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Summary

We say that two sets A and B, each of cardinality m, form an m 4+ m sum-and-
distance system {A, B} if the sum-and-distance set A*B comprised of all the absolute
values of the sums and distances a; & b; contains either the consecutive odd integers
{1,3,5,...4m? — 1} or with the inclusion of the set elements themselves, the consecu-
tive integers {1,2,3,...,2m(m+ 1)} (an inclusive sum-and-distance system). Sum-and-
distance systems can be thought of as a discrete analogue of the union of a Minkowski
sum system with a Minkowski difference system. We show that they occur naturally
within a traditional reversible square matrix, where conjugation with a specific orthog-
onal symmetric involution, always reveals a sum-and-distance system within the block
structure of the conjugated matrix. Moreover, we show that the block representation is
an algebra isomorphism.

Building upon results of Ollerenshaw, and Brée, for a fixed dimension n, we establish a
bijection between the set of sum-and-distance systems and the set of traditional principal
reversible square matrices of size n x n. Using the jth non-trivial divisor function
¢j(n), which counts the total number of proper ordered factorisations of the integer
n=pi'...p{* into j parts, we prove that the total number of n + n principal reversible
square matrices, and so sum-and-distance systems, IV, is given by

w 2 = 0,0
No =Y (e) + cjpam)e;(n) = Y &7 ()P ().
j=1 j=1
B i) B Q)
j=1 \i=1 ') k=1 L i=0 = ‘

where Q(n) = a1 +ag + ... + a; is the total number of prime factors (including repeats)
of n.

Further relations between the divisor functions and their Dirichlet series are deduced, as
well as a construction algorithm for all sum-and-distance systems of either type.

Superalgebra structures relating to the matrix symmetry properties are identified, in-
cluding those for the reversible and most-perfect square matrices of those considered
by Ollerenshaw and Brée. For certain symmetry types, links between the block rep-

resentation constructed from a sum-and-distance system, and quadratic forms are also
established.
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Notation

R The set of all real numbers.

C The set of all complex numbers.

7Z The set of all integers.

N The set of all natural numbers.

() The empty set.

Z,, The set of all integers from 1 to n, {1,2,...,n}.

R™ Any n-length vector of real entry values.

R™ ™ The set of all n x n matrices with real number entries.

Z™*™ The set of all n X n matrices with integer entries.

10 ... 0
01 ... 0
I, The n x n identity matrix I,, =
00 1
0 01
0 10
Jn The n x n anti-diagonal identity matrix, J, =
1 00
11 1
11 1
E, The n x n matrix of ones, E, = .
11 1
00 0
R R 00 0
0, The n x n zero matrix, O =
00 ... 0
¢n A n-length vector consisting only of the constant c. For example, 1,, = (1,1,...,1)T

and 0,, = (0,0,...,0)7.
§, is the n-length vector with alternating signed entries, 1 and —1, §, = (1, —1,1, —1,...,+1)7.

X,, The n x n X,, matrix

1 Iy, Jg
ani )
a0k )

when n = 2k is even, and

I, 0 Jg

1
2ot Ve ol
Jp O —I

when n = 2k + 1 is odd.
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Q(n) The sum of prime powers of n = pi'p3?...py" where p1,p2...p; are prime

and aj,as...a; are positive integers, Q(n) = a1 +as + ... a;.
[n] The integer part of n.

n! The factorial of positive integer n, n! =n(n —1)...2 x 1.

vTu The dot product of two n-length vectors, v = (v1,v2,...,v,) and u = (ug, ug, ..., un),
vTy = V91Ul + v2uU2 + ...+ VpUp.

vu? The outer product of two vectors v = (v1,v2,...,v,) and u = (u1, ua, . .., Up),
giving the matrix vul = (u;v;); ;.

T

{v}+ The set of orthogonal vectors to v, i.e. if u € {v}* then u’v = vTu = 0.

¢(s) The Riemann zeta function, defined for s € C, with R(s) > 1, such that
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1 Introduction to Sum-and-Distance Systems

1.1 Sum-and-Distance Systems

Throughout this thesis, for two non-empty sets of integers A and B, we are inter-
ested in the sum-set A+ B and the difference-set |A — B| defined by

A+B={a+b:a€ A, be B}, |JA—B|={la—b| : a€ A, be B}.
Given some constant A € C we define
M ={)la|ac A},
and
A+{A}={a+X]|ac A}

More specifically we are interested in cases where the union of the sum-set and
the difference-set (possibly with the set elements themselves) comprise a target
set containing either consecutive integers or consecutive odd-integers with no re-

peats.

The combinatorial set pair formed from the union of a sum-set and difference-set
(possibly with the set elements themselves) is referred to as a sum-and-distance
system, the two types of which we now formally define.

Definition. For natural numbers m and n, let
A={ay,...,an}, and B={by,..., by},

be two sets of non-negative integers, respectively of m and n distinct elements,

ordered in terms of increasing value, with AN B = ¢.

Then we say that the set pair A and B form an m+n sum-and-distance system, if

and only if the corresponding sum-and-distance set, A* B, defined by
A*B = (A+B)U|A—B| = {ai—i—bj,]az-—bj] S {1,...m},j S {1,...n}},

is the set of odd integers{1,3,5,...,4mn — 1}.

Similarly we say that A and B form an inclusive m+n sum-and-distance system if
and only if the union of the corresponding sum-and-distance set, A*B, with A and
B, given by ABUAUB=AUBU(A+ B)U|A— B|

={ a, bj, a;+bj, |ai—bj| cie{l,...m}, je{l,...n}},

is the set of consecutive integers {1,2,3,...2mn +m + n}.



Example (of m + n sum-and-distance sets). When m = 8, n = 2, the set pair
A =1{2,6,10,14, 18,22,26, 30}, B = {31, 33},

form an 8 + 2 sum-and-distance system, because the sum-and-distance set A*B is

the set of consecutive odd integers 1,3,5,...,63.

Similarly when m = n = 4 the set pair
A={1,8,9,10}, B = {3,24,27,30},

forms an inclusive 4 + 4 sum-and-distance system, because the inclusive sum-and-
distance set, comprising the union of the sets A and B with the sum-and-distance
set A*B, is the set of consecutive integers 1,2,3,...,40.

Remark. From the above definition of sum-and-distance systems (of both varieties)
it can be seen that one can generalise to the d-dimensional case of the my + mo +
...+ mg sum-and-distance systems for some specified target set. However this more
general case is a topic for future work and is not considered here.

Example (of m + m sum-and-distance systems). When m = 3 there are the seven

3 + 3 (non-inclusive) sum-and-distance systems
{{1,3,5},{6,18,30}}, {{1,7,9},{2,22,26}}, {{1,11,13},{14,18,22}},

{{1,23,25},{2,6,10}}, {{3,9,15},{16,18,20}}, {{3,21,27},{4,6,8}},

and {{7,9,11},{12,18,24}}, but just the one inclusive 3 + 3 sum-and-distance sys-
tem {{1,2,3},{7,14,21}}, where the elements of the set B are 7 times the elements

of the set A. In such cases we call the set pair {A, B} parasymmetric.

In this thesis we primarily consider the symmetric case, when both the sets A and

B have cardinality m.

One of our main aims in this present work is the enumeration and construction of

all such m 4+ m sum-and-distance systems.

1.2 Fundamental Properties of m+m Sum-and-Distance Systems

The m + m sum-and-distance systems exhibit many symmetric properties, some of
which we now describe below.
LEMMA 1.1. For a natural number m, the sum of the squares of the 2m elements

of an m + m sum-and-distance system is invariant and is given by
4 1 m
E:W?+@)=§ﬁ%m«%m4—1%=§%@mf—l)

i=1

Similarly, the sum of the squares of the 2m elements of an inclusive m + m sum-



and-distance system is invariant and is given by

f:(af +b)) =4 L(2m+ 1)(@m+ 1)1 —1).
=1

Proof. The set of 2m? integers in (A + B) U |A — B| is
{ai +bj, |a; —bj| : i€ {l,...m}, j€{1,...m}},

and the sum of their squares is

Z ((az + bj)2 + (ai — bj)2> = Z (2(112 + 2[)?)

1<i,j<m 1<i,5<m

= Y 22i+ ) 2b2_2m2a +2m2b2—2m2a +b7).

1<4,5<m 1<,5<m

We also have
(A+B)U|A—-B|={1,3,5,...,(4m* — 1)},

and we may use the result that

4n? — 1
12—1—32—1—524—...—1—(271—1)2:7”( ”3 ),
to see that the sum of the squares is also given

2m2(4(2m?)? — 1
12 4+32 452+ ..+ (2m?—1)2 = m (42m)" — 1)

3
This tells us that m 9 4
2m2(16m* — 1)
2m Z(a? +b7) = 3
=1
or m 4
16m= —1
S (a2 4 2) = M=)
i=1 3

as required.

To see the second statement, from the definition of an inclusive m + m sum-and-
distance system we have that the set of 2m?+2m integers in AUBU(A+ B)U|A— B|
is

{ai, bj, a; +bj, |la; —bj| - ie{l,...m}, je{l,...m}},

and the sum of their squares is

Soo@l+)+ > (al+b (ai_bj)2)

1<i<m 1<4,5<m

= > @4+ Y (207 +203)

1<i<m 1<i,j<m



= D a4+ Y. 2ai++ D> b+ > 2

1<i<m 1<i,j<m 1<j<m 1<ij<m
m m m

=@2m+1)) a+Cm+1)) b5=02m+1)) (a7 +b7).
i=1 j=1 i=1

We also have
AUBU(A+B)U|A-B|={1,2,3,...,(2m* +2m)},

and we may use the result that

1)(2 1
TP e ] Gl s G ),

to see that the sum of the squares is also given

(2m? +2m)(2m? + 2m + 1)(4m? + 4m + 1)
6

12422432 4. 4+ (2m? +2m)% =

2 2 6 N 4 6
This tells us that

(em+1)2 -1 (Cm+1)2+1) 2m+1)%2  (2m+1)*—=1)2m + 1)2_

= m 2 m 4_
(am 1) 3 +49) = (G D)(Em 1721,
. = om +1)((2m + 1)* -1
St ) = @+ D(@m !
as required. O

LEMMA 1.2. For positive integer m, the two sets
A={2k—11<k<m} and B={2m(2k —1)|1 <k < m} = 2mA

form an m+m sum-and-distance system, which we call the canonical m +m sum-

and-distance system.

Proof. The interval [0, 4m?] contains the 2m? consecutive odd numbers 1,3, ... 4m? — 1.

It is the union of the m intervals
[0,4m], [4m,8m],...[2m(2m — 2),4m?],

whose midpoints are precisely the elements of B.

Now each interval contains exactly m odd numbers greater than its midpoint and
m less than its midpoint, all of which may be obtained by adding or subtracting

one of the elements of set A. In this way we obtain the required odd numbers.



LEMMA 1.3. For positive integer m, the two sets

A=A{1,...,m}, and B=(2m+ 1){1,...,m} = (2m+1)A

form an inclusive m + m sum-and-distance system, which we call the canonical

inclusive m + m sum-and-distance system.
Proof. The set
AUBU(A+B)U|A—-B|={ a;, bj, a;+bj, |al-—bj\ s, €4{1,...m}}

contains exactly 2m + 2m? elements. We have to show that these are the integers
1,2,...2m+2m?2. The integers 1,2...m are obtained directly from A. All integers

in the interval [m + 1,2m + 2m?] belong to exactly one of the subintervals
[2m+1—m,2m+14+m], [2(2m~+1)—m, 2(2m+1)+m], [3(2m+1)—m, 3(2m+1)+m],

ooy m@2m 4 1) —m,m(2m + 1) + m]

whose midpoints are the elements of B. To obtain any integer in the interval
[m + 1,2m + 2m?] except for the midpoints we choose the subinterval to which it
belongs, take the midpoint, which belongs to B, and add or subtract the appropriate

element from A. The midpoints are obtained directly from B. O

LEMMA 1.4. Let {A, B} be an m + n non-inclusive sum-and-distance system.

Then all elements of A are even and all elements of B are odd, or vice versa.

Proof. If without loss of generality the set A contained both an even and an odd
integer element then these could be combined with the same element of B to give
an even and odd sum (or difference) in the sum-and-distance set. However the
target set only contains odd numbers and so we obtain a contradiction. Hence the
elements of A are either all odd or all even with the elements of B being of the

opposite parity. ]

1.3 Connection to Sum Systems

Definition (of sum systems). For natural numbers m and n, let
A={ay,...,an}, and B={by,...,b,},

be two sets of integers, respectively of m and n distinct elements, ordered in terms

of increasing absolute value, with AN B = ¢.

Then we say that the set pair A and B form an m+n sum system, if and only if the

corresponding sum set, A+ B, is the set of consecutive integers {0,1,2,...,mn—1}.



There exists a close relationship between sum-and-distance systems and sum sys-
tems, as for each sum-and-distance system there is a corresponding sum system, as
described in the following theorem.

THEOREM 1.5. For each m + m sum-and-distance system {A, B}, there is a
corresponding 2m + 2m sum system {A’, B'}, such that A*B = A’ + B'.

Similarly, for each m + m inclusive sum-and-distance system {A, B}, there is a
corresponding (2m + 1) + (2m + 1) sum system {A’, B'}, such that AUBUA*B =
A"+ B

Proof. Let {A, B} be a non-inclusive m + m sum-and-distance system with
A:{al,...,am}, B:{bl,...,bm},

so that
(A+B)U|A—B|={1,3,...,(2m)* — 1}.

We now define the two-step map f as follows.
Step One

Consider the extended 2m + 2m system given by

({—AUAY, {~BUBY = {{—am, ..., —a1,a1,-..,am}, {~bms+..,—b1,b1,..,bm}}.

The corresponding sum-set comprising all sums of pairs of elements can then be

written as

{—AUA} + {—B UB} = {j:aj + bk]aj €A, b€ B}
= {£1,+3,...,£((2m)* - 1)}.

Step Two

Now add ay, and b, to the sets {—A U A} and {—B U B} respectively to obtain
the system,

{{-AUA}+ap, {—-BUB}+by} = {{—-am+am,...,—a1+am,a1+am,...,am+amn},

{=bm +bm,y...,—b1 + b, b1 + by by + b }}e



As a,, and b, are the largest two entries in either A and B their sum must equal

(2m)? — 1. Hence we have that

{(=A U A} +am+{—B U B} + by, ={£1,43,...,+(2m)* = )} + am + b
={£1,+3,...,£(2m)? - 1)} + (2m)? -1
=1{0,2,4,...,2((2m)* - 1)}.

By Lemma [1.4] either the set A contains all even integers and the set B all odd
integers or vice-versa. It follows that we can create the two sets of integers A’ and
B’, by setting

Al =

({_A U A}+am)a B/: ({_B U B}+bm)

N =
DN

we therefore have that {A’, B’} form a 2m + 2m sum system with
A+ B ={0,1,2,...,2((2m)* - 1)}.

Similarly for an inclusive m + m sum-and-distance system {A, B} we have
A=A{a,...,an}, B={b1,...,bn}

with
A+BUJ|A—-B|UAUB ={1,2,...,2m* 4+ 2m}.

In step one we now include the element {0} to obtain
{{-4 u {0} uA}, {-BuU {0} UB}}={{-am,...,—a1,0,a1,...,am}

{_b’ﬂu R _b1707 b17 s 7bm}}7

so that

{—A U {0} UA}+ {—B U {0} U B} = {j:aj £ by, *aj, £bi, 0 |aj €A, b, € B}
={0,+1,42,...,+(2m* +2m)}.

Step two remains unchanged with a,, and b,, added to the sets {—A U {0} U A}
and {—B U {0} U B} respectively such that

{{—-A,{0}, A}+am,{—B,{0}, B}+bn} = {{—am~+am, ..., —a1+am, am, a1+, . .., am~+an},

{=bm +bmy...,=b1 4+ by b, b1 + by oo by + b } )

Here a,, + by, = 2m? + 2m, so that {—AU {0} U A} + a,, + {—BU{0} U B} + by,

={0,+1,42,...,4+(2m? + 2m)} + am + b,



={0,£1,42,...,£2m? + 2m)} + 2m? + 2m = {0,1,2,...,2(2m* + 2m)}.

Setting
A'={-Au{0}UA}+a,, B ={-Bu{0}uUB}

we see that {A’, B’} is a (2m + 1) + (2m + 1) sum system.

Hence with each m + m sum-and-distance system { A, B}, there is a corresponding
2m + 2m sum system {A’, B'}, such that A*B = A’ + B’, for each m + m inclusive
sum-and-distance system {A, B}, there is a corresponding (2m+ 1)+ (2m+ 1) sum
system {A’, B'}, such that AUBUA*B = A"+ B'.

O

Example. Consider the 3+ 3 sum-and-distance system {{1,7,9},{2,22,26}}. Ap-
plying the linear map f described in the proof of Theorem[1.5 we have

{{1,7,9},{2,22,26}} — {{-9,—-7,-1,1,7,9},{—26,—22,—-2,2,22,26} },
and
{{-9,-7,-1,1,7,9},{—26,—-22,-2,2,22,26} },
— {{0,2,8,10,16,18},{0,4,24,28,48,52} }

with the final step being
{{0,2,8, 10,16, 18}, {0, 4, 24, 28,48, 52} } — {{0,1,4,5,8,9},{0,2, 12, 14, 24, 26} },

which is a 6 + 6 sum system.

Similarly, considering the 3+ 3 inclusive sum-and-distance system and applying the

above mapping described in the proof of the lemma we have
{{1,2,3},{7,14,21}} — {{-3,-2,-1,0,1,2,3},{—21,—14,-7,0,7,14,21}},
and
{{-3,-2,-1,0,1,2,3},{—-21,—-14,-7,0,7,14,21}}
— {{0,1,2,3,4,5,6},{0,7,14,21,28, 35,42} },

which is the canonical 7+ 7 sum system.

Mbotivation

Much work concerning sum systems has been undertaken, including identifying
arithmetic progressions found within the set produced by all possible sums of the
two sets. One such result proven by Bourgain in [I2], says that if the sets C' and
D have size vIN and § respectively then for N sufficiently large, there exists a fixed

constant ¢ > 0 such that C'+ D contains an arithmetic progression of length at



least
exp(c(6ylogN)'/3 — loglogN).

Other work concerning repeating sum systems, A + A := {a; +as | a; € A}
has been extensively studied, along with repeating difference systems, A — A :=
{a1 —a2 | a; € A} in papers [43],[51] and [45] in which the cardinalities of both sets
were compared. Further in a 2005 paper by Solymosi, [53], repeating sum systems
and product systems, A, A = {aj.ay | a; € A} are considered independently and

their cardinalities compared.

However the important concept of constructing a sum system, or indeed a sum-and-
distance system with a specified resulting sum set, or sum-and-distance set appears
to have been overlooked in the literature, thus partially motivating these results.
Moreover the foundations of our work were unknowingly laid by Ollerenshaw and
Brée [10], who studied and enumerated all n x n reversible square matrices of even
order n = 4k, but were not aware of the block representation which we develop
in this thesis that establishes a direct link to sum-and-distance systems. In fact
our enumeration argument of all m 4+ m sum-and-distance systems, involves the
jth non-trivial divisor function c¢;j(n), which counts the total number of proper

t

ordered factorisations of the integer n = pi*...p{* into j parts. We show that the
total number of n + n principal reversible square matrices (for any n € N), and so

sum-and-distance systems, IV,,, is given by

Ny =3 () + ca(n)e(n))
j=1
Such sums have been of interest in a different guise where one obtains asymptotic
bounds, as discussed in a recent talk (1 September 2017) by the eminent number
theorist Professor Christopher Hooley. Hooley disclosed that one of his PhD prob-
lems (set by his PhD supervisor Mr A. E. Ingham) was to obtain asymptotics for

the sum

Z da(n)ds(n + a), a # 0,

n<z
where dj(n) is the jth divisor function, which counts the number of essentially
different ways of writing n as the ordered product of j positive integer factors > 1.
Hooley solved this problem, which led to him being awarded a Corpus Christi Prize
Fellowship. However the next divisor function problem set by Ingham was to obtain

asymptotics for the sum

> ds(n)dz(n+a), a0,

n<x
which at the time of writing is still unsolved.

According to Professor M. N. Huxley, although there have been many attempts to

bound sums of products of divisor functions, this appears to be the first instance of



such a sum occurring naturally in a mathematical counting argument, and as such

is of considerable interest.

1.4 Overview of Main Results and Thesis Structure

Having now introduced the sum-and-distance systems of both varieties we briefly
outline the content, structure and main results contained in this thesis. In Chapter 2
we formally introduce the divisor functions d;(n) and c¢;j(n) and some new and
existing properties concerning them. In Chapter 3 we introduce reversible square
matrices and their conjugated block representation. The block representation then
enables to establish (Chapter 4) a bijection between the set of all m + m sum-
and-distance systems and the set of all 2m + 2m principal reversible squares, and
between the set of all m 4+ m inclusive sum-and-distance systems and the set of
all (2m + 1) 4+ (2m + 1) principal reversible squares; those whose top row begins
with 1,2,..., and whose individual row and column sequences are all increasing,
respectively left to right and top to bottom. In Chapter 5, by reworking the block
enumeration argument of K. Ollerenshaw and D. Brée in (see [10]) terms of the
divisor functions d;(n) and ¢j(n), we enumerate the total number of m+m sum-and-
distance systems, Na,, for non-inclusive systems, and Na,,+1 for inclusive systems,
as described in Corollary [5.6]

Building on our understanding of the divisor path enumeration of Chapter 5 and
the bijection between sum-and-distance systems and reversible squares of Chapter
4, we deduce in Chapter 6, an algorithmic approach to constructing all inclusive
and non-inclusive sum-and-distance systems. The fact that the construction is both
exhaustive and non-repetitive is establishing by a geometric lattice point argument
in Z". Furthermore it is shown that when n = ¢", with » maximal, then the number
of parasymmetric m + m sum-and-distance systems (those whose two ordered sets

are linearly dependent) is given by da(r), the standard divisor function.

With the enumeration and construction of all m 4+ m sum-and-distance systems
established, we then revisit the Most Perfect Squares of Ollerenshaw and Brée and
derive a conjugated block representation for all such squares (Chapter 7). From
this block representation, in Chapter 8 we deduce a new proof for the bijection
(first discovered by Ollerenshaw) between the number of most-perfect squares and
the number of principal reversible squares. Moreover we go on to establish that
there exists superalgebras of matrices related to these matrix symmetries and give
an overview of these algebraic structures. Finally in Chapter 9 we consider the type
A and B matrices studied by Brunnock, Lettington and Schmidt [I4], and establish
two-sided eigenvector matrices for rank 1 + 1 constructions, from which we obtain

quadratic forms.

Having outlined the thesis structure and topics we now give an overview of the

main results obtained in each research direction.
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Divisor Functions. The jth divisor function, denoted by d;(n), counts the number
of essentially different ways of writing n as the ordered product of j positive integer
factors > 1, so that dj(n) = 1 for all positive integers n. Similarly the jth non-
trivial divisor function, denoted by ¢;(n), counts the number of essentially different
ways of writing n as the ordered product of j positive integer factors with each
factor > 2. Hence c¢j(n) counts the total number of ‘proper ordered factorisations’

of n.

It is known that the Dirichlet series of these jth divisor function, d;(n), ¢;j(n), are

respectively given by

(=3
n=1

) (s -1y =y G,
n=1

where ((s) = Y52 - is the Riemann zeta function. However the second arithmetic
function ¢;(n) is not multiplicative and is far less well studied than its multiplicative
cousin dj(n). In Chapter 2 we consider these two arithmetic functions in more

detail, establishing relationships between c¢;j(n) and d;(n).

With C;o) (n) = ¢j(n), set to be the non-trivial divisor function c¢;j(n), we define the

mixed divisor function c§~r) (n) such that

P n) =3 m),
mln

and in Lemma [2.16| establish the corresponding Dirichlet series

< o (n) .
> =) () 1)
n=1

Let n have the prime factorisation n = pi* ...p{*. Then with the divisor functions
as defined above, we go on to show in Lemma that

cgr)(n) = ZT: (:) Cﬁz(n) = Z(—l)j_i (Z) ditr(n)

i=0 i=0
J . t .
_ Z(_l)j_l(]) H <ak +i4+7r— 1)
= i) i t+r—1

Reversible Square Matrices. In Chapter 3 we consider the sets of nxn reversible
square matrices, R = (rij)nxn, defined to be the n x n matrices which satisfy for

all 4, 7, 7, 7/, the three symmetry conditions
(1) (reverse row similarity) 7 j + 7iny1—j = rijr + Tiny1—7,
(2) (reverse column similarity) 7 j + rp1—ij = 7 j + rng1—ir ),

(3) (equal cross sums property) r;; + 74 j1 = 15 jr + Tt ;.

11



Building upon the work of K. Ollerenshaw and D. Brée, we extend their results to
all n € N, rather than just the doubly-even case n = 4k considered by them. We
go on to show in Theorem that with each principal reversible square matrix one
can associate a unique sum-and-distance system, inclusive for odd-sided reversible
squares and non-inclusive for even sided reversible squares. We thus obtain in
Theorem the explicit formula (not given in [I0]) which says that the total

number of principal reversible squares N,, is given by

Q(n) Q(n) ) 1
No= 3 (e + crame(m) = 3 e ()l ).
j=1 =

Block Representations. To enable us to establish a bijection between the set of
n + n principal reversible squares and the set of |n/2| + |n/2]| sum-and-distance
systems of the corresponding variety, we derive a rank 1 4+ 1 block representation
for all reversible square matrices, which is evident after conjugation with a unitary
matrix operator (see Section 3.1). Let E,, be the n x n matrix with all entries equal
to 1, 0, be the n x n matrix with all entries equal to 0 and 1,, the n x 1 column
vector with all entries equal to 1. Then in Theorem we show that M € R"*"

is a reversible square if and only if it has the block representation,

even n = 2k

E, 1paT
M=x, | Yk ) x
b1l 0y

with a,b € R¥ and w € R,

odd n=2k+1
\/ink ’U}lk \/§1de
M =X, wlf w dar Xn
V2b1T b Ok
with a,b,¢,d € R¥ and w € R.

Sum-and-distance Systems, Binomial Enumeration and Prime Numbers.
Utilising our block representation for reversible square matrices, we establish in
Corollary [£.4] a bijection between the set of n x n principal reversible squares and
the set of |n/2| + [n/2] sum-and-distance systems of the corresponding variety.
Thus in our enumeration argument for all m 4+ m sum-and-distance systems, we
deduce that the total number of traditional principal reversible squares N,,, of size
n, is equal to the number of m + m non-inclusive sum-and-distance systems if
n = 2m is even, and the number of m + m inclusive sum-and-distance systems if
n=2m+ 1 is odd.

Let n have the prime factorisation n = p{*...p{*, so that n has ¢ distinct prime
factors and Q(n) = a; ...+ a; prime factors in total. From Corollary we have

that the total number of |n/2| 4+ |n/2| sum-and-distance systems, non-inclusive

12



when n is even and inclusive when n is odd, is given by

N, = Z (cj(n)2 + Cj+1(n)cj(n)) )

i=1

and using the explicit binomial forms for cg-r) (n) given in Chapter 2 we can write

this as
Qn) [ j 3\ e (ap i1 J A\ i (k4
w3 (scen (T (20 (e () I (™))
=1 \i=1 i)\ il i=0 Yg=i Nt

Theorem then gives us the primality test that n > 2 is a prime number if and
only if N, = 1, so that when n = 2, the only 1 + 1 sum-and-distance system is
{{1},{2}}, and when n = 2m + 1, the only m + m inclusive sum-and-distance

system is again the canonical system given by
A=1{1,2,3,...m}, B ={n,2n,3n,...mn} = nA.

Hence with each prime number we can associate a unique sum-and-distance sys-

tem.

Construction of all Sum-and-distance Systems. The construction algorithm
for the sum-and-distance systems cannot be so easily stated as it requires a substan-
tial amount of theory and notation which is given explicitly in Chapter 6. However
a construction algorithm for all sum-and-distance systems is obtained with the main
results stated in Theorems and

13



2 The jth Divisor Functions d;(n) and ¢;(n)

The jth divisor function, denoted by d;(n), counts the number of different ways of
writing n as the ordered product of j positive integer factors > 1, so that 2 x 3 and
3 x 2 are counted as different factorisations of the number 6. Hence d;(n) = 1 for all
positive integers n, and traditionally the most studied of all the divisor functions
da(n), is denoted simply by d(n).

Remark. As da(n) counts the number of ordered pairs of divisors whose product is
n, so that each pair with distinct factors is counted twice, it also counts the number

of divisors of n.

Similarly the jth non-trivial divisor function, denoted by c;(n), counts the number
of different ways of writing n as the ordered product of j positive integer factors
with each factor > 2. Hence c¢j(n) counts the total number of ‘proper ordered
factorisations’ of n.

Example. When j =2 and n = 12 we have
dx(12) = [{1,2,3,4,6,12}] = [{(1 x12), (2x6), (3x4), (4x3), (6x2), (12x1)}| = 6,

2(12) = [{(2 x 6), (3 x 4), (4 x 3), (6 x 2)}| = 4.

2.1 A Brief History of dy(n)

The divisor functions belong to the class of arithmetic functions; those functions
f which map the positive integers into the complex plane so that f : N — C.
By far the most famous of the divisor functions is da(n), which arises in some
classical number theoretic problems such as Dirichlet’s Divisor Problem and the
Gauss Circle problem. These problems have attracted the attention of some of the
greatest number theorists of modern times including Littlewood [42], Hardy [26],
Heath-Brown [28] and Huxley [34] [35].

In contrast there appears to have been much less study undertaken of the jth divisor
function d;(n), and in the literature it is even harder to find reference to the jth
non-trivial divisor function ¢;(n). In [55], Titchmarsh considered the problem of
bounding the sum of the kth divisor functions for all positive integers up to z,
denoted by Dy(x), so that

Dy(x) = Z di(n).
n<zx
He obtained the asymptotic formula
Dy (z) = xPr(logz) + Ag(x)
where

Ap(z) = OV *logh22)  (k=2,3,...)

14



and Py is a polynomial of degree k — 1.

Our motivation for studying these general divisor functions in more detail originates
in the enumeration and construction problem concerning the number of sum-and-
distance systems introduced in Chapter 1. However before proceeding in our study
of these combinatorial objects and their number theoretic properties we first give a
brief overview of the classical results concerning da(n) .

Definition (of the sum of number of divisors function). Let x be a positive integer
then we define D(z) to be the sum of the number of divisors for all positive integers

n < x , so that

D(z) = Z da(n).

n<x

Around 200 years ago, Dirichlet gave the estimation for D(x)
D(x) =zlogz + (2y — 1) + O(Vx),

with v the Euler-Mascheroni constant given by

‘1
v = lim <—log:v +) k) =0.57721...,
and where the usual ‘big O’ notation is employed (see for example [57]).
Replacing the upper bound exponent of 1/2 in the error term with 6, so that
D(z) = zlogx + (2y — 1)z + O(z?),

it was shown by Hardy and Landau in 1916 [26] that 6 has the lower bound 6 >
[26].

1
1

During the last century the challenge of improving this upper bound of 1/2 has
attracted some of the greatest mathematicians such as Littlewood and Walfisz 1925
[42], van der Corput 1928 [15], Vinogradov 1935 [56], Iwaniec and Mozzochi 1988
[36], Huxley 2003 [34] and most recently 6 = % = 0.31371... by Bourgain and
Watt 2017 [13].

Closely related to Dirichlet’s divisor problem is Gauss’s circle problem, whose expo-
nent differs by only a factor of 2. Gauss’s circle problem is to count the number of

lattice points, denoted by N(r), inside the circle of radius r, centre the origin.
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Gauss showed that
N(r) = mr® 4+ E(r),

with
|E(r)| < 2V27r.

Subsequently it was shown that
[B(r)| < Cr?,

where ' = 26, being twice that of the exponent # found in Dirichlet’s divisor
problem [34].

Remark. Although we are primarily concerned with understanding the properties
of the non-trivial divisor function ¢;(n), which occurs in our enumeration argu-
ments, as this function is not multiplicative, it is helpful for us to understand c;(n)

in terms of the multiplicative function d;(n).

2.2 Properties of d;(n)

We begin by stating some well known results for the divisor function da(n).

LEMMA 2.1. Let p be any prime number and n any positive integer, then
d2 (pn) =n+1.

LEMMA 2.2. Let k and s; be a positive integers, for i = 1,...,k with the p;

distinct prime numbers. Then

k

do(pi'p5? .. .ppF) = (s1+1)(sa+1)...(sp +1) = H(Sl +1).
i=1

For proofs of Lemmas and we refer the reader to [58] and [59] (pp.239)

respectively.

The jth divisor function satisfies a sum-over-divisors recurrence relation, is multi-
plicative and can be expressed in terms of binomial coefficients, as described in the
following lemmas.

LEMMA 2.3. Let j,n € N, then the jth divisor function satisfies the sum-over-

divisors recurrence relation

dj(n) =Y dj—1(m).

m|n

Proof. For a proof of this result we refer the reader to pages 334-335 of [§].
LEMMA 2.4. The jth divisor function d;(n), is a multiplicative arithmetic func-

S51,,52

tion, so that for n a positive integer with n having prime factorisation n = pi'ps* ... pp*,
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we have that
dj(n) = d;(p}* ... pp") = d;(p)d;(p3?) - - - dj(py)).

Proof. For a proof of this result we refer the reader to [37].
LEMMA 2.5 (Binomial coefficient representation lemma). Let p be a prime num-
ber and s a positive integers. Then the jth divisor function of p®, d;(p®), can be

written as

1
G=1) 1:1_[1(8 +1),

or equivalently as the binomial coefficient

4;(0") = (Sj{; 1).

COROLLARY 2.6. Let n, j and k be positive integers with n having prime fac-

torisation n = pi'ps?...py*. Then the jth divisor function of n, dj(n) can be

dj(p°) =

written as

j—1

NS - | 1 VET
dj(n) = d;(p7*pj ~~-Pk)=il_[1(j1)!ll:[l(8¢+l)=<(jl)!) I I]Gsi+0.

i=11=1

which has the equivalent binomial coefficient representation

k . )
i)

=1

Proof. For a proof of Lemma we refer the reader to page 3 of [18], with the

equivalence of the two forms then following by algebraic manipulation.

The Corollary then follows immediately by Lemma
Remark. It is straightforward to demonstrate by counter-example that the jth
divisor function is not completely multiplicative. For example, when n = 20 we
have

d2(20) = 6, and d(10)d2(2) =4 x 2 =38,

which demonstrates that
05(20) # da(10)ds (2).

Definition (of the Riemann zeta function). For s € C, with R(s) > 1, we employ

the standard notation and denote by ((s) the Riemann zeta function, so that

=1

((s) = 2 s

Definition. Let a,, n € {1,2...}, be an infinite sequence (possibly periodic) of
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complex numbers. Then the Dirichlet series corresponding to a, is defined to be
oo
>
n=1 n?

with s a complex variable.
LEMMA 2.7 (First Dirichlet series lemma). For positive integer j > 1, and s € C,

a complex variable, with R(s) > 1, the divisor function d;(n) has the Dirichlet series

- dj(n) . j
n; =)
COROLLARY 2.8. Fori,j € N and s € C we have
o di(n) | (o= di(n) ) _ <= djri(n)
(le:l ns )(Z ns _Z ns

n=1 n=1
Proof. For this result we refer the reader to page 4 of Titchmarsh’s book [55]. To

see the Corollary, by the statement of the Lemma we have

(3540 (35 B52) = oyt =gt = 3 )

s
n=1 n n=1 n=1

as required. O
Remark. As d;j(1) =1 for all j € {1,2,3,...}, a common extension for the case
j=0is
1, n=1
d n) = ) )
o(n) { 0, n>1,

which yields

5o doln) _ o)y g o) _ oy,
n=1 n=2

1 n
thus extending the statements of Lemma and Corollary to the case of j = 0.

