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Abstract. We introduce a concept that generalizes several different notions of a “centerpoint”
in the literature. We develop an oracle-based algorithm for convex mixed-integer optimization based
on centerpoints. Further, we show that algorithms based on centerpoints are “best possible” in
a certain sense. Motivated by this, we establish structural results about this concept and provide
efficient algorithms for computing these points. Our main motivation is to understand the complexity
of oracle-based convex mixed-integer optimization.
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1. Introduction. Consider the following unconstrained optimization problem

(1) (I)y)rg%gwg(x, Y),

where ¢ : R” x R — R is a convex function. To keep the problem as general as possi-
ble, we assume that g can be accessed only by a first-order evaluation oracle. In other
words, when queried at a point (z,y), the oracle returns the corresponding function
value g(z,y) and an element from the subdifferential dg(x,y). This allows us to model
very general, possibly nonsmooth, convex functions. The only additional assumption
we make to keep (1) tractable is that the minimization problem is bounded.

We present a general cutting plane algorithm based on the concept of center-
points, which we define below. We call it the centerpoint algorithm. Our approach
bears similarities to a number of continuous convex minimization algorithms and
to Lenstra-type algorithms [31, 20] for convex integer optimization problems. Most
variations of Lenstra-type algorithms rely on a combination of the ellipsoid method
and enumeration on lower-dimensional subproblems [27, 24, 33, 25, 38, 13]. The key
difference is that our algorithm avoids enumerating low-dimensional subproblems.

The main feature of this approach is that, from the point of view of the number of
function oracle calls, this algorithm is best possible, up to a lower-order factor. For this
purpose, we present our results for a somewhat general convex optimization problem
(see section 2 for details), and then specialize the results to continuous/integer /mixed-
integer convex optimization. We now proceed to the central concept of this paper.

Centerpoints. Let pu be a Borel measure on R™ such that 0 < pu(R™) < oc.
Without any loss of generality, we normalize the measure to be a probability measure,
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ie, p(R™) = 1. A reader unfamiliar with measure theory may simply consider p
to be a mixed-integer version of the Lebesgue measure, which generalizes both the
standard volume and the “counting measure” for the integer lattice. See (7) for a
precise definition.

For S C R™ nonempty and closed, we define the set of centerpoints C(S,u) C S
as the set that attains the following maximum:

._ : +

(2) F (S, p) =max inf  pu(H™(u, z)),
where 8"~ ! denotes the (n — 1)-dimensional unit sphere with center in the origin and
H* (u,z) denotes the half-space {y € R" : - (y — ) > 0}. In other words, F(S, i) is
the largest real number M > 0, such that there is a point € S with the property
that any half-space containing x has measure at least M. This definition unifies sev-
eral definitions from convex geometry, computer science, and statistics. Two notable
examples are the following:

1. Winternitz measure of symmetry. Let u be the Lebesgue measure restricted
to a convex body K (i.e., K is compact and has a nonempty interior) or,
equivalently, the uniform probability measure on K, and let S = R™. F(S, u)
in this setting is known in the literature as the Winternitz measure of sym-
metry of K, and the centerpoints C(S, ) are the “points of symmetry” of
K. This notion was studied by Griinbaum in [22] and surveyed by the same
author in [23]. Caplin and Nalebuff [10] generalize Griinbaum’s results to
measures 4 with a concave density supported on a compact set K. Reference
[42] is a recent survey on measures of symmetry of convex bodies. Convex
geometry literature also studies the closely related concepts of floating bodies
and illumination bodies; see [46] for a survey.

2. Tukey depth and median. In statistics and computational geometry, the func-
tion f, : R™ — R defined as

(3) fu(x) = inf w(H™ (u,z))
ueSn—1

is known as the half-space depth function or the Tukey depth function for the
measure p, first introduced by Tukey [43]. Taking S = R™, the centerpoints
C(R™, u) are known as the Tukey medians of the probability measure u, and
F(R™, p) is known as the maximum Tukey depth of p. Tukey introduced
the concept when g is a finite sum of Dirac measures (i.e., a finite set of
points with the counting measure), but the concept has been generalized
to other probability measures and analyzed from structural [17, 40, 29], as
well as computational perspectives [40, 11, 9, 18]. See [34] for a survey of
structural aspects and other notions of “depth” used in statistics, and [18] and
the references therein for a survey and recent approaches to computational
aspects of the Tukey depth.

Our results. To the best of our knowledge, all related notions of centerpoints in
the literature have only considered the case where the set S is R", i.e., the centerpoint
can be any point from the Euclidean space. We consider a more general S, as this
allows us to analyze convex optimization problems where the solutions have to satisfy
side constraints like mixed-integer constraints, sparsity constraints (e.g., compressed
sensing), or complementarity constraints. Essentially, the closed subset S is going to
represent nonconvex feasibility constraints of our optimization problem; at the most
general level, all we require from S is that it is closed and nonempty.
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TABLE 1
Best bounds for the convex optimization problem (4) with box constraints.

S Upper bound Lower bound
RY O (log%1 (BTd)) Q (log2 (BTd)) (Nemirovsky and Yudin)
zn O (n2" 1ogy(B)) Q (2" logy(B))

Zn xRT O (2”(d+ 1) log, (B?d)) & (2n (log2 BTd))

In section 2, we elaborate on this connection between centerpoints and algorithms
for optimizing convex functions over general closed sets S. We first give an algorithm
for solving such problems given access to first-order (separation) oracles, based on
centerpoints. We then focus on convex mized-integer optimization and show that the
centerpoint algorithms is “best possible” in a certain sense, amongst a large class of
first-order oracle-based methods—see Table 1. This comprises our main motivation
in studying centerpoints.

In section 3, we provide lower bounds on the value of F(S, u). In section 3.1, we
obtain lower bounds in terms of the Helly number of S with minimal assumptions
on S and p. In section 3.2, we obtain better lower bounds for the special case when
S =7" x R? and p is the “mixed-integer” uniform measure on K N (Z" x R%), where
K is some convex body. Such bounds immediately imply bounds on the complexity
of oracle-based convex mixed-integer optimization algorithms.

In section 4, we present a number of exact and approximation algorithms for
computing centerpoints. To the best of our knowledge, the computational study of
centerpoints has only been done for measures p that are a finite sum of Dirac mea-
sures, i.e., for finite point sets, or when p is the uniform measure on two-dimensional
polygons (e.g., see [8] and the references therein). We initiate a study for other mea-
sures; in particular, the uniform measure on a convex body, the counting measure
on the integer points in a convex body, and the mixed-integer volume of the mixed-
integer points in a convex body. All our algorithms are exponential in the dimension n
but polynomial in the remaining input data, so these are polynomial time algorithms
if n is assumed to be a constant. Algorithms that are polynomial in n are likely to
not exist because of the reduction to the so-called closed hemisphere problem—see
Chapter 7 by Bremner, Fukuda, and Rosta in the collection of articles in [32].

We mention that the algorithms for computing centerpoints from section 4 are
based on the standard Turing machine model of computation and, therefore, work
with rational arithmetic. Consequently, since the coordinates of a centerpoint could
be irrational, our algorithms return points whose coordinates are arbitrary close ap-
proximations of the centerpoint coordinates. We alert the reader that our analysis of
the oracle complexity of cutting plane algorithms in section 2 ignores such arithmetic
issues and the results assume that exact centerpoints are used in the optimization al-
gorithm. A general framework for handling such arithmetic issues is described in [20].
For this reason, we do not discuss them further in this manuscript.

Throughout this paper we use the notation H ™ (u,z) := {y e R" : u- (y —z) < 0}
and H(u,z) == {y € R" : w-(y —x) = 0} for u € S* ! and z € R". Recall
that H*(u,z) denotes the half-space {y € R" : - (y — x) > 0}. With int(X) we will
denote the interior of X C R"™.
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2. The connection to optimization. Given a nonempty, closed set S C R™,
consider the following optimization problem:

(4) min g(z),

where g : R® — R is a convex function given by a first-order evaluation oracle. The
same setting is currently being studied by De Loera et al., calling it S-optimization
[14]. Related models have also been proposed in integer programming; see [12] and
[47] and the references therein. We first define the class of algorithms against which
we will compare the centerpoint algorithm. We refer to this class as cutting plane
algorithms.

DEFINITION 2.1 (cutting plane algorithm). Let S C R™ be a nonempty, closed
set and let v be a Borel measure on R™ such that v(R™\ S) =0, i.e., v is supported
on S. A cutting plane algorithm for (4) with stopping criterion based on v is an
algorithm with the following structure:

INPUT: An error guarantee § > 0 and a convex set Ey that contains
the optimal solution in its interior and with v(Eg) > 0.
ITERATIONS: At each iteration i = 1,2... the algorithm selects a
point z; € int(E;—1)NS, and then makes a call to a first-order oracle
for g at x;, which returns the function value g(x;) and a subgradient
hi € 0g(xi). We define x* := argmingcy,, ..y 9(x) and define E;
such that

(5) Ei 2 {x€Eo:g(a”) —glz;) 2 hj (x—a;) Vji=1,... i}

OUTPUT: The cutting plane algorithm stops at the Nth iteration
when v(int(Ey)) < 0 and returns x*.

