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Abstract

A random vibration analysis of an axially compressed cylindrical shell under a
turbulent boundary layer (TBL) is presented in the symplectic duality system. By
expressing the cross power spectral density (PSD) of the TBL as a Fourier series in the
axial and circumferential directions, the problem of structures excited by a random
distributed pressure due to the TBL is reduced to solving the harmonic response function,
which is the response of structures to a spatial and temporal harmonic pressure of unit
magnitude. The governing differential equations of the axially compressed cylindrical
shell are derived in the symplectic duality system, and then a symplectic eigenproblem is
formed by using the method of separation of variables. Expanding the excitation vector
and unknown state vector in symplectic space, decoupled governing equations are derived,
and then the analytical solution can be obtained. In contrast to the modal decomposition
method (MDM), the present method is formulated in the symplectic duality system and
does not need modal truncation, and hence the computations are of high precision and
efficiency. In numerical examples, harmonic response functions for the axially
compressed cylindrical shell are studied, and a comparison is made with the MDM to
verify the present method. Then, the random responses of the shell to the TBL are
obtained by the present method, and the convergence problems induced by Fourier series
expansion are discussed. Finally, influences of the axial compression on random

responses are investigated.
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1 Introduction

Aircraft structures, such as launch vehicles and missiles, are inevitably excited by
random pressure due to the turbulent boundary layer (TBL) on the outer surface of the
structure. This excitation can cause low-amplitude vibration and eventually long-term
structural fatigue. Meanwhile, the TBL is one of the main sources of noise, which may
interfere with devices or reduce the comfort of aircraft passengers. For these reasons, the
vibration of flexible structures under the TBL is of interest to many researchers and
engineers.

The TBL is a classical distributed pressure excitation, which is intrinsically random
in both the temporal and spatial domains. When studying random responses of structures
subjected to the TBL, it is usual to consider it as a random pressure field, and a
wavenumber-frequency cross power spectral density (PSD) is used to describe it. A
widely used model of the TBL in the literature was introduced by Corcos [1], and was
based on experimental observations and fitted empirically with some theoretical guidance.
However, it overestimates the wall-pressure cross PSD at wavenumbers below the
convective peak. Based on Corcos’ model, Efimtsov [2] took into account the dependence

of spatial correlation on boundary layer thickness and separation variables in his empirical
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model. Like Efimtsov, Smol’yakov and Tkachenko [3] added a correction to improve the
prediction of Corcos’ model at low wavenumber levels, without significantly affecting
the convective peak levels. Graham [4] performed a comparative study for the sound
radiated by a TBL driven plate, with a view to determining which model is most
appropriate to noise problems in aircraft structures.

In order to provide strong capabilities for structural analysis with complex boundary
conditions and geometric configurations, numerical methods such as the finite element
method (FEM) are widely applied to vibration analysis of structures under the TBL [5-8].
Combining classical thin shell theory and the FEM, Lakis and Paidoussis [5] presented a
hybrid finite element, in which displacement functions are determined from Sanders’
shell equations instead of polynomial functions. This hybrid finite element was used for
the prediction of random responses of a cylindrical shell to the TBL or arbitrary random
pressure fields. Esmailzdeh et al. [6, 7] used the FEM to analyze the root mean square
displacement responses of a flat rectangular plate [6] and curved thin shell [7].
Montgomery [8] developed a modelling process for aircraft structural-acoustic responses
due to random sources. The analysis was based on using the FEM to represent the
structure, coupled to a boundary element method (BEM) representation of the acoustic
domains. Random excitations, including a diffuse field, a TBL noise and an engine
shockecell noise, were considered in this analysis. However, the first basic step of FEM is

the discretization of the random pressure field excited by the TBL, which means that the
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continuous random field is approximated by a finite number of random variables at nodal
points. Since the correlation of two arbitrary random forces at nodal points must be
considered in the analysis, the computation time is very sensitive to the number of
elements. For example, in [6], when the number of elements increased 4 times, the
computation time increased 90 times. Moreover, as the excitation frequency increases the
wavelength of structural deformation decreases, and a very fine mesh with many elements
is needed to accurately simulate the small wavelength deformation. Hence, the size of the
FE model of the structure increases significantly which leads to more computation time,
especially for the case excited by the TBL, which has a wide frequency band.

Except for using the FEM, responses to distributed random excitation such as the
TBL are most often represented by a double integral over the structure, where the
integrand is given by the cross PSD of the excitation and the Green’s function of the
structure. However, the double integral may result in large numerical computation time.
To avoid computing the double integral directly, a Fourier series was introduced by
Newland [9] and Lin [10] to expand the cross PSD of the TBL, so that the responses were
derived as a double summation over the wavenumber domain. In this formulation, the
problem of structures subjected to the TBL was reduced to solving the structure’s
harmonic response function, given as the deterministic response to a spatial and temporal
harmonic pressure, and hence the computation complexity and time were reduced rapidly.

