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Abstract

We study the homogenisation of geometrically nonlinear elastic composites with high
contrast. The composites we analyse consist of a perforated matrix material, which we call
the “stiff” material, and a “soft” material that fills the remaining pores. We assume that
the pores are of size 0 < ¢ < 1 and are periodically distributed with period €. We also
assume that the stiffness of the soft material degenerates with rate €27, 4 > 0, so that the
contrast between the two materials becomes infinite as € | 0. We study the homogenisation
limit € | 0 in a low energy regime, where the displacement of the stiff component is
infinitesimally small. We derive an effective two-scale model, which, depending on the
scaling of the energy, is either a quadratic functional or a partially quadratic functional
that still allows for large strains in the soft inclusions. In the latter case, averaging out the
small scale-term justifies a single-scale model for high-contrast materials, which features
a non-linear and non-monotone effect describing a coupling between microscopic and the
effective macroscopic displacements.

Keywords: High-contrast homogenisation; Nonlinear elasticity; Two-scale I'-convergence.
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1 Introduction

We consider a geometrically nonlinear elastic composite material that consists of a “stift”
matrix material and periodically distributed pores filled by a “soft” material: for ¢ > 0 and a
fixed scaling parameter v > 0 we consider the energy functional of non-linear elasticity

T.(u) := /Q(shwo(vu)xg + W (Vu)(1 - Xs)) dx — /Q ferudr, we HYQ). (1)

Here © denotes a Lipschitz domain in R? (the reference domain of the elastic body) and
u : Q — R?is a deformation satisfying clamped boundary conditions: w(z) = z on 9.
We denote by f. : © — R the density of the applied body forces, W9 and W' are frame-
indifferent, non-degenerate energy densities (see Section 2 below for the precise assumptions),
and Y. denotes the indicator function of the pores, i.e. of the domain occupied by the “soft”
material component. As will be made precise in Section 2, we assume that the pores are of
size € and are periodically distributed in the interior of 2 with period €. As can be seen from
(1), in the homogenisation limit & | 0 the stiffness of the “soft” material degenerates with
rate €27 (y > 0), while the stiffness of the “stiff” material remains unchanged. Hence, the
contrast between the soft material (occupying the pores) and the stiff material (occupying the
perforated matrix) becomes infinite in the limit € | 0. We therefore refer to the corresponding
limit procedure as high-contrast homogenisation. Our goal is to identify the effective behaviour
of the minimisation problem associated with Z. by studying its limit under a proper rescaling.

Summary and discussion of our result. To illustrate our result, here in the introduction
we restrict ourselves to the special case v = 1. If we assume that the density of the body
forces is small in magnitude, in the sense that f. = ¢®f for some a > 1, and has vanishing
first moment, i.e. [, f(z)-xdx =0, then (1) can be expressed as

1(9) = L) )

1 1
= / oW +eVo)xe + 5 W +e°Vo)(1 - xe) d:v—/f-sadx,
(9] £ (a ) IS5 67 Q

where
plo)= "L peq, e HY(QRY, (3)

denotes the scaled displacement, and I stands for the identity matrix in R?*¢. In this paper
we analyse the asymptotics of the minimisation problem associated with I in the limit ¢ | 0
by appealing to the concept of I'-convergence. The latter goes back to De Giorgi (e.g. see [19]
for a standard reference). In a metric setting it is defined as follows:

Definition 1 (I-convergence). Let (X,d) denote a metric space. A sequence of functionals
I. : X — [—00,00] T'-converges to a functional I : X — [—o00, 0], if



(a) (lower bound). For every xg € X and every x. — xo in X we have lim i(I)lf I (z2) > Io(xp).
e—

(b) (recovery sequence). For every xo € X there exists a sequence xe — xo in X such that
iii% I.(zc) = Io(zp).

In that case we call Iy the T'-limit of the sequence I..

A fundamental property of I'-convergence is the following fact: If a sequence of functionals
I'-converges and the functionals are equicoercive, then the associated sequence of minima (resp.
minimisers) converge (up to a subsequence) to the minimum (resp. a minimiser) of the I-limit,
and any minimiser of the I’-limit can be obtained as a limit of a minimizing sequence of the
original functionals. Thanks to this property, I'-convergence is especially useful for the study
of the asymptotics of parametrised minimisation problems. The I'-limit, if it exists, is unique;
yet, the question weather a sequence of functionals I'-converges or not, and the form of the
I'-limit depend on the topology of X. In particular, a sequence of functionals is more likely
to I'-converge in a stronger topology, while it is more likely to be equicoercive in a weaker
topology. Therefore, it is natural to consider the strongest notion of convergence on X for
which the functionals remain equicoercive. In the situation we are interested in, namely the
asymptotics of the functionals I defined on X = H}(Q), it turns out that due to the presence
of high-contrast, a natural and appropriate notion of convergence on H&(Q) is a variant of
two-scale convergence that we discuss next. Let us first recall the standard notion of two-scale
convergence from [32] and [1]:

Definition 2. We say that a sequence f. € L*(Q) weakly two-scale converges to f € L2(Q2xY)
if the sequence f. is bounded and

i [ f@)ploa/)do= [ flopee.y) dody
=10 Jo QxY

for all p € C*(Q, C;EO(Y)), where CZ°(Y') denotes the space of Y := (0, 1)4-periodic functions
in C®(RY). We say that a sequence f. € L?(S2), strongly two-scale converges to f € L*(QxY),
if the sequence f. weakly two-scale converges to f and one has || f||r2() = |fllL2(axy) as€ L 0.
For vector-valued functions two-scale convergence is defined component-wise.

In the study of the asumptotics of I we work with a variant of this definition that is tailor
made to capture the effects of high-contrast. For v = 1 it can be summarised as follows (for
details and the general case see Section 3.1): Given a sequence of displacements ¢. in HJ ()
we consider the unique decomposition ¢. = g¢ + gl into a harmonic function ¢ € H}(Q2)

and a remainder gl € H}(2). We then write ¢, N (¢°, ¢*) and say that o. converges to
a pair (g% ¢') with ¢ € L2(Q; H}(Yp)) and ¢g' € HE(Q), if g¢ — g weakly in H(Q), and
g2 2 q°, evg? 2 Vygo weakly two-scale. The component g' of a limit pair (¢°, g!) describes
the (scaled) macroscopic displacement of the body, and ¢ is a two-scale function describing
the (scaled) microscopic displacement on the pores relative to the deformed matrix material.
As a main result (see Theorem 1 and Theorem 3) we prove (in fact in a slightly more general
situation) that I I'-converges w.r.t. the type of convergence introduced above. It turns out
that two different regimes emerge for « > 1 and o = 1.

In the small strain regime (o > 1), the strain e*V¢ becomes infinitesimally small in
the entire domain €2, and the limit behaviour is expressed by a linearised, two-scale energy



Ismall : gO € L2 (Q7 H(% (YO)) X H& (Q7Rd) - Rv

a6 = [ QT 01)) d + Qo (V) 0
QOxY

[ (] Fenar i) s )

Here Q¥ and Q! are the quadratic forms of the quadratic expansions of W° and W' at the
identity, and Q}lwm denotes the homogenised energy density obtained from Q!, see (12) and
(23) for details. The functional I,y is the two-scale T'-limit of the sequence I in the sense
that (cf. Theorem 1):

(a) (lower bound). For every (g%, ¢') and every . 2 (g°,g") we have lini%nflg‘(gos) >
€.
Ismall(goygl)~

b) (recovery sequence). For ever 0 g') there exists a sequence . 2 0 g') such that
y y (97,9 ¥ 9,9
1;% I2(pe) > Ismall(goagl)-

In addition, we prove that the functional (I&).~¢ are equicoercive and deduce convergence of
the associated minimisation problems (see Theorem 1 and Proposition 1). In Theorem 2 we
establish a two-scale expansion showing that if ¢° is an (almost) minimiser of I¢, then

pe() ~ g:(2) + v (@, x/e) + gl(w, x/e), (6)

where (g0, gl) is a minimiser of Iy, and ¢ denotes a corrector function that only depends
on gl. Finally, we illustrate that by averaging out the fast variable y, the limit Iy, can be
further simplified. In fact, Proposition 2 shows that I I'-converges (w.r.t. weak convergence
in L2(Q2)) to the functional Iyyay : L?(Q) — R U {400} given by

jsmall(sp) ‘= min {/QQ}lwm(vgql) +@(@) : gl € H&(Q)v Ge LQ(Q) with gl +G = (,0}

—/Qf-sodw, (7)

with a (positive definite) quadratic form @ : R? — [0, 00) defined by
Q(G) := min {/ Q" (Vd®(y)) dy : ¢° € HY(Y"), / ¢ dy = G},
Yo Yo

Q captures the influence of the pores (and their geometry) on the effective behavior. The
minimiser o, € L?(Q) to Ignan takes the form ¢, = g} + G, with G, := fYo g%(-,y) dy. In view
of (6) the field G, can be interpreted as the gap between the macroscopic displacement and
the microscopic displacements in the pores.