There are variations of the Dirichlet series associated with d;(n), such as

((5)° = da(n?) an (C(s)" X (da(n))?
((28)_712::1 ns d ¢(2s) _nzz:l ns

(see [55] pp.5-7).

2.3 Properties of ¢;(n)

As previously defined, we denote by ¢;(n), the number of ordered non-trivial fac-
torisations n = mymg,--- ,m;, where each m; > 2. We begin with an divisor sum
recurrence for ¢;(n) analogous to that given for d;(n) in Lemma

LEMMA 2.9. Let j,n € N with j > 2, then the jth non-trivial divisor function
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satisfies the recurrence relation

ciin)=> ¢a(m)= Y c¢j1(m).

m<n mg{ln}

Proof. Let n € N with n = mymgy...m; be any ordered non-trivial factorisa-

tion into j factors. Then m; can be any non-trivial divisor of n, so m = > =
J
m1...m;_1 is any divisor of n, and m; ... m;_1 is any non-trivial ordered factori-

sation of m.

If m = n, then this gives m; = 1, which is impossible as each of the m; are non-
trivial factors, so m # n, and for m < n, there are 3., ¢j—1(m) distinct j-factor
ordered non-trivial factorisations of n, and hence the first sum. To see the second
sum we note that as the factor 1 is never counted we have ¢;(1) = 0 for any j > 1,

and hence the second sum.
O

Remark. Given that 2 is smallest prime, it follows that the smallest number with
j non-trivial factors is n = 27. Hence if n < 2/ then ¢;(n) = 0.

LEMMA 2.10 (Second Dirichlet series lemma). For s € C, a complex variable,
with N(s) > 1, the non-trivial jth divisor function has the Dirichlet series

o ¢(n) :
= —1y.
3 =@ -
Proof. For this result we refer the reader to page 7 of Titchmarsh’s book [55]. [

When studying this function, the added complication that arises is that unlike
d;(n), it is not a multiplicative arithmetic function. Hence in order to understand
the less symmetric multiplicative properties of ¢;(n), it makes sense to try and

express it in terms of its multiplicative cousin d;(n).

When j = 2 the non-trivial divisors for any n > 1 are all the divisor pairs not
including 1 and n, and hence the number of non-trivial divisors is equal to the

number of divisors minus 2, so that
ca(n) = dz(n) — 2 = dz(n) — 2d1(n) = da(n) — 2d1(n) + do(n), (2.1)

as do(n) = 0, for n > 1. However when considering the combinatorial definition of

c2(n) with n = 1, we have c3(1) = 0, so that the above becomes
(1) =0=da(1) =2+ 1 =do(1) — 2d1(1) + do(1),

which is only true if we assume that dp(1) = 1. Under this assumption we can
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therefore write
ca(n) = da(n) — 2dy(n) + do(n), Vn € N.

Now taking j7 = 3, we have that c3(n) counts the number of ways of writing n as
the product of three non-trivial divisors, and using Lemma [2.9]in conjunction with
(2.1), and that for n > 1, di(n) = 1, we have

)= Y calm)= Y (d(m)-2)

mln mln
m§£{|1,n} m¢{l,n}
= (da(m) = 2) = (d2(n) — 2) — (d2(1) — 2)
mln
= (do(m) — 2d1(m)) — (dz(n) — 2d1(n)) — (d1(n) — 2d1(n))

mln

= dg(’rl) - 3d2(n) + 3d1 (n) - do(n),
where we have again assumed that do(n) = 0, unless n = 1 when dp(1) = 1.

The emerging binomial pattern is summarised in the following lemma.
LEMMA 2.11. For integers n > 1, j > 0, the jth non-trivial divisor function

cj(n), can be written in terms of the divisor function d;(n) such that

1, n=1,

with the convention that co(n) = do(n) =
0, n>1.

Proof. For suitable s € C, by Lemma the Dirichlet series for ¢;(n) is given by
J

s c:(n . . ] .. 0 J . 1
> 9 () - 1 = Yoy ( ! ) ORI ( ! ) di-in),
n=1 :

=0

From the definitions of ¢;(n) and d;(n), for n = 1 and any j > 1 we have ¢;(1) =0,

d;(1) = 1. In consideration of the above sum with dy(n) as defined above, this gives
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co(1) = dp(1) =1, and for n > 2, ¢op(n) = dp(n) = 0, as required.

Therefore the formula is consistent for all integers n > 1, 7 > 0, and hence the

result.

LEMMA 2.12. Let p be a prime number and a a positive integer. Then

e [a—1
cj(p®) = (j—l)'

Proof. By Lemmas and we can write

o =50 (1w = e (1) (11T

7

:j i j><a+j—z’—1>_
> >(Z. )

We now apply the binomial coefficient identity (see H. W. Gould p28, (3.49) [21])

(3625

witha=1i, =j, y=a+j—1and § = a, to obtain
j . .
il 7 a+j—1—1 a—1 a—1
NEIE (7= ()
i—0 7 a a—) i

LEMMA 2.13. For integers n > 1, j > 0, the jth divisor function d;(n), can be

written in terms of the non-trivial divisor function cj(n) such that

O]

j .
di(n) =" (j)cj-xn),

1=0

1 =1
with the convention that co(n) = do(n) = { e

Proof. For n > 2, 7 > 1. we have that

as co(n) = 0.
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Now the Dirichlet series for d;(n) is given by

= C(S)J - 1>

> di(n > di(n
Z2J():2:1]()_

and considering the Dirichlets series of 37— ( )ej—i(n), we have

e =0 i=0 n=2
SO &1 =y
-2 <Z) 2 s tmiln) = <Z> (C(s) = 1)~
=0 n=1 —o
J . N
=3 <J><c<s> S = (4 G - Y — 1= (P - 1= Y B
1=0 2,

by the uniqueness of Dirichlet series [5](pp.127).

When n = j =1 we find that di(1) =1 and ¢1(1) + ¢o(1) =0+ 1 = 1, so that the
sum agrees, and when j = 0, the sum gives us dyo(n) = ¢o(n), as required. Hence
the result holds for all integers n > 1 and j > 0. 0

2.4 The Arithmetic Function cg-T) (n)

In analogy of the recurrence relation satisfied by the jth divisor function, we de-

fine the following sum-over-divisors recurrence for the jth mized divisor function
(r)

c; (n).

Definition (of the mixed divisor function). Let n, j and r be any positive integers.

Then we define the mized divisor function cgr) (n) such that

C§0) (n) = ¢j(n), (r) Z =
mln
LEMMA 2.14. Letn,j andr be positive integers. Then the mixed divisor function
(r)

c; ' can be written in terms of the divisor function d;(n) such that
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where we have used dog(n) = co(n) =0 if n > 2 and dp(1) = ¢o(1) = 1.

Inductively now suppose that for t € N we have that

o (n) =Y (-1y (]) di(n)

i=0
holds. Then
j ,
1 j—i(J
SROED SELIED 9) St CA PAE
mln m|n =0
J - J - (
=> (-1~ <z> Y digi(m) = (1) <i>di+t+1(n)7
i=0 m|n i=0
by Lemma [2.3] and so the formula holds for all positive integers 7. O

Remark. Due to the symmetries of the Binomial coefficients we can also write

2.5 The Dirichlet Series of cgr)(n)

We first note the well known result concerning the Dirichlet convolution
LEMMA 2.15. The multiplication of Dirichlet series is compatible with Dirichlet

convolution in the sense if g(m) = 3 g, f(d), then for F(s) = 35 _4 fT(nT) and
G(s) =Y gy(n";), we have

Proof. For a proof of this result we refer the reader to [55](pp.4-5). O
LEMMA 2.16. The mized divisor function cy) (n) has the Dirichlet series
o’ (n)

I OR DRV

n=

—_

Proof. Consider the case r = 0. Then by Lemma [2.10] we have

i’ (n)

Sy W () 1y = (o)) - 1Y
n=1 n=1

Now inductively suppose that for k£ € N we have that

(k
5

oo )(n) i ‘
> ekt -1y
n=1
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holds. Then C§T+1)(n) =Y mn cg-r) (m), and repeatedly using Lemma [2.15 we have
that

00 (k’+1)
3 ¢ '(n) ( ) _
n=1

as required. O

LEMMA 2.17. Let n,j and r be positive integers. Then the mized divisor func-

tion, cgr)(n) can be written in terms of the non-trivial divisor function such that

CY) (n) = Z (:) ciri(n).
1=0

Proof. Given that

(0) > (0
O =3 (2.)%(71) — ¢(n),

=0

the identity holds for » = 0. Now inductively assume true for k£ € N, so that

(k) (K
;' (n) =) (Z.)ca'ﬂ(n)-

=0

Considering the sum over all divisors of n then yields

=5 =53 (Fesutm =32 (F) St

mln m|n 1=0 =0 mln

E (g ko
- Z <z> ciri(n) + Y ¢jpi(m) | = Z (z) (¢jri(n) + cjrip1(n))

k k k+1
Z.>Cj+i+1(n) = Z ( )Cﬁz )+ Z < ) ¢jti(n)
k+1 k+1

oo () () - B o

i=1

as required. ]

LEMMA 2.18. Let p be a prime number and a, r and j positive integers. Then

("), ay a+r—1
“ (p)_<j+r—1>'

we have
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COROLLARY 2.19. We have that c§-T) (p*) is equal to the number of compositions
(

of a+r elements into j+r parts, so that cjr) (p®) is equal to the number of ways of

writing the integer a + r as an ordered sum of j + r positive integers.

Proof. By Lemmas 2.12] we have that

("), ay _ " (r ey " (r a—1
=3 (e =2 (1) (41
We now apply the binomial coefficient identity (see H. W. Gould p25, (3.20) [21])
zﬁ: BN\ v \_(B+y
= \a)\a+d B+d)

witha=1i, B=r, y=a—1and § =j — 1, to obtain
T
() (ay _ T a—1 _ a+r—1
¢ ") §<i><j+i—1> <j+r—1’

To see Corollary it is known (see R. P. Stanley p14-15 [54]) that the number
of compositions of the positive integer n into k parts is given by the binomial
coefficient (Z:i), and the result then follows. O

as required.
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3 Reversible Square Matrices

In this chapter we employ and extend results obtained by the noted mathematician,
politician and educationalist Dame Kathleen Ollerenshaw (1912-2014) [46], 47, 48],
whose research areas ranged from convex bodies and lattice theory to ‘most-perfect
magic squares’. Recently (2017), in recognition of Ollerenshaw’s contribution to
mathematics, Manchester University created the Dame Kathleen Ollerenshaw Re-

search Fellowships for outstanding early career researchers.

In 1998 Ollerenshaw (at the age of 86) and Brée published the book Most-Perfect
Pandiagonal Magic Squares [10]. In this book they enumerate a class of n x n
matrices known as reversible square matrices of doubly-even order, so that n = 4k
for some k£ € N. By establishing a bijection between the set of all n x n reversible
square matrices and the set of all n x n most-perfect pandiagonal magic square
matrices (defined below) they extend this enumeration to both sets of matrices.
The results contained in their book motivated and laid the foundations for much

of this research.

In the following two chapters we rework the nested block construction established
by Ollerenshaw and Brée, with the important distinction that we extend these
results to all n X n reversible square matrices with n € N, not just those of the form
n = 4k. We also employ the more powerful block representation theory for these
classes of matrices, which we establish in Section 3.1. From the block structures
we go on to show that the set of all n x n traditional reversible square matrices
can be partitioned into equivalence classes, for any n € N. As per the method of
Ollerenshaw and Brée we deduce that each equivalence class can be represented
by a principal reversible square, those constructed using the integers 1 to n?, and
whose top row begins with 1 and 2, and whose individual row and column sequences

are all increasing, respectively left to right and top to bottom.

From this we deduce that the entries of the first row and column of a principal
reversible squares form a sum system (a point not mentioned by Ollerenshaw) and
in Chapter 4 establish a bijection between the set of all n x n principal reversible
square matrices, and the set of all m 4+ m sum-and-distance systems, non-inclusive
when n = 2m is even and inclusive when n = 2m + 1 is odd. In order to proceed
we first need some definitions.

Definition (of vector and matrix notation). Throughout the remainder of this

thesis we will employ the following notational conventions.

1. A vector v € R", is defined to be an n x 1 column vector, so that the corre-

sponding row vector is denoted by v”.

2. The two vectors 0,, and 1,, are defined to be the n x 1 column vectors with

every entry equal to 0 or 1, respectively.

3. The set of all vectors that are orthogonal to a given vector v is denoted by
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{v}*, so that for u € {v}+ we have u”v = vTu = 0.

4. The product of a column vector with a row vector is defined in the usual

fashion such that

U1 V11U V11U oo DUy

T (%) V2U1 Vo2UQ e VU,
vt = 01QuUyj = . (U1, U2, . ..y Up) =

Um UmUl  UmU2 UmUm

which is also known as the outer product of two vectors, or as a special case

of the tensor product.
5. Denote by ¢;;j, the Kronecker symbol, returning 1 if i = j, and 0 otherwise.

6. For M = (m;;), an ny X ny matrix, the row index i is taken over Z,, =
Z/n17Zy, , the ring of integers modulo nq, using the residue classes 1,2,. .., 7y,
and similarly the column index j is taken over Z,, = Z/noZy,, the ring of

integers modulo ng, using the residue classes 1,2, ..., ns.

7. Denote by I,, the n x n identity matrix with all diagonal entries equal to 1

and 0 elsewhere, so that I, = (0;5);';_;

8. Denote by J,, the n X n matrix with all antidiagonal entries equal to 1 and
0 elsewhere, so that J, = (6¢,n+1_j)zj:1 € R™xn,

9. Denote by FE,, the n x n matrix with all entries equal to 1, so that FE,, =
(D7 = € R

10. Denote by 0,, the n x n null matrix with all entries equal to 0, so that

A

On = (O)ijl'

11. We define the n x n matrix X,, such that

Xn:i Iy Jk :
V2 \ iy I

when n = 2k is even, and

) I, Oy Jg
Xn = ﬁ Og \/5 0{
Jp O —1I

when n = 2k 4 1 is odd.
Remark. It follows that X, is an orthogonal symmetric involution (cf. [30] pp
165-166) as X2 = I,,, and X! = X,,.
Definition (of matrix weight w). Let M = (m;;), be an n; x ng matrix with real

entries. We define the weight w of M, to be the average over the ning entries of
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M, so that )

nn Z mi?j'
2 <i<m
1<j<n2

w =

If w = 0 then we say that M is a weightless matriz, or equivalently that M has
weight zero.

LEMMA 3.1. Let M = (m; ), be an n xn matriz with weight w. Then the matriz
M° = M — wE,, has weight zero.

Proof. By definition M — wk,, has weight wg given by

1 1 1
wo=—5 > (mij—w)=—| > mij|-—| > w
1<i,j<n 1<i,j<n 1<4,j<n
nw
=w — =W —-—w=Vy,
n
as required. O

Definition (of a traditional matrix). Let M = (m; ;), be an n; X ny matrix. Then
we say that M is a traditional matriz if its nino entries are the ning consecutive

integers 1, 2,...n1ne9, in some order.

Additionally (by Lemma , as the matrix M? = M — wE, has weight w = 0,
when M is traditional we say that M° is a weightless traditional matriz.

LEMMA 3.2 (Traditional matrix lemma). Let M = (m;;), be an ni X ny tradi-
tional matriz, so that M contains the ning consecutive integers 1,2,...n1ny. Then

M has weight
_ ning +1

2 )

and the weightless traditional matriz M® = M — wE,,, contains the nins numbers

1— ning 3 — ning ning — 3 ning — 1
2 ’ 2 Y 2 ’ 2
COROLLARY 3.3. If ny = no = n say, so that M is a traditional square matrix,
then w = "2;1, and when n = 2k+1 is odd, M° contains the n® consecutive integers
—2k% — 2k, 1 —2k* +2k,...,—1,0,1,...,2k> + 2k — 1, 2k* + 2k,

and when n = 2k is even, M contains the n® consecutive odd half-integers

1—4k? 3 — 4k2 -1 1 4k2 — 3 4k%2 -1
2 ) 2 PR ) 2727"‘? 2 b 2 .

Proof. From the definition of matrix weight we have that

1 1 ninz
w = Z i = Z k,
N2 Zicn, nine o
1<j<ng
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as M is traditional and so contains the set of integers 1,2,...,nino.

Applying the standard summation formula for the first ninsy positive integers then

yields
1 (nlng)(anLQ + 1) _ning +1
ning 2 N 2

w = 5

and subtracting this weight w from each element of the set of n? consecutive integers
1,2,...,n%, we obtain the final display of the statement of Lemma

To see Corollary setting n1 = ny = n, in the above weight formula gives us
n241

w = "5, and considering the two cases n = 2k is even, and n = 2k + 1 is odd, in
the n? numbers
1-n? 3—n? n?—-3 n?-1
2 72 o2 2
we deduce the result. O

Definition (of most-perfect square matrices). Let n = 2k be a positive even integer
and w € R a constant. Then a square matrix M = (m; ;) € R™*" is defined to be
a most-perfect square matrix if it satisfies the type M , type P and type S symmetry

properties, defined below.

1. The matrix M is said to be type M if it satisfies the most-perfect property,
where the entries of all 2 x 2 sub-arrays within the square matrix sum to 4w,
so that

My + M i1 + M1 + Miy1 41 = 4w,

for all 4, j € Z,,, and the alternating sum property

Z (—l)i"'jmm =0.

4,J€Ln

2. The matrix M is said to be type P if it satisfies the strong pandiagonal prop-
erty, where the pairs of entries %n = k distance along any diagonal (including

broken diagonals) sum to 2w, so that

m¢,j+mi+%n’j+%n:2w, 1,7 € Ly,

3. The matrix M is said to be type S if it satisfies the constant sum property,

where the sum of the elements of each row, or column sum to nw, so that

E m;j = E mji; = nw, 1 € L.

J€Ln J€Ln

LEMMA 3.4. Let M = (m; ;) € R™™™ be an n X n square matriz that satisfies at
least one of the three symmetry conditions (M), (P), (S). Then M has weight w.

Proof. Each one of the three symmetry conditions are independently sufficient to

imply the weight condition and hence M has weight w. O
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Property (M), does not at face value presuppose even matrix dimension n in the
way that property (P) does, requiring that 2 | n. However if n is odd then only the
null matrix 0, has this property as detailed in Lemma below.

LEMMA 3.5. Let n € N be odd and M € R™ "™ a matriz with property (M). Then
M =0,.

Proof. By the 2 x 2 array sum property, we have for each i € Z,

mig1 + Mmit11 = 4w —mi2 — Mir12 = Mi3 +Mip13 = 4w — Mg — Mit14

= =Min + Mip1p =40 —Mig — Mig11,
so m; ; + miq1,; = 2w for all ¢, j € Z,,. Hence, for each j € Zj,,
Mij = 2W = My =M3,j = -+ = My, j = 20— Myj,

which implies m; j = w (i,j € Zy,). But then the alternating sum property requires
w = 0. O

For readers familiar with Ollerenshaw and Brée’s definition of most-perfect squares,
the type (M) alternating property might come as a surprise as it is not mentioned
in their book [I0]. However whilst examining these symmetries from a deeper
algebraic perspective, it was found that the alternating property was required in
the definition of type M matrices, as it allowed for a type N complimentary matrix,

considered later on in Chapter 8.

At a more general level, it can be deduced that if a matrix M is type P, and satis-
fies the most-perfect sub-array sum condition, then it also satisfies the alternating
condition as detailed in Lemma below.

LEMMA 3.6. Let n € N be even and M € R" ™ a matriz with property (P) and
the most-perfect sub-array property, so that m; ; +my; j11+mi1j+mip1 41 = 4w,

foralli,j € Z,. Then M also satisfies the alternating sum condition
Sijez, (1) m ;= 0.

Proof. As n = 2k is even, starting in the top left-hand corner, the matrix M can
be partitioned in a disjoint union of k2, 2 x 2 sub-arrays. Using the pandiagonal
condition, each 2 x 2 sub-array can be paired with its pandiagonal 2 x 2 sub-array
partner; When k is even we get k% /2 of these paired sub-arrays, and when & is odd

we (k% — 1)/2 of these paired sub-arrays and a lone central sub-array.

Applying the signs of the alternating sum (—1)"/ to the elements of these paired
sub-arrays, we find that pandiagonal pairs of entries have the same sign, two pairs
positive and two pairs negative. Hence the sum of the signed entries of each pan-
diagonal pair of sub-arrays equals 2w + 2w — 2w — 2w = 0. In the case that k is

odd, the central 2 x 2 sub-array sum equals 2w — 2w = 0. Therefore, in either case,
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the sum over all the 2 x 2 sub-arrays equates to 0, and hence M also satisfies the

alternating sum condition, so is fully type M. O

Example. Below we give an example of an 8 x 8 traditional most-perfect square.

11617 |32 /53|60 |37 |44
63 50|47 |34|11| 6 | 27|22
3(14[19]30|55|58]39] 42
6152 |45(36| 9 | 8 | 25|24
12| 5 28|21 |64|49|48|33](
54 |59 |38 (43| 2 | 15|18/ 31
10| 7 |26[23]62|51 4635
56 |57 |40 | 41| 4 |13]20] 29

65
2
entries sum to 130, and the two entries %n distance along the diagonal sum to 65.

Here w = so that the rows, columns and diagonals sum to 260; all two by two

Definition (of reversible matrices). A reversible matriz satisfies the type R and
type V symmetry properties; a weightless reversible matrix satisfies the type R and

type \Y% symmetry properties defined below.
1. A matrix M = (m; ;) € R™*™ is said to be type R if it has row and column
reverse similarity, so that

Mij + MG (n1—f) = Mg + My (ny1—jr) & € Lny  §,J € Ly,

and

. .
M+ Mipy1-i)j = Mirj + Mpg1—irj 4,0 € Lny  J € Lnp,.

2. A matrix M = (m; ;) € R"*"2 is said to be type V if its rectangular subarrays

have equal cross sums at their corners, so that

- - .
M j + My jr = My 0 + M5 0,0 € Ly J,J € Ly

3. A matrix M = (m; ;) € R™*"2 is said to be type V if it is weightless type V,
so that it has the additional property that

Z m@j =0.

i€Lny, j€Lny

Remark. If a matrix is type R, then the pairwise sum of entries that are diamet-
rically opposite each other in the specified row or column is constant within that

row or column.

It also follows from the Corollary to Lemma that a traditional reversible square

. . 2
matrix has weight w = "TH
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Example. Below we give an example of an 8 x 8 traditional reversible square

2 15|633]34|37]38
35136 | 39|40
10|13 |14 |41 |42 |45 | 46
111121516 |43 |44 | 47| 48
17]118(21(22]49 |50 |53 |54
19120]23124|51|52|55]|56
25126 (29|30|57|58|61 |62
27128 131|32(59]|60|63 |64

so that the square satisfies the three conditions required. For example

1. in the third row of entries, 9,10,13,14,41,42,45,46 the reverse similarity
holds, as
9446 =10+45=13+42 =14+ 41 = 55;

2. in the Tth column of entries, 37,39,45,47,53,55,61,63 the reverse similarity
holds, as
37+ 63 =394 61 =45+ 55 =47+ 53 = 100,

3. and in the array with corner entries rog = 7,197 = 39,163 = 23,767 = 55 the

CToSS sums are equal as

ro3 + rer = 7+ 55 = 62 = 23 + 39 = ro7 + 743.

Further examples of reversible square matrices are given in the appendices.
Definition (of associated matrices). A matrix M = (m; ;) € R™*" is said to be
associated, or type A, if satisfied the associated symmetry property, which requires
that

Mij + Minp1—i),(n+1—j) = 2W Vi € ZLp,, and Vj € Zy,.

LEMMA 3.7. An ny X ng associated matriz M has weight w.
Proof. The sum of all the entries in M can be taken pairwise using the associated
sum property of 2w, which also implies that if M has a central cell (both ni,ns

being odd), then this must have the entry w. Hence the average entry of M is w,
which by definition is the weight of M. O

Remark. It will be shown later in this chapter that every reversible square matrix
is also an associated square matrix.

Definition. Let n € N. We define the following matrix symmetry type spaces.
Sp = {M € R™™ | M has property (S)},

R, = {M € R™"™ | M has property (R)},
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V., = {M € R"™™ | M has property (V)},
vV, = {M € R™ "™ | M has property (\7)},
A, ={M € R™" | M has property (A)},
For even n, we also define the symmetry type spaces
M, ={M € R™™"™ | M has property (M) },
P, = {M € R"™"™ | M has property (P) }.

Composite symmetry types are captured in the following intersections of the above

spaces,
RV,, = R, NV, and RV,, = R, N V,,,

so that RV, is the space of n X n reversible square matrices and RV, C RV,, is the

space of n x n weightless reversible square matrices. For even n we have
MPS, =M, NP, NS,,

so that MPS,, is the space of n x n most-perfect square matrices.

3.1 The Type R, Type V and Type V Block Representations

In this section we derive explicit block representation formulae for these matrix
types after conjugation with our orthogonal symmetric involution matrix X,. We
begin with a lemma.

LEMMA 3.8. Let M = (m;j), M' = (mj;) be two n x n matrices, and Jy, I, and
E, defined as at the beginning of this chapter. Then we have

1. M =J,M & mfi,j = M(n41—-),55 V(i,j) € Ln X Ln.
2. M= My mi; =mi 1), V(i,5) € Zn X Ln.
8. M' = JyMJy & mj j = M(ni1-4) (ny1-j), V(6]) € L X L.

Jndn = I, and hence J,:f =J, = Jn_l.

A

Let M be an n x n matriz. Then when n = 2k is even we can write M in the

conjugated block representation form

Y T
M =X, v X,
w Z

with V,W.,Y, Z, k x k matrices, and when n = 2k + 1 is odd we can write M

in the conjugated block representation form

Yy o V7T
M=X,| v a 2T |X,
W x Z
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with V,W,Y, Z, kxk matrices, v, x,y, = € RF vectors and o € R a real number.

6. The weight matriz E, satisfies

2F, 0
En — Xn N F E)k Xnv
O Og

when n = 2k is even, and

2B, V21, O
E,=X,| v21T 1 0of |X.,
i 0r O

when n = 2k + 1 is odd.

7. Let M be an n X n matriz, so that by the preceding result (5), we can write
M = X,NX, for some matriz N € R"™™. Let M have weight w (as by
definition, all matrices have a weight). Then M can also be written in the
form M = X, N°X,, + wE, = M° + wE,,, where M° = X,,N°X,, has weight

ZETO0.

Proof. The first four relations can be seen by noting that multiplication on the left
by J, reflects the entries of M across the central row and multiplication on the
right by J, reflects the entries of M across the central column. Hence J,J, = I,

and conjugation with J, rotates the entries of M around its centre.

To see the fifth relation we observe that for a given nxn matrix M we can define the
matrix N such that X, M X,, = N, which after conjugation yields M = X, NX,,. As
the even and odd block and vector representations of N allow for all possible entries
in the matrix N, we have that for any matrix M we can find N with M = X,,NX,,.

Relation 6 follows by multiplying out the conjugated block matrix expressions for
E,, and to see the seventh relation we take M? = X,NX, — wE,, using the
conjugated block expressions for E, given in the fifth identity. It then follows from
the construction that M° has weight zero and that N° = X,,M°X,,, as required. [

LEMMA 3.9. Let M = (m;;) € R™", ne N. Then M € Ry, if and only if
(M+MJ)u=0, and (MT+M"'J)u=0,

for all u € {1,}+.
These are equivalent to
(MT + J,MT)R" c R1,, and (M + J,M)R™ C R1,.
Proof. If (M+MJ,)u = 0, for all u € {1,}* then M+M.J, = (M j+Minr1—5)i ez,

has constant row sum as the sum of the entries of u will be 0.
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Also (M + J,M)R"™ C R1,, implies that M + J,M = (m;; + mnpy1—i;)ijecz, has
constant column sums, and these two statements are equivalent to M being type

R. The other equivalent equations follow by considering M”.

Conversely, if M is type R then M + M J, and M + J,, M have constant row sum and
constant column sum respectively. Hence (M + M.J,)u = 0, and (MT + M J,) =

0,, as required.
O

THEOREM 3.10. A matriz M € R™*" is an element of R,, with weight w if and

only it has the block representation

M- X wEj, 1327 X
o mlz Z "

when n = 2k is even, with Z € R¥**  z 2 € R* and w € R,

and
\/E’LUE']~C wlk \/§1sz
M=X,| wi} NG 2T Xn
V2rll  x Z

when n = 2k + 1 is odd.

Proof. Even case n = 2k. Let M be an n x n type R matrix, so that by (5) of
Lemma [3.8) we can find V,W,Y, Z, k x k matrices, such that

Y T
M=X, v Xn.
w Z

Then by Lemma [3.9| we can write

(M + J,M)R™ C Rl,,

so that
y v7T y vT
(M + J,M)R" = | X,, X, + J. X, X, | R"
w Z w Z
y v7T y vT
=X, + XnJn Xy X, R" C R1,,.
w Z w Z
Now
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so that

y vT I, 0 y vT
X, V(e O v X,R" C Rl,,
Wz o —I J\w Zz

y vT I, 0 y vT
X, Vi v X, R" C RX, X, 1,,
Wz O —I )\ W Zz

1
and using X, 1, = V2 ( Ok
k

y v7T I, 0 y v7T 1
X, v L T O v X,R"cRX, [ % ).
Wz 0p —I W Z 04

Moreover, as X,,R" is a bijection of R” we can also write

T 0 T
w Z 0 —1Ip w Z

1g
c RX,, .
O
Hence

y vT y v7T I, 0 y v7T
0p O W Z O0p —1Ip Wz

) we obtain

and

YT WT YT T T A YT T
5 ’ ' RN — w n Ak O W R"
0r O v o zT 0r —1Ip v o zT
1
cR( k)
O

These two expressions are equivalent to the blocks Y, Y7, VT and W7 having
columns which are multiples of 1,,, which implies that Y is a multiple of the

matrix Fy.

Conversely, if Y is a multiple of Ej;, VI and W' have constant columns
and Z € R™" we can see that the square will have reverse row and column

similarity when multiplied on the left and right by the X, block, as required.

Odd n =2k + 1. Let M be an nx type R matrix. Then by relation (5) of Lemma
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we can find V,W,Y, Z k x k matrices, v, z,y, 2 € RF vectors, and a € R,

a real number such that

Y o VT V21,
M=X,| y* a 22U |X, wherewe note that X,1, = 1
W =z Z 0

Then in a similar fashion to the even case, we can write

Yy o VT V21,
2 7 a I [R"CR 1 ,
Ox O0p O Ok
and
vty wt V21,
2] T a 2T |R"CR 1
Or O0p O Ok

Again we find that these expressions are equivalent to Y = ﬂwlkl}f for
some w € R, v =y = wlg and a = % Furthermore VT = /21,27 and
WT = /21,27, Conversely, we can see from the block representation that
V2wE;, wlp V21,27
Xo| wlf % 2T X,
\/551:1;{ T A

satisfies the type R condition, and hence we have established the equivalence

of the block representations.

With the equivalence of the block representations established we now need only
show that M has weight w.

Let us assume that M = X,, N X,, has weight ¢, for some ¢t € R, so that by definition
the average of the sum of the entries of M is equal to t. Then by (7) of Lemma
3.8 we can write M? = M —tE,, = X,N°X,,, where N has weight zero.

By (6) of Lemma we have a block representation for tE, and so for NY. Ex-
panding out this block representation after conjugation with X,, we find that the
elements of the vectors x and z cancel out in each row and column sum, leaving
only the w and ¢ terms. Summing over all rows, and so over all the entries of
M° = X,,N°X,,, and equating to the zero weight, we find that w —t =0, so w =t

and so M has weight w as required.

LEMMA 3.11. A matriz M € R™ "™ is type V if and only if

u'Mv=0 (for all u,v € {1,}71).
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A matriz M € R™™ s a type V if and only if

u'Mv=0 (for all u,v € {1,}*)

and 1XM1, =0.
Proof. Assuming that
u'Mv =0 (for all u,v € {1,}1),

we define v; to be the vector with a 1 in the jth position, —1 in the (j + 1)-
th position and 0 otherwise. Then any u € {1,}* can be written as a linear
combination of v;, and hence the set of all such v; forms a basis for {1,}*. For

example if z = (-2, —2,0,4)T, then it can be written as

-2 -1 0 0
-2 1 1

xr = = —4 —4 0
0 0 -1 1
4 0 0 -1

In a similar fashion we define the vectors u;; with a 1 in the ¢th position, a —1 in
the jth position and 0 elsewhere, so that u;; € {1,}*, and w.lo.g. if j > i then
U;j = Vi +viy1+...+v;_1, alinear combination of the v;. Then for any i, j, k,l € Zj,

we have that

0

mi 1 min ’
. 1 (jth)

m . m

0=ulhMuy={0,..., 1 ,...,—1,....0}| > 2n :
ith kth —1 (ith)

mn,l mn,n .

0

= Mjj + Mgl — Myg — Mg;.

which is the required type V property
M4; + Mg = My + Mgj,

and hence M is type V.

Conversely, since the type V property implies that for all 7, 7, k,l € Z,,
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0 =my; +mypg—mi —mgy,

reversing the above argument yields
0 = mij + Myt j41 — Mijr1 — Mip1,j = o] Moy = (aio] )M (bjv;)
for all a;,b; € R, 4,j € Z,. Hence

0 =(a1v] )M (byv1) + (agvs )M (byvr) + ... + (@] )M (bjv;) + ... + (anvl ) M (byvy,)
:(alvlT + agva 4+ ...+ anv;‘f)M(blvl + bovg + ... byuy),

with (ajv1 + agve + ... + apvy,) and (byvy + bovg + ... byv,) arbitrary vectors in
{13+

To see the second property we observe that 1£M 1, = szzl m;; = 0 and so M is

type V, as required. O

THEOREM 3.12. A matrix M € R™™ is type V if and only if it has the block

representation

when n = 2k is even

Y 1za®
M= X, ( ;o ) X,
where a,b € RF, Y € RF¥F and with Y type V,

and when n =2k + 1 is odd

V2(all + 1;ch) —2aB, a 21;dT
M =X, cr o dr X,
V2017 b O
with a,b,c,d € RF and o € R.
A matriz M € R™" is of type \% if and only it has the block representation

when n = 2k 1s even

M=X ( . ) X
where a,b € RF, Y € R¥*F and with Y type \7,

and when n =2k + 1 is odd

V2(a1f + 14¢7) — 22 (1% (a + ¢)) By, a V21,dT
M =X, c! 212/—51 1i(a+c) d Xn,
V2617 b Ok

with a,b, c,d € RE.
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Proof. Even case n = 2k. Let M be type V, so that by (5) of Lemma we can

write

Y T
M =X, v Xna
w Z

where Y, V,W, Z € R¥*%k_ Then by Lemma we have
y vt
0=u"X, (W p ) Xy,

for all u,v € {1,}+.

Now define u = (u1,...,un)’ = (Q1,72) and v = (vy,...,v,)" = (¥, 02) such
that w1 = (uq,us, . .. ,uk)T, U1 = (v1, 09, ... ,’Uk)T , U = (Ukt1s- - ,un)T and
Uy = (Vgy1,...,v,)". Then

T T
o (B) x (Y VI x (O) 1 [l (YOVE (64 i
1y "\woz )"\ 2 \uiy Jy, — 13 W Z ) \ I — 0y
m) \W Z n)’

where & = 0y + UaJy, 1 = U1 Jy — U2, {2 = VU1 + JpU2 and g = Jpvh — V.

