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Abstract. Metallic gyroid metamaterials are formed by a combination of
nanoplasmonic helices leading to unique and complex optical characteristics. To
unravel this inherent complexity we set up an analytic tri-helical metamaterial
model that reveals the underlying physical properties. This analytic tri-helical
model is complete in the sense that it is only dependent on the structure’s
geometric and material parameters. It allows us to elucidate the characteristic
transverse and longitudinal modes of the metal nano-gyroid as well as explain
the surprisingly small optical chirality of gyroid metamaterials that is observed
in experiments. We argue that this behaviour originates from the interconnection
of multiple helices of opposing handedness.
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1. Introduction

Metamaterials are artificial media whose electromagnetic behaviour is determined by the
geometry of their sub-units. These sub-units can be specifically designed to give simultaneously
a negative effective permittivity ¢ and permeability w, resulting in an effective negative
refractive index (n < 0), a property that cannot be observed intrinsically in any natural material.
Alternatively, when chirality (handedness) is introduced in a resonant medium, then the effective
response of the two circularly polarized states differ, with one of them ‘experiencing’ effective
negative refractive index [1]. At microwave frequencies, metamaterials have been designed
and manufactured to achieve extreme chirality [2], demonstrated in chiral Swiss-Rolls [1, 2],
twisted layers of gammadions and crossed-wires [3, 4]. These have found numerous significant
applications, such as polarizers, filters and slow waves for waveguides and antennas. During
the last few years, significant efforts have been focused on moving metamaterial functionalities
such as stopped light [5] from microwave to mid- and near-infrared (IR) frequencies, heralding
significant technological breakthroughs in optoelectronics and photonics. However, as the
constituent metamolecules should be significantly smaller than the wavelength, metamaterials
that are designed for the IR regime have to have nanoscaled metamolecular sub-units. Clearly,
this is not without manufacturing challenges, particularly as most common strategies rely on
top-down techniques involving considerable effort [6]. Not surprisingly, there has been an
increasing interest in developing bottom-up techniques such as, in particular, self assembly of
nanoplasmonic gyroid structures (figure 1) [7, 8], opening a route for artificial 3D chirality at
IR frequencies. First experimental results on nanoplasmonic gyroid metamaterials show very
interesting behaviour [7], but at the same time pose many new questions, particularly related to
the underlying physics.

In this paper, we thus aim to shed light on the physics that determine the electromagnetic
response of metallic single gyroid metamaterials. On the basis of a tri-helical metamaterial
(THM) geometry, we develop an analytical model that describes the effective electromagnetic
and chiral properties of the structure well into mid-infrared and near infrared frequencies, by
considering metallic losses and the thickness of wires that previous studies have neglected
[9, 10]. Our analytical model is complete, depending only on the structure’s geometric and
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Figure 1. (a) The single gyroid metamaterial and (b) the unit cell of a THM.

material parameters. Therefore, our analytical model derived here is a valuable tool to guide
the design and fabrication of chiral structures, in particular the metal nano-gyroid operating at
infrared frequencies.

2. Tri-helical metamaterial (THM)

The gyroid metamaterial shown in figure 1(a) is composed of multiple helices, connected
with each other and orientated over several directions. If we now remove the connections
between the helices and orient them (for simplicity) along the x, y and z axes we obtain a
3D isotropic “THM’ model system. As we discuss in this paper, the THM model bears many
features of gyroid metamaterials, thus opening up a route to analytic analysis that elucidates
the physical properties. In the THM each helix is created by wrapping a wire of thickness ry,
around a cylinder of radius R (see figure 2). The surface of the helix aligned along the z-axis is
approximated by:

x=(R+rycosu)cost,
y=(R+rycosu)sint, )

pt )
7= -—+rysinu,
20

where u and ¢ assume values —r < u <7 and —7 <t < 7 for one periosi of the helix, and | p
is the z-axis periodicity or pitch of the helix. The effective permittivity ( €), permeability ( )
and chirality ( x) tensors of the THM can then be expressed as:

Tett = €0 (X1 1 (0) &y + X1 (0)&,8y + X[ (0)€,6,) ,

Tt = o (X375 (@)€x€x + iy (0)&y8y + X ()€,8,) |

(?EH)eff =Co (X;;’;; (a))éxéy"'xg*i] (a))éyéz + va;xyézéx) ©
+co (Xpy (@)eye + X5 ()€€, + X158, ,

(?HE)eff =Co (X;;yE (a))éxéy + X;IZE (w)éy€z + X;{xEézéx)
+co (XIYIXE (w)eyey + X p(w)e, ey + X])f[ZEéxéz) )
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Figure 2. (a) Wire helices aligned with the z-axis (top) and unwrapped helices
(bottom), where the length [ of the wires per unit cell, the pitch p, the periodicity
a and the angle 6 the wires make with the y-axis are defined. (b) The xy-view of
a helical wire, where the radius of the wire r,, and the radius of the helix R are
defined. (c) The current density components, shown on an unwrapped wire.