In the finite strain regime, which corresponds to a = 1, the displacement gradient eV,
becomes infinitesimally small only in the stiff component, while large strains still may occur
in the soft pores. Therefore, the I'-limit is a non-convex (partially linearised) functional of the
form

Tnite(¢°, 9%) == - QW (I + Vg (z,y)) dy + Qiom (Vg' (2)) d
X

-, </y 9 (@,9) dy +91(x>> (@) de,
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where QW denotes the quasiconvex envelope of W9. Similarly to the small strain regime,
one can average out the fast scale y and obtain I'-convergence of Ig to the functional Igpjte :
L?(Q) — RU {+o0} given by

Itnite(p) = min {/Q Q}llom(Vgl) +V(Q) : gt e H&(Q), Ge LQ(Q) with ¢! + G = ¢ }(8)

—/Qf-cpdx,

with non-convex potential V : R? — [0, 00) defined by
V(G) := min {/ QWO(I + Vgo(y)) dy : ¢° € H}(Y?), / ¢ dy = G} ’
Yo Yo

see Remark 2. In contrast to the small strain regime, where Q is quadratic, the potential V is
non-convex and expresses a nonlinear (and non-monotone) coupling between the macroscopic
and microscopic displacement.

Connection to acoustic wave propagation in high-contrast materials. The sequence
of functionals ¢ 72%Z,, in either of the two regimes described above, occupies an intermediate
position between a fully nonlinearly elastic composite and fully linearised models, as ¢ — 0.
Notably, linear models with high contrast, which are suitable for the description of small
displacement fields (that often occur, say, in acoustic wave propagation) already exhibit a
coupling between the macroscopic part ¢g° and microscopic part g' of the minimiser of Iy,
which in our case is obtained as a limit in the small-strain regime a > 1. This can be seen
by considering the time-harmonic solitons to the equations of elastodynamics with the elastic
part of the energy given by (4), away from the sources of the elastic motion. In this case the
function f in (5) (which in our analysis we assume to be independent of the fast variable z/e
for simplicity, an assumption that can be relaxed with no changes in the proofs needed) has
to be replaced by the sum ¢° + g!, with the integration in (5) carried over Yy and @ at the
same time, i.e. the work of the external forces (5) is replaced by the expression for the work
of “self-forces”

WQ/Q/YO (90(27,3/) +gl(x)) . (gO(:L,’y) +gl(:c)) dydx,

where w is the frequency. The solution to the Euler-Lagrange equation for the resulting func-
tional is a coupled system of equations for ¢°, g', so that when the equation for ¢° is solved
in terms of g! and substituted into the second equation, it takes the form (away from the
sources):

Ahomgl — w2ﬁ(w2)gl, (9)

for some non-negative self-adjoint differential operator A"™ and a special nonlinear function
B, which takes positive and negative values on alternating intervals of the real axis (leading
to “lacunae”, or “band gaps” in the spectrum of the corresponding operator) and is obtained
from the spectral decomposition of ¢° and the subsequent averaging over Yy, see [38]. From
this point of view, the non-quadratic finite-strain functional I, is a “matching”, ”partially
quadratic”, homogenised model corresponding, e.g., to finite-amplitude, rather than small-
amplitude, wave motions that can no longer be treated using a quadratic model such as Ignan
but can still be used in place of models of nonlinear elasticity where the elastic energy terms
on both components of the composite (stiff and soft) are non-quadratic.



Methods and previous results. In this paper we appeal to analytic methods that have
been developed in the last two decades in the areas of nonlinear elasticity and homogenisation.
Among these are the notion of two-scale convergence introduced in [32], [1]) and periodic un-
folding (see [18] and references therein). The convergence statements of our main results are
expressed in the language of I'-convergence (see [19] and references therein). In order to treat
the geometric nonlinearity of the considered functional, we make use of the geometric rigidity
estimate (see [23]). Since we consider a low energy regime, linearisation and homogenisation
take place at the same time. The simultaneous treatment of both effects is inspired by recent
works [28], [29], [30], [31], [25] of the third author, where various problems involving simultane-
ous homogenisation, linearisation and dimension reduction are studied. The homogenisation
of the kind of high-contrast composites that we study is related to the homogenisation for peri-
odically perforated domains (e.g. see [33], [10]). For instance, we make use of extensions across
the pores. As a side result we prove a version of the geometric rigidity estimate for perforated
domains (see Lemma 4 below). We would like to remark that while the present work is one of
the few papers, along with [17], [8], that treat the fully nonlinear high-contrast case, during
the last decade there has been a significant amount of literature devoted to the mathematical
analysis of phenomena associated with, or modelled by, a high degree of contrast between
the properties of the materials constituting a composite, in the linearised setting. The first
contributions in this direction are due to Zhikov [38], and Bouchitté and Felbacq [6], following
an earlier paper by Allaire [1] and the collection of papers by Hornung et al. [24] (see also
the references therein), where the special role of high-contrast elliptic PDE was pointed out
albeit not studied in detail. These works demonstrated that the behaviour of the field variable
in such models is of a two-scale type in the homogenisation limit, i.e. the limit model cannot
be reduced to a one-scale formulation and fields that depend on the fast variable remain in
the effective model. They also noticed that the spectrum of such materials has a band-gap
structure, as in (9), and indicated how this fact could be exploited for high-resolution imaging
and cloaking. It has since been an adopted approach to the theoretical construction of “neg-
ative refraction” media, or more generally “metamaterials”, which is now a hugely popular
area of research in physics (see e.g. [34] and references therein). On the analytical side, a
number of further works followed, in particular [3], [4], [11], [13], [14], [16], [26], [15], [35], [7],
[9], where various consequences of high contrast (or, mathematically speaking, the property
of non-uniform ellipticity) in the underlying equations have been explored. Among these are
the “non-locality” and “micro-torsion” effects in materials with high-contrast inclusions in the
shape of fibres extending in one or more directions, the “partial band-gap” wave propagation
due to the high degree of anisotropy of one of the constituent media, and the localisation of
energy in high-contrast media with a defect (“photonic crystal fibres”), all of which can be
thought of as examples of “non-standard”, or “non-classical”, behaviour in composites, which
is not available in the usual moderate-contrast materials. In the present paper we aim to
develop further a rigorous high-contrast theory in the context of finite elasticity, where the
underlying model is nonlinear.

With this paper we continue the multiscale theme initiated in [17], where the regime of large
deformation gradients in the soft component of the composite was considered. Let us emphasise
two points that contrast our contribution to some earlier work within the related field. First,
we note that, apart from [17], [8], a number of other articles (e.g. [5], [12], [7]) have treated
high-contrast periodic composites in the nonlinear context. However, the related results are
of limited relevance to nonlinear elasticity, due to the convexity or monotonicity assumptions
made in these works. In the present paper we study a class of functionals subject to the
requirement of material fame indifference (see assumption (W1) in Section 2), which makes



our analysis fit the fully nonlinear elasticity framework, as opposed to the works mentioned.
Second, as was discussed above, the analysis of composites with “soft” inclusions within a “stiff”
matrix cannot be reduced to a “decoupled” model where the perforated medium obtained
by removing the inclusions is considered first and the displacement within the inclusions is
found independently, which from the physics perspective can be viewed as a kind of resonance
phenomenon; cf. (9) in the linearisation regime, for which an inherent energy coupling, in
the limit as € — 0, between the soft and stiff components of the composite is essential. On a
related note, the proof of the key compactness statement (Lemma 1) involves the simultaneous
analysis of the displacements on the two components. We would also like to highlight the
fact that in [17] the order of the relative scaling of the displacements on the soft and stiff
components of the composite are assumed from the outset, while in the present work it is the
result of the above compactness argument itself.

Organisation of the paper. In Section 2 we state the assumptions on the geometry of the
composite and the material law. In Section 3 we present the main results, starting with results
regarding two-scale compactness, convergence results in the small strain regime and finally the
convergence result in the finite strain regime. All proofs are presented in Section 4.

1.1 Notation

Here we list some notation that we use throughout the text. Additional items will be introduced
whenever they are first used in the text.

e d > 2 is the (integer) dimension of the space occupied by the material.

e p > 1 is the exponent in the notation LP for a Lebesgue space.

Y = (0, 1)d the reference period cell; Y0 is an open Lipschitz set whose closure is
contained in Y, and Y1 := Y \ YO.

e 2, QY and Q! denote the reference domains of the composite, the set occupied by the pore
material, and the domain occupied by the matrix material, respectively, see Section 2 for
precise definition.

e Unless stated otherwise, all function spaces L*(Q), H*(Q2), H}(f), etc. consist of func-
tions taking values in R%.

e Function spaces whose notation contains subscript “c” consist of functions that vanish
outside a compact set.

e The function spaces H, H}(Y?), and A(Y?) are introduced in Section 3.1.
e We write - and : for the canonical inner products in R? and R?*¢, respectively.
e SO(d) denotes the set of rotations in R%*9,

e < stands for < up to a multiplicative constant that only depends on d, Y'!', Q, and on p
if applicable.