Meanwhile, coefficients of the Fourier series can be obtained analytically for structures
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with regular shapes, such as beams, rectangular plates or cylindrical shells, and thus the
computation time can be reduced further.

According to Newland [9] and Lin [10], the problem of a structure subjected to the
TBL is reduced to solving the structure’s harmonic response function, following which
some standard method, such as the modal decomposition method (MDM) [11-16] can be
used. Based on the MDM and the boundary integral formulation, Durant et al. [11]
provided a numerical approach for vibroacoustic responses of a thin cylindrical pipe
excited by a turbulent internal flow, and numerical results were compared to those of an
experiment. Zhou et al. [12] used the MDM to investigate the sound transmission through
a double-walled cylindrical shell lined with poroelastic material in the core, excited by
the TBL. The sound wave propagating in the porous material was discussed in detail. Liu
[13] extended an earlier deterministic method, using the MDM and the modal receptance
method to predict the random noise transmission through curved aircraft panels with
stringer and ring frame attachments. Combining the wavenumber approach and MDM,
Maury et al. [14, 15] presented a self-contained analytical framework for determining the
vibroacoustic responses of a plate to a large class of random excitations, such as an
incidence diffuse acoustic field, a fully developed turbulent flow and a spatially
uncorrelated pressure field. Convergence properties of the modal formulations in different
load cases were examined. However, because the TBL has a wide frequency band, a large

number of modes must be used in the MDM, and modal truncation may reduce the
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computational accuracy. Some researchers recommend that the cross modal terms may
be neglected if certain conditions are satisfied [14], but others state that this
approximation can produce a large error [17, 18]. Besides, some other approximate
approaches are applied to reduce the computation of the MDM. For example, a scaling
procedure named Asymptotical Scaled Modal Analysis (ASMA) was introduced by De
Rosa and Franco [16] to reduce the computational cost of the MDM. ASMA is based on
an assumption that the quadratic response depends on the number of modes resonating in
a given frequency band and on the damping. On the other hand, for a cylindrical shell,
the axial modes can be determined approximately by the modes of an equivalent beam
with similar boundary conditions. Hence, modal shape functions of cylindrical shells are
always described as the combination of axial beam functions and circumferential
trigonometric functions. However, as pointed out by Li and Chen [20], numerical
instability may arise when calculating the modal shape functions with non-simply
supported boundary conditions.

Apart from the MDM, other methods, such as the spectral finite element method
(SFEM) [17, 21] and the dynamic stiffness method (DSM) [22] are also applied to the
analysis of structures under the TBL. These methods are formulated in a Lagrangian
system, and the variables are force or displacement. Based on a Hamiltonian system and
symplectic state space theory, a new solution methodology for computational and

analytical solid mechanics was introduced by Zhong [23]. Problems are described by the
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dual variable system, in which the basic equations are transformed to the symplectic
duality system, and then a solution methodology such as the method of separation of
variables and eigenfunction expansion follows. This solution methodology becomes
rational, rather than the trial and error style semi-inverse approach. At present, the
symplectic duality system has been successfully applied to the buckling analysis of
cylindrical shells [24], the free vibration analysis of plates [25], the forced vibration and
power flow analysis of plates [26, 27] and other problems. However, to the authors’
knowledge, the symplectic duality system has not yet been used in the forced vibration
analysis of cylindrical shells. This provides the initial motivation for the present work, in
which this approach is also applied to the solution of random responses of cylindrical
shells excited by the TBL.

The research object of this work is an axially compressed cylindrical shell under the
TBL, in which the axial compression represents the temperature stress, air resistance or
jet thrust on cylinder-like structures, such as launch vehicles and missiles. The work is
structured as follows. In section 2, by way of a rigorous but simple derivation, the problem
of structures subjected to the TBL is reduced to solving the harmonic response function.
Then, in section 3, the governing equations of an axially compressed cylindrical shell
subjected to a spatial and temporal harmonic pressure are converted into the symplectic
duality system. Hence the method of separation of variables and the eigenfunction

expansion method can be applied to obtain the analytical solution of the harmonic
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response function. Section 4 presents numerical examples. Firstly, harmonic response
functions of structures are studied and a comparison between the present method and the
MDM is made to verify the accuracy and efficiency of the former one. Influences of axial
compression on the harmonic response functions are discussed. Subsequently, the present
method is applied to the random vibration analysis of an axially compressed cylindrical
shell excited by the TBL. The random responses are examined and are also compared to
those of the MDM. Convergence of results and the influences of the axial compression

on random response are investigated.

