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Binomial Polynomials mimicking Riemann’s Zeta Function

Mark W. Coffey and Matthew C. Lettington

ABSTRACT

The (generalised) Mellin transforms of certain Chebyshev and Gegenbauer functions based upon
the Chebyshev and Gegenbauer polynomials, have polynomial factors p,(s), whose zeros lie all
on the ‘critical line’ £ s = 1/2 or on the real axis (called critical polynomials). The transforms
are identified in terms of combinatorial sums related to H. W. Gould’s S:4/3, S:4/2 and S:3/1
binomial coefficient forms. Their ‘critical polynomial’ factors are then identified as variants
of the S:4/1 form, and more compactly in terms of certain 3F>(1) hypergeometric functions.
Furthermore, we extend these results to a l-parameter family of polynomials with zeros only
on the critical line. These polynomials possess the functional equation p,(s; 3) = +pn(1 — s;8),
similar to that for the Riemann xi function.

It is shown that via manipulation of the binomial factors, these ‘critical polynomials’ can be
simplified to an S:3/2 form, which after normalisation yields the rational function gn(s). The
denominator of the rational form has singularities on the negative real axis, and so ¢,(s) has
the same ‘critical zeros’ as the ‘critical polynomial’ p, (s). Moreover as s — oo along the positive
real axis, gn(s) — 1 from below, mimicking 1/{(s) on the positive real line.

In the case of the Chebyshev parameters we deduce the simpler S:2/1 binomial form, and with
C,, the nth Catalan number, s an integer, we show that polynomials 4C,,—1p2n (s) and Crnpan+1(s)
yield integers with only odd prime factors. The results touch on analytic number theory, special
function theory, and combinatorics.

1. Introduction

As stated by K. Dilcher and K. B. Stolarsky, [15],

“Two of the most ubiquitous objects in mathematics are the sequence of prime numbers and
the binomial coefficients (and thus Pascal’s triangle). A connection between the two is given
by a well-known characterisation of the prime numbers: Consider the entries in the kth row of
Pascal’s triangle, without the initial and final entries. They are all divisible by & if and only if
k is a prime”.

By considering a modified form of Pascal’s triangle, whose kth row consists of the integers

. 2k—-1)(2k+1) (k+j
a(k,j) = ———"=2—|,.
25 +3 2j+1
Dilcher and Stolarsky obtained an analogous characterisation of pairs of twin prime numbers
(2k — 1,2k + 1). This says that the entries in the kth row of the a(k,s) number triangle are
divisible by 2k — 1 with exactly one exception, and are divisible by 2k + 1 with exactly one
exception, if and only if (2k — 1,2k + 1) is a pair of twin prime numbers.
Similarly by considering the number triangle whose kth row consists of the integers

) keN, 0<j<k-1, (1.1)

%4l k4 .
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they showed that the entries in the kth row are divisible by 2k + 1 with exactly one exception,
if and only if 2k 4 1 is a prime number.

The above are two instances of the numerous connections that exist between the prime
numbers and the binomial coefficients [16, 19, 29]. As discovered by Euler, the prime numbers
are closely connected to the Riemann zeta function ((s), where

= 1 1
=3 5= T 7 = g 2 g 0 ()t

n=1 p prime

with the latter series (globally convergent on s € C\{1}), utilising powers of 2 and binomial
coefficients (e.g. [22] p206).

Riemann demonstrated that the zeta function ((s), can be obtained via a Mellin transform
of a shifted theta function 0(s) = > °° e~™’sdeducing the analytic continuation of ¢(s)

n=—oo

to the whole complex plane (except for the simple pole at s = 1), and the functional equation
—s S —(1—s 1-s

ns/2T (5) C(s) = (=921 (2) ¢(1—s). (1.3)

His original objective was to verify the observation made by the young Gauss (aged 15), that
the number 7(z) of primes < z is closely approximated by the logarithmic integral

* du
= Li =
(o) ~ Lile) = | o

(1.4)

which he surpassed, obtaining the more accurate expression for 7(x) given by

71'( _’_Z/J l/n)

Here p(n) is the mobius function, which returns 0 if n is divisible by a prime squared and
(=1)¥ if n is the product of k distinct primes.

Riemann’s Hypothesis (1859) states that all of the non-trivial zeros of ((s) (the trivial zeros
lie at the negative even integers) lie on the critical line Rs = 1/2. In 1901 Koch demonstrated
that the Riemann Hypothesis is equivalent to the statement that the error term for 7(x) is of
order of magnitude /x log(x) [24], so that 7(z) = Li(z) + O (x log(x)).

The Béez-Duarte equivalence to the Riemann Hypothesis [4, 25] links the binomial
coefficients, the Riemann zeta function, and the Riemann Hypothesis (and so the prime
numbers) through the coefficients ¢, defined such that

=2 (s

with the assertion that the Riemann hypothesis is true if and only if ¢, = O(t=3/ 4+e) for
integers t > 0, and for all € > 0.

From the above, one might conclude therefore, that it is important to understand the triangle
of connections that exist between the three objects consisting of the prime numbers, the
binomial coefficients, and functions which only have critical zeros (those on the line s =1/2
or zeros on the real line), and henceforth referred to as critical polynomials). Of these three
connections, it is those between the binomial coefficients and the ‘critical polynomials’ that
appears to be the least studied, thus motivating the results contained in this paper.

We recall that the Gegenbauer polynomials with A > —1/2, A # 0 (e.g., [2]) can be written
explicitly in terms of binomial coefficients and powers of 2 such that

Ca) = Lnf(l)’(” | G CO (1.5

r n—r
r=0
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In this article, by addressing the Mellin transforms of the Gegenbauer (and so Chebyshev)
functions C))(z), we obtain families of ‘critical polynomials’ p)(s), n =0,1,2,..., of degree
|n/2], satisfying the functional equation p}(s) = (—1)l*/2Ip> (1 — s). Additionally we find that
(up to multiplication by a constant) these polynomials can be written explicitly as variants of
Gould S:4/1 and S:3/2 binomial sums (see [20]), the latter form being

pgn( ) =n!(2n)! (n + A - ) (n + %(s +A)— Z) 2”: (71)H*T22r71(n+7‘—1i:k—1) ("2“7) (%(8_7"2)“)

n " (T (EEPE) |

r=0
(1.6)
n n ro2r (n4+r+A\ (n+r+1\ (L (s=1)+r
p’\ (8):n|(2n+1)| n+ A n+ (S+>\ i Z 22 ( r )(2r+1)(2( 'r) )
n+1 ' \n+1 (n+r+1)(§(s+/\)—i+r) :
r=0 T T
(1.7)
In the case of the Chebyshev polynomials (A = 1), this simplifies to the S :2/1 form, due
to cancellation of binomial factors, and with C, = %_H(?), the nth Catalan number, s

an integer, we show that polynomials 4C,,_1pan(s) and Cnpan+1(s) yield integers with only
odd prime factors. The first few transformed Chebyshev polynomials p,(s), are given by
pO(s) = 1/27 pl(s) =1, pQ(S) = 3?5 - %7 p3(5) = 6s — 3, p4(8) =155 — 155 + 67?

Before elaborating further, we mention some standard notation in which o F; denotes the
Gauss hypergeometric function, ,F, the generalized hypergeometric function,

(a)p =T(a+n)/T(a) = (_1)nF(F(1 —a)

l—a—n)
the Pochhammer symbol, with I' the Gamma function [2, 5, 18]. We also define ¢ =0 for n
even and ¢ = 1 for n odd.