2 (Geometric and constitutive setup

3

The pore geometry. The set Y0 defined above describes the “pores” contained within the
cell Y. Note that Y'! is an open, bounded, connected set with Lipschitz boundary. Therefore,
to each p € H*(Y'!) we can associate (see e.g. [33]) a unique harmonic extension gt € H*(Y)
characterised by

g'=¢ inY!, / Vgl :V¢dy=0 V¢e HNYY). (10)
yO

For this extension the inequality
196 | 2y < ClIVe L2 (1)

holds with a constant C' that only depends on Y.
For a given domain  C R? and & > 0, we define the sets Q2 and Q! as follows:

Q0 ::U{s(§+Yo)|£€Zd, 5(5+Y)CQ}, Ql =\ .

Note that by construction 2! is a Lipschitz domain. In particular, it is connected and 9Q C
09QL. We denote by x. the indicator function of the set of pores:

() 1, .Z‘EQS,
) =
X 0, zeRI\ QL

The composite. The two materials are described by energy densities W# : R¥*? — [0, +00],
1 =0,1. Unless stated otherwise, we assume that for : = 0,1 :

(W1) W is frame-indifferent, i.e. Wi (RF) = W(F) for all R € SO(d) and all F € R%*%;

(W2) The identity matrix I € R is a “natural state”, i.e. W) = 0, and W' is non-
degenerate, i.e. for all

WH(F) > codist?(F,SO(d)), VFeR™  ¢5>0.

(W3) W' has a quadratic expansion at I, i.e. there exists a non-negative quadratic form Q°
on R4 and an increasing function r? : [0,00) — [0, 0o] with limjor?(s) = 0, such that

Wil + Q) — Qi(G)( < GG VG e R (12)

As shown in [30, Lemma 2.7] the quadratic form Q" associated with W via (W3) satisfies
c1lsym G2 < Q1(G) = Q' (sym G) < ¢y sym G)? VG e R4 ¢ > 0. (13)

In the finite strain regime we consider a different set of assumptions for W, which are listed
in Section 3.3.

The scaling parameter v. Throughout the paper v > 0 denotes a fixed scaling parameter. It
is a quantitative measure of the relative contrast between the two components of the composite.

Energy functional. We define the elastic energy as a functional of the displacement, as
follows:

£.(u) = /Q<527W0(I FV W V) xe) ) dr, we HYQED.  (14)



3 Main results

3.1 Compactness and two-scale convergence

We first present an a priori estimate and a two-scale compactness statement for sequences
¢- € H}(2) whose energy is equi-bounded in the sense that

lim sup @7 (v:) < o0, (15)
el0

where

o) (v) == /Qdist2 (I + Vo(z),S0(d)) (527)(5 + (1= xe)) dz.

Note that, by virtue of the non-degeneracy assumption (W2) the functional ®7(-) bounds below
E(id + -), where id(z) = z, = € Q. As we shall see in the upcoming Lemma 1, the inequality
(15) implies that the sequence . is bounded in H'(f2), and thus weakly converges (up to
extracting a subsequence) to a limit displacement ¢ € H&(Q) For our purpose we require
a precise understanding of the oscillations that emerge along that limit. We achieve this by
combining two concepts:

o We write a representation for ¢, in the spirit of an asymptotic decomposition as € | 0.

e We study the convergence properties of the terms in this decomposition by appealing to
two-scale convergence.

In the following lemma we address the first item above.
Lemma 1. Let ¢. € H}(Q) and 0 < e < 1.
(a) There exists a unique pair of functions g € HL(Q2) and g} € HE(Q) such that

(i) e =gt +e7gL,

16
(i) / Vgl : V(=0 V¢ e HN D). (16)
O
(b) There exists a positive constant C that only depends on 0, Y such that
2 2 2

where g2, gt and . are related to each other as in (a).

As already explained in the introduction, for our purpose it is convenient to appeal to
two-scale convergence, see Definition 2. We use the following shorthand notation:

fe— fo =3 f. strongly converges to fo in L*(Q),

fe— fo = f. weakly converges to fo in L*(),

fe 2 f & f. weakly two-scale converges to f in L*(Q x Y),
fe 2 f = f. strongly two-scale converges to f in L*(Q x Y).

The upcoming lemma states a two-scale compactness result for the displacements g2 and g}
that appear in the representation (16). Due to the differential constraint satisfied by gg, the
corresponding two-scale limits automatically satisfy certain structural properties, which can
be captured with the help of the following function spaces:



o H# is the space of [0, 1)%-periodic functions in HL_(R?).

e H(Y?) is the closed subspace of H;% consisting of functions ¢ € H;# with ¢ = 0 on Y'!.

o A(Y?) is the closed subspace of H;ﬁ consisting of functions ¢ € H;% that satisfy the
identity

/ Vb :Vy(dy=0  V¢e Hy(YY).
yO

Lemma 2. Consider a sequence p. € HE(Q) and let (g2, gt) be associated with ¢ via (16).
Suppose that there exists a sequence of positive numbers me such that

lim sup m_ 22 (m.p.) < 0o and me = 0(e7).
el
Then there exist
9" € L*(0,Hs(Y?), g € Hy(Q), ¢ eL*(QAY) (18)

such that, up to selecting a subsequence, one has

2 2
@R =9 Vgl 2 V,4 19)
gl — ¢ weakly in H'(Q) and Vg’ 2 vgl + Vyib.

The identification obtained in the previous lemma is sharp, in the sense of the following state-
ment.

Lemma 3. Let ¢° € L*(Q,Hj(Y?)), ¢' € Hj(Q) and ¢ € L*(Q,A(Y?)). Let c. be an
arbitrary sequence of positive numbers converging to zero. Then there exist function sequences
g2 € HH(QY), gt € HL(Q) such that (g0, gl) is related to p. := gt + 1772 as in (16), and
2 2
g2 =¢% eVl SV,
gl — g weakly in H'(Q) and Vg’ 2 Vgl + V1, (20)
hHglfoup CeHV%HLw(Q) =0.

Our main result is formulated in terms of the notion of convergence described in the above
lemmas. For convenience we use the following notation:

16
e Given ¢. € H'(Q) we write gl +e'77¢? (::) ve, if g} € HY(Q), ¢° € H}(Q?), and both
functions are related to ¢, as in (16).

16
e We write o, 2 (g%, g"), if gt +et7g0 (::) - and

2 2 .
gg = go, EVgg = Vygo, g; — g1 weakly in Hl(Q) (21)

16
e We write o, 2 (g%, "), if gt +et7g0 (::) e and

gg 2 go, 5Vgg 2 Vygo, ge1 — g1 weakly in Hl(Q) (22)
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3.2 Convergence in the small strain regime m. = o(¢?)

Throughout this section we assume that the densities W° and W' satisfy the conditions (W1)—
(W3). We show that in the small strain regime the limit functional

Esman © L2 (0 Hi(Y?)) x Hi(Q2) — [0, 00),

is given by
Esman(9°, g") = / (QO (Vyg" (2, 9)) + Qom (Vgl(x))> da
QxY
where
1 L : 1
Qnom (F) = o /Y QUF+Vyu(y) dy. (23)

More precisely, the following theorem holds.
Theorem 1. Let m. be a sequence of positive numbers and assume that m. = o(e?) as e | 0.

(a) (Compactness). Suppose that o € H}(Q) satisfy

lim sup m;QSS(msgoa) < 0.
el0

Then, up to a subsequence, one has o 2 (g%, g%) for some ¢° € L2(Q,H3(Y0)) and
g' € Hy(Q).

(b) (Lower bound). Consider ¢. € H}(Y) and suppose that . EN (g%, g%) for some ¢° €
L*(Q,H{(YY)) and g* € H} (). Then the estimate

hlg%)nf m;zgg(mggog) > gsmall(gov gl)

holds.

(¢) (Recovery sequence). For all g° € L*(Q, H}(Y")) and g* € HJ () there exists a sequence
e € H}(Y) such that . 2 (¢° g') and

lelﬁ)l m;zgg(m&‘(pé‘) = Ssmall(goa gl)'

In the next result we consider a minimisation problem that involves the density of the
“body forces” £. € L*(2). We study the variational limit of the (scaled) total energy

1(9) = g (£cme) — [ b (mep)da ) 29

€

where the scaling factor m, is determined by the body forces via
Me = 5177”£6HL2(92) + WSHL?(Q)- (25a)
In the small strain regime we assume that the body forces are small in the sense that

me = o0(e”), el0. (25b)
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Moreover, we assume that the (scaled) body-force densities converge, as ¢ | 0, in the following
way:

mZ e ™y . 200, mZ . — (b (25¢)

It follows from Theorem 1 that the variational limit of the total energy (24) is given by the
functional

Ismall(goygl) = small(goagl) - / < 60 ’ go dy + gl : gl> dx. (26)
Q YO
Proposition 1. Assume that (25a)—(25¢) hold.

(b) (Convergence of infima). One has

lim inf [ = min Tnan (g%, g),
210 pe il (@) () small(9°9")

where the minimum on the right-hand side is taken over all ¢° € LQ(Q,Hé(YO)) and
gt € HY(Q). Moreover, the minimum is attained for a unique pair (g2, gt).

(b) (Convergence of minimisers). Let p. € H} () be a sequence of almost minimisers, i.e.