2 Random responses of structures subjected to TBL

Consider an axially compressed cylindrical shell subjected to the random pressure
field p(s,t) induced by the TBL, as shown in Fig. 1, where L is the length, R is the
radius of the middle surface, h is the wall-thickness, s is the position of excitation and
t is time. The arbitrary response of the structure can then be written in the convolution

integral form

t
q(r,t) = jrjo h(r,s,t — 7)p(s, 1) drds 1)

where r,s = (x,0), h(r,s,t — ) isthe unitimpulse response measured at a position r

attime t due to a unit impulsive point load applied at a position s attime z,and T



179
180 Fig. 1 Schematic of an axially compressed cylindrical shell
181

182 is the surface of the structure. p(s,7) and h(r,s,t — t) satisfy the causality conditions

183
p(s,7) =0 for <0
)
h(r,s,t—1)=0 for t<Tt
184
185 By using Eg. (2), the integral with respect to t in Eq. (1) can be expanded as
186
+00
q(r,t) = f f h(r,s,t — 7)p(s, 7) drds 3
'J—oo
187
188 By definition, since q(r,t) is a random function in both the time and spatial

189  domains, the cross-correlation function of responses of the structure at two points r, and

190 1, can be written as
191

Rqq(ry, 15581, t5) = E[q(ry, 1) q(r2, t2)]

e (4)

B f f f f h(ry, 81,6 — T1)h(ry, S, t; — T2)E[p(s1, T1)p(S2, 72)]
rJrJ/-—co J-c

10
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dt,dr,ds,ds,

where E[ ] isthe expectation operator, and hence E[p(s;, 71)p(s,,7,)] represents the
cross-correlation function of the pressure field p(s,t), which can be denoted as
R,y (81,825 T1,T2). It is assumed that p(s,t) is homogeneous in space and stationary in
time, so that R, (s1,S,,71,72) depends only on the time and space separation 7 =1, —
7, and § = s, —s; and can be denoted as R,, (&, ). By applying the Wiener-Khinchin

theorem,

Ry, (€ 1) = f Spp (& w)e " dw (5)

in which §,,(§, w) is the cross PSD of the TBL and w is circular frequency.

Substituting Eq. (5) into Eq. (4) gives

Ryq (ry, 15, 7)

oo (6)
= f f f H(ry, 51, ) (H(ry, 85, ©)) Spp(§ w)e? dwds, ds,
r/rJ—oc
in which superscript * denotes complex conjugate and
+o0 _
H(r,s,w) = j h(r,s, t)e '@t dt (7)

is the frequency response function which gives the steady-state harmonic response at r
as a result of unit amplitude harmonic excitation at frequency w applied at s.

A common semi-empirical model of the cross PSD of the TBL is attributed to Corcos

11
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[1] as
Spp (& ) = B, (w)e™ORDIE0)/ U gmexelExl /Ue it/ Ue (8)

where @,,(w) is the auto PSD of the wall pressure, ¢, and c, are constants
describing the spatial coherence of the wall pressure field in the circumferential and axial
directions, respectively, &g = 6, —6; and &, = x, — x; is the distance between two
points, and U, is the convection velocity. According to [9, 10], the cross PSD S,,,,(§, w)
can be expressed as combinations of an exponential Fourier series in the axial direction

and a trigonometric Fourier series in the circumferential direction, as follows,

Spp({: (,()) = (ppp (w) Z Sppx(M)eiafo z Spp(p (N)COS(NEH) (9)
N=1

M=—o

in which M and N are wavenumbers and a, = M /L. The distances &, and &,
range from -L toL and -m to m, respectively, and thus the integrals of S,,,(M) and

Sppe(N) are reduced to finite intervals, i.e.,

1 (L | |
Spp(M) = 5= f e cxIEel/Ue gt/ Uegiaméx gg
—L

1 <1 —e il gd2l _ 1>
_I_

(10)
ootV =) € cos(N&g) dSe = — 7 =
dy =22+ 2=y, dy = =22+ 2= iay

12



Rcgw

d3 = U, + lN, d4 = U, lN
226
227 Substituting Eq. (9) into Eq. (6) gives
228
qu(rl'rz; )
too FI® I® (11)
_ f Z Z S (M) Sy (N Gagny (11, ) (Gray (1, ) @y (@)l dw
~® M=-wN=1
229
230 where
231
Gyn(r,w) = fei“chos(NH)H(r, s, w) ds (12)
r
232

233 is the harmonic response function, given as the response to a spatial and temporal
234 harmonic pressure pyy(s,t) = el*™¥*cos(NB)el®t. By applying the Wiener-Khinchin

235 theorem to Eq. (11), the PSD of q(r,t) is obtained as

236
Sqq(rl' Iy, @)
400 400 (13)
= D Sy My (N Gaay (12,0 (Gaa (8, @) By ()
M=—o00 N=1
237
238 In Egs. (11) and (13), by assuming r = r; = r;,, the auto correlation function and

239 PSD of q(r,t) are obtained.
240 Thus, the problem of structures subjected to TBL can be reduced to solving the
241  structure’s harmonic response function, through expanding the auto PSD of the TBL as a

242  Fourier series.

13
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3 Solution of harmonic response functions in symplectic duality

system

3.1 Governing equations

It is now assumed that all quantities vary harmonically with time as e'®t and this

explicit dependence will henceforth be suppressed for simplicity. Based on Kirchhoff-

Love shell theory [19], governing equations of an axially compressed cylindrical shell

subject to the spatial and temporal harmonic pressure can be expressed as

92M,

N, 10N,
ox TR 90
ON,, 10N, 10M, 1 M,
ox TR0 TR ox TRZ 90
2 azng 1 azMg Ng aZW

+ phw?u =0

+ phw?v =0 (14)

0x?

