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Abstract We study the most probable way an interface moves on a macroscopic scale from
aninitial to a final position within a fixed time in the context of large deviations for a stochastic
microscopic lattice system of Ising spins with Kac interaction evolving in time according
to Glauber (non-conservative) dynamics. Such interfaces separate two stable phases of a
ferromagnetic system and in the macroscopic scale are represented by sharp transitions. We
derive quantitative estimates for the upper and the lower bound of the cost functional that
penalizes all possible deviations and obtain explicit error terms which are valid also in the
macroscopic scale. Furthermore, using the result of a companion paper about the minimizers
of this cost functional for the macroscopic motion of the interface in a fixed time, we prove
that the probability of such events can concentrate on nucleations should the transition happen
fast enough.

Keywords Large deviations - Glauber dynamics - Kac potential - Sharp-interface limit -
Metastability - Nucleation

1 Introduction

We investigate the law that governs the power needed to force a motion of a planar interface

between two different phases of a given ferromagnetic sample with a prescribed speed V.
The evolution of a macroscopic phase boundary can be related rigorously to a lattice model
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of Ising-spins with Glauber dynamics by a multi-scale procedure, see [11, 18]. First, a spatial
scaling of the order of the (diverging) interaction range of the Kac-potential is applied to
obtain a deterministic limit on the so-called mesoscale, which follows a nonlocal evolution
equation, see [8,11]. This equation is then rescaled diffusively to obtain the macroscopic evo-
lution law, in this case motion by mean curvature. For an appropriate choice of the parameters
both limits can be done simultaneously to obtain a macroscopic (and deterministic) evolu-
tion law for the phase boundary, in this case motion by mean curvature. It is natural to ask
for the corresponding large deviations result, i.e., for the probability of macroscopic inter-
faces evolving differently from the deterministic limit law. This is particularly interesting
when studying metastable phenomena of transitions from one local equilibrium to another
as one needs to quantify such large deviations which cannot be captured by the deterministic
evolution (for the present context of Glauber dynamics and Kac potential we also refer to
[22]). For the first step, i.e., deviations from the limit equation on the mesoscale, this has
been achieved by F. Comets, [7]. In the present and the companion [6] paper we extend
this result and derive the probability of large deviations for the macroscopic limit evolution
starting from the microscopic Ising-Kac model. The technical difficulties are related to the
fact that almost all of the system will be in one of the two phases, i.e., contribute zero to
the large deviations cost, while a deviation happens only at the interface. This means that
the exponential decay rate of the probability of our events is smaller than the number of
random variables involved. As a consequence of these difficulties, our final result holds in
one dimension only (i.e. no curvature), while several partial results do not depend on the
dimension. If we were to follow the technique used in [7] we would obtain errors which
are either diverging in a further parabolic rescaling or they can not be explicitly quantified
with respect to the small parameter. Therefore, in this paper we use a different technique
by introducing coarse-grained time-space-magnetization boxes and explicitly quantifying all
possible transitions in the coarse-grained state space.

Let us explain more precisely the setting of this paper. We fix a space-time (&, t) scale
(macroscopic) and we consider the particular example of an interface which is forced to move
from a starting position £ = 0 (at t = 0) to a final position £ = R within a fixed time T'.
If such a motion occurs with constant velocity, being V = R/ T, linear response theory and
Onsager’s principle suggest that the power (per unit area) needed is given by V2/, where
is a mobility coefficient. Our goal is to verify the limits of validity of this law in a stochastic
model of interacting spins which mesoscopically gives rise to a model of interfaces.

In [9] the same question has been studied starting with a model in the mesoscopic scale
(x, t) and examining the motion of the interface in the macroscopic scale after a diffusive
rescaling: x = e~ !&£ and + = e %7, where € is a small parameter eventually going to
zero. The authors considered a non local evolution equation obtained as a gradient flow of a
certain functional penalizing interfaces. An interface can be described as a non-homogeneous
stationary solution of this equation, therefore in order to produce orbits where the interface
is moving (i.e., non stationary) the authors included an additional external force. To select
among all possible forces they considered as a cost functional an L%-norm of the external
force whose minimizer provides the best mechanism for the motion of the interface. However,
in our case of starting from a microscopic model of spins, instead of postulating an action
functional we actually derive it as a large deviations functional. Then, in order to find the
best mechanism for the macroscopic motion of the interface one has to study its minimizers.
This is addressed in the companion paper [6] where we use a strategy closely related to the
one in [9] but with the extra complication that the new functional turns out to give a softer
penalization on deviating profiles than the L norm considered in [9].
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There is a significant number of works in the literature studying closely related problems,
mostly in the context of the stochastic Allen—Cahn equation. In [20,21,23], the authors study a
minimization problem over all possible “switching paths” related to the Allen—Cahn equation:
The cost functional is the L?-norm of the forcing in the Allen—Cahn equation, which is what
one would heuristically expect if one could define the large deviations rate functional for the
Allen—Cahn equation with space-time white noise. Their results deal with the meso-to-macro
limit of those rate functionals, but do not connect these rigorously to a stochastic process
on the microscale. On the other hand, the large deviations have been studied in [14,16,17].
Furthermore, combining the above results, the large deviations asymptotics under diffusive
rescaling of space and time are obtained in [5] [see also the companion paper [4]]: the authors
consider coloured noise and take both the intensity and the spatial correlation length of the
noise to zero while doing simultaneously the meso-to-macro limit. This double limit is similar
in spirit with our work with the difference that our noise is microscopic and the “noise to
zero” limit is replaced by a “micro-to-meso” limit. However, they state the large deviations
principle directly in the I"-limit while we only obtain quantitative estimates for the upper
and lower bound which are valid in this macroscopic scale; hence it would be interesting as
a future work to consider this analysis also in our case, maybe in higher dimensions as well.

2 The Model and Preliminary Results
2.1 The Microscopic Model

Let A =[—L, L]and 7 = [0, T] be the macroscopic space and time domain, respectively.
For € a small parameter we denote by A, = [—e !L,e L] and 7. = [0, € 2T] the
corresponding mesoscopic domains. Choosing another small parameter y, we consider the
microscopic lattice system S, = A N yZ, as viewed from the mesoscale. We consider

e=e(y)=|ny|™, 2.1

forsomea > 0tobedeterminedin Sect. 7. Leto be the spin configurationo := {o (*)}xes, €
{—1, +1}5. The spins interact via a Kac potential which depends on the parameter y and
has the form

Jyx,y)=yJx—y), x,y€S,,

where J is a function such that J(r) = O for all |r| > 1, fR J(r)dr = 1 and J € C2(R).
Given a magnetic field 7 € R, we define the energy of the spin configuration o (restricted
to a subdomain A C S,,), given the configuration o ac in its complement, by

1
Hyn(@ai0n) = =h Y} oa() =2 D7 Jy(x, 9)oa(x)oa)

xeA XF#EYEA
1
=3 2 G oa@oac (). 22)
xXEA
yeAC

In S,, we consider Neumann boundary conditions for the spins. The corresponding finite
volume Gibbs measure is given by

e—ﬂHy,h(025), (2.3)

15 (do) =
B Ayh Zg,Ah
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where f is the inverse temperature and Zg A ; the normalization (partition function). We
introduce the Glauber dynamics, which satisfies the detailed balance condition with respect
to the Gibbs measure defined above, in terms of a continuous time Markov chain. Let A :
{—1,4+1}% — R, be abounded function and p(-, -) a transition probability on {—1, +1}5
that vanishes on the diagonal: p(c, o) = 0 forevery o € {—1, +1 1Sy . Consider the space

X =({—1,+1}5 RN, (2.4)

endowed with the Borel o -algebra that makes the variables o, € {—1, +1 1Sy and 7, € R4
measurable. For each 0 € {—1, —H}SV, let P, be the probability measure under which
(i) {on}nen, is a Markov chain with transition probability p starting from o and (ii) given
{on}nen, the random variables 1, are independent and distributed according to an exponential
law of parameter A (o, ). Any realization of the process can be described in terms of the infinite
sequence of pairs (oy, t,) where tp = 0 and ,,41 = t, + T, determining the state into which
the process jumps and the time at which the jump occurs:

{O't}lZO <~ ((0'15 t1)5 (0'29 tz) 9 ety (070 tk) 9 e )

The space of realizations of the Glauber dynamics is also equivalent to D(R., {—1, +1}5),
namely the Skorohod space of cadlag trajectories (continuous from the right and with limits
from the left).