I(p:) < inf I(p)+o(1), €]0. (27)
PEHG(Q)

Then , ,
pe = (9d,90)  and  Vgi = Vg + Vi

where 1, € L*(Q, A(Y")) denotes the unique “corrector” characterised by

Q}lwm (Vgi(x)) = / Ql (Vgi (;U) + Vyw*(% y)) dy, / 1#*(% y) dy =0, (28)
Yl Y

for almost every x € Q0.

Next, we prove that almost minimisers . satisfy the asymptotic relation
e = gre(w) +e 779 () +o(1), L0, mWH(Q)  (p<2), (29)
where gi’e and 95’6 formally obey the “ansatz”

f 11
(@) "=V Pz, x/e),  gl.(x)

formally

g: (@) + e, 2 /e). (30)

Here (g2, gl) and v, denote the minimising pair and corrector from Proposition 1. Since the
functions on the right-hand sides in (30) are in general not smooth enough to define gg’e and gi’e
by (30) directly, we use instead the approximation associated with (g, g},,) via Lemma 3.

In addition to the properties of Y? assumed in Section 2, we require the following assump-
tion on the regularity of Y0:

Assumption 1. There exist an exponent p < 2 and a constant C such that for all o € H*(Y'1)
and g* € H'(Y') related via (10) we have [|[Vg'| oyoy < CIV| 1o(y1y.-

Note that Assumption 1 is satisfied if Y° can be written as the disjoint union of a finite
number of Lipschitz domains Y, ... YJS with 8Yio N (9on = for i # j.

12



Theorem 2. Assume that (25a)—(25c¢) hold, and let Assumption 1 be satisfied. Let o € H} ()
be a sequence of almost minimisers, i.e.

I.(pe) < inf I (¢)+o(1), €]0.
PEH ()

Let (g2, gl) be the minimiser of Isman and let 1. be defined through (28). Let (gg,e,gi’s) and
Pre = gi,g + 51*79975 be associated with (g2, gk, ) as in Lemma 3, i.e. @y, 2 g%, g1 and
16

vgi,g i Vgi + Vy'lp* Then fOT’ gg + Eli’ygg (:) (e One has
0_ 0 0 0 1 1
o2 — 9*,8HLP(Qg) +[|evee - Evg*,EHLP(Qg) + |9z - g*,eHWLp(Q) —0 asel0. (31)

Remark 1. To illustrate the result of Theorem 2, consider the case y = 1 with {. := m{(z, %),
where £(x,y) is smooth both in x and y and is periodic in y. If the domain Q and the pore set
Y? are sufficiently regular, the minimisers (g2, gl) and 1. are smooth, by the classical elliptic
reqularity theory, see e.g. [21]. In that case we may set

gee(2) = gi(w,x/e) and g, := g.(z) + evu(z, 2 /e),

and the asymptotic formula for . reads

e = 9.z, 2/e) + g, (2) + (. w/€) + Re(2),
where || Re|lpw1pq) — 0 as e | 0.

In the remainder of this section, we restrict to the special case of the introduction (in the
small strain regime), i.e. we assume that o > 1, v = 1, m, = € and ¢, = ¢“f for some
f € L?(2), so that the functionals I¢ and I. defined in (2) and (24) are identical. Hence,
Theorem 1 and Proposition 1 prove two-scale I'-convergence of I and the convergence of the
associated minimisation problems (as claimed in the introduction), and Theorem 2 yields the
two-scale expansion (6). We argue that the functionals I I'-converge to the (single scale) limit
Igman:

Proposition 2. For a > 1 and f € L*(Q) consider I and Isnan defined in (2) and (7). We
extend I to a functional on L?(Q) by setting I¢ := 400 on L*(Q) \ HL(Y). Then:

(a) (Compactness). Suppose that o € L*() satisfy

limsup I (pe) < 00.
el0

Then, up to a subsequence, we have @. — ¢ weakly in L?(£).

(b) (Lower bound). For every ¢. € L*(Q) with p. — ¢ weakly in L?(2) we have

lim inf I¢(¢e) > Tsman(®)
el0
(c) (Upper bound). For every ¢ € L*(Q) we can find p. — ¢ weakly in L*(Q) such that
Hm T2 (pe) = Tsman(p)

el0
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(d) (Convergence of the minimisation problem). Let o € H} () denote an infimizing sequence
of I, t.e.
1%(p.) < inf I%(p) +o(1), €10.
Slpe) < e s (¥) +o(1), el
Let (g%, gL) denote the unique minimiser of Isman and @, denote the unique minimiser of
Isman. Then inf oy I — ming2(q) [, v — ¢x weakly in L?(2), and

Py = gi +/ gO dy) jsmall(‘;o*) = small(ggagi)'
Yo

3.3 Convergence in the finite strain regime m, = &
Throughout this section we assume that
o W! satisfies the conditions (W1)—(W3).
o WY : R4 [0, 00) is continuous and satisfies the growth condition
codist?(F,S0(d)) < WOUF) < c;'(1+|F|?)  VF e R (32a)
and the local Lipschitz condition

]WO(F 1 G) - WO(F)‘ <c'(1+|F|+|G)IG]  VE.GeR™.  (32b)

We prove that in the finite strain regime the limit functional
Enite + L* (2, Hy(Y?)) x Hg(€2) — [0,00)

is given by
gﬁnite(goygl) = //Q Yo QWO(I+ Vygo(aj,y)) dyd.CU +/QQ}110m(Vgl($)) dx,
X

where QW denotes the quasiconvex envelope of W0 (see e.g. [20]). The associated limit of
the total energy I, see (24), is given by (cf. (26))

Iﬁnite(goagl) = gﬁnite(.goagl) - /
Q

( ﬁo-gody—i-ﬁl-gl) dr,

yo

where (0, ¢! are defined in the same way as in (25¢c).

Theorem 3. (a) (Lower bound). Consider a sequence . € H} () and the associated decom-
position e177g% + g} (:12) e If e EN (¢°, ") and g¢ 2 q°, then

hmul)nf 5_2785 (EFY(PE> Z gﬁnite (907 gl ) .
e

(b) (Recovery sequence). For any ¢° € L*(Q0, Hj(Y?)) and g* € H}(Q) there exists a sequence
e € H} () such that ¢ 2 (¢°, g% and

h&)l e E(7 ) = Epnite(9”, 97).
€.
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(c) Suppose that the force densities {. € L*(Q) satisfy (25a) and (25c) with m. = 7. Then
the infima converge, i.e.

lim inf I.(¢) = inf Ianite(¢°, g"), 33
e () = inf Tnite(9”, 9°) (33)
where the infimum on the right-hand side is taken over all functions ¢° € L? (Q, H} (YU))
and gt € HL(Q). Moreover, there exist a minimising pair (g2, gt) and a recovery sequence

e € H}(Q) with ¢, N (g%, g1 such that
Is((Pa) — Iﬁnite(ggu gi) = min Iﬁnite(gou gl) as J/ 0. (34)

Remark 2 (Example in Section 1). If we consider Theorem & and Proposition 1 in the case
v=1,m.=¢ and . = cf for some f € L*(Q), then we recover the special case (in the finite
strain regime) presented in the introduction. In particular, we deduce that the functionals I¢
two-scale T'-converge (in the sense of Theorem 3) to Ignite. Arguing as in the small-strain
regime, cf. Proposition 2, we deduce that I¢ T'-converges (with respect to the weak topology in
L2(2)) to Ignite, cf. (8). We leave the details to the readers.

4 Proofs

We start by proving the auxiliary results discussed in Section 3.1. Sections 4.2 and 4.3 contain
the proofs of the main statements in the small strain and finite strain cases, respectively.

4.1 Proofs of Lemma 1, Lemma 2, and Lemma 3: a priori estimate, com-
pactness and approximation

A key ingredient in the proof of Lemma 1 is the geometric rigidity estimate by Friesecke et al.
[23]:

Theorem 4 (Geometric rigidity estimate, see [23]). Let U be an open, bounded Lipschitz
domain in R?, d > 2. There exists a constant C(U) with the following property: for each
v € HY(U) there is a rotation R € SO(d) such that

/{W(:z;) . C’(U)/ dist? (Vo (z), SO(d)) da.
U U

Moreover, the constant C(U) is invariant under uniform scaling of U.