The “perfect-reflection” functional equation pn( ) = (—=1)*/2IpA(1 — ), is similar to that for
Riemann’s xi function &(s), defined by £(s) = 1s(s — 1)m=/2T' (4s) ((s), and which satisfies
&(s) = &(1 — ), so that for t € R, the zeros of {(1/2 +4t) and ¢(1/2 + it) are identical. Drawing
upon this analogy, one interpretation is that the polynomials p\(s), are normalised (from a
functional equation perspective) polynomial forms of the rational functions ¢)\(s), defined for
n € N by

q/\ (S) _ 2]?%”(8) _ 22n+1p%n(8) (18)
2n A(TL _ 1)|(2n)'(2n;;2_)\171) (TLJF%(S:)\)*%) (2>\)2n H;:1(2S + 2\ + 4_7 — 3) ’
A 2n+1,,
Pons1(s) 27 pa (s
B (5) = P B ) (19)

A(m)(2n) (22 (=) (2020 [Ty (25 + 220+ 45 — 1)

where both numerator and denominator polynomials of ¢, (s) are of degree [n/2].

For A > —1/2, A # 0, and Rs > 0, the |n/2] linear factors of the denominator polynomials
of ¢)(s), are each non-zero, so that for these values of A, we have ¢)(s) has no singularities
with % s > 0. Hence the rational function ¢ (s) has the same ‘critical zeros’ as the polynomial
p)(s), and for t € R, the roots of p)(1/2 + it) and ¢ (1/2 + it) are identical.

Moreover (Theorem 1.6), for s € (1,00), ¢ (s) takes values on (0, 1), with lim,_,, g} (s) = 1
(from below), and obeys the functional equation

n l=sti+e _ 3\ /Ip, sAfe _ 3\ 71
g (s) = (—1)ln/2 <L /2 +Ln/2j 4> <L /2 jLLn/2j 4) (1 —s). (1.10)

It follows that on R~1, the behaviour of ¢)(s) has similarities to that of 1/{(s), albeit with a
rate of convergence to the limit point 1, considerably slower than for 1/¢(s).

The ‘critical polynomials’ under consideration here, in a sense motivate the Riemann
hypothesis, and have many important applications to analytic number theory. For example,
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using the Mellin transforms of Hermite functions, Hermite polynomials multiplied by a
Gaussian factor, Bump and Ng [7] were able to generalise Riemann’s second proof of the
functional equation (1.3) of the zeta function ((s), and to obtain a new representation for it.

The polynomial factors of the Mellin transforms of Bump and Ng are realized as cer-
tain 9F7(2) Gauss hypergeometric functions [10]. In a different setting, the polynomials
prn(x) = 2F1(—n,—x;1;2) = (=1)" o Fy (—n,x + 1;1;2) and ¢, (z) = i"nlp,(—1/2 — iz /2) were
studied [23], and they directly correspond to the Bump and Ng polynomials with s = —z.
Kirschenhofer, Petho, and Tichy considered combinatorial properties of p,, and developed
Diophantine properties of them. Their analytic results for p, include univariate and bivariate
generating functions, and that its zeros are simple, lie on the line x = —1/2 +it, t € R, and
that its zeros interlace with those of p,1 on this line. We may observe that these polynomials

may as well be written as p,(z) = (”Z‘”) o (—n, —x;—n —x;—1), or

(=1)"2"T'(n — x)
n!l(—x) 2b1 (

1
pu(r) = —n,—n;x+1-—n;-|.

2

Previous results obtained by the authors related to this area of research are discussed in [12, 13,
9], where in the former paper families of ‘critical polynomials’ are obtained from generalised
Mellin transforms of classical orthogonal Legendre polynomials. In [13] the first author has
addressed the Mellin transform of certain generalized Hermite functions, where the resulting
critical polynomials possess a reciprocity relation. In the latter paper it is demonstrated that
sequences of ‘critical polynomials’ can also be obtained by generalised Mellin transforms of
families of orthogonal polynomials whose coeflicients are the weighted binomial coefficients
given in (1.2), defined by

k k

N 2k+1/k+j4\ .
By (x) :Zb(k,j)mj :Z 2j+1< 2]']) a’.

Jj=0 Jj=0

Here it is shown that for Rs > —1/4, the Mellin transforms

_ 0 Bn($)$373/4 _ s s A—n— I ($+ %)
MJ(s) = J:4 de = (—1)"%/%4%4 IF(1/4)Pn(S)@,

yield critical polynomial factors p,,(s), which obey the ‘perfect reflection’ functional equation
pn(s) ==Epn(1 — s).

The analogous sequence of polynomials Ag(x) obtained from the kth row of the number
triangle generated by the integers a(k, j) is similarly given by

k—1 k—1 .
Ny 2k —1)(2k+1) (k+j\
A = ,ZC J — - 7 ].
N e e (AL

It was shown in [15] that this polynomial family satisfies the four-term recurrence relation
Appa(e) = 22 +4) (Apra(r) + Appa(2) — (422 + 4o + 6) Apga(2) — Ax(2),

as opposed to a three-term recurrence relation required for orthogonality, and so they do not
constitute an orthogonal polynomial system. The orthogonality condition is a key ingredient
in obtaining critical polynomials via generalised Mellin transforms, as discussed further in the
short section entitled Connection with continuous Hahn polynomials, following on from the
proofs of the main results. However it is also shown in [15] that the polynomials Ag(x) are
closely linked to the Gegenbauer polynomials Cj (z) (defined earlier in (1.5)), with A = 2, by

the relation
9 T+ 2 9 T+ 2 9 T+ 2
Ag(z) = Ci 5 + (2 +6)C o 5 +Ci_3 5 )
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The Gegenbauer polynomials with A > —1/2 have the hypergeometric series representation [1]
(p. 773-802) given by

(2A)n

M) ==

oF) (2)\+n, —n;)\+;;12$>, (1.11)
immediately showing that C(1) = (2\),,/n!.

The Chebyshev polynomials of the second kind U, (z) (e.g.,[28]), are the A = 1 case of the
Gegenbauer polynomials C) () . The latter polynomials are orthogonal on [—1,1] with weight
function (1 — 22)*~1/2, The Gegenbauer polynomials, and thus the Chebyshev polynomials,
satisfy ordinary differential equations. The Gegenbauer polynomials are also referred to as
“ultra spherical polynomials”, a name acquired from their application to spherical harmonics.

To give an overview, the present work is split into six sections, with the main results
concerning the critical polynomials arising from Mellin transforms of Gegenbauer polynomials
concluding this introduction. In the second section we prove these results, referring to the
Lemmas section (Section 4), in which connections to Chebyshev polynomials [26] of both
varieties, respectively T,, and U,,, themselves both special cases of the Gegenbauer polynomials,
are examined. This follows a short third section concerning continuous Hahn polynomials where
another method of proof for the ‘critical polynomial’ property is outlined. In Section 5 we
briefly consider certain Mellin transforms of Chebyshev functions of the first kind 7;,, whose
polynomial factors have zeros at either the even or the odd integers. We note in passing that
the polynomials By (z) are related to the Chebyshev polynomials of the second kind such that

m)

2

In [7, 10, 11}, Mellin transforms were used on [0, c0). Here we consider Mellin transformations
for functions supported on [0, 1],

By (x) = Uz (

1
Jdx
(Mof)(s) = | fa)a* .
0 x
For properties of the Mellin transform, we mention [8].

For A > —1/2, we put
1 A7) s —1 /2
CHMx)x _ -
o) n _ s—1 g A A-1/2
M} (s) = L (1= 22)3/i-2 dx = Jo cos® " 0 C;(cos ) sin 6 db, (1.12)

wherein we assume R s > 0 for n even and % s > —1 for n odd, denoting by p\(s) the polynomial
factor of M (s). Then for A = 1 we have the Mellin transform of the Chebyshev functions of
the second kind given by

! dx
— s—1
M, (s) _Lx U"(x)(1,x2)1/4' (1.13)
In fact, we could equally well employ
° Jdr
(Mif)s) = | faas
1

and (Mf)(s) = (Mof)(s) + (M1f)(s), where the latter representation is to be taken as
the analytic continuation of each term. For what we present, it is specifically the analytic
continuation of the Gamma function to the whole complex plane that permits (M f)(s)
to exist also through out C. Indeed, here the contributions (Myf)(s) and (M f)(s) are
‘companions’-the analytic continuations of one another.