— - - N_
tRox00 TRz 9ez R T35z

+ pun + phw?w =0

where p is the mass density, N, is the axial compression per unit length, u, v and w

denote the displacements of the middle surface in the x, 6, and z directions,

respectively, which do not vary through the thickness.

du v 0v
— K| =1 (= 15
Ny K[6x+R(69+W>] (19)
1 /0v Ju
—rl= - 16
Ny K[R(69+W)+v6x (16)

14



1—-v (av 1 au) (17)

Moo = K=~ \ox " R0
260

261 are internal forces, in which K = (1 +in)Eh/(1 —v?) is the in-plane rigidity, where

262 E isYoung’s modulus, v is Poisson’s ratio, and n is the damping loss factor.

263
’w v [dv 9*w)]
o] B (22 "
264
1 [(ov 0*w 0%w]
M9=D[ﬁ<%—m>—vﬁ 19
265
1—v[ov 0*w
Mxo =D =R <& “Zox ae) (20)
266

267 are internal bending or twisting moments, where D = (1 + in)Eh3/12(1 — v?) is the

268  flexural rigidity. The equivalent Kirchhoff in-plane and transversal shear forces are

269
M
Sx = Nyg + 1;9 (21)
270
oM, 20M,,
_ z 22
=5 YR a8 (22)
271
272 The rotation of the shell can be defined as
273
ow
__27 23
¢ 0x 23)
274
275 Egs. (14)-(23) can be expressed in matrix form as
276
0z
— =Hz+f (24)
ox
277

15
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where z = {u,v,w, ¢, N,, =S, Vi + No¢p, M,, + Now}T is the state vector in the
symplectic space and z is a function of both x and 6, H is the Hamiltonian matrix
operator given in the Appendix, f = {0,0,0,0,0,0, pyn,0}T is the excitation vector, and

superscript T denotes transposition.

3.2 Separation of variables and symplectic eigenproblem
Taking no account of the excitation vector f, Eq. (24) becomes a homogeneous
equation, and hence it is natural to apply the method of separation of variables to reduce

it to a differential eigenvalue problem. Therefore, the state vector can be expressed as

z = net* (25)

Substituting Eq. (25) into Eq. (24) gives the symplectic eigenproblem

Hn = un (26)

From Egs. (25) and (26), it can be concluded that the eigenvector n and eigenvalue
u characterize the vibration state of the shell. According to the periodic boundary

conditions in the circumferential direction, m can be expressed as

n=E, (27)

where ,, is a constant vector which is independent of 6, and

16
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317

E, = diag[E E]

(28)
E = diag[cos(n@), sin(nd), cos(nh), cos(nh)]
and diag[ ] denotes a diagonal matrix.
Substituting Eq. (27) into Eq. (26) gives
ITInll"n = Py (29)

where H,, is a constant matrix which is only dependent on the structural parameters, the
circumferential wavenumber n and the excitation frequency w.

According to [23], the eigenvalues of matrix H,, come in pairs u, and —pu,. In
the subsequent analysis, the eigenvalues need to be sequenced according to the adjoint

symplectic orthogonal relation, i.e.

Un,1) Un,2) Un,3s Unar —HUn1o —Hn2) —HUn3, —Hna (30)

Meanwhile, rearranging the associated eigenvector in the same order gives an eigenmatrix

¢,, with the following adjoint symplectic orthogonal relations

o Jo =]
T B =
| emaban={g ;2] (31)
where Jg = [_‘: IS] is an eighth-order unit symplectic matrix which satisfies J§ =
4

—Js, I, and 0g are fourth-order unit and eighth-order zero matrices, respectively.

Expanding z and f in the orthogonal basis composed by ¢,,, it is found that

17
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+00 +oo
2= duan, =) b, (32)
n=1 n=1

where a,, and b,, are components of z and f, respectively, in the basis. Considering

the adjoint symplectic orthogonal relations shown in Eq. (31), b,, is obtained as

2T
by = —Jo f bTJofdo (33)
0

Since the spatial and temporal harmonic pressure py,y has a trigonometric
distributionas cos(N@) in the circumferential direction, it can be proved that b,, in Eq.
(33) is a non-zero vector if and only if n = N, which means the summation in Eq. (32)
needs no truncation. With this property, the computation of the present method can be
reduced significantly.