In fact, we need the following modified version, which is adapted to perforated domains.
Lemma 4. There exists a constant C > 0 that only depends on Q and Y such that for all
e >0 and v € HY(Q) satisfying

Vo:V(ide =0  V¢e Hi(Q), (35)
2
the estimates

| dist (Vv, SO(d))

IN

C||dist(Vv,SO(d))
C'||dist(Vv,SO(d))

HL2(Q) HLQ(Qg)’

A

Vo — RHL?(Q;) >

201y

hold for some R € SO(d), which may depend on v. In addition, if v(z) = x+c on I for some
constant c, then we may set R =1.
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Proof of Lemma 4. Step 1. The proof of the inequality (36).
Let Q. :=J{c(€+Y)|¢€Z% e(€+Y) CQ} denote the union of e-cells that are com-

pletely contained in Q. Since Q \ Q. C QL it suffices to prove (36) for Q replaced by Q.,
respectively. In fact we shall prove the following stronger estimate: for all ¢ € Z¢ with
e(€+Y) C Q we have

/ dist*(Vv,SO(d)) dz < / dist*(Vo,SO(d)) dz. (38)
£(€+Y) (Y1)

For the argument fix an admissible ¢ € Z¢. Application of Theorem 4 with U = (¢ + Y1)
yields a rotation R € SO(d) such that

/ Vo — R*dz < / dist*(Vov,SO(d)) dz. (39)
e(e+Y1) e(&+Y1)

Note that the multiplicative constant in the estimate above only depends on Y!, since (¢ +Y!)
is a dilation and translation of Y'. On the other hand, since £(¢ + YY) 3 2 — (v(z) — Rx) is
harmonic, we have (cf. (11)):

/ dist*(Vo,SO(d)) dz < / Vo — R]? < / Vv — R)?.
e(€+Y) e(€+Y) e(€+Y1)

Combined with (39), inequality (38) follows.

Step 2. The proof of the rigidity estimate (37).
From (36) and Theorem 4 (applied with U = ) we deduce that for some R € SO(d):

Vv — Rl 12(0) < ||dist(Vv, SO(d)) (40)

201y

which in particular implies (37). Finally we argue that one can set R = I, if v = = + ¢ on 09Q.
In view of (40), it suffices to show that [, |Vv — I|*dz < [, |Vv — R|*dx for all R € SO(d).
This inequality can be seen as follows: Consider ¢(z) := v(x) — x — ¢ and note that ¢ vanishes
on 012, so that

/ |Vo—1I|?dx = / V|2 dx < / Vo> +|I-R* dx = / [Vo+(I-R)|" dz = / |Vo—R|? dz,
Q Q Q Q Q
which in fact holds for an arbitrary matrix R. O

We are now in position to present the proofs of Lemmas 1 and 2.

Proof of Lemma 1. In the following, the symbol < stands for < up to a multiplicative constant
that only depends on Y'! and €.

Step 1. Existence of the decomposition (16) and derivation of the estimate for g..

Let g! denote the unique function in H*(Q) characterised by g = ¢, in Q! and (16) (ii).
Since 99 is Lipschitz, we deduce that g0 := 771 (p.—gl) € H}(22). This proves the existence
of the decomposition. We claim that

/QO}VQ;de S /Ql Ve |? doe = /Ql‘Vgi‘de. (41)

Since QU is defined as the union of the sets e(¢ +Y0) with ¢ € Z. :={¢ € Z? : e(€+Y) C Q},
it suffices to prove fg(£+yo)‘Vg§‘2 dr S [ iy |V |? dr. The latter follows from (11) by a
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scaling argument, since the rescaled functions y — ¢ (e(§ +y)) and y — gl (e(§ + y)) satisfy
(10).

Next, we prove (17). Consider v.(z) := z + g2 (z) and note that v.(x) satisfies (35). Hence,
(41) and Lemma 4 yield

(37)
/\vggfdxg/ ]Vgg\zdxg/ Vv, —I|? < C [ dist*(I + Ve(z),S0(d)) dz < (..
9) 0l 0

ol
(42)
Since g! vanishes on the boundary of 2, the estimate upgrades (by Poincaré’s inequality) to
19211171 () < CPL(2).

Step 2. Derivation of the estimate for g.
Since we have an improved Poincaré inequality (see e.g. [24, Lemma 1.6)):

Vg € Hy (%) - 191l z20) < el Vallr20), (43)

it suffices to prove ,
V2| 1200y S P2 (2)-

To this end, notice that since ¢, vanishes on the boundary of ), we have

Theorem 4
2 _ . _ p2 c 2
Vel = min, 11+ 90~ Rl 5 | dist?(I+ Vo), SO@) e\
<e TP (pe).
Thanks to the first identity in (16), we get by triangle inequality:
Hel‘”VfJ?HLz(g@ < IVeellz2 () + HVQ;HLQ(Q)'
Combined with (42) and (44) we finally get
0|2 2| 1— 02
1V 62l 2200y = 7167V | L2y S 92 ().
O

Proof of Lemma 2. Step 1. A priori estimate and basic compactness.
From Lemma 1 we deduce that

hnalfoul) (HQSHQL'Z(Q) + H€V92Hi2(n) + HQQHZI(Q)) <C 1irr;¢sour>m§2¢’z(masﬁs) <oo.  (45)

Hence, by standard results concerning two-scale convergence (cf. [1, Proposition 1.14] and [36,
Proposition 4.2]), there exist g € H}(Q), ¢ € L? (Q,H#) and ¢° € L? (Q,H}#) such that, up
to a subsequence, one has

gl = g' weakly in H'(Q),  Vg' 2 Vg'+ V0,
2 2
Q=4 eVl 2v,e°

Step 2. The proof of the inclusion ¢ € L? (Q, .A(YO)).
By a density argument, it suffices to show that

/ / V() 1 VoG (2)Ga(y) dady = 0 (46)
QxY?©
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for all scalar functions ¢; € C°(Q2), and all (3 € C°(Y?). To this end, we identify (; with its
unique Y-periodic extension to R¢ that vanishes on Y, and set

Ce(z) :=eCi(z)Ca(x/e), x €.
Thanks to (16) we have
/ Vgg : V(. dx =0.
Q

As can be easily checked, we have V(. 2 ¢1(2)VyCa(y), so that
_ : 1.
0 = I;fg/ﬂv% V¢ da
- / /Q o (Vg'(z) + Vo (z,y)) : (C1(2)Vya(y)) dudy
— //Q o Vyt(z,y) : (C(2)Vya(y)) dady,

where the last identity holds thanks to the periodicity of (2. This proves (46).

Step 3. The proof of the inclusion ¢° € L? (Q, H} (Yo)).
By a density argument, it suffices to show that

/ / (1) - (G1(2)Ca(y)) ddy = 0 (47)
QxyY

for all scalar functions ¢; € C°(Q2) and all (» € H # with (o = 0 on Y°. We argue by considering
the function (. (z) := (1(x)(2(%), # € €, the support of which is contained in Q} for e < 1.

Since (¢ 2 ¢1(z)¢(y), and since ¢? is supported in QY, we deduce that

0=tim [ @) c@dr= [[ @) (G@)aw)

This completes the argument. O

In the proof of Lemma 3 we appeal to the construction of a diagonal sequence that is due
to Attouch, see [2]:

Lemma 5. For any h : [0,00)? — [0, 400], there exists a mapping (0,1) > € — () € (0,1)
such that

limd(e) =0 and limsup h(e,d(¢)) < limsup limsup h(e, ).
€40 £l0 510 £l0

Proof of Lemma 3. Step 1. Characterisation of strong two-scale convergence via unfolding.
For f.: Q2 > Rand f:Q xY — R define

dtenf)i= [ [ |Ftela/e) + en) = Flan) P duda

where f. denotes the extension by zero of f. to R f denotes the extension by zero of f to
RY x Y, and |z| denotes the unique element in Z¢ with z — |z| € [0,1)%. We recall from [36]
that

fe=f & d-(fe, f) = 0. (48)
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The characterisation extends in the obvious way to vector-valued functions.
Step 2. Construction of g..
We claim that there exists a sequence g} in H3(2) whose elements satisfy (16)(ii) and

gl — g* weakly in H'(Q), Vg! 2 g' + Vb, lim sup cEHVgE1 =0. (49)
el0

10 @)
Indeed, by a density argument there exist g1 € C2°(Q), § € (0,1), and 1 € C° (Q,C;O(Y))
such that

g™ — ngHl(Q) + || Vyy® — VWHH(QxY) <4 Vo

For e > 0, § € (0,1), define

9:°(x) = g (2) + ey (z, 2 /e),

and set
& 1= 4 (V619,99 +9y0) + |9 = 61 gy + eV i

By construction, we have lims o lim sup, d? = 0, and Lemma 5 yields a function ¢ + d(¢)

with lim, o dg(g) = 0. In view of Step 1, this implies that the diagonal sequence g := 937‘5(5)
satisfies (49). Now, for each ¢ > 0, let gl denote the function satisfying (16)(ii) and such
that g! = gl on Q. To conclude the argument, we only need to show that gl satisfies (49).
Consider the difference 7. := gl — g.. Since 7. is bounded in H*(2) and 7. = 0 in Q}, we have
ne — 0 in HY(Q), and, up to a subsequence, V1. 2 Vyp for some ¢ € L*(Q, Hj(Y?)). On
the other hand, since g satisfies (16) (ii) and g} satisfies (49), we deduce that

anﬁ”%?(ﬁ):/ VnE:Vnsdx:/ Vf];:Vnde%// (Vg' + Vo) : Ve dady.
Q0 Y QxYo

Since V¢! is independent of y, and because v € L? (Q, A(Yo)), the integral on the right-hand
side vanishes. Hence, HV%H%Q(Q) — 0, and thus g. satisfies (49).

