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Abstract

The impact of fast moving items, modeled by auto-regressive moving average (ARMA) type processes,
on the bullwhip effect is well known. However, slow moving items that can be modeled using integer
ARMA processes have received little attention. Herein, we measure the impact of bullwhip effect under a
first order integer auto-regressive, INAR(1), demand process. We consider a simple two-stage supply
chain consisting of a retailer and a manufacturer. We assume that the retailer employs a base stock
inventory policy when the demand is forecasted using a minimum mean squared error method. We
investigate the impact of the INAR(1) demand process parameter, ¢, and the replenishment lead time, L,

on the bullwhip effect generated by the order-up-to replenishment policy. We show that the bullwhip
effect is increasing with the lead-time L.
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1. Introduction

The bullwhip effect refers to the tendency for supply chain replenishment decisions to amplify the variability of the
demand when ordering products from production systems or suppliers (Lee, et al., 2000). Many of the existing
studies on the bullwhip effect (Chen et al., 2000a and Dejonckheere et al., 2003) have assumed that real demand
exists. That is to say, demand can take on any number, even fractional values. For some products sold by volume or
weight (powders, granules or liquids etc.) this may be appropriate. However, for other products, only integer (or
batched) demand makes sense. For example, you can’t buy half a car or half a loaf of bread; demand and
replenishment orders must be integers. For some situations, with high volume demand, replenishment calculations
can ignore integer effects as any rounding that occurs is negligible in the grand scheme of things. However, some
low volume demand settings may be more susceptible to integer effects.

Consider, for example, the daily demand for a single product in a single grocery store in Figure 1. This product has
low volume, integer, and occasionally zero demand. Continuous-valued series can be modeled using auto-regressive
integrated moving average (ARIMA) type processes (Box and Jenkins, 1970). However, standard ARIMA modeling
techniques are not suitable for modelling non-negative integer-valued series (Silva and Oliveira, 2004). Therefore,
another type of process has been proposed for a stationary sequence of integer-valued time series. In the literature,
this family of models is referred to as integer auto-regressive moving average processes, INARMA, Al-Osh and
Alzaid (1988).

The bullwhip effect can be measured in different ways, however it is often convenient to quantify it via the ratio of
the variance of orders to the variance of demand. Auto-regressive demand of the first order, AR(1), auto-regressive
integrated moving average, ARMA(1,1) and integrated moving average (IMA) processes, are among the most
frequently used demand processes that are forecasted with minimum mean squared error (MMSE) forecasting
methods (Graves, 1999; Chen et al., 2000a; Chen et al. 2000b; Hosoda and Disney 2006; Chen and Disney, 2007;
Duc et al., 2008). Wang and Disney (2016) provide a recent comprehensive review of the research conducted on
bullwhip effect categorized into empirical, experimental, and analytical approaches.
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Figure 1. Example count data from a single store of UK grocery retailer

It has been shown that when AR(1) demand exists, bullwhip is generated when auto-regressive parameter is positive
(Lee et al., 2000). Moreover, there is an auto-regressive parameter with maximal bullwhip for a given lead
time; bullwhip increases with the lead time up to an upper bound. When the demand series follows an ARMA(1,1)
process, the bullwhip effect occurs when the auto-regressive parameter is larger than the moving average parameter
of the demand process. Moreover, the bullwhip effect does not always increase with lead time. The bullwhip effect
increment depends on the values of the auto-regressive and moving average parameters and whether lead time is odd
or even (Gaalman and Disney, 2006; Duc et al., 2008). Although the behavior of bullwhip effect for continuous-
valued series modeled by ARIMA type process is rather well understood, to the best of our knowledge, there is no
analytical study looking at the measure of the bullwhip effect with integer-valued demand modeled by INARMA
processes. Therefore, this is the first attempt to fill this gap; we aiming to quantify the bullwhip effect under integer
demand.

In this paper, we analytically develop a measure of bullwhip effect in a supply chain where a retailer receives a
demand following a first order integer auto-regressive demand process, INAR(1), Silva and Oliveria (2004). A
MMSE forecasting mechanism is adopted as it is the optimal forecast for the demand process under consideration
(although interestingly, it hardly ever produces integer forecasts). The MMSE forecast is used inside an order-up-to
level (OUT) replenishment policy, used to maintain control over a finished goods inventory from which customers
are satisfied. Our contribution to the literature is threefold: 1) we develop a measure of bullwhip in supply chains
with INAR(1) demand, 2) we investigate the impact of the auto-regressive process parameter and lead time on the
bullwhip with integer demand, and 3) we compare and contrast our results to the measure of bullwhip with the real
valued AR(1) demand process.