When S = R™ and v is the standard Lebesgue measure, we obtain the standard
cutting plane algorithms for continuous convex optimization, such as the ellipsoid
method, method of centers of gravity, the Kelly method, or the level method [36,
section 3]. A variant of the cutting plane method which utilizes random sampling was
explored by Bertsimas and Vempala in [7] for continuous convex optimization. Their
method also falls under the general framework of Definition 2.1. When S = Z" and v
is the counting measure for Z™, we obtain cutting plane algorithms for convex integer
optimization problems. When S = Z" x R?, we obtain algorithms for convex mixed-
integer optimization. A natural choice of the measure is the mixed-integer measure
Hmized, Which we will discuss in the next section.

Remark 2.2. We give a short justification of our stopping criterion in Defini-
tion 2.1. Given general convex functions and the absence of any known structure for
S, one can only guarantee an approximate solution from an algorithmic point of view
in general (for structured S like Z™, the situation is different). Typically, the quality
of such approximations is then quantified by an additive or multiplicative gap with re-
spect to the optimal function value. These often require additional estimations based
on further parameters, for example, a Lipschitz constant. Instead of considering the
gap in the function values, we approximate an optimal point and we quantify the ap-
proximation quality by an appropriate measure v, thus circumventing any additional
assumptions or sources of error such as Lipschitz constants. At the end of this section,
we elaborate on how to extend our results to derive bounds on the additive gap with
respect to the optimal function value in the mixed-integer case.
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Remark 2.3. We also briefly comment on the assumption that v(R™\ S) = 0, i.e.,
the measure is supported on S. One could consider more general measures that do
not satisfy this condition and analyze the class of algorithms obtained thus. However,
the mathematical analysis of this more general situation becomes more tedious with
many corner cases that need to be handled, without adding any new insight. It is more
elegant to restrict the analysis to measures that are supported on S. Consequently,
we build this into the definition of our cutting plane algorithm.

DEFINITION 2.4 (centerpoint algorithm). Let S C R™ be a nonempty, closed set
and let v be a Borel measure on R™ such that v(R™\ §) = 0. The centerpoint
algorithm is a cutting plane algorithm for (4) that chooses x; € C(S,v;) from the set
of centerpoints, where v; is the measure v restricted to int(E;_1), and defines E; to
be the right-hand side of (5).

For our general bounds we need three parameters related to S and v.

DEFINITION 2.5. Let S C R™ be a nonempty, closed subset and v be a measure
on R™ that is finite for any bounded set.
(i) For any bounded convex set C' C R™ with v(C) > 0, define v as the normal-
ized finite measure v restricted to C. We define

c(S,v) :=inf F(S,ve).
vo

(ii) We define the degeneracy parameter

S,v):=max min v({zeR":u-z=u- .

X(8.v) = max min v({ )

(ili) We say that v is lower semicontinuous if for every ¢ > 0 and every open set
A CR", there exists a closed set A" C A such that

v(int(A")) > v(A) —e.

In Theorem 3.3, we will show that ¢(S,v) > h(S)~!, where h(S) denotes the Helly
number of S. However, for certain types of measures one can obtain stronger bounds,
e.g., see Corollary 2.8. Note that the parameter y is zero when S corresponds to the
whole space, a mixed-integer lattice, or to sets obtained from sparsity constraints on
the variables. However, if S = Z" and v corresponds to the counting measure, then
x(S,v) =1.

Our first general result showing the asymptotic optimality of the centerpoint-
based algorithm amongst cutting plane algorithms for (4) is the following.

THEOREM 2.6 (general optimality bounds). Let S be a nonempty, closed set.
Let v be a measure such that v(R™\ S) = 0, v is finite for bounded sets, and v is

lower semicontinuous (as defined in part (iii) of Definition 2.5). Further, assume that
c(S,v) > 0. Let § > 0 and Ey C R™ with v(Fy) =V > 0. The centerpoint algorithm

makes at most
) 1%
08—+ 5

first-order oracle calls for any convex function g. Moreover, for any cutting-plane-
based algorithm A with a stopping criterion based on v, there exists a convex function
g such that A will make at least

| (v (753)) |

first-order evaluation oracle calls to g.
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Proof. The upper bound follows from the fact that by choosing the centerpoint
at every iteration, one can guarantee that v(int(F;)) < (1 — ¢(S,v))v(int(F;—1)) for
every ¢ = 1,..., N, where N is the number of iterations such that v(int(Ey)) < 4.

For the lower bound, it suffices to establish the following claim whose proof ap-
pears below.

CLAIM 2.7. For any cutting plane algorithm A and a real number ¢ > 0, there
exists a sequence of convex functions {91: 2, such that for every i > 1, if A runs for
i iterations on g;, then v(int(E;)) > (3)'v(int(Ey)) — 2(e — x(S, 1)).

To obtain the lower bound stated in the theorem from this, we do the following:
Given § > 0,V > 0, set N* := [(logz(%))] — 1 and we run A on gy+. Using

Claim 2.7 with € = g, we obtain that v(int(En+)) > (%)N*V(int(Eo)) — 0 —2x(S, ).
Since the stopping criterion for the algorithm is v(int(En~+)) < 4, the inequality

implies that A4 requires at least N* iterations to stop.

Proof of Claim 2.7. We construct the sequence {g;}5°, in an adversarial manner;
we will actually construct epi(g;), the epigraphs of g;,! and use the fact that an
epigraph defines a convex function uniquely and vice versa.

In fact, we will inductively construct three sequences: convex functions {g;}32,
vectors {h;}5°, C R™, and real numbers {£;}5°2, C R such that the following conditions
hold for every i > 1.

(i) If algorithm A runs on the function g; for ¢ iterations,

1\’ =1
v(int(E;)) > (5) v(int(Ey)) — ZO 5| (e+ x(S,v)),
=
(ii) For any 0 < j < ¢, when the algorithm is executed for j iterations on g; and
gi, it queries the same points 1, ..., ;.
(ili) For any 0 < j <4, {h;} = 0g:(z;),
(iv) Let x1,...x; be the points queried by A when executed on g; for ¢ iterations.
Then,

A J
epi(g;) = ﬂ {(x,t) By xR:t>hj-(x—aj5) — Z{k} .
j=1 k=1

First observe that (i) of the claim implies v(int(E;)) > (%)iu(int(Eo))—(Z;;}J 2%)
(e + x(S,v)) > (3)'v(int(Eo)) — 2(e + x(S, p)). This would complete the proof of
Claim 2.7.

We prove the claim inductively. Let 1 € int(Ey) be the first point queried by A
on any convex function. Choose h; € R™\ {0} such that v({x € R™ : hy-x = hy-21}) <
x(S,v), and that v(int(Eo)N{z : hi-(x—=z1) < 0}) > Lv(int(Ey)). Such a choice of hy
always exists. Set &1 = 0. Finally, define epi(g1) := {(x,t) : Eg xR : ¢t > hy-(z—21)}.
One can now check that (i)—(iv) in the above claim hold for ¢ = 1.

Now, suppose we have defined g¢1,...,¢;, h1,...,h;, and &, ...,&; for some ¢ > 1
such that (i)—(iv) hold. We now construct g;+1, h;+1, and &11. Note that by (iii), the
algorithm chooses ;11 € int(FE;), where

EiQEi:: {$€E02hj'($—$j)§— Z fk,jZL...,i}.

k=j+1

1For any function f:R™ — R, the epigraph of f is epi(f) := {(z,t) € R® x R : ¢t > f(z)}.
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If 2,41 ¢ int(E;), then set gir1 = giy hip1 € 9gi(2zip1) (which is well-defined) and
&+1 = 0. Otherwise, by our assumption that v is lower semicontinuous, one can
choose &1 > 0, such that following conditions hold for E; := ={z € Ey:h;- (gc zj) <

Zk:j+1 §e — &1, J=1,... i}

(A) u(int(E ) —e< V(lnt(E-)) and

(B) x; € Ei.
Let hip1 € R™\ {0} such that the following all hold:

(a) v({z €R™ : hipr - @ = hip1 - i1 }) < x(S,v),

(b) v(int(E;) N{z € R™ : hiyy - (x — 2441) < 0}) > V(lnt(E )) and

() int({(2,) : ¢ > higa - (@ = mip1) — 3,03 &) 1) 2 Bs x {5 &}
Condition (a) can be ensured by the definition of x(S,v), (b) can be ensured by
choosing one of the closed half-spaces corresponding to the normal minimizing the
degeneracy parameter x (S, ), and (¢) can finally be ensured by scaling down h; 1 as
required. Last, define

1+1
(6) epi(gi+1) = epi(g;) N {(x,t) By xRt > hiyr - (v — i) ka}

To confirm condition (i), we observe that F;;q1 2 E-H and, therefore,

v(int(Eiy1)) > v(int(Eiyq)
=v(int(E; N Hiyq))
> v(int(E; N Hipq)) — €
> v(int(E;) N Hipq) — x(S,v) — ¢
> Ju(int(E;)) — x(S,v) — €

To verify condition (ii), by induction we simply need to verify that if A queries
Z1,...,2; on the first ¢ iterations while executing on g;, then g;(zr) = ¢;+1(zx) for
all kK = 1,...,4. This follows from condition (c) above that was maintained during
the choice of h;11. Condition (iii) also follows from condition (¢) above that was
maintained during the choice of h;y;. Condition (iv) follows from (6) and the fact

that inductively condition (ii) ensures that A queries the same points z1,...,2; on g;
and git+1- 00
This concludes the proof of Theorem 2.6. d

We obtain, as a special case, a known result of Nemirovski and Yudin [35] on the
optimality of the centerpoint algorithm for continuous convex optimization.