Step 3. Conclusion.
As can be shown by appealing to a combination of a density argument and a diagonal-
sequence argument, similar to Step 1, there exists a sequence g° € H& (22) such that

02 0

9 — G, ngS 3> Vygo, lim sup ceHgl_VVgg =0.
el0

@)

Now define . () := e!77g% + gL, and note that (g2, gl) satisfy (16). In view of the convergence
of g and g?, the sequence . has the required properties. O

4.2 Proof of Theorems 1, 2 and Propositions 1, 2: small strain regime

As a preliminary remark, we note that two different effects play a role when passing to the
limit € | 0 in the small strain regime:

e The non-convex energy functional is linearised at identity map (which is a stress-free
state for &) — this corresponds to the passage from nonlinear to linearised elasticity.

e The obtained linearised, still oscillating, convex-quadratic energy is homogenised.
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The following lemma is used to treat both effects simultaneously. Its proof combines convex
homogenisation methods (e.g. [37, Proposition 1.3]) with a “careful Taylor expansion” in the
spirit of [23, Proof of Theorem 6.2]. For notational convenience, we introduce two “linearised”
functionals:

e For G. = (G2, GL) € L2(Q,R¥*?) x L2(Q, R™*?) set

0.(6) = 0.(c2, G i= [ Q(GUw)de+ [ @ (Gha)) da.

Q0 Ql
e For G = (G°, G'") € L*(Q x Y,R™*?) x L2(Q x Y,R?) set

Q(G) = Q(GY,GY) = /

Q° (Go(az, y)) dxdy + / Q! (Gl (z, y)) dxdy.
QxYo

OxY1

Lemma 6. Consider sequences g0, gt € H'(2) that satisfy
i o4p eV o) + V62 1200 ) < o
E.

Set . :=el77g% + gl and G. = (G2, G}) := (anQ, Vggl).
(a) If G A G and m. = o(e7) as € 1 0, then

lirg%)nf m;25€(m5<,05) > lirg%nf Q.(0:G.) > Q(G), (50)

where 0 : Q@ — {0,1} is defined by

o) = 1 i V| < (mee?)™V2,
)=
: 0, otherwise.

(b) If G 2 G, me=o0(7) ase |0, and

lim sup Hm€V<P€HL°°(Q) =0, (51)
el0

then
limm; 28 (mep:) = Q(G).
el0
Remark 3. In Lemma 6, following [23], the function 6. is introduced, in order to truncate the
peaks of G.. This is needed for exploiting the quadratic expansion (W3). Since both eVg? and
Vgl are assumed to be bounded sequences in L?(S)), we deduce, from the definition of 0., the
fact that m.e=" = o(1) and the Chebyshev inequality, that

Vr < oo H0€ — 1||Lr(Q) — 0, and HHEHLOO(Q) <1 (52)

In the proof of Lemma 6 we need to pass to the limit in products of the form f.0., where 6.
satisfies (52), or f:xe, where x. denotes the indicator of QY. This is done by appealing to the
next two lemmas, the proofs of which are elementary and left to the reader.
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Lemma 7. Let f.,0. be sequences in L*>(Q) and assume that 0. satisfies (52), then the following
implications are valid:

hmfouP Hfg”LQ(Q) < 00 = Hegfa — fEHLp(Q) —0 Vp<2,
€

fo=f = 6f—f
2 = ety

fe—=f
= Oc fe — — 0.
{ (|f5|2) equi-integrable H Efa fEHLQ(Q)

Lemma 8. Suppose that f. be a sequence in L*(Q)) and, as above, let x- denote the set indicator
function of Q0. Then the following implications hold:

Je 2 f = Xefe 2 X(@/)f(xay)a
fe i f = Xefe 3) x(y)f(a:,y),

where x denotes the indicator function of Y.

Proof of Lemma 6. Step 1. Linearisation.
We claim that the following statement holds for ¢ = 1,2: Let F. denote a sequence in
L2(Q,R%¥9) and let c. be a sequence of positive numbers converging to zero, such that

lim sup ce||Fz || oo () = 0. (53)

e—0

Then the convergence

fim 0 (54)

05_2/ Wi(I+C€FE)d:c—/ QZ(FE(CC)) dx
Q Q
holds. Indeed, thanks to (W3) we have

|05_2Wi(1 + ceFe) — QZ(FEH < |FePri(ce| Fel) < |Fel (CeHFsHLC’O(Q)) a.e.

Thanks to (53), and since F. is bounded in L?(), the right-hand side converges to zero in
LY(Q), and (54) follows.

Step 2. Proof of part (a).
Since the energy densities W W1 are minimised at the identity, cf. (W2), we have

mZ2E.(¢) > (mee™7) 72 /Q W0(1+m55_79€F£(x)) dz+m2> /Q wt (I—i—mEHEFgl(x)) dz, (55)

where

F) =X (G2 +7GY), Flz):= (1 — x.)GL. (56)

Thanks to the definition of 6. we have ||m55_79€F£HLm(Q) + Hm€95F§HLm(Q) — 0, so that we
may apply (54) to the right-hand side in (55). We get

lilg inf mz2E(¢e) > m{i inf Q. (0.F2,0.F}) = mgi inf Q. (6.GL,0-G?),
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where for the last identity we used the facts that F} = Gl on Q! and
172 = G2l 2(ag) = €7V 92l 2(ag) = ©-

It remains to argue that
limi%)nf Q.(0:G.) > Q(G).
€.

In order to show this, notice that
Q0.6 = [ Q006 o+ [ Q1001 )G (57)

From G, 2 G we deduce, using Lemma 7, Remark 3 and Lemma 8, that

0-xG? 2 X(1)G(2,y),  0-(1—xo)GE 2 (1—x())G (z,y).

By appealing to the lower semicontinuity of convex integral functionals with respect to weak
two-scale convergence (cf. [37, Proposition 1.3]), we deduce that the liminf of the right-hand
side in (57) is bounded below by Q(G). This completes the argument.

Step 3. Proof of part (b).
We claim that

lim
el0

0 1\|
mg Q0 W (& (mepe) — Qe(eVg,, Vgz)| = 0. (58)

Note that
mZ2E(p.) = (mee™ )2 /Q WO(I +mee "F(x)) dx +m_> /Q WHI +m.FX(z)) dx

where F? and F! are defined in (56). By (51) we have Hmse_VFEOHLOO(Q) + HmstlHLOO(Q) — 0
and (54) yields

[mz2e (mepe) = Q-(F, FL)| = 0 as < Lo,

Since G¢ 2 G we have, thanks to Lemma 8:

F B )G y), (1 xo)FL 2 (1 x(9)G (z,y).

Hence, the continuity of convex integral functionals with respect to strong two-scale conver-
gence (cf. [36]) yields

which completes the argument. ]
We are now in a position to prove the I'-convergence statement for the energies ..

Proof of Theorem 1. Step 1. Part (a) (Compactness).
Thanks to (W2) we have

mz2E(mepe) > comZ2®Y (m..).

Hence, the claim of Theorem 1(a) directly follows from Lemma 2.
Step 2. Part (b) (Lower bound).
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Without loss of generality we assume that

lim inf m;QES(mS%) = lim sup mQZSE(magoa) < 00.
€l0 €10

Furthermore, thanks to Lemma 2, we can assume in addition that Vg} 2 Vg'+ V4 for some
e L? (Q,A(Yo)), so that

G. = (¢Vg2,Vgl) 2 (Vyg®, V' + V) = G.

Applying Lemma 6(a) yields

liminf m-2&. (mep:) > /
el0

oy Q° (Vygo(as7 y)) dzdy + / Q! (Vgl(:c) + Vyi(x, y)) dzdy.

QOxYl

This completes the argument, since the right-hand side is bounded from below by Eman(g°, g').

Step 3. Part (c¢) (Upper bound).
Choose 1 € L*(Q, A(Y")) such that

/ Q(Vg' (@) + Vy(z.y)) dedy = / Qhom (V9 (2)) da. (59)
QxY!? Q

Let ¢, denote the sequence associated with ¢*, ¢! and v via Lemma 3 with c. := m.. In view
of (20), applying Lemma 6 (b) yields

limm_ %€ (meyp:) = / Q%(Vyg°(,y)) dudy + / Q' (Vg'(x) + Vyi(x,y)) drdy.
€l0 QOxY Oxyl

It follows from (59) that the right-hand side equals Egnan(g°, g'). O

Proof of Proposition 1. Step 1. A priori estimate.
We claim that for every sequence . in H}(2) the following implication holds:

limsup I () < 00 = lim sup m_ 2. (mep.) < oo. (60)
el0 el0

Indeed, we have

/ le - meipe dx
Q

S me <||£S||L2(Q) Hg; HLz(Q) + 51_7”£E”L2(92) gg“Lz(Qg))

(252) )
< ma(Hm&g;HLQ(Q) + HmagSHLz(Q)) < m2yma?¢l (mep:.)

(W2)
< m?w / m§258(m5g05).

Combining this with the definition of I, we get
mgQ‘ga(maSOa) S Ie(pe) + \ me_zga(‘%’a)v
which implies (60).