The remainder of our paper is structured as follows. In Section 2 we discuss our model and develop an analytical
expression for the bullwhip effect. We first describe the INAR(1) demand process and the OUT replenishment
policy and the procedure to determine order quantity. Then, the variance of demand, variance of forecast, and the
covariance between demand and its forecast is derived. These variances are then used to determine the variance of
the replenishment orders and consequently, the bullwhip effect measure is calculated. Along the way, we also derive
an expression for the variance of the inventory levels maintained by the OUT policy under integer demand. In
section 3, we discuss and interpret the result. The paper concludes in section 4 with a summary of our main result
and a discussion of implications for further research.
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2. Model development
In this section, a measure of bullwhip is derived for an OUT policy with MMSE forecasting reacting to an INAR(1)
demand process will be obtained.

2.1. The INAR(1) demand process
We assume that the demand follows a first order integer autoregressive process, INAR(1), where demand in period ¢
is given by,

d =aod_ +z, (1)
where, 0 <a <1, z is a sequence of i.i.d. non-negative integer-valued Poisson distributed random variables, with a

mean of A4 and a finite variance of A (Silva et al., 2009), aod, , is the binomial thinning operation defined by

aed, =" X, )

where X; is a sequence of i.i.d. Bernoulli indicators with parameter « (i.e. with P(X, = 1)=a)fori=1,2, .., Y,
A natural interpretation of (1) is that d, is the number of customers at time ¢, z, is the number of new customers,

and d, , —aod,, is the number of old customers lost between time #—1 and time #, (Janji¢, et al., 2014). Silva

and Oliveira (2004) provide a number of useful relations and properties of the INAR(1) model that we will exploit
throughout this paper. Notably, the relations

E(aod,,)=aE(d,,)
; )
E(aed, ) azE(dt 12)+a(1—a)E(dH)
are very useful.
Proposition 1: When the demand follows an INAR(1) process, the auto-covariance of demand is given by
A
PR k = 07
Ve =3l-a 4)
'y, k=1
Proof. The proof of Proposition 1 is given in Appendix 1. |
Remark. The auto-covariance function at lag £ =0 gives the demand variance.
2.2. The order-up-to replenishment policy
At the end of period ¢, the retailer places an order of quantity g, to the manufacturer;
4q, :St_St—l+dt‘ 5)

If the base stock policy is employed, the order-up-to level S, can be determined by

S, =1 +Z&z,p (6)
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in which z is a safety factor determined to achieve a given target inventory availability. We note that this factor will
not affect the analytical evaluation if &,, =&, , as the expression z&, ; will disappear when the order quantity is
calculated with (5). The bullwhip calculation requires the determination of: the variance of demand over lead time,

the variance of forecast and the covariance between demand and its forecast over lead time. In the following
sections, we analytically develop these expressions.

2.3. Variance of demand over lead time L
The lead-time demand can be expressed as

t+1

L
=>d, =d, +d, +.+d,, (7
i=1

The variance of demand over lead time is calculated from

Var(dt’) Var(d,, +d,,, +..+d,,)

t+1 t+2

ZL: Var + 2Cov(d
2C0v(d

i=1

d . )+..+2Cov(d,,,.d,  )+..+2Cov(d,,, ,.d,.,) .