COROLLARY 2.8 (continuous convex optimization bounds). The centerpoint al-
gorithm is optimal amongst cutting plane algorithms for continuous convexr optimiza-
tion in terms of number of function oracle calls, up to the constant factor logy(-%).

Proof. Grunbaiim showed that when S = R™ and v is the Lebesgue measure,

c(S,v)=(77)" = 1 [22]. Theorem 2.6 then gives the result. O

Remark 2.9. The assumption ¢(S,v) > 0 in Theorem 2.6 excludes pathological
situations where the algorithm does not terminate. As an example, if S = S"~! is the
unit sphere, v is the uniform measure supported on S, and g = ||z||2, then at every
iteration of the algorithm, only a single point is excluded and no progress is made in
terms of the measure even after countably many iterations.
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A more refined analysis for lattices and mixed-integer lattices. In this
section we consider the two cases S = Z" and S = Z" x R? and where y is the “uniform
measure” on a convex set intersected with S. More precisely, let K C R™ x R? be a
convex set. Let voly be the d-dimensional volume (Lebesgue measure). We define the
mized-integer volume with respect to K as

> Lezn vola(C N K N ({2} x RY))
> sezn Vola(K N ({2} x RY))

for any Lebesgue measureable subset C' C R™ x R?. For later use we want to introduce
the notation fmized(C) = Y, czn vola(C' N ({2} x R%)). The dimensions n and d will
be clear from the context.

Remark 2.10. Let K C R™? be a convex body and let fmized, k denote the
mixed-integer volume with respect to K, as defined in (7). Observe that, if n = 0,
then fmized, k (H ' (u, z)) is continuous in w. Thus, the infimum over the compact unit
sphere is achieved. When n # 0 the function pmized, k (H ' (u, z)) remains continuous
nearly everywhere on S"t4=1. Only on S"~! x {0} is the function piecewise constant
In particular, this implies that the infimum in (2) and (3) is actually achieved.

(7) HUmized, K (C) =

We will show below that when S = Z™, and v is the counting measure on Z",
c(S,v) = 2%; see Corollary 3.4. Note that when S = Z™, one can choose § < 1 in
which case a cutting plane algorithm will return a true optimal solution because if
v(int(Fy)) < 4, this means there is no integer point left in Fn and thus z* must
be an optimal solution. To this point we have made no assumption on our initial
Ey, except that v(Eg) = V > 0. It is possible to design Fy such that either the
lower or the upper bound provided by Theorem 2.6 is the best possible. Examples
would be Ey = [0, B] x {0}"~! or Ey = [0, B] x [0,1]""1, respectively, where B > 1.
However, these are rather artificial constructions. A more common assumption is that
an optimal solution & has a bounded representation, say ||#|/. < B for some natural
number B > 1. This would imply that we initiate the algorithm with Ey being a box.
For ease of presentation we will assume that Fy = [0, B)", i.e., Ey is not centrally
symmetric to the origin. It follows, that v(Ep) equals B” and B"*9 for the integer
and the mixed-integer case, respectively. (Of course other definitions of initial Ey’s
are also plausible, for example, balls. In these cases one could also do a more refined
analysis as described below. In the case of the ball the bound would differ only by a
linear factor in terms of the root of the dimension. This is a consequence of John’s
ellipsoid theorem.) Then, the bound in Theorem 2.6 says that the centerpoint-based
algorithm takes at most

e (4)] - 00 o)

function oracle calls, where one uses the inequality —In(1 —z) > z for 0 <z < 1 to
deduce that —In(1 — 5-) > 5%. On the other hand, the lower bound in Theorem 2.6
gives

[logg <%ﬂ ~ 1= [nlogy(B)] 1.

This exponential gap between the upper and the lower bounds can be improved using
the lattice structure of S.

THEOREM 2.11 (pure integer convex optimization bound). Let S =Z", v is the
counting measure on Z", Ey = [0, B)™ where B > 2 is an integer, and 6 < 1. Then
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for any cutting plane algorithm A there exists an instance such that A makes at least
2771 (|logy(B)] + 1) first-order evaluation oracle calls on §.

Proof. The proof follows the same idea as in the proof of Theorem 2.6, except
that this time we exploit the discrete structure of S. The important thing to illustrate
is the choice of the subgradents {h;}$2, from that proof.

For each v € {0,1}"~! we define the fiber F,, := {0,1,...,B — 1} x {v} and let
So = Uyeqo,13»—1Fy. We now construct the adversarial g in an analogous manner to
the proof of Theorem 2.6 by defining the adversarial subgradient half-spaces, or cuts.
Whenever an algorithm queries the function oracle on a point z ¢ Sy, then we can
always choose the subgradient at  such that the half-space contains Sy. Otherwise,
if x € Sy, we know by definition that x € Fy for some v € {0,1}. We now choose
the subgradient half-space that removes at most half of the remaining points in Fj
and keeps the remaining fibers F,, v # v intact. It then follows that on each of the
271 fibers, the algorithm has to perform at least |log,(B)] + 1 function oracle calls.
Therefore, in all, the algorithm must perform at least 2"~!(|log,(B)] + 1) function
oracle calls. d

For the mixed-integer case S = Z" X R¢ with the measure v = Hmized, we will

show below that ¢(S,v) > m; see Corollary 3.4. Similarly to the pure integer

case above, assuming we start with Ey as the box [0, B)™ for some natural number
B > 2, the bound in Theorem 2.6 says that the centerpoint-based algorithm takes at

most 4
14 n Bt
{logl_c(lsyu) (f)} =0 (2 (d+1)log, <—5 >)

function oracle calls. On the other hand, the lower bound in Theorem 2.6 gives

o (4)] -0 ()

However, similarly to Theorem 2.11, one can improve the lower bound in the
mixed-integer case too.

THEOREM 2.12 (mixed-integer convex optimization bound). Let S = Z" x R",
and v is the mized integer measure on S. Then for any cutting plane algorithm A
there exists an instance such that A makes at least 2”(10g2(BTd) +n — 1) first-order
evaluation oracle calls on §.

Proof. The proof is similar to the proof of Theorem 2.11. We can construct an
adversarial function, that treats each fiber F, := {v} x [0, B), where v € {0,1}", as a
separate d-dimensional continuous problem.

For all fibers F,, let §, denote the measure of Ey intersected with F,. By the
stopping criteria, it must hold that ), d, < 4. By Theorem 2.6 we know that at least
(logg(%)) — 1 function oracle calls must be performed on each F,, and by choosing
our sut;gradient half-spaces in the same way as in the proof of Theorem 2.11, we
obtain that the algorithm must make at least

N> > <(log2 (?—d» - 1) =2"(log,(B") = 1) —log, | [ v

ve{0,1}" ve{0,1}"

function orcale calls. Note that the last summand is minimized when §; = 2% for all
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i=1,...,2". Hence,
5\ B
N > 2"(logy(B?) — 1) — log, (2—n> =2" (log2 (T) +n— 1> .
This completes the proof. a

We finish this section with a few remarks. As it was already proven by Nemirovsky
and Yudin [35], the centerpoint algorithm is optimal for the continuous case up to
a constant factor. For the pure integer case we could prove that our algorithm is
optimal up to a linear factor in n. For the mixed-integer case, if Conjecture 3.5 would
be true, we would have an upper bound of

e (57)]

In particular, this would imply that the cutting plane algorithm, using centerpoints,
is optimal for mixed-integer optimization, up to a linear factor only in n, which would
nicely unify the continuous and discrete optimization theory; see Table 1.

Next, we want to point out that it is not difficult to generalize the cutting plane
algorithm to the constrained optimization case:

min g(x),
z€Z™ xR,
h(z)<0

where g, h : R” x R? — R are convex functions given by first-order oracles. However,
it is crucial that the feasible domain has a reasonably sized measure, as otherwise
it might be impossible to find any feasible point, let alone an approximate optimal
point. Further, the algorithm can be extended to handle quasi-convex functions, if
one has access to separation oracles for their sublevel sets.

