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Abstract

Boolean games (BGs) are a framework for specifying strategic games in which the utility
of an agent is determined based on the satisfaction of goals in propositional logic. The
majority of existing work on BGs relies on the often unrealistic assumption that agents have
perfect knowledge of each other’s preferences. In this paper, we show how this issue can
be addressed in a natural way, by replacing the use of classical logic for expressing agents’
goals by possibilistic logic. We consider two such settings. In the first setting, possibilistic
logic is used to encode knowledge about other agents’ goals with different levels of certainty.
In the second setting, which is based on generalized possibilistic logic, certainty levels are
instead used to compactly encode priorities, while incompleteness is modelled in a binary
way, similar as in epistemic modal logics. In both cases we introduce natural solution
concepts, motivated by Schelling’s theory on focal points: a certain pure Nash equilibrium
(PNE) is preferred over another one due to the fact that all agents know it to be a PNE.
Alternatively, an outcome might be preferred when all agents consider it possible of being
a PNE. We prove that the associated computational complexity of these solution concepts
does not increase compared to PNEs in Boolean games with complete information. Finally,
to illustrate the practical relevance, we consider an application to negotiation, among others
showing how knowledgeable agents can obtain a more desirable outcome than others.
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1. Introduction

Game-theoretic frameworks often rely on the somewhat artificial assumption that agents
are fully aware of each other’s goals. In strategic settings, agents might deliberately conceal
such information, or might not have had a chance to exchange it. Even if an agent knows
its opponents well, it may not be fully certain about what exact goals the other agents are
pursuing. For instance, suppose Alice and Bob are married and plan a night out. The
options are going to the theatre and attending a sports game. Even if we assume that Alice
and Bob have been married for an eternity and know each other inside out, they are not
mind readers: it is still possible that Alice is not entirely sure whether Bob really prefers
to join her to the theatre over attending the sports game alone. Games with incomplete
information [1I, 2] allow us to explicitly model the limitations of agents’ knowledge about the
preferences of the others. While this topic has been extensively researched for normal form
games, Boolean games with incomplete information have hardly received any attention; see
Section [2] for a discussion.

In this paper, we study the use of possibilistic logic [3] to model Boolean games with
incomplete information. Possibilistic logic has the advantage of staying close to classical
logic, while offering us more flexibility, and it can be naturally used to model (partial) ig-
norance [4]. Specifically, we study two different settings which differ in how the necessity
degrees from the possibilistic logic theories are interpreted. In the first setting, we consider
the usual interpretation of necessity degrees as certainty degrees. It uses possibilistic know-
ledge bases to encode necessary and sufficient conditions for the satisfaction of other agents
subgoals. For instance, Alice can encode that she is absolutely certain that Bob reaches his
highest utility when they both attend the sports game, while she is less certain that Bob
reaches his highest utility when they both go to the theatre. We prove that this framework
at the semantic level corresponds to a possibility distribution over all possible games.

In the second approach, necessity degrees are instead used to model preference. To
keep the ability to model incomplete information, for this setting we switch from standard
possibilistic logic to generalized possibilistic logic (GPL) [4]. In particular, each GPL theory
semantically corresponds to a set of possibility distributions. In our context, these possibility
distributions are interpreted as the utility functions that, according to a given agent, may
correspond to the actual utility function of some other agent.

For both frameworks of Boolean games with incomplete information, we propose intuit-
ive solution concepts, reflecting whether agents know or consider it possible that a certain
outcome is a pure Nash equilibrium (PNE). We prove that the computational complexity
of the associated decision problems does not increase compared to PNEs in Boolean games
with complete information. To illustrate how these solution concepts could be useful, we
briefly discuss an application to negotiation in Boolean games with incomplete information.

The remainder of this paper is structured as follows. We first discuss related work in
Section [2] and give some background on Boolean games and possibilistic logic in Section
Next we introduce our two approaches in Section [4] and Section [5] Finally, we present the
application to negotiation in Section [6] Finally note that this paper is an extension of our
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work in [5] (Section [d)) and [6] (Sections [f] and [6). In addition to providing more detailed
explanations and proofs, we have extended the framework from [5] with joint constraints
and have added complexity results to the framework from [6].

2. Related Work

Although uncertainty has been studied extensively in the context of game theory (see e.g.
[1]), the literature on Boolean games with incomplete information is currently limited. Note
that we are only concerned with epistemic uncertainty in this paper (e.g. we do not consider
stochastic actions, whose outcome cannot be predicted with certainty). To the best of our
knowledge, stochastic uncertainty has not yet been studied in the context of Boolean games.
Moreover, we are not aware of any existing approaches for modelling uncertainty w.r.t. the
goals of other agents, in the context of Boolean games, although uncertain Boolean games
have been studied for other purposes. For example, in [7] uncertain Boolean games are
modelled by introducing a set of environment variables which are outside the control of any
agent. Each agent has some (possibly incorrect) belief about the value of the environment
variables. The focus of [7] is on manipulating Boolean games by making announcements
about the true value of some environment variables, in order to create a stable solution if
there were none without the announcements. In [8] uncertainty is modelled by extending the
framework of Boolean games with a set of observable action variables for every agent, i.e.
every agent can only observe the values assigned to a particular subset of action variables.
As a result, agents are not able to distinguish between some outcomes, if these profiles only
differ in action variables that are not observable to that agent. Three notions of verifiable
equilibria are investigated, capturing respectively outcomes for which all agents know that
they might be pure Nash equilibria (PNEs), outcomes for which all agents know that they
are PNEs and outcomes for which it is common knowledge that they are PNEs, i.e. all
agents know that they are PNEs and all agents know that all agents know that they are
PNEs etc. The same authors have extended this framework to epistemic Boolean games [9],
in which the logical language for describing goals is broadened to a multi-agent epistemic
modal logic. Note, however, that agents are still fully aware of each other’s goals in this
framework, i.e. [9] considers agents whose goal is to obtain a particular epistemic state. For
instance, I not only want my husband to pick up our baby, I also want to know he is picking
up our baby.

In contrast, we study Boolean games with incomplete information, considering agents
which have their own beliefs about the goals of other agents. Although probability theory is
often used to model uncertainty in game theory [1], a possibilistic logic approach provides
a simple and elegant mechanism for modelling partial ignorance, which is closely related
to the notion of epistemic entrenchment [I0]. Being based on ranking formulas (at the
syntactic level) or ranking possible worlds (at the semantic level), possibilistic logic has the
advantage of staying close to classical logic. As a result, we can introduce methods for
solving possibilistic Boolean games that are closely similar to methods for solving standard
Boolean games.

Within the broader context of game theory, several authors have looked at qualitative
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ways of modelling epistemic uncertainty. A common approach is to model the beliefs of
an agent a about another agent b as a set of pairs (s,t), where s is a strategy and ¢ is a
so-called type (where types are used to model beliefs about beliefs in a hierarchical way).
Such a belief structure is sometimes called possibilistic in the game theory literature (e.g.
[T, 12]). However, it should be noted that these approaches are not related to possibility
theory in the sense of [13], and are thus different in spirit from the “possibilistic” approach
we present in this paper. In particular, while the aforementioned approaches rely on a
Boolean uncertainty model (i.e. a given strategy s is either considered possible or not), we
use possibility theory to model uncertainty (in Section [4)) or preferences (in Section [5)) based
on a ranking semantics.

3. Preliminaries

3.1. Background on Boolean Games

The logical language Lg associated with a finite set of atoms ® contains the following
formulas: (i) every atom of @, (ii) the logical constants | and T, and (iii) the formulas —p
and ¢ A1) for every ¢, 1 € Lg. As usual, we use the abbreviations ¢ — ¥ = =(p A =) and
eV =-(-¢ A ). We write Lit(P) to denote the set of literals of the language Lg, i.e.
Lit(®) = @ U{-p|p € ®}. An interpretation of ® is defined as a subset v of Lit(®) such
that for every atom p € ® either p € v or —p € v. We denote the set of all interpretations of
® as Int(P). An interpretation can be extended to a satisfaction relation on Lg in the usual
way. If a formula ¢ € Lg is satisfied by an interpretation v, we denote this as v = ¢. An
interpretation that satisfies a given formula is called a model of that formula. We denote
the set of models of ¢ as [¢].

Originally, the utilities in BGs were binary, but several extensions have been introduced
to allow more general preferences. Examples are the addition of costs [14], the use of a
prioritized goal base instead of a single goal [15, 5] or the use of many-valued Lukasiewicz
logic to formalize the idea of weighted goal satisfaction [16]. In our paper, we use the
definition of a BG as stated in [5]. The latter is a particular case of generalized BGs [15]
in which the preference relations are total. Additionally, we incorporate a constraint ¢,
restricting the possible joint actions of the agents. This is a generalization of the constraints
in [I7], which only restrict the individual actions of the agents. Such joint constraints might
at first glance seem to conflict with the autonomous character of agents, since it creates a
dependency between their actions: the strategy choice of one agent can restrict the available
strategies of another agent. However, such dependencies are clearly all around us: agents
cannot, for instance, buy the same house, complete the same one man’s job, marry the
same person etc. In particular, such dependencies naturally force agents to negotiate about
their strategy choices, which is the subject of Section [6] Moreover, since the Boolean game
framework with joint constraints is a generalization of the one from [17], we explain our
theory for the former.

Definition 1 (Boolean Game). A Boolean game (BG) is a tuple G = (N, (®;)ien, 9,
(I';)ien). For every agent 4 in N = {1,...,n}, ®, is a finite set of atoms such that &, NP; =
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0,Vj #i. We write ® = J,.y ®;. For every i € N, I'; = {v};...;77} is ¢’s prioritized goal
base. The formula 7" € Lg is agent 7’s goal of priority m. We assume that every agent has
p priority levels and that 6 A ™ & L for every i € N and m € {1,...,p}. Finally, ¢ is a
consistent formula in Lg, which encodes the integrity constraints of the game G.

The set ® contains all action variables. Agent i controls ®; and can set these atoms to true
or false. We also write ®_; = ® \ &, for the set of action variables outside i’s control. By
convention, goals are ordered from high (level 1) to low priority (level p).

Example 1. Alice and Bob, who share a car, are planning their afternoon. Alice controls
&y = {ba, fa,da} and Bob controls &y = {bg, fg}. Agent i can drive to the beach (set b;
to true) or to the forest (set f; to true). If Alice sets d4 to true, she takes the dog with her.
The game is constrained by 6 = =(bg A fg) A =(ba A fa) A (bg — = fa) A (ba — —fp). In
words: neither Bob nor Alice can simultaneously go to the beach and the forest. Moreover,
if Bob goes to the beach then Alice cannot go to the forest and similarly Bob cannot go to
the forest if Alice goes to the beach. Alice and Bob’s goal bases are:

Iy ={faNfeNda;ba Nbp ANda;da}
Lo ={bg ANbaA—da;bg Nba; f5 N fa}

Thus Alice’s first priority is to go to the forest with Bob and her dog. If this is not possible,
she would like to go to the beach with Bob and her dog. Furthermore, we can infer that
Alice prefers staying at home with her dog over leaving without it. Bob prefers to take Alice
to the beach without the dog. However, he still prefers to go to the beach with Alice and
the dog over going to the forest with Alice, and he prefers going to the forest with Alice
over all remaining possibilities.

Definition 2 (Outcome). An interpretation of ® that satisfies ¢ is called an outcome of G.
We denote the set of all outcomes as S, i.e. S = [4].

Given an outcome v, we write v_; for the projection of the outcome v on ®_;, i.e. v_; =
vN®_,;. Furthermore, we write S;(v_;) for the set of partial outcomes v; € ®; that can extend
the partial outcome v_; € ®_;, ie. S;(v;) = {v; € Int(P;)|(v—; Uy;) € S}. Sometimes,
we will write an outcome v as (v_;, ;) to make explicit that the action variables from ®;
are chosen in accordance with v; in the outcome v. In particular, (v_;, ) will denote a
modification to the outcome v in which the action variables for agent ¢ are instead chosen in
accordance with v/. For the ease of presentation, we define a utility function that is scaled

to the unit interval.