Substituting Eq. (32) into Eq. (24) and considering the adjoint symplectic orthogonal

relations again, it is found that

da
d—; = d)nan + bn (34)
where @, = diag|py 1, fn2 - —ina] is a diagonal matrix in which elements are the

eigenvalues, and hence Eq. (34) denotes eight decoupled inhomogeneous differential
equations. Considering the exponential distribution of p,,y in the axial direction, the
solutions of Eq. (34) can be expressed as the sum of inhomogeneous particular solutions

and homogeneous general solutions, as

18



338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

a, = B,A, — (iaylg + ®,) b, (35)

where B,, = diag[etn1¥,ekn2¥ ... e7HnaX] and A, is a vector of undetermined
coefficients, which can be determined by satisfying the boundary conditions. It is noted
that since the calculations of exponent values e#»* are involved in the matrix B,,, there
might be a singularity problem in procedures of the present method when real parts of
upx are too large. However, the difficulty can be overcome through increasing the

calculation precision.

3.3 Boundary conditions

The cylindrical shell has four displacement constraints (u, v, w, ¢) and four force
constraints (N,, S, Vy, M,.) at the cross section. Combinations of the eight constraints
can present any classical boundary conditions. It should be noted that any displacement
constraint and the corresponding force constraint cannot coexist simultaneously, and
hence each end of the cylindrical shell has only four displacement or force constraints.

The boundary conditions can be expressed as

Yz(x, 0) = Y(I)nan(x) = Ogx1 (36)

where Y is an eighth-order diagonal matrix indicating the boundary conditions, e.g., for

a simply support, v =w = N, = M, = 0, and hence

19
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Y = diag[0,1,1,0,1,0,0,1] (37)
Pre-multiplying both sides of Eq. (36) by ¢XJs and integrating from 0 to 2,

2T
f STJ5 Yoy 3, (0)d6 = Ogs
0 (38)

| T B HoYabn an ()0 = 0gs,
where subscripts L and R denote the left and right ends of the cylindrical shell,
respectively. Eq. (38) consists of eight independent equations, and after substituting Eq.
(35) into it, the vector of undetermined coefficients A, can be determined. It is
worthwhile to point out that the only difference for different boundary conditions in the
framework of the present method is the permutation of 1 and 0 in Y, and hence it is

convenient to expand the present method to other types of boundary conditions.

4 Numerical examples

The PSD of an arbitrary response is expressed by Eg. (13) as the combination of
Gun (T, @), Sppx(M), Sppp(N), and @,,(w), in which Gy (r,w) is only dependent
on the excitation frequency, structural parameters and boundary conditions, whereas
Sppx(M), Sppe(N) and @,,(w) are only related to the TBL model. Therefore, the
effectiveness of the present method may be affected by two aspects, firstly the solution
of Gyy(r,w), and secondly the convergence problem introduced by the Fourier series

expansion. Hence the validation and discussion of the present method will be focused on

20
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these two aspects. Furthermore, considering that variation of the axial compression will
change the dynamic characteristics of the cylindrical shell, the influences of axial
compression on random responses are investigated by the present method.

In the numerical examples, the present method is applied to obtaining the random
responses of a type of rocket body, which is made of high-strength alloy steels. The rocket
body is simplified as a cylindrical shell with properties as follows: length L = 5m, radius
of the middle surface R = 0.5m, wall thickness h = 0.01m, mass density p =
7850 kg/m3, Young’s modulus E = 215 GPa, Poisson’s ratio v = 0.32, and damping
loss factor n = 0.01. Since the boundary conditions at the two ends have no essential
influence on the performance of the present method, for the sake of brevity, results are

given for the simply supported case unless specified otherwise.

4.1 Harmonic response functions
4.1.1 Comparisons of the present method and MDM

The analytical solution of the harmonic response function is obtained by the present
method in the symplectic duality system of section 3. To validate the expression derived
above and to develop an understanding for the advantage of the present method, the
responses of a cylindrical shell are investigated and the results are compared to those of
the MDM.

The MDM for the vibration analysis of a cylindrical shell can be found in [19], and

21



398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

is omitted here for simplicity. It should be pointed out that modal shape functions of
cylindrical shells are always described as the combination of axial beam functions and
circumferential trigonometric functions. For simply supported boundary conditions the
circumferential modes have forms of sin(nf) or cos(nf), and the axial modes have
forms of sin ("me) Considering the spatial distribution of p,,, and the orthogonality
of modes, it can be concluded that: (i) the nth order modal response is zero except if n =
N; (ii) the mth order modal response is zero except if m =M or m + M is odd. With
this property, the number of participant modes decreases and hence the computation of
the MDM can be reduced.

In order to acquire a preliminary understanding of the dynamic characteristics of the
cylindrical shell, a modal analysis is first performed. The natural frequencies of orders
n <5 and m < 10 are listed in Table 1, where the axial compression N, is equal to
zero.