1422

od )+ +2Cov(d,,,.d,, )+ J (8)

Eq. (4) shows that Var(d,_,) =y, for k>0 and Cov(d,,d, )=y, for k>1. Substituting these relations into (8)
yields

Var(d,,L)z Ly, +2(r 47, +o0 ) 420 + 75+ ) 420,

1 Alla?-1)L-2ala* -1 )
:L;/0+2a}/021:11_0; = (( 205—1)3 ( ))

2.4. Variance of forecast over lead-time
We assume that the demand forecast is carried out in such a way that the forecast minimizes the mean square
forecast error. Therefore, the forecast at period ¢ +1i is defined as

f;ﬂ _E[dt+z| t? tl’ ] (10)

The forecast over lead time is
Joo=2 i (an

To derived exact expressions of f,,, we note
d,=aed, +z, (12)

and

d

t+i-1

=ae dt+z 2 t+1—] . (13)
Then by substituting (13) into (12) and applying this procedure for d,,, ,,d,,, ;,..., recursively yields

i i-1 2
d, =dod+a oz, +.+a’ oz, ,+taoz,, +z,.. (14)

t+i-2
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By substituting (14) into (10), we have,

fi.=Ela od +a oz, +.

t+1

:ai (dt _LJ+L

-« l-a

2
ooz,

+aoz

t+i—

T2

Finally, the forecast over L periods is obtained by substituting (15) into (11),

£ :i(a’(dt— )

l-a

As y, = Var(d,) , the variance of forecast over lead

Var(ft!L)= Var[lL_/Z{ +a(dt _éj(ll—_ff: D = Var(a(ll

A ) LA
l-a l-a

time is

2.5. Covariance of demand and its forecast over L

The covariance of demand over lead time and its forecast is calculated as,

|

-

t+i |

d_.d,_,,..]
1-a*
l-a |
a(l-a*
}LJ:%[Q
-«

Cov(d,,.f,,) =Cov(d,,+d.,+..+d.,.f,).

By substituting (16) into (18) and considering that Vk, Cov(d,,d, )=y, (from (4)), we have,

LA
Cov(d,,.f,,)= Cov[dm +...+dt+L,E+a[dt ——

_ a(l-a*)

-«

The variance of forecast error over lead time is calculated from

(71+72+"-+7L):70[—

Var(d,'L —f,,L): Var(dt,L)+Var(ft)L)—2C0v(d,,L,j;,L).

Substituting (9), (17) and (19) into (20) yields,

A

Var(dt’L _fz,L):_(L+2aLZl‘11_a J_,_},O(O’(I—OKL)

l-a

:L[L+2a[
l-a

Finally, by substituting (4) into (21) we have,

i

-

at—al+L-1

(a-1y°

l-a

)

1-—

a

J ez

oz(l—ozL)J2

jz

|

(15)

(16)

(17)

(18)

(19)

(20)

€2y
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67, :Var(dz,L‘f:.L)=li{L+2a[aL_“L’LL_IJ_(O‘(I_O‘L)J J 22)

-« (a-1) l-a
Remark. The variance of the forecast error over the lead-time is also the variance of the inventory levels maintained
by the OUT policy. It is interesting to note the similarity of NSAmp = Var(d,’ L=t ) / Var(d,) and the NSAmp

metric in Disney and Lambrecht (2008) for the real valued AR(1) demand. The NSAmp measure for the OUT
policy under INAR(1) demand is the same as the NSAmp measure under AR(1) demand, albeit with a small change

in notation; ¢ — & and T, +1— L. The NSAmp measure has been plotted in Figure 2.

1 L=6

NSAmp

0 T 1 1 T
0.2 0.4 0.6 0.8 o 1

Figure 2. The NSAmp maintained by the OUT policy under INAR(1) demand

2.4. Variance of the order quantity
In order to calculate the variance of order quantity, we need to first calculate the order quantity. Substituting S, and
S,_, from (6) into (5) yields

q,=J.+26,,,~ [, —20,,, +d,, (23)

It is clear from the RHS of (22) that the variance of forecast error does not depend on ¢, consequently we have
&t,L = At—l,L and (23) becomes:

q, :f/,L _f;—l,L +d,, (24)

By substituting f,, and f,_,, from (16) into (24), we obtain:
_ L _ L
q,=L;L+a d - A -« _L/‘L_a d - A l-a +d
-« l-a )\ -« -« l-a)\ 1-a
_ L _ L
cad [ a2 sa,
-« -

Finally the variance of order quantity is calculated as follows:

(25
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l-a l-a

_ VQ{M}VW(M}WM)

_ L _ L
Var(q,) zVar[OCdt(1 @) od.l-a )+d,J

l-a l-a

_ L _ L _ L
2Cov ad, (-« )’adH(l a’) +2Cov ad (-« )’dl
-a - -

_ L
_ZCOV(M,%]

l-a

(26)

Knowing that Var(d,_,)=y,and V k>1, Cov(d,,d,_,)=y,, (26) reduces to

Var(q,) = 70[1+2a(1—aL)£1+MJJ . 7)

-

The bullwhip effect is calculated based on the ratio of the variance of order quantity experienced by the
manufacturer to the actual variance of the demand.