Finally, note that for the purely discrete case, when S = Z", we can guarantee
to find the optimal point of (4), provided we choose § < 1. Only when there are
continuous variables, do we need to talk about approximations. Thus, let S = Z" x R¢
with d # 0. We assume that for every fixed x € Z"™, g(x,y) is Lipschitz continuous in
the y variables with Lipschitz constant L. Let (&, 7)) € Z" xR attain the optimal value
g of problem (4) and let (z*, y*) be the best point that the cutting plane algorithm has
returned with objective value g*. By standard arguments, we can bound fimized(Ek)
from below as follows:

fimized(Ex) > fmizea({(z,y) € Z" x R : g((x,y)) —§ < g* — 3}
> ipisea ({819) € (6] % R )(62) - G
§— g*
()
where k4 denotes the volume of the d-dimensional unit ball. On the other hand, after
N iterations it holds that

<
-
IS
IA
QQ N—
*
&
N
—
N———

Mmized (EN) S 5

Thus, we can guarantee that the algorithm returns a point satisfying g(z*,y*) —
I 1
9(&,9) < L(;Z)a.
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3. Bounds on F(S, ). We first establish some analytic properties of f,,. This
will justify the use of “maximum” in (2), instead of a supremum. The goal of this
section is to establish a bound on the quality of the centerpoints based on Helly
numbers of S, which will be followed by a better lower bound when S is the mixed-
integer lattice. We will denote the complement of a set X by X°¢. We begin with a
useful lemma.

LEMMA 3.1. For any probability measure p, f,.(x) defined in (3) is quasi-concave
on R™ and upper semicontinuous.

Proof. For quasi-concavity, see [40, Proposition 1], and for upper semicontinuity,
see [40, Proposition 4]. O

Remark 3.2. Lemma 3.1 shows that sup,cg fu(x) is always attained. See [40,
Proposition 7] where this is discussed for S = R™. The generalization to any nonempty,
closed subset S is easy; see also [40, Proposition 5] which states the for every a > 0,
the set {x € R : f,(z) > a} is compact.

3.1. A general lower bound based on Helly numbers. We generalize a
theorem well known in the literature on half-space (Tukey) depth [40, Proposition 9];
this was earlier stated by Griinbaum [22, Theorem 1] for uniform probability measures
on convex bodies. In all of these works, the authors consider S = R", as discussed
in the introduction. We consider more general sets S. For this we define the Helly
number of a set S CR"™. Let K := {SNK | K C R" convex}. Then the Helly number
h=h(S) € Nof S is defined as the smallest number such that the following property
is satisfied for all finite subsets {C1,...,C),} C K: If

CiyN---NGCyy, #0 for all {iy,...,in} C{1,...,m}

then
cin---NGCy, #0.

If no such number exists, then h(S) = oo. This extension of Helly’s number was first
considered by Hoffman [26], and has recently been studied in [2, 1, 15].

THEOREM 3.3. Let S C R"™ be a nonempty, closed subset and let p be such that
u(R™\ S) = 0. If h(S) < oo, then F(S,pu) > h(S)~ 1.

Proof. The proof follows along similar lines to [40, Proposition 9]. It suffices to
show that for every e > 0, the set {x € R™ : f,(x) < h(S)~! — €} is nonempty. By
standard measure-theoretic arguments, there exists a ball B centered at the origin
such that u(B) > 1 — & and { € R" : f,(z) < h(S)™' — €} C B (by Remark 3.2,
{z e R": f,(x) < h(S)~! — €} is compact). By [40, Proposition 6],

{zeS: fulz) <h(S)™ —e}
= m{Hﬂ S: H is a closed half-space with u(H) > 1 — (h(S)™* —¢)}.
Define C = {BNHNS : H is a closed half-space with u(H) > 1—(h(S)~"!—¢)}. Thus,
-1

C is a family of compact sets such that {z € S: f,(z) < h(S)"'—e} =N{C: C e C}.
For any subset {C1,...,Ch(s)} € C of size h(S), we claim

€
H(C ... Cris) < 1= h(S)3.

This is because each Cf = B U Hf U S¢ for some half-space H; satisfying u(Hf) <
h(S)~' —e. Since p(B¢) < § and p(S¢) = 0, we obtain that p(Cf) < h(S)~! — 5.
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Therefore,

. . € €
p(CIN .. NChis) =1 = (W(CFU ... Cs)) = 1— (1- h(S)E) — h($)5 > 0.
This implies that C1 N ... N Cyg) # 0. Therefore, by the definition of h(S), for every
finite subset {C1,...,Cpr} CC, C1N---NC,y, # 0. By the finite intersection property
of compact sets, we obtain that {z € S : f,(z) < h(S)™' —¢e} = N{C:C € C}is
nonempty. d

By applying the well-known bound for the mixed-integer Helly number [26, 2, 15]
we get the following corollary.

COROLLARY 3.4. F(Z" xR%, 1) > m for any finite measure p on R"*¢ such

that p(R™"+4\ (Z" x R?)) = 0. In particular, this holds for Umized, K for any convex
body K C R™ x RY.

3.2. Better bounds for the mixed-integer lattice. We would like to im-
prove the bound on F(Z" x R? v) coming from Helly numbers (Theorem 3.3 and
Corollary 3.4) when v is a mixed-integer measure. Better bounds have been obtained
by Griinbraum for the purely continuous case (n = 0), by exploiting properties of
the centroid of a convex body K, which is defined as cx = [, xdu(x), where the
integral is taken with respect to the uniform measure p on K. Griinbaum proved in
[22] that u(H ™" (u,ck)) > (ﬁ)d > e~ ! for any u € S, which immediately implies
that F(R? u) > e~'. This, of course, drastically improves the Helly bound of -15.
Note that, even though the centerpoint and centroid are equal for several extreme
cases, this is, in general, not true. In the following we want to extend these improved
bounds to the mixed-integer setting. Ideally, we would want to prove the following
conjecture.

CONJECTURE 3.5. Let S = Z™ x R? and let v := Hmized, k& for some convex body

K e R"™. Then F(Z" x RY,v) > 5 (3%5)4 > 5 1.

While we have not been able to resolve the above conjecture, we show that it
holds in the regime of convex sets K with “large” lattice width, where the lattice
width is defined as

w(K):= min |maxu-z— minu-x|.
z€Z"\{0} |z€K zeK

In fact, we prove something stronger in this regime.

THEOREM 3.6. There exists a universal constant a such that for all n,d € N and
any conver body K C R with w(K) > 2cn(n + d)*/2an™ for some c € Ry, the
following holds:

F(Z" xR v) > e e L pet — 1.

2
c

In particular, when ¢ € Ry is such that e~ lpe e — 1 > 271 we have

F@'xR0) 2 4 2 ()" 2 &1
We denote the projection of a set X C Rt onto the first n coordinates by X |gn.

Remark 3.7. Theorem 3.6 provides some evidence towards our belief in Conjec-
ture 3.5. In particular, we see that it holds in two distinct regimes.

Suppose the convex set K is such that K|g» is “thin” in every direction; more
precisely, suppose there exists a constant C' such that for every unit vector e, i =

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/02/17 to 131.251.254.238. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

878 AMITABH BASU AND TIMM OERTEL

1,...,n, we have max,cx €' - —mingex e’ - < C. Then F(Z" x R, v) > %(d;il)d.
This is witnessed by choosing the centroid of the fiber with at least % fraction of the
total mass of K N (Z" x R?)—such a fiber exists because there are at most C™ fibers
intersecting K.

On the other hand, suppose K is such that K|g~ is “fat” in every direction; more
precisely, the hypothesis of Theorem 3.6 holds. Then we get an even stronger bound

than 2%(#11)”1 from Theorem 3.6.

The rest of this section is devoted to the proof of Theorem 3.6. The main in-
gredient in the proof of Theorem 3.6 is Lemma 3.8, where we show that for convex
sets with large lattice width, the d-dimensional Lebesgue measure U := [iizeq Of
K N (Z™ x R%) can be approximated by the (d 4+ n)-dimensional Lebesgue measure fi
of K and vice versa. (Note that in this case we do not normalize the measures.) In
the pure integer setting, i.e., d = 0, this connection is well known. However, to the
best of our knowledge, this kind of result has never been proven for the mixed-integer
setting nor explicitly with respect to the lattice width.

LEMMA 3.8. There exists a universal constant a such that for all n,d € N and
any convex body K C R™? and w(K|gn) > en(n+d)>2an™t! for some c € Ry, then
the following holds:

(K N (Z"™ x RY))
i(K)

For the proof of Lemma 3.8 we need two technical auxiliary lemmas. The first
lemma, Lemma 3.9, gives an ellipsoidal approximation of a convex body using the
centerpoint as the center of the two ellipsoids used for the approximation. This is a
variation on the classical Fritz-John ellipsoidal approximation result. In the second
lemma, Lemma 3.10, we show that for a convex body K with large lattice-width,
there exists a basis for the mixed-integer lattice such that K contains a scaled copy
of the fundamental parallelepiped of the lattice with respect to this basis, centered at
the centerpoint of K.

ol

1
c

< <ec.

e

LEMMA 3.9. Let K C R"™ be a compact convex set with nonempty interior and let
u be the uniform measure with respect to K. Further let z* € C(R™, ). Then, there
exists an ellipsoid E centered at the origin such that

*+ECK Caz* +n°?E.