From [19] we have that for every P, the sequence (o, #,) is an inhomogeneous Markov
chain with infinitesimal transition probability given by

P(opi1 =0, t <ty <t+dt|o, =0, t, =5) = p(o, a/))\(a)efk(a)(’ﬂ)1{,>X}dt.
(2.5)
The flip rate A is given by

Mo) = Z c(x,o0)
xeS),
and the transition probability by
plo,o’) =)™ Y elx, 0)lp—or,
XESy

where o* is the configuration obtained from o flipping the spin located at x. The flip rates
c(x, o) for single spin at x in the configuration ¢ are defined by

0 =5 )e*gAxHﬂ"), AcHy(0) = Hy(0%) = Hy(0) =20 (x) 3 J (x, »)o (),
y (0w y#x
(2.6)
where
Zy(0x) = e P 4 P () = 37 0, (o ().
y#EX
For later use we also express the rates as:
e—0(Bg
c(x;0) = Fox)(hy(x)), where Fy)(g) = P 1 ofs" 2.7
Note that the flip rate is bounded both from above and below:
=217 lloo o281 oo
<cx,0) =< (2.8)

Cm 1= =:cy.
m 2Bl oo 4 =281/ llo 2Bl N0 4+ =281/ llo M
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2.2 The Mesoscopic Model
For x € §,, we divide A, into intervals I;, of equal length

—1 -1
€ 'L e 'L
|| = |1] == |Iny|7?, ieI::{—{ JL J—l}
’ 1] 1]

for some b > 0 to be determined in Sect. 7. Denoting also by 7 (x) the interval that contains
the microscopic point x € S,,, we consider the block spin transformation given by

> a. 2.9)

yel (x)NS,

1
AT

In the sequel we will also need to specify it by the index i € Z of the coarse cell, i.e., denote
itby m, (o i, t) or use a time independent version m,, (o; i) as well.

In [11] it has been proved that as y — 0 the function m,, (o'; x, t) converges in a suitable

topology to m(x, t) which is the solution of the following nonlocal evolution equation
d
Em = —m + tanh{B(J * m)}, (2.10)

where J xm(x) = fR J(x —y)m(y) dy. Furthermore, this equation is related to the gradient
flow of the free energy functional

1
F(m) = / ¢p(m)dx + 1/ T (e, »)Im(x) — m(y)Pdx dy, (2.11)
R RxR

where ¢g(m) is the “mean field excess free energy”
~ L~ ~ m? 1
dp(m) = pg(m) — min pg(s), ¢g(m) =—— ——-8(m), B> 1,
Is|=1 2 B

and S(m) the entropy:

1—m 1l—-m 1+4+m 1+m
= — 1 — 1 .
5(m) 2 T2 2 T2
We also define
SF 1
f(m) : = — = —J x*m + —arctanh m. (2.12)
ém B
Thus F is a Lyapunov functional for the equation (2.10):
d 1
E}— = —B /(—ﬁJ * m + arctanh m)(m — tanh(8J *m)) dx <0,

since the two factors inside the integral have the same sign. This structure will be essential
in the sequel.

Concerning the stationary solutions of the Eq. (2.10) in R, it has been proved that the
two constant functions m™® (x) 1= +m g» with mg > 0 solving the mean field equation
mg = tanh{Bmpg} are stable stationary solutions of (2.10) and are interpreted as the two pure
phases of the system with positive and negative magnetization.

Interfaces, which are the objects of this paper, are made up from particular stationary
solutions of (2.10). Such solutions, called instantons, exist for any 8 > 1 and we denote
them by m¢ (x), where & is a parameter called the center of the instanton. Denoting m := iy,
we have that

mg(x) =m(x —§). (2.13)
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1168 P. Birmpa et al.

The instanton m satisfies
m(x) =tanh {BJ xm(x)}, xR (2.14)

It is an increasing, antisymmetric function which converges exponentially fast to +mg as
x — =00, see e.g. [12], and there are o and a positive so that

lim e**m'(x) = a, (2.15)
X—>00

see [10], Theorem 3.1. Moreover, any other solution of (2.14) which is strictly positive
[respectively negative] as x — oo [respectively x — —o0], is a translate of m(x), see [13].
Note also that in the case of finite volume A, the solution /(€ with Neumann boundary
conditions is close to m as € — 0, see [3], Section 3.

2.3 The Macroscopic Scale

This consists of the rescaled space-time domain A x 7. The corresponding profiles are
rescaled versions of the functions in the mesoscopic domain. In particular, the mesoscopically
diffuse instanton is now a sharp interface between the two phases.

2.4 The Problem
2.4.1 Large Deviations at the Macroscopic Scale

We consider an instanton initially at a macroscopic position 0 and move it to a final position
R within a fixed time T = R/V, where V is a given value of the average velocity. At
the mesoscopic scale functions that satisfy the above requirement are profiles in the set
Ule 'R, e 2T] where

Ulr, t1=1{p € C®[R x (0,1); (—1, 1)) : 1ir(r)1+¢(-, s)=m, lim ¢(-,s) =m,}. (2.16)
§—> s>t

Due to the stationarity of m, no element in U [e’lR, e’zT] is a solution of the equation
(2.10). In order to produce such a motion, in [9] the authors considered an external force to
the equation (2.10). Then, the optimal motion of the interface can be found by minimizing
an appropriately chosen cost functional. Following their reasoning, given a profile ¢ (x, ¢) in
(2.16) with time derivative ¢ (x, ), we define the following quantity:

b(x,1) := ¢p(x, 1) + $(x, 1) — tanh(BJ * $(x, 1)) 2.17)

and we suppose that the profiles under investigation are solutions of equation (2.10) with
additional external force b:

m = —m + tanh(BJ *xm) + b. (2.18)

In [9] the cost functional has been chosen to be foe i 1b(-, t)||izdt. In the present paper
we derive such an action functional by considering the underlying microscopic process and
studying the probability of observing such a deviating event. Note that this is a large deviations
away from a typical profile that satisfies the mesoscopic equation (2.10). The problem is
formulated as follows: show that the probability of the event under investigation

{o; 1 00 ~ Mo, Oc—27 ~ Mm-1p}, (2.19)

is logarithmically equivalent to the minimal cost computed over the class U[e "' R, € 2T
as y — 0. Here we are using the symbol ~ to denote a suitable notion of distance that
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Large Deviations for the Macroscopic Motion of an Interface 1169

will be formally given below in Definition 3.1. In [7] the probability for the transition from
the neighborhood of a stable equilibrium to another has been studied by establishing the
equivalent to the Freidlin-Wentzell estimates, see [15]. The corresponding cost functional
for T x [0, T'] is given by

T
Torer (@) = /0 /T H. §)Cr. 1) dxdr, (2.20)
where
" ; A2 _ 2 )
Ho.dy = @ [ EEVA =D —tanh® BT ) + 67
2 (1 — ¢)y/1 — tanh?(BJ * ¢)

+% |:1 — ¢ tanh(BJ x ¢) — \/(l — ¢ (1 — tanh>(BJ * ¢)) +¢32] :
(2.21)

However, in our case, we have to perform the same task but for the rescaled time and space
domain A¢ x 7Z¢ in order to obtain a result which is valid also at the macroscopic scale. This
is technically challenging as, in the case the time horizon as well as the volume scale with
€(y), the error estimates providing (2.20) are not bounded when y — 0. To overcome it, we
follow a different approach by coarse-graining the space of realizations of the process in all
time, space and magnetization coordinates. Then, in order to calculate the probability of an
event we intersect it with all possible coarse-grained “tubelets”. The final result comes from
an explicit calculation of the probability of such a tubelet and agrees with (2.20).

2.4.2 Properties of the Cost Functional
Given (¢, qj)) we define

u:=4q¢
w = —tanh(8J * ¢)
b:=¢ + ¢ — tanh(BJ * ¢)

Then after a simple manipulation we can write 7 in the following form (committing a small
abuse of notation):

—u—w+ b —u—w?+ (1 —u)( —w?
(I =u)1 —w)

1 b
Hb,u, w) = 2{(b—u—w)ln

—\/(b—u—w)z—i—(l—uz)(l—wz)—i—l—l—uw}.

It is a straightforward calculation to see that uniformly on u € [—1, 1] and w € (—1, 1)
we have:
H(b, u, w) 1 H(b, u, w) _ 1

lim ———— = - and lim = .
lbl—oo |b|In(|b| +1) 2 [b]—0 b? 4(1 + uw)

Note that the cost assumed in [9] is approximating the case that b is small, hence it gives
a stronger penalization of the deviating profiles than the one derived from the microscopic
system.
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1170 P. Birmpa et al.

For further properties we refer the reader to [7]. In particular, in the sequel we will use
the fact that

Inx7.($) <00 iff  $lnlgl, ¢1n 1jog) dIn ——

¢> 1o € L' (Ae X T).