THEOREM 1.1. (a) When A =1, the polynomials p,, corresponding to the Cheby-
shev polynomials of the second kind, satisfy the simplified recursion relation, with py =
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I'(3/4)/2 and p; = T'(3/4). for n even,

Dn(s) = spp_1(s+1) — % <s +n— ;) DPn—2(5), (1.14)
and for n odd,

pols) =2aa(s4 1) = 5 (50 5 ) pacats) (1.15)
(b) The polynomials p,(s), of degree |n/2], satisfy the functional equation

pu(s) = (=) p,(1 - s).

These polynomials have zeros only on the critical line. Further, all zeros # 1/2 occur in complex
conjugate pairs.

THEOREM 1.2. Let M (s) be defined as in (1.12). Then we have
(a) (the mixed recurrence relation)

nM,)L‘(s) =2A+n-— 1)M,>L‘_1(s +1) -2 +n-— 2)M7>L‘_2(s)7

(b) the generating function

00 1 s—1
1 x®
GMs,t) =) M} tk:J d
(s,1) 1;0 i (s) o (L —a2)3/A22 (1 —2tx + 22"
_ 1 TGS [ TCG) A+l A s Lostd 1 4
= (1—|—t2)>‘ 2 F(SJEA‘Fi) 342 9 9799 9 47(1—&—252)2

AT(N+1) T (=5) F<A+1 A s+13 s+Xx 3 4 )]
)3 2 a o )

1 <.
(1+) T(22:3 s Ty T iy Ty T ey

(c) the polynomial factors satisfy the functional equation p)(s) = (—1)l"/2IpX(1 — s),
(d) the recurrence relation in s
[6 — 4(\ + 2\n +n?) — 165 + 8s(s + 1)] M) (s)
+[=9+4(n+ N2 +16(s +2) — 4(s + 2)(s + 3)| M) (s + 2)
—4(s —1)(s — 2)M} s —2) =0,
with

T2+ (2
M@(s)zm, and M7 (s) = 2\Mg(s + 1),

and (e) (location of zeros) the polynomial factors p)\(s) of M\ (s), have zeros only on the critical
line.

THEOREM 1.3. The Mellin transforms (1.12) may be written as a constant multiplied by a
variant on Gould’s combinatorial S:4/2 and S:3/1 functions, as well a 3F»(1) hypergeometric
functions, such that

s—2

" (—1)nro2r n+;+zr\—1 b QT—H" n+:5_’\r—%
M3 (5) = M) Y e el B
=0 (%)
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(12 R () ()

A - n+r 2r
03! >
oA Y e (- 511 5,1
_( 1) MO(S)< n >3F2< n7>‘+n7272a2+2+47]—>7
and
n+r n+r s=Llipy m4stA_1
71 7227+1(nirii\)( 24';’;;1)( 2r+ )( +nir 4)

M3, 1 (s) = Mg'(s +1) Z
r=0

() (5

s—1
)rr2Rr ) () (77)

(#*z“)

r

erl i
=0

A+n s 13 AX+s 3
= (—1)"2M (s + 1 +1 FBl-nA+n+1l,-+—-; =, — +—;1
(=1) 0 ) )(n+1>3 2( i " 22727 2 4’ )7

where the latter identities for odd and even cases give the equivalent hypergeometric form
which can be written for general n as

_TG+IT) A
M)\(S) = 2(n!)D (s+721+)\ + i) 3lh (

11-n n1 (n+s)
SR U Tt S ’1)'

COROLLARY 1.4. When s = 2s; is even we have

1A+ g 1\
M =g (2T

2s S1
and when s = 2s1 + 1 is odd

s+1 s1+1
Hence, when s is a non-negative integer then we have the Gould’s S:4/3 summation variants
n r92r (n+r+A 1) (n+7‘) (s—1+7‘) (n-&-s-‘r%—%)

n—+r 2r r n—r
b = 5 3

Al -
M (s) = 2AM (s + 1) = 2AMQ (251 + 2) = A<2 +1i +31>

and
A1
M2 (254 1) z": D2 ) () ) ()
n-+ Al
e (M (CHaTn) (et et

THEOREM 1.5. Let e = (1 — (—1)")/2. Then the Mellin transforms are of the form
(24 1) (ske
i LGOI )
2(n!)l (2242 4 1)
and the polynomial factors p)(s) satisfy the difference equations

(s+2)(2A +4n — 25 — 5)p3, (s +4) — (8An + 2X\ + 8n? — 4s* — 125 — 11) p3,, (s + 2)

—(s4+ 1)(2\ +4n + 25 + 1)p3,,(s) = 0,

and

(s+3)(2A+4n — 25 — 3)p3,, 1 (s +4) — (8A\n + 6X + 8n® + 8n — 45 — 125 — 9) p3,, .1 (s + 2)
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—s(2X +4n + 25 + 3)p3,, 41 (s) = 0.

THEOREM 1.6. (Binomial ‘critical polynomial’ theorem.) (a) The polynomials p;\(s), can
be written (up to multiplication by a constant) in terms of binomial coefficients and powers of
2, as a variant of a Gould S:4/1 combinatorial function, such that

n n 7’227" 1 (n+T+)\ 1) (n+r) (%(5—2)4-7«) (n+%(s+)\)—%)

2 : n+r 2r T n—r
p2n - ' (n) )
r=0 T

n n—ro2r (n+r n4+r Lis— ™ (n+1i(s _3
o) s s GG I () (A
n ! !

= (7) ’

or as a Gould S:3/2 combinatorial function variant, such that

1

n—+A— 1) (n +i(s+A)— i) z”: (—1)n—T22— 1(n+7‘+)\ B (n;;r)(é s— 2)+7‘)

' " ()
nE A\ (nt5(s+X) - g z": (—1)nrger (M) (n;r:ll)
n + 1 n (n+r+1)( (5+)\) +7‘) 5

b

@A$=mmm(

r=0

(% s— 1)+7‘)

Phia() = nt2n + 1
r=0
thus establishing the binomial ‘critical polynomial® relationships (1.6) and ( 1.7).
Setting A\ =1 we obtain the polynomial factors arising from the Mellin transform of
the Chebyshev polynomials, which have the simpler form as a variant of a Gould S:2/1
combinatorial function, such that

n-4+ S - 1 N 1\n—r92r—1(n+r\(3(s—2)+r
pzn(s)—n!(2n)!< * 2 4)2( nm2 (2r)( ” )

" r=0 (%*TiJrr) 7
n+ £+ 1 n ( l)n r92r (n;;rﬁl) (%(S;I)Jrr)
p2n+1(3)=n!(2n+1)!< ; 4);0 ( +_:_T) .