Proof. Without loss of generality we assume that * = 0. We prove that for any
uwe snt

1 maXy,ec K u'z

(8) ) <

< n2.

minge g u'x

It suffices to show the lower bound, since the upper bound follows from replacing

u with —u. :
maX;cx U T
Let | minge g u'x

to scaling, we will assume that mingcx @'z = —1 and max,cx @' ¢ =: o, and assume
to the contrary that a < # Let z := argmin, g @'x. We define for every t € R
the set K; := KN {z € R" : u"x = t}. Further, we define C := z + cone(Ky — z),
Xi={zeR": -1 <u'2<0}),and Xo = {z € R" : 0 < u'z < a}. Then
KNnX;>2CNX; and KN Xy CCN X, By Grilnbaum’s theorem [22, Theorem 2]

we have that 1 — (755)" > p(KNX1) > p(CNXy) = %%, where V represents the

| be minimized at v = @. Since the arguments below are invariant
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(n—1)-dimensional measure of Ko. On the other hand we have (;37)" < p(KNX>) <

uw(CnNXs)=( (Hno‘) - %)Vol‘(f 7y~ Combining these two 1nequahtleb7 we arrive at the
inequality
1 (1)"

1 n
< <(1 1< 14+ —= — 1.
e ( %2)
However, (1 + #)" -1< ﬁ for all n > 2, leading to a contradiction.
We now define

sym(K) = max{a > 0: a(—y) € K for every y € K},

a notion that was introduced by Minkowski, and has been extensively studied in
convex geometry literature [6, 42]. Combined with [6, Proposition 1], (8) implies that
sym(K) > 5. Then [6, Theorem 7] shows that there exists an ellipsoid E centered
at the origin satisfying £ C K C n®/2E. |

LEMMA 3.10. There exists a universal constant o such that the following holds
for all n,d € N. Let K C R""? be a convex body and let x* € C(R™, 1), where p is

the uniform measure with respect to K. If w(K|gn) > en(n + d)°/?an™t! for some
c € Ry, then there exists a matriz B = [by,...,b,] € ROFTDX" sych that

¥ 4+ cenB[-1/2,1/2]" C K,

and by|gn, ..., bp|re forms a lattice basis of Z".

Proof. By Lemma 3.9, there exists an ellipsoid E such that «* + E C K C
* + (n + d)°/?E. We define ¢ : R” — R” as the linear map such that ¢(E|gn) =
{z e R": ||z||2 < 1}. Let A := ¢(Z").

Let B be a matrix whose columns E*,l, e E*,n form a Korkine-Zolotarev basis
of A [28]. Then, a well-known property is that

9) I1Butllz | Bunll2 < an” det(A)

(see [30, Theorem 2.3]), where « is a universal constant. Further, the Gram—Schmidt
orthogonalization B, 1, . .. B* n of B satisfies

(10) IB,.illa < ||B.ill2 foralli =1,...,n

and it holds that

(11) det(A) = det(B) = det(B H | By.ill2

(see, for example, [21, Chapter 28]). Since K C x* + (n + d)*/?E, the definition of
the lattice width w(K|gn) implies that

- 2(n + d)>/?

12 Byl < —————.
( ) || *, ||2 — W(K|Rn)

Putting all these relations together, for all j € {1,...,n}, we have the following:

([t 1 Bull) - 1Bl < T 1Bl - | Bon using (10)
< an™det(A) using (9)
= an"([[iZy [ Beill) using (11)
< B, n2(n+d)°>/> e (12
= (Hl;ﬁn | Bs.ill)an “o(Reny  using (12)
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and, thus, we obtain
2an™(n + d)®/?
w(K[gn)
If we change the order of the columns in B, (9)—(12) still hold (with a different §*771),

and thus we obtain a bound on the Euclidean length of all Korkine—Zolotarev vectors,
ie,foralli=1,...,n

1Banllz <

~ 2an™(n + d)°/?
Byillz < ——F——

w(K [rn)
This implies that

1 1 w(Klgn)
- B[-1/2,1/2]" C R"™ : <1}
o o e B2 /20 C € R il < 1)

Since w(K|gn) > en(n + d)>/2an™!, we obtain that
enB[-1/2,1/2]" C {w € R" : |z < 1}

We now use the fact that there exists an affine subspace H C R™*? of dimension
n such that E|gr = (E N H)|gn. This follows from a repeated application of [16,
Lemma 3]. Let B be the matrix whose columns span the linear space parallel to H

and these columns project to ¢~ 1 (§*71), e (b’l(B\*}n). B now satisfies the condition
desired. 0

We are now ready to prove Lemma 3.8.

Proof of Lemima 3.8. By Lemma 3.10 there exists a matrix B € Rt gych
that z* + cn B[—1/2,1/2] C K. Since Bl|g~ is unimodular, we may assume after
a unimodular transformation that B|g» equals the identity matrix. After a further
volume preserving linear transformation we may even assume that B equals the first
n unit vectors in R"*%. Since K is full dimensional, there exists an € > 0 such that
en[—1/2,1/2]" x €[-1/2,1/2]? C K — 2*. To make the calculations below easy, we
translate everything by —z*, so that we assume below that z* = 0.

We next exploit that limy_,oe 2 |[K N (Z" x +Z%)| = (K N (Z" x RY)), where |- |
denotes the cardinality. We will use this fact to prove the following.

CramM 3.11.

n d 1 n 17d n d
1 1 —d|Kﬂ(Z X =7 )| 1 1
1-— 1-—) <% k <1+ — 1+— .
< cn) < ek) - a(K) =\t en + ek

Proof. Let Q :=[—~1/2,1/2]" x [-1/2k,1/2k]%. Further we define

7 1
K = (Kﬂ (" x EZd)> +Q
and K i= (M, ) K for A, € Ry Notice that Kx, 5, + Kxsne = Kau s s

Since %K N (Z" x +Z%)| = ji(K), it suffices to show that

Ky_ 1 1-2 CKC K1+$,1+$-

cn?

One of the containments follows from the observations that KCK+Qand K+Q C
Ky 1,141/ Inorder to prove Ky 1 ;1 C K, suppose to the contrary that there
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exists an o € Ky_1 ;1 \ K. We define z € Z" x 174, such that z; = [z;] for
l1<i<nandz = 4|ka;] forn <i<n+d? Then, since z —zx € @ C K1 1 and
o € Ky_1 1 1, weobtain that » must be in K N (Z" x 3Z%). Since Q is symmetric,

x — z is also in @, and therefore x € z +Q C K N (Z" x %Zd) + @Q = K, which
contradicts the choice of x. a

We get the desired inequalities from Claim 3.11 by letting k£ go to infinity and
1 1
using the fact that (1+ L)" <ec and (1— L) >e < forallce Ry andneN. O

cn

To complete the proof of Theorem 3.6 we introduce the following technical round-
ing procedure. Let K be a convex body with a sufficiently large lattice width, i.e.,
w(K) > cn(n + d)°2an™y/n for some positive integer ¢, where « is the constant
from Lemma 3.8. Let u be the uniform measure on K and let z* € C(R"*%, y).
By Lemma 3.10, there exist b; € (—z* + K) N (Z" x R?) for i = 1,...,n such that
bi|gn, .., bn|re is a lattice basis of Z™ and a* + cnB[—1/2,1/2]" C K. In addition
we define b; € R"*¢ as the ith unit vector for i = n+1,...,n+d. Hence, by, ... ,byiq
define a basis of R"*4,

Given x = Z?:ld A\ib; € R*T4 with \; € R for all 4, we define [z]x € Z" x R? as
Yo ilb +Z?:j+l Aib;, i.e., we round z to a close mixed-integer point with respect
to K (the dependence on K is through Lemma 3.10 which defines the matrix B).

THEOREM 3.12. Let o be the constant from Lemma 3.8. Let v = pmized, k', Where
K C R4 js a convex body and v(K) # 0, and let x* be the centerpoint with respect
to p, the uniform measure on K. If w(K|gn) > 2cn(n+d)®/2an™* for some c € Ry,
then

Fo[a*]k) > e s FRM™ p) 4 e ¢ — 1.

Griinbaum’s theorem implies then, that F(Z" x R%, v) > e~ l4e 21, giving
us Theorem 3.6.

Proof of Theorem 3.12. As before, let i denote the (d+ n)-dimensional Lebesgue
measure with respect to K and let 7 denote the d-dimensional Lebesgue measure with

respect to K N (Z" x R%), i.e., they are not normalized.
In a first step we prove the following claim.

CLAM 3.13. For any half-space H™,
v(HY) > p(HY) +e ¢ — 1,

Proof of Claim 3.13. Let H' be any half-space and let H~ denote its closed com-
plement. The lattice width of either (K N HT)|gn or (K N H™)|gs is larger than or
equal to w(K|gn)/2. If w(K N H™) > en(n + d)*2an™/n, then, by Lemma 3.8,

g~ PENHY) e e ii(K)—eci(KNH™)
#) vK) e i(K)
_MENHY) (e —eo)u(K)
A(K) et i(K)

=u(H ) +e ¢ —1.