Definition 3 (Utility Function). Foreachi € N and v € S, the utility of 7 in v is defined
as

Cp+l-min{k| 1<k <pvpafAd)

w; (V) ,

with min() = p + 1.
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Note that the utility can take p + 1 possible values, namely those in A, = = {0, 2 > p, .., 1}
We will denote the vector of utilities (u;(v), ..., u,(v)) corresponding to outcome v as U(v).
In Example [I| we have for instance:

U({fa, [B,da, —ba, mbp}) =
U{bp,ba,~fa, [, ~da}) =
U({ba,bp,da, = fa,~fB}) =
U({ fa,bp,~fB,7ba, —da}) =

(1,0.33),
(0,1),
(0.67,0.67),
(0,0).

Definition 4 (Pure Nash equilibrium). An outcome v of a BG G is a pure Nash equilib-
rium (PNE) iff for every agent i € N, v; is a best response (BR) to v_;, i.e. w;(v) > u;(v_;, V)
for all v € ;.

— ~— ' —

The concept of utility function highlights the close connection there is between Boolean
games and normal-form games (NFGs). The main difference between the two frameworks
is that in NFGs a utility value for each outcome is encoded explicitly, while in BGs utilities
are defined implicitly based on logical formulas. This means that in practice, BGs can be
exponentially more compact than the NFG representation of the same game. Clearly, for
every BG we can always construct an NFG that is equivalent to it (in the sense that it
induces the same utility function). Conversely, given an NFG in which all utilities belong
to A,, we can always construct an equivalent BG as well (e.g. by introducing one action
variable for each action from the NFG, and adding the constraint that each agent has to
set exactly one of these action variables to true). Note that in this paper, we will only be
concerned with solution concepts that rely on the relative ordering of the utility values, such
as PNEs (but unlike e.g. mixed equilibria). Clearly the requirement that all utilities belong
to A, does then not restrict the kind of games that can be encoded. Furthermore note that
in finite settings, we can always model games with real-valued utilities, by considering an
injective mapping from utility scores in A, to R. On the other hand, the results we present
in this paper would not be directly applicable to settings where agents can choose between
an infinite number of actions (as in Lukasiewicz games [16]), nor in settings where utilities
are partially ordered.

In the context of bargaining (see Section @, it is natural that agents try to achieve
an outcome that is, among others, efficient. A well-known efficiency concept is Pareto
optimality.

Definition 5 (Pareto Optimality). For every v,v/ € S it holds that v Pareto dominates
V', denoted as v >, v/, iff

(Vi e N :u;(v) > u; (V) A (Fi € N :u(v) > u(V))
We denote the set of Pareto optimal outcomes in S as
PO={veS|~(IeS:V >, v}
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Intuitively, an outcome is Pareto optimal if no agent can be better off without another agent
being worse off. It is easy to see that every BG has at least one Pareto optimal outcome.

A well-known refinement of the Pareto ordering incorporating a notion of fairness is the
discrimin ordering [I8]. To define it, we denote the set of agents whose utility is the same
in v and ' as eq(U(v),U(V")), i.e. eqU(v),U(V")) ={i € N |u;(v) = w;(V')}.

Definition 6 (Discrimin Ordering). For every v,v/' € § it holds that v >y V' iff

min wi(v) > min wi (v
jgeqUv)UW')) (%) jgeqU)UW')) ()

We define the set of discrimin optimal outcomes as
DO={veS|~(3eS:V >uev)}

It is easy to see that >y, is a strict order relation on §. It holds that DO C PO and
DO # 0. In Example [1] {ba,bp,da,—fa,—fp} is the unique discrimin optimal outcome,
although it is not the only Pareto optimal outcome.

3.2. Background on Possibility Theory
3.2.1. Possibility theory

Possibilistic logic (see e.g. [19] for a more comprehensive overview) is a popular tool
to encode and reason about uncertain information in an intuitive and compact way. The
semantics is defined based on possibility distributions [13]:

Definition 7 (Possibility Distribution). A possibility distribution on the universe W is
a mapping 7 : W — [0, 1].

The elements of the universe W are referred to as possible world'} Let us denote an arbitrary
element of the universe W as v. If n(v) = 1, v is considered to be completely possible,
whereas m(v) = 0 corresponds to v being completely impossible. A possibility distribution
such that 7(v) = 1 for every v € W corresponds to a state of complete ignorance, since all
options are completely possible. For instance, consider two possible worlds, denoted as w
and —w, corresponding respectively to a specific nation being weaponized or not. If one has
no information regarding the weapons of this nation, both worlds are completely possible, i.e.
m(w) = w(—w) = 1. A possibility distribution 7 is called normalized if at least one world is
considered completely possible, i.e. v € W:m(rv) = 1. Note that in contrast to probability
distributions, there is no requirement that possibility distributions satisfy > .., 7(v) = 1.
A possibility distribution encodes which worlds cannot be excluded based on available know-
ledge. Therefore, smaller possibility degrees are more specific, as they reflect a higher degree
of certainty that some worlds can be ruled out. For instance, suppose you suspect that your
neighbouring nation is weaponized. This could be encoded through the possibility distri-
bution 7(w) = 1 and 7(-w) = 0.5. If you have evidence that your neighbouring nation is

LOutside possibilistic logic, possibility distributions can also be defined over universa that do not represent
possible worlds, e.g. the real numbers.

7
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weaponized (you are certain of it), this could be encoded through the possibility distribution
m(w) = 1 and w(—w) = 0. The latter is more specific than the former. An ordering < on
all possibility distributions on W can be defined as m < 7y iff it holds that m(v) < ma(v),
Vv € W, assuming the natural ordering on [0, 1]. We say that 7 is at least as specific as 7y
when 7m; < my. Given a set of possibility distributions, the maximal elements w.r.t. < are
called the least specific possibility distributions, as these correspond to the smallest amount
of information. A possibility and necessity measure are induced by a possibility distribution
in the following way.

Definition 8 (Possibility and Necessity Measure). Given a possibility distribution 7
on a universe W, the possibility II(A) and necessity N(A) that an event A C W occurs is
defined as:

II(A) = sup7(v); N(A) = inf (1 —7(v))
veA vEA
Note that II(A) measures the degree to which the event A is compatible with available
evidence, whereas N (A) measures the degree to which the event A is implied by the available
evidence.

Example 2. Suppose a specific nation has two neighbouring nations. If the first (respect-
ively the second) is weaponized, we denote this as w; (respectively ws). Consider the universe
W = {{wy, wa }, {wy, ~wa }, {~wy, wa }, {~wy, ~wsy}} and the possibility distribution 7 on W:

m({wy,wy}) =1 m({—wy,wy}) = 0.4
7({wy, ~wy}) =04 m({—~wy, "we}) =0

Thus the nation considers it impossible that none of its neighbours is armed and has limited
certainty that both of the neighbours are armed. Now consider the event A that the first
neighbour is weaponized, i.e. A = {{wy,ws},{wy, ~ws}}. Then the possibility TI(A) is 1,
i.e. it is completely possible that the first neighbour is armed. The necessity N(A) is 0.6,
i.e. it is necessary to degree 0.6 that the first neighbour is armed.

Another uncertainty measure which is sometimes used in possibility theory is called
guaranteed possibility. It is defined for an event A C W as follows:
A(A) = inf
(4) = inf 7(v)

In other words, A(A) reflects the degree to which all elements of A are considered possible.
This measure will be useful to express limitations on the knowledge of an agent.

3.2.2. Possibilistic logic

Definition 9 (Possibilistic Knowledge Base). A possibilistic knowledge base is a finite
set {(¢1, 1), .-, (Vm,am)} of pairs of the form (p;, o;), with ¢; € Lg and a; €]0,1]. Tt
encodes a possibility distribution, namely the least specific possibility distribution satisfying
the constraints N(p;) > a;.
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Note that N(p) is an abbreviation for N([¢]) or thus N({v € Int(®) | v = ¢}). When it is
clear from the context, we abbreviate possibilistic knowledge base to knowledge base.

Example 3. Recall the context of Example 2, To encode the situation in which a nation
found evidence that at least one of its neighbouring nations is weaponized, it adds (w; Vws, 1)
to its knowledge base. The corresponding constraint N(w; V ws) > 1 implies that the world
in which nation w; and nation w, are not weaponized is considered impossible. If the nation
is rather certain that both of its neighbouring nations are weaponized, it adds (w; A ws, 0.6)
to its knowledge base. This has the effect that every world in which the neighbours are not
both armed has a possibility degree of at most 0.4. It is easy to see that the possibility
distribution encoded by these formulas is 7 as defined in Example

The possibility distribution 7 encoded by a knowledge base IC is well-defined because there
is a unique least specific possibility distribution which satisfies the constraints of IC [3]. Tt
is given by

mi(v) =min{l —a|(¢,a) € K and v }~ ¢}

The following inference rules are associated with possibilistic logic:
e (pVaq,a)(pVrp)k (¢gVr,min(a,)) (resolution rule),
e if p entails ¢ classically, then (p, @) F (¢, a) (formula weakening),

e for 5 < «, (p,a)tF (p,5) (weight weakening),

e (p,a);(p,p) F (p,max(c, 5)) (weight fusion).

The axioms consist of all propositional axioms with weight 1. These inference rules and
axioms are sound and complete in the following sense [3]: it holds that I F (¢, «) iff
N(p) > « for the necessity measure N induced by 7. Another useful property is K F (@, «)
iff ICo F ¢ (in the classical sense) [19], with K, = {¢ | (¢, ) € K, 5 > a} the a-cut of K.

3.2.3. Generalized Possibilistic Logic

Generalized possibilistic logic (GPL) is a recent extension of possibilistic logic which
has been introduced to model incomplete knowledge about the beliefs of another agent [4].
Whereas a possibilistic knowledge base corresponds to a single possibility distribution, a
knowledge base in GPL corresponds to a set of possibility distributions. Each of these
possibility distributions corresponds to a possible model of the beliefs of the other agent.
Syntactically, the language of GPL uses propositional combinations of modal formulas of
the form N, («), where Ny (o) intuitively means that the necessity of « is at least A. A
possibilistic knowledge base intuitively corresponds to conjunctions of such modal formulas.
In GPL, on the other hand, we can express formulas such as Ny (a;)V Ny (az), which encodes
the fact that we know that the other agent is either certain of oy or certain of as, but we
are ignorant about which of these two possibilities is the case.
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Example 4. Suppose a specific nation is reacting to the fact that one of its two neighboring
nations is weaponized. While the considered nation knows which of its two neighbours is
weaponized, we do not possess this knowledge, and hence we cannot precisely model the
beliefs of that nation. However, we can encode the knowledge Nj(w;) V Nj(ws), which
states that we know that the nation either knows that w; is the case or that they know that
w9 18 the case.

Formally the language of GPL is defined as follows:

e For ecach formula « from Lg (with Le defined as before) and each certainty degree
from {4, 2,...,1} we have that N(«) is a GPL formula. GPL formulas of this form
are also called meta-atoms.

o If v, and v, are GPL formulas, then —vy; and v; A v are also GPL formulas.

Interpretations in GPL are normalized possibility distributions 7, whose possibility degrees
are taken from {0, %, %, ...,1}. Such a GPL interpretation 7 satisfies the formula Ny («) iff
N(a) > A, with N the necessity measure corresponding to w. The notion of satisfaction
is then extended to (sets of) propositional combinations of meta-atoms in the usual way.
We define a GPL knowledge base as a finite set of GPL formulas. An interpretation that
a satisfies all formulas of a GPL knowledge base K is called a model of L. The set of all
models of I will be denoted as Mod(K).