(b) Let g)(s) denote the rational function in s derived from the S:3/2 form of the ‘critical
polynomial’ p)\(s) such that

m("07) G (S () () (D)

A _ T r T
W " NEE) (E) (Pt |
n n ro2r (n+r n4r L(s— r
by 2 DGR R 1 ) (R ().
n+ /\(2n2+n2>\) ~ (n+:+1)( (9+>\)— +r)
Then we have
qé\n(s) — 2p§\n(5) . . — 32n+1p5\n(5) : ,
An — 1)!(2n)! (2n2-s;123\1—1) (n+§(8:>\)—1) (2N )25 [Tj=1 (28 +2A + 45 — 3)
A 22n+1 A
qg\nﬂ(s) _ p2n+1(5) B P2, (8)

A(n)|(2n)'(2n;;2)\) (n+%(8’;r)\)*%) B (2)\)2n+1 H;L:l(QS =+ 2)\ + 4] — 1) ’

where both numerator and denominator polynomials of g)\(s) are of degree |n/2].

(c) For A > —1/2, A # 0, and R s > 0, the rational function ¢ (s) has no singularities, and has
the same ‘critical zeros’ as the polynomial p)(s), so that for t € R, the roots of p)(1/2 + it)
and q)(1/2 + it) are identical.
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When s € Rs1, ¢ (s) takes values on (0, 1), with lim,_,o, ¢\(s) = 1 (from below), and with
€ =0 for n even and € = 1 for n odd, obeys the functional equation

Mgy = (_pylnvz) (/2 A = R (In/2) + =52 — 5 T —s
an(s) = (=1) ( In/2] )( /2] ) an(1—s). (1.16)

As s — 00 along the positive real axis is follows that ¢)(s) — 1, from below, as does 1/((s).

COROLLARY 1.7. The polynomial factors arising from the Mellin transform of the Cheby-
shev polynomials have the simpler form as a variant of a Gould S:2/1 combinatorial function,

such that
1
n —+ s _ 1 n (_1)n7r22r71 (nfr) (5(57?)+r)
n =n!(2n)! 2 4 2r r
Paa(s) = nl( n>< : )Z i ,
r=0 r
n+ 2+ 1 n (,1)n77‘22r n-l;r—i—l %(s_rl)_,’_,,.
P2n+1(8)=n!(2n—|—1)!< 2 4) (521+1 )( )
n —o (§+E+T)
For s a positive integer and and with C,, = %H (2:'), the nth Catalan number, the polynomials

4C,—1pan(s) and Cppanyi1(s) yield integers with only odd prime factors. Moreover the
polynomials

22n+1 22n+17;L+1

szn(s), and sznﬂ(s),

with T,+1 the largest odd factor of n + 1, yield odd integers with fewer prime factors.

THEOREM 1.8. (Perfect reflection property theorem.) We say that “f(s) has the perfect
reflection property” to mean f(3) = f(s), f(s) = xf(1 —s), with x = 1, f(s) = 0, only when
Rs=1/2.

Then the polynomials

(%) l-n n (n+s5)
n(s;8) = F(1-8——"—-2;20-5),1- 1),
b ) = ey o (120,250 i - 91 - B )

have the perfect reflection property with x(n) = (—1)"/2), wherein ¢ = 0 for n even and = 1 for
n odd, B < 1, of degree |n/2], satisfy the functional equation p,(s; ) = (=1)l"/2p, (1 — s; B).
These polynomials have zeros only on the critical line, and all zeros # 1/2 occur in complex
conjugate pairs.

COROLLARY 1.9. (a) The properties of Theorem]1.8 are satisfied by the polynomials

. 2n+s)  D("F) (n+1) n _ (n+s)
p”(s’o)_(n+1)(n+2)r(%) {1_2&(_ 5 g BT 1)]

st r(s) [T (e
(n+1)(n+2) I (2£2) r(s) ra-3)

(b) More generally, for 8 a negative integer, the properties of Theorem1.8 are satisfied by the
polynomials p,,(s; —m), and these polynomials may be written in terms of elementary factors
and the Gamma function.
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2. Proof of Theorems
Proof of Theorem 1.1. (a) According to Lemma 4.6 or 4.8, the Mellin transforms are of the
form
3 Pa(s)T (*3°)
M,(s) =T (2) 222 Vo ) 2.1
=1 (3) pas) e
where € = 0 for n even and = 1 for n odd. The recursions (1.14) and (1.15) follow by inserting
the form (2.1) into (4.1), and using the functional equation of the Gamma function, I'(z + 1) =

2D(z2).
(b) From Lemma 4.8(a), up to factors not involving s, the polynomials p,, may be taken as
I(3)r (%) 31-n n 3 (n+s)
n(s) = 1)—+ B> —=;=,1— i1 2.2
pi) = = on (B0 G- ) e

wherein € = 0 for n even and = 1 for n odd. From the form of the numerator parameters, the
degree of p,, is evident.
By a ‘Beta transformation’ [18] (p. 850) we have the following integral representation:

3y <3 1_n7_ﬁ 3 11— (n—i—s);l)

4’ 2 272’ 2

VT Jl —1/4, ~1/4 l—-n n (n+s)
S L - F IR ~ .
oy |, e R g g v)de

We use (2.2), together with an @ — 1 — z transformation of the o F; function [18] (p. 1043).

Owing to the poles of the T' function, and that n is a nonnegative integer, the 5 F (z) function
then transforms to a single 2 F7(1 — x) function, and there results

(T () yr D195 r o)
T TEM T3 T

1
1-—- — 1
xJ(lfx)*l/‘lx*l/‘lgFl n,fﬁ;s n il—z ) de
o 2 T2 2

pn(s) =

_(n+1) VT 1 I(H5=)
4 T (&) sinT (22)TE/M4)T(1-%) T (52

1
1-n n s—n—|—1
1— )" Vi, —1/4 1 .2 d
XL( x) T oIy 5T 5 T.

The following observations lead to verification of the functional equation. When n is even,

e=0,
F(*)F(l—a)zm

) When n is odd, € =1,

(S“> (%)= oy

leaving the denominator factor I' (1 — 7)

Hence the factor (—1)1"/2) emerges as sin(rs/2)/sin[r(n + s)/2] = (—1)"/? when n is even
and as cos(ms/2)/sin[r(n + s)/2] = (—1)»~1/2 when n is odd, and the functional equation of
pn(s) follows.

Let u be the shifted polynomial u(s) = p,(s + 1/2), so that p,(s) = u(s — 1/2). Furthermore,
let 7; be the roots of u, u(s) = c[[;(s —7;), where ¢ is a constant. As a special case (of A =1)
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in the difference equation (2.3), it follows that for s being a root 7 that

1 1
—(rp —n) <rk + 2) CH(Tk +2—1)=(rp+n) <rk - 2) CH(T’k —2—1).
K3 K3
The equality of the absolute value of both sides of this equation provides a necessary condition
that Rr; = 0. With all zeros of u being pure imaginary, all of those of p,(s) lie on the critical
line. Since the polynomial coefficients are real, in fact, rational numbers, the zeros of p,, aside
from 1/2 occur as complex conjugates. |

Proof of Theorem 1.2. (a) follows from ([2], p. 303 or [18], p. 1030)
(n+ 2)C£+2(x) =2(A+n+ 1)x02+1(l‘) — (2A +n)C)(x),
Cy(x) =1, and C(x) = 2)z. (b) follows from ([2], p. 302 or [18], p. 1029)

(1= 2at+1%) 2 =) Cha)t".
n=0

(c) The Mellin transforms may be computed explicitly by several means. In particular, from

A\ (AN n nl-n 1
Cn(I):7(2l') 2F1 (2,2,177/)\,!%‘2 5

transformation of the o} function to argument x? and use of [18] (p. 850), we find that

Ma(s) = (3” 2"/ (—i)"T @ + i) I(1—XA—n)
{_m(s? P (52,0 + 21, o3 8 4 0 1)
X

TG -5 THreeE+))

L(5) sFa(=5A+5 5i5.3+25%1)
I(52) Ta-A-2)T (=41

The second line of the right member provides the transform for n odd and the third line
for n even. Then transformation of the 3F5 functions and arguments similar to the proof of
Theorem 1.1 may be used to show that the degree of the polynomial factors of the transforms
is again |n/2], and that they satisfy the functional equation p(s) = (—1)"/2p}(1 — s).