(2.22)

The minimizers of /5, x7; (¢) over the class U [e~'R, e 2T] is addressed to the companion
paper [6]. To get a rough idea, the cost of a moving instanton with e-small velocity, i.e

R

e (x, 1) = mey(x), VZ?,

1
1+¢

is given by

Lo
Inx 7 (@) = 21 724y V2T (2.23)

where m’ is the derivative of m and || - [|z2(4,) denotes the L? norm on (R, dv(x)) with
dv(x) = 1 n12(x)
instanton are more expensive. However, in such systems one can also observe the phenomenon
of nucleations, namely the appearance of droplets of a phase inside another. In [1] and [2] it
has been proved that for such a profile the cost is bounded by twice the free energy computed
at the instanton so it can be comparable to the cost (2.23) of the translating instanton. This
will be properly stated in the main results in the next section.

Following [9] it can be shown that other ways to move continuously the

3 Main Results

We divide A¢ x 7¢ x [—1, 1] into space - time - magnetization boxes

I x [jAt, (j+ DA x [-1+ kA, -1+ (k+1)A),
where i € 7 := {—{ |1| J Lél}l‘LJ} jeJ = {0,1,..., LGZTJ —1] and k €
KA = {0,1,..., L%J 1}. We choose the length to be

[I|=|Iny|™" At=9°c<1 and A= Atno, (3.1

respectively, where
o =1no(y) = Iny| ™, (3.2)

for some number Ay > 0 to be determined later in (5.33). Note that each I; contains y_l [ 1;]
many lattice sites of S, . Given such a coarse cell, we define the set of all discretized paths
by

Q, = {a ={aij}ier jes : aij € K*}. 3.3)
Definition 3.1 Givena € S_Zy and § > 0, recalling the definition of m,, (o; x, t) in (2.9) for
some x € [;, we say that o € {a}s if

sup |my(a; X, jAt) —a,',j| < 4.
i€, jeJ

Given a function m € L*° (A, x T¢), we say that o € {m}s if

< §.

1
sup |\my(o; x, jAt) — — | m(x, jAt)dx
ieT, jeT 5] Jy,
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Large Deviations for the Macroscopic Motion of an Interface 1171

Similarly, for a time-independent function m € L°°(A.) we denote by o; € {m};s (or {o; ~
m} if we do not want to specify the parameter 6) the relation

1
sup (my(0; x,t) — — | m(x)dx| <.

ieT 5] Jy,

Givenaset A C D(R4, {—1, +1}57), to each 0 € A we can associate an a € fly and a
¢ € CY(A, x T.) such that o € {a}s and o € {¢}s, respectively.

Definition 3.2 For A C D(R, {—1, +1}‘SV), 8,y > 0, we define the sets
Qys5(A):={aeQy: 3o €A st oclals) (3.4)

and
Us(A) :=={p € C®°(Ae xTp) : Jo € A s.t. o € {p}s). 3.5)

The main result of this paper are the following quantitative estimates:

Theorem 3.3 For y > 0 sufficiently small there exist §,, > 0, C,, > 0, ¢, > 0 such that the
following holds:

(i) Fora closed set C C D(Ry, {—1, +1}5v) and for y > 0 small enough we have

14 In P(C) =- ¢€£{?f(c) IAé(y) X'J;(V) (¢) + Cya (36)
withlim, o C), = lim,_,¢§, = 0, where Us, (C) is givenin (3.5) and the cost functional
Iy xTi) (@) in (2.20).

(ii) Similarly, for an open set O C D(Ry, {—1, +1}%) and for y > 0 sufficiently small, we
have that

14 In P(O) == ¢€Z}lfslyf(0) IAé(y) X'Z;(V) (¢) + Cy, (37)
where again lim, .o ¢, =lim, 04, = 0.

The above theorem is a quantitative version (for finite y) of a Large Deviation Principle
(LDP) for ¥ ~'e~! many random variables with a rate of only y ~!. Note that if we wanted to
write a statement directly in the limit y — 0 one should study the I'-limit of the functional
IA () x T Which might be a delicate issue since we need to express the limiting functional
over singular functions and with the appropriate topology for the LDP to hold. However, we
can find both the minimal value and the profiles to which it corresponds in the limit y — 0.
This is the context of a companion paper [6] where we obtain a lower bound for the cost
functional [, on the set of profiles in Ule 'R, €72T], see (2.16). We start with a
definition.

e *XTeqy)

Definition 3.4 Given R, T > 0 and the mobility coefficient u =: 4|m’| L2dv) > 0, we
define the cost corresponding to n nucleations and the related translations by

) 1 vV o\?
wn(R, T) .:n2}'(m)+(2n+1){’u<2n+l> T}, (3.8)

where V = R/T, F is the free energy (2.11) and m the instanton, given in (2.14).

Note that the first term in (3.8) corresponds to the cost of n nucleations while the second to
the cost of displacement of 2n + 1 fronts (with the smaller velocity V/(2n + 1)).
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1172 P. Birmpa et al.

Theorem 3.5 Let P > inf >0 w, (R, T).

(i) Then Y¢ > O there exists an €1 > 0 such that Ve < €1 and for all sequences ¢ €
Ule 'R, e 2T with
In x7.(¢e) = P, (3.9)

we have:
In 7. (Pe) = ;I;lg wy (R, T) - ¢, (3.10)

where w, (R, T) is given in Definition 3.4.
(ii) There exists a sequence ¢, € Ule 'R, € 2T such that

limsup Iz, x7. (¢e) < inf w,(R, T).
e—0 n=0

The proof of this theorem is given in the companion paper [6]. Combining the results in
Theorem 3.3 and 3.5 we obtain a corollary about the optimal macroscopic motion of the
interface. We start with some definitions: from the cost (3.8) we consider the set

n(R, T) := argmin w, (R, T) 3.11)

which contains at most two elements. One can check that for certain values of R and T, n and
n + 1 nucleations have the same cost for some 7, since we can get the same minimum value
by one nucleation less, but higher velocity of the newly created fronts. Hence, the number
of nucleations quantizes the cost. Now we define the set of profiles that have for some time
t € 7T¢ at least the optimal number of nucleations. Given § > 0 we define the following set
of mesoscopic paths

M‘;’ET = {m € L®(A¢ x7¢) :  min (sup Fm(,1) — 2n+ 1)f(n‘1)> > —8}
’ nen(R.T) \ seT.

and the set of realizations

A = o my(os 0 e MG (3.12)
Note also that here we assume that the nucleations occur simultaneously as this is the most
efficient way to do it, see [6]. The fact that the instanton has travelled at least e R is
represented by the set

C)i={o:my(o:-.T) <m-1g(y™") +8), (3.13)

where m -1 is given in (2.13). The following corollary states that if the transition happens,
then it occurs through (at least) the optimal number of nucleations, i.e., the path leaves the
level set of the free energy.

Corollary 3.6 For any § > 0 and for the sets Af/ and C;(E defined in (3.12) and (3.13) we
have:
: 8 Sy
}}1_r)no Poy (A)1C)) =1, (3.14)

where Py, denotes the law of the magnetization process starting at oy, with og € {m}, as in
(2.13).
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Large Deviations for the Macroscopic Motion of an Interface 1173

The proof follows from the previous results. The key point is that if we consider the cost
corresponding to the sets (A;s,)" N C;i and C)‘S,, by using the corresponding estimates from
Theorem 3.3 for the closed and the open sets, we have that

inf Ine oy xTey (@) — inf Ip <7, (@) > 0,
¢EZ/{(SJ/ ((A‘;)"ﬂci) e(y) X Ze(y) ¢€u8y (Ci) e(y) X Ze(y)
since in the first set we do not include the optimal number of nucleations, hence the cost is

higher than in the second. Then, the proof follows by applying the estimates of Theorem 3.3
to the conditional probability.

3.1 Strategy of the Proof of Theorem 3.3

Given a closed set C C D(Ry, {—1, +1}57) for A as in (3.1), consider the set S_Zy. Now
choose § := A/2 and partition the sample space to get an upper bound by restricting to
S_Zy,(g (C), given in (3.4). Since we would like to work with smooth functions, we also define
the following intermediate space:

Definition 3.7 We define by PC;|Aff o, (Ac X 7¢) the space of piecewise constant in space
(in illtervals of length |7|) and linear in time (in intervals of length At) functions. Given
a € Q, ¢, is the linear interpolation between the values a(x, (j — 1)At) and a(x, jAt)):

Gii — ai i1 . .
Ga(x, 1) := E 1;(x) E 1iG-narjan () [71 Lt ja =G = 1) ai,j] .
i J

p At
(3.15)
With the above choices we have:
yImP(C) <yln ) P(la)sNC)
aeQ,
< sup A-> fijl@i))t+yin|Qyl
aefy 5(C) ij
<— inf Iy T, (@ $a) +C
1ty 5(C) () XLey) \¥a> ¥Ya 14
<=, dnt Iy 6.9 + Gy, (3.16)
if we are able to find for a given tubelet {a}s an estimate of the form
yIn P(als) <Y fij(@ij) + Cy. (3.17)

i,J
Here, f, j(@) will be a discrete version of the density of the cost functional we are after.
In the second inequality we bounded the sum by the maximum value times its cardinality.