Note that the semantics of GPL are defined in terms of lower bounds on necessity meas-
ures. However, because only finitely many certainty degrees are used, we can easily express
lower bounds on possibility measures as well. In particular, for « € Lg, we have that
II(a) > X iff T(a) > A — 7, which is equivalent to N(—a) < 1 — A + +. This means that
syntactically we can express the constraint II(ar) > A using the GPL formula =N, _, 41 (—a).

For the ease of presentation, we will use the abbreviation inv(A) =1 — X + % and:
(o) = _‘Ninv(/\)<_‘O‘)

If the set of atoms in ® is finite, constraints of the form A(a) > A can also be expressed in
GPL. In particular, we introduce the following notation:

Ay(a) = /\ IT, (v)

vela]

The guaranteed possibility measure is closely related to the notion of ‘only knowing’ from
non-monotonic reasoning [20]. For example, a formula such as Nj(a) A Aj(a) states that
the agent knows that « is true but nothing more than that.

Example 5. In the running example, Ny (w; Vws) A A1 (w; Vwsy) means that the considered
nation knows that one of its neighbors is weaponized but that it does not know which one it
is. This can be contrasted with Ny (w;) V N1(wq) which states that the nation knows which
of its neighbors is weaponized, and with Ny (w; V ws), which leaves in the middle whether
the considered nation knows which one of its neighbors is weaponized.

10
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The use of GPL formulas for expressing limitations on the knowledge of others is explored
in more detail in [4].

Finally note that the following links between the syntax and semantics of GPL can be
easily verified:

(K = Ny(o) = (V7 € Mod(K),Yv e W: (v} a) = n(r) <1—A)
(K ET\(0) = (V7 € Mod(K),3v e W: (v = o) Am(v) > A
(K = Ax(a) = (Vr € Mod(K),Yv e W: (v E a) = 7(v) > ))

4. Using Possibilistic Logic for Encoding Uncertain Boolean Games

In this section, we show how Boolean games can be naturally extended to model situ-
ations in which agents are uncertain about other agents’ goals. We first use uncertainty
measures from possibility theory to semantically define (solution concepts to) Boolean games
with incomplete information in Section [4.1] Then in Section we present a syntactic char-
acterization of these semantics. We prove that the semantic and the syntactic approach
are equivalent in Section [4.3] Finally, we characterize the computational complexity of the
related solution concepts in Section

Throughout this paper, we consider Boolean games with prioritized goal bases (see Defin-
ition . Recall that in these games, an agent is most eager to achieve the goal with the
highest priority. If this goal cannot be achieved, the agent will settle for the goal with the
second-highest priority, etc.

Example 6. Bob and Alice are going out: they can attend a sports game or go to the
theatre. Alice — agent 1 — controls action variable a, and Bob — agent 2 — controls b. Setting
their action variable to true corresponds to attending a sports game; setting it to false
corresponds to going to the theatre. Bob and Alice’s first priority is to go out together. If
they do not go out together, Bob prefers a sports game, whereas Alice prefers the theatre.
This can be represented as a Boolean game with priorities, where Alice’s and Bob’s goal
bases are:

'y ={a<+ b—-a}, Ty={a< bb}

Both agents have utility 2 in the PNEs {a,b} and @, which respectively correspond to
attending a sports game together and going to the theatre together.

Our aim in this section is to propose an extension to the Boolean game framework in
which agents can be uncertain about other agents’ goals. An important concern is that the
resulting framework should still enable a compact and intuitive representation of games,
as this is the main strength of Boolean games. In Section we will provide a compact
characterization of the semantics proposed in Section 4.1} Using this extended Boolean game
framework, we aim to determine rational behaviour for agents which are uncertain about
the other agents’ goals. We illustrate this with the following example.

11
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Example 7. Consider again the scenario of Example [6] but now assume that Bob and
Alice are not fully aware of each other’s goals. For instance, if Bob knows Alice’s goal, but
Alice thinks that Bob does not want to join her to the theatre, then, based on their beliefs,
attending a sports game together is a ‘better’ solution than going to the theatre together.
Indeed, Alice believes that Bob will not agree to go to the theatre together (or might have
an incentive to leave if he would go), but they both believe that the other will agree to
attend a sports game together.

The results presented in this section can easily be generalized to accommodate for par-
tially ordered preference relations. However, as modelling preferences is not the focus here,
we prefer the simpler setting of Definition [1} for clarity.

For the ease of presentation, we will impose an additional restriction on the kind of goal
bases that are considered in our framework for Boolean games with incomplete information.
In particular, we will consider Boolean games G = (N, (®;)ien,d, (I';)ien) satisfying the
conditions of Definition |1} in which each goal base I'; belongs to the following set:.

QZ{{71;~.-;7”}|(71/\5%L)/\Vké{1,~~,p}W’“GLq?NFA(/f%p:V’“)zv’““)}( |
1

with LEM all formulas of Lg in conjunctive normal form. Note that we can make this
restriction without loss of generality as any goal base {y';...;7?} violating the condition
7% = 481 can be transformed into a semantically equivalen goal base which does satisfy
the restriction (1), namely {v%~* VvV +2%;...; /¥ _,v™}. Moreover, the set of possible goal
bases is independent of the agent, i.e. every agent has the same set G of possible goal bases.

4.1. Semantics of Possibilistic Games

In the considered setting, the set of agents NN, the corresponding partitions of action
variables ®;, and the global constraint ¢ are known to all the agents. However, we assume
that agents are uncertain about the goals of the other agents. We can formalise this by
considering for each agent ¢ a possibility distribution 7; on the set of possible Boolean
games, where this latter set is defined as follows:

Bg(N7 q)ly s .,q)n,é) = {(N7 (q)i)iENa(sv (FZ)’LEN) |VZ € N: Fz € g}

When the set N of agents, the action variables ®4,...,®,, and the constraint ¢ are clear
from the context, we abbreviate BG(N, ®4,...,®P,,d) to BG. The knowledge of an agent i
about the goals of the other agents can then be captured by a possibility distribution 7; over
BG, encoding agent i’s beliefs about what is the actual game being played. Note that this
possibility distribution 7; is different for each agent.

Example 8. Recall the scenario of Example [6] Suppose Bob has perfect knowledge of
Alice’s preferences, then my : BG — {0, 1} maps every Boolean game to 0, except the Boolean

2Here equivalent means that they induce the same utility function.

12



330

335

340

345

350

355

games with the preference orderings of Example [0] i.e. the actual game being played is the
only one considered possible by Bob up to logical equivalence. Suppose Alice is certain that
Bob wants to attend a sports game together, or attend the game on his own if attending it
together is not possible. Then m : BG — {0, 1} maps all Boolean games to 0, except those
with the following preference orderings and corresponding payoff matrix:

{a,b} =1 0 >1 {b} >1 {a} Bob \ Alice | a —a
{a, b} >9 {b} >q () = {(Z} b (1, 1) (05, 05)
—b (0,0) (0,1)

Our first aim is to determine to which degree a specific outcome v is necessarily or possibly
a PNE according to agent ¢. Intuitively, it is possible to degree A that an outcome v is a
PNE according to agent ¢ iff there exists a Boolean game G € BG such that v is a PNE in G
and such that agent ¢ considers it possible to degree \ that G is the real game being played,
ie.

IL({G € BG|vis a PNE in G}) = A

Similarly, it is certain to degree A that an outcome v is a PNE according to agent ¢ iff for
every G € BG such that v is not a PNE, it holds that i considers it possible to degree at
most 1 — A that G is the real game being played, i.e.

N,({G e BG|visaPNEin G}) =\

Using the aforementioned degrees, we can define measures which offer a way to distinguish
between multiple equilibria, motivated by Schellings’ notion of focal points [21]. An equi-
librium is a focal point if, for some reason other than its utility, it stands out from the
other equilibria. In our case, the reason can be that agents have a higher certainty that the
outcome is actually a PNE. This motivation is similar as the one for verifiability in [§]: only
certain PNEs carry sufficient information such that the agents can tell that an equilibrium
has been played. Such a property provides an argument to play such an equilibrium, instead
of the alternatives. Note that there might not exist an outcome which every agent believes
is necessarily a PNE, even when the (unknown) game being played has one or more PNEs.
In such cases, the degree to which various outcomes are possibly a PNE could be used to
guide decisions.

When we consider PNEs from an epistemic game theory point of view, a PNE is a sensible
solution concept in games with complete information, as it corresponds to the fact that it
is common knowledge that every agent is acting individually rationally and thus playing a
best response. In other words: every agent knows that every agent plays a best response,
and thus has no incentive to individually deviate. Moreover, every agent knows that every
agent knows that every agent plays a best response etc. When knowledge is incomplete,
this property is no longer valid. It makes sense to consider weakened properties, such as:
every agent believes that every agent is playing rationally. Note that to obtain common
belief, one should also model the beliefs of the other agents, and the beliefs of the beliefs
of the other agents etc. Such hierarchical beliefs have been studied for both probabilistic
and Boolean models of agents’ beliefs. A standard technique for modelling such beliefs,
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proposed in [22], 23 24], is to consider a notion of types. The main idea is to assign to
each agent a type, which determines its beliefs about the utilities and types of other players.
This allows us to express hierarchical beliefs without explicitly construction a hierarchical
model. Among others, this has the advantage that infinite belief hierarchies can be encoded
in a finite way. While a similar approach could be pursued in our possibilistic setting, for
simplicity we will focus on agents’ beliefs about the goal bases of other agents.

Definition 10. Given the possibility measures II; for every agent i, the degree to which all
agents find it possible that the outcome v is a PNE is

poss(v) = H&\Ifl II,({G € BG|v is a PNE in G})

Similarly, given the necessity measures NN; for every agent i, the degree to which all agents
believe it necessary that v is a PNE is defined as

nec(v) = mij\r} N;({G € BG |v is a PNE in G})
1€

4.2. Syntactic Characterization

While the two possibilistic solution concepts from Section are useful, the formulation
in Definition [10] cannot directly be used in applications, since the number of Boolean games
in BG is double-exponential. In this section, we present a syntactic counterpart which will
allow for a more compact representation of the agents’ knowledge about the game being
played, as well as a more efficient implementation.

Definition 11 (Goal-Knowledge Base). A goal knowledge base (goal-KB) K7 of agent i
w.r.t. agent j contains formulas of the form (¢ — g}, A) or (¢ + g}“, A), where 1 < k < p,
¢ € Lo, A € ]0,1] and g;-“ is a new atom, encoding agent j’s goal of priority k. We further
assume that K7 contains {(gf — gf“ 1)|1 <k < p—1}. Finally, we require that a goal-KB
KC! satisfies the following criteria, which we will refer to as goal-consistency:

e For every ¢,1 € Lg such that (p — gf,)\) € IC{ and (¢ <+ gf,,u) € /C{, it holds that

v =
o For all (Y1 < g5 A1), ..., (¥ < g5 \) € K it holds that 1y A ... At A £ L.
Furthermore if ¥; A ... A 1. A has a single model v, we assume that ICf contains a

formula (A{l|l € v} — gF, A) with A > min(Ay, ..., A,).

We will sometimes also encode IC{ using formulas of the form (¢ < gf, A) as an abbreviation
for the two formulas (¢ — g%, A) and (¢ <= g}, A). Furthermore, for the ease of presentation
we do not normally mention the formulas the formulas {(g} — gk+1 1)[1<k<p-—1}in
examples, as these formulas belong to ng by definition.