(e) To show that the resulting zeros occur only on Rs=1/2 we first demonstrate the
difference equation

[6 — 4(\ + 2\n + n?) — 165 + 8s(s + 1)] <‘9 ; - 1) (H"H + 1) pA(s)

2 4
F[=9 +4(n + \)? — 4(s — 1)(s + 2)] (S ; 6) (5 ‘; € 1) (s +2) (2.3)
- -2) (S D) (- D) k- -

wherein € = 0 for n even and = 1 for n odd. We apply the ordinary differential equation satisfied
by Gegenbauer polynomials (e.g., [18], p. 1031)

(22 — 1)y"(2) + 2\ + Day/ (x) — n(2A + n)y(x) = 0.
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If f(x)=CMNx)/(1—2?)3/422 we then substitute C)(z) = (1 — x2)3/4=*2f(z) into this
differential equation. We then find that
1

- a?) VA6 — 4N+ 22 n + n?) + (=9 + 4\ + n)?)2?) f ()
4z — 1) (—daf'(z) + (1 — 22) f"(x))] = 0.

It follows that the quantity in square brackets is zero. We multiply it by z°~! and integrate
from z = 0 to 1, integrating the f’ term once by parts, and the f” term twice by parts. We
determine that the Mellin transforms satisfy the following difference equation:

[6 — 4(\ + 2\n 4+ n?) — 165 + 8s(s 4+ 1)| M (s)
F[=9+4(n+ N2+ 16(s +2) — 4(s + 2)(s + 3)| M) (s + 2)
—4(s —1)(s —2)M} s —2) =0,
and hence (d).
As follows from either part (c) or Theorem 1.3, the Mellin transforms are of the form
MRS NCOIN

2(nh)0 (=552 4 3) 7"

M)(s) =

Noting that the factor T’ (% + i) /(2n!) is independent of s, and repeatedly applying the
functional equation I'(z + 1) = 2I'(z) leads to (2.3).

Using the shifted polynomial u(s) = p(s + 1/2), so that p)(s) = u(s — 1/2) is convenient.
Then with the translation s — s+ 1/2, (2.3) gives

[6—4()\+2)\n+n2)—16(s+;>+8(8+;) (S-l-;)] (?—i) (W—i—;)u(s)
+[—9+4(n—|—)\)2—4(3—;> (s+‘;>} (Sgeﬂll) <S;€—i>u(s+2)
(DD (R (55 e

After some simplification, in particular cancelling a factor of s +n + A+ 1 on both sides, it
follows that if r is a root of u, u(rg) = 0, that

1 3
—(rg—n—XA+1) (rk+€+2> <rk+€—2>u(rk+2)

=(rp+n+A-—1) (rk;) <7"k;)>u(rk2)‘

It may be noted that when n is even, a factor of r;, — 3/2 cancels on both sides, and when n is
odd, a factor of rp — 1/2 cancels on both sides. In either case, equality of the absolute value of
both sides provides a necessary condition that Rr; = 0 for all the zeros of u. Hence the zeros
of p)\(s) lie on the critical line. O

Proof of Theorem 1.3. Here we determine the hypergeometric form of M\(s), from which
the binomial forms then follow by algebraic manipulation.
We use the series representation ([27], p. 278 (6))

[n/2] (2)\)n.’1}n_2k(l‘2 _ 1)k

Cale) = kzzo AREI(N +1/2)5(n — 2k)V
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and recall a form of the Beta integral,

1 1 a
a—1 2\b—1
Lx (1—2%) dm—f2B<f27b), Ra>0 RNb>DO0.

Then

[n/2] k 1
A _ Z (2A)n(-1) J s+n—2k—1/1 _ ,.2\k+X/2-3/4
M (s) = IO+ 1/2)5(n— 260 ), © (1-2%) de

[n/2]
(2A\), (—=1)F 1 s+n A1
— B _ — —
24’%')\4—1/2 Ve — 2k)1 2 5 hEkTsty

71/2] s+n
_ Z DFD (532 —E) T (k+ 3+ 1)
21—\(a+n+)\ 4 — 4kk-' )\+1/2)k<n_2k)'

:F(%—l—i)l‘(sﬂz) - <)\ Lll-n n 14_)\ L +s).1)

2nIT (sT04A 4 1) 274 2 7 272 2

as required.
The above has used the duplication formula for the Gamma function so that

k n —-n
T o (1 2 )k'

The latter form of M (s) exhibits the key feature of a denominator parameter twice a
numerator parameter and we identify 5 =3/4 — A/2 in Theorem 1.8. The stated properties

follow in accord with that result.
The binomial forms of M\(s) are obtained by rewriting the hypergeometric form in terms
of Pochhammer symbols, and then (in a variety of orders) applying the five identities

<a+s—1> :a(a+1)...(a+s—1) :%

s! s!

)

(V6 e s ()0 -
I e (] (o I O I (S

Corollary 1.4 then follows immediately by by replacing Mg(s) and Mg (s + 1) with their
equivalent binomial coefficients forms when s is respectively an even or an odd integer. O

REMARK 1. With a simple change of variable, the Mellin transforms of (1.12) may be
obtained from [18] (p. 830). Alternative forms of these transforms and their generating
functions may be realised by using various expressions from [27] (pp. 279-280).

Proof of Theorem 1.5. It follows from either part (c) of Theorem 1.2 or the hypergeometric
form in Theorem 1.3, that the Mellin transforms are of the form

I A-i,-l T st+e
Z(n(!)Qr (si)n;E - g)pﬁ(S)-

M;(s) =
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The recurrence relations for p}(s) are obtained by considering the general recurrence relation
for M) (s) and p)(s), given in the proof of Theorem 1.2 (d), separately for the two cases of n
odd or n even. |

Proof of Theorem 1.6. (a) The S:4/1 type combinatorial expressions for the polynomial
factors p)(s) are obtained from the S:4/2 type expressions for M) (s) in Theorem 1.3, by
respectively multiplying through by the factors

nl(2n)! (n+ 2 -3 nl(2n+1)! (n+4 =2 3
— or —_—
2Mg\(s) n ’ 2M (s +1) n ’

depending on whether n is odd or even.
(b) The two expressions for ¢)\(s) given can be verified by inserting the explicit expressions
for p)) given in part (a) into the latter expression for ¢, (s) given in part (b) and rearranging.
The degree of both numerator and denominator polynomials of g (s) being |n/2], then follows
from the degree of the polynomials p(s) given in Theorem 1.2, and the number of s-linear
factors appearing in the denominator product of ¢ (s).
(c) The zeros of the denominator polynomials (and so poles of ¢;), correspond to the zeros
of the linear factors 2s + 2A +4j — 3, or 2s + 2\ + 45 — 1, with 1 < j < [n/2]. For A > —1/2,
A # 0 and R s > 0, each linear factor is non-zero, ensuring that the rational function ¢ (s) has
no singularities. Hence the ‘critical zeros’ of the polynomials p)\(s), are the same as for ¢} (s),
and so for t € R, the roots of p)(1/2 + it) and ¢ (1/2 + it) are identical.