Given that w1 +uo+...4u, = 0and v{+vo+...4+v, = 0, and that the entries
in & and & also sum to zero, we deduce that &, & € {1;}+ and 71,79 € RF,

Multiplying out the final matrix display we obtain

() ) E)

=1 Y& + Vi + 9l Wé + mZn.

Setting & = & = 0 yields

0=0Y0,+0LVTny +m WO, +11 212,
=0 =0 =0

which implies that Z = 0.

Setting either or both of 7; and 72 to be the zero vector O, we obtain the

three equalities

0=6lve +edvTin, 0=¢lvé +nfwe and 0=¢€1Ye.
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Given that 0 = &7V Ty and 0 = nf W&, as n1,m2 € R¥ and &1, & € {1} it
follows that
Ok = Vfl and Ok = ng.

Let V}T and W/ be the row vectors of the matrices V and W respectively for
i,j €{1,2,...,n}, so that V& = WT& =0 for all 4,5. Then V; € {&}F
and W; € {&}, and as &,& € {1} then V; € (L =al, and W; €
{1} = B1;, with o, B € R.

Hence 0 = 7Y &, with &1,& € {1;}* so that Y is type V by Lemma

and concluding we have the given type V block representation.

In consideration of the second condition of Lemma for a type 1% matrix,
which says that 0 = 12 M1,,, we have that

0-1Tx y vT Y1 :1 1 + 1 Jg y v7T 1 + Jp1g
mrt\woz )T 2\ 1) \ W Z2 )\l — 1,

1 g Yy VvT\ [1
—9f " M =17y,
0 w  z ) \o,

and hence Y is type V, as required.

Conversely, expanding out the block representation

Y  1za”
M=X, e
b1, 0

with a,b € R, Y € RF*F and type V we obtain,

IRV Jib1E + 10T g Y Jy + Jib1F g
2 JY — bl% + JklkaTJk J Y Jp — blgl]k - JklkaT

and so by Lemma under the assumption 0 = 12’ M1,,, we have that

P, =10y, + 0 Y, + 1LY Ty, + 1E Y Ji 1y,
—_—— | N—_——— —— N——

+1F e mih1, — kol + 17 b1l g1, — 18611 0,1,
+ 1 10T 11y + 1L ke ey — 151071, — 1 T 1ka® Ji 1y,

=0,

due to symmetries in the constant rows and columns of blz and 1;a” respec-

tively.

Similarly for any vectors u,v € {1, }*, where &1, & € {1}, and 7,12 € RF,

we have
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Y  1;at & ! Y el &2
uTXn T - Xpv = T N
b* 1, O m b'1, O 72

= Y&+l ka2 +1{ b1 & + ni Oprpe.

The sum of the entries of & and &3 is 0, and hence we have
Y &+ Lpa' 2 +{ b1E& €1 1ra” mo +ni D16 =0,

=0 =0 =0

and it follows that the block representation structure ensures the type Va

symmetry.

Odd case n = 2k + 1. We proceed as in the even case with the assumption that
M € V,. Setting N = X,,MX,, and by (5) of Lemma noting that any

odd-sided square matrix N can be written in the form

Y v VT Y v VT
N = yT a 2T | X, wecan write M =X, yT a 2T Xy,
Wz Z W x Z

for some V,W,Y,Z € R¥>** 2 y v, 2z € R¥ and a € R.

By Lemma [3.11] we have

Y v VT
O:uTXn yI' a 2T | Xy,
W x Z
for all u,v € {1,}*.
Now
T T
. Iy Op  Jg ) &1 &1
Ty _ - - T T _ _ T
u Xy = — (U1, Ups1, U 0 2 0 = — 2 = — | —v21
n \/5( LUk, @2) | 0F V2 0f 7 V214 7 V2176
Je O —Ig m m
where 17 = (u1,us,...,ux)’ and s = (upi2,Urss,...,us)’,and again by

Lemmal3.11, 3K, (1 4+4d;) Fugs1 = 080 upry = — Sob (dy+1ing) = —17 &1,
and similarly

. Iy Op  Jg Vi &2
Xn’U = ﬁ Og \/5 Og U]erl = ﬁ —\/ilzgg
Jp 0 —1I Vs 12
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Hence we can write,

T

) &1 Y v VT )
o=t |—vaite | | o || -varte
1 W x Z 72

=YE —V2AF0)(AE L) + &V — V28 11) (v &) + 2(60 1) (15 &) a
—V2(&l 1) (zTm) + nf W& — V2(ni ) (1 &) + ni Zna.

Setting &1 = & = 05, € R*, yields

0=£&Tve —V2(elv)(1F &) + VT — V2(E] 1) (v'€2) +2(&1 1) (11 &2)a
- T =0 =0
—V2(e7 1) (2T ) + i Wea — V2l 2) (1] &) +nf Zng

=0 =0 =0

=n{ Zna,

from which we deduce that Z = 0.

Taking & = & = 05, € R¥ gives us

0=n{ W& —V2( 2) (1 &),

so that
W =21},
and
0=V n —V2(¢ 15) (z"Tm),
so that

VT = ﬁlsz,

thus establishing W and V. It follows that

0=61Y&E — V2(v)(116) + &V o — V2(T 1) (y7 &) + 2(] 1) (1 &)

=0y,
— V2V 4] W& —vV2n] Wé =] YE — V2(¢T0) (11 6) — V2(¢l 1) (v &)
= =5 =

=T (v = V2(1]) = V2(159") + 201417 ) &,

and so
Op =Y = V2(u1}) = V2(159) + 20E),

Y = V21t + 1.y7) — 20E.
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From the second condition in [3.11] we also have

Y o VT
0=1"M1, =11X, | yT o 2T | X,1,.
W x Z

Using the representations for 15Xn and X, 1,,

) I, 0 Jg V21 !
Sslor v =] e
Je O —Ii Ok
) Iy O Jg 1k V21,
7 of v2 of 1|=] V2
Jp O —Ig 1k O

we can write

T

V21, Y v VT\ (V21
0= V2 yT a 2T V2

0 W oz Z 0

=211v1, + V21 v + V25T 1, + a.

Substituting for Y = v/2(v1} + 1,47) — 2aEy, then gives us
0 =217 (ﬂ(m}? +1y7) - 2aEk) 1+ V2150 + V241, + a
=2v21F (011, + 2v21F 1y 1 — 401 T Bl + V2150 + V25 1 + «

so that

a1l Byl — 1) = 2v21F (0111, + 2v21F (L)1 + V2170 + V2471,

a(4k? — 1) = 2v21T vk + 2v2ky" 1), + V217 v + V2y "1,

= (2V2k + V2)1Lv + (2V2k + V2)y" 1 = V2(2k + 1) (1fv + " 1)
which implies that

4k —1
=v201% 1
ok +1 V2w 4y 1),
and hence \f
2
= 1r T1.).
= o EU Y )

The converse argument then follows similarly to the even case.

O

Combining the previous theorems for type R and type V matrix block representa-
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tions we obtain the following block representation theorem for a reversible square
matrix M, so that M has the composite symmetry M € R,, NV, = RV,,.
THEOREM 3.13. Let M € R™", n € N. Then M is a reversible square matriz
with M € RV, if and only if M has the block representation

when n = 2k is even

E. 1pal
M=x,| Uk ) x
b1l Oy

with a,b € RF, w € R,

and when n = 2k + 1 is odd

V2wE;, wlp V21,d"
M=X,| wil w dr Xn
V2b1T b Ok
with a,b,c,d € RF and w € R.

Proof. For even n = 2k, considering the block representation of types R and V
simultaneously yields

wEy, lyT Y 1za? wE, 1aT
M=X X,=X . X,=X « Xn,
" < 17 Z R N S A O R N3 VAR ¥ "

and similarly for odd n = 2k 4+ 1 we have

V2wE, wlp V2127 ﬁ(alz +1;ch) = 20E, a V21,d"
M =X, wl;‘f % 2T X=X, cr « dar
ﬂxl% T A \/ibl% b Ok

V2wE, wlp V21,d7
wil  w dr X,
V201T b i

|
5

d

In Lemma [3.14] we use the block representation for reversible square matrices, to
demonstrate that every reversible square matrix is also type A, so an associated
square matrix (defined earlier in this chapter).

LEMMA 3.14. Let M = (m; ;) € R™™"™ be an n x n reversible square matriz with
weight w, so that M € RV, is both type R, and type V,,. Then M 1is also an
associated square matriz with weight w, so that M € A, is type A, with m;; +

Mptl—int1—j = 2w, for all i,j € Zy, and so RV,, C A,,.
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Proof. For n = 2k is even we expand out the conjugated block representation of
Theorem B.13] to obtain

1 lkaTJk + kali *1kaT + Jibly,
M= — E,
2\ Ll —b1f —1pa — 01T

1 ([ Jbll Jibl 1alJ, —1ga®
T2 (( —kbl,]: kb1£f ) " ( IZQTJ: 71ZaT )) Tk
Written in this form it can be seen that the elements of the vectors a,b in all
associated sums cancel, so that m; ; +mp41-ipnt1-j = 2w.
Similarly with an odd sided reversible square we have
Leal Jp + Jeb1E Jkb —1ga® + Jpb1%

M = aTJk 0 —aT + wk,,
alJy —01F  —b  —1xa? — 1T

and again we find that the elements of the vectors a, b in all associated sums cancel,

so that m; j + mp41—int+1—; = 2w. Hence RV,, C A,,, as required. ]
. . . . . 17
Example. A traditional reversible square matriz of order 4 with weight w = %

and associated sum 2w = 17.

101314
111121516

3.2 Legitimate Transforms and Reversible Square Equivalence Classes

We begin by defining the seven legitimate transforms for a reversible square R = (74;),
as considered in [I0] (see §2.4 pp 25-28) by Ollerenshaw and Brée.
Definition (of Legitimate Transforms). Listed below are the seven legitimate

transforms.

(i) Reflection across the horizontal central axis:
r;j = T(nt1-4); foralli,j € Zn;
(ii) Reflection across the vertical central axis:

T;j = Ti(n+1—7) for all 4,j € Zy;
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(iii) Reflection across either principal diagonal axis:

/ . .
Tij =Tji ©,J € Lp Or

fr’;‘] :T(n—i-l—i)(n—‘rl—j) for all 7/,] € Zn,

(iv) Swapping associated pairs of rows across the horizontal central axis:

/
Tirg =T (n4+1—4")5>
T(nﬂ_i,)j =ry; for all j € Z, and fixed i’ € L,

’r;] :Tij for 74,] S ZTL7 and Z ¢ {i/’n + 1 _ i/},

(v) Swapping associated pairs of columns across the vertical central axis:

o
Tijr =Ti(n+1—-5")

Tg(n+1fj’) =r;j for all i € Z,, and fixed i € Zny,

rgj =r;; fori,j € Zn, and j & {j',n+1—j'},

(vi) Simultaneously swapping rows ;7" in one half of the matrix and swapping

the associated two rows in the other half:

[
Ti’j = TZ'//]',
, P oy .
Ti"j = 7"1/],

/ _
Tnt1—ir)j = T(n+1-i")j>

rEn-Fl—i”)j = T(n+1—i")j for all i,’ i//’j c Zn’
! q ; v . "
ri; =1y fori,j€Zpandi¢ {i',i"\ n+1 -, n+1-i"}.

(vii) Simultaneously swapping columns j’,j” in one half of the matrix and swap-

ping the associated two columns in the other half:

/
Tigr = Tigr,s

/
Ty = T‘Z'j/,

, e . .
Ti(n+1fj’) = T’L(n-l—l—j”)?

rz/'(n-l—l—j”) = T’L(n“rlfjl) fOI‘ a.l]. jl7j//,i 6 Zn,

ri;=rij fori,j € Zyand j¢ {5, \n+1—-75 n+1-;"}

Definition (of reversible square equivalence classes). Let R = (r;;) and R’ = (r};)
be two n x n reversible square matrices. Then we say that R and R’ are equiva-

lent if and only if there exists a finite combination of legitimate transforms which
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transform R to R'. If R and R’ are equivalent then we write R ~ R/, and say that

the two reversible squares lie in the same equivalence class.

The first three transforms lead to a reversible square R’ = (rz’-j) that is considered
to be the same reversible square (the dihedral symmetries), whereas the latter four

transforms map the reversible square R = (r;;) to an essentially different reversible

/

square R' = (r};) within the same equivalence class.

A reversible square equivalence class is defined to be the set of all n x n reversible
squares that can be transformed into one another by any combination of legitimate
transforms.

LEMMA 3.15. The definition of two n x n reversible square matrices being equiv-
alent if they are connected by a sequence of legitimate transforms, is in fact a true
equivalence relation, satisfying the tramsitive, symmetric and reflexive properties

required.

Proof. Let ~ mean that two n x n reversible squares are in the same equivalence
class, so that there exists a sequence of legitimate transforms which takes one to
the other. Then this relation is

e reflexive as the identity transform can be obtained by a sequence of legitimate

transform, and so M ~ M,

e symmetric as the sequence of legitimate transforms which take M to IV has an
inverse legitimate transform which takes N to M, andso M ~ N < N ~ M,

e transitive, for if L ~ M and M ~ N, then one can get from L to N via

a sequence of legitimate transforms and hence L and N are not essentially
different and L ~ N.

Hence equivalence, as defined here, is in fact a true equivalence relation.

O]

In [I0] Ollerenshaw and Brée’s approach to counting all essentially different n x n
reversible square matrices was to calculate the number of equivalence classes N,
multiplied by the size of each equivalence class M,,. A key point in their argument
was that each equivalence class had the same number of M,, elements, and being
represented by a principal element, called a principal reversible square, which we
now define.

Definition (of Principal Reversible Squares). An n x n square matrix M = (m; ;),
is said to be a principal reversible square matriz if and only if each of the row entries
read from left to right, and column entries read from top to bottom form increasing
integer sequences; the top left matrix entries satisfy mi1 = 1 and mi2 = 2
and all three conditions for a traditional reversible square matrix hold, where as
previously defined the term traditional implies that the entries consist of the integers
1,2,3,...,n%
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LEMMA 3.16. Fach equivalence class of n x n traditional reversible square ma-
trices is represented by a unique n X n principal reversible square, so that distinct

principal reversible squares lie in distinct equivalence classes.

Proof. We sketch the proof given by Ollerenshaw and Brée in [10] (see § 2.4 pp
20-32).

Firstly we see that the numbers 1 and 2 must lie in the same row or column, other-
wise there is no other pair of integers that can satisfy the equal cross-sum property,
with sum 04+ 1 = 1. Next we note that every traditional reversible square can be
manipulated via the row and column swaps (i) and (ii), and the transpositions (iii),
so that the first row begins 1,2, and that each row sequence (read left to right)
and column sequence (read top to bottom) is an increasing sequence of integers.
Hence the legitimate transforms enable every traditional reversible square to be

transformed into a principal reversible square.

Next we need to show that there does not exist a combination of legitimate trans-
forms that will transform one principal reversible square to another principal re-
versible square. As all row and column entries of a principal reversible square are
in ascending order, it follows that applying any legitimate transform breaks this
condition within one of the rows or columns. Hence each equivalence class of n x n
traditional reversible squares is represented by a unique n X n principal reversible

square, as required. O

The fundamental link between sum-systems and principal reversible squares is es-
tablished in the following lemma.
LEMMA 3.17. Given a principal reversible square M € R™ "™ then the first row

and column of the matriz M — E,, form a sum-system.

Proof. The third symmetry requirement for a square matrix to be a reversible
square says that the cross sum of the corners of any subarray within the square is
equal, so that

Mg + Myrjr = My + My ;.

As the first entry of M — E,, is 0 then we have
(m1 = 1) 4+ (mij — 1) = (my; — 1) 4+ (mir — 1)
mij—lzmlj—l—l—mil—l
mij + 1 =may; + mqj,

and as M is traditional, it follows that M — E, contain the integers 0 to n? — 1.
Therefore the first row and column of M must form an n 4+ n sum-system, as

required. O
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3.3 The Equivalence Class Cardinality

THEOREM 3.18. Fach reversible square equivalence class has cardinality M,

where
1 2
=2 (|

Proof. We need to count the number of equivalent reversible squares that arise
from all possible combinations of legitimate transforms applied to an original n x n
traditional reversible square matrix. We give the proof for even n. The proof for

odd n then follows with the insertion of the floor function brackets.

Let M be our n x n principal reversible square with
M = (al,az,...,a%,b%,...,bg,bl),

so that a; and b; are the column vectors of M.

The number of equivalent reversible squares corresponds to the number of column
and row swaps one can carry out. The structure of a reversible square is that
column b; must be in the mirrored position across the vertical axis from a; for all

1. The legitimate transforms tell us that we can:
1. Swap any number of a;’s with b;’s.
2. Swap any a; and a; provided we swap b; and b; for all i,j € Zy, (n = 2k).

Hence considering the left hand half of M whose columns are (a1, as, ..., a%), we
have 5! choices for the columns. With the columns chosen we now count the number
of swaps across the vertical axis which is given by the sum over zero column swaps,

one column swap, two column swaps up to 4 column swaps. This equates to
n

§-0)-0-0-50-

Multiplying these together then gives (%)!2% equivalent but different n xn reversible

AN

square matrices, and squaring this number then includes all possible row transforms.

Finally we note that in terms of excluding the dihedral symmetries, although the
legitimate transforms do not allow for rotations of the original matrix, they do
afford reflections across the horizontal, vertical and diagonal axes. Hence we divide

through by 4, to deduce that each reversible square equivalence class has cardinality

M,, with
2 1 2
M, = 2"~ (LQnJ !) .

Here the floor function incorporates the odd sided argument in which the middle

row and column is fixed. O
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An alternative proof can be obtained via the block representation of a legitimate
transform given in Lemma

Example. For n = 4, there are three principal reversible squares, and so equiv-
alence classes, each with 16 elements. We give all 16 elements for the simplest

principal reversible square below.

10111 12(| 5|6 | 7|8 ||13|14|15|16(| 1 |2 | 3| 4
1314|1516 (|13 |14 |15|16|] 9 |10 |11 |12|] 9 |10 |11 |12

11 (1012 5 | 7|6 |8 ||13|15|14|16| 1 |3 | 2| 4
1315|1416 (|13 |15|14 16| 9 |11 |10 (12| 9 |11 |10 |12

1009 12|11 {] 2|1 4|3 ||/14|13]16]15
109 (12|11 6 | 5|8 | 7 (1413|1615 2 | 1| 4|3
1411316 |15 (] 14 (13|16 |15||10| 9 |12 |11 (/10| 9 |12| 11

10(12| 9 |11 6 | 8 |5 | 7 ||14|16|13|15| 14|16 |13 |15
14116 |13 |15|] 14|16 |13 |15||10|12| 9 |11 |/ 10|12] 9 |11
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4 Sum-and-Distance to Reversible Square Bijection

In this chapter we establish that the number of principal reversible squares of size n
is equal to the number of m + m inclusive sum-and-distance systems if n = 2m +1
is odd and equal to the number of m + m non inclusive sum-and-distance systems

if n =2m.

To begin we recall our definitions for two specific types of m +m sum-and-distance
systems. Note: we change the notation of the entries from a; to a; and b; to I;Z to
distinguish between the entries of the vectors a,b in the block representation of a
reversible square.

Definition (of m + m sum-and-distance systems). For natural number m, let
A={ay,...,am}, and B={by,...,by},

be two sets of positive integers of m distinct elements, ordered in terms of increasing
value, with AN B = ¢.

Then we say that the set pair A and B form a m + m (non-inclusive) sum-and-
distance system, if and only if the corresponding sum-and-distance set, A* B, defined
by

A*B = (A+B)U|A— B| = {a; + by, |a; —by| : j,k€{1,...m}},

contains the odd integers 1,3,5,...,4m? — 1.

Similarly we say that A and B form an inclusive m+m sum-and-distance system if
and only if the union of the corresponding sum-and-distance set, A*B, with A and
B, given by AABUAUB=AUBU(A+ B)U|A - B|

A*B = { aj, by, aj+ by, |a; —bi| : 4, k€ {1,...m}},

contains the consecutive integers 1,2,3,...2m?2 + 2m.

4.1 Traditional Reversible Squares and Sum-and-Distance Systems

THEOREM 4.1. A square matric M € R™ ™, is a traditional reversible square
if and only if the set of absolute values in the vectors a,b € R¥ in the block rep-
resentation in Theorem |3.15 comprise a sum-and-distance system, non-inclusive if

n = 2k is even, and inclusive if n = 2k + 1 is odd.

Proof. Let M be a traditional n x n reversible square with side length n = 2k,
so that M contains the integers 1 to n?. Subtracting the weight multiplied by E,

to obtain the weightless reversible square M° = M — ”2; LE,,, we have that MO
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contains the set of

n2
{1,2,...,n2}—<2+1>:;{—(nQ—1),—(n2—3),...,—1,1,...,(712—1)}.

From the block representation of a weightless reversible square we have that

MO~ x < Ok lkaT> _ 1 ( Jibly + lkaTJk JipblpJ — lkaTJ>

b1t 0y —bly + Jplpa®J, —blyJ, — Jplpa®

for some a,b € R* such that a = (ay,...,ax)”, b= (by,...,b;)T, then comparing

set entries yields

{ n? —1), n2—3),...,—1,1,...,n2—37n2—1}
{b;

+aj, b —a;, —bj +a;, —bj —a; | i,j € Zy}.

M\HM\H

We can then write
so that the set of absolute values of the entries of @ and b form a non-inclusive

sum-and-distance system.

Conversely, let A = {ay,...ax}, B = {131, ... ,Ek} form a non-inclusive sum-and-
distance system, and define the k-length vectors a and b to contain every entry of A
and B respectively in any permutation and with either positive or negative choice

of sign. Then the block representation of the matrix

MO~ x < Ok lkaT> X — 1 ( Jibly + 1kaTJk JipblpJ — 1kaTJ>

vil Oy —bly + Jplpa Ty —blJy — Jilpa”

has the set of entries
1n a0 e .
g{bj—i—ai,bj—ai,—bj—{—ai,—bj—ai | CLZ'EA, bj GB}

1
= {0 =1~ =3, ~L 1w =3t - 1)

. 2 . o .
in some order and hence M = M°+ "THEn is an n x n traditional reversible square.

For odd n = 2k + 1, proceeding as before we remove the weight and expand the

block representation to obtain

0r  Op  2(1xa™) LeaT gy + Jkb1T Jpb —1ga® + Jpb1 T
MY =X, 0f 0 V2at | X, = al'jy 0 —a’
261% V2 O La®ji, — 017 —b  —1xa” — 17
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for a,b € R* such that a = (a1,...,a;)T, b= (by,...,b;)T , from which we deduce
that the four corner k£ x k blocks contain all entries fa; &= b; for i,j € Zj, with
the additional 4k entries £a; and +b; along the central row and column with the
0 element in the central cell. It follows that values in vectors a and b must satisfy

the following,

L. n?—1
{lail + 1651, llai| = 1b5ll, lasl, [bs]] 4,5 € Zx} =<4 1,2..., 5 7

if M is a reversible square. Therefore the set of absolute values of the entries of a

and b form an inclusive sum-and-distance system.

Conversely, let A = {a1,...ax}, B = {[31,---,?%} form an inclusive sum-and-
distance system, then define k-length vectors a and b to contain every entry of
A and B respectively in any permutation and can be either positive or negative.
Let MY be the resulting weightless reversible square matrix and by the expanding
its block representation from above, it follows that M = M° + #En isann xn

traditional reversible square, as it contains the integers

{1,2,...n%},
and exhibits the three symmetry properties required.
O

LEMMA 4.2. Let M° € R™" be a traditional weightless reversible square with
block representation vectors a and b. Then applying any combination of the seven
legitimate transforms defined previously to the matriz M° results in new block rep-
resentation vectors ¢ and d, whose absolute values are the same as the absolute
values of a and b, i.e. the ordered sets formed from the absolute values of the two

vectors are invariant under the legitimate transform actions.

It follows that the sum-and-distance system formed from the absolute values of the
block representation vectors is invariant under the action of the seven legitimate

transforms.

Proof. We now describe the seven legitimate transforms in terms of matrix algebra,
for both the even and the odd order cases, from which it is apparent that the legiti-
mate transforms do not change the absolute values within the block representation

vectors.

(i) Reflection across the horizontal central axis.

0 1xa® 1 (I —Ji\ (0 1xa” 0p 1
ToXo [ CE R ) x, = — (0 TR (R )y xR
b1t 0y V2 \J, I, ) \b1f Oy —o1F Oy
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and

Ok Ok 2(1kaT) 1 Ik Ok —Jk ﬁk Ok 2(1kCLT)
X | OF 0 V2T Xn:ﬁ 0of V2 of of 0 V2 | X,
2b1% /2b Ok Je 0p I 2b1% \/2b Ok

O, 0r  2(13a”)
=X, | of 0 V2" | X,.
—2017 V2b Oy

(ii) Reflection across the vertical central axis.

O 1pa” Op 1a®™\ 1 [ I, J 0 —1ga?l
n K ]ia Xan == Xn kT ]ia = k F == Xn ’; Aka X’rLa
vif  0p J V2 \~Jx I b1t O

and
0 Op  2(1xa") 0 Op  2(1xa") . I, 0 Ji
X, oF 0o V2l [Xpdn=X,| 0F 0 V2T 7 of  v2 of
2017 V2b O 2b1f V2b O —Jr Op Iy
O  0p  —2(1xa")
=X,| of 0 V2T | X,
2b1% /2b 0k
(iii) Transposition.
A T ~ T ~
O 1pa” O 1pa” O 1xb7
and
T A
0r  0n 2(1xa”)

0 0r 2(1a")
X, of 0 V2dT
2617 V2o Oy

X, | =x7T of 0 V2" xT
261 V2b O

0r  0p  2(1x07)
=X, of o v |X,.
2@1% V2a Ok

In consideration of the remaining four legitimate transforms we use the block rep-
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resentation expansions

M:Xn<

and

by,

b1
= 0
—b,

_bk

(iv) Swapping associated pairs of rows s and n+ 1 — s across the horizontal central

axis.

Ok 1kaT X 1 kalg
nf 0, )" 2\\-w?
by by, by by
b b b b
1 1 1 L
—by —b1 —b —b1
—bg b, —bg —bg
Ok Ok 21kaT kalg
of 0 V2| X,=| of
201 V2b Oy —b1F
b, br b by,
b1 b1 b1 b1
0 0 0 0 |+
-by —b1 —b —by
—by, —bp —bg —by

by
—brt1-s
b‘l
—b
bryri—s

—by,

0
M=X, K
b(s)1f

by
7bk+1fs
—b
bri1-s

—by

by
—bpt1-s
b‘l
—b
bryri—s

—by

56

kalg 1kCLTJk —1kaT

—b1} 1alJp  1xa”

ag ap —ax —ag

ag a; —ag —ag

ag ap —ax —ag

ag a; —ag —ag
ka blfjk 1kaTJk Ok
0 of [+| aTJx 0
—-b —blz JklkaTJk Ok
ag ar 0 —aq —ag
ag ar 0 —ay —ag
ag ar 0 —aq —ag
ak ar 0 —ap —ag
ak ar 0 —aq —ay

1kaT
. Xn
Ok
by
—bpt1-s ak
by ag
—b1 + ag
bryri—s ay
—by

al

ai

al

ai

—aq

—aq

—aq

—a1

—JklkaT

T

—a
—JklkaT

—ag

—ag

—ag

—ag



where b(s) = (by,.

and

by

bk+1—s

—by,

where b(s) = (b1, .

oy =bi1—gs - b)) T =I(k+1—s)b, and
0 1#7
I(s)ij=q1 i=j. i#s j#s
-1 i=j5=s,
aj aq
O 21,a” ag al
0 V2adl | X = | ag a1
V/2b(s) 0 ak ay
aj ai
b b b
—bgt1-s  —bry1-s —brt1-s
by by b1
0 0 0
—by —by —by
bet1—s  bk+1-s  brti—s
—by, —by, —by,
oy =big1—gs - b)) T =1(k+1—s)b.

—aq
—aq

-
bk:—i-l—s

—by,

(v) Swapping associated pairs of columns across the vertical central axis.

0y
M =X
" (bl;f

11@({(5)71 X, =
O

by,
e
—by

o7

by,

b1

by

_bk:

by,
b1
—b,

_bk

by,
b1
—by

_bk:




by,

—b

—by,

_al

—aq

—aq

ag ... —Qgy1-s ... A1 —a1
ag ... —Qgy1—-s ... A1 —a1
+
ag ... —Qgy1—-s ... A1 —a1
a ... —Qgy1-s ... A1 —ai
where a(s) =I(k+1—s)(ai,..., —Qxt1—s;---
and
Ok Ok 21/€a(8)T
M=X,| of 0 V2a(s)! | X, =
2617 \/2b i
ag ... —Qg41-s ... a1 O
ag ... —Qky1—-s ... QA1 0
+| ax ... —ag+1—s ... a1 O
ar ... —Qky1—-s ... QA1 0
ag ... —Qk+i—s --- a1 O
where a(s) = (a1,..., —agt1—s, -

Af+1-s

Ag+1—s

Af41-s

Ag+1—s

van)

T

)

by,

0

—b

— by,

Ak4+1—s

Ak+1—s
Ak+1—s

Af41-s

Afk+1—s

Lan)T =I(n+1-s).

—ay,

—ay,

by,

0
—by

—by,

by,

b

_bk
_ak
7a’k

—ag

by,

b

—by,

(vi) Simultaneously swapping two rows in one half of the matrix and swapping the

associated two rows s and ¢ in the other half:

o8

ag

af

ag

ay

a

a

aq

ai

—aq

_al

_ak




Ry -
PR
- o
bk+.1—s | b'l
b1 e o
+3 o
oo —bpyis
N oo by
_bk:ji—l—t | _'bk
—bg .

nd
here t > s a
w

0
with f(s, t) =

and
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br+1-t
bi+1-s
b
Iy
—brt1-s
—br1-¢

—by,

? j Y
(3

.]7

1 1 12 S U

ay

af
ag

a

ay

bry1—t
bk+1—s

b1
—b,

—bry1-s

—b1-t

_bk

a10

ay
ai

ay

a10

—a

—aq
—a

—aq

—a

(s, )b,
=1,
. >bk)
bit2-s--
1—t»
s sy bt
bet2—t, -
brt1—s,
bk:—t7
bi,....
t) = (
b(s,

'_]_
. ’/L
1 s

—ag

—ay,
—a

—ag

—a




bpy1—t oo bryi—t brpi—t brgi—t .. brpi—¢
bk+1—s oo bk+1—s bk-l—l—s bk-i-l—s oo bk-i-l—s
b1 ... by b1 b1 ... b1
+ 0 . 0 0 0 . 0 ,
—by ... —b1 —by —by ... —b1
_bk’-‘,—l—s oo _bk+1—s _bk—i-l—s _bk+1—s oo _bk+1—s
—bgt1—t oo —bkp1-t —bpri-t —bkp1-t .. —bry1-d
. by .
where t > sand b(s,t) = (b1, .., bp—t, brt1—s, Okga—ts - - -, Do D1t Dios - -, bi) T =

I(s,t)b.

(vii) Simultaneously swapping two columns in one half of the matrix and swapping

the associated two columns s and ¢ in the other half:

be ... by b ... by
Ok 1k&(s, t)T 1 b1 .o b1 b1 e bl
= An T ~ Xn =5
b1} Ok 20 (-t ... —b1 —b1 ... =By
by ... —by —bxr ... —bg
ag Ak41—t Ak4+1—s al —ai —Qk41—5s —OQf+41—t —Qf
+ ag ... Qk41—-t ... Qk41-s ... Q1 —air ... —Ak41-s .- Qg1 ... TAg
ag ... Gkgl—t .- Qhgpl—s .- A1 —G1 ... —Qkgl—s ... —Qkfi—t --. —ag ’
ag ... Og41—-t .- Qk41-s ... Q1 —air ... —0gtl-s ... TOk41-t ... TOAg
~ T T
where t > s and a(s,t) = (a1,...,Qgs1—ts - Qhtr1—s,---,05)" = I(s,t)a,
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and

by b b by
A 7 T
Ok Ok 21k(a)(s, t) bl bl bl b1
M=X,| of 0 2(a)(s, )T [ Xn=1] 0 0 0 0
2b1% /2b 0% —by —by —b b
—by, —br —br —bg
ak A1t Ak4+1—s ar 0 —a1 —Qgt1—s —Qgy1—t
ak Qft1—¢ Ok+1—s air 0 —ap —Ok41—s —Ok4+1—t
+ | a Apt1—¢ Agt1—s ar 0 —a1 —Qg41—s —Qt1—t
ak A1t Ak41—s air 0 —a1 —Qgt1—s —Qgy1—t
ak Qf41—¢ Ok+1—s air 0 —ax —Ok41—s —Ok4+1—t
- _ T
where t > s and (a)(s,t) = (a1, -+, Qgt1—ts .- Aht1—sy---,ak) = I(s,t)a.

4.2 Enumeration of Equivalent Vectors

With the new method of expressing legitimate transforms in terms of their block
representation established, we now give an alternative proof for the number of

equivalent n x n reversible square matrices M, in each equivalence class.

Proof. (second proof of Theorem [3.18])

Let a = {aq,...

tors, and

Q|| Woand b= {by,..., bLQJ }" be our block representation vec-
2 2

a’:{ial,...,j:aL J}T and b/:{ﬂ:bl,...ﬂ:bLEJ}T.
2

n
2

Then the choice of sign, along with the extra two possibilities for the placement of
the vectors on either the central row or column when n is odd give us a total of
2™ possibilities, for both odd and even n. Removing the four dihedral transforms,

which we class as the same square, and whose block representation is given by

0, W 0, —W 0, W 0, —-W
X5 ) X X [ ) X X [ D ) X X | | Xy
Vo O Vo 0 -V 0 -V 0

where if n is even V, W € R™" and if n is odd V € RFFIXF and W € RF¥*¥*+1 when

2n—2

not counted reduces to choices.

The placing of the entries in the two vectors then give a further (| %] !)2 possibilities,

which in total gives us 272 (| % !)2 equivalent matrices, as required. O
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b1
0
—b,

—ag

—ay
—ag

—ag

—ay




THEOREM 4.3. The number of n X n reversible square equivalence classes Ny,
is equal to the number of k + k inclusive sum-and-distance systems if n = 2k + 1
is odd, and equal to the number of k + k non-inclusive sum-and-distance systems if
n = 2k is even.

COROLLARY 4.4. With each principal reversible square matriz we can associate
a unique [gJ + L%J sum-and-distance system of the corresponding type, depending

upon the parity of n.

Proof. By Lemmal[d.2|two n x n equivalent reversible square matrices have the same

absolute values of the block representation vectors, and by Theorem the set

pair formed from the block representation vectors form a sum-and-distance system.

Hence the number of n x n reversible square equivalence classes NV, is equal to

the number of |%| + | %] non-inclusive sum-and-distance systems if n is even and
n n

|5] + 5] inclusive sum-and-distance systems if n is odd.

By Lemma[3.16], distinct n x n principal reversible squares lie in distinct equivalence
classes, and so the set of all nxn principal reversible squares can be used to represent

all the n x n reversible square equivalence classes, and hence the Corollary.
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5 Principal Reversible Squares: their Construction and

Enumeration

The first known recorded occurrence of a reversible square matrix was in 1897 and is
attributed to Eamon McClintock [44]. McClintock established the important result
that there exists a 1 — 1 correspondence between reversible squares (then called
McClintock squares) and most-perfect squares (defined at the beginning of Chapter
4). He managed to construct a subset of all n x n traditional reversible squares,
and it was not until the work of Ollerenshaw and Brée just over one hundred years
later in 1998 [10], that a general construction method was established for the set
of all such squares. This then led to the enumeration of all n x n reversible squares
of doubly-even order (n = 4k) and so of all n x n most-perfect square matrices of

doubly-even order.