Due to the 3D isotropic nature of the THM, x3% = Xir = Xiw = XEE> Xiiu = Xiig = Xiig =
D S — : : .
Xuw and Xpy = Xpy = Xgy =+ - = Xen, reducing the effective tensors to:

Eeft = E0XEE(®) (éxéx + éyéy + ézéz) >

ﬁeff = toxXun(w) (éxéx + éyéy + ézéz) ) 3)

(?EH)eff =CoXEH (a)) (éxéy + éyéz + ézéx + éyéx + ézéy + éxéz) s
(%HE)eff = COXHE(a)) (éxéy + éyéz + ézéx + éyéx + ézéy + éxéz) s

where we have, for simplicity, disregarded any non-local corrections. To derive effective
electromagnetic and chirality parameters, we now follow a similar approach to [2].

Let us start by looking at wire helices aligned along the z-axis whose effective parameters
along this axis are identical to xgg, xun, Xen and xgg of the THM. These helices have a unit
cell of dimensions a x a x p, as highlighted in figure 2(a). Note that (2R +2ry) < a is imposed
to ensure that the helices do not overlap. Now consider an electric field E, also oriented along
the z-axis, in order to derive the effective xzr and xgp, and a magnetic field Hy, to derive the
effective xyx and xpg. The Hy, field induces a current density Jy, on the helical wire and the
E, field a current density Jy,. From figure 2(c), we see that the current densities are related as:

Joy sin @ + Jy, cos 6 =0, 4)
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with 6 denoting the angle between the helical wire and the y-axis, as defined in figure 2(a).
Note that Jo, and Jy, can have negative values, which determines the handedness and current
direction on the wire. Therefore, the magnetic field H; in a unit cell, driven by Jy,, 18 given by

aH, 7 R*\ aly,
H, - lz+<l_a2>T)’ )

where R is the radius of the helical wire as defined in figure 2(b), a is the lattice constant and /
is the length of the wire per turn given by:

=+ (@2rR)>+ p? (6)

and is shown in figure 2(a). The term (a/[) in (5) accounts for the fact that current densities
are spread over the length [ of the wire, rather than the length a along the y-axis (more details
in appendix). Assuming that Hy, is of the form of exp(—iwt), then the electromotive force (emf)
£ induced in a unit cell is given by:

2 RpaJoy
£ =iwm R*uoH, — w
i R? R? 2w RpaJ,
= 2E AR (HOZ+<1——”2 )JOy)——” . ™
a

The last term takes resistive losses in the metallic wires into account, which oppose the flowing
current. The losses are expressed in terms of the surface resistivity p of the helical wire
(measured in €2), since the current flows on the surface of thick wires. Note that p also takes
into account the resistivity due to field penetration into the metal (discussed in more detail in
section 2.1). Additionally, the confinement of electrons in the wires gives rise to a local magnetic
field around the wires that enhances the effective electron mass [11, 12]. Therefore, the electrons
appear to be heavier, requiring more energy from the current flow, slowing it down and giving
rise to the following self-inductance per unit cell [11, 12]:

e (n(2:)

where r( is the radius of the wire that is not penetrated by the wave’s fields and is given by
ro =ry — 0, Iy 1s the radius of the wire and § the skin depth. Note that the above formula for
L, holds for r,, > §. Since the magnetic field due to L., is highly localized around the wire, it is
reasonable to assume that there are no contributions from neighbouring wires (i.e. the magnetic
effect due to self-inductance is negligibly small at a distance R from the wire). Therefore, the
potential due to self-inductance is given by:

iwm R*woa Ly, J,
= “l° L3 )

where we consider only the Jy, component of the current density for simplicity. Since the self-
inductance opposes the current flow, its magnetic effect V, needs to be subtracted from &,
leading to a potential per unit cell due to magnetic effects given by:

iwm R? R? 2w RpaJ,
VHZS—VL=M<HOZ+<1—7T—2> Joy_LmJOZ>_m' (10)
a

) [
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An electric field E, then induces the current density Jj,, which drives the depolarizing fields,
leading to:

CZZZOZ 27 R
= +

E, :
[ 1wepeqal

Joz, (11)

where ¢4 is the dielectric permittivity of the host medium and can take complex values. The
potential difference across the z-component of the unit cell is given by:

27 R apJo,
. 0z — .
iwepeqal l

akEo,
Ve =2m Rtan6 7 + (12)
Note that the last term reduces Vg due to metallic losses. Then, assuming that there is no
contribution from neighbouring unit cells and that the process is adiabatic (i.e. Vg = V), the
averaged current densities (i.e. Jy, and Jy,) per unit cell read:

RuoHy, +iw2tan O E J

@2 R <1 —”a—’f+Lmtan9>+iwp sec? § — drRun’o tan¢

g08qa?

Finally, the electric permittivity (xgg), magnetic permeability (xyy) and chirality parameters
(Xem, xume) along a helix are obtained through &' =¢eyEwe/D, and ' = poHue/B:
respectively [13], where D, =¢yEy,, Ewne=EFE, B,=uoHy, and H,.= (a/l)(Hy, —
(mR?*/a*)Joy), obtained by averaging the H-field over a line outside the helix. Therefore we

obtain:
. a a)2+iFa)+a);(8d— 1) ”
Xee = <7) o?+ilw — a)g ’ (14)
. a 1+ L, tan6 0 +iyw — o, (15)
Xgg = (‘) ; )
l ( —”a—lf)+Lmtan0 o’ +ilw—w},
P
—1 [ E£> ____15252253____ _ 1 16
(X1 /o) (l o’ +ilw— ] “en: (16)
P
. _qa 1Ga)pa) 4
(b /20) = (7) Gripes —ap = ik 0
where
47 tan? 0
@) = € (18)

R? o Q)mp
gqa’ ( — T +Ln tan@)

is the plasma frequency,

477 tan2 0 (19)
Wom = C
0 %V eqa? (1+ L, tan6)
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the magnetic resonance frequency and G is a constant defined as:

R
=t (20)
2tan6
The loss parameters I" and y are given by:
2 20
r— Pt , 21)
UoR (1 — ’;—’5 + L tan@)
2p sec’ 6
Y (22)

- woR (1+ L, tanB)’

Note that ik = —«ky. As discussed above, although (14)—(17) express the effective
parameters and chirality along a single helix, they are identical to the effective parameters along
the three orthogonal axes of the isotropic THM. The inverse electromagnetic parameters are
derived here, since they take a simpler form, and the non-inverse parameters can be obtained
using:

B o9l
€0XEE  XEH | Xee/€0  Xew 1 Xau/Mo  —Xen (23)
XHE MoXHH Xug  Xiu/ o det | —xur Xpg/€o |
11
where det = % — XphXHE = COXEEXIH — COMOKE K e = CoXpEXnn +8olo(ky ).

Although kgy and kg express the chirality in the structure, it is often more convenient to
quantify chirality in terms of the optical activity per wavelength:

IKEH
~XEEXHH .
The real part of ¢ is the optical rotation and measures the polarization rotation of a wave
travelling through the medium. It also measures the strength of the structure’s chirality. The

imaginary part of ¢ shows the circular dichroism of the structure, which is a measure of the
circular ellipticity of the wave in the medium.

¢ (rad) = (24)

2.1. Metallic losses at high frequencies

The analytical model accounts for metallic losses through the surface resistivity p, representing
the dominant contribution to metallic losses, since at mid-IR and visible frequencies they have
a huge impact on the electromagnetic behaviour of metallic structures. In these regimes, metals
can be expressed with a Drude model:

2

w p—metal

/ LN/
— =& +ie), (25)
w?*+igo " "

Em = Ex0 —

where ¢/ and ¢/, are the real and imaginary components of the metal’s permittivity respectively,
and @, _mea1 and g are the plasma and collision frequencies of the metal. For specificity, we here
consider silver with & = 4.028, @,_ser = 1.39 x 10'°(rads™") and g =4.997 x 10'*(1/s).
Also, it is well known that the permittivity of any medium can be expressed in terms of the
resistivity as [14] :

i
Pm(@)eo’
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where p,,(w) is a complex function of the frequency, with the real part representing the
resistivity and the imaginary part the reactance of the medium. Note that p, (w) = 1/0,(w).
Then, solving (25) and (26) we obtain:

@) 1 e —i(l—eg)) 27)
m (W) = s
P g0 \ (g2 + (1 —¢/,)?

which is expressed in terms of the metal properties and is measured in terms of 2m. The skin
depth § takes into account how far the fields can penetrate into the metal; it depends on p,, (@)

and w as [15]:
2
5 — | om (@) ’ (28)
W Lm

where u,, is the magnetic permeability of the metal, and for silver pu,, = 1. The quantity p
in (21) and (22) is the surface resistivity of the metal, which is dominated by the penetrated
metal (§), and sometimes referred to as the internal impedance [15]:

8. (29)

_ \/meM0|Pm(w)| _ WHmHo
B 2 2
Substituting (29) into (21) and (22), then the effect of the skin-depth and increased resistivity is
accounted in our analytical model.

3. Verification of the tri-helical analytical model at mid-infrared frequencies

3.1. Scattering and effective optical parameters

We now apply our analytical model to a silver THM with parameters ¢ =1 um, p = 0.5 um,
R=0.19um, ¢g=1 and ry, =0.06 um. The scattering parameters plotted in figure 3(a)
for a slab of thickness d =3a =3 um are calculated analytically using (14)—(17) in the
scattering equations of [16], and numerically using a finite integration technique?. The analytical
predictions and numerical calculations show very good agreement, and as expected, the
reflection coefficients for right-handed circular polarization (RCP) and left-handed circular
(LCP) waves are degenerate (i.e. R=R__ = R,,). A RCP or LCP wave incident on a chiral
slab is reversed when reflected, and therefore the optical path of either an RCP or LCP wave is
the same, resulting in identical reflection coefficients [16]. Also, as expected, the transmission
coefficients for the right- (7,,) and left-handed (7__) polarizations differ, as chirality leads to
two different refractive indices for the right- and left-handed polarizations.

The electromagnetic parameters were retrieved from numerical scattering calculations [4]
and are plotted together with (14)—(17) of the analytical model for comparison in
figures 3(b)—(h), showing excellent agreement. We can immediately note that the cross-coupling
transmission coefficients (7_, and 7,_) in figure 3(a) are small in the frequency range, the
retrieval method was applied as required by [4]. Figures 3(b)—(h) show that the racemic
refractive index n = ,/xgg xnn approaches zero for frequencies below the plasma frequency
(w, ~40THz) and becomes positive, since the magnetic permeability is always positive.
Moreover, the refractive index for a right-handed polarized wave (n,) is always positive as
expected, but the refractive index for left handed polarized waves (n_) is negative for w < wy.

2 CST GmbH, Darmstadt, Germany.
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Figure 3. Numerical (points) and analytical (lines) results are plotted together
for comparison: (a) The S-parameters R =R,, = R__, T, T__ and the cross-
coupling parameters 7, and 7_,, which take small values, (b) the racemic
refractive index n, (c) the refractive index for RCP wave incidence n,, (d) the
refractive index for LCP wave incidence n_, (e) the chirality parameter xgp,
(f) the optical activity ¢, (g) the electric permittivity gz and (i) the magnetic
permeability xgp.

New Journal of Physics 14 (2012) 083032 (http://www.njp.org/)


http://www.njp.org/

10 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

(a) ' —b) ' ' - opanalyt ——
Tr | Wop-analyt 11
z ®,-num
p
0.8 f // : Ogm-Num 108
& 06} // {os &
@© ©
S = 3
04t 1 0.
§ — 0.4
o -analyt —— S—
0.2t Woy-analyt 1 1 02
Og-num
L Ogy,-NUM
0 : om : : : : : : : 0
0 0.03 0.06 009 0 05 1 15 2 25 3 35
My (Lm) a (um)
0.5 — - - - - - - - - 0.5
(c) \ op-analyt —— )
\ Wom-analyt
04 1 Wp-num = 1 1 04
0pm-NUm
S 03t 103 S
g g
0.2t 102
w,-analyt ——
01} ©om-analyt 1 0.1
Op-num
®gm-Num
0 : : : : : : L : 0
0 0.2 0.4 0.6 0.5 1 15 2 2.5 3

R (um) p (um)

Figure 4. Dependence of the THM’s resonant frequencies (wom and w,) on (a) the
radius of the wire ry, plotted together with the variation of the skin-depth § with
frequency (black solid line), (b) the lattice constant a, (c) the radius of the helices
R and (d) the pitch of the helices p. Note that the model holds for r,, > § and
p < a. The analytical results are plotted with lines and numerical calculations
with points.