To see that the rational functions ¢)(s) are normalised with limit 1 as s — oo, we consider
the limit term by term as s — oo in the S:3/2 sums of (1.6) and (1.7), giving

n (_1)nfr22r71(n+r+/\ 1)(n2+r)( 5(s— 2)-‘1—7‘) B n (_1)n7T22r71(n+r—7i:/\—1) (n-i—r)

lim r — 2r ,
Y (T e )
im 3 () (A (I g M () (Y
5—00 (n+;r“+1)( (s+)\) %+r) - ~ (n+:+1)

Applying the combinatorial identities

z”: (—1)nr2rmt(rEr AT (AT (zn +2)— 1> (n +A— 1) -t
-3 ,

=~ (") 2n —1 n—1
2”: R (N (Y i1 f2n 20 n+ A
— (vt 21\ 2n n ’

we then have the upper bounds for the combinatorial sums, so that lim, oo ¢} (s) = 1 from
below, as required. The functional equation follows from that for p)(s), by considering the
third and fourth displays in part (b) of the theorem.

To see Corollary 1.7, substituting A = 1 in the S/3:2 forms for p}(s), simplifies the sums to
the Gould S/2:1 combinatorial functions stated. Term-by-term analysis of the n + 1 terms in
each sum then reveals that for s an integer, each term is an even integer apart form the r =0

term, given by
1 s
@l 53\ g M mEsET)
2 2 n

depending of whether n is respectively even or odd. The binomial coefficients contribute the
power of two 2727 5o that the power of 2 in the r = 0 term is determined by (2n)!/22"*! when n
is even, and (2n + 2)!/22" "1 when n is odd. Noting that the n! terms cancel between numerator
and denominator, we see that multiplying through by the reciprocal of these respective powers

I Nl
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of 2 will produce odd integer values for the r = 0 term, whilst leaving the others terms r =
1,2,...,n even. Hence the summation results in integers having only odd prime factors, being
the sum of n even numbers and one odd number.

Analysis of the nth Catalan number

c. — 1 (271),
n+1\n

shows that the power of 2 in the C,, is determined by 22"*1/(2n + 2)! (A048881 in the OEIS)
so that 4C,,—; and C,, have the respective reciprocal powers of 2 to pa, and pa,+1. It follows
that for s € Z we have 4C,,_1p2, and C,pa2,41 are odd integers. A slight modification of this
argument also removes the odd factors arising in the (2n)! and (2n + 1)! polynomial factors
such that generated by

2 1 2 1
92n+ 2n+7;L+1

i 4 2 '+l
G T (s),
where 7,41 is the largest odd factor of n + 1. Therefore the above two expressions yield odd
integers with fewer prime factors than 4C, _1pe, and C,pa,+1, as required. O

Proof of Theorem 1.8. The proof follows that of Theorem 1.1, noting the integral

representation
1 —
J (1—x2)PzP R <1n7n; 1— (n+ S);:zr> dx
0 2 2 2
_ 521 VAL(1 = B) o l-n o _(n+s),

with 8 < 1. The o F(z) function is again transformed to a 9 F3(1 — z) function and the other
steps are very similar to before.
The location of the zeros follows from Theorem 1.2, setting A = 3/2 — 20. |

Proof of Corollary 1.9. (a) The initial § = 0 reduction of Theorem 1.8 to o F; form follows
from the series definition of the 3F5 function with a shift of summation index and the relations
(1);/(2); =1/(7+1) and (k)j—1 = (k —1);/(k — 1). The second reduction is a consequence
of Gauss summation. (b) Similarly, with m a positive integer, (m +1);/(2(m + 1)); may be
reduced and partial fractions applied to this ratio. Then with shifts of summation index, the
3F5 function may be reduced to a series of o F;(1) functions. These in turn may be written in
terms of ratios of Gamma functions from Gauss summation. |

3. Connection with continuous Hahn polynomials
These polynomials are given by (e.g., [2] p. 331, [3])

in (a+c)nla+d)n

pn(@;a,b,¢,d) = ,
n:

sFh(—n,n+a+b+c+d—1l,a+iz;a+c,a+d;1).
By using the second transformation of a terminating 3F5(1) series given in the Appendix, we

have
N

pn(x;a,b,c,d):%(a—!—b—!—c—&—d—!—n—1),L(1—b—n—i:z:)n

X 3Fo(l—b—c—n,1—-b—d—n,—n;2—a—-b—c—d—2n,1—b—n—ix;1).
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Then comparing with the 3F5(1) function of Theorem 1.3, we see that our polynomial factors
are proportional to the continuous Hahn polynomial

s LA 3o L
Pn 9 774 9 72 .

The continuous Hahn polynomials are orthogonal on the line with respect to the measure
%I’(a +ix)T(b+ iz)T(c —ix)T'(d — iz)dz.
Due to the Parseval relation for the Mellin transform,
J, s @ = 5 | e ey
the polynomial factors p,(1/2+ it) form an orthogonal family with respect to a suitable

measure with ' factors. Since orthogonal polynomials have real zeros, this approach provides
another way of showing that p,,(s) has zeros only on the critical line.

4. Lemmas

LeMMA 4.1. With T, (z) and U,(z) respectively the Chebyshev polynomials of the first
and second kinds, we have that (a)

1 —
iCSl

Mpn—1(s) = Jo mUm,l[Tn(m)]Un,l(m)dx

- JO (1—33;2)1/4(]"_1 [T7rz(x)]Um—1 (I)dx’

and (b)

}[M _ ! s—1 dx

B mn—1(8) + Mim—n-1(s)] = Jo 2 T (@) Up—1 () (1— z2)1/2°
For polynomials of negative index, we have U_,,(z) = —U,_2(z).

Proof. Part (a) follows from the composition-product property
Unmn—1(2) = Upn—1[T5(2)|Up—1(2) = Up—1[T (2)]Up—1 (),
and (b) from (1/2)[Untn-1(8) + Unm—n—1(s)] = Tn()Up—1(x). O

LEMMA 4.2. We have the mixed recursion relation

M, (s) =2M,_1(s + 1) — M,_2(s), (4.1)
and
@ ri) (3 L)
My(s) = 2 T(3+3) Ml(s)—F(4>F(§+i). (4.2)
Here M;(s) = 2My(s + 1) and My(s) = B(s/2,3/4)/2, with B the Beta function.

Proof. The recursion (4.1) follows from U, 41(z) — 22U, (x) + Up—1(x) = 0. With Uy =1,
and applying a simple change of variable we have

[ _ 1.(s 3
MO(S) = §J0 US/2 1(1-“) 1/4du: §B <2,4),
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giving (4.2). Since Uy (z) = 2z, M1 (s) = 2My(s + 1) immediately follows. O

LEMMA 4.3. We have (a)

M, (s +m) iné< > m-+n—2r(8),

and (b)

=
—
w
S~—
Il
1~
\
—
N
B
Y
=

)QTMn_2k+T(S +7).