A goal-KB le captures the knowledge of agent 7 about the goal base of agent 7. These
formulas express that, if agent j’s utility is at least 22— it is at least 2=~ - . Furthermore, the

information that we like to express in IC? consists of necessary and/or sufficient conditions
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for the utility of agent j. For instance, agent ¢ might believe with certainty A\ that ¢ is
a sufficient condition for satisfying the goal with priority k, i.e. for achieving a utility of
at least ’%fk. This is encoded as (¢ — g}, \) € K7, Similarly, agent i might believe
with certainty A that ¢ is a necessary condition for achieving the goal with priority k, i.e.
(pgh M) € K. These formulas can be combined as (¢ gFA) e K. Note how adding
the atoms g}“ to the language allows us to explicitly encode what an agent knows about the
goals of another agent. This is inspired by the approach from [25] for merging conflicting
sources, where similarly additional atoms are introduced to encode knowledge about the
unknown meaning of vague properties, in the form of necessary and sufficient conditions.

Example 10. Recall the scenario of Example [6l Suppose Bob has a good idea of what
Alice’s goal base looks like: K = {((a > b) <> ¢1,0.9), (((a <> b) V —a) < ¢7,0.6)}. He
is very certain that Alice’s first priority is to go out together and rather certain that she
prefers the theatre in case they do not go out together. Although Alice is very certain that
Bob will be pleased if they attend a sports game together, she is only a little certain that
Bob would be just as pleased if they go to the theatre together. She knows Bob prefers to
go to a sports game as a second priority. Her knowledge of Bob’s goal base can be captured
by IC% = {((a N b) - g%? 0'8)’ ((—\CL N _'b) - g%’ 0‘3)7 (b - g%? 1)}

It is natural to assume that K! contains the formulas (gF <« \/fn:1 v 1) for all k €
{1,...,p}, i.e. every agent knows its own goal base and the corresponding utility. However,
this assumption is not necessary for the results in this section. By requiring goal-consistency
in Definition , we ensure that the knowledge base IC{ only encodes beliefs about the goal
of agent j. Without this assumption, it could be possible to derive from IC{ formulas of the
form ¢ — 9 that are not implied yet by the constraints of the game, i.e. § = (o — ). Such
formulas encode dependencies between the action variables of agents, which might be useful
for modelling suspected collusion, but this will not be considered in this work. However,
we do not demand that the beliefs of an agent are correct, i.e. we do not assume that each
agent considers the actual game possible.

Definition 12 (Boolean Game with Incomplete Information). A Boolean game with
incomplete information is a tuple G = (N, (®;)ien, 9, (I'i)ien, (Ki)ien) with N, (®;);en, 0 and
(T;)ien as in Definition 1| and K; the set {K},..., K}, where K! is a goal-KB of ¢ w.r.t. j
(see Definition [11)).

Let us now consider how to compute the necessity and possibility that agent 7 plays a
best response in the outcome v according to agent 2. First recall that whenever we write an
interpretation v where a formula is expected, this should be interpreted as the conjunction
of v’s literals, i.e. A{l|l € v}.

Agent j plays a best response in the outcome v iff for every alternative strategy v; €
Sj(v_;) it holds that w;(v) > u;(v_;,v}). Essentially this boils down to the fact that, for
some k € {0,...,p}, u;(v) > % and Vv € S;(v_y) : u;(v_j,vj) < %. Note that for k = 0,
the first condition is always fulfilled. Similarly, for £ = p, the second condition becomes
trivial. Similarly, agent j does not play a best response in v iff there exists a v} € S;(v_;)
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such that u;(v) < w;(v_;,vj). This means that, for all k € {0,...,p}, u;(v) < g or
)€ Si(vy) +ui(v_y,vj) > %. The possibility of agent j playing a best response is dual
to the necessity of agent j playing no best response. These insights motivate the following

definition.

Definition 13. Let i, 7 € N be two agents in a Boolean game with incomplete information
G and let v be an outcome of G. We denote g§’+1 =T and g;-) = 1 for every j. We say that
J plays a best response in v with necessity A\ according to i, written BR"*(j,v) = A, iff \ is
the greatest value in [0, 1] for which there exists some k € {0,...,p} such that the following
two conditions are satisfied:

LK Fv = (gih N
2. K] b ((v—j A—wy) = (—gf v =6), A)

Let A* be the smallest value greater than 1 — A which occurs in le Agent i believes it is
possible to degree A that agent j plays a best response in v, written BRI**(j,v) = A, iff \is

the greatest value in ]0, 1] for which there exists some k € {0, ..., p} such that the following
two conditions are satisfied:

L KIF (v — —gh N
2. Y € S5(vj) K ¥ (v A Vi — gk %)
If no such A exists, then BRY”(j,v) = 0.

Importantly, the syntax in Definition allows us to express the certainty or possibililty
that an agent plays a best response, from the point of view of another agent. This forms an
important base from which to define interesting solution concepts or measures in Boolean
games with incomplete information. In this paper, we introduce the following measures that
respectively reflect to what degree all agents believe it is necessary and possible that v is a
PNE. In other words, the degree to which all agents believe it is necessary or possible that
all other agents will not have the incentive to deviate from the outcome.

Definition 14. Let G be a Boolean game with incomplete information. For every out-
come v € S, we define the degree PNE"*(v) to which v is necessarily a PNE and the
degree PNE?°5(v) to which v is possibly a PNE as follows:

nec o : : nec( : pos o . . pos( -
PNE™(v) = min min BR}“(j,v), PNE?*(v) = %%%%BRZ (7,v)

In Section below, we will show that these notions indeed correspond to the notions of
necessary and possible PNE that were defined semantically in Section [4.1]

If we assume that all agents know their own goal, then BR!*(i, v) = BR!”(i,v) = 0 if v
is not a PNE. Consequently, if v is not a PNE, then we have PNE"*°(v) = PNE?**(v) = 0.
Note that the measures from Definition induce a total ordering on S, so there always
exists a v € § such that PNE™ or PNEP’ is maximal.
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Example 10 (continued). Let G be the Boolean game with incomplete information, defined
by the aforementioned goal-KBs, and assume that Bob and Alice know their own goals. It
can be computed that:

| {—a,=b} | {a,=} | {—a.b} | {a.b}

min;ey BRI(j, .) 0.3 0 0 0.8
min;ey BR}(J, ) 0.9 0 0 0.9
PNE™e( ) 0.3 0 0 0.8

The outcome {a, b} has the highest value for PNE™*. Note that if Bob had the ‘dual’ beliefs
of Alice, i.e. Ki = {((—a A =b) — ¢1,0.8), ((a ANb) — g1,0.3), (—a — g3,1)}, then {—a, —b}
and {a, b} both would have had value 0.3 for PNE"*.

In [26] we showed that many solution concepts for Boolean games can be found by using a
reduction to answer set programming. The concepts in this section, such as PNE™, can be
computed using a straightforward generalization of these ideas.

4.8. Soundness and Completeness

In this section, we show that the solution concepts for Boolean games with incomplete
information that were introduced in Section indeed correspond to their semantic coun-
terparts from Section [4.1]

With a given goal base I'; = {%1; e ;75 } € G we can associate a classical knowledge
base T = {7]’“ < g}“ |k e {l,...,p}}, which is simply encoding that each goal gf is defined
as in the goal base I';. Using this formulation of a goal base as a logical theory, we can now
associate IC{ with a possibility distribution 77 on G in the following natural way, inspired
by [27], with max () = 0:

i

() = 1 — max{ay | (g1, c0) € KL, T; |~ 1} (2)

Note that T} = ¢; means that the goal base I'; does not satisfy the formula a. In other
words, it means that if I'; is the actual goal base of agent j, then the belief o of agent i
about this goal base is incorrect. The higher the certainty of the formulas violated by the
theory associated with I';, the lower the possibility that I'; is the real goal base of agent j
according to agent 7. Note that if we make the reasonable assumption that an agent knows
its own goals, then 7! maps all elements of G to 0 except the real goal basd’f] of 7, which
is mapped to 1. Given the Boolean game with incomplete information G, and using the
possibility distributions on G for every j, we can define a possibility distribution 7& on the
set of possible Boolean games BG:

Gy J (G’
T (G') —%lj{flﬂi(rj )

3and any semantically equivalent goal base
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with F]-G/ the goal base of agent j in the Boolean game G’. This possibility distribution is
the natural semantic counterpart of the Boolean game with incomplete information G. We
now show that these possibility distributions 7¢ allow us to interpret the solution concepts
that have been defined syntactically in Section |4.2] as instances of the semantically defined
solution concepts from Section 4.1 This is formalized in the following proposition and
corollary, which we prove further on. We use the notation br;(v,I';) for the propositional
variable corresponding to the statement “agent j with goal base I'; plays a best response
in v”.

Proposition 1. For everyv € S, i,5 € N and X € ]0,1], it holds that
BR*(j,v) > X & (V[ € G 1 =br;(v,T;) = 7/ ([;) <1 - \) (3)
BRI (j,v) > A& (3T; € G : br;(v,T) Al (L)) > A) (4)

Corollary 1. Let us denote the possibility and necessity measure associated with & as 11§
and NE. For every v € S it holds that

NP({G' € BG|v is a PNE in G'}) = min BRI (j,v) (5)
J

N°({G" € BG|v is a PNE in G'}) = Hél]{[l BR}”(j,v) (6)
J

Consequently, it holds that:

necg({G' € BG |v is a PNE in G'}) = PNE™(v)
possc({G' € BG |v is a PNE in G'}) = PNE"(v)

Before we prove Proposition [1| and Corollary (1} a lemma is stated which deals with the
construction of specific goal bases in G, given specific knowledge bases encoding information
about these goal bases.

Lemma 1. Given a goal-KB K, there exists a goal base T'; € G such that ©(T;) = 1.

Proof. We show that the condition 7rf (I';) = 1 is satisfied for the goal base I'; = (7]1; )
with 7% a formula in CNF which is equivalent to A{y |y € Lo, 3IX > 0: K F (gf = 0, M)}
Indeed, first note that due to the fact that K] is goal consistent, we have fyjk N0~ L. We
also clearly have 7;-“ = 'yjl-““ for k& < p, hence it holds that I'; € G. To prove m;(I';) = 1 we
have to show Tj = ¢ for each (¢,a) € K]. By construction we already have that T; = ¢
for each ¢ of the form g;? — @ or gf — gf“. Since IC{ , by definition of goal KB, is goal
consistent, it also follows that T; = ¢ for all ¢ of the form ¢ — g;?. O]

Note that the construction of T'; relies on the (constrained) syntax of the formulas in /.
We now prove Proposition [T}

Proof of Proposition [l |= of Suppose BR!*(j,v) > X and let I'; € G. We show by

contraposition that 7/ (I';) > 1 — X\ implies br;(v,T;). From «/(T';) > 1 — A and , we
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find that V(p, oq) € KI = Tj B o1 = oy < A. By Definition 3, BR;“(j,v) > A implies
that there exists a k' € {0, . ..,p} such that K7 F (v — 9; FHLUN) and K F ((vo; A —vy) —

(=g¥ Vv =0),A). It follows that T; = v — g5 ™ and Tj = (v_; A —v5) — (=gh v —6).
Consequently, by definition of Tj, if ¥ € {1,...,p — 1}, it holds that T} = v — ~ k 1 and
T; = (v_j N —vj) — (_‘7 K\ =4). This means that j indeed plays a best response in v since
fyk 1A § is satisfied in v (noting that v |= & by the definition of outcome) and for every
alternative strategy of j, 'yj/ A 0 is not satisfied.

< of Suppose that BR!*(j,v) < A, i.e. for every k € {0,...,p} either IC{ ¥ (v —
gf“ A) or K ¥ (v A —vy) — —gy V =8, A). Let k' be the greatest index for which
KW (v — gf/, A). Note that k' > 1 because of (i). Furthermore note that we then have

Kl ¥ (v — g¥,A) for all k < k" and thus in particular for £ = 1. We now construct a
goal base I'; = (fy}; e ;fyj) with fyk defined as follows. For k < K/, yj’? is a formula in CNF
equivalent to @5 V (V) A —w) where

=\{ple € Lo, K+ (¢ = gF \)}

U= \{¢|v € Lo, K] - (¥ < gF, N}
For k > K, 7;“ is a formula in CNF equivalent to @y V Uy.