The real part of the chirality index (Re(k)) is small and varies from negative to positive values.
However, the imaginary part (Im(x)) that dominates the optical activity, is larger. Also, the
real and imaginary parts of the optical activity ¢ are maximum at w ~ w,. This indicates
that the chirality of the structure is strongest in this frequency range. Moreover, the small
mismatch between the peaks of Re(¢) and Im(¢) shows that there are frequencies where
optical rotation is dominant over circular ellipticity. Finally, as expected, the electric permittivity
follows a Drude-like behaviour and the magnetic permeability a Lorentz-like resonance. The
magnetic permeability is weakly resonant, and always positive when metallic losses are present,
which indicates that the negative values of Re(n_) are due to the medium’s chirality Im(xgy)
(i.e.ny =n=Likgy/cop) .

To further validate our analytical model for a range of different THMs and frequency
regimes, we now plot in figure 4 the resonant frequencies w, and wyy in dependence on the
structure’s various geometrical parameters (ry, a, R and p) for both the analytical model (lines)
and the numerical results (points). The resonance frequencies assume higher values for thicker
wires and larger helix pitch p, where the model is expected to hold for p < a (i.e. p <3 um).
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Also, the analytical model shows excellent agreement for ry, > § as expected, while for ry, < §
the wires are fully penetrated by the waves and a different formulation needs to be taken into
account. Note that §, also plotted in figure 4(a) with a solid black line, is a weakly dispersive
quantity for this frequency regime. Finally, wo, and w,, are reduced for larger helix radius R and
needless to say, for larger lattice constants a. The excellent agreement between the analytical
model and numerical results for all geometrical parameters of the THM is clear evidence that
the model presented in this paper predicts with high accuracy the behaviour of metallic THMs
in the presence of losses within the infrared spectrum.

3.2. Band structure of THM

We now use our analytical model to calculate the dispersion diagram of the THM. Since the
THM is a 3D isotropic chiral medium, the dispersion equations are given by [1]:

@,1 = Cok, (i/«g},/co +,/ xEZxEé) :
w_4 = cok_ (-iKgllf/Co ==Y X;Zﬁ%) .

Equations (14)—(17) are substituted in (30) and the dispersion diagram for the THM with
a=1pum, p=0.5um, R=0.19 um, &g =1 and ry, = 0.06 um is plotted in figure 5(a) with
simulation results obtained using CST Microwave Studio, and show remarkable agreement.
The cut-off frequency in figure 5(a) is a characteristic of wire-mesh metamaterials [11, 12, 17],
which is a simplified version of THM. It has been previously discussed in the literature [1, 2]
that the two degenerate transverse modes of a passive medium split in the presence of chirality.
For a resonant medium (or a medium with a cut-off frequency like wire-mesh metamaterials),
when the two transverse modes split in the presence of chirality, one polarization experiences
effective negative refractive index for a frequency bandwidth that is dependent on the strength
of the chirality, as observed in figure 5.

Due to the THM’s structure where one of the helices is oriented along the propagation
direction, a longitudinal mode clearly coexists with the transverse modes. This mode obeys

(30)

w=co,/]Aq*+k%, where A = (p/I)? is a dispersion-less coefficient. The longitudinal mode

for any wire medium (e.g. for straight unconnected wires: p=1= A =1 [17, 18]) is only
activating the wire parallel to the propagation direction, giving rise to non-locality and spatial
dispersion [17]. When the wires form helices, the longitudinal helix will be activated, as shown
in figure 6(a), but the propagation of the longitudinal mode is slowed down by a factor of (p/1).
Therefore, the dispersion equation for the longitudinal mode is:

® = ¢ (?)unkf,. 31)