Denoting by Ny, N; and N, the number of space, time and magnetization coarse cells, we
have the following bound for the cardinality:

|, < NNsNt| where N, <2/A. (3.18)
This gives
_ -3 2
In|Qy|=y——In— —0, 3.19
yIn|Q)| yAt|I|nA_) (3.19)

forallc < 1,asy — 0.
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In order to prove (3.17), in Section 4 we divide 7; into time intervals with less (respectively
more) spin flips than a fixed number. We call these time intervals good (respectively bad).
We first show that the probability of having more than a given number (still diverging) of bad
time intervals is negligible. In this way we partition the space of realizations by considering
good and bad time intervals which we study separately. In each case we obtain a different
form of f. In Section 5 we study the probability of the tubelet in a good time interval and by
appropriately approximating it by a Poisson process for the number of positive and negative
spin flips we obtain a formula for the density of the cost functional under the assumption
that the fixed magnetization profiles a are far enough from their boundary values %1. This
assumption will be removed later in Appendix 1 by showing that the probability of the
process being close to any profile a can be approximated within some allowed error by the
probability of the process being close to another profile a as above. Another key step of the
derivation of the cost in the good time intervals is to replace the random by deterministic rates
and this is given in Section 5.3. Then, in Section 6 we treat the case of bad time intervals.
More specifically we first show a rough upper bound for the probability in a given time
interval which together with the estimated number of bad time intervals shows that the bad
time intervals have vanishing contribution to the cost. We conclude with Section 7 where we
prove that the discretized sum is a convergent Riemann sum yielding the cost functional we
are after. To do that, we replace the discrete values a by the corresponding profile ¢, and
subsequently obtain the cost functional over such functions given by /4, x 7, (¢a) as in
(2.20). Finally, in Lemma 7.2 we argue that it is enough to minimize over smoother versions
of such functions, i.e., we will restrict our attention on the set given in (3.5). Once we have
the upper bound we can look where the infimum occurs. Then for the lower bound we pick
a collection {a;j j},-, j which corresponds to the infimum and we bound the probability of an
open set O by the probability of this particular profile, i.e.,

P(0) = P({a*}s N O). (3.20)

We skip the explicit proof of the lower bound as it is a straightforward repetition of the steps
for obtaining the upper bound, with small alterations which will be discussed throughout the
proof.

4 Too Many Jumps are Negligible

We distinguish two types of time intervals, namely those with less (we call them good) or
more (we call them bad) spin flips than a fixed number N to be a slightly larger number than
the expected number of jumps within time At, i.e., we choose

—1_—1 1
N =y € At—, 4.1
1M1

where
m=ni(y):=Iny|™, 4.2)

for some A; > 0 to be determined in (7.20). For the time interval [ j At, (j 4+ 1) At) we denote
the number of jumps within this interval by:

N(oy, j) =card{t € [(j — DAt, jA?) : 3x € S, with lim o (x) = —0;(x)}.
T—>1"
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We decompose the path space X in (2.4) as follows:

k
X =Ureg Uji<..<ji p

where

D . ={N(.j)>N.jej....jx}and N(oy. j) < N, otherwise}

is the set of realizations with k bad time intervals, indexed by ji, ..., jx. Then for the
probability in the left hand side of (3.17) we have:

P({a}s) = P({a}s N Dp) + P({a}s N DY),
where
D;=U,_;Uj. -j DV
We select k such that P({a}s N l_),;) is negligible. Note that
Poyy ({07 : N0y, j) = NY) < e N1, 4.3)

where A := max, A(o0). Therefore, given a configuration g, we have

Poy(Dp) < Z( v )(Sl}p P5(N(oy, 1) > N))*

k>k
e’T 1 1)\ T 2T _ey—le=1ps L n 2
SZ( exp{—cy_le_lAt—ln—}> < I m ey e Arg g
-\ Ar moom
k>k
4.4)
which is negligible if we choose
7o 1 1 @5)
= AL :
n € Atm In "
for some
m=my)=|lny|72, with i > 1 >0, (4.6)

so that 7 << 12, as required in Sect. 7, formula (7.4). Notice that k — oo as y — 0 since
At = y° while all other parameters grow logarithmically in y.

Thus, overall we show that the probability of having too many bad time strips is negligible
so for the upper bound we estimate it by the probability of the set {a}s N BE. We have:

PasnDH =Y Y ] Poi@jar€lajls, N(or, j) > N)

k<k J1<---<Jk JEU1,- Jk}

x [] Poi(ojar €lajls. Nior. j) < N). (4.7)
JE ik}
e2r
which can be further bounded by taking the cardinality E(?) of the sum over k and
J1 < ... < jk and then the max over (k, {j1, ..., jk}). We call k*, {j{", ..., j} the choice
where the maximum is attained. On the good time strips (j ¢ {j;, ..., j;}) we derive a
discrete version of the density of the cost functional. On the other hand, on the bad time
strips (j € {j]', ..., ji}) we obtain upper and lower bounds and show that since these are
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few the corresponding cost is negligible. Note also that for the lower bound (3.20) we can
simply restrict our attention on the good part Dg.

5 Good Time Intervals

In this section we compute the probability in a good time interval [(j — 1) At, jAt).

5.1 Coarse-Grained Spin Flip Markov Process {o;}:>0

We establish a new spin flip markov process {0 },>0 which is defined on the same space and
in a similar fashion as {o;};>0, but does not distinguish among the spins of the same coarse
cell /;, i € Z. The new transition probability is given by

POyp1 =0, t <ty <t+dt|o, =0, 1, =5) = p(o, U’))_»(o)ef)‘(a)(’ﬂ)1{,>S}dt,
5.1
where p(-,-) and X are given below. Recalling the coarse-graining over space intervals I;,
i € 7, we first define the coarse-grained interaction potential
1

JyGQ,i) = ——
' y 2P

> Jy(x.y). wherei,i' €T, (5.2)

xel;, yely

with J,, (i, i) = J,(0) := W > eyl xy Jy (¥, ¥). Note also that for all x € /;

and y € Iy we have the bound:
[y (e, y) = Ty (i) < VI oo djemyi<1 Ly iry<yr1- (5.3)

The coarse-grained rates for x € I; are given by

& (x,0) 1= Leer; (X) Fo () (y (), (5.4)
where . . B
hy (¥) = Leer,(0) Y (1) Y o) + (1) Yo (). (5.5)
i YEI;r YEI;

Then, the flip rate A and the transition probability are respectively given by

2711 €2T/|1|
o)=Y Y dwo). peo)=ho)" Y Y d@ o)l
i=1 xel; i=1 xel

In the next lemma we compare the processes o and o

Lemma 5.1 Foranya € S_Zy there exists ¢ > 0 such that for y > 0 small enough

efﬁZCLe_ly_lAtﬁC*(y) - Poii_iar (0jar € {a.jls, Nj < N) - ﬁZcLe_ly_lAtﬁC*(y)

Po_yat(@jar €{a.jls, Nj < N)

(5.6)
where 1y is given in (4.2) and C*(y) = |I|I|J loo + ¥ | |l co-

Remark 5.2 Note that after taking y In() and considering all time intervals, the error in (5.6)
is negligible as %e‘l %AZC*()/) — 0,as y — 0, if we choose

3a+xr —b <O0. (5.7

@ Springer



Large Deviations for the Macroscopic Motion of an Interface 1177

Proof We compare the rates of the processes o; and o;: for any x € [; from (5.3) and the
properties of F in (2.7), starting from the same configuration o’ we have that there exists
¢ > 0 such that

le(x,0') — & (x, 0")| < clhy (x) = hy (x)]

<c| Y K =Y Tki) Y o' ()= 0) Y a’(y)‘
y#X k#i velk Vel y#x
< C(Z Sy =L+ D> 1y y) - J_V(O)I).
k#i yely yeli, y#x
(5.8)
Using (5.3) we obtain the error
lex, ") =& (x, o) < BUTINIT oo + ¥ 1 lloe) =2 cBC*(¥), (5.9)
which further gives that
IA(0") = A(o")| < 2cLe” 'y BCH(y). (5.10)

Replacing it by the Radon-Nikodym derivative between the laws of the processes o; and o;
(see e.g. [19], Appendix 1, Proposition 2.6)

dp ' _ o) p(os-, 05) }
ar| _ ) Feolds — o AEPE- 00 | 11
1P - exXp {‘/0‘ [A(o5) — Alo )]dS ; " )\«(Us‘)ﬁ(as_7 os) (5 :

we obtain the upper bound y ~'e "1 C*(y) At for the integral in (5.11) and NC*(y), with N
as in (4.1) for the sum, which further yield the bounds of (5.6). O