Ollerenshaw and Brée approached this construction problem by initially refining
the definition of the symmetry properties required and coined the term reversible
squares. They employed a lengthy and ingenious nested block structure argument
(see Chapter 4 of [10]), from which they applied combinatorial methods to enumer-
ate all n x n principal reversible squares. In what follows we outline their approach
to understanding the block structure, which we restate in terms of divisor paths.
The divisor path approach lends itself to more number theoretical methods which
we employ in Chapter 6 to embed the full enumeration argument with the theory
of divisor functions. For the interested reader we advise that this thesis be read in

conjunction with Ollerenshaw’s and Brée’s book.

To help progress their arguments they employed a number of concepts which we
now define below.

Definition (of similar sequences). Two sequences ai,as,...a, and by, ba, ..., b,
are said to be similar sequences when the differences between sequence terms in
corresponding positions in both sequences is constant, i.e a;—b; = a;—b; Vi,j € Zy,.
Definition (of similar blocks). An n x m block is defined to be an n x m matrix
containing a sequence of nm entries a1, as, ..., anm. Two n X m blocks are said to
be similar blocks when the entries in all corresponding rows and columns in both
blocks are similar sequences.

Definition (of reverse similarity). Two sequences aj,asg...a, and by, by...b, are
said to be in reverse similarity, if when the second sequence is reversed, pairs of

entries in the same position sum to the same constant, i.e. a;+bp41-; = c Vi € Zy,.

An equivalent definition to that given at the beginning of Chapter 4 for an n x n
reversible square can now be stated.
LEMMA 5.1. An n X n reversible square M = (m;;) has the following symmetry

properties.
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(i) The row sequences are similar, so that

Y B |
Myj — Myjr = Mirj — Myrjr, 0,07, € Lnp.

(ii) The column sequences are similar, so that

Y
m” — mi/j = mi]‘/ — mi’j’v 1,1 7j7j [ Zn

(iii) Pairs of entries which are diametrically opposite sum to 2w (if M is traditional
then w = %(n? +1)).

Proof. Properties (i), and (ii) follow directly from the equal cross sums condition
for a reversible square, m;; + my ;= mgj +myj,  i,1,5,5 € L,. Property (iii),
is simply the associated property (A) previously established in Lemma for

reversible square matrices. ]

5.1 Smallest Corner Blocks and Divisor Paths

Definition (of smallest corner blocks). In a square matrix M containing consecu-
tive integer entries, reading left to right along the first row, we define the smallest
corner block (SCB) to have width j; equal to the first break in the sequence of con-
secutive integers, and depth ¢; equal to the number of rows down to which reading
left to right and top to bottom in this 7; X j1 block, that the sequence of consecutive
integers continues. If j; = n, then the whole square M is taken to be the SCB.
Remark. For a principal reversible square matrix we must have j; > 2 otherwise
(as demonstrated in the proof of Lemma , the first two entries in the first row
cannot be 1,2, so that the SCB block has width as least two.

Definition (of divisor paths). Let n, iy, j, € N for u,v € Z,. We say that the

ordered pairing of tuples
{(i1, d2,... a1, ia), (J1s J2,---s Ja—1, Ja)}
form a divisor path set of length « for n, if they satisfy the divisibility chains
i1] d2] .| lam1]ia=n, 1<ii<iz<... <ig_1 <iq=mn,

and
Jil Jol - | Ja—ildaln, 1<ji <j2<...<ja-1<Jja <n.

Remark. In their book, Ollerenshaw and Brée defined these divisor paths as (o —

1)-progressive paths.

The divisor path approach gives us a new way of defining the nested block construc-

tion that uniquely determines each principal reversible square, and we now use this
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understanding to recursively define a block structure using the divisor path sets. In
the following definition we use an existing block to recursively define a new nested

block, which preserves block similarity,

Recursive nested block construction. Given the divisor path set for n of

length o
{(ih i?a cte 7ia—17 ia)a (j17 j27 ctcy jOé—la ]Oé)}
so that
il‘ Z'Q‘ ‘ ia—l’ la=mn, 1< <ig<... <lg1<ilqg=mn,
and
Jil el oo | Ja—tljaln, 1<j1 <jo<...<ja-1<Ja <n,
we define recursively the sequence of nested block structured matrices Ry, Ra, ..., Rq
such that
1 2 cee g1
g+l jg+2 ... 25

Ry=(ki+ji(ka—1) [ 1<k < 1,1 <kp <ip) = _ ' T,
Ji+i ... 1171

and thereafter by

Ry = (le + (tm—1Jm-1)((k1 — 1) + <(k2 -b ( o >)

Jm—1

1<k < jm,1<k2<,1m)
tm—1

Ry1 Rp—1+ (imfljmfl) R Rp—1+ (imfljmfl)(jiﬁl - 1)

Rt + (im—1jm-1) (3222 = 14 5= — 1)

Im—1 J 1

where if j, # n, then in the final step we tile the n x n matrix using the n x j,
largest corner block n/j, times to obtain Rgy.
LEMMA 5.2. The above divisor path set construction produces a principal re-

versible square.

Proof. The construction ensures that the first block R; is a principal reversible
rectangular matrix and from the recurrence, also that the recurrence sequence of

matrices Ra, ..., R, are principal reversible rectangular matrices.

It follows that the resulting square matrix, R, when j, = n and R,4+1 when j, < n,

65



is a principal reversible square as it has 1,2, as the first two elements of the first
row, has increasing entries from left to right and top to bottom and satisfies reverse

row and column similarity and the equal cross sum property, as required. O

THEOREM 5.3 (Nested block theorem). Let Q(n) the number of prime factors
of n including repeats, and let {(i1, i2,...,i0-1, ta = 1), (J1, J25---» Ja—1, Ja)} be
a giwen divisor path set for n. Then by Lemmal5.9, the recursive nested block con-
struction defines an n X n principal reversible square, and conversely every principal
reversible square R, arises from exactly one divisor path set, so that every principal

reversible square can be uniquely represented by the form

R({(i17i27 s 7ia—17 n)? (j17j27 RN jo&—hja)})? «Q S Q(n)

Here in the n xn square, the i1 X j1 similar blocks are nested in io X jo similar blocks
which are nested in i3 X j3 similar blocks, and so on, until we obtain iq_1 X jao—1
similar blocks nested inside n X jo, blocks. As a final step these n X jo similar blocks
make up the complete n x n block. For any fixed level of nested block, the sequence
of blocks from either left to right or top to bottom form an increasing sequence of

stmilar blocks (as defined previously).

Proof. The proof that the nested block structure is uniquely defined by the divisor
path set and vice versa, comprises the whole of Chapter 3 in [I0]. However the
fundamental idea underpinning this proof is that the row and column similarity,
along with the increasing row and column sequence property of all principal re-
versible squares, implies that the first row defines the blocks along the first row
and column, which then completely determines the nesting structure as one moves

from the smallest corner block to the largest corner block in M. O

Example. When n = 12, consider the principal reversible square M defined by the
(length 2) divisor path set R({(2,12),(2,4)}), so that iy =2, j1 =2, ig =n = 12
and jo = 4. Then

5 6 (49 50|53 54 97 98 | 101 102
51 52155 56| 99 100|103 104

1013 14| 57 58|61 62| 105 106 | 109 110
11 12|15 16|59 60|63 64| 107 108|111 112
17 18|21 22|65 66|69 70| 113 114|117 118
19 2023 24|67 68|71 72| 115 116|119 120
25 26129 30|73 74|77 78| 121 122|125 126
27 28|31 32|75 76|79 80| 123 124|127 128
33 34|37 38|81 82|8 86 129 130|133 134
35 36|39 40|83 84|87 88| 131 132|135 136
41 42145 46 (|89 90|93 94| 137 138 | 141 142
43 44147 48191 92195 96| 139 140 | 143 144

66



where | represents a gap larger then 1 in a row or column. It can be seen that the
three 12 x 4 blocks are all similar, where the 2 x 2 blocks are nested in the 12 x 4

blocks which are mested in the 12 x 12 square.

5.2 The Number of Principal Reversible Squares N,

Prior to her work with Brée, Ollerenshaw had succeeded in counting all principal
reversible squares of the form n = 2"p® using a complicated combinatorial method
in which she considered the number of paths in an r by s factor table (see Chapter
5 of [10]). After a considerable amount of simplification Ollerenshaw obtained the
concise formula for the number of n x n principal reversible squares N,,, with n = 0

(mod 4), given by

1/( 2s minirs| ] r+s 2r4+s—1
s =0 ) T—1 r+s
Subsequently Ollerenshaw and Brée obtained a formula for the total number of
principal reversible squares for any doubly-even n (so n = 0 (mod 4)) with prime
factorisation n = pgopgl ...pP so that Q(n) = o+ B1 + ... + B, where py = 2

and [y > 2. Extending the methods applied to the n = 2"p®, case they established

the more general formula for N,, given by
Ny = Z Wy(n) {Wy(n) + Wyy1(n)},
v=0

where

SERITAEE BCRIER & O R R 0
Wy (n) = z,:0( 1) <Z+1>};[0< . ), 0<v<Q(n)

otherwise.

Y

In the remainder of this chapter we approach the enumeration problem from a
different perspective, utilising the divisor path notation, and demonstrate that a
general formula for N, valid for all n € N, can be stated in terms of the divisor
functions introduced in Chapter 2. Hence we extend the enumeration argument to
all n x n principal reversible square matrices, and by Theorem 4.3} to all {%J =+ [%J

sum-and-distance systems of either type, depending on the parity of n.

As detailed in Theorem the sequence of progressive factors uniquely determine
a principal reversible square, and similarly given a principal reversible square we
can deduce the unique sequence of progressive factors, whose permutations we now
consider in more detail.

Definition (of progressive factors). The principal reversible square uniquely de-
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termined by
R({(Zh i27 s 7ia—17 TL), (j17j27 cee 7ja)})7

is said to have a length o divisor path or equivalently in the notation of [10], o — 1
progressive factors.

LEMMA 5.4. Let aj(n) and bj(n) respectively denote the number of possible left
tuples and right tuples of divisor paths sets for n of length j (so (j — 1)-progressive
factors). Then the total number of divisor path sets is given by Ny, with

where Q(n) is the total number of prime factors of n, including repeats.

Proof. By Theorem [5.3] for a given integer n € N, there is a one-to-one correspon-
dence between distinct divisor path sets and principal reversible square matrices.
It follows that the number of distinct divisor path sets is equal to the number of
n X n distinct reversible square matrices. The left and right tuple divisor paths are
defined only when they are of equal sizes, then the total number of possibilities is
given by the sum of the products of the possibilities for the different divisor path
lengths, a;(n)b;(n), and hence the result. O

We now approach the problem of counting the number of distinct divisor paths by
considering the left and right hand tuple possibilities which correspond to the gaps
greater than one in the first row and column. We illustrate the row and column

breaks for divisor paths of length one, two, three and four when n = 60.

For R({(60), (j1)}), i.e. 0 progressive factors or divisor path length 1, we can have
that i1 = n = 60, is fixed, and that j; is any non-trivial divisor of 60, which we can

write as

bi(60) = > 1= > ci(e) =c1(60) + c2(60) =1+ 10 = 11,
|60, e#1 |60, e#1

by Lemma [2.9

In total then, a divisor path of length 1 gives us a1(60)b;(60) = ¢1(60) x (¢1(60) +
c2(60)) =1 x 11 = 11 choices.

For R({(i1,60), (j1,72)}), i.e. one progressive factor or divisor path length 2, we
require that 1 < ¢1|ia = 60, i1 < is = 60 and 1 < ji| jo| 60, 1 < j1 < jo < 60.
Hence, for a2(60), we have to consider all the possible divisor paths of length 2 for
io = n = 60, which is given by ¢2(60) = 10. Similarly for b2(60), we have to consider
all the possible divisor paths of length 2 for js < 60, which is given by

b2(60) = > ca(e) = c2(60) + c3(60) = 10 + 21 = 31,
|60, e#1
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by Lemma

Hence, in total, a divisor path of length 2 gives us a2(60)b2(60) = c2(60) X (c2(60) +
¢3(60)) = 10 x 31 = 310 choices.

The table below then details the 10 divisor paths of length 1 in the first row, and

the 21 divisor paths of length 2 in rows two to eleven.

Jo|n | jilj2|60with ji ¢ {1,752} | Number of choices for{ji, j2}

60 30,20,15,...,4,3,2 e2(60) = 10
30 15,10,6,5, 3,2 c2(30) =6
20 10,5, 4,2 2(20) = 4
15 5,3 e5(15) = 2
12 6,4,3,2 (12) = 4
10 5,2 c3(10) = 2 :
6 3,2 c5(6) = 2
5 — c2(5) =0
4 2 ca(4) =1
3 - (3) =0
2 — c2(2)=0
Total - c2(60) + c3(60) = 10 + 21 = 31

Using a similar argument (by Lemma [2.9)), the divisor paths for n = 60 of length 3

are then given by

a3(60)b3(60) = ¢3(60) 3" c(e) = ¢3(60) + c4(60) = 21(21 + 12) = 693,
|60
e#1

and for the divisor paths for n = 60 of length we have

a4(60)b4(60) = c4(60) Z cq(e) = ¢4(60)(cqa(60) + ¢5(60)) = 12(12 4 0) = 144,
o
divisor paths.

We do not need to consider divisor paths greater than 4, as n = 60 = 22.3.5 only

has 4 prime factors, so that no divisor paths of length 4 or greater exist.
Putting this altogether we have that
4 4 )
Neo = Y _ a;j(60)b;(60) = > ¢;(60) (¢;(60) + ¢;4+1(60)) = cj(60)c§. (60) = 1158,
j=1 j=1 j=1
so that there are 1158 distinct principal reversible squares of order 60.

We now formulate the above argument in generality for INV,.
THEOREM 5.5. With aj(n) and bj(n) defined respectively to be the total number
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of left tuples and right tuples of divisor path sets for n of length j (so (j — 1)

progressive factors), we have that

aj(n) =cj(n), and bj(n)=a;(n)+aj1(n) = cj(n) + cjr1(n),

aj(n) = Z(—l)i < ‘7 ) dj_i(n), and bj(n) =) (-1) < 'Z ) dj—i+1(n).

1=0

COROLLARY 5.6. The number of n X n principal reversible squares, and so the

number of || + |5 | non-inclusive sum-and distance systems if n = 2k is even and

2
[%J + [%J inclusive sum-and distance systems if n = 2k + 1 is odd, is given by

Il
BN
=
=
—
S
~—
S~
—
—
—~
S
~—

Z )+ ¢jta(n))

<.
—
<.
Il
-

COROLLARY 5.7. The number of n x n traditional reversible square matrices

s given by
s (D)
]:

= (|g]) %n:) ol ).

j=1

2 Q(n)
cj(n ) +¢jr1(n))
1

Proof. (of Theorem Let n € N and let
{(i1, d2,.. . ia—1, n), (J1s J2,- -, Ja—1, Ja)}
be a divisor path set of length « for n, so that they satisfy the divisibility chains
i) d2] | lam1]ia=n, 1<ii <io<... <ig—1 <iq=mn,

and

Jil g2l -l Ja—1ldaln, 1<j1<jo<...<ja-1<ja <n.

For R({(n), (j1)}), i.e. O progressive factors or divisor path length 1, we can have

that 71 = n, is fixed, and that j; is any non-trivial divisor of n, which we can write

Z 1= Z ci(e) = c1(n) + ca2(n),

eln, e#£l eln, e#£l

as

by Lemma

In total then, a divisor path of length 1 gives us aj(n)b;(n) = c1(n) % (c1(n)+ca2(n))

choices.

For R({(i1,n), (41,72)}), i.e. one progressive factor or divisor path length 2, we
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require that 1 < )i = n, i1 < i2 =n and 1 < j1| jo| n, 1 < j1 < j2 < n. Hence,
for az(n), we have to consider all the possible divisor paths of length 2 for is = n,
which is given by ca(n). Similarly for ba(n), we have to consider all the possible

divisor paths of length 2 for jo < n, which is given by

ba(n) = Z ca(e) = ca(n) + e3(n),

eln, e#l1
by Lemma [2.9

Hence, in total, a divisor path for n of length 2 gives us as(n)be(n) = co(n) x
(ca(n) + c3(n)) choices.

Using a similar argument (by Lemma , in the general case it then follows that
the total number of divisor paths of length j are given by

by Lemma [2.1

Therefore we have that aj(n) = ¢;j(n), and bj(n) = ¢j(n)+cjy1(n) = aj(n)+ajt1(n),
where we do not need to consider divisor paths with j > (n), as then ¢;(n) = 0,
so that a;j(n) = b;j(n) = 0.

By Lemma [2.9] it follows that

and for b;(n) we use the relation
j .
il J
bj(n) = cj(n) +ciyr(n) =D cile) =Y ajle) =D > (-1) ( . ) dj—i(e),
eln eln eln =0
using the above expression for a;(e) in terms of d;(e). Hence we have
J e J (i
0 =30 (1) st = S0 (1 ) s
i=0 eln 1=0
by Lemma [2.3] as required.

To see Corollary Summing the product a;(n)b;(n) over all possible divisor path
lengths we find that the total number of principal reversible square matrices N,, of

order n (and so sum-and-distance systems of the corresponding type) is given by

No =) aj(n)bj(n) = ) ¢j(n) (¢j(n) + cjra(n)) = Y cj(n)ej” (n),
Jj=1 Jj=1 Jj=1
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and the result follows.

To see Corollary by Theorem the cardinality of each (traditional) reversible

square equivalence class M, is given by

e ().

and by Theorem the total number of equivalence classes is given by N,,. Hence
the total number of traditional n X n reversible square matrices is given by M,,N,,,

which can be written as

e}

n—2 1 | 2 W 1)
M,N,, =2 7! cj(n)e;’(n),

1

<

as required. O

THEOREM 5.8. Let n € N with n > 2. Then n is a prime number if and only if
N,, =1, so that when n =2, the only 1+ 1 sum-and-distance system is {{1},{2}},
and when n = 2m + 1, the only m + m inclusive sum-and-distance system is again

the canonical system given by
A={1,2,3,...m}, B ={n,2n,3n,...mn} = nA.

Hence there is a unique m + m inclusive sum-and-distance system if 2m + 1 is a

prime number.

Proof. If n is a prime number, then Q(n) = 1, and the sum in Corollarybecomes
= ¢j(n) (¢j(n) + ¢z (n)) = c1(n) (c1(n) + e2(n)) = 1(1 +0) = 1,
j=1

as c2(n) = 0 when n is a prime number. Hence when n is a prime number N,, = 1,
and there is only one sum-and-distance system. By Lemmas [1.2] and this must

be the canonical sum-and-distance system.

Conversely, as Q(n) > 1 for n > 2, if N,, = 1, then taking into account that the

sum is over non-negative terms we have
N, = c1(n) (e1(n) + c2(n)) + terms with j >2 > 1(1 + ca(n)).

Hence for N,, = 1 we require that ¢;(n) = 0 for j > 2, which only happens when n

is a prime number.

By Corollary [5.6] it follows that N,, = 1, < the only m + m sum-and-distance

system is the canonical sum-and-distance system given by

A:{17273)"'m}a B:{n’2n73na"'mn}:n‘47
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so that with each prime number we can associate a unique sum-and-distance system.
O

LEMMA 5.9 (alternative proof that bj(n) = a;(n)+ajr1(n)). Let aj(n) and bj(n)
respectively be the total number of left tuples and right tuples of divisor path sets
forn of length j (so (j — 1) progressive factors). Then we have

bj(n) = a;j(n) + a;ji1(n).

Proof. Let Aj and Bj be defined as the Dirichlet series for the arithmetic functions

a; and bj. Assuming the relation (given in the proof of Theorem [5.5))

bj(n) = _aje)

eln

and c¢j(n) = aj(n), by Dirichlet’s convolution of Lemma we have that

=({(s) ~ D(C(s) = 1 + (¢(s) — 1)

=(C(s) — 1P 4 (¢(s) — 1)
2 cia(n) | 2 e(n) _ S ja(n) +¢in)
= a;(n) + a1 (n)

By the uniqueness of Dirichlet series it follows that a;(n) = b;j(n) + bj+1(n). O
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6 Sum-and-Distance Systems Construction Algorithm

By Theorem there is a one-to-one correspondence between the divisor path
sets for n and the n x n principal reversible square matrices, where the recursive
definition of Lemma [5.2|allows us to uniquely construct a principal reversible square

from a given divisor path set for n.

In this Chapter we give a construction for all sum-and-distance systems by identify-
ing the first row and column of each principal reversible square in terms of its divisor
path block structure, and so by Theorem the sum system corresponding to the
principal reversible square. We then reverse the stepwise algorithm given Theorem
to obtain the corresponding sum-and-distance system. A lattice point argu-
ment is then used to demonstrate that the construction yields all sum-and-distance

systems.

We begin by recalling that an even sided reversible square can be written as,

1 <1kaTJk + Jpbll —1pa” + ka1k>
= _ wk,

2\ gt g —01F 1’ — 01}
L[ (Jeb1T Jxbl 1galJ, —1a®
_ 1 k01; k 7li: 4 k ., k k ., twE,
2 —bl, bl 1pa* J, —1ia
b ... by b, ... by ag ... ap —ap ... —ai
1 b ... b b ... b e — cee —
_ L 1 1 1 1 I ag ai ai ag YwE,.
2 —b1 e —b1 —b1 e b1 a ... ap —ai; ... —ag
—bk e —bk —bk e —bk ap ... ap —aip ... —ag

It follows that the first row of the square has the tuple
1 1 1 1
§(bk + ak) + w, i(bk + ak_l) +w,..., §(bk + al) + w, i(bk — al) +w,

1 1
-~~a§(bk—ak—1)+w7§(bk —ak)+w),

and the first column has the tuple

1 1 1 1
(2(bk+ak)—|—w,...,2(b1—I—ak)+w,2(—()1—l—ak)+w,...,2(—bk+ak)—|—w>.

By subtracting w + by /2 and w + ay/2 respectively from the first row and column
of M, we obtain the sets a = {ai,...,a;} and b = {by, ..., b;}.
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Similarly with an odd sided reversible square we have

lkaTJk + kalg Jib —1kaT + kalg
M = al' Jy, 0 —a’ + wk,.
alJy —01F  —b  —1xa? — b1}

Then the first row has the tuple,

(aTJk+bk, b, —aT—i—bk)+w
= (bk+ak+w,...,bk+a1—i—w,bk—i—w,bk—al—i—w,...,bk—ak—i—w)

and the first column has the tuple,

(1kaTJk + kalg, aTJk, 1kaTJk)
= (bp+ax+w,...,b1 +ar +w,ar +w,—by +ap +w...,—bx + ar + w).

Hence by Lemmal[I.5and Lemma [3.17| we have identified the sum system comprised
from the entries of the first row and column of a principal reversible square. Now
the weight is found to be w = $(ay + by,) and by Theorem the set of absolute

values of a and b form the corresponding sum-and-distance system.

In the following definition we use the fact that the dimensions of the constituent
blocks that comprise an n X n principal reversible square, can be ascertained from
the corresponding divisor path set for n.

Definition. Let n and « be positive integers and

{iaj} = {(i17i27"'7i06 = TL), (j17j27"' 7ja)}

be a divisor path set for n of length «, so that

2‘1‘2‘2‘...|ia, 1<y <ig...<tg=mn,
j1|j2...|ja\n, 1<j1<j2<...<ja§n.

Then we define a co-ordinate set that allows us to determine in which block each
entry in the first row or column lies using the ordered set of lattice points L, € No*+!
and M, € N® such that

Lo = ((ko,kl,...,ka> 1< ko< jireens] < oy < 22 ,151%37)
Ja—1 Ja

= ((kzo,kl,...,ka) 1<k <1<k, < 1<n<a-1, 1§ka§7),
In Ja

to n

. i2
Ma: ((mo,ml,...,mal)ﬂ Smo Sll, 1 §m1 § ‘77...’1 §ma,1 § =

1 la—1  ta—1
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= <(m07m17-~-7ma—1)’ I1<mp<iy, 1 <my < —— ad! 1<t<04—1)
it

With the above notation established we can now more concisely describe the sum
system corresponding to the first row and column entries of a principal reversible
square via its divisor path set as detailed in the following lemmas.

LEMMA 6.1. Let R = (r;;) be an n x n (traditional) principal reversible square,

whose first row is denoted by r. Then r can be written as the ordered tuple

r= (ko + (k1 = D(irg1) + (k2 = 1)(izj2) + ... + (ka — 1)(iaja) | k € La)

« . .
— (ko + > (k= Dlingu) |1 ko <ji, 1<k < 2,01 <kar < 2%, 1<ka <.
n=1 J1 Ja—1 Ja

Proof. From the recursive definition of a principal reversible square R described in
Chapter 5, we have that

R= (ko + (mo — 1)j1 + (k1 — 1) (dg1) + (ma — 1);1 (i1j1) + - + (ka — 1)(iaja)

—i—(ma—l)(n)(za]a)\1<k0<j1, 1 <mg <1, 1<31<]— 1<m1<—
S~—— \Ja J1 11

= (ko + (mo —1)j1 + Za: ((kv — D (iwju) + (my — 1) (j;+1 (%jﬁ)) |

v=1
1 <ko <, 1<my<in, 1<k <201 <y < 211 1§t§a)
Jt it
where k = (ko, k1, ... ko), m = (mo,m1,...,my) represent the column and row co-
ordinates respectively. Setting the lattice co-ordinates of M, to be m = (mg, m1,...,my) =
(1,1,...,1) then ensures the form required for the first row r of a principal reversible

square is given by

r—<k:1—|—z<1—1 zvv)(J;H)—l—(k:v—l)(ivjv))1§k0§i1,1§k:t J’Zl 1<t<a>

- <k1+2(kv—1)(ivjv)| 1<ko<iy, 1<k < *“;1 1 <t<a>
v=1

O]

LEMMA 6.2. Let R = (r;;) be an n x n (traditional) principal reversible square,

whose first column is denoted by c. Then ¢ can be written as the ordered tuple

a—1
<1+(m0—1j1+2m —l)j]k (ikjr) | m € M, >
k=1
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= (1 + (mo — 1)j1 + (m1 — 1) ﬁ (i1j1) + (m2 — 1) ji (i2j2) + ...

+(ma—1_1)(.ja >(ia—1ja—1) | 1Sm0§il7 1§m1§27'~71<ma< la :1>

a—1 -

i1 T la-1
Proof. From the recursive definition of a principal reversible square R described in
Chapter 5, we have that

R= (ko + (mo = )1 + (ks = Vi) + (mn — 1) (j) (i) + -+ (ko — 1) (iaja)

+(ma—1)(7)(z‘aja)llgkogjl, 1<mo<iy, 1<ji <22, 1<m <2,
« J1 11

---,1§ka§ja+1:,ﬁ, 1Sma<za+1_n_1)
Ja Ja (2 n

— (ko + (mo — 1)j1 + Z: ((k:v — 1) (ivjv) + (my — 1) (‘@“) (ivjv)> |

(2

L<ho < 1<mo<in 1<k < 1<m <™ 1<t <a)
Jt 23
where k = (ko, k1, ... ko), m = (mo,m1,...,my) represent the column and row co-
ordinates respectively. By fixing the lattice co-ordinates of L, to be k = (ko, k1, ..., kq) =
(1,1,...,1) this gives the form for the first column of a principal reversible square,
such that

c= [ 14 Gmo— 1t + 30 | (= Qi) + (s — 1) () (i)
v=1 :“0 v

/)
| 1<mg <iy, 1<my <20, 1§t§a>
1t

— <1 + (mo — 1)j1 + Ea: <(mv -1) <j;+1> (ivjv)>

v=1 v
. 1
| 1<mp <ir, 1 <my <25 1§t§a).
1t
O

Definition (of lexicographical ordering). The lexicographical ordering defines an
order on a cartesian product of ordered sets, which is a total ordering when all
these sets are themselves totally ordered. Formally, we define the operator < such
that (a1,a9,...,a,) < (b1,be,...,by,) if and only if a; < by or a; = by and ag < by
or a; = by and a9 = by and ag < b3 or a1 = by, as = by, ag = bz and a4 < by and
sountil a1 = by, ...,an_1 < bp_1,an < by.

Remark. The ordered lattice point sets L, and M, can be thought of being “re-
verse“ lexicographically ordered.

Example. Consider the divisor path set {%,j} = {(3,9,36),(6,12,36)}, then the
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corresponding ordered lattice set Ly is given by

36
)1§k2§71

L3 = {(ko, k1, ko, k3)|1 < ko <3, 1 =,

IA
>

1 <

wl|w©o
IN
IN
@y
SIS
I

k3

= {(ko, k1, ko, k3)|1 < ko <3, 1<k; <3, 1<hky<4, 1<kg<1}

={(1,1,1,1),(2,1,1,1),(3,1,1,1),(1,2,1,1),(2,2,1,1), (3,2, 1,1)
(1,3,1,1),(2,2,2,1),(3,3,1,1),(1,1,2,1), (2,1,2,1),(3,1,2,1)
(1,2,2,1),(2,2,2,1),(3,2,2,1),(1,3,2,1), (2,3,2,1),(3,3,2,1)
(1,1,3,1),(2,1,3,1),(2,1,3,1),(1,2,3,1),(2,2,3,1),(3,2,3,1)
(1,3,3,1),(2,3,3,1),(3,3,3,1), (1,1,4,1), (2,1,4,1),(3,1,4,1)
(1,2,4,1),(2,2,4,1),(3,2,4,1), (1,3,4,1), (2,3,4,1), (3,3,4,1)}.

Hence the lexicographical ordering of the reversed ordered lattice set is
Ly = {(k3, ko, k1, ko)[1 < ko <3, 1< k1 <3, 1<ky <4, 1<k <1}

corresponding to
{(1,1,1,1),(1,1,1,2),(1,1,1,3),(1,1,2,1),(1,1,2,2),(1,1,2,3)
(1,1,3,1),(1,1,3,2),(1,1,3,3),(1,2,1,1),(1,2,1,2),(1,2,1,3)
(1,2,2,1),(1,2,2,2),(1,2,2,3),(1,2,3,1),(1,2,3,2),(1,2,3,3)
(1737 17 1)’ (1737 1?2)’ (1?37173)7(173727 1)7(1737 27 2)7(1737 2’ 3)
(1737 37 1)’ (1737 37 2)’ (1737 37 3)7(1747171)7(1747172)7(1747173)
(1,4,2,1),(1,4,2,2),(1,4,2,3),(1,4,3,1),(1,4,3,2),(1,4,3,3) };

and treating the entries as numbers gives us

(1111,1112,1113,1121,1122,1123,1131,1132,1133,1211, 1212, 1213,

1221,1222,1223,1231, 1232, 1233, 1311, 1312, 1313, 13121, 1322, 1323
1331,1332, 1333, 1411, 1412, 1413, 1421, 1422, 1423, 1431, 1432, 1433)

so that we have the inequality chain

1111 < 1112 < 1113 < 1121 < 1122 < 1123 < ... < 1431 < 1432 < 1433.

For the lattice set M3 we have

12 36
M3z = {(mg,m1,m2) | 1 <mgy <6, 1§m1§?:27 1§m2§ﬁ:3}

78



={(1,1,1),(2,1,1),(3,1,1), (4,1,1), (5,1,1), (6,1,1), (1,2,1), (2,2, 1), (3,2, 1)
(4,2,1),(5,2,1),(6,2,1,),(1,1,2),(2,1,2),(3,1,2), (4,1,2),(5,1,2), (6,1,2)
(1,2,2),(2,2,2),(3,2,2), (4,2,2), (5,2,2), (6,2,2), (1,1,3), (2,1,3),(3,1,3)
(4,1,3),(5,1,3),(6,1,3),(1,2,3),(2,2,3), (3,2,3), (4,2,3), (5,2,3), (6,2,3)}.

so that the reversed ordering gives the set of lattice points

{ (m2,m1,me)| 1<me <3, 1<my <2, 1<my<6}
={(1,1,1),(1,1,2),(1,1,3),(1,1,4), (1,1,5), (1,1,6), (1,2,1), (1,2,2), (1,2,3),
(1,2,4),(1,2,5),(1,2,6),(2,1,1), (2,1,2),(2,1,3), (2,1,4), (2, 1,5), (2,1,6),
(2,2,1),(2,2,2),(2,2,3),(2,2,4),(2,2,5),(2,2,6),(3,1,1),(3,1,2), (3,1, 3),
(3,1,4),(3,1,5),(3,1,6),(3,2,1),(3,2,2),(3,2,3),(3,2,4), (3,2,5),(3,2,6) },
which give the lexicographical sequence of ascending numbers

2
{j{:7nﬂ10“ | m e A43} = {111,112,113,114, 115,116,121, 121,123, 124, 125, 126,

u=0
211,212,213, 214, 215, 216, 221, 222, 223, 224, 225, 226,

311,312,313, 314, 315, 316, 321, 322, 323, 324, 325, 326 }

6.1 Construction of (non-inclusive) Sum-and-Distance systems

From the block representations given at the beginning of this chapter it is evident
that in an even sided principal reversible square the corresponding non-inclusive
sum-and-distance system can be identified from the first half of the first row 7’ and

column ¢ by the sets

1 1
r' = {2(aTJk + br) +w}, d = {2(ak + Jib) er},

so that subtracting %bk +w from r’ and %ak +w from ¢ yields the sets a and b. In

a traditional square, the weight is calculated for any n to be w = ”2; L which fixes

ap+bg. In general the first and last entries of the first row and column in the princi-
pal reversible square are obtained by substituting the first and last entries of the lat-
mm%m%ﬂgﬁﬂMﬁwummm@mw%:"

? Ja la—1 Ta—1

in the equations found in Lemmas [6.1] and such that

N . n .
=1 rp=7J+ Z (]k - 1) (ik—1Jk—1) + (j - 1) (laja) and

=1 \Jk—1 a-1
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a—1 ,. .
=1, cn="(ij)) —(Gi—1+ ) (%H> (iggi) 2L,

=\ ik Jk
where 79 = jo = 1. Here r; is the ith entry in the first row and ¢; is the jth entry
in the first column.
Definition. Let L/, and M/ be the ordered set of lattice points corresponding
to the first half of the first row and column, so that when substituted into the
equations in Lemmas and [6.2] respectively, they give

7«'_{ (bk+a>+w} {ko+z zmymmeL’}

c’:{;(ak+b)+w}:{l+ 0—1]1+Z Zu]u)|m€M/}}

LEMMA 6.3. Let k € N, so that n = 2k is even. Given an « length divisor path

set for n (where jo =i9p =1, iq = jat+1 = 1), we have

{%75} = {(ilﬂi% cee 7iCV = n)a (j17j27 cee aja)}?
for some s <t<aandv<h<a-—1, where
j—tﬂ and —Zh,ﬂ
Jt th
are all odd, while . .
Js Ly
and
s—1 v—1

are even. The corresponding half lattice sets L., and M, are then given by

L’a:{keLa Zk 104 < (Z]’“ 104 4 795 10#81+Z (‘7';“+ >1oﬂt>},
- ts

) 1
M[; _ {m e M/ | Zmzlon@ < Z Zh-‘rl Zv 10771) 1 + Z (lh-f—l 1) 1077h}7

for any p and n such that p,n € N and k; < 10* and m; < 10" for all i € Z,,.