In figure 6, the amplitudes of the magnetic fields | H| are plotted, where it can be seen that only
the longitudinal helix is activated when the longitudinal mode is excited and the two transverse
helices when the transverse modes are excited. The behaviour of the longitudinal mode is in
agreement with observations at microwave frequencies, where helical wires are commonly used
to slow down waves in waveguides [19, 20] (i.e. slow-wave antennas) and (31) is in excellent
agreement with the numerical results shown in figure 5. Note that the small bandgap at k = 0 in
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Figure 5. Band structures for (a) PEC THM of dimensions a =1um, p =
0.5um, R=0.19 um, &g =1 and r, = 0.06 um (b) PEC gyroid metamaterial
with a =40nm and f = 1.2 and (c) gold (Au) gyroid metamaterial with a =
40nm and f =1.2.
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Figure 6. The |H|-fields for (a,d) the longitudinal mode (b,c), (e,f) the two
transverse modes of the THM of dimensions a =1um, p=0.5um, R =
0.19 um, g4 = 1 and r,, = 0.06 um, at k = 0.175 x 10® (rad m™").

the numerical results of figure 5(a) is due to the weak coupling of the longitudinal mode to the
two transverse modes, which is also the case at k ~ 0.95 x 10° (1/m).

4. Nanoplasmonic gyroid metamaterials

Recent developments in ‘bottom-up’ manufacturing techniques, such as self-assembly, allow
for the fabrication of nanopalsmonic gyroid structures. Since gyroid metamaterials are a
combination of several helices as shown in figure 7(a), the analytical model introduced above
is, as we show here, a vital tool to understand the physics behind the electromagnetic behaviour
of gyroid metamaterials. As an example, consider the single gyroid metamaterial shown in
figures 1(a) and 7(a) and (b), which is derived from a periodic minimal surface and is defined
by:

[ 2mx 2y . [ 2my 27wz . (2nz 2w X
sin| — Jcos| —= ) +sin{ — Jcos| — | +sin| — Jcos| — ) = f, (32)
a a a a a a

where a is the lattice constant and f determines the filling factor and takes a value from
0< f <1.5(f =1.2 for this paper). The single gyroid metamaterial is composed of several
helices, oriented along many directions and connected with each other. Nevertheless, by
comparing the gyroid metamaterial with the electromagnetic behaviour of its simplified version,
the THM structure, we can acquire a deeper understanding on its performance.

Initially, metallic losses are ignored for simplicity and the dispersion diagram of a
perfect electric conductor (PEC) gyroid metamaterial of @ = 40 nm is calculated using a finite-
difference time-domain (FDTD) technique. The lowest mode in figure 5(b) is identified as the
longitudinal mode, as the fields are aligned with the propagation direction [21]. This mode is
excited in the same way as in the THM, where only the helices parallel to the propagation
direction are activated. The other two modes in figure 5(b) are the two transverse modes and it
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(a)

Figure 7. (a) One face of the gyroid metamaterial with 2a x 2a x 2a, f =1.2
where the handedness of the helices are shown. (b) The unit cell of the gyroid
metamaterial with f =1.2.

is immediately evident that unlike in the case of the THM, they are degenerate for k — 0. Their
degeneracy shows that chirality is not strong enough to split the bands and therefore the structure
is unable to give rise to negative refraction. Although this is a surprising result at first, it can be
justified by observing the design of single gyroids in figure 7(a) and noting that it is composed
of a mixture of right- and left-handed helices. Due to the different radii and handedness of the
helices, they have opposing chiralities. Clearly, this minimizes the overall chiral performance of
the structure. Away from k — 0 the transverse modes split, showing different refractive indices
for the RCP and LCP, which gives rise to birefringent behaviour in the gyroid metamaterial.
The analytical tri-helical model is applied for the activated helices of the gyroid, identified from
the FDTD simulations, and is plotted in figure 5(b). Note that our analytical model neglects
the connections between the activated gyroid helices with helices of opposite handedness and
different chirality. As a result, the analytical model predicts the splitting of the transverse
modes due to chirality, which is not present for the gyroid band structure. Nevertheless, the
good analytical predictions for the cut-off frequency and the dispersion of the modes, make the
analytical model an excellent indicative tool for tuning the design of the gyroid metamaterial.