2For x € R, |2] denotes the integer z € Z such that for each component |z — x| < %
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If w(KNHT) > cen(n+ d)an™y/n, then, by Lemma 3.8,

KNHY) e cp(KNHT)
V(H) = —— > ;
v(K) ez j(K)
= e Fu(HY)

p(HY) = (1 — e~ )u(H™)
> p(HY ) +e ¢ + 1.

2
c

The last inequality holds since u(HT) <1and 1 —e~ ¢ > 0. a

In the second step we bound the error made by rounding the z* to [z*]k. Note
that this is done with respect to a matrix B that is returned from Lemma 3.10. We
first make a unimodular transformation so that B|g~ is the identity and then make
an affine transformation so that B consists of the first n unit vectors in R*+¢. To
make a further simplification, we translate everything by —x* so that * = 0.

Define K, = (Aé" ng) K for any A,y > 0. Since we assume z* = 0, our
rounding procedure implies that [z*] € B[—1/2,1/2]". By Lemma 3.10, this implies
that [z*] € K1 4. Therefore, [z*] + K; 1 ; € K. This implies that for any u €
S W(HF (u, [27]k)) = (1= 5" p(H* (u,2%)) > e p(H (u, 2¥)).

Together with the previous claim it follows that

fo([*]x) = maxyegn+a—s v(H (u, [2*]K))
> max,cgnta—1 w(HT (u, [2*]K)) + € *% -
> max,cgntar e e p(H (u,2%)) +e e —1

>e e F(RU p) 4 e — 1.

This completes the proof. a

4. Computational aspects. All our algorithms discussed in this section are
under the standard Turing machine model of computation. We say that z € S is an
e-centerpoint for S, u, if f,(x) > F(S, ) — €, where F(S, p) is defined in (2) and f,
is defined in (3).

A central tool in the following algorithms for computing (approximate) center-
points is solving convex mixed-integer optimization problems. The classical result
here is due to Grotschel, Lovész, and Schrijver [20]. This classical algorithm requires
an access to a first-order oracle for the convex function at all points in R™. It can
be modified to solve the problem with access to a first-order oracle that only queries
mixed-integer points (as opposed to any point in R™). This modification will be use-
ful for us in this section, in particular, for Theorem 4.4. For completeness, we give
a description of the result most amenable for our purposes; an appropriate reference
for this version is [38].

THEOREM 4.1. Let S = Z" xR%, B> 0, and € > 0. Let f : R® x R? — R be
a quasi-concave function equipped with an oracle such that there exists 6 < (C%)"er
for some universal constant C' independent of B,n,d, e with the following property.
For any point (Z,7) € S, the oracle returns an approzimate function value f and an
approzimate separation vector u € ST with the following guarantees:

(i) There exists an optimal solution in argmax,cg f(x) with norm at most B,

(ii) |f(z,9) - fI <9,
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(iii) |lu — @)oo < 6 for some u € S"H41 satisfying {(z,y) € S : f(x,y) > f(Z,9)}
SH{y) ru-(2,y) <u-(z,9)}
Then there is an algorithm that computes a point x* € S such that max,es f(x) —
f(@*) < e. Moreover, if n is fized, the algorithm runs in time polynomial in log(B),
log(1), and d.

4.1. Exact algorithms.

4.1.1. Uniform measure on polytopes. Since the rationality of the center-
point for uniform measures on rational polytopes is an open question, we consider an
“exact” algorithm as one which returns an e-centerpoint and runs in time polynomial
in log(%) and the size of the description of the rational polytope.

THEOREM 4.2. Let n be a fixed natural number. There is an algorithm which
takes as input a rational polytope P C R™ and € > 0, and returns an e-centerpoint for
S = R" and u, the uniform measure on P. The algorithms runs in time polynomial
in the size of an irredundant description of P and log(1).

Proof. Since f,, defined in (3) is quasi-concave by Lemma 3.1, an z* satisfying
fu(z*) > F(S,u) — € can be found using Theorem 4.1, if one has an approximate
evaluation oracle for f,, and an approximate separation oracle for the level sets.

Implementing these oracles boils down to the following: Given Z € R™ and 6 > 0,
find @ € 8"~ ! such that

(13) pw(H'(4,2)) < min p(H(u,z)) +6 and |u— il <6

ueSn—1

for some u € argmin,cgn—1 p(H™ (u, Z)).

Given T, let P be the set of all partitions of the vertices of P into two sets that can
be achieved by a hyperplane through z. (Note that, since n is assumed to be fixed, the
number of vertices of P is polynomially bounded and they can be computed in time
bounded by a polynomial in terms of the input size of P.) This induces a covering of
the sphere S"~!: For each X € P define Ux to be the set of u € S"~! such that the
hyperplane u - ¢ = w - T induces the partition X on the vertices of P. The number
of such partitions is closely related to the Vapnik—Chervonenkis (VC) dimension of
hyperplanes and, in particular, is easily seen to be O(M™), where M is the number
of vertices of P. Indeed, let X € P. Then there exists a u € cl(Ux) (where cl(-)
denotes the closure), such that the hyperplane defined by w contains n — 1 vertices
{v1,...,Up—1} of P such that {Z,v1,...,v,_1} are affinely independent. Thus, we
can construct a uy € Ux by perturbing this hyperplane to obtain the partition X.
Moreover, one can enumerate these partitions in the same amount of time, by picking
n—1 vertices {v1,...,v,—1} of P such that {Z,v1,...,v,—1} are affinely independent.
0 To solve problem (13), we will proceed along these steps.

1. For each X € P, find x € S™! be such that

w(H  (ux,7)) < Iél[l]n w(H (u,2)) +6 and ||u — x| <0
ueUx

for some u € argmin, ;. p(H* (u, ).
2. Pick X* such that u(HV(ux~,7)) < p(H (ux,Z)) for all X € P and report
tx~ as the solution to (13).
To complete the proof, we need to implement step 1 above in polynomial time.
This is done in Lemma 4.3. d
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LEMMA 4.3. For a fized X € P, one can compute iix € S"~ ! such that

p(H* (ux, 7)) < min p(H* (u,2)) + 6 and |lu — x|l <6
ueUx

for some u € argmin, i, p(H* (u,T)), using an algorithm whose running time is
bounded by a polynomial in 1og(%) and the size of an irredundant description of P.

This lemma can be proved using methods from real algebraic geometry for quan-
tifier elimination in systems of polynomial inequalities.

Proof. For a fixed partition X € P the feasible region Ux is described by a system
of linear inequalities Au < b and a single quadratic equality constraint u? +u3 + - -+
u2 = 1. We claim the objective function can be written as the ratio of two polynomials
in ug,...,u,. Subject to these constraints, we need to minimize u(H™(u,Z)). Since
X is the partition of the vertices of P induced by the hyperplane u -z = u - & (since
u € Uy), the set of edges intersected by this hyperplane is fixed. Moreover, the
coordinates of the point of intersection of any such edge and this hyperplane can
be expressed by a ratio of linear functions of ui,...,u,. Indeed, suppose the edge
intersected is the convex hull of the vertices v1,v2 € R™. Then there exists A € [0, 1]

such that u-(Av; 4+ (1 —=X)ve) = u-z. Thus, A = %, and the point of intersection
is Av; + (1 — X)vg which is a ratio of linear functions of u. Also, PN H*(u,Z) can be
decomposed into a simplicial complex whose combinatorial structure only depends on
X and not on the actual values of u € Ux. The volume of PNH ¥ (u, %)) can be written
as the sum of the volumes of these simplices. Since the volume of a simplex can be
written as a polynomial in the coordinates of its vertices, we obtain that u(H™ (u,z))
is the sum of ratios of polynomials in w1, ..., u, with degree bounded by a function
of n only, which can be written as a single ratio of polynomials in w1, ..., u,, where
the degrees of the polynomials are bounded by a function of n only. Thus, finding
ux € argmin,c; p(H T (u,T)) is equivalent to solving a mathematical optimization
problem of the following type:
p(w)

in —— t. < 2 2, . 2 _
Wiyt q(u) st Au<b, ui+uz+--+u, =1

The above is equivalent to the following polynomial optimization problem:

,mfninu z st. plu) =z-q(u), Au<b, u+ud+ - +ud=1.
syUL,y..-Un

This optimization problem can be solved to within § accuracy of the objective and
the solution by performing a binary search on the objective value and using quantifier
elimination methods for testing feasibility of polynomial systems of inequalities and
equalities. For polynomial systems with a fixed number of variables this can be done
in polynomial time in the size of the coefficients [5]. See also [19, Remark on p. 2]. O

4.1.2. Counting measure on the integer points in two-dimensional poly-
topes. If we use the counting measure on the integer points in a polytope, the algo-
rithm requires no accuracy parameter e.