We first show that I'; € G. Clearly, we have ’y;-“ = fyf“ for k < p. To see why 7 Ad [~ L,
note that vj = ®; vV (¥; A —v) and that ¥; A = Ad = L would mean that v is the only
model of Wy A 0, which by definition of goal consistency would mean that K} F (v — g}, A),
which is a contradiction. '

Next we show that 77 (I';) > 1 — A by checking that for every formula (p, a) € K] with
a > ), it holds that 7 |= ¢. This is clear for formulas ¢ of the form ¢ — gf and for formulas
of the form gf — g;.““. The fact that formulas of the form ¢ < g;?' are satisfied can be seen
by the fact that then ¢ = W, by definition of goal consistency.

Finally we show that j does not play a best response in v with the constructed T';.
First note that because K] ¥ (v — gF,\) for k& < k' we know that v [~ ®, and thus
we have v £ ~F for any k < K. Moreover, since K! + (v — gk 1)) we must have
K ¥ (v A _\I/]) — —|g] V =4, A). It follows that v_; A —v; A Uy A J is consistent, which
means that there is some v} € S;(v_;) such that (v_j;, 1)) satisfies fyj"-“'.

= of Analogous to the proof of “«< of ”.

< of ({4)) | We prove directly that BR!**(j,v) > A, i.e. 3k € {0,...,p} such that KI¥ (v —

gitt A and Wi € Si(vy) « K ¥ (v, V) —>4 g¥,\*). By assumption, there exists a
Fj such that j plays a best response in v and 7(I';) > A. The former means that for

some k' € {0,....p}, T} EFv — ’Vkurl and Vv such that (v_;,v}) satisfies ¢ it holds that
T E (v, V) — —i,. Since Tj = 7/ < g}, it then holds that Tj |= v — gk *+1. Since by
definition v = L, T; = L and T; = —w, it follows that Tj = v — gf 1. The assumption

that /(T';) > A implies that V(¢ ;) € KJ : Tj) ¥ o = a; < 1 — X\ It follows that
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KI¥ (v — _|g§?’+1’ A*). Analogously, we can prove that the fact that T = (v_;,v}) — -,

holds for every v/} such that (v_;, ;) satisfies 0 implies that Vv € S;(v_;) : Kl ¥ (v, Vi) —
k' oy *

gi s A )- O]

We now prove Equation from Corollary . The proof of @ is analogous and the rest
of Corollary (1] follows immediately by minimizing over all agents in and @

Proof of (4). By definition, min;ey BR!"(j,v) > X iff BR!“(j,v) > X for every j € N. We
proved (Proposition [1)) that the latter is equivalent with VI'; € G : j no best response in
v = m(I';) < 1— A We first prove that this implies that for all G’ € BG it holds that
7¢(G") < 1— Xif vis not a PNE in G'. By definition, this means that NE({G’ € BG |v
is a PNE in G'}) > A. Take an arbitrary G’ such that v is not a PNE in G’. Then there
exists some j who plays no best response in v if its goal base is FJG'. By assumption, this
implies 7/ (T'¢") < 1 — A, which implies 7&(G") < 1 — X by definition. We now prove the
opposite direction. Take an arbitrary j and I'; such that j plays no best response in v with
the goal base of j equal to I';. Using Lemma , we can construct a G' € BG such that
FJ-G' =TI and ﬂ;,(FjG,') = 1 for every 7/ # j. Obviously v is not a PNE in G’ since j plays
no best response. By assumption and by definition of N, it holds that 7% (G’) < 1 — \.
Since W;,(Pé,) = 1 for every j' # 7, it follows that /(I';) < 1 — X. Due to Proposition , we
proved that BR]“(j,v) > A. Since j is arbitrary, it follows that min;ey BR!"*(j,v) > A. O

Example 11. Recall the scenario of Example[§] We define the corresponding Boolean game
with incomplete information G. Since Bob has perfect knowledge of Alice’s preferences, his
goal-KB can be modelled as K = K} = {((a +> b) <> g1,1),(((a <> b) V —a) <> g3, 1)}
Alice is certain that Bob wants to attend a sports game together, or attend the game on
his own if attending it together is not possible. This can be captured by the goal-KB
K2 = {((a Ab) < g3,1),(b + g3,1)}. Tt is easy to see that 7 and 7§ correspond to
the possibility distributions m; and my described in Example Despite Alice’s incorrect
beliefs, Bob and Alice are both certain that attending a sports game together is a PNE,
since necg({G' € BG|{a,b} is a PNE in G'}) = PNE™({a,b}) = 1. Contrary to Alice,
Bob knows that going to the theatre together is a PNE as well.

An interesting question is how the agents’ beliefs can influence the proposals they can
make in e.g. bargaining protocols. Suppose for instance that in the above example, Alice
wants to make Bob a suggestion. Based on her beliefs, it would be rational to suggest
to attend a sports game together, as she believes that neither one of them would have
an incentive to deviate from this outcome. Bob would then rationally agree, based on his
beliefs, as he is also convinced that neither one of them would deviate. We will study a simple
bargaining protocol in Section [6.1] although that protocol will be based on Boolean beliefs
(i.e. the setting from Section [5). Taking into account weighted beliefs in such protocols
remains a topic for future work, where for instance strength of belief could be related to
the degree of risk-aversion of an agent. Another interesting question for future work is
how the actions of other agents can be used to modify one’s beliefs about that agent. For
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example, if Bob were to make a proposal, he can choose between two rational suggestions:
attending a sports game together or going to the theatre together. If he did the latter, Alice
would know that her beliefs are incorrect, if she assumes Bob makes rational suggestions.
Other research possibilities lie in manipulating Boolean games with incomplete information
through communication, for instance through announcements, as investigated for Boolean
games with environment variables [7]. Another option is to extend the framework of Boolean
games with incomplete information, allowing agents to also reason about the beliefs of other
agents, although this is likely to lead to an increase in computational complexity.

4.4. Computational Complexity

In this section two natural decision problems associated with the proposed possibilistic
Nash equilibria are investigated.

Proposition 2. Let G be a Boolean game with incomplete information and X € 10,1]. The
following decision problems are XY -complete:

1. Does there exist an outcome v with PNE™(v) > \?
2. Does there exist an outcome v with PNEP**(v) > \?

Proof. |Hardness of 1 and 2|Both problems are EzP—hard since they contain the Eg—complete
problem to decide whether a Boolean game has a PNE as a special case. Indeed, when G
is a Boolean game, we can construct a Boolean game with incomplete information in which
all agents have complete knowledge of each other’s goals. Then PNE"(v) and PNEP*(v)
coincide and take values in {0, 1}, depending on whether v is a PNE or not. Consequently,
G has a PNE iff there exists a v with PNE"*(v) = PNE?(v) > A.

‘Membership of 1‘ We can decide the problem by first guessing an outcome v. Checking
whether PNE™(v) > X means checking whether BR“(j,v) > X for every i,j € N. The
latter involves checking possibilistic entailments, which can be done in constant time using
an NP-oracle. Therefore, the decision problem is in EE.

‘Membership of 2‘ We can decide the problem by first guessing an outcome v. Checking
whether PNE?5(v) > A means checking whether BRY”’(j,v) > A for every i,j € N. To see
that the latter can be reduced to checking a polynomial number of possibilistic entailments,
we need to rewrite the condition that Vv, € S;(v_;) : K ¥ (v, Vi) = gF,A%). To
this end, we define K¥, for every k € {1,...,p}, as the knowledge base IC{ in which all
formulas defining necessary and/or sufficient conditions for g;-“ are preserved; all formulas
with necessary conditions for gé- (I > k) are translated into necessary conditions for gf by
replacing (¢ — gé-, a) by (¢ — gJ’?, a); all formulas with sufficient conditions for gé- (I <k)
are translated into sufficient conditions for g;“ by replacing (¢ gé-, a) by (¢ « gf, a); all
other formulas are removed. Then it holds

Vi € Si(v-y) : K] ¥ ((v-j,v)) — g}, \")

& WeSi(vey)  KEF ((vog,v)) — gk )

& W€ Si(v_y) t KE_ ¥ (v-j,v)) — gb)
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@VV; € Int(®;

() - Ky # (v, ) — (g} A 9))
& W € Int(®;) : Ki_, and (v_j,v}) and (g} A §) are consistent
(@) : /

K¥_, and (v_j, v;) and (ﬂg;? V =) are consistent

& Vi € Int(®;) : K\ and v; and (ﬁg;? V —d') are consistent

@VVJ, € Int j

where K7" , is obtained from K¥_, by replacing each occurrence of p € ® \ ®; by its truth
value (T or L) in v, and similar for . The last condition is equivalent with ((K{* )T A
=)V (K ,)1 being a tautology, where (K/* ,)t is obtained from K/* , by replacing each
occurrence of g;“ with T and similar for (K/* ,);. Checking whether the latter expression is
indeed a tautology can be done with a SAT-solver, i.e. in constant time with an NP-oracle.
Therefore, the decision problem is in E;.

We can conclude that both problems are ZE-Complete. O

The result of Proposition [2] shows that the complexity for the introduced measures does
not increase compared to PNEs of Boolean games, since deciding whether a Boolean game
has a PNE is also EE-complete. Moreover, given the experimental results reported in [20]
for standard Boolean games, it seems plausible that a reduction to answer set programming
would support an efficient computation of solutions for medium sized games.

5. Using GPL for Encoding Ignorance in Boolean Games

In this section, we introduce an alternative framework to represent incomplete informa-
tion in Boolean games, using GPL to compactly encode what each agent knows about the
preferences of each agent. In particular, we will consider GPL knowledge bases IC{ to encode
what agent ¢ knows about the preferences of agent j. Each possibility distribution over ®
will correspond to a utility function, where those utility functions that ¢ considers possible
utility functions of agent 7 will correspond to the models of IC{ . Note that because i may
be uncertain about the utility function of agent j, we need GPL (where knowledge bases
may correspond to arbitrary sets of possibility distributions) rather than standard possib-
ilistic logic (where knowledge bases are naturally associated with a particular possibility
distribution).

Although Section [4] also uses possibilistic logic to model incomplete information in
Boolean games, our motivation now differs: whereas the previous section uses possibilistic
logic to encode graded beliefs about other agents’ goals, we now want to use possibilistic logic
to compactly describe agents’ preferences. In contrast to the approach from Section [d] the
weights associated with the formulas will now correspond to degrees of preference [28] 29]
instead of degrees of certainty [3]. In particular the notion of uncertainty in this frame-
work, i.e. the way we model incompleteness, is binary: an agent either considers a given
utility function possible or impossible. Note that both the approach from Section [4| and
the approach from this section model incomplete information w.r.t. the agents’ preferences
(namely partial knowledge about the goals of the agents) in the context of Boolean games.
However, to avoid confusion when referring to either one of them, we use the term Boolean
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game with incomplete information for the framework of Section [ and the term Boolean
game with incomplete preference-information for the framework from this section.

Note that the approach presented in this section is clearly different from approaches
that are aimed at modelling uncertainty in games, such as the Bayesian approaches that
have been widely studied in the game theory literature (see e.g. [30]). Our use of GPL
also differs from approaches such as CP—netsﬂ which despite their similar aim to compactly
model preferences, only capture a single preference structure and are thus less suitable for
modelling incomplete information. To the best of our knowledge, this is the first research
on using GPL to model incomplete information about other agents’ preferences.