Finally, we now study the metal gyroid in terms of the Drude model (in this case gold
Au with w,_geq = 1.3544 x 10'° (rad s™") and &, = 9.0685), and its band structure is shown in
figure 5(c). It is noteworthy that the dispersion diagram and the cut-off frequency are shifted to
lower frequencies by a factor of 10, which is also observed for the THM and is due to fields
penetrating the metal and the fact that Drude metals are relatively poor conductors at high
frequencies. Actually, for a gyroid of @ =40nm and f = 1.2 made of gold, the metallic wires
are fully penetrated by the electromagnetic fields. Nevertheless, the lowest mode is identified
as the longitudinal mode that loses part of its dispersion due to metallic losses. Finally, the
transverse modes for the Drude gyroid at the Brillouin zone (k — 7 /a) remain at frequencies of
the same order as for the PEC gyroid, but their cut-off frequency (at k — 0) is shifted to lower
values, sharpening their slope (i.e. they acquire large group velocity) [21].

5. Conclusions

The introduction of a complete THM model presented here gives us the necessary insight
to unravel the physics governing the electromagnetic behaviour of nanoplasmonic metal
gyroid metamaterials. Our analytical work quantifies and identifies the origin of chirality of
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nano-scaled helical structures operating at IR and visible frequencies. It is shown that the THM
model helps to shed light on the physical mechanisms driving the electromagnetic behaviour
of the gyroid structure. Despite the small chirality found for the single nanoplasmonic gyroid
metamaterial, this work explains their electromagnetic performance and most importantly the
origin of the chirality’s limitation. Therefore, the work in this paper is expected to open the
door towards design improvements, where chirality can take a more prominent role. Hence,
our analytical model for chiral infrared structures and the interpretation of the gyroid’s optical
properties is the first step towards understanding metallic gyroid structures and can be used as
a guide towards proposing future 3D designs, showing stronger chirality and thus true effective
negative index of refraction at infrared and visible frequencies.
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Appendix

Assume a unit cell of dimensions a, x a, x a, with a straight continuous wire along the y-axis.
An incident magnetic field along the z-axis Hy, will induce a current J,, on the wire and a
magnetic effect H! along the z-axis, given by:

. 7 R?
Hz:HOZ+ 1———— J()y. (A.1)

The parenthesis term is just to keep the equations consisted with the helix ones in the text. We
sum the induced magnetic field in the unit cell as

ay 7 R?
H} = fo Hldy=a,H =a, <H0z + (1 - 7) JOy) . (A.2)

Now, if a wire is placed in the unit cell with an angle 6 with the y-axis, the magnetic effect
induced by Jy, is again along the z-axis (i.e. HZS"), but distributed along the wire of length [/, as
shown in figure A.1. Therefore, the total magnetic effect in the new unit cell is given by:

l
HY = / H.dr =1H, (A.3)
0

where r = \/x2+ y%+z2. Since H,, is applied on both unit cells and assuming that it induces
for both cases the same current Jy,, then the total magnetic effect induced in the two unit cells
should be equal H* = HS and therefore:

R2
H =2 (HOZ + (1 A ) Jo),) : (A4)
l a?
which is (5) in the main text, since a, = a. Similarly for the electric field:
a 27 R
EZ:7 <EOZ+<. ) _)0> JOZ) . (AS)
1wE €na
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Figure A.1. The magnetic field distribution for a wire (a) parallel with the y-axis
and (b) at an angle 6 with the y-axis.

At microwave frequencies, helices are tightly wrapped with 6 — 0 and therefore
(a/l) — 1. However, at mid-IR frequencies, this limit is not valid and also A ~ a, which dictates
to consider the term (a /) for our analytical model.