Var(q,)
p-_\4)
Var(d,) (28)

A ratio of B>1 indicates the existence of the bullwhip effect. By substituting (4) and (27) into (28) we obtain the
following expression for the bullwhip effect,

L
B:1+2a(1—aL)£l+—a(ll:Z )j. (29)

Equation (29) is interesting. First the influence of the Poisson distribution, A, has no influence on the bullwhip
effect. Second, (29) has the same structural form as the bullwhip generated by the OUT policy with MMSE
forecasting under AR(1) demand, albeit a change in notation ¢ -« and 7, +1— L, Disney and Lambrecht (2008).

Furthermore, (29) is increasing in L.

3. Results and discussion
Using the measure of bullwhip in (29) we can investigate the existence of the bullwhip effects and the impact of «
and L on its magnitude.

Proposition 2: The bullwhip effect exists, i.e. B >1, regardless the values of the auto-regressive parameter, & and
the lead time, L.

Proof: As 0<a <1, it is clear that B>1 as all the terms involving & are positive. Appendix 2 also provides an
alternative proof of Proposition 2. |

From the above proposition we see that B is always greater than unity highlighting that bullwhip always exists under
an INAR(1) demand process.

Figure 3 illustrates the impact of the demand process parameter and lead time on the bullwhip effect confirming
that the bullwhip effect ratio is always greater than one and increases in the lead time L.
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Proposition 3: The upper bound of the bullwhip effect is a function of o and equals (1+a)/(1-a).

Proof: The proof of Proposition 3 is provided in Appendix 2. ]

Remark. From the above proposition it can be seen that an upper bound exists for the bullwhip effect measure of
the INAR(1) demand. This has also been plotted in Figure 3.

From (4) we can determine the autocorrelation function (ACF) of the demand process; ACF = . This is exactly
the same form of the ACF for the AR(1) process. Therefore, the auto-regressive parameter o controls the form of
the demand series and its auto-correlation. Moreover, the auto-regressive parameter, o, also controls the presence of
zero observations in a demand series. Lower values of & and A generate a time series with high frequency of zero
demands but the bullwhip effect will always exist regardless the presence of zero demand values.

6_

(+o)(1-a)f =8

>
-

Bullwhip
<

N

0 0.2 0.4 0.6 0.8 oL 1

Figure 3. The Bullwhip effect in the OUT policy under INAR(1) demand

4. Conclusions

In this research, we have analytically examined the behavior of the bullwhip measure for an integer-valued INAR(1)
demand series in a simple supply chain consisting of an OUT policy with MMSE forecasts. The bullwhip effect
measure is first derived and then the conditions under which bullwhip effect exists are discussed. The impact of the
auto-regressive demand parameter and lead time are analyzed. The main findings can be summarized as follows:

1. The bullwhip effect exists regardless of the autoregressive parameter and the lead time. There exists a
lower bound of B = 1 obtained at &« = 0 and a = 1. The amount of bullwhip generated depends on
autoregressive and lead time values. For a given lead time L, and 0 < a < 1, the bullwhip measure first
increases with o, it then reaches a maximum value and decreases towards unity at o = 1.

2. There exists an upper bound for the bullwhip which is a function of the autoregressive parameter, a. For a
given value of a, the upper bound represents the maximum value of the bullwhip effect regardless of the
large lead time. The upper bound is tight when a is small.

3. The value of a also controls the intermittency of the demand series. Low values of a (and 4) lead to
intermittent demand series that may contain a high proportion of zero values. Results show that the
bullwhip effect measure of a highly intermittent series is lower compare to a normal demand series. i.e. the
upper bound of the bullwhip effect for & = 0.05 equals to B = 1.1 while for a = 0.95 equals to B = 39.
However, bullwhip will always exist for intermittent demand.
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4. The structure of OUT policies response to the INAR(1) demand and its properties is similar to those of an
AR(1) demand. The bullwhip measures take the same form, with & = ¢ > 0, where ¢ is the auto-regressive
parameter in the AR(1) process.