Let L be the generator of the new process {0, };>0. We consider the magnetization density
at each coarse cell I; of the new process {o;};>0

1
my,(G;i, 1) == ——— or(x),
! i Z,

as in (2.9) and (with slight abuse of notation) define

my(6) = {my(5;D)}iez. (5.12)

We are interested in the action of the generator on functions f € L°(X) which are constant
on the level sets {0 € X : my(0;i) = m; € M, Vi € I}. Note that such functions
have the property that (o) = g(m, (5)), for some g € LM%y and M := {—1, -1+
ﬁ, AU ﬁ 1}. Then there is a Markov generator £ on L°°(MI) such that for any
gel®WMY)andany 5 € X

L F () = e g(m, (3)), (5.13)

where f(0) = g(my,(c)). This is easy to show: we first denote the new coarse-grained
process by m(t) = {m; (t)};ez whose generator L is given by

_ . 2 _ . 2
£gom =y~ (cw, m|e (mf - m)—g(mi)]w_(z, m|e (m,- + m)—g(mn]),

(5.14)
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with rates:
M Fe G my), (5.15)

c+(i,m) 1=

where, by a slight abuse of notation compared to (5.5),

h(izm) =y "1 YT, G i"mi + y = 11T, (Oym; (5.16)
i’ i
and
eThh

When f(0) = g(m,(0)) then l_,f(é) = Lg(@my(0)). By induction on n, we have that
Z"f(&) = L"g(m, (0)) and expanding eLtf in a power series, we obtain (5.13).

5.2 Poisson Process for the Jumps

To compute the probability for the coarse-grained process we realize the coarse-grained
Glauber dynamics by constructing for each m; two independent Poisson processes, ¢’ ‘i (m;) =
{tjE (mi) < ... < t:il:,n (m;) < ...} called “random times” and then taking the product over
all }n,- € M and all i € Z. Hence, we can construct the process m(t) := {m;(t)}icz,t > 0, as
follows: if at time s > 0 the process is in m then it remains in 7 until the minimum between
the times tjt = minnEN{tjE ,(m;)} and over all i occurs. Then, for that i, the magnetization
m; increases (respectively decreases) by
0.

The case min; t = min; t_i has probability

"|1|

5.3 From Random to Deterministic Rates

The complication in the construction of m(¢) resides on the fact that we need to know how
the random times are interrelated. Furthermore, the values of m; and m ; (at the two coarse-
grained boxes I; and I}, respectively) are correlated via the interaction potential J_y. Hence,
for both of the above reasons, the analysis would become much simpler if we made the
intensities of the random times independent of the current value m;. To this end, we make
them depend on some deterministic value of the profile which remains close to m; during the
whole time interval of length Az. As a result, there will be only two rates for eachi € 7: one
for the plus jumps and the other for the minus jumps. Let N Q-1 be the number of plus/minus
random times during the time interval [(j — I)At JjAt] that occur in the i-th space interval.
Note that for simplicity in the notation, in N _; we do not carry the dependence on At.
Then the change of the magnetization in any time interval [(j — 1)At, jAt) is equal to
2(N — N;._ ). To formulate this idea we introduce new deterministic rates depending

i,j—1 i,j—1
on the fixed conﬁgurat1on a={a;jli:

1
ciliva) =k ai 1) F <mf drJ *aj,l(r)>, (5.18)
Ii
where F& is given in (5.17),

aj 1) =Y (a1, reR, jeJ
keT

and

1+x

pij—1 —
k3 (x) = >

(5.19)
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Our goal is to use the distribution of the random variable 2(Nl.’_j71 — NZFF 1)- More precisely,
in Lemma 5.3 below, we show that the law of two independent Poisson processes with deter-
ministic intensities y ~!|1|¢+ (i, a) is close to the law of two independent Poisson processes
with intensities y‘l [I|ce(@, m((j — 1)At)).

By approximating the mean field process considering constant intensities y ~!|1|¢+ (i, a)
(one for the plus and one for the minus species), the resulting process is independent in each
space box indexed by i € Z. The Poisson probability of the occurrence of n random times at
a given space box within a time interval of length A¢ is given by

—y~UIeL(ia)At (Vﬁl [c(i, a)Ar)"

+
Py -tinesiay(Ni oy =n) =e pr (5.20)
Givend; j_ = “L=1 € R we consider the following event
s , 2 - n
Bi,jfl(a) = y_1|1|(Ni,j_1 _Ni,j_l)_di,jflAt <d§,Nij <Ny, (5.21)

where the random variable N; ; stands for the number of jumps within the time interval
[(j — 1)At, jAt) in the space interval [;.

Lemma 5.3 Let V' = P -11116, .a) X Py-1115, (.a) e the law of the product of two inde-
pendent Poisson processes with intensities y~UIEy (i, a) and y~VI|E_(i, a), respectively.
Then, for any configuration a € Q,, and § > 0, we have that

. 2¢BL -1 —ILA C* 48
Pm((j—l)Az)(m(JAt)€{a~,j}5,NjSN)SeCﬂ T AEmEY

j s
X l_[ "fn,-«j—l)m)(Bi,j_1 (a)) (5.22)
iel
and

. —2epLe~ y TV L AL(CH(p)+5
Pui—1yan(m(AD € {a. j}s. Nj < N) > ¢ -FPLe v ArCm+)

< [ Tvmici—an (B -1 (@), (5.23)
i€l

where C*(y) is given in (5.9), n; in (4.2) and ng_l in (5.21) with d; j—1 = %

Moreover, we denote by vfni (-1 At)(~) the conditional probability of an event which starts
fromm;((j — 1)At) at time (j — 1)At.

Remark 5.4 Finally, note that the error is negligible for the choice § = §,, = % with A as in
(3.1), since, after considering all time intervals,

€2 11

—e  —At(C*(y)+68,) =0, when y — 0,

At m
under the requirement (5.7) and the fact that Af (in §,,) is a power of y.
Proof We consider a process {m () };>0 whose rates are constant and equal to y -1 [I|c+(i, a)
as in (5.18). By comparing the rates ¢+ (i, m) and ¢+ (i, @) given in (5.15) and (5.18), respec-
tively, we have:

lex(i,m) — e+, a)| <
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<cb+cly” |]|Z.ly(l k)mk+y71|I|Jy(O)m,— /er*al 1(r)
P 1]
1 _
<cS+cy” 1|1|m erakm/ dr'| 1y (r, vy — J, (i, k)| +
: Ir

ey S T ks — mi) 4y '”|1|2/1 drdr1, ') = 7, 0)
ki i X1

65+C(V_1|1|ﬁ)/|1|||1 lloo +8 + 71/ ll00). (5:24)

where we have used (5.3) for the slightly different case, namely when r, r’ € R rather than
juston S, . Recalling C*(y) from (5.9), we obtain:

IA

[A(m) — 2.0m)| < 2cLe"y ' B(C* () +8). (5.25)
By using (5.11) we get

e—ZCﬂLe’]y*]ﬁAt(C*(y)-i—(S) _ Pui—pyar(m(jAt) € {a. j}s, Nj < N)
T Pu-narm(jAr) € {a. j}s, N < N)
- eZc,BLe_ly_lﬁAz(C*(y)Jré).

(5.26)

Furthermore, since the processes m; are independent with respect to i € Z, we can write
(5.26) in the following form:

. —1,,-1_1 *
Pui—nar(m(jAr) € {a j}s, N < N) < FPLETY T M E D
l_[Pm(j—l)At(’ﬁi(jAt) € {ai j}s. Ni,j < N)
i

5.27)
and similarly for the lower bound. Last, it is easy to see that given an initial condition
m;i((j — DAt) € {a; j—1}s, for every element of the set {m;(jAt) € {a; j}s, Ni,;j < N}
corresponds only one element of Bl i1 (a), hence the right hand side of (5.27) equals that
of (5.22), which concludes the proof of the lemma. O

Remark 5.5 Note that if, instead of the definition (5.2) for the coarse potential, we used a
different one which is also more common in the literature, e.g. see [24] formula (4.2.5.2),

namely
1

Ty G, i) ::W/ Jy(r,rdrdr', ii €T, (5.28)
I,'><Il-/

then the estimate (5.24) would be simpler and equal to ¢§.