Proof. The lattice points

. J2 1 45 1 (js+1 1/n
kOakla"'7k :<J17.7-- = < A +1>7 A 7"“1
( a) J1 2]8 12 Js 2 \Ja
mo,Mi,...,M = (%1, .oy~ , = - s , = -
o “ Y 2ip_1 2\ i, 2 a1

correspond to the matrix entries directly to the left of the mid point of the first
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row 7 and similarly for the first column ¢, as the number of final blocks in the
reversible square construction could be an odd number. Hence we need to work
through the dimensional blocks until there is an even number of block in both rows

and columns. O

THEOREM 6.4. Let k € N, so that n = 2k is even. Given an « length divisor
path set for n

{273} - {(il)i27 ce. 7/ia - n)u (jlaj?a ce. 7ja)}7

then its corresponding sum-and-distance system is given by

{A, B} = {{laj| [ j € Zyj2} Albj| | J € Zyyot},

where

;a_ {k‘oJrZ (ki — 1)(ing1)| k € Ly }** (1 +91+Z(]Z+1 1) (h]l))

i=1 i=1 ¢

a—1
;b:{1+(m0—1)j1+2( _1)]u+1(u]u) ’mEM/}
u—1 Ju
a—1 .
- (2 F -+ 3 (5 ) () 6 um> .

Proof. In the expanded block representation of a reversible square, the first row

contains one set from a sum-and-distance system,
1
{ (b + a) + w, (bk—a)~|—w}
By Lemma [6.1] the first row is given by
1
r—{ (bk+a)+w2(bk—a)+w}:{ko+z zm]m)]keL}

and with L/, defined as above, the half-row is determined by

r’—{ (bk—i-a)—i-w} {ko—i-z zm]m)kEL’}

By Theorem [1.1] A = {|a1|, |az], ..., |ax|} and B = {|b1],|ba], ..., |bk|} form a sum-

and-distance system, so we need only determine vectors a and b.
We can determine %a by finding %(bk — 2w) and subtracting it from 7/

1 1 1 1
r L _ = ot _ =
r 2(bk—|—2w) 2(bk+a) +w 2(bk + 2w) 50
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Considering the first and last entries of our first row r, we have

1 (07
r= gkt ag) fw=kot 3 O — Dimim) =1, at k=(1,1,...,1)

m=1

1 a . .
rn= 50k — ) +w = ko + D (b — 1) (imsm)

m=1

. 1 . J2 n
:]l‘i‘Z(M)’ at k:(jl,%,...7 Ja 7‘7)7

m=1 m a_l jOé

so that

1 1/1 1 1
5(7"]_ +Tn) = 5 <2(bk +CL]_) +w + §(bk — a]_) +w> = §(bk + 2w)

_ % (1 +1+ za: (‘“1 - 1) (mg)) .

i=1 v

In conclusion we therefore have

1 1 1 (i
—a=7r"—-(bp+2w)=1"— = 1+j1+2(‘72,+1—1)(i1j1) .

2 2 2 o\ Ji

Similarly the first half of the first column of a principal reversible square gives the
second part of the sum-and-distance system. Consider the first column, we know

from the block representation that it has the form

{;(ak +b) + w, %(ak —b) +w}’

which can be written as

c= {;(ak—l—b)jLw, ;(ak—b%l—w}

a—1 .
_ {1 + (mo— Vs + 3 (ma — 1) (*7;,“) (fuju) | m € Ma} ,
u=1

u

so that the first half of the first column by definition can be written explicitly as

d = {;(ak +b) —i—w} = {1 + (mo — 1)1 +O§(mu -1) (@“) (fuju) | m € M;},

u=1 w
and subtracting %ak ~+ w, gives us b.

Considering the first and last entries of the first column ¢ of our matrix, we have
tap+w=1 (%(ak +by) +w + 3(ap — by) + w) = 1(c1 4 ¢n), so that

cp=1at m=(1,1,...,1)
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and

cn =14 (i1 —1)j1 + O‘il (luﬂ — 1) <ju+l> (uju),

a1 \ Ju
ap +2w =2+ (i — 1)j1+ > ( s —1) ( 7;.+ )(iuju)'
u=1 w “

In conclusion we therefore have

1 1 1 iy i .
ib =c - §(ak +2w) = ¢ — 3 (2 + (i1 — 1)j1 + Z (Z aRi 1) (J .H) (Zu]u)> .

u=1 bu uw
O

Example. We give the example when n = 36, for the divisor path
(1,5} = {(3,9,18,36), (2,6,12,36)},
which determines the corresponding ordered lattice set
Lo = Ly4(i,7) = {(ko, k1, ko, k3, ka)} = {(1,1,1,1,1),(2,1,1,1,1),(1,2,1,1,1),

(2,2,1,1,1),(1,3,1,1,1),(2,3,1,1,1),(1,1,2,1,1),(2,1,2,1,1),(1,2,2,1, 1),
(2,2,2,1,1),(1,3,2,1,1),(2,3,2,1,1),(1,1,1,2,1),(2,1,1,2,1),(1,2,1,2, 1),
(2,2,1,2,1),(1,3,1,2,1),(2,3,1,2,1),(1,1,2,2,1),(2,1,2,2,1),(1,2,2,2,1),
(2,2,2,2,1),(1,3,2,2,1),(2,3,2,2,1),(1,1,1,3,1),(2,1,1,3,1),(1,2,1,3,1),
(2,2,1,3,1),(1,3,1,3,1),(2,3,1,3,1),(1,1,2,3,1),(2,1,2,3,1),(1,2,2,3,1),
(2,2,2,3,1),(1,3,2,3,1),(2,3,2,3,1).
The reversed lexicographical ordered set is then given by
4
{Z 10%k; |k € L4} = {11111,11112,11121,11122,11131, 11132,
i=0
11211,11212,11221, 11222, 11231, 11232, 12111, 12112, 12121, 12122, 12131, 12132,
12211, 12212,12221,12222,12231,12232, 13111, 13112, 13121, 13122, 13131, 13132,
13211,13212,13221, 13222, 13231, 13232}.

When 4 <t <4, s = 4 we have that th—tl is odd and % even, and using the above
theory underpinning our construction, it therefore follows that the first half set of

ordered lattice points is given by

=2 2=3 B9 A3
J1 J2 J3 J4
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{k:eL4 | 2102 ks < (Zmz <Jz]+1> +102; <j§) +Zlol2 (‘7“+1>>}

i=0 v Ji

4
:{keL4| > 10k < 2+10*3+102*1+103*2+104*1}
1=0

4
= {k €Ly| ) 10k < 12132}

=0
4 .
= {k‘ € Ly | Z 10'k; € {11111,11112,11121,11122,11131,11132,11211, 11212, 11221,
=0
11222,11231,11232,12111, 12112, 12121, 12122,12131, 12132} }
={(1,1,1,1,1),(2,1,1,1,1),(1,2,1,1,1)(2,2,1,1,1),(1,3,1,1,1),(2,3,1,1,1),

(1,1,2,1,1),(2,1,2,1,1),(1,2,2,1,1),(2,2,2,1,1),(1,3,2,1,1),(2,3,2,1, 1),

(1,1,1,2,1),(2,1,1,2,1),(1,2,1,2,1),(2,2,1,2,1),(1,3,1,2,1),(2,3,1,2,1)}
The coordinate entry to the left of the middle of the first row will be the 18th entry

which can be seen to be 12132. Hence the first half set of ordered lattice points have

now been determined.

Now substituting in these k; values into Lemma we determine that
r= {k‘o + (k1 —1)(i1 x 71) + (]{72 — 1>(i2 X j2) + ...+ (ko 1)(Za X _]a)’k cL }

= {ko +6(ky — 1) +53(ka — 1) +216(ks — 1) +36%(ks — 1)} | k € L}}
=0
={140+040+0,240+04+0+0,14(1)(4)+0+0+0,2+ (1)(4),...}

1
={1,2,7,8,13,14, 55,56, 61, 62,67,68,217, 218, 223,224,229, 230} = (a+bk)+w

Similarly, to find by we add the first and last values of the first row, found by
substituting the first and last coordinates k = (1,1,1,1,1), k= (2,3,2,3,1) into r,
giving

by, + 2w = (bk+a1)+w+ 1(bk—a1)+w 1+ 500 = 501.

Lastly we subtract half of this new expression to obtain %a,
1 1 1
= _ = 2w) = =
2(a+bk)+w 2(bk+ w) 2&

1
=— 5{41,43, 53, 55,65, 67,365,367,377,379,389,391,473,475,485, 487,497,499}
Hence the first part of the sum-and-distance system associated with the reversible

square (given below) and divisor path set {(2,6,12,36), (2,6,12,36)} is twice the

above form and taking the absolute values of each entry, we finally have the required
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set

A ={la;| | i € Zy} ={41,43,53,55, 65,67, 365, 367, 377,
379,389, 391, 473, 475, 485, 487, 497, 499}

Similarly for the second set b which comprises the non-inclusive sum-and-distance

system for the given divisor path set (described above) we obtain the set of lattice

points
A A . 19 9
My = My(i,7) ={(mo,m1,...,ma-1) | 1 <mg<ip =3, 1<my < == 3= 3,
i1
18 36
L<mp< BB o ™30 g
12 9 13 18

={(1,1,1,1),(2,1,1,1),(3,1,1,1),(1,2,1,1),(2,2,1,1),(3,2,1,1
(1,3,1,1),(2,3,1,1),(3,3,1,1),(1,1,2,1),(2,1,2,1),(3,1,2,1),
(1,2,2,1),(2,2,2,1),(3,2,2,1),(1,3,2,1),(2,3,2,1),(3,3,2,1),
(1,1,1 2),(2,1,1 2),(3,1,1,2),(1,2,1,2),(2,2,1,2),(3,2,1,2)
(1,3,1,2),(2,3,1,2),(3,3,1,2),(1,1,2,2), (2,1,2,2),(3,1,2,2)
(1,2,2,2),(2,2,2,2),(3,2,2,2),(1,3,2,2), (2,3,2,2), (3,3,2,2)},

),

) 7

which has the lexicographical ordering

3
{j{:](ﬁrni | m e A44} ={1111,1112,1113,1121,1122, 1123, 1131, 1132, 1133
=0
1211,1212, 1213, 1221, 1222, 1223, 1231, 1232, 1233
2111,2112, 2113, 2121, 2122, 2123, 2131, 2132, 2133,

2211, 2212, 2213, 2221, 2222, 2223, 2231, 2232, 2233}

Therefore the half lattice point set which corresponds to the first column of the

reversible square is given by
3 .
Afi::{nze.kﬁ| }:1o%nig]233}
1=0
= {(1717171)7(27]‘7171)’(3’17171)7(1’ 2’]‘7]‘)7(27 2’ 1’ 1)7(37 27 1’ 1)
(1737 17 1)7 (2737 17 1)7 (37 37171)7(171727 1)7(271727 1)7(371727 1)

(1,2,2,1),(2,2,2,1),(3,2,2,1),(1,3,2,1),(2,3,2,1),(3,3,2, 1)},
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and substituting into the first column equation we obtain

1 1

= {500, 504, 508, 536, 540, 544, 572,576, 580, 716, 720, 724, 752, 756, 760, 788, 792, 796 }.

Hence the second part of the sum-and-distance system associated with the reversible
square (given below) and divisor path set {(2,6,12,36), (2,6,12,36)} is twice the

above form, and taking the absolute value of each entry gives

B ={|b;| | i € Z} ={500, 504, 508, 536, 540, 544, 572,576, 580, 716,
720,724,752, 756,760, 788,792,796 }.

By the theory it follows that all the sums and distances of the entries in A and B
give the odd positive integers 1,3.5,...4k*> — 1. We give the corresponding 36 x 36
principal reversible square matriz in the appendiz.

Remark. It may be that a simpler method exists to determine an expression for

the middle lattice point, but this would be a point for further work.

6.2 Construction of Inclusive Sum-and-Distance Systems

The method for constructing a non-inclusive sum-and-distance system can be ex-
panded and simplified to construct an inclusive sum-and-distance system corre-
sponding to an odd sided principal reversible square matrix. Again we use the fact

that the first row of a weightless principal square can be written as
{a T + br, b, —a” + by},

and we can generalise the first 1,a” Jj, + by, because by, can be found from the {2, 3}

divisor path set and subtracted from all entries, giving
{aTJk, 0, —aT}.

Hence by taking the first half of the first row we will obtain the a part of the

sum-and-distance set, and similarly for the first column we obtain the entries
{Jkb+ap ,ar ,—Jb+ a},
and by subtracting the middle value a; we obtain
{Jxb, 0, —Jyb}.

It follows that by taking the first half of the first column we will then obtain the b

part of the sum-and-distance set.

Our approach again uses the two lattice sets L' and M/, from which we can obtain
g « (63
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the explicit forms for the first row and column (respectively ' and ¢’) of the odd

sided reversible square given by

r/:{(bk—i—a)—i-w}:{ko—i- Za:(km—l)(imjm) ] keL’a}7

m=1

a—1 .
¢ = {(ap+b) + w) = {1 +(mo—Djr+ 3 (ma — 1) (];{+1) (inju) | m € M;}} .
u=1

u
LEMMA 6.5. Given an « length divisor path set for n (with jo =ig =1, jat+1 =
ia =mn)
{i,7} = {(inia,. . yia = 1), (17205 da) s

the first half of lattice points for L, and M, are given by

« @ q ]
! u+1
L, = {k € Lq | ;:o: ke 10% < u§:0§ ( AR 1) 10W},

Ju

a—1 a—1 .
1 /1
/ u+1
M = {m € M, | u§:0j My 1097 < u§:0j 5 ( ad i 1) 101“7},

Ty

for any p and n such that p,n € N and k; < 10# and m; < 10" for all i € Z,,

Proof. Corresponding to the sets L,, and M, we have (as in the non-inclusive case)
the reversed ordered lexicographical interpretation for the lattice points, which
when substituted into Lemmas and [6.2] the explicit expressions for the first
row and column are obtained, where the middle lattice points for the first row and

column are given by

1. 1 /ja 1/n
k=<—- 1 — = 4+1 .= —4+1
{2(”1+)’2(j1+>’ ’2(ja+)}

1 . 1 /9 1l /ia=n )}
=< = ), - [—=+1 e, = 1 .
m {2(11—’_ )7 2(’i1+ )7 72<7;a1 +

Hence, all lattice points whose reversed lexicographic ordering is smaller than the

and

reversed lexicographic mid-point will give the first half of the row and column

required. O

THEOREM 6.6. Let k € NU{0}, so that n =2k +1 is odd. Given any o length

divisor path set

{%75} = {(ilﬂi% s 7i01 = n)a (j17j27 s aja)}?

then its associated inclusive sum-and-distance system is given by

{4,BY = {{laj| | j€Zur}, {Ibs] | k€Zur}},
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with

{k(]‘f'z Zu]u ’ k’EL’} <; (j1+1)+§:;<j7;:1_1) (Zu]u)>

u=1

u

—(H; i —1) J1+Z (Z"“ - >(z’uju) (‘@f))

Proof. We know from the block representation expansion that the first row is given

by

a—1 .
b= {1 +(mo— Dy + 3 (s — 1) (‘77;%1) (iuju) | m € M;}
u=1

r={bp+a+w,b; +w, by —a+w}

{k0+z zm]m)|k‘€L}

Then from the definition the first half of r gives
' ={by+a+w}= {ko + Z(ku = 1)(iuju) | k € L;} .
u=1

To obtain the a vector we again find and subtract by + w, so that

r'—bk—w:{a}:{k‘o—i—za:(ku—l)(iuju)\k‘EL;}—bk—w

u=1
The value in the centre of the first row is b, + w, which we can determine by

substituting the mid lattice point
R A - 1 1 1/n
k= (ko,ki,...,ka)=<=(1+1),= 1 - —+1
( 0, M1, ; a) {2(]1+ ) 2(] + ) 2<]a+ )}

into the form for the first row and obtain

1, N Judl .
bk+w:§(]1+1)+zju-7+l(zu]u)‘

u=1 JU

So finally we have that

it R0 YR INRITE A S ETURRIND oE Y Cm) KR

u=1 =

and by Theorem A = {laj| j € Zy} gives one part of an inclusive sum-and-

distance system.

Similarly, the first column of a weightless reversible square is given by

c={ap+b+w, ar+b, akfb+w}T
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a—1
:{1+(m0—1)j1+2( —1)‘7;H(zu]u) | m EM&}

u=1 u
As before we determine and subtract ap + w from the above expression, where
similarly a; + w can be found using the mid lattice point and then substituting it

into our expression for the first column ¢. The mid point is given by

A A A R 1. 1 /1 1
= G oy o) = (5t 05 (F41) 0 5 (7% +1))
oa—

and remembering that i, = n), we have

1
ak—i—w—l—I— (i1 4+ 1) —1—22%?1‘7“1.
U 'LL

It follows that

a—1
b=c —ap—w= {1+(m0— g+ Z( -1) (‘77;+1> (tuju) | m € M(;}

u=1

(a5 e (52)

and by Theorem 4.1| B = {|b;| | j € Zy} gives the remaining part of the inclusive

sum-and-distance system.

O]

6.3 Geometric Interpretation

Another way we can determine uniquely a sum-and-distance system from a principal
reversible square divisor path is to obtain the sets L., and M/, from sets of lattice
points bounded by certain hyperplanes.

Remark. As before, we let the set of lattice points, L/, represent the first half of
entries in L, that when substituted in yields ko + (k1 — 1)(i171) + - . . (ko — 1) (iaja)
from which we obtain the first half of the first row in the principal reversible square.

So the sum-and-distance part a can be recovered as

a = {ko + (/ﬁ — 1)(i1j1) + ... (ka — 1)(iaja) — by — u)| ke L/a,}

where w is the weight of the reversible square.
Definition. Let « be a positive integer with k and 7 the mid lattice points which

when substituted into the forms of the first row and column give the middle entry,

7 L1 7 1. 177 1/n
k:(k07k177ka):(2(]1+1), 2(;i+1>, ’2(.7_‘_1))
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R N A . 1 . 1 /1 1 /i,=n
m—(mo,ml,...,ma_l)—(2(11+1), 2(;—1—1),...,2(3 » —1—1)).
o

LEMMA 6.7. For a divisor path system {i,7} = {(i1,...,ia), (j1,. .. ja)} we
define the following sets

So:{(ko,kl,...,ka) 1 1<ko<2ko—1, ..., 1<kq1 <2kq1—1, 13%3%71},
forO<t<a
St = {(k07 . -7ka) ’ 1< kO < 2]%0_17 RRE) 1< ka—t—l < 21%01—15—1_17 1< ka—t < I%a—t_lv

ka—t—l—l = ]%a—t-l—ly ooy ko = ]%oz}

and

So = {(ko, k1, ka) | 1<ko<hko—1, ki =ki,..., ko =ka}.

Then

Proof. Firstly, Sy gives the first % (j% — 1) = ko — 1, jo length sequence in the first
row of the reversible square excluding the centre j, length sequence. S with fixed
ko = ke co-ordinate is then found in the centre Ja length sequence, and this then
gives the first ko1 — 1, ja—1 length sequence within the first row of the reversible
square. Hence as the index of S increase we move towards the centre most point
in the first row of the reversible square. The set of points S; is then found in the
centre ja, ja—1, . - ., ja—t—1 length sequences and this gives the ko—_¢ — 1, ja_s length

strings.

Continuing with this method we finally arrive in the centre most j; length sequence
in which the first ko — 1 entries are given. It follows that the union of the previous
sets will give all the points before this set, and hence the union over all of these
sets will give the points that explicitly determine the first half of the first row of

our reversible square.
O

LEMMA 6.8. The points of L., can be described by all the points under a hyper-

plane in the full lattice, with corresponding normal vector defined by

1 ZfZ = 0, &
C; = i1 L and V; = [——
2 ifi >0, [I5= K

where the points under the plane have a one-to-one correspondence to
L= {(ko,k1,... . ka)|(k—k)v <0, ke La}.
Proof. Firstly we will show that any k € U S; will give (k — ];:)fu < 0. Let k € Sy,
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then

ke {(kOaklv---’ka) | 1< ko <j1 =2k —1, 1§k‘1§].*2=2f€1—1,~-
n

. ) . )
1 <hgy <2 =9k, -1, 1gka<<7—1)=ka—1}.

 Ja—1 2 \Ua

For 0 < u < a —1 we have

201 (ke — k) _ 201 (2ky —1—ky) 2 Yhy—1)  ky -1 2v!

T = —y = = 7 <2t
[152, k; [152, & I15=0 ki ku T2 ks
for u = 0 that
ko —ko) _ 2ko—1—ky hko—1 1 1
((;—IAO)S AO oc—lAO: OA a—1 7, < a—1 7, <1
szo k; ko Hj:l k; ko Hj:l k; Hj:l k;
and for u = o we have
2 Wk — ko) <29 Wko — 1 — ko) = =271
Combining these results in (k — l%)v gives us the inequality
" ko — ko (ki —k1)  2(ko — k 2072(ko_1 — ko 5
(k)= £o ko (k= k) 2ks = hy) | 2% (Kot = Ka) | gacrg )
szo k; Hj:l k; Hj:2 k; j=a—1 kj

a—2

<l4+1424... 420220l =14) 2 —207 =142 112071 =0,
i=0

Similarly for 1 <t¢ < « — 1, then for any

ke {(ko k- ka) | 1< ko <2k 1, 1< ka1 < 2kas1, 1 <hay <hat—1,

ka—t—i—l = ]%a—t—l—lv cee 7ko¢ = l;oc}

we have that

- ko — k ki —ki)  2ky—k N=0=2(f 1 — feqy
(k—k)v= Oa—lAO"’_(la—lAl)"’_ (2—1A2)+"'+ (a—ltl : )
Hj:o k; Hj:l k; szz k; Hj:a—t—l kj
ot (ko — ool 20=2(fo 1 — fep
<0H t—Fat) | ( e oy 20 (kg — ko)
j=a—t kj j=a—1 kj
_ ko — ko (b — k1) 2(ka — ko) 20702 (kg q — /%a—t—l)_i_?t*a*l(ka—t — ka-t)
H?;ol kj H?:f k; H?;zl k; ?;alftq k; ?;o{ft k;
_ 1 ( ko — ko (k1 — k1) 2(ky — ko) 4 202 (ko1 — ka—t-1)
5ok \I5= &y TS ks TS &y et

+2!70 7 gy = ko))
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<1+1+2+..'+2a7t72_2a7t71:1+ Z 21’_20471571:0'
Lastly for
k:e{(k:o,kl,...,ka) 1 1<ky<ho—1, ky=Fh..., ka:/%a}

. ko — k
(k—k)w=——
szo k‘j

Therefore for any k € L/, we have (k — k).v < 0.

< -1

We now show that points not in L/, but in L give (k — k).v > 0. First, consider
the points not in S,, the set of which we denote by

S;:{(kOW")kOc)|'I%0+1§k0§2]%0_17 klzlzjlw-wka:l%a}-

For any points in this set we have that

. ko — ko 1
(k—k)v= = > =1k
j=0 Ij j=0 1j

> 0.

Corresponding to the set S; for 0 < ¢ < a— 1 we define the complimentary set such
that

Sp={k11<ko<2o—1, ..., 1 <hat1 < 2kai1— 1, hacr+1 < kot < 2kat— 1,

koe—t—l—l = ka—t-{—la coeska = ka} )

which yields the inequality chain

. ko — ko (k1 — k1) 2(ko—k == — k1) 27 Nk — koo
(k—k).v = 00171 0 ( 10471 Al) ( 02471 A2)+“'+ (aflt 1~ Fa—t 1)+ (ail t — t)
szo kj szl kj Hj:2 kj j=a—t—1 k’j j=a—t kj
1—ky (1—kp) N 2(1 — k) N =021 —fy_y_y)  207071(1)
TSk TS0 hy o TIOS) Ky a1 ki ik
1 1—k 1—k 2(1 — k ot=a=2(1 _ o,
= a—t—1 ( Oé*tfloA + (017757112 + (aftflz) +..F astfl L : 1) * 2t_a_1>
Hj:uft Hj:o kj Hj:l kj Hj:Z kj Hj:aftfl J

1
> ———(14+1+24... 42072207 =
Hj:u—t

Finally, for k = k, we obtain (k — /2:)11 = 0.v =0, for any k € L/, and putting this
all together we have (k — k).v < 0 and for all k € Lo /L, we have (k — k).v > 0, as

required.
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LEMMA 6.9. Given an « length divisor path set for n € N,

{,7y ={ (i1, .via =n), (1,---rja) }

then the first half of the lattice points can be described as

M, =T,
u=0
where
. 19 1 n
Ty = (mo,m1,...,ma-1) | 1 <mg <y, 1<mi <=, .0, 1<mg1 < o | -
1 2 \la_1
and for 1 <u < a—2,
. 12
Tu: (mo,ml,...,ma_l)‘1§m0§7,1,lgmléif,...
1
1 /La—u A A
el <maioy < 5 - — 1), ma—u = Ma—us -, Ma—1 = Ma—1
2 \ia-1-u
and
1 . N N
To1= (m(]amla'-'amafl)|1§m0§§(21_1)7mlzmla---amaflzmafl .

Proof. Tj gives the first % ( n 1), ia—1 length sets of lattice points which does

Ta—1

not include the middle i,_1 length set. Further, 77 gives the first % (ia‘1> , Ta—2

a—2

length set of lattice points within the middle ¢,_1 set. This holds for all u, T}, gives
the first % (ﬁ*—“ — 1), ta—u—1 length sets of lattice points in the middle i, set.

la—u—1

Lastly, T, gives the middle %(21 — 1) values in the middle i; length set of lattice
points. So to conclude, when we take the union of all of these points we obtain all
the points in the first half of the column. O

LEMMA 6.10. The set of lattice points M/, can be described by all the points

under a hyperplane in the full o lattice, with corresponding normal vector defined

by
1 ifi=0 di
d; = - zfz' Coand v = ————
274 4fi >0, [15= ™y

then
M(,)z = {(m[)vmla s 7ma71) | (m - m)u < 0, m e Ma}

Proof. Firstly we will show that any m € Uﬁ;&Tu will give (m —m).u < 0, so let

us consider any

me{(mo,...,ma,l) | 1§m0§2m0—1,...,1§ma,2§2ma,1gma—l}.
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Sofor0<u<a—2

24~ (my, — 1) - 2u= (25, — 1 —1hy)  (h—1) 2v7t

_ u—1
a—2 A — a—2 - m a—2 A.<2 ’
j=u M j=u M u Hj:u—H m;
foru=0
m+0—m0<2m0—1—m0_(m0—m0) 1 - 1 1
N = =2 - = - =2 - 2. =5
=0 M =0 " mo T[S0y TI5=1 1y
and foru=a—1
2a*2(ma_1 — ma_l) < 20472(7?10[_1 —1- ma_1> = a2
The we have the inequality
(m B m) u— (mo — mo) (m1 — ml) 2(m2 — mg) 20‘_3(ma_2 — ma_g)
U= B N =2 - =2 - -2
H?:o m; H?:1 m; H?:2 m; H?:a—2 m;
<141424...42072 9292,
Now consider 1 <t < o — 2 such that
m € {(mo,...,ma—1) | 1 <mg < 2hp—1,...,1 <ma_y—9 < 20q—4—2 — 1,
1<mgt-1 <Mg-t-1—1, Mot =Ma—t, --.,Ma-1= ma—l}
(m — ). = (mo — 1) | (M1 —1)  2(mg —1he) 20713 (ma—t—9 — Ma—t-2)
: —2 =2 - =2 - =2 -
?:0 my ?:1 m; ?:2 m; H?=a7t72 m;
2a—t2m__1_m__1 2a—t—1m__m_ B R
+ (aoij Mazt=1) | (aj;ﬂ ) | 42 gy — 1aiy)
Jj=a—t—1 mj j=a—t mj
(mo — o) | (mq —my)  2(mg —1g) 2473 (mg—t—9 — Ma—t—2)
=2 - =2 =2 =2 -
?—0 J ?—1 J ?—2 myj H]—a7t72 mj
4 20t Q(moi;tfl _Amaftfl)
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_ 1 ((mo —mp) | (mp—1y) | 2(mo —Mg) 20703 (M9 — Mia—t—2)
= Ha-2 A - RN 2 - 7 RN 2 -
]O'é:aftfl m; H?:o m; ?:1 m; ?:2 m; ?:afth mj

_’_20471‘/72 (ma—t—l - ma—t—l))

1

a—2 A
j=a—t—1 T

< (1+1+2+...+2a*f*3—2°‘*t*2):o.

Similarly, for

me{(mo,...,ma_l) ’ 1<mog<mg—1, mi =mq, ..., ma_l:ma_l}

we have that

We again consider the complimentary set of points not in UZ‘;&Tu and deduce that

for all those points (m — m).u > 0. We begin with the points not in the set T
denoted by

m € T(;—l = {(mg, ... ,ma_l) ’ mo+1 < mg < 2mo—1,m1 =M1,...,Mq_1 = ma_l},

from which we deduce that

R mg — M mo+1—m 1
(m—m).u:( 272}))2 Oasz 0 = ——— >0.
=0 M j=0 "1j Hj:O m;

For the set Ty, for 0 < u < a — 2 we denote its complimentary set by

TTZ :{(mo, .. .,mafl) | 1 S mo S Qmo — 1, ey 1 § Mao—u—2 § 2ma,u,2 — 1,

Ma—u-1+1<Mmay-1 < 2Mgy-1— ]-> Ma—u = mafua ceesMa—1 = Ma—1 }

‘We then calculate

o (mo—mg) (m1—ry)  2(m2 —12) 29713 (mg—y—9 — Ma—t—2)
(m_m)‘u_ a72m4 a72m, a*2m, HQ*Q oy
j=0 M) j=1 M j=2 Mj j=a—t—2 M
2972 (ma—y—1 — Ma—g—1) | 27 (ma—t — Mot _ .
+ i_[aoig 1m_a )-i- (a_C; — = )+...+2°‘ 2(Ma—1 — Ma_1)
j=a—t— J j=a—t """
~ (mo —1ho) | (ma1—r) | 2(mg — 1) 2073 (Mgt — Ma—t—2)
= 5 - 2 - 2 - =) -
H?:o mj H?:l myj H?:Q mj H?:a—t—2 m;
2a_t_2(ma7tfl - 7’Anozftfl)
+ a—2 A
j=a—t—11j
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~ (mo —mp)  (m1—11)  2(mg —1h2) 2973 (mg_p—9 — Ma—t—2)

a—2 ~ a—2 ~ a—2 ~ a—2 A
=0 Tj j=1 M3 j=2 M j=a—t—21j
) ~
2¢ (ma—t—l - moz—t—l)
+
a—2 A
j=a—t—1"j
A ~ A —t—3 A
1 ((mo — o) | (m1—mu) | 2(mg —1ho) 207 (ma—t—2 — Ma—t—2)
a—2 A a—t—2 ~ . a—t—2 a—t—2 ~ . to a—t—2 A
j=a—t—1 "1 j=0 My g=1 My j=2 My j=a—t—2 T

_|_2a—t—2 (maftfl - ma7t71)>

B 1 (1 — 1) 1 (1—mq) 1 (1 — 1) 2
Oy | o TSRy VR | Moy [1925 7wy
>—1 >—1 >—2

1 —"g—u—
—u—3 a—u—2 —t—2 ~
coporud TR g0t ) )

Mao—u—2
>9a—t—2
>,2a—u—3 -
1 a—t—3 a—t—2 1
< (-1-1-2-... -2 +207) = (0). =0
Jj=a—u—1 mj Jj=a—u—1 mj

Finally, for m = 7 we have (m — 1).u = (0).u = 0, therefore for any m € M, /M,

we have that (m — m).u > 0, as required.

O]

Definition. A parasymmetric inclusive or non-inclusive sum-and-distance system

is defined to be one that satisfies,

{a,b} = {a, Aa},

for some A\ € Z and |a| = |b|.
THEOREM 6.11. Let n = q¢7 be odd, where v € N . Then any parasymmetric
sum-and-distance system is given by Lemmal6.0 with the corresponding divisor path

set
(i, ={@". ..., ¢"), (@, ¢*" ..., ¢"")}

such that w|y, vw =~ and A = j1 = 13.

Proof. To show that a sum-and-distance is parasymmetric if and only if its divisor

path has the following structure

{%73} = {(qw7q2w7"‘7 qvw)7 (qw?q2w?"‘7 qvw)}

we must show that if A\a = b then it will indeed have the above structure. Given
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that within the first row and column the parts b and a can be found, i.e.
Aa = Ar —bg —w)=XMJa, 0, —a} =c—ap —w={Jb, 0, —b} = \b,

we have that when the corresponding lattice points are substituted into the explicit

formula for the first row and column, the same values will be obtained.

For the midpoints k = (k;g, ki,... , l%a) and m = (mg, Mm1,...,Ma—1) we know from
the preceding results that both the values will be equal to 0, and similarly for the

point to the immediate left of the midpoint, which will have lattice co-ordinates
k= (,1230 — 1,]211,...,/:304), and m = (ﬁlo — 1,m1,...,ma_1),

which when substituted in to the equations for the first row and column give

e bS04

u=1 Ju

_ <j1((mo S+ S i) (]Zl) ((mu -5 @Zl B 1>>>

u=1

Rearranging and simplifying we obtain,

A ((ko - ]%) + Za:(zu]u) ku - ffu)

u=1 ( ) u=1 ]u
« a—1
A ((I% -1- l%) -+ Z(Zu]u) (l%u - ]%u)> - (]1(m0 -1~ mO) + Z(Zu]u) (j;-—'—l) ( 7 (T mu))
u=1 u=1 w

Hence we have the equality

[ a—1 .
1 = j1(ko—ko)+ 3" i (iugu)(ku—ka) = u(mo—rin)+ >~ L (i) (ma—in,) = .
u=1 u=1

For the base case we will show that ¢; = j; and ;—f = j1, so w.l.o.g. let us assume
that i1 > j; so that i1 > j; + 2. We can then say that the middle j; sequence in
the first row is smaller then the middle i; sequence in the first column. It follows
that the koth entry from the middle of the ¢; sequence is at the same positioned
entry in j1a = b as the last entry of the first j; sequence to the left of the middle

J1 sequence, due to i1 > j1. Hence the lattice co-ordinates

k:(jl, /:31—1, /:32, ey l%a), and m:(ﬁlo—/;:o, ﬁll, ey ﬁla_l)
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give the same entry, and

j1a = i — ko) + 1 (ingn) ey — 1= k) + D~ 1 (iuju) (ko — k)

u=2

a—1 .
— ji(mo — ko —ho) + 3 ‘73.“ (iuu) (70 — 72) = b.
u=1 JU

Hence
J1(j1 — ko) — j1(i151) = —7j1ko,
and therefore

i1 =1,
which is impossible as by definition i; # 1 so that i; > 3.

Similarly, say j1 > 41, then j; > i1 + 2 the middle j; sequence in ji1a is longer than
the middle 4; sequence in b, so the 77; entry from the middle point will be in the
middle j; sequence. Now the same positioned entry is the last entry in the next i;
length sequence to the left of the middle 4; length sequence in b, and so the lattice

co-ordinates
k= (k‘o—mo, k?l,...,ka), and m = (il, ml—l, mg, PN ’I?A”Lafl)

give the same entry

jra = ji(ko — o — ko) + Y g1 (iuju) (ku — ku)

u=1

. a—1
.. A J2,. . o ~ 7
= j1(ix — 1) + == (i11) (M1 — 1 — 1) + Z =b,
J1 u=2
which rearranging gives,
R A J2,. .
—Jjig = jii1jiiho — E(lel)

J1 = Ja.

However, by definition js > ji so from this contradiction we conclude that i; = j;.

As i1 = ji the entries at
k= (/;30, /;31—1, /;32, ey ]%Oé) and m:(mo, Thl—l, ey ﬁla_l)

in j1a = b are equal regardless of the size of i3 or jy as both are at least 3. We then
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have the equality

d1(ko — ko) + ju(ingy) oy = 1= kn) + Y g1 (ugu) (B — k)

u=2

.]1 u=2 ju

which by rearranging gives

. J2,. .
—j1(i141) = — == (i11)
J1
. J2
=
J1

Inductively assuming that for all v < w, 1 < w < « that 4, = j, and % then we

need only show that j, 11 = i1 and iz—ﬁ = Jj1.