Finally, we note that in our model the forecasts and orders are no longer integer, even though the demand is. While
there is no need for the forecasts to be integer (it is internal calculation within the replenishment decision),
presumably, if we can only sell integer numbers of products, we can only make integer numbers of products. Thus,
there is a need to either a) round the orders to integers in some way or b) to forecast and place orders in integers.
For option a) there are at least four options for rounding could be considered: rounding down, rounding up, rounding
to the nearest integer, and stochastic rounding. For option b) perhaps by using the thinning operator, or Markov
Chains, we can find alternative OUT policy formulations that generate only integer orders. The exploration of these
issues are left for further work.
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Appendix 1: The auto-covariance function of INAR(1) demand
We can show that the mean of d, is given by,

E(d)=E(aed,_ +z,)=E(acd_)+E(z,)=aE(d_)+A. (30)
As an INAR(1) process is stationary, £(d,)=E(d,_,), and (30) reduces to

E(d,):ﬁ. 31)
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The variance of demand at period ¢ is defined as

Var(dt) =Var(aod, +z,)
=Var(aod,, ) +Var (zt ) + 2C0v(dH .2, )
=Var(aod, )+A (32)
=E(acd, ) ~(E(acd,.,)) +.
Using the properties of the thinning operator, (3) we can simplify (32) as follows,
var(d,)=a’E(d,,) +a(1-a)E(d,)~a*(E(d.,)) +2
(33)
= (E(d,\) ~(E(d,.)) )+ ar+i=aVar(d,. )+ A(a+1).
because of stationarity, we have Var(d,)=Var(d,_,), yielding,
Var(d,)-a’Var(d,)=A(a+1). (34)
Collecting together terms provides
A 1 A 1
var(a)=2lo)__AMaxl) 2 (35)
(1-a?) (1-a)(1+a) (1-a)
By recursive substitutions of d, , for £ >1, (1) can be written as
k-1 )
d=a"°d_, +Za’ °z, ;. (36)

Jj=0

The auto-covariance of lag k£ > 1 can then be calculated as

k-1 k-1
7, =Cov(d,.d,_,)= Cov(a" od,  +Y.a’ OZt—j’dt—kj: Cov(a" odt_k,dt_k)+ Cov[Zaj ozt_j,d,_kJ. 37)
j=0

Jj=0

As Cov(aed, .,d,_.)=aCov(d_,.d_,),

k-1
7, =a'Cov(d,_,.d,_, )+ COV(Z a’o Z,_j,dt_kj ) (38)

Jj=0

k

As the correlation between d, , and z,_,for all j<k-1is equal to zero, Cov(dt_k, ,-:) a’ o Zt_,-) =0, therefore

the auto-covariance function of lag k£ > 1 for an INAR(1) process is

7, =a'Cov(d_,.d_)=a"y,. 39)
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Appendix 2: Bullwhip effect bounds

Recall, from (29), the bullwhip ratio,

Z(a(l—aL))2 .

B=1+ 2a(1—aL)+ —

Given O<a <1 and L > 1, we have
0<a’ <1

Multiplying (40) by minus one (-1) and adding plus one (+1) to both sides, we have
0<l-a" <1
given a>0,1—a >0 are positive parameters, we get
0<a(1—aL)<a.
Given (43) and that & >0, we have
0< 2a(1—aL)< 2a.
Squaring (44) leads to

0< 2(0;(1—oﬂ))2 <20,

Knowing that 0 !

>1, we get

0< <
l-a l-a
By adding (44) and (46)
2a(1-a*))
0<2a(1—0¢L)+ <a “ )) <2a+ o’
-a -«
By simplify (47)
0<2a(1—aL)+2(a(1 «')) <2
l-a l-a

To obtain the bullwhip expression, we add plus one (+1) to (48)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47

(48)
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2(0:(1—0#)) <1+ 2a (49)
- l-a

<1+ 2a(l—aL)+

Therefore the upper and lower bound of the bullwhip effect measure of an INAR(1) is

l<p<if® (50)
-

revealing that B is always greater than one and less than (1 + a) / (1 - a) . It means that bullwhip exists regardless the
lead time and the auto-regressive parameter.
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