5.1. GPL Encoding of Incomplete Boolean Games

We now explain in detail how GPL can be used to model incomplete information about
preferences in Boolean games with priorities. We use Example (1] as the running example of
this section.

Definition 15 (BG with Incomplete Preference-Information). A Boolean game with
incomplete preference-information is a tuple G = (N, (®;)ien, 0, (Fy)ien, (Ki)ien) with
N, (®:)ien, 0 and (T';)ien as in Definition (1] and K; = {KI,..., K}, where K/ is a GPL
knowledge base such that K7 = Ny(6) and Mod(K?) = {u;,}.

For every two agents ¢ and j in N the GPL knowledge base IC? encodes what agent ¢ knows
about the preferences of j. Recall from Section that Mod(KC) are the models of K.
These models are normalized possibility distributions over Int(®) which only take values
from {0, %, ..., 1}, which means that we can view them as utility functions. To reinforce this
view, throughout this section we will use the notation u to denote GPL interpretations,
!

rather than the more common notation 7. For a model u of K and an outcome v, u(v) = v

then means that the utility of outcome v for agent j is é, if we take u to be the actual utility
function of 5. Each model u of IC{ thus implicitly encodes the prioritized goal base {7}, e 7? }
where 4} is equivalent to \/{v|u(v) > p+1—1} (ie. u(v) = 2% if the highest priority goal
from j that is satisfied in v is ’yf“*l). In this way, the GPL knowledge bases K}, ..., K?
compactly encode the BGs with priorities that agent ¢ considers possible representations of
the actual game being played. Note that in contrast to the setting from Section [4] the link
between the syntactic characterization from Definition [15| and the corresponding semantics
in terms of sets of BGs with priorities is immediately clear.

The condition Ny (8) € K7 corresponds to the assumption that all agents are aware of the
integrity constraint . Specifically, it expresses that agent ¢ knows that agent j’s utility is 0
for v — the lowest possible payoff — if v violates § (i.e. if v is not an outcome). Finally, the
assumption that Mod(K!) is a singleton {u;} in Definition |15/ corresponds to the assumption
that agent 7 knows its own utility. If the actual goal base of agent 7 is given by (v}, ..., ’yf ),

4CP = ceteris paribus
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we can define K! as follows:

= {Noznus \/% A Bipy(my (7" A 8) [m € {1,...,p}} U{NL(0)}
I=1
Indeed, let v € Int(®) and suppose that u is a model of K!. Suppose that v = § and let
m be the highest priority goal satisfied in v. Because K! entails Amv( ) (7" A 6) we have

u(v) =z 2. If m < p we furthermore have that u(v) < ‘@ because K entaﬂs N, m(\/l b

and v is not a model of \/["' L If v B~ §, then u(v ) = 0 because K! contains the formula
Ny (6). For every v € Int(®) we thus have that the possibility degree u(v) is completely
determined by Ki. In other words, K¢ has a unique model u, which corresponds to the goal
base (v}, ..., 7).

GPL formulas can be used to encode knowledge about preferences in an intuitive way.
For instance, ICg = N, () means that agent i believes that, whenever an outcome does not
satisfy « the utility of agent j can be at most 1—\. In other words, « is a necessary condition
for agent j to reach utility higher than 1 — A. For example, in the context of Example [1], if
Bob believes that Alice is unhappy without her dog, this can be encoded by Ny (d4) € K2:
whenever the dog is not with Alice, Alice’s utility is 0. Similarly, £ = A\(«) means that
agent ¢ believes that agent j’s utility is at least A whenever the outcome satisfies o. In other
words, « is a sufficient condition for j to reach a utility of A or more. For instance, in the
context of Example [T, Bob can encode that Alice is at least partially happy when she is with
the dog, regardless of whatever else happens, by adding A 1 (d4) to his knowledge base KJ.

This states that Alice’s utility is at least 3 when the dog is with her. Finally, K = II(«)
encodes that agent ¢ believes that there is some outcome that satisfies « in which agent j
reaches utility A. For instance, in the context of Example , when Bob’s knowledge base K}
contains the formula IT;(da A (fa V ba)), which encodes that Bob believes that Alice’s first
priority goal can be satisfied when she takes the dog to the beach or the forest.

Rather than encoding bounds on specific utility scores, in some applications it may be
more natural to express comparative preferences, e.g. encoding that i believes that j prefers
any /some outcome satisfying a over any/some outcome satisfying 5. To conveniently express
such knowledge, we will introduce some abbreviations for «, 8 € Lg:

o

B-a=\/ (-Iu(a) A Ax(B)) (7)

m=1

‘ S

a) A A (8) V TL(a) V Ay(B)

Intuitively, whenever ICg = [ = «a, agent i knows that the utility of agent j in any outcome
that satisfies 3 is at least the utility of j in any outcome that satisfies av. Similarly, whenever
K] = B > «a, agent i knows that agent j strictly prefers any outcome in which f is true to
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any outcome in which « is true. Another useful abbreviation is:

B mca=\/ (-ITx(a) AL (9)) ®)

Intuitively, whenever IC{ = B = a, agent ¢ knows that there is some outcome satisfying /3
with a utility that is higher than that of any outcome satisfying .
We illustrate the expressiveness of GPL for modelling preferences in the following example.

Example 12. Recall the context of Example [I] and suppose Alice knows that Bob’s first
priority goal can only be fulfilled without bringing the dog. This is encoded as N 1 (nda) €

K2. TIf Alice knows that Bob prefers going to the beach exclusively with her over going to
the beach with her and the dog, this is encoded as (bs A bp A —d4) = (ba ANbp Ada) € K2.
When Alice believes that Bob has at least utility % when they both go to the beach, she
can encode this as Az2(bs A bg). If Bob knows that Alice is unhappy without her dog, this

is encoded as Ny (d A)3€ KCi. To encode that Alice is at least partially happy when she is
with the dog, regardless of whatever else happens, Bob can add A 1 (d4) to K. Similarly,
if Bob believes Alice’s top priority is to go to the beach together with the dog, he can add
Aq(ba Nbg A dy) to his knowledge base.

Similar to Definition [13| and Definition we define solution concepts which capture
that agents believe that a certain outcome is a PNE.

Definition 16. Let ¢, j € N be two agents in a Boolean game with incomplete preference-
information G and let v be an outcome of G. We say that agent ¢ knows that agent j plays
a best response in v iff it holds that ICg = v > v_;. We say that agent i considers it possible
that agent 7 plays a best response in v iff it holds that ICg v ..

At the semantic level, agent i knows that agent 7 plays a best response in v iff this is the
case for every utility function of j considered possible by ¢. Similarly, agent ¢ believes it is
possible that agent j plays a best response in v iff this is the case for at least one utility
function of j considered possible by i.

Definition 17. Let G be a Boolean game with incomplete preference-information. For
every outcome v € S8, we say that v is a known PNE iff every agent in the game knows
that every other agent plays a best response in v. Similarly, we say that v is a possible PNE
iff every agent in the game considers it possible that every other agent plays a best response
in v.

Example 13. Recall the context of Example [12] where Alice’s and Bob’s knowledge bases
w.r.t. each other are:

KT = {N1(8), N1 (=da), (ba Abp A =da) = (ba Abg Ada), A
K5 = {N1(6), N1(da), A1 (da), Ai(ba Abp Ada)}

(ba Nbp)}

2
3
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The possible PNEs correspond to the true PNEs: Bob and Alice go to the forest with the
dog or Bob and Alice go to the beach with the dog. The three of them going to the beach
is the unique known PNE.

Note that we have not demanded that the knowledge of the agents is correct, i.e. the true
utility function is not ruled out as a possibility by other agents. However, if we do make
the assumption that all knowledge is correct, then it is easy to verify that any true PNE is
also a possible PNE. Also note that believing that some outcome v is a possible PNE when
it is not a true PNE is impossible when we assume that the agents know their own utility:
when v is not a true PNE, the agent who does not play a best response does not consider it
possible that v is a PNE.

5.2. Computational Complezity
In this section, we investigate the computational complexity of known and possible PNEs.

Proposition 3. Let G be a Boolean game with incomplete preference-information. The
following decision problems are ZZP—complete:

1. Does there exist a known PNE?
2. Does there exist a possible PNE?

Proof. The problems are EQP-hard since they contain the EQP—complete problem
to decide whether a Boolean game has a PNE as a special case. Indeed, when G is a Boolean
game, we can construct a Boolean game with incomplete preference-information G’ in which
all agents have complete knowledge of each other’s goals. In that case, known and possible
PNEs in ¢ coincide with PNEs in GG, thus G has a PNE iff G’ has a known or possible PNE.
We can decide whether a known PNE exists by first guessing an outcome v.
Checking whether v is a known PNE means checking whether agent ¢ knows that agent j
plays a best response in v for every i,j € N. The latter involves checking possibilistic
entailments in GPL. Since the formula v = v_; contains the modal operator A, the compu-
tational complexity of deciding K/ |= v = v_; is in ©4 [31], i.e. the problem can be solved
in polynomial time on a deterministic Turing maching, using a logarithmic number of calls
to an NP-oracle. Since ZE represents the problems which can be solved in polynomial time
on a non-deterministic Turing machine with an NP-oracle, we can conclude that deciding
whether a known PNE exists is in E;. Similarly, we can decide whether a possible PNE
exists by first guessing an outcome v. The latter involves checking possibilistic entailments
in GPL. Since the formula v_; =, v only contains the modal operator II, the computational
complexity of deciding K & v_; = v is in NP [31]. Deciding whether K £ v_; =, v holds
can thus be done using an NP-oracle. Consequently, deciding whether a possible PNE exists
Is in ZQP.

We can conclude that both problems are ZQP-Complete. O

Similarly as for Proposition [2| the result of Proposition [3] shows that considering incom-
plete information about the preferences of other agents does not lead to an increase in the
computational complexity of the main decision problems.
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6. An Application to Negotiation

In this section we present an application of Boolean games with incomplete preference-
information. In particular, we develop a multilateral negotiation protocol which allows the
agents to use their knowledge about other agents’ goals. We analyze how a lack of knowledge
affects the agreement outcome. In particular, we show how knowledgeable agents can obtain
a more desirable outcome than others.

Negotiating allows agents in a strategic setting to settle on an agreement outcome. A mul-

tilateral bargaining protocol in Boolean games with complete information has been investig-
ated in [I4], showing that, when the logical structure of the goals is restricted, the protocol
is guaranteed to end in a Pareto optimal outcome, i.e. no agent can improve its position
without another agent being worse off. In this section, we propose a protocol which converges
to an acceptable agreement without restrictions on the game structure. Moreover, under
complete information our protocol always results in a discrimin optimal outcome. Discrimin
optimality refines Pareto optimality [I8], and while the latter indeed ensures efficiency, it
is often not sufficient to characterize desirable outcomes [32]. Suppose, for instance, that
two agents are negotiating in a situation with two Pareto optimal outcomes, with utility
vectors (1,0.2) and (0.5,0.6), where utility reflects the degree of satisfaction of the agents.
A natural concept arising in negotiation is fairness: intuitively, the latter utility vector is
more fair than the former in the sense that there is less inequality between the utilities of
the two agents. In the literature, several notions of fairness apart from discrimin optimality
have been introduced and studied; we refer the interested reader to [33] for an overview and
discussion.
The literature on bargaining is extensive, and covers a wide range of possible settings, such
as discrete versus continuous bargaining (e.g. prices [34]), bilateral [35, [36] versus multilat-
eral bargaining, transferable and non-transferable utility, a limited versus unlimited num-
ber of responses, modeling incomplete knowledge through probability theory [34], through
Cartesian products of so-called complete knowledge problems [37], or by means of possibil-
istic logic [35]. To the best of our knowledge, our work is the first research on negotiation
that considers incomplete knowledge about the goals of other agents in a Boolean game
setting.

