ic%y 4uw? 2w
¢a,t - _ﬂ (¢a,xw + ?¢a> - E¢gl¢g2 (22>
203 . 2003 N
¢g1,t - E(éaqj)gZ? ¢g2,t = qu)aqj)gl (23>

where ¢ = 1500 m/s, is the speed of sound in water, w is the frequency of
the gravity waves, h is the water depth. The solution of evolution equations
is then given by

_ 291%0|”

d 2
(1) = 20

sn2 (u’ k‘) (64iwx/c + 6—4iwx/c) (24)

|(I)gl(£lf,t)|2 _ {|¢0(g1)|2 - 2|¢0(92)|2SH2(U, k’)} (62iwx/c + 6—2iwx/c) (25)
[@g2(z, ) = [goge | [1 — 2sn2(u, k)] (e2/° 4 e2/e) (26)
with u = 24/2/ghw?/c, and k = |Pog2) /| Pogeny |-
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