THEOREM 4.4. Let P = {x € R? : Az < b} be a rational polytope, where A €
Z™*2 and b € Z™, such that PNZ? # 0. Let i denote the uniform measure on PNZ2.
Then in polynomial time in the input size of A and b, one can compute a point

z e C(Z%, ).
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Proof. By utilizing the fact that f,, is concave (Lemma 3.1) and Theorem 4.1, it
suffices to show that for a given Z € Z? one can compute in polynomial time

u € argmin u(H* (u, 7).
u€eS?t

Let g : [0,2m) — [0,1] be defined as g(a) := u(H*((sin(a), cos(a))",z)). The
key observations are that g is piecewise constant and that the domain [0, 27) can be
partitioned into a polynomial number of intervals S; such that g is monotone on each
of them. This implies, that in order to compute @, one only needs to evaluate g at
the beginning and the end of each interval S;.

Let I () denote the line segment PN{z+ A(sin(a+7/2),cos(a+7r/2))T : A > 0}
and let [~ () denote PN {Z + A(sin(a — 7/2), cos(aw — 7/2))T : A > 0}. Observe that
g(a) is monotone increasing if the line segment [T () is longer than the line segment
I7 () and g(«a) is monotone decreasing if the line segment {* () is shorter than the
line segment [~ (). Hence, the monotonicity can only change when the two lengths
are equal. All those critical o can be computed by comparing each pair of facets. 0O

4.2. Approximation algorithms.

4.2.1. A Lenstra-type algorithm to compute approximate centerpoints.
As we already pointed out in section 2, centerpoints can be used to design “optimal”
oracle-based algorithms for convex mixed-integer optimization problems. In turn, it is
possible to employ linear mixed-integer optimization techniques to compute approxi-
mate centerpoints. However, this comes with a significant loss in the approximation
guarantee. Recall the definition of piymizeq, p from (7).

THEOREM 4.5. Let n,d € N be fized and let P be a rational polytope. Then in
polynomial time in the input size of P, one can find a point

1
n d .
ZE{er x R 'meizcd,P(x)>W}'

Proof. By Theorem 4.2, the statement holds for n = 0. Also, since Theorem 3.12
is constructive, there exists an @ that only depends on n and d, such that the theorem
holds true provided that the lattice width of P is larger than @.

By induction we assume that the result is true for n — 1. Further, we may as-
sume that the lattice width is smaller than w. Without loss of generality, we assume
that the flatness direction of P is equal to the nth unit vector, i.e., mingcp z, >
0 and max,epr, < @. We define P, := PN {x € R*"™ : g, = i} and the
corresponding uniform measure p;. By the induction hypothesis, we can compute
zi€{r ez xR: f,.(x) > m} fori=0,...,@.

We define the finite auxiliary measure

(2) = {M(Pi) if ¢ = 2,

0 otherwise.

Then, with a brute force approach, we compute the centerpoint z in C(Z" x R%, f1).

3 d . 1
It remains to show that z € {x € Z" xR® : f, . .. .(z) > W} Let

H* be any half-space containing z. Note that, for all ¢ we have u(P; N HT) >
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mﬂ({zz} n H+) Hence,

w w 1
W(PAHYY =S w(P,nH* RUSY: e —
;0 SV Py d+ 1) ;J A=} = 27 (d + 1)n

where the last inequality comes from Theorem 3.3. d

4.2.2. Computing approximate centerpoints with a Monte Carlo algo-
rithm. In this section, we compute e-centerpoints, but for any family of measures
from which one can sample uniformly. However, now the algorithm’s runtime de-
pends polynomially on %, as opposed to 1og(%) as for the uniform measure on rational
polytopes from section 4.1.

Suppose we have access to two black-box algorithms:

1. OPT is an algorithm which works for some family S of closed subsets of
R™. OPT takes as input a closed set S € S and (approximately) computes
argmax,cg g(z) for any quasi-concave function g, given an (approximate)
evaluation oracle for g and an (approximate) separation oracle for the sets
{z: g(x) > a}taer. Let T1(S) be the number of calls that OPT makes to the
evaluation and separation oracles, and 7%(S) be the number of elementary
arithmetic operations OPT makes during its execution.

2. SAMPLE is an algorithm which works for some family of probability measures
I". SAMPLE takes as input a measure y € I' and produces a sample point
x € R™ from the measure p. Let T'(u) be the running time for SAMPLE.

We now show that with access to the above two algorithms, one can compute an
e-centerpoint for (S, pu) € S x T

THEOREM 4.6. Let S be a family of closed subsets of R™ equipped with an algo-
rithm OPT as described above, and let " be a family of measures on R™ equipped with
an algorithm SAMPLE as described above.

There exists a Monte Carlo algorithm which takes as input (S,u) € S x T, real
numbers €, > 0 and computes an e-approrimate centerpoint for S, u with probability
at least 1 — 6. The running time of this algorithm is T1(S) - N™ + T5(S) +T(p) - N,
where N = O(%((n+1) +1log})).

To prove this theorem, we will need a deep result from probability theory that
has resulted after a long line of research sparked by the seminal ideas of Vapnik
and Chervonenkis [44], and culminated in a result of Talagrand [41]. The following
theorem is a rewording of Talagrand’s result [41], specialized for function classes with
bounded VC-dimension.

THEOREM 4.7. Let (X, ) be a probability space. Let F be a family of functions
mapping X to {0,1} and let v be the VC dimension of the family F. There exists a
universal constant C, such that for any e, § > 0, if M is a sample of size C- ELQ(Z/—I—log %)
drawn independently from X according to p, then with probability at least 1 — 6, for
every function f € F, |M(\)l}‘ —p{zeX: f(z)=1})| <e.

Proof of Theorem 4.6. We call SAMPLE to create a sample M of size
C- é((n + 1) + log %) by drawing independently and uniformly at random from S
(note that M may contain multiple copies of the same point from S). Since the VC

dimension of the family of half-spaces in R" is n+ 1, we know from Theorem 4.7 that

with probability at least 1 — §, for every half-space H™, | |H“\;|M —w(H)| < e Let

i be the counting measure on M. Then we obtain that |f,(z) — fu.(x)] < € for all
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x € R™. Therefore, any z* € argmaxgegs f,v(x) is an e-centerpoint for S. This can
be achieved by calling OPT to compute z* € argmaxyes fy/(x). For this, we need to
exhibit evaluation and separation oracles for f,,. But notice that, by Lemma 3.1, this
can be accomplished by simply implementing the following procedure: Given z € R?,

find the best hyperplane H through z such that “LITTQIM‘
be done in time O(|M|™) by simply enumerating all hyperplanes that contain n — 1

affinely independent points from M. d

is minimized. This can

The following result is a consequence.

THEOREM 4.8. Let n and d be fized integers. There exists a Monte Carlo algo-
rithm which takes as input an integer m > 1, a matriz A € R™*("+d) g yector b € R™,
real numbers €,8 > 0 and returns an e-approzimate centerpoint when S = Z" x R?
and p is the uniform measure on {x € Z"™ x R : Az < b}, with probability 1 —§. The
running time of the algorithm is a polynomial in m,log(max{|A; ;|, [bx|}), 1,1og 3.

e

Proof. By using classical results on maximizing quasi-concave functions over the
integer points in a polyhedron [20], OPT can be implemented for the family S which is
the collection of all sets S that can be represented as the set of mixed-integer points
in a rational polytope. For n = 0, SAMPLE can be implemented for the uniform
measure on polytopes using well-studied techniques; e.g., see Vempala’s survey [45].
For n > 1, SAMPLE can be implemented for the uniform measure on mixed-integer
points in a polytope by adapting a result of Pak [39] on d = 0 to d > 1 and using results
on computing mixed-integer volumes in polynomial time for fixed dimensions [3]. O

Acknowledgments. We thank two anonymous referees whose pointers to the
literature and numerous suggestions helped to improve the content and presentation of
this paper. Earlier versions of this paper from arxiv.org and IPCO 2016 contained
results about the uniqueness of the centerpoint. We were made aware by one of
the anonymous referees that such uniqueness results already existed in the convex
geometry literature [46, Proposition 1]. While our uniqueness result had been obtained
independently and without knowledge of these prior results, the proof ideas used by
us were quite similar to the existing proof. Consequently, we do not find any value in
including these results in this version of the paper.

REFERENCES

[1] G. AVERKOV, On mazimal S-free sets and the Helly number for the family of S-convez sets,
SIAM J. Discrete Math., 27 (2013), pp. 1610-1624.

[2] G. AVERKOV AND R. WEISMANTEL, Transversal numbers over subsets of linear spaces, Adv.
Geom., 12 (2012), pp. 19-28, https://doi.org/10.1515/advgeom.2011.028.

[3] V. BaLDONI, N. BERLINE, M. KOEPPE, AND M. VERGNE, Intermediate sums on polyhedra:
Computation and real ehrhart theory., Mathematika, 59 (2013), pp. 1-22.

[4] A. Basu AND T. OERTEL, Centerpoints: A link between optimization and conver geometry,

in International Conference on Integer Programming and Combinatorial Optimization,
Springer, 2016, pp. 14-25.

[5] S. Basu, R. POLLACK, AND M.-F. Roy, On the combinatorial and algebraic complexity of
quantifier elimination, J. ACM (JACM), 43 (1996), pp. 1002-1045.

[6] A. BELLONI AND R. M. FREUND, On the symmetry function of a convez set, Math. Program.,
111 (2008), pp. 57-93.