This section is structured as follows. In Section we propose a multilateral negotiation
protocol for Boolean games with complete information and characterize the agreement out-
comes. Then we generalize the negotiation protocol of Section to Boolean games with
incomplete information in Section We characterize the agreement outcomes, linking
back to those under complete information. Additionally, we show how knowledge is crucial
for an agent to reach a satisfying agreement. To conclude, we discuss several future work
directions.

6.1. Negotiating under Complete Information

We investigate multilateral negotiation in Boolean games with prioritized goal bases (see
Definition . We use the following scenario as a running example.
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Example 14. Recall Example [I] where Alice and Bob, who share a car, are planning their
afternoon. Alice controls ®; = {ba, fa,da} and Bob controls ®; = {bg, fg}, respectively
expressing the actions of going to the beach, going to the forest and taking the dog (in Alice’s
case). The game is constrained by § = =(bg A fg) A=1(ba A fa) A(bp — —fa) A(ba — —fB).
The goal bases of Alice and Bob are:

Iy ={faNfeNda;baNbp Ada;da}
Lo ={bg ANbaA—da;bp Nba; fe N fa}

In the context of bargaining, it is natural that agents try to achieve an outcome that is,
among others, efficient. A well-known efficiency concept is Pareto optimality. Recall that an
outcome is Pareto optimal if no agent can be better off without another agent being worse
off (see Definition . It is easy to see that every Boolean game has at least one Pareto
optimal outcome. A well-known refinement of the Pareto ordering incorporating a notion
of fairness is the discrimin ordering (see Definition @ In Example , (ba,bp,d4) is the
unique discrimin optimal outcome, although it is not the only Pareto optimal outcome.

We are interested in a negotiation protocol that is guaranteed to converge within a finite
number of steps. Therefore, we want agents to make offers according to a negotiation rule,
which ensures that every offered outcome is an improvement compared to the previous one.
For instance, an agent might only be allowed to make a counteroffer if no agent is worse
off than in the previous offer. Obviously, this rule will lead to Pareto optimal outcomes.
However, the rule is so strict that the result can hardly be called fair: the first agent simply
offers the outcome which yields its personal highest utility and no other agent is allowed to
make a counteroffer which lowers the first agent’s utility. Suppose, for instance, that there are
two possible utility vectors: (1,0) and (0.5,0.5). If the first agent opens the negotiation with
(1,0), the other agent would not be allowed to counter this offer with (0.5,0.5). To develop
a fairer rule, we consider two properties that characterize a valid counteroffer. First of all,
an agent is only interested in making a counteroffer if its own utility improves compared to
the original offer. Second, the agents apply the silver rule or ethic of reciprocity, proposed
by the Confucian Way of Humanity [38]:

One should not treat others in ways that one would not like to be treated.

In our negotiation protocol, an agent reasons as follows: if I do not accept an offer of utility &,
I should not lower another agent’s utility to k or less in order to improve my own. Therefore,
if an agent decides to lower other agents’ utilities, it should offer more than k£. We formally
define the set co(i,v) of agent i’s legal counteroffers to the proposal v as follows, where
teNandv e S:

co(i,v) ={v' € S|u; (V') > w;(v) AVj € N :u;(V') < u;(v) = u;(V)) >w(v)}  (9)
We suggest the following negotiation protocol. In a given order, agents make proposals one
by one. Without loss of generality, we assume that this order is 1,2,...,n.
Algorithm [1] depends on a selection function to choose which v/ € § is made as the initial
offer and which v/ € co(i,v) is chosen each time as the counteroffer. The results discussed
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Algorithm 1 Negotiation Protocol for Boolean game
v+ vV with v/ € S % Agent 1 proposes v/’
accepted < 1; i < 2
while accepted < n do
if co(i,v) == () then
% Agent i accepts the offer
accepted < accepted +1
else
% Agent i rejects the offer and makes a counteroffer
v« vV with v/ € co(i,v)
accepted < 1
end if
i< (i==n?71:i+1)
end while

in the paper hold regardless of this selection. The negotiation protocol ends if an offer v is
made such that no counteroffers can be made, i.e. Vi € N : co(i,v) = (.

If we apply Algorithm [I] in the context of Example [14] Alice is the first agent to make
a proposal. Suppose she proposes to Bob the unique outcome corresponding to her first
priority goal of going to the forest with Bob and her dog, i.e. v; = {fa, fB,da, ~ba, —bp}.
The associated utility vector is (1,0.33). Bob now looks into his possible counteroffers, i.e.
co(2,11). First of all, Bob has to be better off in his own counteroffer and should thus have
utility 0.67 or greater. Therefore, the only candidates for co(2,11) are going to the beach
exclusively with Alice and going to the beach with Alice and the dog. The second condition
for co(2, 1) regards Alice’s utility: if Alice’s utility in Bob’s counteroffer is lower than in vy,
then her utility in the counteroffer should be strictly greater than 0.33 (i.e. Bob’s utility in
Alice’s proposal), or it should thus be at least 0.67. Given that Alice has utility 0 if she is
not with her dog, the only possible counteroffer for Bob is going to the beach with Alice and
the dog, i.e. vo = {bp,ba,da,—fa,—fp}. In other words, co(2,v1) = {v»}. Bob thus makes
the counteroffer v, with associated utility vector (0.67,0.67). If Alice now wants to make
another counteroffer, then by definition of co(1, 1) both Alice and Bob should have utility 1
in this counteroffer, or Alice should have utility 1 and Bob should keep utility 0.67. Clearly
no such counteroffers exist, i.e. co(1,12) = 0. Alice therefore accepts Bob’s offer 15 and the
protocol ends. Bob and Alice have agreed to go to the beach with the dog.

We now prove that, whenever an offer is rejected, the new offer is fairer according to the
discrimin ordering.

Proposition 4. Forv € S, i€ N and V' € co(i,v), it holds that V' > giser V.

Proof. According to Definition [6] we need to prove:

min wi (V) > min u; (v
JgeqUW)UW)) () jgeqUv)UW)) i)
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For every j ¢ eq(U(v),U(V")) either u;(v') > wu;(v) holds or u;(v') < wu;(v) holds by
definition of eq(U(v),U(V')). For every j ¢ eqU(v),U(V')) such that u;(v') > wu;(v)
holds, we have u;(v') > minj¢equw)u@y) tj(v) by definition of the minimum. For every
Jj ¢ eq( (v),U(V)) such that u;(v/) < u;(r) holds, the definition of co(i,v) (9) implies
that u;(v') > w;(v). Moreover, (9) implies that i ¢ eq(Ud(v),U(v')). Consequently, we
have w;(v") > minj¢equ)ue)) ty(v). Combining all parts, we see that the inequality
w; (V') > minggequiw)uey) wy (V) holds for every j ¢ eq(U(v),U(v')), thus implying what
needed to be proven. O

It immediately follows that every discrimin optimal outcome is accepted.

Corollary 2. For v € DO and i € N it holds that co(i,v) = 0.

Conversely, we can also show that only discrimin optimal outcomes will be overall accepted,
i.e. accepted by every agent.

Proposition 5. For v € S\ DO there is an agent i € N with co(i,v) # (.

Proof. Let v € §\ DO, then by definition of DO there exists a 1/ € S such that v/ > . V.
By Definition [6] this implies that

min wi (V) > min e
jgeqUv)UW')) () jgeqU)UW")) i)

Since the number of agents is finite, there exists at least one agent ¢ outside eq(U(v),U(V))
such that u;(v) = min;geqwiw)uy) wi(v). In other words: of all agents for which the choice
between v and v’ matters, agent ¢ has the lowest utility in v. In particular, since v’ > giser v,
it holds that u;(v') > u;(v). Moreover, since minj¢eqwiw)u@) ¢, (V') > u;(v), it holds that
uj(v') > w;(v) for every j ¢ eq(U(v),U(V')). In particular, u;(v') > u;(v) for every j € N:
u; (V') < u;(v). Therefore, it immediately follows that v/ € co(i,v). O

Note that since there are only a finite number of offers that can be made, and because
each offer must strictly improve the previous offer in terms of the discrimin ordering, we
know that the negotiation protocol always ends. From Corollary [2| and Proposition |5 we
moreover know that the possible agreement outcomes at the end of the negotiation protocol
are exactly the discrimin optimal outcomes. This result implies that the first offering agent
still has a strong advantage, as this agent can select the discrimin optimal outcome that
yields its highest personal utility, which no agent is allowed to reject. For instance, if the
only discrimin optimal outcomes have utility vectors (1,0.5) and (0.5,1), agent 1 should
propose the former and agent 2 has no choice but to accept. If the first agent follows this
strategy, the negotiation ends within one step.

Remark 1. In our protocol, it is irrelevant which agent controls which atoms. The depend-
ence of actions implied by the constraint ¢ forces agents to negotiate about what actions
they will undertake. In Example [14] Alice and Bob cannot individually decide to go out.
However, Alice can decide to stay with the dog without violating . Moreover, both Alice
and Bob can decide to stay at home without restricting the other agent’s options w.r.t. the
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constraint. Thus Alice is able to reach a utility of 0.33 without negotiating, and Bob will
be stuck with a utility of 0. The utility vector (0.33,0) can be viewed as the disagreement
point [39], i.e. the utility the agents would receive if they fail to reach an agreement. This
information could be added to the framework: Alice rejects everything with a lower utility
than 0.33, ergo Bob should not make such offers during the negotiation. Note that we can
incorporate this info in the constraint ¢, demanding that the utility of every agent is greater
than its disagreement utility.

6.2. Negotiating under Incomplete Information

In this section, we consider Boolean games in which the agents are uncertain about the
preferences of the other agents. For example, recall the context of Example [14] where Bob
and Alice are planning their Sunday afternoon: they can go to the beach or the forest, or
they can stay at home, and Alice can bring the dog or leave it at home. Since being a couple
does not imply having identical preferences nor knowing exactly each other’s preferences,
Bob and Alice will have to compromise under incomplete information. However, they might
not be completely ignorant about each other’s goals; for instance, Bob knows that Alice
loves the dog and Alice knows that Bob loves the beach. In this section, we show how they
can use such knowledge to reach an agreement through negotiation. Moreover, we explore
the link between having information about other agents’ goals and obtaining a satisfactory
agreement. To the best of our knowledge, our process is the first multilateral negotiation
protocol for Boolean games that takes uncertainty w.r.t. the other agents’ goals into account.

We first define a set of possibilistic discrimin optimal outcomes in S. Intuitively, an
outcome v is optimal if for any outcome v/ which dominates v according to the discrimin
ordering, the agents who are better off in +/ than in v are not aware that v/ is a valid coun-
teroffer in the sense of @) Recall that the models of a generalized possibilistic knowledge
base K/ are possibility distributions.

Definition 18 (Possibilistic Discrimin). We define the set of possibilistic discrimin op-
timal outcomes:

DO? ={v eS|V €8 : (V >userv) = (Vi € N : (;(V) > us(v)) =
(3j € N,3u] € Mod(K]) : (u](v') < u](v)) A (u] (V') < wi(v))))}

It is easy to see that DO C DOP. In particular, when each agent has full knowledge, i.e.
Mod(K) = {u;} for every i,j € N, DO and DO? coincide.