If 411 > Jws1, then 441 > juio, and similarly for the argument when i1 > ji,

from which we deduce that the two lattice co-ordinates

.2 Jw  Jwtl  ; > >
k= (]1, Ty ey T s - s kw+1 — 1, kw+2>--'7 ka), and
N Jw-1  Jw
. Z'2 Z'w N b N ~ A
m = (Zla Ty eeey T ) mwikwa mw+17w+2a"'7 mafl)
11 tw+1

give the same entries in j1@ = b, with the resulting equality

w—1 . .
1 01—ko)+ 3" d(iud) (J;“ _ k:) 1 (b ) (‘7;’“ _ kw)+j1(iw+1jw+1><kw+l—1—kw+1>

u=1 u w
u=w-+2

=0

w+1l . . .
. A Jutl . . Lut1 A Jw+l . . A 7 A
= it =)+ 30 L) (P = ) + 2 ) o B i)
u=1 Ju u w

a—1 .
Ju+1,. . “ A
+ E , u-+ (iuu) (10, — M) -
u=w+2 Ju

=0

So as i, = j, and % for ©u < w then

w—1 . w+1 - .
.. ~ C Ju+1 ~ .o o Ju+1 . . ly+1 ~
101 = ko) + D j1(iugu) ( = ku> = jilin—rin)+ Y = (iuju) ( - mu)
u=1 Ju u=1 JU &
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and so

. Jw+l 4 . ) Jw+l,. . 12
Jl(lew) (UH__ w) _]1<Zw+1]w+1) = - ’u-1+ (ijw)kw'

Jw w

From our assumption ¢,, = j,, and = 71 we thus obtain

Jw+1
Jw
i = ik = 1 (ter1jurt) = —jiinke,
and rearranging we have
e .
J1Iw = J1tw+1Jw+1

Jw+1 .2
Jw = lw+1Jw+1
Jw

Z'w = jw = iw+1
which is impossible as iy, < ty41-

Similarly for j,+1 > 9w+1 We have that jy11 > iy+1 + 2 from which we deduce that

for the lattice co-ordinates

.2 Jw 3 .2 - -
k:(]la Ty eeey T 9 kw_mun kw+17 ey kafla kOt) a‘nd
J1 Jw—1
. i? iw iw—i—l ~ a a
m= (i1, —, ..., - , ——, M — 1, Myto, .oy Ma—1)
11 lw—1 Lw

which gives the equality

w—1

01— o)+ 3 1 (i) (jf;.“ _ k:) 71 () (k. — 1t — )
u=1

u

~

u=w+1
=0
jut1 (Tutl Jw+l . . lwt+l .
= j1(i1 — o) Z ‘7“+ ( v - mu) + 2% (i) ( Chx —mw>
Jw Lw
Jw+2 Jutl . o N ga .
+= v (Zw+l]w+l)(mw+1 -1- mw+1 + Z u+ (Zu.]u)(mu - mu) .

=0

With 4, = j,, and “J“—Il this becomes

Jiie — dvjmke — j1(iwvr1jwst) = —jrimke
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which rearranges to

.2 .9 .. .
NIw = Nlw+1Jw+1
Jw+1 .2

—Jw — Lw+1Jw+1
Jw

by = jw = 2.w—l—ly
which again is impossible as jy,1+1 < jwi2. Therefore to conclude we must have
lw+1 = Jw+1-

As a final step we need to show that ;Z—E = 71, similarly to when we deduced that

% = j1. Now as i, = j, for all u < w+ 1 then we have that the lattice co-ordinates

k:(k07 klu "'71%’(1)7 ]%w-i-l_l? ]%w+27"'71%a)

m = (m07 M1, s My, Map41 — 17 mw+27--'7ma—1)

give the same entry in j;@ = b, which when substituted and simplified gives

.. . jw+2 . .
—j1(twt1Jws1) = =5 (fwt1Jwt1)
Jw+1
. Jwt2
j1 = ﬁ
Jw+1

Therefore for all 1 < u < o — 1 (where it can be deduced that j, = iq = n as the

sum for b can be extended to include i, = n) we have that

iy = ju and ju,H =J1.
Ju
To conclude if ji;:l = j1 for all u then jy = j%, Jj3 = jf, ..., Ju =J1, and eventually

j$ =mn, so that j; = A.

Conversely, say {i,7} = {(¢“,¢**,...,¢"" = n)(¢¥,¢*",...,¢"" = n)}. Then for

any 0 < u < a — 1, we have j;—:l = ¢“ = ji;. Also the lattice sets for the
first row and column are equal so that M, = L, = {(mo,m1,...,ma—-1,1) =
(ko ki, .. ka1, 1)[1 < mo, ko < ¢¥, 1 < mi,k < ¢, 1 < ma_1, ka1 <
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q“,1 <k, < 1}. Hence we can write the equality

Aa =\ ((ko — D)+ Y i) (ku - l%u)> =ji ((ko — B+ Y i) (k- /%u)>

u=1

I
Il
—

as required.

Example. Given from the divisor path set (,7) = {(6,36), (6,36)} = {(6,62), (6,6)}

we obtain the corresponding sum-and-distance system,

a = {31, 33,35,37,39,41,103, 105, 107,109,111, 113,175,177,179, 181, 183, 185},

b = {186,198, 210, 222, 234, 246, 618, 630, 642, 654, 666, 678, 1050, 1062, 1074, 1086, 1098, 1110}

so that here b = 6a.
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7 Most-Perfect Squares and Reversible Squares

To date, there does not exist a simple method to directly construct and enumerate
most-perfect squares for a given side length n. However as briefly stated in Chap-
ter 3, there exists a deep connection between most-perfect and reversible squares
and in their book [10], Ollerenshaw and Brée develop a bijective mapping between

these two types of matrices, which will be described in this chapter.

However using our results in Chapters 3-5, for the enumeration and construction
of reversible square matrices, in conjunction with such a bijective mapping, would
similarly lead to the enumeration and construction of all most-perfect square ma-

trices.

To this end we now derive a block-representation for all most-perfect square ma-
trices, establishing a bijection with the block representation of reversible square
matrices, and hence a new bijective mapping between reversible and most-perfect
squares. When the most-perfect square is traditional, so containing the first n? con-
secutive positive integers, we again establish a direct link with sum-and-distance

systems.

To begin, let us describe Ollerenshaw and Brée’s bijective mapping.

7.1 The Most Perfect to Reversible Transform

We recall from Chapter 3 the definition of an n X n most-perfect square matrix
M = (m;;), where n = 2k is even, which say a most-perfect square is a square
matrix whose entries satisfy the three symmetry conditions (M), (P), (S), which
respectively say that any 2 x 2 array entries within the square sum to 4w and the
alternating sum of all the entries of M is zero; any pair of entries %n distant along
any diagonal sum to 2w, and that the sum of the entries in any row or column is

nw, for some w € R.

By Lemma [3.4] any of these three conditions imply that M has weight w, and
additionally if M is traditional, so that it contains the set of consecutive integers
1,2,...,n, then by Corollary M has weight w = @

Definition (of transformation 77). Let n = 2k be even, and let R = (r; ;) € R"*"
be an even sided reversible squre matrix. We set 17 to be the transformation of the

matrix R, defined stepwise such that

1. First we define an intermediate matrix Z = (z); ; such that

Ti5, if Za] < n;
L) Tisk+l—j ifi <k, j>Fk;
1, P .

T3k 1—i,5> ifi>k, j<k;

T3kt1—i3k+1—j, ifd,J >k
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Ri  RyJy )

This is essentially the block matrix transform, Z =
JpRy  JypR3Jy

R1 Re

where R =
Rs Ry

> and Ji the anti-diagonal identity matrix.

2. A transform is applied to the indices of the entries of the resulting square

which correspond to the entries in the intermediate matrix, such that

-1 1—1 1 n 1—1
. =T\ = . :
j =1 j—1 n n+1 j—1
So the entries m; ; are in the position (7', j') described above and given by a
new matrix Q = gy ;v = z; ;[10].
An alternative description of the transform 7} is given by
e Reverse the right-hand half of each row.

e Reverse the bottom half of each column.

e Apply the indices transform

)= )G

where i/, j’ are the new indices of the transformed square.

NS =
+ I3

n
2

Remark. We note that a traditional square in Ollerenshaw and Brée’s book [10]
is defined to contain the consecutive integers 0,1,...,n? — 1.

Example. Consider a 4 x 4 principal reversible square and let us reverse the right
hand half of each row (i.e. swapping the end 2 columns) and then reverse the bottom

half of each column (i.e. swapping the bottom 2 rows), to obtain.

1 2 3 4 1 2 4 3 1 2 4 3
5 6 7 8 5 6 8 7 5 6 8 7
— —

9 10 11 12 9 10 12 11 13 14 16 15
13 14 15 16 13 14 16 15 9 10 12 11

Lastly, applying the indices transform gives,

1 2 4 3 1 15 4 14
5 6 8 7 . 8§ 10 &5 11
13 14 16 15 13 3 16 2
9 10 12 11 12 6 9 7

which can be seen is a most-perfect square.

A detailed proof that this transform is a bijection is given in [I0] (see Chapter 3
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pp. 33-38) where they show that this transformation leads to a unique most-perfect
square.

LEMMA 7.1. There exists no most-perfect magic squares of order n = 1,2,3
(mod 4).

Proof. When n = 1,3 (mod 4) the type P property (strongly pandiagonal) fails as
24 n. When n =2 (mod 4) we refer the reader to a proof given by C. Planck (see
[49] pp.308-309, 1919). O

7.2 The Most-Perfect Square Block Representation

We recall from Chapter 3 the definition of a most-perfect square matrix whose
definition we now restate for clarity.

Definition. Let n = 2k be a positive even integer and w € R a constant. Then a
square matrix M = (m; ;) € R™" is defined to be a most-perfect square matrix if

it satisfies the type M , type P and type S symmetry properties, defined below.

1. The matrix M is said to be type M if it satisfies the most-perfect property,
where the entries of all 2 x 2 sub-arrays within the square matrix sum to 4w,
so that

Mij + Mijp1 + Miy1j + Mig1j41 = 4w,

for all 4, j € Z,, and the alternating sum property

Z (—l)iﬂmm =0.

1,J€Ln

2. The matrix M is said to be type P if it satisfies the strong pandiagonal prop-
erty, where the pairs of entries %n = k distance along any diagonal (including

broken diagonals) sum to 2w, so that

miaj+mi+%n,j+%n:2w’ 1,7 € Ly,

3. The matrix M is said to be type S if it satisfies the constant sum property,

where the sum of the elements of each row, or column sum to nw, so that

Z mi; = Z m;; = nw, 1€ L.

JELn JE€ELn

By Lemma we know that any one of the three symmetry conditions (M), (P),
(S), imply that a given matrix has weight w, so that an n x n most-perfect square
matrix M has weight w, and by Lemma that the matrix M — wE,, has weight

Zero.

Additionally from Lemma [3.6| we have that if a matrix is type (P) and also satisfies
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the 2 x 2 sub-array condition then this implies that the matrix also satisfies the
alternating sum condition and so is type (M).

Definition (of the set of weightless type M squares M?). We define MY to be the
set of all weightless n x n type M square matrices, so that for any M = (m; ;) € M2,
we have that M has weight w = 0, the alternating sum property, and all two-by-two

sub-arrays sum to zero, so that
Mij + Miy1,5 + Mijp1 + Mig1,41 = 0.

Definition (of the vector §,). We define §, to be the column vector containing
alternately signed omes, such that §, = (1,—1,1,—1,1...,+1)T € R" where the
final entry is —1 if n is even and +1 if n is odd.

LEMMA 7.2. Let k € N, and n = 2k be even. Then the square matric M =
(mij) € R™™ is weightless type M, and so M € MY if and only if

w'Mv=0 (u,ve{§,}"),

and
§T M§, = 0.

Proof. Given that n is even and u € {§,}* then
U] —ug +ug ... —uy, =0,
so we have the following equality

U1

n n n n
T .
u Mv = E Ui 1, E UM 2, -y E UM n : = E uivjmi,j.
=1 =1 =1 1,J

Un

Considering that as M is of type MY it satisfies
Mij +Miy1,5 + Mit1 1+ Mij41 =0

for all ¢, j € Z,,. Taking the column vectors

Ui=(0,...,1,1,0,...,00", U; =(0,...,...,1,1,0,...,0)"

where U; has a 1 in entries 7 and ¢ + 1 and U; has a 1 in entries j and j + 1 we see
these are in {§,}+.

Then we compute

UMV = (mgj +mit1k) + (Mit1,j +mig1j41) = 0.
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Further, it can be shown that the set of vectors, U; € {§,}* foralli € {1,2,...n—1}

form a basis for the set {§,}*. So given any u and v in {§,}+ we have

u Mv = (a1Us + Uz + ... an1Un 1) " M(B1UL + BoUz + ... + Bn1Un—1)

n—1 n—1
Y UIMUS =3 iy ((mij +mig1g) + (mit1g +mige1)) = 0.
ij ij ~

For the second condition,
§ MG = (—1)""mi; =0

by definition.

Conversely, considering that U; for i € {1,2,...,n — 1} forms a basis for {§,}*

taking all combinations of ¢ and j in {1,2...n — 1} we obtain
0=UiMUj = mij + Mit1,j + Mit1,541 + Mij1

for all 4,5 € {1,2,...n}.
Similarly with
1,j€Zn
O

THEOREM 7.3. Letk € N, and n = 2k be even. Then M € R™*", is a weightless

type M matriz if and only if it has block representation

wichGM}){ and a,b € R¥ .

Proof. Given that if M is type M° by Lemma we can write
y v?
0= UTXn (W 7 ) Xnv

where u,v € {§,}" and Y, V, W, Z € RF*F,
Consider now v’ X,, and X,v,

T

T 1 <u1> ( I, J ) 1 (a{’+agjk> <§1>
WXy =— | =" = .
V2 iy Jp =1y V2 \ @y Jy, — i m
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Similarly,

X (&)
12

where 51,52 c Rk and m,n2 € {§n}l as . = Uy — Jkﬂg and e = Jk’fbl — Ua.

= () ()

0=&YE+E VI +nl W +ni Zn.

Expanding the equation

then gives

Firstly, if n; = 7o = 0 € {§,}* then we have

0=&Yoa+& Vim+nlWe+n{ Zn = Y&,
=0 =0 =0
which shows Y = 0, as &, & € RF.
Next consider n; = 172 = 0, we obtain
0=&VT o+ 0 Wea+n{ Zny
—— S~~~
=0 =0
0= U{ZU%

which implies that Z satisfies the first condition of a type M.

Now separately considering 177 = 0 and 12 = 0 then we have the two equalities

0=¢&VvTny +nIWey +nl Zn,
0=¢VTn,

0=VTim+n W& +ni{ Zns
=0 =0

0 =i Wé,
from which we deduce that
MW =0 and 77V = 0,
as 11,m2 € {§,}+. Labelling the columns of W and V as column vectors W; and

V; respectively for i € {1,2,...k} then it must hold that n{ W; = 0 and 7 V; = 0
for all i. Hence V;{n1}*+ € {§,}** = R§;, and similarly for W; € {§,}*+ = R§. In
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consideration of the second condition of Lemma [7.2] we have

T N
0 =670, — 8k 0 VTN [$k
T\ Wz ) s

=6, VT8, + 8T W &, + 87 Z8), = §1 Z8;
=0 0
- h

which demonstrates that the blocks satisfy all of the type M symmetry properties.
Conversely, say Z € M, a,b € R¥ and u,v{§;}* then by Lemma we have

0p a7 g\ (0 as?
a9 18 9
g7 Z m ol Z 72

= &1 §cb" & + & afpmo + i Znp = 0.
—_——— —— N——

5\ [ O0c  a8T (8
TALS, — k k asyg k
o Mk <§k> (§ka Z ) <§k>

= §78.b7 81, + 81 a8l 6, + 61 Z8, =0

Lastly, consider

by Lemma [7.2] as required.
O

Definition (of the set of weightless type P squares PY). Let n € N be even. We
define PY to be the set of all weightless n x n type P square matrices, so that for
any M = (m; j) € P, we have that M has weight w = 0 and

mi;+m =0, 1,7 € Ly,

i+%n,j+%n
LEMMA 7.4. A square matriz M € R?**2F js o weightless pandiagonal type P

matriz if and only if
A B
M = .
-B —A

Proof. By the definition of a weightless pandiagonal square we have the condition,
My j + My j+k = 0 for 4, j € Zy therefore we must have m; ; = —mj k j+r and so
we have the structure given. Conversely, given the structure above it satisfies the

definition of a pandiagonal square. O

Definition (of the set of weightless type S squares S0). Let n € N. We define

SY to be the set of all weightless n x n type S square matrices, so that for any
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M = (m;;) € S%, we have that M has weight w = 0, and
Z mi; = Z mj; = 0, 1 € L.
J€Ln J€Ln

Remark. We recall from Lemma that for M = (m;;), an n x n matrix with
weight w, we can write M = My + wE,,, where My has weight zero.
LEMMA 7.5. Let M € R" ™. Then the square matriz M is type S if and only if

1"Mu=0 and v"M1, =0 (ue{1,}}).
Proof. Since 0 = u” M1, for all u € {1,,}* then M1,, € {1,}*+ = R1,,. Similarly
we have 0 = 17 Mu = (u"M71,)T then MT1,, € {1,}++

So say M1, = Al,, and M7T1, = N1, for \, \' € R then we have
MI, =1701,) = 1EMm1, = almnt, = (M71,)"1, = W1,)71, = X161,

and as 1n1£ # 0 as 1, # 0, we have A = X. So to conclude we have M1, =

M7T1, = \1,, where we can set \ = nw.

The converse then follows directly, as say M1, = M1, = A1, then
uI'M1, = 1, = 0,

1My = 11w =0
if ue {1,}+. O

THEOREM 7.6. Let n € N, and M = (m; ;) € R™". Then M is type S if and

only if it can be written as the following block representation,

even n = 2k:

T
M_Xn<Y+2wEk 14 )Xn,

w VA

with Y a semimagic square with weight 0, matrices V., W have row sum 0 and

Z that can be any k X k square matriz.

odd 2k + 1:
Y + 2wE}, V2(wly — Y1) vT
M =X, | V2wl —YT1)T w4217y, —V2(V1)T | X,
w —V2W1,, Z

with arbitrary V,W,Y,Z € R¥* and w € R.

Proof. Even case n = 2k: If M € R™*" is a type S square with weight w, then we

can write
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w Z w 0
y vT
=X, X+ whhy,
w  Z

y vt
and as wkE, is type S square we need only show that X, ( Wz )Xn is a

weightless type S square.

Considering the expansion,

i I, Ji y v7T i I Ji
Je —I W Z JV2\ g —I
Y+ W VI + .2 I, Jg
Y -W VT —-Z Je —I

2
<Y+JkW+VTJk+JkZJk Y+ J. - VT — .2 )

JkY—W—I-JkVTJk—ZJk JkTJk—WJk—JkVT+Z
R N A T A
J Y S Y Jg -w W JVTa, -3 vt

N T 20y —JIuZ
—ZJ, Z ’

as the sum of any type S square is also a type S square we need only demonstrate

that each matrix is type S as the sum is also type S.

We will now use the properties of multiplying a block matrix by the antidiagonal

identity matrix J,.

Y Ji
JY S Y Ji
therefore is type S. As W & W and JyWJ, & W Ji have the same column
JW T W g
W W
sum zero as the matrix W has row sum zero, therefore the matrix is type S. Sim-
ilarly, VT'J, & VT and J,VTJ, & J,VT have the same row entries therefore
VT, -vT
L VT, = vT
as the matrix V7 has column sum zero, therefore the matrix is type S. Lastly,

If Y is a weightless type S square then < ) has row and column 0,

entries the sum of the columns in the matrix ( ) The rows have

the matrix <

) has row sum zero. The columns have sum zero
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JpZJ, & JpZ and ZJ, & Z have the same row entries and JpZJ, & ZJ; and
JpZJy —JIpZ
has
—ZJy Z

row and column zero and so is type S. Therefore the sum of the these four type S

Ji.Z & Z have the same column entries. So the matrix (

square is also type S.

Now if M is a type S square with weight w, it can be written as

A+ 2wE, B A B
C D C D

A B
by Lemma the row and column sum of X, ( c D ) X, equals zero.

Expanding this block representation we have

71 A+ J,C+ BJ, + J.DJp, AJy + J.CJ, — B — J.D
2\ JWA-C+ J,BJ, — J,DJ, JA—-CJ,—J,B+D )’

and by assuming these properties we will prove A, B,C, D also have the given

symmetry properties.

Considering the column sums, of the expanded matrix, we have

A+ J,.C+ BJy, + J,DJ AJ, + J.CJ, — B—J.D
JeA—C + JuBJy — JuDJy )’ JA—CJy— J.B+D |

As the entries in the variations of D ( JyDJy and JiDJy or JiD and D) have the
same column entries with some permutation give sum 0, similarly the variations of

C give column sum 0. Hence the column sum depends only on the matrix

A+ BJg AJ,— B
JeA+ J.BJ, J.AJ. — J.B |’

Considering now the row sums of the expanded matrix, we have
(( A+ JC+ By + JuDJy AJy+ JCy — B~ JiD ) and

(hA—C+hB@—ﬁﬁh hA—C@—@B+D).

Similarly, due to symmetries in the variations in D and B, their row sums are 0.

Hence we need only look at rows

(A+@C Ah+@0%) and (@A—C %A—C%).

With these results we can now establish a contradiction in that if A were not

semimagic and-or BT and C did not have row sum 0 then the square would not
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have column and row sum 0 and so would not be a semimagic square. Say the row
and column sum for A was non-zero then BT and C would have non zero column
sum. Similarly if BT and-or C' have non-zero row sum then the row and-or column

sum will be non-zero, as required.

Odd case n = 2k + 1: We assume that M has the given block representation, by

taking any row and column sum as in the even case

Y + 2wE}, V2(wly — Y1) v
M = Xp [ V2(wl = YT1)" w21V —V2(V1)" | Xa.
W VAW, Z

Expanding the block structure then gives us

2(w1k - Ylk) - 2JkW1k
2(w +217Y1y,)
2T, (Wl — Y1) 4+ 2W 1,

= — 2wl — YT1,)T —2(V1) T Jy

2wl — YT1)T T, +2(V1E)T
2 JY + J2wEy, + VT, — W — ZJy,

1 Y+2wEk+VTJk+JkW+Jk
Je(Y +20EL)J, — VT —W I, + Z

(Y 4 2wEg) Jy — VT + JyWJj, — sz>
and by taking any row and column sums we can show that they have the same sum
nw, and therefore we have that M is a type S square matrix.

Now say we have an odd sided type S square M € R™ " with weight w such that
for some A, B,C, D € R*¥** 4 b, ¢,d € R¥ and e € R this can be written as,

. I 0p  Ji A a BT . I 0p Ji
M—ﬁ of v2 of cl' e T 7 of v2 of
Jp 0p —Iy C d D Jy 0 —I
. A+ J,C Iya+Jyd BT+ J,D\ (I, 0, J
= 5 V2cr V2e V2T 0{ V2 0{
JA—C Jya—Id JyB' —D) \J, 0. —I,
A+ J,C+BTJ, +J,DJ, V2I,a+V2Jb AJy+ J,.CJ — BT — J,D
1 V2T T, + V20T 2e V2er g, — 20T
2| A—C+ J,BTJ, — DIy V2Jpa —V2Ikd  JAJ, — CJy — JyBT + D

As the square is type S then the sum of any row or column is nw, so if we consider all

columns and rows separately we can deduce the correct conditions of the separate
blocks.

The first three columns are given by the first n x k block, the n length vector and
the end n x k block,
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A—i—JkC—i-BT—I—JkDJk \@a—i—ﬂJkd AJ, + J,CJy —BT—JkD
\/éCT + \/ibTJk‘ ) 2e ) \/iCTJk‘ - \/ébT
JkA—C—i-JkBTJk —DJ; \@Jka— \/id JAJ, — CJy, — JkBT—i-D

Then taking sum of the entries in any of these columns by Lemma gives the

equalities. For the n x k blocks

k k k
2nw =Y Aij+ > (JC)ij+ > (B Jn)ij+ Y (JeDJr)ij + V2¢; + V20" Jy);
i=1 i=1 i=1 =1
k k k k
CY )y = YOy = YDA+ Y B
i=1 i=1 i=1 =1
k k
:ZAZJ—}-ZC]HJ ZJ+ZB”€+1 J+2Dk+1 i,k+1— ]+\fcj+\fbk+1 —j
=1 i=1 =1 =1
k k k
+Y Apprij— ) Cij+ Z Bg+1fi,k+1fj =2 Dijkt1-
i=1 i=1 i=1 =1

k k
=2 Aij+2> Bl g+ V2¢+ V200

=1 =1

where j denotes the fixed column and we have used the properties of the summed

entries,

k k
D A=) Ao
=1 =1

k k
> Crpa-ij =Y Cij
=1 =1

k k

T o T

Y Bikr1-; =Y Bivi—ikti—j
=1

i=1
k

k
Z Diy1—ik+1-5 = Z D; g+1-j-
i=1 =

The middle column sum yields
k k k k
2nw = ﬁzai + \/izdk—i-l—i + 2e + \/izak—i-l—i — \/izdz
i=1 i=1 i=1 i=1

k
= 2\@2 a; + 2e.
i=1
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Similarly to the first n x k column block, the last n x k yields

k k
2nw = 2 Z Ak+1fi,k+lfj -2 Z BZTJ + \/§Ck+17j - \/ibj.
i=1 i=1

Likewise to the column blocks, we consider the three row blocks individually

(A+ J,C + BT Jy + D Jy, V2a +V2Jd, A+ J,CJ, — BT — J.D),

(V2 + V2 g, 2e, Vaclg, — V2D,

(JxA — C + J,BTJ,, — DJy, V2Jwa—V2d, J AJ, —CJy — JBT 4+ D),

By fixing any row we obtain the three equations
k k
2nw = 2 Z Aij+2 Z Crt1—ik+1—j + V2a; +V2a; + ﬁdk—f-l—i
j=1 j=1

k
2nw:2\/§ZCi+26

Jj=1

k k
2nw = 2 Z Apt1—ik+1—j — 2 Z Cij+ \/iak—&—l—i —V/2d;
j=1 J=1

We note that as none of the six equations contain any variation of the matrix D,

it follows that D must be any arbitrary matrix in R¥**
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Continuing, the six equations allow us to deduce the correct conditions,

k k
=1 =1
k
2wn = 2\@2 a; + 2e (7.2)
=1
k k
2nw = 2 Z Ak+17i,k+1fj -2 Z BZTJ + \/§Ck+1fj — \/ibj (73)
=1 =1
k k
20w =23 Ai;+2Y  Crprik+1—j + V2a; + V21— (7.4)
J=1 J=1
k
2nw = 2\/52 ¢i + 2e (7.5)
j=1
k k
2nw = 2 Z Apti—ik41—j — 2 Z Cij+ \/§ak+1—i - \/idi. (7.6)
J=1 J=1

We can equate (7.1) and (7.3) for the columns j and k+ 1 — j respectively, to obtain

k k
2 Z A’L,_] + 2 Z Bg—&-l—i,k-ﬁ-l—j + \/§C] + \/§bz:+1_]
i=1 i=1
k k
=2 Z App1—iky1—j — 2 Z BiT,j + V2,415 — V2b;
i=1 i=1

k _ —k N k pT _ <k pT
and as 33 Aij = 21 Apri—ig and Y35 By e = et B

!
T T
2% Biiisipri—j + V2= —2Bly g1y — V21
=1
2

T — .
—V2 ZBk+1—z’,k+1—j = bpy1-;
i—1

k
—V2) B =b;,
=1

which for all j € Z; we can write in the vector form
—V2(B1;,)T =0T,

Similarly, equating (4) and (6) for the rows ¢ and k + 1 — ¢ respectively we obtain

k k
2) Aij+2> Crpr—ihri—j + V2a; + V2diy1-i
j=1 j=1
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k k
=2 Aipy1—j =2 Chyr—ipt1—j + V2a; — V2dg 1
=1 =1

k

43 Crprmigri—j = —2V2djy1-
=1

k
—V?2 Z Ci,j =d;
j=1

which for all 7 € Z; we can write as a vector form
—V2(C1;,) = d.

Further, adding equations (4) and (6) for ¢ and k + 1 — ¢ respectively we obtain

k k
dnw =23 A;;+2) Cri1—ipt1-j + V21— + V2a;

= =
k k
+2) Ajjii—j— Y Cryr—ij + V2a; — V2di 41
= =1

which reduces to give

a; = \/5 (nw - ZAi’j) .

j=1

Similarly, adding equations (1) and (3) for i and k+1—1 respectively and simplifying

k
Ai,j) .
=1

Finally, any A € R¥*F can be written in the form

gives,

A=Ay + 2wk
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for some Ay € RF**. Rewriting as

k k k
3 <nw “yoa ]> _ <nw _ (Zma)i,j £y 2wEk)>
z:l =1 1=1
=2

this holds for all j € Zg so it can be written as the vector form
Cc = \/§(w1k — (Ao) )

Similarly, for any 7 we have
k
a; = \/5 nw — ZA@j)
j=1
k k
=vV2|nw-— Z(Ao)id — 2w Z Ei,j)
J=1 J=1
k
=2 | nw — 2kw — Z(AO)Z'J)

J=1

k
=vV2|w-— 2:1407J .
7j=1

Then for all ¢ € Z;, we again have the vector form
a=V2(wly — A%1;).

Lastly, given that

k
2nw:2ﬁ2ai+2e

then for any ¢ € Z we have

k
a; — \/5 (nw — ZAivj)
Jj=1
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and so

=1

k
e= nw—QZ (nw— ZAi,j)
j=1

k
=nw — 2 an +2 Z (Agj + 2wEi,j>
i=1 ij

= nw — 2knw —|—2ZAQ]- + 4wk?

2
irj
=w+2) A); =w+21[ A1,
Z'hj

Hence we conclude that if M is an odd sided type S (semimagic) square then it has

the block representation stated.

O]

In the following theorem we consider the block representation of a weightless most-
perfect square M of side length n = 2k

THEOREM 7.7. Let k € N, so that n = 2k is even, §, = (1,—-1,1,—1,...,£1)T,
the column vector of length n defined earlier in this chapter, and M = (m; ;) € R™*"

a weightless type M square, so that w = 0. Then M has the block representation

A T
M=X, O ’>’§k; X,,
607 Z

where v,5 € R™ with Jiy = (—1)* 1y, Jpd = (=1)*71§ and Z € R™ " is both type
M and type A, so that M satisfies the 2 X 2 array sum, alternating sum and the

associated pair sum property (m” + Mpa1—idntl—j = 0) conditions.

Proof. A most-perfect square is of type M, P and S, so combining the block repre-
sentation of Theorems [7.3] and [7.6] we find that

A T
M=x, [ % ) x
607 Z

where a”'1;, bT'1;, (as a’§; and bT'§; has row sum zero) and Z € M?. Using the

type P block structure given in Lemma [7.4] we see that,

"\-B -4)"" 2\A+BJ.+ B+ AJ, JyAJ,— JuB+BJy— A"

Considering the bottom left and top right blocks we obtain the equalities,

Je(JgA+ B+ JpBJy + Ady)Jp = Ay £ JyBJp £ B+ Ji A
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and therefore §,a” = Jy8pa’J, = F§ra’ J, and §,b7 = Jp 50T T, = T80T Jp.
Hence we deduce that a = +Jya and b = FJib. Lastly, considering the bottom
right block we have

1 1
Jp ZJ = §Jk(JkAJk — JxB+ BJy — A)Jy = 5(14 — BJy + JyB — J AJy) = —Z.

Now if a matrix Z = (z;;) € R¥** satisfies JyZJ; + Z = 0Op, then this means that
Zij+ Zn41—i4n+1—j = 0, 4, J € Zy, and it follows that Z € A?L is type A with weight

Z€ero.
Conversely, let

M- Op a8}

gt Z

where a, b, Z have the properties in the statement of the theorem. Then by Theo-
rems [7.3] and [7.6]| M € M, N S,, and expanding this block representation gives

M= 1 a§£<]k + Jk§ka + Jp ZJy, —a§£ + Jk§kaJk — Iz
2\ Jxa§FJp — §bT — 20, —Jra8t — §ebT I+ Z

which by Lemma has the type P (pandiagonal) structure. Therefore we have
that the matrix M is of type M, P and S, so M € MPS,, and M is a most-perfect

square matrix. O

THEOREM 7.8. Let k € N, so that n = 2k is even. Then the square matriz

M = (my ;) € R™™™ is a weightless most-perfect square if and only if

M =88 46,67

where

(i) for even k 72(?), 5:<5~>, 5,6 € RF

(ii) for odd k 72(7), 62(?), 7,6 € {1x}+.

Y

Proof. If M is a most-perfect square then M € M? N P? N S% and by Lemma
LM, € {8,}" (Let us set this as v = 2 M§,).

Let v € {§,}" then by Lemma [7.2]«” (Mv) = 0 for u € {§,}* and Mv € {§,}*+ =
c§, for ¢ € R. Here ¢ € R can be represented by a linear form ¢ = f(v) for
v € {§,}* such that Mv = f(v)§,. Then by the Riesz Representation Theorem
there is a vector § € {§,}* such that f(v) =67 v so that Mv = §,67v.

Hence any z € R” can be written in the form 2 = a§,, +v for « € R and v € {§,}*.

Mz = M(a$§, +v) = aMS$§, + Mv = aM$§, + §,67v = any + §,67v
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= any + 8,070 + 08,07 §, + 780 = (785 + §a8" ) (a8 +v) = (V8 + 8207z,
=0 =0
showing that M has the desired form.

Al

o
) and 0 = ( 1) with 71,72, 01,02 € R¥. Then
72 2

Furthermore, let us write v = (

we have

T T - -
V- (%) ( S ) N ( Sk ) (&) _ (mk + 8601 Em + §kd] >
Y2) \E8k +8 ) \02 Vo8t + 8k07  Ey28f £ §6]
Using the structure of a type P matrix given in Theorem [7.4] we have

(71 £72)8% + §1(61 £ 62)T = Op.

As~y = %M§n € {§,}+ by Lemmathen

T
0=§~= (fg) (1:) = §F (m1 £72)

and it follows that

Ok = §2 (71 £ 72)8k + 8 8(01 = £02) = 0p + k(61 £ J2)

implying that d; F d2. Similarly, applying these calculations to the vector v we
deduce that v1 = Fs.

By Lemmas and we have that §1'1, = 0, and that v,0 € {1,}*, so for
even k the conditions are satisfied. For odd k we require the further condition that
71,01 € {1;}*+ (are orthogonal to 1;). The converse then follows by Lemmas

[7.5l and [7.4] O
THEOREM 7.9. Let k € N, so that n = 2k is even and 5 = (1,72, -, 9k) ",
6= (51, b, ..., Sk)T, be two k-dimensional column vectors. Then the square matriz

M = (m;;) € R™™™ is a (weightless) traditional most-perfect square if and only if

the sets of absolute values of the vectors 7, 6 € R* in the representation
2M = 8% + 50"

y 0
with v = ( 7 ) , 0 = ( 5) (and if k is odd orthogonal to 1) form a sum-and-
:F

Fv
distance system, so that {7/, & } is a sum-and-distance system with

'7/ = {|:Yl|a ’5/2’7 ERE |:Vk”}7 & = {’51‘> |S2’7 R ‘gk‘}
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Proof. We recall that a weightless traditional square has the set if entries
1 2 2 2 2
5{—(71 -1),—(n*=3),...,—1,1,...,n° =3, n“ — 1}.