The next task is the asymptotic analysis of (5.20). In the lemma below we compute the
cost functional for the Poisson process.
Lemma 5.6 Givenaprofilea = {a; j}i,;j € Qy, letv' = P11z, (.a) X Py-1116_ i) De the
law of two independent Poisson processes with intensities y ~ | |c4+(i, a) and y~NI1E_3, a),
respectively. Then, ford; ;| = % and ij_l (a) asin (5.21), with some § > 0 small,
e.g. § = At no, with ng as in (3.2), we have:

l—a

s\ 2
In vml((, 1)A[)(B” l(a))—Atf(xl] pa)| =< <A—t> At, (5.29)

1
yll
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Sfor a > 0 small and where

FEEpa) =n (8 1 a) +h (5 16-G0). (5.30)
Furthermore,
b4
h(z|¢) :=zln (E) —z+4¢ (5.31)
and the optimal values )Efj_l satisfy
oA =at e Goa), 2R — &) =dij (5.32)

Remark 5.7 The error in (5.29) is negligible if we choose ¢ such that
™% 50, or 3a - %(1 —a) <0. (5.33)
Moreover, for later use, we also consider a A¢-dependent version of f in (5.30), namely:
farEE_jia) = h (;e;fj_l | A1EL G, a)) +h (;e;j_l | ArE_(i, a)) : (5.34)
Note that for the values ifj_l given in (5.32), the following is true:
fAz(J?fj,l; a) = f(ﬁfj,l; a) - At.

The proof of the lemma will be given in Appendix 1. The next step is to show that the
stochastic dynamics prefer to drive the system towards profiles a € 2,, which are away from
the boundary values 1. We introduce the threshold

8 = At-n3, with n3 =n3(y) == |lny|_)‘3, A3 >0, (5.35)

where A3 will be determined in (7.20) and consider the class:
O ={aeQ, latl]> ) (5.36)
In the following lemma we prove that given a profile a € S_Zy, we can construct a new profile

ace S_Z‘)S/’ that the process m prefers to follow with higher or comparable probability.

Lemma 5.8 Given any profile a = {a; j}i ; € 5_2,/ and a threshold §' := At - n3 as defined
in (5.35) where n3 satisfies the following constraint

3a — (1 —a) <O, (5.37)

Ya > 0 small, there exists a profile a € S_Z‘f// (which can be constructed explicitly), such that
|1 £ a| > &' and the following bound holds:

i )
Ving((j—1an B j—1 (@) < o A
J 5 ~L = .
U'lni((j—l)At)(Bi,j_l(a))

Remark 5.9 Note that the error is negligible if we take y In() and consider all space-time
coarse-grained boxes, i.e.,
-3
l—o _ -3 1-«

—1
Yy H|Atny =€ 77" >0,

TIN;

under the constraint (5.37).
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The proof is given in Appendix 1. We summarize what we have done so far: by putting
together the results of Lemmas 5.1, 5.3, 5.6 and 5.8 and considering the number of all time-
space coarse cells, we have the following lower and upper bounds, for y > 0 small enough
and for some ¢ > 0:

(Lower Bound) For a profile a = {a; ;}i ; € S_Z‘f,, we have

—2efLe " y VL ALCH () 48) —cely Ar ({2417
Py ya (0jar € {a j}s, Nj < N) > e i ey Al )

Il oV A G _pra) (5.38)
el

(Upper Bound) Foraprofile a = {q; j};,; € S_Zy, there exists a profilea = {a; ;}i ; € 5_2‘;/
such that

2eBLe™ y VL AL(CH () 48) eyl Ap(n{l /24 pllm)

P ya (0jar € {a. j}s, Nj < N) <e i ecc Y Al )
-l g

l_[e 14 ‘”A[f(x,’],]»ﬂ). (539)

i€l

Note that the error is negligible under the requirements in the corresponding lemmas.

6 Bad Time Intervals

Going back to (4.7) and the discussion below, for the terms in {a}s N D]%' with j ¢ (i, ..., j}}
we use the formula derived in the previous section. On the other hand, for the terms with j €
{J{'» ..., j{} we consider upper and lower bounds by replacing the rates by the corresponding
constant ones ¢, and ¢y as in (2.8). Hence, for the case of the upper bound (and similarly for
the lower bound), we construct a new process & which is a Markov Process with infinitesimal
transition probability P given by:

PGnp1 =6t Styp1 <t+dt |5, =6, ty=5)=cu _ lor—gre M1, _gar.
X€Sy
(6.1)
In the new process we have replaced the rates by constant ones in such a way to get an upper
bound. It is easy to check that

le=lLAr =
¢ Poina(@jar€fa.jls, Nj > N)

(6.2)

—(Cr—Cn )2y
Po; ya0jar€la jls, Nj > N)<e (em—ca)2y

and

le=lLat p =
€ PU(‘/',”A/ (ajAte{a-,j}aij > N)7

(6.3)
where P is the probability of the new process {0;};>0. To compute the upper and lower
bounds for the new process we proceed as before and consider the corresponding mean field
process {m;(t)};cz, ;>0 With rates given by

Poiya(0jar€lajls, Nj>N) = e (cu=em2r

.. =i j—1 .- =i -1
cy(iym) =k (@i j—)em  and c_(i,m) =k (ai j—1)cm.

By defining the Poisson representation of the process in a similar fashion as in subsection 5.2
we obtain similar upper (g1) and lower (g2) bounds as in (5.38) and (5.39), respectively,
where instead of f we have
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] T L
@@ =h (2 1y TR @ geen) G 1y TR @ onew)

(6.4)
R A - ij—1 A - i j—1
g2 =h (3, 1y T K ™ @y mnen) + R 1y T K ™ @ mnen)
(6.5)
Here z* are computed following the Appendix 1. Note that we also have a rough lower

bound: gl,z(ii; a) > —cp where ¢y, is a positive constant number since 7 > 0.
Now we have all the ingredients to derive the discrete version of the cost functional in the
space A¢ X 7¢.

7 Derivation of the Cost Functional

We recall from Definition 3.7 the space PC|;|Affa; (Ac x 7¢) of all functions

i —ai i . .
Palx, 1) == le,- (x) Zl[(j—l)At,jAz)(t) [%t +jaij-1—G -1 -ai,j] ,
i J

(7.1)
which are linear interpolation between the values a(x, (j —1)At) and a(x, jAt)) and piece-
wise constant in space. We also consider another function which agrees with its derivative in
each open interval:

aij—ai j—1
Valx, )= %ln O[—1)arjan (D). (7.2)
i

We alsorecall that {k*, ji', ..., jii} = argmax{k’jlij}P({a}(;ﬂDE.I;) ;) and for simplicity

yaeny

we call J* := {j], ..., ji}. Then, fora € Qy, from (4.7), (5.39), (6.2) and (6.5) we get

P({a}s N D)

IA

_ €21 ®
1 max P({a}s N D
( k > Kot i (als 7

=2

—1,,—1_1 — (1— 2 1— T 1. =
o 2L YT R ANC D) e O gm0y % e—Kem—cy2y~te LAr |

—y~NIAr FGE2a 1 —y At g1 G a 1
« l—[ He yTHHIALF G +o, (D) 1_[ He Yy AL g1 a) 40y )7 (7.3)

JgJ* i JjeJ* i

IA

for some a € S_Z‘}S,/ and k as in (4.5). A similar lower bound is obtained following the same
reasoning. To have a negligible error in (7.3) we need the constraints (5.7), (5.33), (5.37) and

1

yl€y7 e 'At > 0 or N << n, ie., A1 > Az, (7.4)

which is true from the choice made in (4.6).
The next step is to replace f by the density H of the cost functional:

Lemma 7.1 Foreverya € QY with §' as in (5.35), ¢q and 4 as in (7.1) and (7.2), there
is a constant C,, — 0 as y — 0 such that

IFGEE; a) — H(a. V)l L1, x7y < Co- (1.5)
Both F (X% a) and H(¢,, V,) are functions in A¢ X T¢ given by:
FESa)(x,0) =Y 1,0) Y Li-nanjan® f & @), (7.6)
ieZ jedg
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1184 P. Birmpa et al.

with f(x ; a) as given in (5.30) and

i,j?

v Y+ /(1= 921 — tanh2(BJ % §)) + ¥
H(¢aa‘/fa) =-—|In _ﬂJ*¢a
(1 = ¢a)v/1 — tanh?(BJ * o)

2 [1 — gutanh(BJ % 90) — /(1 = $2)(1 — tanh®(BJ * $,)) + wg} ,

2
(7.7)
where the x, t dependence is hidden in ¢, and .
Proof We first estimate the difference between x x ; as in (8.9)and y = y(¢q, ¥,) with
V(@a, Ya) = \/ + e (Pa)c—(¢a). (7.8)

The rates c+(¢,) are defined analogously to ¢+ (i, a) in (5.18) where instead of a1 (x) we
have ¢,, that is,

1+ ¢,
cx(¢g) = ¢

Fr (J % ¢a) -
By comparing to the rates ¢4 (i, a) we obtain that for x € I; and ¢ € [(j — 1)At, jA1):
185 = ¥ (@ar Y O, D] < clPa(x, DAL, (7.9)

for some ¢ > 0. Moreover the following identities are satisfied by the above rates,

1 1
Fo( 500 Fr U %00 = g gy = 31— @nh* (87 560)

and

1
c+(pa) + c—(da) = 5[1 — ¢q tanh(BJ * ¢q)].