We now analyze negotiation in Boolean games with incomplete preference-information.
The protocol remains as specified in Algorithm[I} agents take turns in responding to an offer,
by accepting it or making a counteroffer. However, the set of legal counteroffers co(i, v) might
be unknown to agent i. Indeed, determining the allowed counteroffers requires — possibly
unknown — information about the other agents’ utility. Therefore, we replace co(i,v) by
coP(i,v), which intuitively contains every outcome v/ € S for which agent i has enough
information to derive that v/ is indeed a legal counteroffer to v:

(i) ={V €S| (KL v = 1) AVj € N+ K (A1) V (0 = 1)}
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Recall that an outcome v, when used as a formula, represents the conjunction of the literals
in v. Moreover, as defined in (7)), v/ > v and v/ > v are abbreviations of GPL formulas.
When agent 7’s knowledge base IC{ models v/ > v, this means that agent ¢ knows that the
utility of agent j in ¢/ is higher than its utility in . Similarly, IC{ E ' = v encodes that
agent ¢ knows that the utility of agent j in v/ is at least as high as its utility in v. If IC{
models the GPL formula A, ), 1 (¢//), this means that agent i knows that agent j’s utility
in v/ is higher than u;(v). As before, an outcome v is agreed upon iff coP(i,v) = () for every
1€ N.

We can prove that every possibilistic discrimin optimal outcome is generally accepted.
To this end, we first prove the following link between the sets of valid counteroffers under
complete and incomplete information, assuming the agents have correct beliefs about the
preferences of others. By the latter we mean that the beliefs of an agent ¢ concerning the
utility of an agent j do not rule out the true utility function of an agent j.

Proposition 6. For every i € N such that Vj € N : u; € Mod(K) it holds that coP(i,v) C
co(i,v) for everyv € S.

Proof. Let ' be an arbitrary element of coP(i,v). By definition, it holds that w;(v') >

uw(V) AVj € N : Kl = (A w2 (V) V (V' = v)). Let j € N. It remains to prove that
u; (V') < ui(v) = ui(v') > ui(v )o;equwalentlyu]( ") > ui(v)Vu, (V) > ul( ). Tt is assumed
that u; is a model of KJ. Consequently, it holds that u; satisfies either A, yr(V)or v =
In the first case, it holds that u;(v") > u;(v) + 13 or thus u; (V') > u;(v). In tﬁe second case,
it holds that u;(v') > u;(v). In any case it holds that u;(v') > u;(v) V u;(v') > w;(v). O

We can prove that an agent always accepts a possibilistic discrimin optimal outcome, as-
suming it has correct beliefs.

Proposition 7. For v € DOP and i € N such that Vj € N : u; € Mod(K}) it holds that
coP(i,v) = ).

Proof. Let v € DO? and i € N. Suppose there exists some v/ € coP(i,v). If (V' > giser V),
then Proposition [4] and Proposition [f] imply that v/ ¢ coP(i,v), which is a contradiction.
Now assume that v/ >gger v. Since v/ € coP(i,v) and Mod(K}) = {u;} it follows that
u; (V') > u;(v). Because v € DOP, we know that there exists some j € N and v/ € Mod(K?)
such that /(') < u(v) and u} (V') < u;(v). Consequently, u does not satisfy Aui(y)+%<l//),

nor / > v. This contradicts the fact that K/ |= (A, () V(' =v)). O

Conversely, we can also show that only possibilistic discrimin optimal outcomes will be
generally accepted, i.e. accepted by all agents.

Proposition 8. Forv € S\ DOP there is an agent i € N with coP(i,v) # .

Proof. For v € &\ DO? there exists a v/ € S such that v/ > giser v and there exists an
agent i € N such that u;(v') > w;(v), and for every j € N and u! € Mod(K!) it holds that
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wl (V') > ul(v) or ul (V) > u;(v). Since Mod(K?) = {u;}, it follows that K! = v/ > v. Now
let j be an arbitrary agent in N. For every model u/ of K such that u/(v') > u!(v) it holds
that «/ models ' > v. For every model u/ of KJ such that u/(v) > w;(v) it holds that
u! models A, )+1 (V). Consequently, we have Kl = (AMVH%(I/) V (V' = v)), and thus

P

V'€ coP(i,v). O

Note that since the number of possible offers is finite and because each offer must strictly
improve the previous offer in terms of the discrimin ordering, the negotiation protocol always
ends when we assume correct beliefs. Note that incorrect beliefs, however, can lead to an
infinite loop: if agent 1 believes v is a valid counteroffer to v/ and agent 2 believes that v/ is a
valid counteroffer to v, then a negotiation between the both of them can loop infinitely from
v to v/ and vice versa. From Proposition [7] and Proposition [§] we know that the possible
agreement outcomes at the end of the negotiation protocol are exactly the possibilistic
discrimin optimal outcomes, assuming the agents have correct beliefs.

From DO C DO? and Proposition 7] it follows that any discrimin optimal offer is overall
accepted under incomplete information. However, Example shows that the opposite
does not hold, i.e. a non-discrimin optimal outcome might be accepted under incomplete
information.

Example 15. Suppose, in the context of Example that Alice has absolutely no informa-
tion concerning Bob’s goals. If Bob may make the first offer and suggests to go to the beach
together without the dog, Alice’s utility is 0. Although this outcome is discrimin dominated
by going to the beach with the dog, Alice is unable to make this counteroffer, because she
does not know whether Bob’s utility is at least 0.33 in that case or whether Bob’s utility is
at least the same as in his first offer.

Note that, in contrast to a fully informed agent, an agent with limited knowledge might not
be able to open with a discrimin-optimal solution. It is clear that having no information
leaves an agent in a very weak position. Indeed, if agent ¢ knows nothing about the prefer-
ences of another agent, it holds that co?(i,v) = () for every v € S, hence agent i is obliged to
accept every offer. In contrast, an agent who has full knowledge knows all valid counteroffers
and may be able to achieve a better outcome than in any discrimin optimal outcome, cfr.
Bob in Example [I5] Note that an agent with full knowledge can either use a safe or a risky
selection function. Suppose for instance that there are only three possible utility vectors:
(0.6,0.4), (0.4,0.6) and (1,0.2). If agent 1 proposes (0.6,0.4), it is certain that agent 2 ac-
cepts. Alternatively, if agent 1 proposes (1,0.2) and agent 2 does not know that there exists
a valid counteroffer, agent 1 can get away with an unfair agreement, yielding a higher utility
than in any fair outcome. However, if agent 2 knows that (0.4,0.6) is a valid counteroffer,
the negotiations end in (0.4, 0.6), leaving agent 1 worse off than if it had proposed (0.6,0.4)
right away. This discussion shows that an interesting extension of the framework would be
to allow agents to reason about the knowledge of others. Such knowledge can be encoded
using multi-agent extensions of modal logics for epistemic reasoning, although we are then
forced to express knowledge about preferences at the propositional level (e.g. by introducing
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variables g™ to denote the m'™ most preferred goal of agent 4 as in Section . This exten-

sion would allow agents to act based on their knowledge of how other agents would react to
various counteroffers, as is common in the field of epistemic game theory [40].

Remark 2. In our protocol, the order of the agents plays an important role, which is
natural in hierarchical contexts (e.g. leader-follower type setting, where followers can only
question proposals by leaders if they can prove their unfairness). Alternatively, the power
of agents [41] can be used to deduce a sensible ordering in which agents are allowed to
make offers: the most powerful agent can make the initial offer. Note, however, that the
use of GPL for encoding knowledge about the preferences of others is independent of the
negotiation protocol. Consequently, future research w.r.t. alternative negotiation protocols
e.g. for settings in which agents have equal status can also rely on our GPL framework.

Even though the negotiation model we have discussed in this section is rather simple, it
offers a rich basis from which we can study a wide variety of settings. Interesting extensions
could include the use of agents who expand their knowledge base during the protocol, by
drawing conclusions from the offering behavior of other agents [42]. Another option is to use
different negotiation rules, e.g. an agent could be allowed to make a counteroffer v if it does
not know that v is an illegal counteroffer. However, if the offer turns out to be illegal, the
agent must pay a penatly. In that case, agents need to weigh the potential gain of such an
offer against the risk of paying a penalty, which brings them in a standard setting for decision
making under uncertainty (see e.g. [43]). Alternatively, we can allow ‘third party’ agents to
protest against offers, in case they know that the offer is illegal. This can also be employed
in case the assumption of correct beliefs is violated. Recall that the characterization of
the agreement outcomes under incomplete information relies on this assumption. When an
agent has incorrect beliefs, it is possible that the agent makes a counteroffer that violates
the original bargaining rule, while believing it does not. For instance, suppose Bob suggests
to Alice to attend a sports game together. Now assume Alice mistakingly believes Bob is
indifferent between attending a sports game together and going to the theatre together,
while Alice prefers the latter. She therefore believes going to the theatre together is a valid
counteroffer. If she makes this offer, Bob can deduce that Alice’s beliefs concerning his
preferences are wrong. He could protest against the counteroffer and Alice could update her
beliefs. However, protesting against an unfair proposal requires the revelation of knowledge,
which might also weaken the bargaining power of the agent. Hence, it is not straightforward
that protesting is always in the protester’s advantage, even if it initially leads to a higher
utility. Other options for alternative protocols include the addition of time constraints [44]
or the use of arguments to support an offer [35].

7. Conclusion

We introduced the first Boolean game frameworks that allow agents to be uncertain
about the other agents’ goals. Moreover, we approached the incompleteness of information
in two distinct ways. In Section |4 we have argued that such a scenario can naturally be
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modelled by associating with each agent a possibility distribution over the universe of all
possible games (given the considered action variables and constraints). While this allows us
to define a variety of solution concepts in a natural way, definitions at the semantic level are
not directly useful in practice, due to the exponential size of these possibility distributions.
Therefore, we also proposed a syntactic characterization, which avoids exponential repres-
entations by relying on standard possibilistic logic inference, and can be implemented by
reduction to answer set programming. Our main result is that this syntactic characterization
indeed corresponds to the intended semantic definitions. We furthermore showed that the
computational complexity of the introduced solution concepts remains at the second level
of the polynomial hierarchy.

In Section [5| we have developed an alternative framework for Boolean games with in-
complete information, using GPL to compactly represent agents’ knowledge about the pref-
erences of others. In contrast to the previous approach, here the possibility distributions
correspond to utility functions, hence the weights of formulas reflect preference instead of cer-
tainty. An agent then considers a set of possibility distributions as being the possible utility
functions of another agent. We illustrated how the syntax of GPL allows us to easily model
intuitive notions: not only can we capture necessary and sufficient conditions for reaching
subgoals, it is also straightforward to encode e.g. comparative preferences. Moreover, in
contrast to the framework from Section [, the GPL-based model does not require additional
variables in the logical language. However, the approach from Section {4] allows different
degrees of certainty, whereas the GPL-based model corresponds to binary certainty: either
an agent completely rules a scenario out or it considers a scenario completely possible. To
the best of our knowledge, our frameworks are the first models for Boolean games with
incomplete information regarding the agents’ goals.

We introduced new solution concepts, which are appropriate for this context. They reflect
whether an outcome is known to be a PNE or whether it is considered possible of being a
PNE. For instance, in case of a known PNE, all agents believe that no other agent has the
incentive to deviate. Moreover, we investigated the associated computational complexity
and showed that this complexity does not increase compared to PNEs in Boolean games
with complete information.

To illustrate how the proposed frameworks could be used in practice, we presented an
application to negotiation in the context of Boolean games with incomplete information.
Our multilateral negotiation protocol uses an intuitive negotiation rule based on the ethic
of reciprocity principle and is guaranteed to converge within a finite number of steps. We
characterized the set of possible outcomes of the negotiation process, confirming the intuition
that incomplete knowledge may lead to negotiation inefficiency, i.e. the agreement outcome
may not be fair or efficient.

The presented frameworks lead to several interesting avenues for future work. First,
the approaches could be generalized for taking into account prior beliefs about the likely
behaviour of other players (e.g. for modelling collusion) and /or for modelling situations where
agents may be uncertain about the actions that are being played by other agents. Moreover,
it seems of interest to analyse the effect of adding communication to the framework, by
allowing agents to strategically ask questions or make proposals to each other in order to
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reduce uncertainty or as part of a negotiation process.
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