Figs. 2 and 3 show the harmonic response functions G,y (r,w) corresponding to
the displacement w and bending moment M,,, respectively, calculated by the present
method and the MDM. The following results are given at point r with co-ordinates x =
0.3L and 6 = 0.4m, if not otherwise stated. Due to the resonance and the small damping
used in this work, each peak of G,y (r, w), as shown in Fig. 2, matches one undamped
natural frequency. Comparing these peaks with the results in Table 1, the orders can be

determined and indicated as (m,n) in Fig. 2. For the case of M =1 and N = 2, only
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418 modes with order n = 2 in the circumferential direction and m = 1 or an even integer
419 in the axial direction are excited. For the case of M =4 and N =4, a similar

420  phenomenon can be observed.

421
422 Table 1 Natural frequencies of the cylindrical shell without axial compression
n=
fmn(H2)
1 2 3 4 5

1 100 44 77 143 231

2 315 132 100 150 234

3 553 261 159 171 244

4 776 407 243 210 262

5 968 555 341 265 290

m =

6 1122 694 445 333 328

7 1238 820 548 408 375

8 1323 931 648 486 430

9 1385 1027 743 565 489

10 1431 1109 830 643 552
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moment M, at (0.3L,0.4m), calculated by the present method and the MDM with
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The influences of the axial modal truncation m,,,, on harmonic response functions are
studied, and the results are compared to those of the present method. As shown in Figs. 2
and 3, the truncation influences the responses significantly. With increasing frequency of
the excitation, the number of modes required to obtain convergent solutions increases.
Besides, with increasing orders M and N, the spatial distribution of the pressure varies
considerably, and hence more modes are needed to ensure the accuracy of the results.
Since the bending moment M, is the derivative of the displacement w, many more
modes are needed to obtain convergence on M, than on w. Nevertheless, the present
method is derived analytically and no truncation is introduced. Thus, compared with the
MDM, the present method has the advantage of high accuracy in the solution of harmonic
response functions.

The CPU times of the MDM with different modal truncations and the present method
are listed in Table 2. The harmonic response functions corresponding to the displacement
w are calculated at 400 points in the frequency range 1 to 1000 Hz, with a frequency step
of 1 Hz. It can be observed that the CPU time of the MDM increases almost linearly with
the increasing number of modes, while the present method keeps the same CPU time in
all cases for the reason that no truncation is introduced. Thus, the present method has the
advantage of high efficiency compared to the MDM, in the analysis of structures

subjected to excitation with a wide frequency band, such as the TBL.
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Table 2 CPU times of the MDM and the present method for different cases

M=1, N=2 M=4, N=4
MDM, M.y = 4 49's MDM, Myay = 7 81s
MDM, M.y = 6 73s MDM, M.y = 9 103's
MDM, M. = 8 90's MDM, m., = 11 126
MDM, M. = 10 113s MDM, M.y = 15 162 s
Present method 78s Present method 79s

4.1.2 Influences of the axial compression on harmonic response functions

In order to study the influences of axial compressions on random responses of the
cylindrical shell to the TBL, it is essential to firstly investigate the influences on harmonic
response functions. According to the theory of elastic stability as shown in [28], the
critical axial pressure of the cylindrical shell under consideration is about 9.427 x
10° N/m, which can be denoted as N.,.. When the compression exceeds the critical value,
the cylindrical shell may lose stability. Therefore, the investigation of influences of axial
compression on harmonic response functions is meaningful, even when the axial

compression is below the critical value.
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The variation of harmonic response functions Gyy(r,w) with the axial
compression are shown in Figs. 4 and 5, which correspond to the displacement w and
bending moment M, at x = 0.3L and 6 = 0.4m, respectively. It is seen that the peaks
of Gyy(r,w) shift to the left, as the axial compression reduces the natural frequencies.
Also, for the modes of smaller circumferential order n, the axial compression has less
influence on the natural frequencies. The amplitudes of the displacement w do not
change much with increasing axial compression, whereas, those of the bending moment
M, change significantly. Hence it can be concluded that bending moment M, is more

sensitive to variation of the axial compression than the displacement w.

4.2 Random responses to the TBL

Random responses of the axially compressed cylindrical shell to the TBL are
investigated by the present method in this section, following which the influences of the
axial compression are discussed. The cross PSD of the TBL wall pressure developed by
Corcos [1] is used here, with the parameters recommended in [11], i.e., ¢, = 0.15, ¢y =
0.75, U, = 75m/s. The auto PSD of point wall pressure @,,(w) is a band-limited

white noise with unit amplitude, and covers a frequency range from 1 to 1000 Hz.
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4.2.1 Comparisons of the present method and MDM

Harmonic response functions obtained by the present method and the MDM were
studied and compared in subsection 4.1.1, whereas in this subsection comparisons are
given further for the random responses obtained by these two methods. A sufficiently
large truncation of M and N, e.g. 100, is used here to ensure the convergence of the
series, although this may bring some unnecessary computation. The convergence and
truncation problems of the series will be studied in detail in the next subsection.