References

[1] Pendry J B 2004 A chiral route to negative refraction Science 306 1353-5
[2] Demetriadou A and Pendry J B 2009 Extreme chirality in swiss roll metamaterials J. Phys.: Condens. Matter
21 376003
[3] Zhou J, Dong J, Wang B, Koschny T, Kafesaki M and Soukoulis C M 2009 Negative refractive index due to
chirality Phys. Rev. B 79 121104
[4] Plum E, Zhou J, Dong J, Fedotov V A, Koschny T, Soukoulis C M and Zheludev N I 2009 Metamaterials
with negative index due to chirality Phys. Rev. B 79 035407
[5] Tsakmakidis K L, Boardman A D and Hess O 2007 ‘Trapped rainbow’ storage of light in metamaterials
Nature 450 397-401
[6] GanselJ K, Thiel M, Rill M S, Decker M, Bade K, Saile V, von Freymann G, Linden S and Wegener M 2009
Gold helix photonic metamaterial as broadband circular polarizer Science 325 1513
[7] Vignolini S, Yufa N A, Cunha P S, Guldin S, Rushkin I, Stefik M, Hur K, Wiesner U, Baumberg J J and
Steiner U 2012 A 3d optical metamaterial made by self-assembly Adv. Mater. 24 OP23-7
[8] Maldovan M and Thomas E L 2011 Diamond-structured photonic crystals Nature Mater. 3 593—-600
[9] Silveirinha M G 2008 Design of linear-to-circular polarization transformers made of long densely packed
metallic helices IEEE Trans. Antennas Propag. 56 390-401
[10] Tretyakov S, Sihvola A and Jylha L 2005 Backward-wave regime and negative refraction in chiral composites
Photonics Nanostruct.: Fundam. Appl. 3 107-15
[11] Pendry J B, Holden A J, Stewart W J and Young I 1996 Extremely low frequency plasmons in metallic
mesostructures Phys. Rev. Lett. 76 47736
[12] Pendry J B, Holden A J, Robbins D J and Stewart W J 1998 Low frequency plasmons in thin-wire structures
J. Phys.: Condens. Matter 10 4785-809
[13] Pendry J B, Holden A J, Robbins D J and Stewart W J 1999 Magnetism form conductors and enhanced
nonlinear phenomena IEEE Trans. Microw. Theory Tech. 47 2075
[14] Staffaroni M, Conway J, Vedantam S, Tang J and Yablonovitch E 2012 Circuit analysis in metal-optics
Photon. Nanostruct. 10 1667

New Journal of Physics 14 (2012) 083032 (http://www.njp.org/)


http://dx.doi.org/10.1126/science.1104467
http://dx.doi.org/10.1088/0953-8984/21/37/376003
http://dx.doi.org/10.1103/PhysRevB.79.121104
http://dx.doi.org/10.1103/PhysRevB.79.035407
http://dx.doi.org/10.1038/nature06285
http://dx.doi.org/10.1126/science.1177031
http://dx.doi.org/10.1002/adma.201103610
http://dx.doi.org/10.1038/nmat1201
http://dx.doi.org/10.1109/TAP.2007.915428
http://dx.doi.org/10.1016/j.photonics.2005.09.008
http://dx.doi.org/10.1103/PhysRevLett.76.4773
http://dx.doi.org/10.1088/0953-8984/10/22/007
http://dx.doi.org/10.1109/22.798002
http://dx.doi.org/10.1016/j.photonics.2011.12.002
http://www.njp.org/

17 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

[15] Ramo S, Whinnery J R and Van Duzer T 1993 Field and Waves in Communication Electronics (New York:
Wiley)

[16] Zhao R, Koschny T and Soukoulis C M 2010 Chiral metamaterials: retrieval of the effective parameters with
and without substrate Opt. Express 18 14553-67

[17] Demetriadou A and Pendry J B 2008 Taming spatial dispersion in wire metamaterial J. Phys.: Condens.
Matter 20 295222

[18] Silveirinha M G and Fernandes C A 2005 Homogenization of 3d-connected and nonconnected wire
metamaterial IEEE Trans. Microw. Theory Tech. 53 1418-30

[19] Kompfner R 1947 The traveling-wave tube as amplifier at microwaves Proc. IRE 1947 124-7

[20] Kompfner R 1952 Traveling-wave tubes Rep. Prog. Phys. 15 275-327

[21] Oh S S, Demetriadou A, Wuestner S and Hess O 2012 On the origin of chirality in nanoplasmonic gyroid
metamaterials, submitted

New Journal of Physics 14 (2012) 083032 (http://www.njp.org/)


http://dx.doi.org/10.1364/OE.18.014553
http://dx.doi.org/10.1088/0953-8984/20/29/295222
http://dx.doi.org/10.1109/TMTT.2005.845128
http://dx.doi.org/10.1109/JRPROC.1947.231238
http://dx.doi.org/10.1088/0034-4885/15/1/309
http://www.njp.org/

	1. Introduction
	2. Tri-helical metamaterial (THM)
	2.1. Metallic losses at high frequencies

	3. Verification of the tri-helical analytical model at mid-infrared frequencies
	3.1. Scattering and effective optical parameters
	3.2. Band structure of THM

	4. Nanoplasmonic gyroid metamaterials
	5. Conclusions
	Acknowledgment
	Appendix
	References