From these and after some straightforward cancellations, we rewrite the function H (¢, ¥,)
in (7.7) as follows:

H(pa, Ya) =h (Y(@a, Va) | c+(Pa)) + 1 (Y (@as Ya) + ﬁ | c—(¢a)),

where £ is defined in (5.31). Notice the similarity with f (x ; a), where ¢, and ct (¢, ) have
replaced a and ¢+ (i, a), respectlvely

Then, for the difference | f (xl L ;a) — H(ga, ¥a)l, it suffices to estimate the following as
the other terms can be treated in a similar fashion:

ot
x .
A+ - Yy At l—a | 5+ At
ln1+ —ylnl+¢a =1x" =yl +|xi’j|'|ln1+¢a &5 =yl 1In( + ¢o)l.

The first term is given in (7.9) so we require that
e 3o At|I"O2 50, as y — 0. (7.10)

Note that if all allowed spin-flips occur on the same space coarse-grained box we have the

bound
!

— T < (7.11)
y LT |

|al <
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Large Deviations for the Macroscopic Motion of an Interface 1185

where N were chosen in (4.1). Thus, requirement (7.10) is easily satisfied since At = y°.
The main difficulty is in the second term since, in some regimes, |x ;| may be large and
at the same time 1 + ¢, small. This occurs when the given profile a (and subsequently also
¢q) is very close to the boundary value —1 (recall the lower bound 1 + ¢, > At - n3 from
(5.36)) with a negative derivative which can also be large in absolute value, given by (7.11).
Due to the symmetry of the problem the same holds for the case of a profile going up and

being close to the upper boundary +1 in which case the “bad” term is |x | |In 11 < | More
precisely, in (8.7), if 21 < — B((Z’,)Azt) < 0, then |x+ | <| ”| < nfl . We fix a threshold
na=na(y) =|Iny|™, 14>0, (7.12)

such that 4 >> At and we split the integral | |)2i4fj| | In 11+“ | dx dt into the set {1 + ¢, >

%} and its complement. For the first we have that

— —_— . . _1
14+a :1+a ¢a’ where a—¢q <|lﬁa|A At§n4 €
I+ ¢a 1+ ¢q 1+ ¢a o m - |
and we choose
At << g << e€-np-|I|. (7.13)
Under this condition we obtain that
1 el
/ e 'm T4 dxdr < e " ¢ - (7.14)
R A R -
This is vanishing provided that
na << - |17 €%, ie., Ag>2r1 +2b+ 4a, (7.15)

which also covers the previous requirement (7.13).
In the complement, recalling the properties (2.22) of the functional, we exploit the fact
that ¥, In(1 4 ¢,) € LY(Ae x T2) for Y = ¢q. Indeed, we have that:

P >/ [Wal - 1 In(1 + ¢a)| dx dt >lnAt/ [Val. (7.16)
{1+ga<71} {1+ga=<71)
On the other hand, we also have that llj'(z‘)’a > 1 which implies that
1 1 — -
‘m ta <‘ +a—1‘:“ ba) o € (7.17)
1+ ¢q I+ ¢ L+¢a |~ mllin3
from (7.11) and the fact that |1 4+ ¢,| > At n3. From (7.16) and (7.17) we obtain:
1 - P
/ 71 |In e xdr< T (7.18)
(I+g,=8} 1+ ¢ milin3 InAt
which is vanishing under the requirement that
IIn At~ << I3 - €, ie., 1> A1 +b+A3+a. (7.19)

It is easy to check that the requirements (5.7) for ny, (5.37) for n3 and (7.19) for both, can
be simultaneously satisfied, e.g. by choosing X; and A3 such that

4
1>20 + §A3(1 — ). (7.20)
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Then the other parameters can be chosen as follows: 19 from requirement (5.33), 7> from
(7.4) and n4 from (7.15). The parameters a and b, for € and || respectively, have more
freedom, but within the limits of the above constraints. Finally, the error C, in (7.5) is given
by the right hand sides of (7.14) and (7.18) which are vanishing as y — 0. O

Putting together good and bad time intervals from (5.29) and (6.4)-(6.5), we obtain the
following bound for the last two factors of (7.3):

e (X s+ Y fGEsa)nar | ¢ (721)

i€l jeJ* jerx

Since both f and gj » are integrable functions in A¢ x 7¢ and |J*|/ (e7%/Ar) is negligible.
Using again Lemma 7.1 we have that (7.21) equals [ AxT. H(®a, Y,)dx dt plus vanishing
error as y — 0. We conclude the last step of the strategy (3.16) by restricting to the class of
smoother functions:

Lemma 7.2 Given a closed_set CC DRy, {—1,+1 150), for some 8,8 > 0 we denote by
Q‘;(S (C) the set of profiles in Q,, s (C) defined in (3.4), with the extra property that |ax 1| > §'.

Then, for such a profile a € Q‘;S(C) and 8, 8' chosen as before, we have that

inf / H(¢a, Ya)dxdt > inf Ix 7. (¢) + C,, (7.22)
aes’zifa(C) AexTe PeUts(C)

with the same C,, as in (7.5).

Proof Mollified versions of (¢,, ¥,) are elements in Us(C) to which we can restrict our-
selves by obtaining a lower bound. Furthermore, mollified functions are close in L' to the
original ones. The same is true for their images under integrable functions such as the ones
in H(¢g, <i3a). Hence, we can approximate H (¢,, (]5“) by H evaluated at mollified versions
of ¢, with a negligible error which is similar to the one in Lemma 7.1. This is a standard
calculation and details are omitted. O
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Appendix 1: Properties of the Poisson Process

In this appendix we obtain an asymptotic formula for the logarithm of the Poisson distribution.
Before proceeding with the proof of Lemma 5.6, we establish some notation. Foreveryi € 7
and j € J, we define the random variables

+

xiit = Dt 8.1)
v |
and ( N )
2(N.. , — N,
i i,j—1 i,j—1
K" = =TT (8.2)
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Givena € S_Zy, we denote by Ri j (a) the range of the values that the pair of random variables
(XJ=1 K'J) can take. This is determined by the set {| K"/ — dj j—1At] < 8} for K"/ and
by the set [m;s’ j (K7, M;f j (a)] for N In the latter, we have defined

i,j—1"
m? (k™) = max {0, =y~ 11K ] (8.3)
M (@) =y - (min {/Ei-"*l(a), K a) — Ki’j} _ 5) , (8.4)

for the lower and upper limits (respectively) of the potential values of X’/ =1, given d;. j—1as

in Lemma 5.3 and 121” - (a) in (5.19). Note that in Mi‘S -(a) the minimum is over the number
of pluses at time (j — 1) At and the number of minuses at the next time jAt¢, as the number
of pluses that become minuses cannot exceed neither of them. By (5.20) we have:

i 5
Vs((j—nan (Bij—1 (@) =

- - + +
= > Py—1ine G.ayWNi jo1 =1 D Py-1iniz .0y (N; 21 = 17 5-1)

- + s
(g j_yoni 1) €B;

71|]|k’ .J

= X Pty Nijo =13ty + 7”” iz Gy N7y =15
nf; ki )ER? (@)
(8.5)
For n+] | and ”1 i+ y 111k large enough, we apply Stirling’s formula to (8.5) and

using (5.20) we obtam the following expression:

3 exp (—y 11 far Gy @) + 0, (D) 8.6)

@k DeyIIRY j(a)

where fa; (x

e a) is given in (5.34) and xl.ij_ | represents the number of occurrence of
the random times N*

i divided by yfl'III. Recall also that x; ;= x;7;_ +y Tk
Moreover, note that in the latter sum, £/ denotes a rescaled number by )/_1 |1| while in the
sum in (8.5) it is not rescaled.

Asymptotics of the Poisson Process, Proof of Lemma 5.6
We give the asymptotic analysis of the Poisson Process.