Considering the structure of a most-perfect square. Then by Theorem [7.8| (for all

n) we can write

T ~ ~ ~
2M_<’y><§k> +(§k><6>_<fv§%§+§kﬂ ’y§k¢§k5T>
F7) \ &8k +6,.) \F0 FAGE £ 8607 —A§T —§0)

For even k, the set of all entries in these quadrants give
{=(n*-1), =-(n*=3)...,-1,1,...,n> =3, n* — 1}

= {(=1/3+(=1)"8, (=1 5i+(=1)"8, (=174 (=1)"8, (1) 7+ (=110 | 4,5 € Zy}
={+(-1)3 £ (-1)0; | 4,j € Zpy={£7 £ | i,j € Ty}

which by definition implies that the sets of absolute values form a sum-and-distance

system.
For odd k we have the representation
(A8 4 8k0T —A8) + §x0T
M= T ST ~eT 5
Y8 — §k0 —¥8% — 8k0
which similarly gives the same set as above and so again the sets of absolute values
form a sum-and-distance system.

Conversely, it can be shown by a simple calculation,
{173+ (=10, (1750 (= 1), (1730 (=1)™10, (1) 5+ (=1)"10 | i, € Zy}
={-(n*—-1), -n*=3),...,-1,1,n* =3, ...,n* — 1}

and therefore the square matrix M is a weightless traditional most-perfect square,

as required. O

It follows from Theorems [4.1] and [7.9] that a sum-and-distance system can be found
from the vectors used in the representations of each type of square. We will now use
this connection to describe a new bijective mapping between the two sets of n x n
traditional most-perfect squares and n x n traditional reversible squares.

THEOREM 7.10. Let k € N, so that n = 2k is even. Then there exists a (new)
one-to-one mapping between the set of all nxn traditional reversible square matrices

and the set of all n x n traditional most-perfect square matrices.

Proof. Let a,b € RF such that the sets of their absolute values form a sum-and-

distance system, and let M; and My be n X n matrices constructed from the two
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vectors a, b, according to Theorems [4.1] and Then M7 and M, are respectively
an n x n (weightless) traditional reversible square matrix and an n x n (weightless)
most-perfect square matrix. Conversely, by Theorems and writing

0 1pa® T T
Ml - Xn A Xna 2M2 =a §n + §nb
b1l 0O

Fa
give a traditional reversible square in its block representation M; will also give a

~ b
where a = ( “ ), b= < b) and a,b € R¥. It follows that any vectors a,b that
:F

most-perfect square when substituted into the representation of Ms. Hence, each
distinct pair of vectors uniquely define both an n X n reversible square matrix and
an n X n most perfect square matrix. Hence there exists a bijection between the

two sets of n X n reversible and most perfect square matrices. O

Remark. Combining our understanding of the construction of sum-and-distance
systems (detailed in Chapter 6) with the legitimate transform vector changes (de-
tailed in Chapter 4) means that we are now able to construct all n x n traditional

most-perfect squares for any given even side length n = 2k.
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8 Algebras of Matrices with Symmetric Properties

In this section we consider our families of n x n matrices, defined by their symmetry
properties, in terms of Zs-graded algebras (also known as superalgebras), which have
a decomposition into an ‘even’ subalgebra and an ‘odd’ complementary part which

is a bimodule over the ‘even’ subalgebra and squares into it.

We use the convention of calling a direct sum 2@ H, where =, H are vector subspaces
of R™™  a Zo-graded algebra if the first direct summand = is the ‘even’ subalgebra

and the second direct summand H is the ‘odd’ complement, i.e. if

[1]

Z2CEg H= C H, =ZH C H, HH C =.
The following statements follow immediately from this definition.
LEMMA 8.1. Let n € N.

(a) If =@ H € R™" is a Zy-graded algebra and T' C R™™™ is a matriz algebra,
then (ENT)@® (HNT) is a Zz-graded algebra.

(b)) f 2o H,Z' @ H C R™™"™ are Zy-graded algebras, then (ENZ)® (HNH') is a
Zo-graded algebra.

So far we have focused on the matrix symmetry type spaces (R, Vj, Vi, My, P,
and S, ), for the matrix symmetry types (R, V, V, M, P and S).

To complement the M,, subspace of R™*" in the following definition we introduce
the matrix symmetry type N, and respective vector space N,, C R"*",
Definition. Let n € N. Then we define a matrix M = (m; ;) € R™*" to be type

N, if it has the consecutive row and column alternating sum property

Y (D (mig +migen) = D (=1 mys +myp) =0 (5 € Zy).
1€Ln, 1€2Ln

We denote by N, the space of all n x n type N matrices, so that
N, = {M € R™" | M has property (N).}

LEMMA 8.2. Letn = 2k be even, then a square matric M € R™" is a type N if
and only if it satisfies,

§ Mu = u? M§, = 0.

Proof. Let the vector v, contain 1 in entries k£ and k + 1 and 0 elsewhere. The
vectors vy for k € {1,2...,n — 1} form a basis for the set of vectors u € {§,}, so

given any u = a1v1 + Qov2 + ... an—1v,—1 and we may write
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0=ul'M§, = (1v1 + vy + ... + an_lvn_l)TM§n
= ozlv{M§n + Oégng§n 4+ ...+ ozn_lvz;_lM§n,

where ay € R for all k£ € {1,2,...n — 1}. Now say that all o = 0 for all but
j€{1,2,...n— 1} we then have

0=ajof M8, = aj Y (=1)""H(myi +mjprs) = > (=1)"(mji + mjp1),
V€L, 1€l

similarly for

0= Oéj§£MUj = Z (_1)i(mi,j + My jy1)-
=/

Conversely, if M is type N then for all of the basis vectors v; we have
vf M, == > (=1)"(mj; +mjq14) = 0.
1€7Ln

Similarly,

§p Muj=— > (mj+mijp1) =0
V€L,

as required.
O]
As one of the central results of this chapter, we shall obtain the following symmetry

superalgebras.
THEOREM 8.3. Let n € N.

(a) The following are Zo-graded algebras,

R™" =8, & V,, ifn is even, then also R™" = N, & M,,.

(b) The space of type R square matrices Ry, is a subalgebra of R™*™ so that
R,R, C R, C R"™",

To help us prove these results we first need to establish some algebraic results.
LEMMA 8.4. The conjugation between matrices and X, is an algebra isomor-

phism and so has the following properties;

1.
Xp(aM + N)X, = aX,MX, + Xo,NX, (a €R, M,N € R"™™"),
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X (MN)X, = X,MX, X,NX, (M,N €R™™),

X (XM X)X = M,

Further, the transpose conjugation of X,, and M is the conjugation of the transpose
of M,
(X, MX,)T = X, MTX,, (meR™™).

Proof. These properties follow directly from the properties of X, such that,

X, X, =1, and X, = X].

LEMMA 8.5. Letn € N and y € R"/{0,}. Then M € R"™*" satisfies
yIMu=u"My=0 (ue{y}t)

(where {y}* is the orthogonal set of vectors to y) if and only if there is some X € R
such that My = MTy = \y.

Proof. Since 0 = u" My for all u € {y}* then My € {y}*+ = Ry. Similarly we
have 0 = y" Mu = (uT MTy)T then MTy € {y}++

So say My = Ay and MTy = Xy for A, \ € R then we have
My =y Oy) =y "My = (y" M)y = (M"y)Ty = (Ny)Ty=XNy"y
and as yy! # 0asy # 0, we have A\ = \. So to conclude we have My = M7y = \y.

The converse falls out directly, as say My = MTy = \y, then
u' My = uTy=0
and
y' Mu = yTu=0
if ue {y}t. O

Definition. A matrix P € R™™ is a projector matrix if and only if it is symmet-
rical and idempotent (P = PPT = P?).

Remark. We use the following square projector matrix P = (y”y) tyy” for some
y € R",

P =y )ty Ty T yy = ) T W ) ey vy = (T y) T wTy) Ty )y = P
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P = (")) =) " y) T =Ty Ty =P

These square matrices can then be generalised by the following two defined sets
which depend on a choice of vector y € R™.

Definition (of W, ;). Let any n € N, y € R"/{0,} and M € R™*". Then we
denote by Wy, the set of all n x n matrices M that satisfy

y'Mu=0 and v!'My=0 (ue{y}?t).

Definition (of X, ,). Let any n € N, y € R"/{0,} and M € R™™". Then we
denote by X ,,, the set of all n X n matrices M that satisfy

y'My=0 and v"Mv=0 (u,v e {y}*).

Example. The set of all type S,, matrices can be defined as W1, ,, similarly the
set of all type V,, matrices is denoted by X1, p.
THEOREM 8.6. Let y € R"/{0,}, then the sets Wy, and X, , span R"*", so
that,

Wyn @ Xy, =RV

Proof. Let M € R™"™. We now show that M can be decomposed into the sum
of two matrices, one from W, ,, and the other from X, ,. Consider the projector

matrix P = (y'y) lyy?, and write
M= (PMP+(I—-P)M(I—P))+(PM(I—-P)+ (I —P)MP),
where we set
My =PMP+ (I —P)M(I—P) and My=PM(I—-P)+ (I —-P)MP.
Now let u € {y}+, so that
u' Myy = w' PM Py +u” (I — PYM(I — P)y

= (Pu)T MPy + (I — P)u)"' M (I — P)y =0,

y' Myu = y" PMPu+y" (I — P)YM(I — P)u

= (Py)"M Pu+((I = P)y)" M(I — P)u=0

S
=0, ot
so My € Wy .
Similarly,
y" May = (Pu)"M (I = P)y+((I - P)y)" MPy,
=0 =07
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ul Myv = (Pu)T M(I — P)v+ (I — P)u)"™™ Pv =0
= =
70T —Un

n

so My € Xy 5. ]

THEOREM 8.7. We have that Wy, © Xy, = R"*", form a superalgebra, with
Xyn the odd part, that squares into W, ,, the even subalgebra, so that

Wy)nWyun - Wy7n7 vaan?n - Wyvn’ Wyaanvn C van’ Wy,anm C van'

Proof. Let P the projector matrix P = (y'y)~tyy?. Then for Wi, W, € W,,,, and
ue {y}t
T T T _
y' WiWou =y* W1 PWou+vy Wl(In — P) Wou = 0,
. Y——
On, On,
wI WiWoy = I Wi P Wyt + Wy (I, — P)Way = 0
=0 0

so that W1Wy € W, ,,. Similarly for X1, Xo € X, and u € {u}*. Hence

y' X1 Xou =yt X1 PXou+y? X1(I, — P) Xou =0,

ul X1 Xoy = ul X1 P Xoy +u” X1 (I, — P)Xoy =0,
o o,

and it follows that X; Xy € W, ,,.

Now let Wy € W, X1 € Xy, and u,v € {y}+ Then

y' Wi Xy =y Wi PX1y +y Wi (I, — P) X1y = 0,
On 0n,
T _ T T _
uw Wi Xjv=u" Wy PXyv+u" Wy (I, — P)X1v=0
0
—Un =0,

and it follows that W71 .X; € X .

Lastly, we take Wy € Wy, ,, X1 € X, and u,v € {y}+,

yI X Wiy = yT X0 P Woy + y* X, (I, — P)Wyy = 0,
N—_—— N—————
On :On
T _..T T _
u XqgWiv =u" X1 PWiv+u Xl(In—P)Wl'U—O
0
n On

so that X1W; € X, . Therefore, W,,, ® X, = R"*", form a superalgebra, with
Xy.n the odd part, and W, ,, the even subalgebra as required. O
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8.1 The Superlagebras S, ®V,, and N, & M,

THEOREM 8.8. The two sets of all nxn type S and type V' matrices, respectively

Sn and V,, form a superalgebra such that
Sn ¥ Vn - Wln,n & Xln,n - Rnxnj
with
so that V,, is the odd part, which squares into Sy, the even subalgebra.
Proof. By Lemmas [3.11] and [7.5] the set of type S and type V matrices can respec-
tively be written in the form W, and X, ,, with y = 1,,. By Theorem [8.7]it then

follows that S, ® V,, = Wy, », ® X1,,n = R™*", form a superalgebra, with V;, the
odd part, and S,, the even subalgebra, as required. O

THEOREM 8.9. Let k € N, so that n = 2k is even. Then the two sets of all
n X n type N and type M matrices, respectively Ny, and M, form a superalgebra
such that

Np & My, =Wy, n ® X5, n = R™",

with
N,N, ¢ N,, M,M, cN,, M,N, C M,, N,M,cC M,,

so that M, is the odd part, which squares into N, the even subalgebra.

Proof. By Lemmas and the set of type N and type M matrices can respec-
tively be written in the form W, ,, and X, ,, with y = §,,. By Theorem @ it then
follows that N,, @ M,, = Ws, , ® Xg, n = R"*", form a superalgebra, with M, the
odd part, and N,, the even subalgebra, as required. O

8.2 The Type R Matrix Algebra R,

THEOREM 8.10. The set of all n x n type R matrices R, is a subalgebra of the
matriz algebra R™*™, so that for n € N, we have R, C R"*", and R,R, C R,.

Proof. Let My, M> € R, be two type R n x n matrices. Then
M1M2 = XanXanN2Xn = XanNQXn7

so we need only show that N;N» has the same block representation found in The-

orem B.101

For even n = 2k let v1,7v2 € R, 21,29, 21, 20 € R and Z1,729 € Rk’Xk, so that
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E, 1,27 E, 1,2
MM, = X, Ba! ; k<1 72; LX) X,

_x N Ey2 By 4 L2l ooll  yiEplyed + 1,21 Zo x
" xllz’ygEk + le‘glg xllgzg + 2175 "

_x (kvive + 2{ w2) B (k23 + 21 Zs) X
" (k?"ygl’l + le'g)l% k:xlzg + 2175 "

Similarly, for odd n = 2k 4 1, we have

VenE, mlp V212! V279E, yely V212d
X, " 1{ % 2F 'yglg % 23 X,
\/51'1 1% X1 Zl \/51'2 1% T2 ZQ

(n1y2 +2:{ 22) B (nyaye +2:{22)  Le(nmied +v2212)

=X, %(nfyl% + 22{9}2)15 %(nylyg + 228 x9) ny12d 4+ /22125 X,
(nyex1 + ﬁzlxg)lf %(n'yle +V2z129) nx1z4 + 2175

From the block representations of the space R,, it then follows that R, is a subal-

gebra of the matrix algebra R™*™, as required. O

130



9 Quadratic Forms from Type A Matrices

In this chapter we consider matrices with the type A symmetry property, deduc-
ing their block representation, eigenvalue characteristics and the construction of a
two-sided eigenvector matrix, from which we establish a connection to quadratic

forms.

9.1 The Type A Block Representation

We begin by restating the type A condition.
Definition. A matrix M = (m; ;) € R™*" is said to be associated, or type A, if

satisfied the associated symmetry condition
my ; + m(n+1_i)7(n+1_]’) =2w Vie an, and VJ € Zn27

so that by the definition of matrix weight (stated in Chapter 3), M has weight w.

By Lemma it follows that if n; = ny = n say, so that M is a type A square
matrix, then M — wkE, is a type A matrix with weight zero.

Definition (of weightless type A squares A%). Let n € N. We define A? to be the
set of all weightless n x n type A square matrices, so that for any M = (m; ;) € A2,
we have that M has weight w = 0 and

Mij + Mpt1-i),(nr1—5) = 0, 1,] € L.

LEMMA 9.1. Let n € N, and let M be an n x n weightless type A matrix
M € R™", Then M has the block representation

M- R S
—JpSJT  —JpRJy

when n = 2k is even, and

S s R
—TJk 0 T
—JyRJ, —Jis —JipSJi

M

when n = 2k + 1 is odd, where S, R € RF*F and s, € RF.

Proof. 1t follows from the type A property that any associated pair of cells must
sum to 0, so that m;; + myy1-int1—; = 0 for any ¢,j € Zj,, so we can write

M j = —Mnpt1—int+1—; and hence M has the block structure stated. ]

Remark. It follows that if M € A% then J,MJ, = —M.
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THEOREM 9.2 (Weightless type A block representation). A matriz M € R"*"

is an element of AY if an only if

0 D
M =X, A Xna

where C, D € RF*¥ and both the top left and bottom right 0 = Oy, when n = 2k is
even, and where C' € R+ 4nd the top left 0 has the same size, D € R+ 3k
when n = 2k + 1 s odd.

Proof. Let M € A%. Then by Lemma we can write

M- R S
—JSJTy  —JpRJy

for some S, R € RF** Multiplying the left and right hand side by X,, and expanding
the block representation then yields

X, MX, =X, R S Xn
—Jp ST, —J.RJ;

_ 1 I,  Ji R S I Ji
2\J, —I —Jp. ST, —J,RJ Jp —1Ii

_1 R—5SJ; S — RJ; I, Ji

2 \J+ R+ ST, JpS+ JuRJe) \J. —I,

1 Ok 2RJ, — 25\ 0 RJ,— S
- 2 \2JtR+ JpSJy Ok C\R+ ST, 0 )

and setting D = RJ, — S, C = J R + JpSJ, we then have the desired block

representation.

Conversely, let us take the block structure and expand

XOkDXillk Je\ (Ox D\ (In Jk
"\c 0,)" " 2\u. -n.)\c 0.)\u -I
1 (ch D > (Ik Jk> 1 ( J,C + DJ, JkCJkD>
_ - = ‘

2\ -C JiD A -C+ J.DJ, -CJ,— JiD

Then we have
J,C+ DJ, = —Jk(—CJk - Jk-DJk)Jk

JiCJ, — D = —Jk(—C’+ JkDJk)Jk

and by Lemma the structure of this square is that of a weightless type A.
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When n = 2k + 1 is odd, we begin with

A v B
—wT Jy, 0 wT
—Jp.BJ, —Jww —JLAJL

with A, B € R¥**¥ and w,v € R*. Then multiplying the left and right hand side by
X, and expanding the block representation we have

A v B
X MX, =X, | —wlJ, 0 wT X,

—JyBJ, —Jgv —JAJg

N A v B I, 0 Ji
=3 of v2 of —wlJ, 0 w? of v2 of
Je Op —Ix) \—JxBJy —Jyvo —JgAJy) \Jp Op —I

A— BJ, O B—AJ, I, 0p Ji

=| —V2wJ 0 V2wt of v2 of

JyA+ . BJ, 2Jyv Jip B+ JLAJg Jr 0 —1I

A— BJ, O AJ,— B
\/§wTJk 0 V2w?
JA+ JpyBJ, Jywv JAJL + JpB

where

A—BJ, = Jk(JkAJk + JkB)Jk,
AJ, — B = Jk(JkA + JkBJk)Jk,
which is of the desired form.

The converse follows similarly as in the even-dimensional case.

9.2 Eigenvalues of the square of a type AN S Square

THEOREM 9.3. Let n =2k, V,W € RF*F and

0, VT
Mo=X,| " " |x,
w0

be a weightless associated magic square (i.e, type A and S) and for w € R\{0},
let My, = My + wE,. Then M2 has the same non-zero eigenvalues (including

multiplicities) as MOQ, with w—independent eigenvectors, and additional eigenvalue
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n?w?. Moreover,
rkM2 = rkMg + I,.

Proof. As My is weightless and semimagic we have MyE,, = E,,My = 0,,, then

M2 = (My +wE,)? = M2 + w(MyE, + E,Mp) + w’E?
= M§ + nw’E,.

Let us assume that we have a non-zero eigenvalue A # 0 of the block repre-
sentation of Mg = (X,NoX,)?, (which as X, is has the same eigenvalues as
(Xn(XnMoX,)X,)? = MZ), so there is a vector

v = (“1) € C™\{0,},

V2

VIw 0O vy (»
Ok WVT V2 B () .

Then VIWwv; = vy so v1 € range(VT) and so we can write 17v; = 0 (i.e. we

such that

can say that v; is some linear combination of the columns of V7). Following this,

Ejyv1 = O, and considering the block representation of M2 we have

VTW+4kw2Ek Ok vy Avr + O 1\ (]
Ok WVT (%] )\Ug V2 ’

which shows that ) is also an eigenvalue of M?2. Moreover, using the fact that

W1 = 0 we can see that

VIW + 4kw?E, O 1% VIW1 + 4k*w? By 1y, A2 Ly
N = = w ’
0y wvT) \o, O 0

so we have that 4k?w? is an additional eigenvalue of M2.

Conversely, if A is an eigenvalue of M2, so we have

VIW +4kw?E, - O\ (v1) NE
Ok WVT V2 B V2 ‘
Hence we can write v; = aly, + z where z € RF and 271, =0 (i.e. the entries sum

to 0) and expanding and simplifying gives

(VIW + 4kw?Ep) (ol + 2) = a VIW 1, +VIW 2 + dkw?a Ej 1y, + 4kw? Eyz
0 0
k k

= VIW2 + 4k2w?aly, = Malg + 2).
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Now VTW z is orthogonal to 1; as 271, = 0 and we have

VIWz =Xz, la=4k*w’a.

Concluding it follows that A\ = 4k?w? unless @ = 0 and A is an eigenvalue of Mg

unless z = wy = 1. ]

Definition (of a parasymmetric matrix). We call an associated magic square (type
S and A) matrix M parasymmetric if its square M? is symmetric. In terms of the
block representation, parasymmetry can be characterised by the two blocks of M
both having rank 1.

LEMMA 9.4. Let V,W € R*¥** be rank 1 matrices with row sum 0, and let M
have the usual type A and S block representation so that

A T
M =X, Or V X,
W 0

If M? # 02, then M is parasymmetric if and only if W is a multiple of V.

Proof. We can write V = uv?, W = xy” with non-null vectors u,v,z,y € R” {0z}
so that VT = vu” and W7 = yaT. Now if VI W is symmetric then

(wlz)oyt = VIW = WwTv = 2Tu)yoT,

so we either have u’z = 0 or vy” = yv!. Now by taking the latter case and

multiplying by y on the right we obtain
(vy")y = (yo')y

o(yy") = y('y)

and setting yy? = A\ and vTy = Ay with A;, A2 € R we see that v and y are linearly
dependent. Similarly if WV7T is symmetric, the either vy = 0 or v and v are

linearly dependent.

Now if uz” = 0 the we also have yvT = 0 as if not then u and x would be linearly
dependent which they cannot be simultaneously as orthogonal ( u’'z = 0) and both

u, v are non-zero vectors. Hence we obtain

viw 0 T )oy” 0
M2 =X, (" . F ) x, = x, (O ) X
0, wvT T
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So we can conclude that if w and x, and v and y are linearly dependent then
T = \u, Y = Aov

for A1Aa € R. So we have V = vu? and W = yz? = Xv(Au)T = Mdvu! = AV,

as required.

The converse can be found to be true trivially by substitution,
AVITV 0y,
MHT =X R X
(M) ( ”( 0 )\VVT> ”)

T T A T 0
_x (AT O Yy _x (VTVO0 o e,
0 AVVTT 0  avvT

T

O

THEOREM 9.5. Let M € R™™ be a weightless associated magic square (type S

and A). Then when n = 2k is even we have

6 T
M—Xn< o vf”‘)Xn
Ty Ok

with rank 1 block components V. = wvl, W = zy”, and M? has eigenvalues 0
and (uT'z)(yTv) = Tr(VIW). We note that if V,W have integer entries, then the

eigenvalues of M? are integers.

Proof. For N € R"*™ and as X, is unitary the eigenvalues of M = X,,NX,, and N

are always identical. Now consider the block representation of Mg such that

vIw 0 ) B <(uTa:)vyT i )
= P

N=X,M?X, = | .
e (ok wvT

Ok (y"v)zu
By the laws of determinants of block representation we have (see [6])

VIW — M\, O ))

0 = det(N — AI,,) = det .
O WVT -\

= det(VIW — \},) det(WVT — \I}).

Hence the eigenvalues of N (and so M¢) are the eigenvalues of both VW and
wvT,

Now when v’z = yTv = 0 then VIW = WVT = 0, so the matrix only has the

zero eigenvalue.
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For vT = 0 and y"v # 0 we have the k multiplicities of the eigenvalue 0 from
VIW = (ulz)vy” = 0y,

and as WV7T is non-zero and rank 1 it has at least k — 1 multiplicities of the
0 eigenvalues. Now the potential non-zero eigenvalue of WV7 can be found by

considering the product
WvTlzy = (yTv)zuz = (yTv)(u’z)z.

Therefore (y”v)(u”x) is an eigenvalue with z its corresponding eigenvector. Simi-

Tg) and

larly for u”z # 0 and y7v = 0 then the only non-zero eigenvalue is (y”v)(u
has n — 1 zero eigenvalues. Finally for u”z # 0 and y”v # 0 we have two potential

non-zero eigenvalues and n — 2 multiplicities of the zero eigenvalue. O

9.3 Eigenvector Matrices of the Square of a Type ANS Square

If (u”z)(y"v) # 0 then it can be shown simply that the linear independent (right)

eigenvectors of M? are

(- (2) e 8)-(2)
Ok Jrv T x

so that if x, v have integer entries then so do these eigenvectors. Note also that the

left eigenvectors (i.e. eigenvectors for (M?)T) for M? are given by

where the right and left eigenvectors are orthogonal.
Remark. In the parasymmetric case y = v and = au for u,v € R¥ and a € R,

the matrix M? always has a non-zero eigenvalue a(u?u)(v?v).

In the following subsection we will show a construction method that yields a two-
sided eigenvector matrix for M? where M is the rank 1+ 1 associated magic square
defined above. A two-sided eigenvector matrix is one in which the columns are
the right eigenvectors of M? and the rows are the left eigenvectors of M? . To
begin let us consider two right eigenvectors of M? which correspond to the non-
zero eigenvalue A = (u”z)(y"v). Placing vectors side by side to form a 2k x 2

matrix we have
By

—J
Pl = Al = <JU’U xkx> ’
k

Cr
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where

U1 —T Vg—1 —T1
Vp —I1 V2 —Tk—1 V-2 —X2
Al = 5 Bl = . . ) and Cl = . . 5
Vk X1 . : : .
Vk—1 —T2 U1 Tk

1 0
with 4; € R?*2 and By, C; € RF"1%2. Now defining o = (0 1) we obtain the

identity C'y = Jy_1Bj0, and with the assumption that v, x1 # 0 we have that the
matrix A; is non-singular. We note that the construction can be generalised to
any non-singular A; composed from two rows of P; (as one can always find two
linearly independent rows within P; due to the columns being linearly independent).

However, for simplicity we will base our construction method on the two central

rows.
Let
—BiAT!
P =-PA'=| -L |,
—C1 AT
and similarly starting from the matrix of left eigenvectors from above, we de-
fine
By
Po=|4,| = <Jy _J’““> :
C e

Yk —u1

With the assumption that yi, w1 # 0 so that Ay = (
Jeye  w

) is non-singular ,

enables us to define

Py=-—PA; = —I
—CQAQ_I

From our construction it is clear that the columns of P; and P, will also be linearly
independent eigenvectors for eigenvalue A and matrices M? and (M?)7 respectively.

For matrices A; and As we obtain the symmetries,
JoAjo = Aj and cA;'Jy = A7' for j e {1,2}.

Hence it follows that

—Jp1C AT —BjoA; ',
Jor PjJo = —J2 Jo = I =P (je€{1,2}),
—Jk,lBjAj_l —CjUAj_IJQ

and we deduce that swapping the columns of ]5] equates to reversing the order of
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the column elements.
Definition. Let A, Ag, ..., A, be n X a; matrices for a;,n € N, i € {1,2,...,m}
and a1 +az + ...+ a,;, =n. Then we say that

(A1|A2| ... |Am])

is an n X n matrix constructed from the sub-matrices A1, As, ..., An,.
LEMMA 9.6. The matrices P, and P satisfy the identities

Ok o1 | Py |Oop —1)M = —M,
(O p—1 [Po [Oop 1) MT = —MT,
where M € R™" 4s of type AN S and n = 2k is a positive integer.

Proof. We have

A ~ A A 1A Ok UUT
(Ogk k-1 |P1 |00k k—1)M = =P (0251 |AT" |09 -1) X0 ( )Xn

xyT Ok
1 N _ A Ok vul I Jg
= ——Pi(00-1 | A7 X509 4
5 1(02,5—1 | A7 X2|02 1)<xyT . ) (Jk I

_ _}PI (Al_l ( Ml ) yT ’ A1—1 (W) uT
2 —I Uk

_ 1 I, J v O 0{ W\ (I, T

B 2 Jk —Ik Ok —X —yT 0% Jk —Ik

as required. The identity ((A)gk,k,l | P ](A)%,k,l)MT = —M7 can be similarly ob-
tained. O

The following theorem gives a two-sided eigenvector matrix construction for M?2.
THEOREM 9.7. Given the vectors u, v, z,y € R¥ such that we have A = (uTx)(yTv) #
0 and uy, vk, x1,yx # 0. Let M be an 2k x 2k associated magic square, and let P
and Py be as defined above. Then the two-sided eigenvector matriz for M? is given
by
Okflzk
P = Lo+ (Oop 1 | P |Oopp1) + Py ;

Or—12k

so that P satisfies the relations
M?P = Pdiag(0x_1, Ma, 04_1) and PM? = diag(Og_1, A2, 0p_1)P.
Furthermore, the inverse matriz of P exists and is given by
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— . M2
Pl = diag(ly—1,02,15_1) — N\

Proof. As the columns of P; are eigenvectors of M? and by Lemma 10.6, we can

write A
Ok—1,2k
M?*P = M? | Inj. + (0o p—1 | Pr [Oop 1) + | Py

Ok—1,2k
Ok—1,2k
= M?* 4+ M*(0p -1 | Pr Ok 1)+ M| M| PT

Ok—1,2k

=M

= M? + XOopp—1 | Pr |02k 1) + M(—M) = MNOog—1 | P1 |02k k1),

and as (02k7k_1 | P, ‘62k7k_1) are right eigenvectors for M?, similarly for PM? =

Ok—1,2k
Pl | M2

Ok—1,2k

On the other hand, the centre 2 x 2 matrix is the negative identity matrix —Is, so

we have
Ok—1,2k
P diag(0g—1,2,041) = diag(0k_1, A12,05—1) | Tor + (O2p 1 | P [O2p—1) + | P
Ok—1,2k
Ok—1,2k
= diag(0r—1715,0,_,) + O2k,k—1 | P |02k p—1) + | PF | diag(Op—1,Al2,05—_1)
Ok—1,2k

diag(0g—1, A2, 05—1) + A(O2k -1 | Pr |Ogk k1) — diag(O_1, A\2,05_1)
= MO2kx—1 | Pr |02k p—1)-

Again the calculations are the same for PM?, where diag(Oy_1|\12|0;_1)P =
Ok—1,26

Ao PT
Ok—1,26

Lastly, consider the inverse expression,

. M2
Pt =diag(1p_1,09,13_1) — DY
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By multiplying the right hand side of this expression by P we obtain
. M? . M?
(diag(1p-1,02, 1k-1) = —=)P = diag(lp-1,02,1p-1)P — —=P

= diag(1y—1,02, 1x—1) P — Pdiag(0f—1, 12, 0x-1)

Ok—1,26
= diag(13_1,09, ;1) | Tox + (O2k k-1 | Pr [0k p—1) + | PF
Ok—1,26
Ok—1,26
— | Lo+ (O g1 | P |Oopp1) + | BT diag(0k—1,12,0,_1)
Ok—1,26

= diag(1x_1,09, 15_1) + diag(15—1,02, 15—1) (02 k-1 | Pr |02k k1)

Ok—1,2k
+diag(1x—1,02,15-1) | PI | — diag(0x_1,12,05_1)
Ok—1,2k
O—1,2%
~(Ogg k-1 | Pr [O2g5—1)diag(Op—1,12,060—1) — | PT | diag(Or_1,12,05_1)
O—1,2%

= diag(1y_1,09,1j_1) + diag(1x_1,02, 1x_1)(Oox x—1 | P1 [Oopr_1)

+diag(1x_1,02, 15_1)—diag(1x_1,02, 15_1)—(02x k1 | P1 |02k x—1)diag(1x_1,02, 1x_1)

= diag(1},_1,00, 13_1) + ((O2kx—1 | Pr |Oog 1) + diag(0x_1, 12,05_1))
~diag(Og—1,12,04—1) — (O2k k-1 | Pr |02k k—1) + diag(Ox_1,12,051)
= diag(lax) = Iop.
The opposite product follows similarly. ]

Remark. Considering the parasymmetric case where y = v and « = au for a € R,

then the above construction yields
—J 1 0
—Jny au 0 «

—Jrau

—J
Here ( ku) will be an eigenvector of M? as well as (
U au

>, so we take P, = P,
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which ensures that
P = Lo+ (01| Pr |04—1) 4+ (Op—1 | P2 | 0p—1)"

is a symmetric matrix.

9.4 Quadratic Forms Constructed from the Square of a Type ANS
Matrix

We now show that there is a connection between the block representation vectors
and certain types of quadratic forms. We start by observing the block representation

of a type S and A (associated) square,

QwE, VT
M=x, [ ) x,
w0

which can be decomposed into 3 parts such that

2wE T E. 0 0 T 0
w0 0 O 0r O W

o> O
Eol ol
N———

= 2we +a + b,
E, 0 0p VT 0r 0
with e = | . F Ak ,a = Ak R and b= | " Ak . These individual blocks
Ok Ok Ok Ok w Ok

have the properties,

T R . R
a? =0 =eb=ea=be=0,, ac = ne, ab= VAW E)k and ba = E)k O ,
0 O 0 WvT

which can be deduced from the rows of the block matrices V and W summing to
0.

This decomposition corresponds to the splitting of the square such that

Xn(2we +a+b)X,, = ewX,eX, + X,aX, + X,bX,

(vt =Vt 1 [(JW  JW.JI,
= wko + = T T -
2\LWV T =TV 2\ —-w W,
=wEy, + A+ B,
vty — =vT TW T WJ
VT —J VT W W,

Now consider the square of M which gives the type B square,

QwE, VT QwE, VT
M2=x, (7 Y ) xox, (CUR T ) x,
w 0% w Ok

142



2wE T\ (owE T 4kw?E T 0
o (P VIY (BB VY g (B VI O
w0 w0 O wvT

For &, 1 € R* we can associate with

&\’ &\ [\ [4kwlE, +VIW 0 \ (¢
(o) 2 ()= ) (75 ) ()
n n n O wvT) \n
= 4kw? T Ee + EVITwe +ntwvTy

For a given 7, & € RF the weight term is independent of u and v.

Considering the weightless parasymmetric case, such that w =0, y = v, x = au we
find that

) (57 ) ()= ) (3 ) )
n 0, wWvT) \n n i a(vTv)uu® ) \n

= a(u’u)(v"€)* + a(vv)(u'n)?,

Y: + J Y-
n V2 \ WY1 - Y

) € R% we obtain the quadratic form

and setting

) Yy
with ¥ =

Ys

T
(‘5> XopM? X, <§> = YT Xop Xop M? X1 Xop, = YT M?Y
n

Introducing the variables
g J]
Jrv —u
then yields the reduced quadratic form
T,\.2

a(2,2) = 5 (W02 + (0T0)).

For any two vectors that make up the rank 1 4 1 block or type S and S (i.e. not
necessarily parasymmetric ) we can similarly obtain corresponding quadratic form

from the decomposition of M?, which we now describe.
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To begin with we consider any (right) eigenvector matrix P € R?*2¥ which contains
the two non-zero eigenvector columns of M? corresponding to the eigenvalue A, with
the other columns b3, ..., bor being the eigenvectors with eigenvalue 0.
In the consideration of the transpose,
2k
Y =Py=>) vb

Jj=1

(with ~; is the jth entry of the vector v € R?¥ ) we then obtain the quadratic

form

2k
q('y) =YTM2y = /\(’ylbl + ’)/zbz) (’Ylbl + y2bo + Zijf)
Jj=3

2%
Y (br{byyf + 207 bryiye + b3 bovs + ) (bjrbyyﬂl + b?bQ”)/j’)/Q)) .
=3

For the parasymmetric case where M? is symmetric the quadratic form simplifies

to the binary form
g2(71,72) = YT MPY = Ab{bi? + 201 bayi 72 + 03 b273)

as bs, ..., by are orthogonal to by, bs.