Step 2. The proof of parts (a) and (b).
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The existence of a minimiser to gy, follows by the direct method. The minimiser (g%, g!)
is unique, since the implication

| @@y dudy+ [ Qo (Va@)dr=0 = 3 =g'=0
Qxy Q

holds for all §° € L?(Q, Hj(Y")) and g' € H}(Q).
The remaining claims of Proposition 1 follow from the standard I'-convergence arguments
(cf. [19, Corollary 7.20]), provided the functionals I, € > 0, are equi-coercive and I'-converge

to Igman. Indeed, thanks to (25¢), it is easy to check that ¢, A (¢°, g%) implies

1
lim — / Le - mep. do = / ( O gOdy + 0t gl> dz, (61)
=0 mz Jo o \Jyo

since the integral on the left-hand side only involves products of weakly and strongly two-scale
convergent factors, cf. [36, Proposition 2.8]). In combination with Theorem 1, this implies
that I. I'-converges to Igna. In addition, the trivial inequality

inf I(p) <I1(0) =0,
PEH(Q)

combined with (60) and Lemma 2, proves that the functionals I. are equi-coercive. ]

For the proof of Theorem 2 we make use of the following lemma:

Lemma 9 (Decomposition Lemma, see [22], [27]). Let v € H&(@ and let v € HY(Q) be
a sequence with ve — v in HY()). Then there exists a sequence V. € HY(Q) such that the
following properties hold for a subsequence of v. (not relabelled):

(a) Ve — v in HY(Q);

(b) V. = v in a neighbourhood of 0%;

(¢) (IVVe|?) is equi-integrable;

(d) {ze€Q: v(x) #VE(:E)H —0asel0.

Proof of Theorem 2. It suffices to prove the theorem for a subsequence. Throughout the proof
we write

Coi= (VL VG),  Ci= (Voo Vgh + V).

Furthermore, we make use of the functionals Q. and Q@ introduced at the beginning of Sec-
tion 4.2. Recall that

Esmall (gga gi) = Q(G)

Step 1. Convergence of ¢, and of the corresponding energy values.
We claim that, as ¢ | 0, one has

GE i G7 (62)
IE(‘:DE) = Isman (gga gi)a (63)
m;2<€a(ma§0£) — Esmall (92794%)‘ (64)
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Indeed, from Proposition 1 we immediately deduce that ¢ 2 (gg, gi) and (63). Furthermore,
in view of the continuity of the loading term, cf. (61), this implies (64). For (62), it remains

to argue that Vg’ N Vgl + Vytbs. Thanks to ¢ N (g%, g}) and Lemma 2 we have, up to

a subsequence, Vg EN Vgl + Vi for some ¢ € L2(Q, A(Y?)). Furthermore, from (64) and
Lemma 6 (a) we infer that

Esmall(QSv gik) = hrg&)nf m;2<€5 ('m«e‘Pe) > /

- Q" (Vy9?) duvdy + / Q' (Vgi + V1) dudy.

QxY1

This, in particular, implies
| Q' (Vat+Vy0) dody = | Qlon(Vel) da
QOxyl Q

In view of (28) we conclude that ¢ = 1), and (62) follows.

Step 2. Equi-integrable decomposition.
We claim that for a subsequence (not relabelled) there exist sequences g2, éi € H}(Q) such
that G. := (5V@g, V@i) satisfies

G.—G: 20, |G~ Gl = 0, (65)

and o
Qe(Ge) — gsmall (gga gi) . (66)

To show the above, notice that thanks to Lemma 9 there exist sequences ég, @i € H}(Q) such
that

o (62|Vd:]|2) and (|Vgl|?) are equi-integrable,

e the indicator function . defined by

B.(z) = {1, if G.(2) = g2(v) and G.(x) = g (x), -

0, otherwise,

satisfies (52).

Since Ge — G = (1 — 0.)(G: — G.) (and p < 2), the convergence (65) follows from the
boundedness of the sequence (G. — G.) in L?(Q2), Lemma 7, and Holder’s inequality.

We prove (66). Thanks to (62) we have G- 2 @, so that (due to the lower semicontinuity
of convex integral functionals with respect to weak two-scale convergence, cf. [37, Proposi-
tion 1.3]):

hgiionf Qa(Gs) > Q(G) - gsmall (92)93‘

Hence, for (66) it suffices to prove the opposite estimate, i.e. limsup, 10 9:(G:) < Eman(Q),
which, thanks to (50) and (64), follows from

hmf[')uP (Qe(ée) - QE(HEGE)) <0. (68)
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In order to show (68) notice that since the supports of 0. and (1—0.) are disjoint, and because
0-0:G. = 0.0.G. (cf. (67)), an expansion of the squares yields

Qs(és) - Qe(asGs) = Qe(éeés) + Qz—:((l - 9_5)65) - QE(Q_EQEGE) - Qs((l - HE)HEGE)
= Qs(és(l - 95)55) + Qs((l - és)ée - Qe((l - és)esGe)
S Qs (és(l - 95)55

It is easy to check that f.(1 — 6.) and 1 — 6. converge to zero in L"(Q2) for all r < co. Hence,
since |G.|? is equi-integrable, Lemma 7 implies that the right-hand side of the previous estimate
converges to zero, and (68) follows.

2
dx—i—/
Q1

For the argument set G . := (5Vg£y€, Vgi’e). In view of (13) it suffices to argue that

)
) + Qs((l - é&)Ge)

Step 3. Error estimate.
We claim that

2
/ 5‘symV(gg — gg,g) dr —0 aselO. (69)
2

symV (3; — g...)

Q. (G: —Gip) >0 aselO0.
The latter can be seen as follows: We have
Qa(éa - G*,a) = Qa(ée) - Qa(G*@) + QBa(G*,£§ G*,a - éa)v

where B, denotes the bilinear form associated with Q..
The difference of the two quadratic terms on the right-hand side converges to zero, since
G ¢ is associated with a recovery sequence, and thanks to (66). On the other hand, since G, .

strongly two-scale converges, and Gy . — G- 20 by (65), we deduce that

lim B. (G e; Gae — Go) =0,
el0

as B:(Gxe; Gy — Ge) only involves products between a weakly and a strongly two-scale con-
vergent factor (cf. [36, Proposition 2.8]).

Step 4. Conclusion (Proof of (31)).
We split the estimate into

/ (\gg — g2 "+ |eVgl - eVg,E{E\p) dr —0 asel0, (70)
Q

/Q(‘g; - Qi,s‘p + !Vgé — Vgiﬁ’p) dr—0 aselO0. (71)
Thanks to (65) and Step 3 we have

P
/ s‘symV(gg —gv.)| du+ /
2 QL

Argument for (70): Set n? := g2 — ¢? . Since n¢ € Hj(QY) C Hy(£2), Korn’s inequality yields

p
dr —0 aselO. (72)

symV (g; — g.)

/\Vﬁg\pdfﬂ < C/\Symvnglpdx :c/ [symVn?|? da,
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where C' > 0 only depends on €2, p, and d. Combined with the improved Poincaré inequality
(43) and (72), (70) follows.
Argument for (71): We claim that (71) follows from

HsymVn;HLp(Qg) — 0, (73)
where 7! := gl — gl .. Indeed, since n! vanishes on 99, (73), (72) and Korn’s first inequality
yield (71).

Thanks to the definition of QY, the argument for (73) can be reduced to the following
statement: For all ¢ € Z. :={£€Z% : (€ +Y) C Q} we have

/ lsymVn |P dx < / |symVn, |P dz. (74)
e(§+Y0) e(€+Yh)

For the argument consider the rescaled function
e Y = RY ie(y) = ne(e(E+y) — Sy +c

where S € ngxe‘viv and ¢ € R? are chosen such that the Poincaré and Korn inequalities yield

G+ 9 dy s [ sym9i (75)

Since both g} and g!_ satisfy (16)(ii), we have —A#f. = 0 in Y in the distributional sense.
Hence, thanks to Assumption 1 and (75), we have

/ ‘vﬁe’p dy g / ‘SymVﬁgfp dy,
YO Y1l
and thus

/ |[symVn.|Pdz = Edp/ \SymVﬁglpdygedp/ |symVne|P dy
e(+Y0) Yo v!

= / |symVn, |P dz.
(€Y1

O]

Proof of Proposition 2. Step 1. Proof of (a).

Arguing as in Step 1 in the proof of Proposition 1 we find that lim sup, 62%55(50‘305) < 00,
and thus the compactness part of Theorem 1 (and the fact that two-scale convergence implies
weak convergence) yields (for a subsequence that we do not relabel):

2
- = (g% g")  and . —pi=g'+ /YO 9" dy. (76)

Step 2. Proof of (b).
We may restrict to the case

liminf I (¢.) = limsup IZ(¢:) < oo.
el0 €10
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Thanks to Step 1 we may assume w.l.o.g. that (76) holds. From the lower bound part of
Theorem 1 (and the fact that [, f - o dz — [ f - ¢ dx) we thus deduce that

hgﬁ)ﬂf Ig(%) > Ismall(go7gl)'

With the definition of Q from the introduction we get with G := fYo g% dy the inequality:

/QQ}llom(Vgl(x)) — (gl(:c) + G(x)) - f(z) dx

+ [ [ @,5'0) e ), [ 5w - |

— / Qlom (Vo'(2)) + QC(2)) — (¢4(x) + C(x)) - £(x) da.

v

Ismall(907 gl)

Since ¢ = g' + G by (76), the right-hand side is bounded from below by Iian(¢), which
completes the argument for (b).