Proof. (a) For m < n, we have

2" Un () = mZ( ) man—2r(T),

provable by induction, using the property zU,(z) = [Uns1(z) + Up—1(x)]. Then by the
definition (1.13) the result follows. For the inductive step, we easily have

() = Z ( )xUern_gr(x)

2m+1 Z( > mAn—2r+1(2) + Unin—2r-1(7)]

S [

m+1
2m+1 Z < ) m+n—2r4+1-

(b) follows from the binomial transform

fn:i(?>gi = gnzzn:( )"“( )fu

i=0 i=0
which is based upon the orthogonality property of binomial coefficients

S ()() o

k=m
where dy,,,, is the Kronecker symbol.
For the Chebyshev polynomials of the second kind we have the generating function

> 1
VL 43
kZ:OU’“(x) 1— 2tz + 2 (4.3)

LEMMA 4.4. For R s > 0, the generating function of the Mellin transforms is given by

00 1 1 s 1
= M, k— d
s) kzzo k() JO (1—a2)/A (1 -2tz +2) "
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1 T(§)
(14+2) 2

r(3)

3
I(s+
ot T (=) s+1 2545 42 )]

2F1 ]-7 ) 9
1+ (5+2) ( 2 4 7 (141¢2)2

s 25+3 4¢2
(132 )
) 24 (1t

N (4.4)

As given below, the first line of the right member of (4.4) furnishes Ms(s) and the second
line, Maj11(8).

Proof. Using (4.3), we first binomially expand so that

1 s—1 oo 1 1 20+s—1
1 T —3 T
dr =) L) (-1 ‘J —d
JO (1 —22)1/4 (1 — 2tx +12) v Z_0<£>( ) o 1 — 2tz + 2 *

- i "D k(120 s1ao0ts 2L
R e A AN CTE A R : 142

Then we interchange sums, and separate terms of even and odd summation index:

> ol &N ()& (2 2\’
;_()Mk(s)tk1+t2;(€>(2£+s)_ (2£+s+1)j<1+t2>

j=0

=

I(3/4) <& T (4 )( 2t )7

2(1 + t2) = T (% + Jj+s

~ I'(3/4) s F(m+§) o 2m 0 F(m—|—1+§) o 2m+41
S |5 i (108) TS FG fem (1)
CTEMA) | TE) W (5),, 2t \*"
S 2(1+12) F(§+%)m§::o m! (3 +3) <1+t2>
LG+D) & W (143, (20 V™
TS e (38

O

We mention a second method of proof of Lemma 4.4. With the use of partial fractions, we
have

Jl (1 _ l‘2)3/4 .’L‘S_l

k _
,;)Mk(s)t =), 0o A e®

1 2
1 1 1 1 1 4t
_ s—1 2\3/4
= 1— = — dz.
7= s [ r e e
The Beta function suffices to evaluate the first two integrals on the right side, while the o F}
function is required for the third,

iMk(S)tk _ r (%) 1
k=0

> o |0
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L(3)

5 s 7 s 4t
2 I (1,;+;
Ir(%+%) 2'4 27 (1+12)2

L2 L (s4) po(1 809, s 412
A+ (3+3) 2"\ 2 a2 a2 |

N|»

Then contiguous relations for the o Fy function (e.g., [18], pp. 1044-1045) may be used to show
the equivalence with (4.4).

COROLLARY 4.5. For t sufficiently small we have the summation identity

1 T()| I P 5.25%3 42
1+ 2 |T(z+3)*'\"2 4 "1+
ot T (=) s+1 2s+5  4t?
AN ERE) S 2F1<1’ 5 1 ’(1—|—t2)2)
r@gs won | T(3) 1-k s k12543 4
- 9 ];)(71) t 1—‘(%_’_%) 3F2< 9 7272a274,t2)

2kT (*F) g (L=k ks+13 2545 4
342 2 ) 27 2 72a 4 7t2

Proof. This follows by equating the result for G(t,s) of Lemma 4.4 with the geometric
series expansion and integration

Gt s) = L T I;J(—l)ktk(t _ 92)rda.

REMARK 2. Transformations of the 5 F; functions in Lemma 4.4 include the following.

g 52543 4 N (14e\® (3243 4
21471 72, 4 7(1+t2)2 - 1*t2 241 a47 4 3 (17t2)2 5

and

(sl 25 A N\ (14 \T (3 2545 4P
2141 ) 2 ) 4 7(1+t2)2 - 1—1f2 241 347 4 3 (1—t2)2 .

Letting ' denote differentiation with respect to ¢, (4.4) is consistent with the differential
equation

t2 -1 1 s—1 1
( )J z dx

1
(¢ ZG(t. s) =
G'(t,s) + QtG( ) ot Jo (1—a2)l/4 (1 — 2t +2)2"

obtained by using partial fractions.

The following comes from the application of Corollary 1.9 to the generating function (4.4).
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LEMMA 4.6. Let k > 0. Then

I (3) 4T (k+ %) 1 s 1 s

M. = —4 2Py -~k —k— -+ k1 — - —k —2k;1 4.

Zk(S) 2 F(k_i_QSZ,B) 3 2(2 ) 2+47 ) 2 ) 7)7 ( 5)

and

3\ 4D (k + =314) 1 s 1 1-s
M =Tr(s)—— 2/ (- —k —k—=— 2 —k —1—2k:1]).
241(5) (4) r(k+255) ° 2( SR Sl s e ki )

(4.6)

REMARK 3. From (4.5) and (4.6) expressions for the special values Moy 11(0) and Max41(1)
and Moy (1) may be written.

These transforms may be re-expressed by using Thomae’s identity [2] (p. 143) such that
[(d)T'(e)I'(w)
I'(a)T'(w + b)T(w + ¢)

where w =d+e—a—b—c.
The following allows us to obtain other equivalent hypergeometric forms for the Mellin
transforms, and hence for the polynomial factors.

3F2(a,b,6;d76;1): 3F2(d—a,e—a,w;w+b,w+c;1),

LEMMA 4.7. We have (a)

[n/2]
n+1 e n 1-n n 3 1
U, (x) = Z < >(x21)kx = (n+1)z" oF < ) 72;2;12>,

P 2k +1 €
(b)
[n/2]
_ k(n—Fk n—2k _ 2n l-n n 1
Un(x)kzo(l)( R >(2) = (22) 2F1( 5T 2),
and (c)
(n/2]
n 1-n n1l 1
Tn _ 2_1k n—2k _ ,.n F. 1= =1
() kzzo(%)(x )'e T\ Ty T Ty T 2

Proof. These expressions follow by applying quadratic transformations (e.g., [18], p. 1043)
to known o F} forms of U,, and T,

31—
Un(z) = (n+1) 21 <n+2,n; > 21’)
and
1 1—2x
Tn(x) = ol <n, —n, 5% 2) .

O

LEMMA 4.8. With M, (s) the Mellin transform of the Chebyshev function given in (1.13),
we have that

(a)
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and (b)

Mn(8)22n 1 (%) (

L (%

Proof. The interchange of finite summation and the integration of (1.13) is used in both
instances. o

2) 1-n n 1 (n+s) n+s
F —2, - ol = =31
%) s 2( 2 7 274 g 2 ’)

LEMMA 4.9. Further relations concerning the Chebyshev, Gegenbauer and Legendre
polynomials P, (x) are given by (a)

Un(a) = 3 Pula) P i(2)
(b) -
$Utn(8) = 3 U)o a) = gl + e ) = (4 2000
and (c) -

CT);LI +>\2 Z C/\1 Cv)\z )

k=0

Proof. (a) The generating function (4.3) is used, along with

1
> Pi(a)tt = T
P 1—2te+t

Since

2 Unta)t - (Zpk )

holds over a common range of ¢, the result follows.
(b) The generating function

1
M I
Z i (1 — 2tz + t2)A
is used, together with (4.3) and the expression for C2(x) given in (6.2). (c) Again uses the
generating function given just above. |

LEMMA 4.10. (Limit relation lemma.) The Gegenbauer polynomials C) (z) satisfy

o Cp(x)
e T
Proof. We have
Cp(x) 11—z
lim =2 o (2 P it i
Am oy e 1(A+”’ mAT I )

and, by Stirling’s formula

((QAAJ%”)): = ok {1 +0 (i)} .
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Then

O

LEMMA 4.11. The Gegenbauer polynomials C)(x) are related to the Chebyshev polyno-
mials of the first kind such that

Co (@)

(1)

=T,(x).
A=0

Proof. 'We employ the o Fy form of C)(z)/C} (1) given in (1.11).
Then

kijo (n()f/(;)z)k;' (1 ; x)k = cos (2nsin‘1 (1 ; x)) = cos(ncos™ ! z) =T, (z) = g’?g? L

REMARK 4. We show elsewhere [12] that the 5 =1/2 special case of Theorem 1.8
corresponds to a particular Mellin transform of Legendre functions.