Proof of Lemma 5.6. We optimize the exponent of (8.6) with respect to x _| € g R'S

(a) (viewing k"7 as a parameter) and using the fact that X i = )clJr i1 —|— y_l |1kH7 The
optimal value is given by

—+,opt
x.oPt

= —AKY) +VAK) + Bla, Ar) > 0, (8.7)

where
. ki 5
A"y = e and B(a, At) = c4(i,a)c_(i, a)(At)".
Calling
= di j—1
A(a, At) = TAI,
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we define

Xt = —Aa, A + \/A(a, A2 + B(a, Ar)

di d.z._
At(— o 1 +\/ ”1161 +5+(i,a)5,(i,a)>

= At j1(a). (8.8)

By using the second property of the set jo(a), namely that k%7 — di j—1At] < § and
comparing (8.7) and (8.8) we have that:

+,
|xi,j(ip1t . L 5\
_ a - ,
Ar THOT=5R At
which implies that
+,0pt +,0pt
Xi -1 Xi -1 Vi, j—1(a@)
| n——————yj-1@h—"————[<
At Atcy(i,a) c+(i,a)
+,0pt +,0pt 1o
A X S 2
< |25 @) L g @) - ey Gy a)| < | — .
<| A7 Vij—1(@)] ™" + | A7 Vijj—1@]|-Incy (@, a)| < Ar
Thus,

1—

2

.h( AP PNTO a)) Ath (5| eq i, a))‘ < <At> At.

We treat the term 2 ( l+ j Oplt + % |c_(i, a)) similarly. Thus, the optimal values are
it =3 d i = il g 8.9
X oy =Yij-1(@) and X = ) + yi,j-1(a). (8.9
Thus, we substitute them in (8.6) and since the cardinality of the sum is negligible after we
take y In(), we conclude the proof of the lemma. O

Move Profiles Away from £1, Proof of Lemma 5.8

We show that the stochastic dynamics drive the magnetization profile away from the bound-
aries £1.

Proof of Lemma 5.8 Whenever the profile a enters the safety region |1 4 a| < § we move
it away from it by ’. We define a new profile a as follows:

aj o= (aij — 8y ;5181 + @i jl-14s<a; <1-5) + @i j +8) g, <1187, (8.10)

with § as in (5.35) under the constraint (5.37) and by choosing it to be a multiple of A we
have that @; ; € S_Zy. Next, we consider the case when the fixed configuration a is close to
the +1 boundary, with the other case being similar due to the symmetry of the problem.

It is more convenient to slightly change the notation for fa, (xl , | @) making explicit the

dependence on k™7, i.e., writing fA,((x k) a) = fA,(xl JRE a). Then, the strategy

i,j—1°
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goes as follows: we seek an injective map ¢ in such a way that the following two inequalities
are true:

y~hr kB _ N

,- 5 . e L el T W S
ij =i i

Um,'((j—l)At)(Bi,jfl (a)) o -1k )ER] (a) 7 TN

i 5 ~ it R
Voe(-nan (B @) PEe Tar G 58
L]

ij—=1

_kDeR? @) ¢

-l iy
Z(x?/—lvkivf)eRﬁj(a)e v o £

< MW <M (8.11)

A i R
Z(i,*,-ﬂﬁ/)eRfj(a)e L (G K05

for some M (y) to be estimated.

Definition of the injective map ¢. We have three cases: suppose that the profile a is close
to the 41 boundary at time (j — 1)A¢, jAt or both. For every (x:rj_] kT e Rﬁj(a) we
ki) e R?,j(&) by replacing d; j_1 by

chooseapalr(x _l,k’f) —L(x Q-1

5 dij — dij—1

Gt =T

s

with @; j—1 = aj j—1 — 8" or a; j = a; j — &', respectively. Then, for the first inequality of
(8.11), the difference

— farx K a) 4 farGt k) @)
xt s

= xTIn— 4 ¥ —— 42t — &
e aa T N A T )
koo oxt+4
AL (e, @) = (@) — (6 4 2)In Tafm
@+ 91 s LD Ar (e @) — (i a)
X —)In ——+4+—-(k — c_(i,a) —c_(i,a)),
27 e (,a)Ar 2
(8.12)
can be estimated using the following inequalities:
~ 1—
PR A SN S VA [
c+(i,a)At ci(i,a)At At
it D ot e, G a) (8.13)
c+(i,a)
and
e ~ 11—«
k. xt+% itk xt— it 4Lk -k
Y (S AR | L + 2 < Af- 2
<x +2>nc_(1,a)+( * ) c_(i,a) — At
k _(, 1 -
+(F+3) I :Z Z; +F—F D) e B14)

where a € (0, 1). Note that for notational simplicity, in some variables we removed the
indices i, j denoting dependence on the box.
For the second inequality of (8.11) in all three cases we show that |Rl‘.S j(a)l < |R:‘5 j (a)].
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Case 1: The profile a enters the safety zone. When the profile a enters the safety zone,
the new profile a is defined as @; j—1 := a; j—1 and @; j := a; j — §'. We choose ¥+ := x+
and k := k — % i.e., we keep the same number of plus jumps and we reduce the number of
minus jumps. We also have that

/

d=d— — and [,d) = [, d).

A cx(i,a) =cx(i,a)
So in (8.12) there is no contribution to the error from the comparison of x and X and we only
estimate the terms that correspond to the number of minus, as in (8.14). Moreover, the last
term in the r.h.s of (8.14) is negative. Overall, we obtain an upper bound for (8.12) given by

8/ I—«a 8/
2At —. 8.15
(2Az) + 2 (8.15)

In addition, we have that |Rﬁj(a)| < |R§j(5)| since m% (&) = m‘s(a) — 0and Ml-sj(a) _
KV a) — ki —§ < k771 (@) — K’/ — 5. Hence, by collecting the above estimates and
substituting to (8.11) we conclude that

' 8 _ S Nl—a
Umii=nanBij1 @) o 1I1\<2A’(z%) +%>

: - < .
U;"i((j—l)At)(Bi,j_l(a))

In this case, M (y) is given by the exponent in the right hand side. As a general remark, we
would like to stress that the above errors concern one space-time box, so the overall error
should be multiplied by the total number of boxes. Furthermore, the changes in the given box
influence all others as well and this has also to be taken into account, but the error is similar
as the one computed here. So we do not detail it here.

Case 2: The profile a exits the safety zone. Similarly to Case I, the new profile is
@i j—1 = aj j—1 — & and g; j = a; j. We choose X+ = xT — ‘% and k := k + % > k,
i.e., we keep the same number of minus jumps and we decrease the number of plus jumps.
Therefore, we have that

/

~ )
d=d+ A and Jex(i, @) — cx(i,a)| < 8|11,

which implies that | R? ;(@)| < |R? ;(@)| sincem? (a) = m® (@) and k"'~ (a)— K™/ is smaller

orequal than all ki’rj_l (a), ki’rj_l (a) and S (a)— K'J —§. Hence, using inequalities (8.13)
and (8.14) as also the rates have been altered (in contrast to Case 1), we get the following
upper bound for (8.12):

At o) +2In(1+ Al + 28118 At + il
n -
4At - 2

Then, overall we have that

i 7\ 1—a / /
v (Gnan (BL (@) - eyflm(m(&) +21n(1+"’§—,l")+2ﬂ|1\5’m+%>
. 3 < )
Vi (G—nan (Bi -1 (@)
Case 3: Both a; ;| and q; ; are in the safety zone. We subtract 8’ from both a;. j—1 and

a;, j, which also implies that d=d. Hence, we choose

Xx=x, k=k,
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Large Deviations for the Macroscopic Motion of an Interface 1191

which further implies that |R? (@) < IR . ;@) and |ex(i, @) — c+(i,a)| < B&'|1]. So the
only terms in (8.12), (8.13) and (8.14) that contribute in the estimate are the terms which
include the ratio and the difference of the rates. Thus, in this case, we obtain that:

. s /
Vo (G—1yan (Bi j—1(@) - eyfl|1\(21n(1+/ﬂ‘?—h¥')+2ﬂ\1|a/m)

- : <
U;"i((j—l)At)(Bi,j_l (a))

With this we conclude the proof of Lemma 5.8 as y‘fl%M(y) Se3mT* +mll) — 0
asy — 0. O

Remark 7.3 Insome realizations and some boxes, it may also happen that the number of plus
or minus jumps is finite. We show that in such a case we can still work with profiles away from
+1. Consider Case 1 with finite plus jumps when a is close to +1. The other cases can be done
similarly. Then, in (8.5) for the probability of plus jumps P,,-1 |”C+(,<.a)(NL_j_1 = nl_’Fl), as
given in (5.20), we use the injective map ¢ as in Case 1 and obtain

= o 1\1\1(’/ —1y 717,
eV l\llc,(l,a)At (]/71|I|C (l a)At)(nll ]+ ) ( _1 + Yy UK ‘Ilk / )!
—y=UIe_(i.a)At lmkl! + y Ik '\Ilk’f -
¢ (-1E_G, &) APtz ) (" _1+ !
g

< (y Unarxylip)” ,

because the rates for a and a are equal for the Case 1. Taking the logarithm of this error
multiplied by the number of coarse-grained boxes, € =3 /|I|At, and multiplying by y we get
a vanishing number as y — 0:

-3

TIN;

8 _
% 1mzln(y H1iar < y='11),

since 8/ = Ar-n3and 13 - € > — 0.
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