Step 3. Proof of (c).
Let ¢ € L?(Q). It suffices to argue that there exists ¢° € L2(Q, H}(Y?)) and g € H}(Q)
with ¢ = g* + [}0 ¢ dy and
I_small(QD) = Small(goagl)' (77)

Indeed, in that case, we can find by part (c) of Theorem 1 a sequence ¢. € H{(f2) such

2 . . 2 N
that . = (¢°,¢") and lim.yo I2(¢:) = Lman(9°,¢'). Since - = (¢% ¢') implies . — ¢ =
gt+ Jy0 g% dy weakly in L?(Q), we deduce from (77) that (. is the sought for recovery sequence.
In order to prove (77) let p; (i = 1,2,3) denote the unique minimiser in Hg(Y?) to

H() 2 [ QEpw)dy  sibjectto [ pdy e
YO Yo

and set

i [ Qn)dy

Then it is easy to check that
3
= ZG?@' for all G € R3,

and since qp,...,q3 > 0, we deduce that @ is a positive definite quadratic form. Hence, since
Qi om(F) > c|symF|? for some ¢ > 0, we deduce that we can find a unique function g* € HJ(Q)
that minimizes the functional

()39~ [ Qhan(Vo(a) + Q@) - 9(0)) do. (78)
Setting ¢°(z,y) = S0, ((o(x) — g(x)) - ei)pily) we deduce that [, Q) — g(x)) do =

Jaxyo Q" (Vyg°(x,y)) dy, and thus (thanks to the definition of Igyan) (77) follows.
Step 4. Proof of (d).
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By Proposition 1 we have . 2 (9Y,9+) and thus p. — @ := gl + [y g7 dy. By definition
of Iyman we have B B
Ismall(gga gi) > Ismall(@) > L12I(15%) Tsman- (79)
On the other hand, the map L?(Q) > ¢+ g € Ig&(Q) with g minimizing the functional in (78)
is linear and bounded; hence, we deduce that Iy, is quadratic and strictly convex. It thus
admits a unique minimiser ¢, € L?(€2). By Step 3 (cf. (77)) we may associated with ¢, a pair
(g°, %) such that Igman(ps) = Lman(g°, g'). Combined with (79) we get

Lrgl(lfrll) I_small - jsmall(@*) - small(goa gl) > Ismall(ggy gi) > fsmau(()b) Z LIgl(lgI)l) I_small-

Hence, equality holds everywhere and the claimed identities follow from the strict convexity
of Iynan. The convergence of infr2(q) I8 — mingz (g Isman follows from part (b) and (c) by

standard arguments from ['-convergence.
O

4.3 Proof of Theorem 3: finite strain regime

We define, for g0 € H}(Q0), ¢° € L? (Q, H (Yo)), and gl, g* € H}(9), the following functionals:

R = [ (WO Vi) - e g2
Q2

10(¢°) = / (QWO (T +9,6°(,0)) — € ¢°) dady,
QxYo

L(g:) = 827/ (WI(I—FEVVg;(x)) —/awa-gg) dx,

Ql o)

16" = [ (Qhon(Vo'(@)) ~ - g") d,

Q

Thanks to the Lipschitz condition (32b), we can decompose I. into the sum I? + I'! at the
expense of a small error. More precisely, the following lemma holds.

Lemma 10. Suppose that m. = 7. There exists a constant C > 0 such that for all e > 0 and
16
e € H}(Q), e'77g0 + g} (::) e we have

Ie((Pe) - (Ig(gg) + Ial(g;))‘ < 087(1 + CI);Y(SOs))'

Proof. Note that

L(pe) = (1(69) + TH(gD)|

/QO WO(I+ (71 + Vgl) ) = WO(I +Vgl) da

In view of (32b) and (17), the statement follows. O
The following lemma is a simple consequence of [17, Lemma 21, Lemma 22] and (25c):

Lemma 11. Assume (25a), (25¢) and m. = €7.
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(a) Consider a sequence g° € HE(Q2). If ¢° 2 g° and eVg} 2 Vy9°, then

it 19(40) > 18(4°).

(b) For all g° € L*(Q, Hy(Y?)) there exists a sequence g2 € Hg(Q2) such that g¢ 2 q°,
eVg? N Vygo, and

lim 12(2) = I (9°)-

For the stiff part one can prove (similar to Lemma 6) the following lemma:

Lemma 12. Assume that (25a)—(25c) hold.

(a) Consider gt € H(Q). If gt — g' weakly in H*(2), then

liminf 2 (g2) > I (9")-

(b) For all g' € H}(Q) there exists a sequence gt € Hg(Q) such that

11 , ool 1y gl
gs — g* weakly in H*(Q), and lalﬁjlfe (gg) = I (g )

We proceed to the proof of Theorem 3.

Proof of Theorem 3. Step 1. The proof of parts (a) and (b)

Statement (a) and (b) directly follow from Lemma 10, Lemma 11 and Lemma 12.
Step 2. Proof of (33): convergence of the minima.

For brevity set

L . —2 L . 0 1
ec:= inf eI (), ey 1= inf Iinite (97, 9" )-
PEHL(Q) 90eL2(2.Hy(v0))
gleH§ ()

We prove (33) in the form of the two inequalities

limsupe. < eg, liminfe. > eg. (80)
el0 el0

The argument for the first inequality in (80) is standard: for 6 > 0 choose (¢°,g') with
Itnite(9°,9') < eg + 6. By part (b) there exists a recovery sequence ., so that I.(p.) —
Iﬁnﬁe(go791)' Hence

limsup e, < limsup () = Iﬁnite(go,gl) <eg+ 0.
el0 el0

Since this is valid for all § > 0, the first inequality in (80) follows.

Next, we prove the second inequality in (80). Let ¢. denote a sequence with the property
liminf. g e. = liminf. | I.(¢c); e.g. choose ¢, € H&(Q) such that I.(p.) < e. + . Combining
this with Lemma 10 we deduce that

lilgli%nf €e = lirglié)nf I.(pe) = lirg%)nf (IéJ (gg) + 1} (gé)) > lil'?i%nf 0 (gg) + lirgl&)nf 1! (ggl),
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16
where e177g?% + ¢! (::) e By passing to a subsequence, we assume without loss of generality

that o, 2 (g%, g%). Since, thanks to Lemma 12, we have

liminf 12 (g) > I3 (g') = inf I3(3"),

g'eHg(Q)
it remains to argue that
lim inf 12 (g2) > inf 15 (3°). 81
BIE) 2 ity O =y

We identify g0 with its extension by zero to R? and consider the periodic unfolding of g2
defined as

Gg :QxY—)Rd, Gg(ac,y) = gg(stx/zsj +6y),
where |z| stands the unique vector in Z¢ such that z — |z] € [0,1)¢. Further, note that
G2 e L?(Q, H{(Y?)), and for £ € Z. :={{ € Z? : e(¢+Y) CQ} and y € Y one has

Q€ +y) =Ge(€+y)y), eV (e(€+y) =V,G(e(€+y).y).

Now we consider I? (gg), which involves an integral over the set QU. Since the latter can be
written as a union of sets of the form (¢ + Y) with € € Z., an elementary calculation shows
that

(%) = WO(I+eVgl(2)) — e () - ¢2(2)) da
(49) ;s/e(&yo)( (5 +2Vd(a)) — (o) - o))

= ) ¢ /Y <W° (I + G+ 1) y) ) — T (2 + ) - G2 + ), y)) dy

£ez:
- /Q/y (W1 + ¥, G2a.p)) — P e (e /e] + ) - Gayy) ) dyda

Thanks to (25¢), the characterisation of strong two-scale convergence introduced in Step 1 of
the proof of Lemma 3, and the fact that lim sup, ngQH L2() < 00, we have

lim sup
el0

/ (ng_lgg(g(Ll’/é"J _|_y)) . Eo(l‘,y)) GS(E(L.%/EJ +y)7y) dxdy’ =0.
QxY?©0

Hence, one has

. . 0
hr?&)nf I.(g?)
= liminf/ / (WO(I—i- V,GL(z,y)) — Oz, y) - Gg(x,y)) dydx
0 Jo Jyo
> inf 0 I \V4 0 —EO .0 dud
_goeLQ(g}Hé(yo))/Q/Yo (W ( + Vyg (CC,y)) (x,y) g (a:,y)) yax

> inf (QWOI—i—V Oz, — 2z, y) - ¢°(x, )d dx,
2 ey /Q /YO (I +Vyg'(z,y)) — C(z,y) - g"(2,y) ) dy
which proves (81).
Step 3. The proof of the convergence (34).

Since QWY is quasiconvex and Qi quadratic, there exists a pair (¢¢, g!) that minimises
ITgnite- Now the sequence associated with (g¥, gl) via Theorem 3 (b) satisfies (34). O
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