Also, if by, by are mutually orthogonal (i.e. not transformed eigenvectors from the

constructed matrix P from above) then we have the simplified form
63(71,72) = YT M?Y = A(b{ binf + b3 0213).

Examples of these quadratic form constructions are given in the Appendices.
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10 Further Work

Having now completed the present work, it is apparent that the subject of sum sys-
tems and sum-and-distance systems has many possible extensions such as consid-
ering mj + ...+ mg sum-and-distance systems for a given integer n. Accompanying
questions include whether there exist similar enumeration arguments and construc-
tions for such larger systems. However at this present juncture we will reflect on

the progress made in this thesis and leave these musings for another day.

Appendix 1: Examples

Example. of representation Lemma

2 13 8 -1
-3 10 3 -2
Let v = and a type R square matriv M = then it
-1 0 5 -1
2 -3 0 0 3
holds that
13 8 -1 -1 8 13 2
10 3 5 =2 -2 5 3 10 -3
(M + JuM)u = +
0 5 -1 4 ~1 5 0 ~1
-3 0 0 3 0 0 -3 2
12 12 12 12 2 0
| 8 8 8 8 =31 10
4 o4 4 4 |1 o
0 0 0 O 2 0
and
13 10 0 -3 -3 0 10 13
8 3 5 0 0o 5 3 8
(MT + gy M7y = + u
4 5 -1 0 0 -1 5 4
-1 -2 4 3 3 4 -2 -1
10 10 10 10 2 0
| 8 8 8 8 =31 10
4 4 4 o4 |1 o
2 2 2 2 2 0

Example. of block representation Lemma [3.10
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1 1 1 3 7
Let y = , T = , 1o = Z = and w = 3 then
2 3 1 1 2

33 1 2 13 8 -1
wEy yl1¥ 33 1 2 1] 10 3 5 =2
"<1kxTZ””11—24 "2l 0 5 -1
33 1 5 -3 0 0 3
is a type R square matriz.
Example. of representation Lemma
2 4 7 6
— — 6 5 3 0
Let u = , V= and a type V' square matric M =
-1 -2 4 3 -2
2 -1 3 2 0 -3
then
T
2 6 2 0 0 4
-3 5 1 -1 -1 -1 _0
~1 3 -1 -3 =3 |[-2|
2 2 -2 -4 -4 -1
and
T
1 6 2 0 O 1
1 5 -1 -1 1
=0.
1 3 -1 -3 -3 1
1 2 -2 —4 —4 1
Example. of block representation Lemma,
1 1 . 2 3
Let a = , b= and type V. matric Y = then
3 2 2 3
2 31 3 7 6 4
Y  lsa® 2 31 3 11653 0
X, 20 X, = X, X, ==
b1 0y 1100 214 31 =2
2 2 00 3 2 0 -3
is a type V' matriz.
Example. of representation Lemma|3.11
2 4 6 2 0 O
-3 -1 N 5 1 -1 -1
Letu = , U= and a type V' square matrix M =
-1 -2 3 -1 -3 -3
2 -1 2 -2 -4 -4
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then

T
2 7 6
-3 6 5
-1 4 3
2 3 2
and
T
1 7 6
1 6 5
1 4 3
1 3 2

Example. of block representation

—_ = =

1 1 N 1
Let a = , b= and type V matriz Y =
3 2 1

X Y 12aTX_X
"\b1T 0, e

N = = =

2 -1 -1
1 0 1
Let u = , V= =
3 T
4 -2 1
T
2 -1 -1
1 5 =3
3 1 -3
4 5 =3
and
-1 -1 -1
1 5 -3
-1 1 -3
1 5 -3

1 3
1 3
00
00
and M =
5 -1
-1 -3
7 -3
-1 -3
5 -1
-1 -3
7 -3
-1 -3

Example. of block representation Lemma
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2 -1 N 2 1
Let a = (3), b= ( 5 > and weightless type M matric Z = ( 2) then

0o 0 -2 2 -1 -1 5 -1
0 T 0 0 -3 3 5 -3 -1 -3

Xn F a§2 Xn =X, Xp =
6, b1 Z 1 -2 2 1 1 -3 7 =3
-1 2 -1 -2 5 -3 -1 -3

-2 -1 1 6 2 0 -8
—1 4 1 -1 3 =3
Let u = , V= , 1y = and M =
-3 1 -7 3 3
0 1 2 -8 2 4
then
T
-2 6 2 0 -8 1
-1 -1 3 -3 1 1,
-7 3 1 3 1|
2 -8 2 4 1
and
T
1 6 2 0 -8 -1
1 -1 3 -3 1 4,
1 -7 3 1 3 -3
1 2 -8 2 4 0

Example. of block representation Lemma

1 -1 -2 2 1 -1 1 2
LetY = , V= , W= and Z = then
-1 1 3 -3 -2 2 3 4

1 -1 -2 3 6 2 0 -8
y vT -1 1 2 =3 -1 3 -3
X, X, =X, X, =
W Z 1 -1 1 2 -7 3 1 3
-2 2 3 4 2 -8 2 4

Example. Quadratic Forms

Here we take the fundamental parasymmetric 242 sum-and-distance system {u,4u},
so that
u={-1, 3}, z=4u={-4,12} and v=y={-1,1},
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then

15
0 T 1| -7
M=x,( 2 " )x,==
zyl 0y 211
-9
and

10 —10

-10 10

XyM?*X, =4
0 0
0 0

—13 —-11 9
5 3 -1

-1 -5 7|’
11 13 —15

0

0

2 —6

—6 18

We deduce that the reduced quadratic form is given by

T

’LLU2

((WTu)2d +

qi(z1,22) =

T

u- u T

)z%+(v v

4
=3 ((
= 4(52% + 22).

(

vv

T 2

)%

)

)55) = 2((1+9)22 + (14 1)23)

Example. Here we take the fundamental 4 + 4 parasymmetric sum-and-distance

system {u,8u}, so that
w=1{-1,3,5 -7}, z=8u={—8, 24,40, 56}

Then we have

63 —61 —59
—47 45 43
-31 29 27
0 T 1 15 —-13 -—11
M=Xg| * ") xg==
zyl 04 2 —1 3 )
17 —19 —21
33 —35 —-37
—49 51 53
and
84 —84 -84 84 0
—84 84 8 -84 0
—84 84 8 -84 0
4 -84 —84 84
XM Xy = 8 8 84 8 0
0 0 0 0 4
0 0 0 0 —12
0 0 0 0 —20
0 0 0 0 28
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and v=y={-1,1,1,—1}.
Y 55 —53 —51 49
—-41 -39 37 35 —33
—-25 =23 21 19 17
9 7 -5 =3 1
-7 -9 11 13 -15 |’
23 25 =27 —-29 31
39 41 —43 —45 47
—55 —bH7 59 61 —63
0 0 0

0 0 0

0 0 0

0 0 0

—12 =20 28

36 60 —84

60 100 —140

—84 —140 196



In this instance we deduce that the reduced quadratic form is given by

q1(z1,22) = % ((uTu)zf + (UTU)ZS)

= 4((1+ 9+ 25 +49)27 +423) = 4(8427 4 423) = 16(2127 + 23).

Example. Here we take the 4+4 parasymmetric sum-and-distance systems {u,2u}
with

w={11,-13,-19,21}, z =2u = {22,-26,-38,42} and v=y={-1,1,1,—1}

and

-63 61 55 —-53 =31 29 23 21
59 =57 =51 49 27 =25 -—-19 17
47 —-45 -39 3 15 13 -7 5
1 (-43 41 3 -33 -11 9 3 -1
2( 1 -3 -9 11 33 -35 —41 43
-5 7 13 —-15 =37 39 45 47
=17 19 25 27 —-49 51 57 59
21 -23 -29 31 53 =55 —61 63

Then M? has the block representation

273 =273 —-27Y3 273 0 0 0 0
=273 273 273 =273 0 0 0 0
=273 273 273 =273 0 0 0 0

273 =273 =273 273 0 0 0 0

M? = 8Xy Xs.

0 0 0 0 121 —143 —-209 231
0 0 0 0 —-143 169 247 =273
0 0 0 0 —-209 247 361 —399
0 0 0 0 231 =273 =399 411

In this instance the formula given by q1, gives the reduced quadratic form
q(21,22) = 1092,2% + 423.

The matriz M? has the two eigenvectors

—J
Jrv U

(as we divided by by o) for eigenvalue A = a(u’u)(vTv) = 8736, so bfby = 2ulu =
2184, and these vectors are orthogonal. We can then write the quadratic form such
that

43(71,72) = 8736(8~3 + 2184~3) = 17472(4~3 + 109273).
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Applying our two-sided eigenvector matriz construction from theorem[9.7, we obtain

the rational symmetric (left and right) eigenvector matriz

11 0 -16 5 0 0 0
0o 1 0o 1 -4 0 0 0
0 o 1 12 -1 0 O 0
p_1 -16 15 12 -11 O -1 —4 5
11 5 —4 -1 0 -—-11 12 15 -16
0 o o0 -1 12 11 O 0
0 o 0 -4 15 0 11 0
0 0 O 5 —-16 0 0 11

Taking the middle columns of this matrix for the (non-orthogonal) eigenvectors

b1, by = Jgb1, we now have b{bl = bgbg = %, blTbg = —% and the above formula
gives
788 608 788 34944
= 8736 ( —n2 — — — 2) = 1972 — 152 1973,
a2(71,72) (12171 o1 2t o2 535 (197 Y172) + 19773

The inverse for the eigenvector matriz can similarly be obtained from the formula

735 336 273 —252 —21 0  —63
336 775 —260 241 32 —13 44

273 —260 871 208 65 —52 —13

. M 8 |-252 241 208 —197 -76 65 32

P = diag(ls,00,1s) =" = 1| ) 32 65 —76 —179 208 241
0 -13 -52 65 208 871 —260

63 44 —13 32 241 —260 775

8 —63 0 —21 252 273 336

so that P~*M?P = PM?P~! = diag(03, \, \, 03).

Although the three quadratic forms q1,qo and q3 are different they are in fact equiv-
alent to each other as a transformation matriz exists with determinant 1 for the

co-ordinate transformation.

Example. For our last example, we consider {u,x} non-parasymmetric sum-and-

distance system given by,

w={10,-14,-18,22}, =z ={23,-25,-39,41} and v=y={-1,1,1,—1},
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so that

Then M? has the non-symmetric block representation

273
—273
—273

273
M? = 8Xy

o O O O

Here the non-zero eigenvalue is given by A = (u’z)(y"v) = 8736, and the (right

—273
273
273

—273

0

0
0
0

-63 59 55 51 31
61 =57 =53 49 29
47 —-43 -39 35 15
—45 41 37 =33 -13
1 -5 9 13 33
-3 7 11 -15 =35
—-17 21 25 —29 —49
19 -23 -27 31 51

—273 273 0 0
273 =273 0 0
2713 =273 0 0

—-273 273 0 0

0 0 115 —161
0 0 —-125 175
0 0 —195 273
0 0 205 287

and left) eigenvector matriz P has the form

15 0
0 115
0 0
1 | -184 161
15| 69 —46
0 0
0
0

Now ordering the columns of P as P = (b3, by, bs, b1, b2, bs,b7,bg) to define eigen-
., bg, we see that by = Jgbi and bjys = Jsb; (j € {3,5,6}), and

vectors by, ba, . .

calculate further bl by = bl by

2760

T —
b6 b2 — 11527
_ 2070

T —

system is given by

0—160
0
115
138
—23
0
0
0

80900
1152 7

5

45
155
120

—115
0

-5
—40
45

28000
1152

bTby = bTby = —bTby = bTby =

0
—40
-5
0
—115
120
155
160

as well as b3Tb1 = *bgbg = —bGTbl —

Hence the quadratic form associated with this sum-and-distance

690
1152

0
0
0
—23
138
115
0
0

27
—25
—11

—-37
39
53

—55

o O O

0
—207
225
351
—369

0
—46
161

0
115

0

23
—21
—7

—41
43
o7

—59

o O O O

253
—275
—429

451

0
0
69
—184
0
0
115

-19

17

-1
45

—47
—61

63

D (b5 by + b] bayyv2) = Y (b7 bi(; — vi3)mn + b) ba (v — i) r2)

Jj=3

Jj=3
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= (b5 b1) (v — vi+3) (11— 72),
=3

for our example

5
Y (07 01)(v) = vj43) = %5(4(73 —76) — (v —v7) — 3(75 — 18)),
=3

writing the linear combination 4(y3—6) — (ya—v7) —3(v5 —8) as one new variable

Yo, we obtain the ternary quadratic form

4 6
q(71,72,7) = 8736 (529(8097% — 5607172 4 80973) + E’YO('YI — ’Yz)) .
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The 42 Sum-and-Distance Systems when n = 12

SDy ={{1,3,5,7,9,11}, {12,36,60, 84,108, 132} }
SDy ={{23,25,71,73,119,121}, {2,6,10,14,18,22}}
SD3 ={{34,36, 38,106, 108,110}, {3,9,15,21,27,33}}
SDy ={{1,3,93,95,97,99}, {4,12,20,28,36,44}}
SDs ={{67,69,71,73,75,77}, {6,18,30,42,45,66}}
SDg ={{3,5,11,13,19,21}, {22,26,70,74,118,122}}
SD; ={{4,6,8,16,18,20}, {21,27,69,75,117,123}}
SDg ={{1,3,13,15,17,19}, {20,28,68,76,116,124}}
SDy ={{7,9,11,13,15,17}, {18,30,66,78,114,126}}
SDiy ={{3,5,91,93,99,101}, {6,10,22,26,28,42}}
SDyy ={{63,65,71,73,79,81}, {10, 14,34, 38,58, 62}}
SD1, ={{64,66,68,76,78,80}, {9,15,33,39,57,63}}
SDi3 ={{5,7,17,19,29,31}, {32,36,40,104,108,112}}
SDyy ={{7,9,11,25,27,29}, {30,36,42,102, 108, 114}}
SDys ={{1,3,21,23,25,27}, {28,36,44,100,108,116}}
SDis ={{13,15,17,19,21,23}, {24, 36,48, 96,108,120} }
SDi7 ={{5,7,89,91,101,103}, {8,12,16,32,36,40}}
SDis ={{59,61,71,73,83,85}, {14,18,22,50,54,58}}
SDig ={{61,63,65,79,81,83}, {12,18,24,48,54,60}}
SDyy ={{7,9,23,25,39,41}, {2,6,90,94,98,102}}
SDy ={{10,12,14,34,36,38}, {3,9,87,93,99,105}}
SDyy ={{1,3,29,31,33,35}, {4,12,84,92,100,108}}
SDs3 ={{19,21,23,25,27,29}, {6,18,78,90,102, 114}}
SDyy ={{7,9,87,89,103,105}, {2,6,26,30,34,38}}
SDys ={{55,57,71,73,87,89}, {2,6,42,46,50,54}}
SDys ={{58, 60, 62,82,84,86}, {3,9,39,45,51,57}}
SDyr ={{11,13,35,37,59,61}, {62,66,70,74,78,82}}
SDss ={{16,18,20,52, 54,56}, {57, 63,69,75,81,87}}
SDay ={{1,3,45,47,49,51}, {52,60,68,76,84,92}}
SDsy ={{31,33,35,37,39,41}, {42,54,66,78,90,102}}
SDg ={{11,13,83,85,107,109}, {14, 18,22,26,30,34}}
SDsy ={{47,49,71,73,95,97}, {26, 30, 34, 38,42, 46} }
SDs3 ={{52,54,56,88,90,82}, {21,27,33,39,45,51}}
SDss ={{3,5,27,29,35,37}, {6,10,86,90,102,106}}
SDss ={{15,17,23,25,31,33}, {10,14,82,86,106,110}}
SDss ={{16,18,20,28,30, 32}, {9,15,81,87,105,111}}
SDsr ={{3,5,43,45,51,53}, {54,58,70,74,86,90}}
SDss ={{27,29,35,37,43,45}, {46,50,70,74,94,98}}
SDsg ={{28,30,32,40,42,44}, {45,51,69,75,93,99}}
SDy ={{5,7,41,43,53,55}, {56,60,64,80,84,88}}
SDs ={{23,25,35,37,47,49}, {50, 54, 58,86, 90,94} }
SDygy ={{25,27,29,43,45,47}, {48, 54,60, 84,90,96}}
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Appendix 4 : Prime Factorisation and the Number of Sum-
and-Distance Systems, N,

The following table lists the number of sum-and-distance systems, N,,, for the first 200
values of n.

1 2 3 4 ) 6 7 8 9 10
1 1 3 1 7 1 10 3 7
11 |12 13 | 14 15 | 16 17 | 18 19 |20
1 42 1 7 7 35 1 42 1 42
21 | 22 23 |24 25 | 26 27 | 28 29 | 30
7 7 1 230 3 7 10 | 42 1 115
31 | 32 33 | 4 35 | 36 37 | 38 39 | 40
1 126 7 7 7 393 |1 7 7 230

41 | 42 43 | 44 45 | 46 47 | 48 49 | 50
1 115 1 42 42 |7 1 1190 | 3 42
51 | 52 53 | 54 55 | 56 57 | 58 29 | 60
7 42 1 230 7 230 |7 7 1 1158
61 | 62 63 | 64 65 | 66 67 | 68 69 | 70
1 7 42 | 462 7 115 |1 42 7 115
71| 72 73 | 74 7 | 76 77|78 79 | 80
1 3030 |1 7 42 | 42 7 115 |1 1190
81 | 82 83 | 84 85 | 86 87 | 88 89 |90
35 |7 1 1158 | 7 7 7 230 |1 1158
91 |92 93 | 94 95 |96 97 | 98 99 | 100
42 7 7 7 5922 | 1 42 42 | 393
101 | 102 103 | 104 105 | 106 | 107 | 108 | 109 | 110
1 115 1 230 115 | 7 1 3030 |1 115
111 | 112 113 | 114 115 | 116 | 117 | 118 | 119 | 120
7 1190 |1 115 7 42 42 |7 7 9350
121 | 122 123 | 124 125 | 126 | 127 | 128 | 129 | 130
3 7 7 42 10 | 1158 |1 1716 | 7 115
131 | 122 133 | 134 135 | 136 | 137 | 138 | 139 | 140
1 1158 | 7 7 230 1230 |1 115 |1 1158
141 | 142 143 | 144 145 | 146 | 147 | 148 | 149 | 150
7 7 7 20790 | 7 7 42 | 42 1 1158
151 | 152 153 | 154 155 | 156 | 157 | 158 | 159 | 160
1 230 42 | 115 7 1158 | 1 7 7 5922
161 | 162 163 | 164 165 | 166 | 167 | 168 | 169 | 170
7 1190 |1 42 115 | 7 1 9350 | 3 115
171 | 172 173 | 174 175 | 176 | 177 | 178 | 179 | 180
42 | 42 1 115 42 | 1190 | 7 7 1 16782
181 | 182 183 | 184 185 | 186 | 187 | 188 | 189 | 190
1 115 7 230 7 115 | 7 42 230 | 115
191 | 192 193 | 194 195 | 196 | 197 | 198 | 199 | 200
1 28644 | 1 7 1151393 |1 1158 | 1 3030
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The following table lists the number of number of sum-and-distance systems N,, for n
in terms of the prime factorisation of n.

Table 14: n = p{* pJ p§ p] p? (one prime)

aj a as ayq as Q(n) Nn
170 |0 |0 |O |1 1

2 (0 |0 |0 O |2 3

3 /010 |0 [0 |3 10
4 {0 |0 |0 |O |4 35
5 |0 [0 O |0 |5 126
6 10 [0 |0 |0 |6 462

Table 15: n = p{* p3? P p) p? (two primes)
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Table 16: n = pJ* p§? p3® p} p? (three primes)
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Table 17: n = p{* p3? p3® pi* p? (four primes)

e
t
=
2

NTL

3451

52422

583670
5404490
44200170
1083318
15509070
178011540

1 758 179 556
15 558 091 164
11 521 530 270
190 441 098 540

S
=
Q
)
IS
w

O 00| || 00| | Oy U W~

—_
o

Ne}

el il il il e i e e el e
[ N N e e I e e e e e e e
W WIN NN NN =]
%wmm»&wwm.&wwwg
OO O OO OO0 OO

_
o

Table 18: n = p{* p5? ps® py* ps° (four primes)

)

Ny,

164731

3 518 358

51 569 510
602 678 090

6 038 986 842
98 090 142
1795 856 670
25 445 723 940

Q
=
Q
)
Q
w
Q
W~

OO N[O || oY D

e I I e e e Y e
e e e I I I
e e I Y (S S S
NI NCI N N S S I e e
CJJQD[\')OT%CO[\DHC%

Appendix 5: Mathematica Scripts for Inclusive Sum-and-
Distance Systems

The following contain Mathematica scripts that produce inclusive sum-and-distance sys-
tems for any n with length o = 1,2 or 3 divisor path sets.



(* For all k_i < 10 and alpha = 2 )

(xDefining the alpha=2 length divisor path setx)

o= S1 = {{'il, n}, {j1; 32}}
out[10]= H'il, n}, {jl’ 32}}

(xDefining the set of L_{2} lattice points associated with divisor path set "setl"x)

e~ L1[S_] := Flatten[Table[{ke, k1, k2},
{ke, 1, s[[211[[1]1},
{k1, 1, s[[2]110[211/S[[211[[111},
{k2, 1, S[[111[[211/S[[211[[211}], 2]

(*Defining the set of L'_{2} lattice
points associated with divisor path set "setl'"x)

meel- Lla[S_] := Flatten[Table[
If[
kO + k1%10 +k2%1072 < (1/2) » ((S[[2]11[[1]1] +1)
+ (SII2110[211/SII211[[1]1] +1) %10
+ (SII11100211/SII211[[2]1] +1) +10"2),
{ke, k1, k2},
Nothing],
{ke, 1, s[[211[[211},
{k1, 1, s[[2]1[[2]1/S[[2]11[[111},
{k2, 1, S[[111[[211/S[[211[[211}]> 2]

noo;- (*The formula that gives the left set of the sum and
distance system associated with divisor path set "setl'"x)
SDL1[setl_ ] :=Sort[-1= (Table[
Lia[set1] [[k]] [[1]]
+ (L1a[set1] [[k]] [[2]1]1-1) (setl[[1]][[1]] »set1[[2]]1[[1]])
+ (Llarset1][[k]][[31]1-1) (setl[[1]][[2]] +setl[[2]]1[[2]]),
{k, 1, Length[Lla[set1]]1}]-1/2 (1+setl[[2]][[1]]
+ (setl[[2]]1[[2]] /setl[[2]]1[[1]1]1-1) (setl[[1]][[1]] +setl[[2]][[1]])
+ (setl[[1]1]1[[2]1]/setl[[2]][[2]1]1-1) (setl[[1]][[2]] *Setl[[2]][[2]])))]

(xDefining the set of M_{2} lattice points associated with divisor path set "setl'"x)

In[100]:= Ml[S_] HE Table[{mo, ml},
{me, 1, s[[111[[111},
{m1, 1, s[[11101211/SII111[[2]11}]

(*Defining the set of M'_{2} lattice
points associated with divisor path set "setl"x)



2 | CodeForThesisAlpha2.nb

In[101]:=

In[107]:=

In[124]

In[112]

Out[112]=

In[114]

Out[114]=

In[115]:=

Out[115]

In[116]:=

Out[116]

In[117]

Out[117]=

Mia[S_] := Flatten|
Table[If[m@ + ml#10< (1/2) % ((S[[1110[11]1+1) + (S[[1110[2]11/SI[111[[1]] + 1) *10),
{mo, m1}, Nothing],
{mo, 1, s[r[1111[211},
{m1, 1, S[[1110[211/SII111[[111}], 1]

(¥The formula that gives the left set of the sum and
distance system associated with divisor path set "setl"x)

SDR1[setl_] :=
Sort[-1« (Table[1+ (Mla[setl][[m]][[1]] -1) setl[[2]][[1]] + (Mla[setl][[m]][[2]]-1)
(setl[[2]1[[2]]/setl[[2]][[1]]) (setl[[1]]1[[1]1] *setl[[2]]1[[1]])
> {m, 1, Length[Mla[set1]1}] - ((1 + (1/2) (setl[[1]][[1]]-1) setl[[2]1][[1]]) +
(1/2) (setl[[1]1[[2]]/setl[[1]][[1]1]-1)
(setl[[1]][[1]] #setl[[2]][[1]]) (setl[[2]1][[2]]/setl[[2]][[1]11)))]

(*Function to check if SDR2 and SDL2 form a sum and distance systems)

PMU1l[setl_] := Union|
Sort|
Flatten|
Table|
{Abs[SDR1[set1][[k]] - SDL1[set1][[m]]],
SDR1[setl] [[k]] +SDL1[set1] [[m]],
SDR1[set1] [[k]],
SDL1[setl][[m]]},
{k, 1, Length[SDR1[set1]]},
{m, 1, Length[sDL1[set1]]}]]]]

(*Examplex)
TestSet = {{3, 15}, {5, 15}}

{{3, 15}, {5, 15}}

L1[TestSet]

{{1, 1,13, {1, 2, 1}, {1, 3, 1}, {2, 1, 1}, {2, 2, 1}, {2, 3, 1}, {3, 1, 1}, {3, 2, 1},
{3,3, 1}, {4, 1, 1}, {4, 2, 1}, {4, 3, 1}, {5, 1, 1}, {5, 2,1}, {5,3,1}}

Lla[TestSet]

{{1, 1,1}, {1, 2, 1}, {2, 1, 1}, {2, 2, 1}, {3, 1, 1}, {4, 1, 1}, {5, 1, 1}}

Ml[TestSet]

{{{1, 1}, {1, 2}, {1, 3}, {1, 4}, {1, 5}},

{2, 1}, {2, 2}, {2, 3}, {2, 4}, {2, 5}}, {{3, 1}, {3, 2}, {3, 3}, {3, 4}, {3,5}}}
Mla[TestSet]

({1, 1}, {1, 2}, {1, 3}, {2, 1}, {2, 2}, {3, 1}, {3, 2}}
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niie- SDL1[TestSet]
ourne- {1, 2, 13, 14, 15, 16, 17}

In[118]:= SDRl[TestSet]
outtie- {5, 40, 45, 50, 85, 90, 95}

nizs- PMUL[{{3, 15}, {5, 15}}]

owes- {1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49,
50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71,
72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93,
94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112}



(* For all k_i < 1072 and alpha = 3 %)

(xDefining the alpha=3 length divisor path setx)

wi- $2 = {{i1, 2, n}, {j1, j2, j3}}
out[1]= {{'il, i2, n}, {jl, j2, 33}}

(xDefining the set of L_{3} lattice points associated with divisor path set "setl"x)

me- L2[S_] := Flatten[Table[{ke, k1, k2, k3},
{ke, 1, s[[211[[1]1},
{k1, 1, s[[2]110[211/S[[211[[111},
{k2, 1, S[[211[[311/S[[211[[211},
{3, 1, S[[111[[311/S[[211[[311}], 3]

(*Defining the set of L'_{3} lattice
points associated with divisor path set "setl"x)

In[38] L2a[S_] = Flatten[Table[
If[kO + k1%#10722 +k2 %1074 + k3 %1076
< (1/2) = ((SC[I2111[11] +1)
+ (S[I21101211/SII211[[1]] +1) %1042
+ (S[I21101311/SI[[2]11[[2]]+1) » 1074
+ (S[IL111[311/SII2111[31] +1) »1076),
{ko, k1, k2, k3},
Nothing],
{ke, 1, s[[211[[211},
{k1, 1, S[[211[[211/S[[211[[111},
{k2, 1, S[[211[[3]1/S[[211[[211},
{3, 1, S[[111[[311/S[[211[[311}], 3]

(*The formula that gives the left set of the sum and
distance system associated with divisor path set "setl"x)
SDL2[setl_] := Sort[-1« (Table|
L2a[set1] [[k]] [[1]]
+ (L2a[set1] [[k]] [[2]1]1-1) (setl[[1]]1[[1]] *setl[[2]][[1]])
+ (L2a[set1] [[K]] [[3]1]1-1) (setl[[1]1]1[[2]] »setl[[2]][[2]])
+ (L2a[set1] [[K]] [[41]1 - 1) (setl[[1]1]1[[3]] »setl[[2]]1[[31]),
{k, 1, Length[L2a[set1]]}]
-1/2 (1+setl1[[2]]1[[1]]
+(setl[[2]1[[2]] /setl[[2]]1[[1]]-1) (setl[[1]][[1]]+setl[[2]]1[[1]])
+ (setl[[2]1[[3]1]/setl[[2]]1[[2]]-1) (setl[[1]1]1[[2]] +setl[[2]][[2]])
+ (setl[[1]1[[3]1]/set1[[2]]1[[3]]-1) (setl[[1]1]1[[3]] »setl[[2]][[3]]))

)]

(*Defining the set of M_{3} lattice points associated with divisor path set "setl"x)
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In[49]:= MZ[S_] HE Flatten[Table[{me, ml, m2},
{me, 1, s[[1111[211},
{m1, 1, S[[111[[2]11/S[[111[[111},
{m2, 1, S[[1110[3]1/S[[111[[211}], 2]

(*Defining the set of M'_{3} lattice
points associated with divisor path set "setl"x)

nsa- M2a[S_] := Flatten[Table[If[mO + mlx 1072 + m2+10"4
<(1/2) % ((S[I111[[21]+1)
+ (SII11101211 /STIILITL[1]] + 1) » 1042
+ (SCILI10311/SII111[[2]]1 +1) »1074), {m@, m1, m2}, Nothing],
{me, 1, s[r1111[211},
{m1, 1, S[[11100211/S0I1110[111},
{m2, 1, S[[111[[311/S[[111[[211}], 2]

(¥The formula that gives the left set of the sum and
distance system associated with divisor path set "setl"x)

SDR2[setl_] := Sort[-1 (Table[1+ (M2a[setl][[m]][[1]] -1) setl[[2]]1[[1]]
+ (M2a[setl] [[m]][[2]]1-1)
(setl[[2]1[[2]1]/setl[[2]][[1]]) (setl[[1]11[[1]1] *setl[[2]]1[[1]])
+ (M2a[setl] [[m]][[3]]-1) (setl[[2]][[3]]/setl[[2]]1[[2]])
(setl[[1]1[[2]1] »setl[[2]][[2]])
» {m, 1, Length[M2a[set1]]1}] - ((1 + (1/2) (setl[[1]][[1]]-1) setl[[2]]1[[1]])
+ (1/2) (setl[[1]1]1[[2]] /setl[[1]]1[[1]]-1)
(setl[[1]1[[1]] #setl[[2]][[1]]) (setl[[2]]1[[2]1]/setl[[2]]1[[1]])
+ (1/2) (setl[[1]11[[3]1]/setl[[1]1[[2]1]-1) (setl[[1]]1[[2]]+setl[[2]][[2]])
(setl[[2]1][[3]]/setl[[2]1][[2]11)))]
(*Function to check if SDR2 and SDL2 form a sum and distance systemsx)

22 PMU2[setl_] := Un'ion[
Sort|
Flatten|
Table|
{Abs[sDR2[set1] [[k]] - SDL2[set1] [[m]]],
SDR2[set1] [ [k]] + SDL2[set1] [[m]],
SDR2[set1] [[k]],
SbL2[set1] [[m]]},
{k, 1, Length[SDR2[set1]]},
{m, 1, Length[sbL2[set1]]}]]]]

nf1471=  (*Examplex)
TestSet = {{3, 9, 27}, {3, 9, 27}}
our47- {{3, 9, 27}, {3, 9, 27}}



inf148)= L2 [TeStSet]

ouft4g- {{1, 1,1, 1}, {1,1, 2,1}, {1, 1,3, 1}, {1, 2,1,
{1, 2, 3,1}, {1, 3, 1,1}, {1, 3, 2, 1}, {1, 3, 3,
{2,1,2,1}, {2,1, 3, 1}, {2,2, 1, 1}, {2, 2, 2,
{2,3,1,1}, {2,3, 2,1}, {2,3, 3,1}, {3,1, 1,
{3,2,1,1}, {3, 2, 2,1}, {3, 2,3, 1}, {3, 3,1,

In[149] L2a[TestSet]

oupiao- {{1, 1, 1, 1}, {1, 1, 2, 1}, {1, 2,
{1,3,1,1}, {2, 1,1, 1}, {2, 1,
{2,3,1,1}, (3,1, 1,1}, {3, 1,

[

l}) {l’ 2, 2’

NN

1}, {3, 2,1,

in150= M2 [TestSet]

1}, {2, 2,1,

1}, {1,
1}, {2,
1}, {2,
1}, {3,
1}, {3,

1},
1},
1}, {3,

2,2,1},
1,1, 13,
2,3, 1},
1, 2, 13,
3, 2,1},

3,1, 1}}

oupiso- {{1, 1, 1}, {1, 1, 2}, {1, 1, 3}, {1, 2, 1}, {1, 2, 2}, {1, 2, 3},

{1, 3,1}, {1, 3, 2}, {1, 3, 3}, {2, 1, 1}, {2, 1, 2}, {2, 1, 3}, {2,
{2,2,2}, {2, 2,3}, {2, 3,1}, {2, 3, 2}, {2, 3, 3}, {3, 1, 1}, {3,
{3’ l! 3}7 {37 2’ l}’ {3’ 2, 2}’ {3’ 2! 3}, {37 37 l}’ {3, 3’ 2}’ {3,

in151= M2a [TestSet]

oupisi= {{1, 1, 1}, {1, 1, 2}, {1, 2, 1}, {1, 2, 2}, {1, 3, 1}, {2, 1, 1},

{2, 1,2}, {2, 2,1}, {2, 3, 1}, {3, 1, 1}, {3, 1, 2}, {3, 2, 1}, {3,

In[152]:= SDL2[TestSet]

ouwrsa- {1, 8,9, 10, 71, 72, 73, 80, 81, 82, 89, 90, 91}

In[153]:= SDR2[TestSet]

ouriss- {3, 24, 27, 30, 213, 216, 219, 240, 243, 246, 267, 270, 273}

CodeForThesisAlpha3.nb | 3

{3, 1,3, 1},
{3,3,3,1}}

2, 1},
1,2},
3, 3}}

3,11



4 | CodeForThesisAlpha3.nb

nis4- PMU2[TestSet]

oursa- {1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47,
48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69,
70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90,
91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109,
11e, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126,
127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143,
144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160,
161, 162, 163, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177,
178, 179, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192, 193, 194,
195, 196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207, 208, 209, 210, 211,
212, 213, 214, 215, 216, 217, 218, 219, 220, 221, 222, 223, 224, 225, 226, 227, 228,
229, 230, 231, 232, 233, 234, 235, 236, 237, 238, 239, 240, 241, 242, 243, 244, 245,
246, 247, 248, 249, 250, 251, 252, 253, 254, 255, 256, 257, 258, 259, 260, 261, 262,
263, 264, 265, 266, 267, 268, 269, 270, 271, 272, 273, 274, 275, 276, 277, 278, 279,
280, 281, 282, 283, 284, 285, 286, 287, 288, 289, 290, 291, 292, 293, 294, 295, 296,
297, 298, 299, 300, 301, 302, 303, 304, 305, 306, 307, 308, 309, 310, 311, 312, 313,
314, 315, 316, 317, 318, 319, 320, 321, 322, 323, 324, 325, 326, 327, 328, 329, 330,
331, 332, 333, 334, 335, 336, 337, 338, 339, 340, 341, 342, 343, 344, 345, 346, 347,
348, 349, 350, 351, 352, 353, 354, 355, 356, 357, 358, 359, 360, 361, 362, 363, 364}
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