Auto PSDs of the displacement w at (0.3L,0.4m) calculated by the present
method are examined and compared to those of the MDM with different modal
truncations, as shown in Fig. 6. It is seen that results of the MDM converge to those of
the present method with increasing number of modes. It is also observed that the higher
the excitation frequency, the more modes are needed to obtain convergent results in the
MDM. Fig. 7 shows the auto PSDs of the bending moment M, at the same location, and
similar phenomena to those of the displacement w can be observed. It is noted that the
bending moment M, needs more modes than the displacement w to obtain convergent
random responses.

Auto PSDs of the displacement w and bending moment M, along the axial and
circumferential directions are shown in Figs. 8 and 9, respectively. Considering the spatial
symmetry of responses, results are given in the range of 0 to 0.5L in the axial direction

and 0to 0.5m in the circumferential direction. For the convenience of displaying results,
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auto PSDs at only a typical frequency point, i.e. 600Hz, are examined and compared. As
we can see from Figs. 8 and 9, with increasing modal truncation m,,., results of the
MDM converge to those of the present method. This tendency can be observed from
results of both the displacement w and bending moment M,., and in both axial and
circumferential directions. This indicates that the present method can provide results with
very high precision. In addition, in Figs. 8(a) and 9(a), if results of the present method are
used as reference solutions and the maximum errors of the MDM are controlled within
1%, then at least 15 modes are needed for the calculation of the auto PSDs of the
displacement w, while 28 for the bending moment M,.

Auto PSDs of the displacement w and bending moment M, along the axial and
circumferential directions are shown in Figs. 8 and 9, respectively. Considering the spatial
symmetry of responses, results are given in the range of 0 to 0.5L in the axial direction
and 0to 0.5m in the circumferential direction. For the convenience of displaying results,
auto PSDs at only a typical frequency point, i.e. 600Hz, are examined and compared. It
is seen from Figs. 8 and 9 that with increasing modal truncation m,,.y, results of the
MDM converge to those of the present method. This tendency can be observed from
results of both the displacement w and bending moment M, and in both the axial and
circumferential directions. This indicates that the present method can provide results with

very high precision. In addition, in Figs. 8(a)
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and 9(a), if results of the present method are used as reference solutions and the maximum
errors of the MDM are required to within 1%, then at least 15 modes are needed for
calculation of the auto PSDs of the displacement w, and 28 for those of the bending
moment M,,.
4.2.2 Convergence of the present method

As can be seen from Eq. (13), the cross PSD of the TBL is expanded as a Fourier
series, whose convergence should be discussed. The truncations of the series in the axial
and circumferential directions are denoted as M., and Ny, ., respectively. Figs. 10 and
11 give results for S,,,, and Sy, with different truncations, representing the auto PSDs
of the displacement w and bending moment M, of the cylindrical shell. It should be
noted that when the convergence of one direction is studied, a sufficiently large truncation
in the other direction is considered to ensure the convergence of the solutions. As shown
in Figs. 10 and 11, the results are convergent with increasing truncations of the series in
both directions. For higher frequencies, larger truncation is needed to obtain convergent
results. Also, the convergence of S, is significantly slower than that of S, . This
phenomenon is similar to the convergence of the MDM.

The convergence of the solutions at each frequency is studied further. Defining the

truncation error as

£(0) = Res(@)l;sf{(((eas)(@ ~ D 100% (39)
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where Res(@) is the solution with respectto ® terms,and © canbe M., Of Np.x.
It is assumed that the solution is convergent if £(®) is smaller than 1%. According to
the above rule, the convergence of the solutions in a frequency range between 1 and 1000
Hz is studied, and some of the results are presented in Fig. 12. It is seen that more terms
are needed to ensure the convergence of the solutions at higher frequencies. Also, the

convergence in the axial direction is much slower than that in the circumferential direction.
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4.2.3 Influences of the axial compression on random responses

The influences of axial compression on the random responses of the cylindrical shell
subjected to the TBL are investigated. The boundary condition with free-free ends is
considered here. Like the investigation on harmonic response functions in section 4.1.2,
the axial compression is below the critical value, which equals —9.7 X 10° N/m for the
case of free-free ends. The auto PSDs of the displacement w and bending moment M,,
at (0.3L,0.4m) with different axial compression are given in Figs. 13 and 14. It can be
seen that the variation of the axial compression has a great influence on both §,,,, and
Sum- As the axial compression increases, the peaks of PSDs shift to the left. Also, Sy

is more sensitive to the variation of the axial compression than S,,,, .