D. BERTSIMAS AND S. VEMPALA, Solving convex programs by random walks, J. ACM, 51 (2004),
pp. 540-556, https://doi.org/10.1145/1008731.1008733.

[8] P. Brass, L. HEINRICH-LITAN, AND P. MORIN, Computing the center of area of a conver
polygon, Internat. J. Comput. Geom. Appl., 13 (2003), pp. 439-445.

[9] D. BREMNER, D. CHEN, J. IACONO, S. LANGERMAN, AND P. MORIN, Output-sensitive algorithms
for Tukey depth and related problems, Stat. Comput., 18 (2008), pp. 259-266.

[7]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1515/advgeom.2011.028
https://doi.org/10.1145/1008731.1008733

Downloaded 06/02/17 to 131.251.254.238. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

M.

W w

w0

=

SN IS

AMITABH BASU AND TIMM OERTEL

. CAPLIN AND B. NALEBUFF, On 64%-majority rule, Econometrica, 56 (1988), pp. 787-814.
. M. CHAN, An optimal randomized algorithm for mazimum Tukey depth, in Proceedings of

the Fifteenth Annual ACM-SIAM Symposium on Discrete Algorithms, SIAM, Philadelphia,
2004, pp. 430-436.

. CoNFORTI, G. CORNUEJOLS, A. DANILIDIS, C. LEMARECHAL, AND J. MALICK, Cut-

generating functions and s-free sets, Math. Oper. Res., 40 (2014), pp. 276-391.

. DADUSH, Integer Programming, Lattice Algorithms, and Deterministic Volume Estimation,

Ph.D. thesis, Georgia Institute of Technology, Atlanta, GA, 2012.

. DE LOERA, R. LA HAYE, D. OLIVEROS, AND E. ROLDAN-PENSADO, Beyond chance-

constrained convex mized-integer optimization: A generalized calafiore-campi algorithm
and the notion of s-optimization, J. Convex Anal., to appear.

. DE LOERA, R. LA HAYE, D. OLIVEROS, AND E. ROLDAN-PENSADO, Helly Numbers of Alge-

braic Subsets of R%, preprint, arXiv:1504.00076v2, 2015.

. DEL P1A AND J. POSKIN, On the mized binary representability of ellipsoidal regions, in Inter-

national Conference on Integer Programming and Combinatorial Optimization, Springer,
2016, pp. 214-225.

. L. DoNoHO AND M. GASKO, Breakdown properties of location estimates based on halfspace

depth and projected outlyingness, Ann. Statist., 20 (1992), pp. 1803-1827.
DYCKERHOFF AND P. MOZHAROVSKYI, Ezact computation of the halfspace depth, Comput.
Statist. Data Anal., 98 (2016), pp. 19-30.

. Y. GRIGOR’EV AND N. VOROBJOV, Solving systems of polynomial inequalities in subexpo-

nential time, J. Symbolic Comput., 5 (1988), pp. 37-64.
GROTSCHEL, L. LOVASz, AND A. SCHRIJVER, Geometric Algorithms and Combinatorial
Optimization, Algorithms Combin. 2, Springer, Berlin, 1988.

. GRUBER, Convex and Discrete Geometry, Grundlehren Math. Wiss. 336, Springer, Berlin,

2007.

. GRUNBAUM, Partitions of mass-distributions and of convex bodies by hyperplanes, Pacific J.

Math., 10 (1960), pp. 1257-1261.

. GRUNBAUM, Measures of symmetry for convex sets, in Convexity: Proceedings Sympos.

Pure Math. 7, AMS, Providence, RI, 1963, pp. 233-270.

. HEINZ, Complezity of integer quasiconvex polynomial optimization, J. Complexity, 21 (2005),

pp. 543-556, https://doi.org/10.1016/j.jco.2005.04.004.

HILDEBRAND AND M. KOPPE, A new Lenstra-type algorithm for quasiconvex polynomial
integer minimization with complezxity 20 (nlogn), Discrete Optim., 10 (2013), pp. 69-84.
HOFFMAN, Binding constraints and Helly numbers, Ann. New York Acad. Sci., 319 (1979),

pp. 284-288.

KANNAN, Minkowski’s convex body theorem and integer programming, Math. Oper. Res., 12
(1987), pp. 415440, https://doi.org/10.1287/moor.12.3.415.

KORKINE AND G. ZOLOTAREFF, Sur les formes quadratiques, Math. Ann., 6 (1873), pp. 366—
389, https://doi.org/10.1007/BF01442795.

A. KosHEVOY, The Tukey depth characterizes the atomic measure, J. Multivariate Anal.,
83 (2002), pp. 360-364.

. LaGgARias, H. LENSTRA, JR., AND C.-P. SCHNORR, Korkin-Zolotarev bases and successive

minima of a lattice and its reciprocal lattice, Combinatorica, 10 (1990), pp. 333-348,
https://doi.org/10.1007/BF02128669.

. LENSTRA, JR., Integer programming with a fized number of variables, Math. Oper. Res., 8

(1983), pp. 538-548, https://doi.org/10.1287/moor.8.4.538.

Y. Liu, R. J. SERFLING, AND D. L. SOUVAINE, Data Depth: Robust Multivariate Analy-
sis, Computational Geometry, and Applications, DIMACS Ser. Discrete Math. Theoret.
Comput. Sci. 72, AMS, Providence, RI, 2006.

. Mi1ccraNCIO AND P. VOULGARIS, A deterministic single exponential time algorithm for most

lattice problems based on Voronoi cell computations [extended abstract], in STOC'10—
Proceedings of the 2010 ACM International Symposium on Theory of Computing, ACM,
New York, 2010, pp. 351-358.

MOSLER, Depth statistics, in Robustness and Complex Data Structures, Springer, Berlin,
2013, pp. 17-34.

NEMIROVSKI AND D. YUDIN, Problem Complexity and Method Efficiency in Optimization,
Wiley, Chichester, England, 1983.

NESTEROV, Introductory Lectures on Convexr Optimization, Appl. Optim. 87, Kluwer Aca-
demic, Boston, 2004.

OERTEL, Integer Conver Minimization in Low Dimensions, Ph.D. thesis, Diss., Eid-
genossische Technische Hochschule ETH Ziirich, Ziirich, 2014.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1016/j.jco.2005.04.004
https://doi.org/10.1287/moor.12.3.415
https://doi.org/10.1007/BF01442795
https://doi.org/10.1007/BF02128669
https://doi.org/10.1287/moor.8.4.538

Downloaded 06/02/17 to 131.251.254.238. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

CENTERPOINTS 889

[38] T. OERTEL, C. WAGNER, AND R. WEISMANTEL, Integer convex minimization by mized integer
linear optimization, Oper. Res. Lett., 42 (2014), pp. 424-428, https://doi.org/10.1016/j.
orl.2014.07.005.

[39] 1. PAK, On sampling integer points in polyhedra, in Foundations of Computational Mathemat-
ics, World Scientific, River Edge, NJ, 2000, pp. 319-324.

[40] P. J. RoUSsSEEUW AND I. Ruts, The depth function of a population distribution, Metrika, 49
(1999), pp. 213-244.

[41] M. TALAGRAND, Sharper bounds for Gaussian and empirical processes, Ann. Probab., (1994),

pp. 28-76.
[42] G. ToTH, Measures of Symmetry for Convex Sets and Stability, Springer, Cham, Switzerland,
2015.

[43] J. W. TUKEY, Mathematics and the picturing of data, in Proceedings of the Interna-
tional Congress of Mathematicians, Vol. 2, Canadian Mathematical Congress, Vancouver,
Canada, 1975, pp. 523-531.

[44] V. N. VAPNIK AND A. Y. CHERVONENKIS, On the uniform convergence of relative frequencies
of events to their probabilities, Theory Probab. Appl., 16 (1971), pp. 264-280.

[45] S. S. VEMPALA, Recent progress and open problems in algorithmic convex geometry, in LIPIcs-
Leibniz International Proceedings in Informatics, Vol. 8, Schloss Dagstuhl-Leibniz-Zentrum
fuer Informatik, Wadern, Germany, 2010, pp. 42-64.

[46] E. WERNER, Floating bodies and illumination bodies, in Proceedings of the International Con-
ference Integral Geometry and Convexity: Wuhan, China, 18-23 October 2004, World
Scientific, Hackensack, NJ, 2006, pp. 129-140.

[47] S. Yipiz AND G. CORNUEJOLS, Cut-generating functions for integer variables, Math. Oper.
Res., 41 (2016), pp. 1381-1403.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1016/j.orl.2014.07.005
https://doi.org/10.1016/j.orl.2014.07.005

	Introduction
	The connection to optimization
	Bounds on F(S,)
	A general lower bound based on Helly numbers
	Better bounds for the mixed-integer lattice

	Computational aspects
	Exact algorithms
	Uniform measure on polytopes
	Counting measure on the integer points in two-dimensional polytopes

	Approximation algorithms
	A Lenstra-type algorithm to compute approximate centerpoints
	Computing approximate centerpoints with a Monte Carlo algorithm


	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