Owing to the form of p,(s; ) in terms of s(s — 1) + b, where b is a rational number, the
polynomials p,, (s; 51) & pn(s; B2) also have zeros only on the critical line, when this combination
does not degenerate to a constant.

5. Mellin transforms of Chebyshev polynomials T},

The Chebyshev polynomials of the first kind begin with Ty = 1 and T3 (x) = = 2T, and
satisfy the same recursion as U, (z). We now put, for Rs > 0,

1

MF(s) = J 27T, (2) (1 — %)Y 2 d, (5.1)
0

where for n odd these also hold for ® s > —1. MT(s) satisfies the mixed recursion relation

(4.1), with

VT _T() v T (%)
Moy(s) = — ———=+, Mi(s) =Mo(s+1) = ———=". 5.2
0() 4F(%—‘,—%) 1() 0( ) 41—\(§+2) ( )
For T,,(z) we have the generating function
- 1—t2
T 2y Tp(x)th = ————. 5.3
o)+ 23Tt = g (53)

LEMMA 5.1.  (Generating function lemma.) For ® s > 0,

1 s—1

GT(t,s) = My(s) + kaleg(S)tk =(1-1%) L (1_;7354_#)(1 — )24y

VT r(s) s 543 4
= (1 t) (1+t2)r(§+%) 2F1 (172’ 2 7(1—|—2§2)2>
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s+1 s+4 42
; ; . 4
2F1 (17 2 9 2 3 (1 +t2)2)‘| (5 )

Proof. The proof is similar to that for Lemma 4.4. |

The generating function G7 (¢, s) may be expanded similarly as in Lemma 4.6.

THEOREM 5.2. The polynomial factors of MY (s) have their zeros at the even or odd
integers up to n — 3, and at n% — 1.

Proof. This follows since when n > 3 is odd,

Y :
= V(5= (s =) (s~ (0= 3)(s — (0* — 1)

MT(s)

and when n > 2 is even,

_ VT
T 4.9m

My (s) (5= ls=3)++(s = (0 =3)(s = (0" ~ 1) sy
For n = 3 and n = 2 only the s — (n? — 1) linear factor is present. It is then easily verified that
these expressions satisfy the recursion (4.1) with the starting functions My(s) and M;(s). O

6. Discussion

Given the Gould variant combinatorial expressions obtained for p\(s) and ¢ (s), our results
invite several other research questions, such as: is there a combinatorial interpretation of p)\(s)
or ¢ (s), and more generally, of p,(s; 3)? Relatedly, is there a reciprocity relation for p,(s) and
pn(s; B)?

Two instances when the combinatorial sums produce “nice” combinatorial expressions are

_ _ A—1 + _1 _ _ —1
q)\ (1) — i (_1)n T22T 1(71-"-7"1— )(n2rr) (rr2) _ 1 n -+ 2)\4 3 n -+ 2)\4 :
2n () (A 2 n n ’
T T
n _1)n7r22r (n+r+/\> (n+r+1) (r—&-%) 2A—3 2A+3y —1
A ( 2r+1 n+ n+ ==
B =Y e e (M) (M)

(n+:+1) (%+§+r) n n

r=0
In fact, polynomials with only real zeros commonly arise in combinatorics and elsewhere. Two
examples are Bell polynomials [21] and Eulerian polynomials [14] (p. 292). This suggests
that there may be other relations of our results to discrete mathematics and other areas. In
this regard, we mention matching polynomials with only real zeros. The matching polynomial
M(G,z) =3, (—1)*p(G, k)z* counts the matchings in a graph G. Here, p(G, k) is the number
of matchings of size k, i.e., the number of sets of k edges of G, no two edges having a common
vertex. M (G, x) satisfies recurrence relations and has only real zeros and M (G — v, ) interlaces
M (G, ) for any v in the vertex set of G (e.g., [17]). As regards [6, 10], we note that the classical
orthogonal polynomials are closely related to the matching polynomials. For example, the
Chebyshev polynomials of the first two kinds are the matching polynomials of paths and cycles
respectively, and the Hermite polynomials and the Laguerre polynomials are the matching
polynomials of complete graphs and complete bipartite graphs, respectively.
There are several open topics surrounding the recursions (1.14) and (1.15). These include: is
it possible to reduce this three-term recursion to two terms, can a pure recursion be obtained,
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and, can some form of it be used to demonstrate the occurrence of the zeros only on the critical
line?
The Gegenbauer polynomials have the integral representation
Oy = L 2N T (A +3) J“
r)=— —_— =
" L (N

Then binomial expansion of part of the integrand of M) (s) is another way to obtain this
Mellin transform explicitly. The representation (6.1) is also convenient for showing further
special cases that reduce in terms of Chebyshev polynomials U, or Legendre or associated
Legendre polynomials P)". We mention as examples

(x4 V22 — 1cosf)"sin®* 1 9 df. (6.1)
0

Chw) = gz —gy{(n + Deiale) — o+ 200 (62)
and 1
C3/%(z) = M[xPn+l(x) — Py(2)] = 57%

The Gegenbauer polynomials are a special case of the two-parameter Jacobi polynomials
PxB(z) (e.g., [2]) as follows:
Cha) = P ppoaaciay)
(A +3),
The Jacobi polynomials are orthogonal on [—1,1] with respect to the weight function (1 —
2)*(1 + z)8. Therefore, it is also of interest to consider Mellin transforms such as
1

MSP(s) = J 2 T PP () (1 — @)/ 272 (1 + 2)P2 1 2 e,
0
especially as the Jacobi polynomials can be written in the binomial form

wo =S (1) () (5

=0

In fact this line of enquiry may provide a far more general approach to investigate ‘critical
polynomials’ arising from combinatorial sums.

Appendix

Below are collected various transformations of terminating 3F»(1) series [5], where again
(a),, denotes the Pochhammer symbol.

(c—a)p(d—a),
(©)n(d)n

n d— _bn
:(a) (C(—Ci—) (d)a ) sFy(—n,c—a,d—a;1—a—n,c+d—a—1b;1)

d_ _bn
(C+()a) sFy(—n,d—a,d—bid,c+d—a—b;1)
C)n

:(—1)”&23)"((2)" sFy(-n,1—c—n,1—d—n;1—a—n,1—->b—n;1)

3Fy(—n,a,b;e,d; 1) = sFy(—n,a,a+b—c—d—n+l;a—c—n+1l,a—d—n+1;1)

) sFy(-n,1—d—n,a+b—c—d—-n+1lja—d—n+1,b—d—n+1;1)
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:w sFy(—n,a,d —b;d,a —c—n+1;1)

(€)n

_ (= a)n(b)n . . .
= . sFh(—n,d—b;l—c—n;1—b—n,a—c—n+1;1).
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