0 0.1 02 03 04 05 06 07 08

No/ Ncr

Fig. 15 Mean square values of the displacement and bending moment at (0.3L, 0.41)

with different axial compressions, normalized by the results without axial compression
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633 Fig. 15 shows the mean square values of the displacement w and bending moment
634 M, with different axial compressions. For convenience of illustration, all results are
635 normalized with respect to those without axial compression. It can be seen that the mean
636  square values increase with the increasing axial compression. Also, the influence of axial
637 compression on the mean square values of the bending moment is much more significant

638 than that on the displacement.
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639  Fig. 16 Evolution of the distribution of the mean square value of the displacement w

640 with different axial compressions
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Fig. 17 Evolution of the distribution of the mean square value of the bending moment

M, with different axial compressions

Figs. 16 and 17 show the distributions of the mean square values of the displacement
w and bending moment M, respectively. It can be seen that the amplitudes of the mean
square values increase significantly with axial compression, while the distributions over
the cylindrical shell do not change much. Moreover, the distributions are similar to the
modal shape with order m =1 and n = 2 which corresponds to the smallest natural

frequency. This is because the natural frequencies are modified by the axial compression,
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but the corresponding mode shapes are still the same as those without axial compression.

5 Conclusions

A method based on the symplectic duality system is presented to predict the random
responses of the axially compressed cylindrical shell subjected to the TBL. The cross PSD
of the TBL is expressed as a Fourier series. Then the problem of structures subjected to a
random pressure field like the TBL is reduced to the solution of harmonic response
functions. A symplectic method is developed to obtain the harmonic response functions
analytically. Firstly, harmonic response functions with different wavenumbers are
calculated by the present method and the MDM. The results show that the present method
is efficient and accurate compared to the MDM. Then influences of the axial compression
on the harmonic response functions are discussed, and it is indicated that the axial
compression has more influence on the harmonic response functions with bigger
wavenumbers. Secondly, random responses of the cylindrical shell to the TBL are
calculated and compared to those of the MDM, and then the convergence problems
induced by Fourier series expansion are discussed. It is shown that the convergence in the
axial direction is much slower than that in the circumferential direction, while the
convergence of the bending moment is slower than that of the displacement. Finally, the
influences of axial compression on the random responses of the cylindrical shell subjected

to the TBL are investigated. It is concluded that axial compression has a significant
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influence on the amplitude of random responses, and that the bending moment is more
sensitive than the displacement to the variation of the axial compression. However, the

axial compression has little influence on the spatial distribution of random responses.
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Appendix Nonzero elements in operator matrix H

The nonzero elements in the operator matrix H, as shown in Eq. (24) are

H B - _ vK 6 Al

12 — 65 — (K_NO)Rae ( )

Ho - Ho. — vK A2

137 7075 T T K — NoR (A2

oot A3

15 — K — NO ( )
KR(1—v) d

_ _ _ A4

H,, Hsg (KR? + D)(v —1) + 2N,R2 06 (A9
2D(1 —v) d

H24_ = _H68 (A5)

~ (KRZ+ D)(v — 1) + 2N,R2 90
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Table captions

Table 1 Natural frequencies of the cylindrical shell without axial compression

Table 2 CPU times of the MDM and the present method for different cases

Figure captions

Fig. 1 Schematic of an axially compressed cylindrical shell

Fig.2 Magnitudes of the harmonic response function corresponding to the displacement
w at (0.3L,0.4m), calculated by the present method and the MDM with different
truncations

Fig. 3 Magnitudes of the harmonic response function corresponding to the bending
moment M, at (0.3L,0.4m), calculated by the present method and the MDM with
different modal truncations

Fig.4 Magnitudes of the harmonic response function corresponding to the displacement
w at (0.3L,0.4m) with different axial compressions

Fig. 5 Magnitudes of the harmonic response function corresponding to the bending
moment M, at (0.3L,0.4m) with different axial compressions

Fig. 6 Auto PSDs of the displacement w at (0.3L,0.4m), calculated by the present
method and the MDM with different modal truncations

Fig. 7 Auto PSDs of the bending moment M, at (0.3L,0.4m), calculated by the

present method and the MDM with different modal truncations
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Fig. 8 Auto PSDs of the displacement w along the axial and circumferential directions
Fig. 9 Auto PSDs of the bending moment M, along the axial and circumferential
directions

Fig. 10 Auto PSDs of the displacement at (0.3L,0.4m) with different truncations in
axial and circumferential directions

Fig. 11 Auto PSDs of the bending moment at (0.3L, 0.4m) with different truncations
in axial and circumferential directions

Fig. 12 Convergence diagram for S,,,, and Sy

Fig. 13  Auto PSDs of the displacement at (0.3L,0.4m) with different axial
compressions

Fig. 14 Auto PSDs of the bending moment at (0.3L,0.4m) with different axial
compressions

Fig. 15 Mean square values of the displacement and bending moment at (0.3L, 0.4m)
with different axial compressions, normalized by the results without axial compression
Fig. 16 Evolution of the distribution of the mean square value of the displacement with
different axial compressions

Fig. 17 Evolution of the distribution of the mean square value of the bending moment

with different axial compressions
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