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Stochastic homogenization for functionals with
anisotropic rescaling and non-coercive
Hamilton-Jacobi equations.

Nicolas Dirr* Federica Dragoni ' Paola Mannucci ¥ Claudio Marchi

Abstract

We study the stochastic homogenization for a Cauchy problem for a first-
order Hamilton-Jacobi equation whose operator is not coercive w.r.t. the
gradient variable. We look at Hamiltonians like H (z, o(x)p,w) where o(x)
is a matrix associated to a Carnot group. The rescaling considered is con-
sistent with the underlying Carnot group structure, thus anisotropic. We
will prove that under suitable assumptions for the Hamiltonian, the solu-
tions of the e-problem converge to a deterministic function which can be
characterized as the unique (viscosity) solution of a suitable deterministic
Hamilton-Jacobi problem.

Keywords: Stochastic homogenization, non-coercive Hamilton-Jacobi equa-
tions, Carnot groups, Hérmander condition, Heisenberg group, anisotropic func-
tionals.

1 Introduction

Homogenization problems have been studied for many years for both their intrin-
sic mathematical interest and the many applications in different sciences (e.g.
the study of heterogeneous media). In particular stochastic homogenization
arises whenever at the microscopic level the system depends on some random
variable but at the macroscopic level one can expect a deterministic behaviour.

In this paper, we study asymptotics of a special class of degenerate (i.e. non-
coercive) first-order Hamilton-Jacobi equations with random coefficients taking
the form

{ut—i—H(x,U(x)Vu,w):O,t>07x€RN,w€Q, (L1)

u(0,z,w) = g(x), r € RN, we Q,
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where (2, F,P) is a given probability space, and o : RN — R™*¥ with m < N.
Even though H(x,q) is coercive and convex in the variable ¢ = o(z)p € R™,
the map p — H (x,0(x)p,w) is in general not coercive because o(x) may have
a nontrivial kernel. The illustrating example is the Heisenberg group, which
is topologically R3 but with a different algebraic structure (see Section 2, e.g.
(2.2)).

Equations as (1.1) can be understood in the framework of Carnot groups,
i.e. non-commutative stratified nilpotent Lie groups (see Section 2 for more
details). In particular these groups satisfy the Hormander condition: they are
endowed with a family of vector fields that, together with all their associated
commutators, span the whole tangent space at any point of the original man-
ifold. For the associated homogenization problem, the Carnot group structure
suggests a natural anisotropic rescaling of RY, denoted by d; Je(x) for x € RN,
Then the homogenization problem can be formulated as follows: under some
assumptions made precise later (see Section 3), find the equation solved by the
(locally uniform) limit of u® (¢, z,w) where u® are viscosity solutions of

{uf + H (51/E(x),o(z)Vu€,w) =0,t>0, zeRY, weQ, (1.2)

uf (0, z,w) = g(z), € RY, we Q.

In other words, the aim is to identify H : R™ — R such that the viscosity
solutions of (1.2) converge, locally uniformly in ¢ and z and almost surely in
w, to a deterministic function u(¢, ) which can be characterized as the unique
viscosity solution of a problem of the form

us + H (0(x)Vu) =0, t >0, z € RV,

u(0,z) = g(z), v € RV,

In the case of the Heisenberg group, the anisotropic rescaling is 6, /. (1, T2, 23) =
(e7twy,e oy, e7223). This is consistent with the geometric structure of the
Heisenberg group, but the anisotropy can be understood heuristically in another
way: at each point, some directions are “forbidden”, i.e. paths of the associated
control problem can move only on a two-dimensional subspace. By varying their
direction often (i.e. by the use of non-trivial commutators from the Hérmander
condition) they are able to reach any given point but the cost for “zig-zagging”
to get in the forbidden direction is higher, so typically they move slower in these
directions, which makes a faster rescaling necessary.

Note that, in (1.2), o(z) is not rescaled so this is in principle a problem with
a fast and a slow variable, but the equation is degenerate if the slow variables
are frozen. Obviously, general non-coercive equations have no homogenization,
so considering a cell problem with a frozen variable is not the way to tackle this
problem.

Instead, our approach is based on the use of a variational formulation for
the viscosity solutions of (1.2), that has been introduced in the coercive case
by Souganidis [37] and Rezakhanlou-Tarver [36]. This variational approach is
motivated by I'-convergence methods for the random Lagrangian. In order to
define the associated variational problem from the Hamilton-Jacobi equation,
some form of convexity is needed, but it should be noted that due to the degen-
eracy the relation is more subtle than the Euclidean Legendre transform, see [8].



Moreover the approach developed in [36, 37] fails since the idea of using the Sub-
additive Ergodic Theorem indirectly requires the existence of curves invariant
under translation and rescaling (as straight lines are w.r.t. the Euclidean trans-
lations). In our anisotropic geometries, this property is true only for curves that
have constant horizontal speed (i.e. velocity constant w.r.t. a given family of
left-invariant vector fields, see Section 2 for more details). Unfortunately those
lines are too few to cover the whole space (they only generate a m-dimensional
submanifold in RY where usually N > m).

We would like to mention that non-coercive Hamilton-Jacobi problems have
also been studied by Ciomaga, Souganidis and Tran [19] and Cardaliaguet and
Souganidis [18]. Note that in these cases the source of non-coercivity is different:
in our case, we have at each point some deterministic directions in which the
Hamiltonian grows superlinearly, and some directions in which it does not grow
at all, not even linearly. Hence the techniques are necessarily quite different.

It is an interesting topic for further research whether PDE techniques like
the approximate correctors as in [31] or the metric problem as e.g. in [6] could
be of use in the degenerate setting at hand. While the notion of “path”, which
is at the heart of the variational approach, has an obvious analogue in the sub-
Riemannian case, many standard viscosity techniques are problematic in the
degenerate case, leading to technical difficulties. These technical difficulties can
often be traced back to two sources. First, the vector fields may have in general
coefficients with superlinear growth at infinity, thus making global estimates
difficult to obtain. Second, while in the Euclidean setting |z — y|? is smooth,
this is in general not true for the square of the Carnot-Caratheodory distance,
which has consequences for regularization via inf/sup convolution or doubling
of variables techniques.

The main idea of the proof for the convergence theorem is to apply the tech-

niques from [36, 37] (for the periodic case see also [24]) to a lower dimensional
constrained variational problem (Section 5), the constraint being to belong to
the m-dimensional manifold mentioned above. Then by an approximating ar-
gument (Section 6) we write the original variational problem (3.4) as limit of
sum of lower dimensional constrained variational problems. The key role in the
whole argument will be to approximate any horizontal curve by a suitable family
of piecewise horizontal lines with constant speed and the use of the Hérmander
condition to move everywhere in the space.
Here our a priori bounds on the Lagrangian ensure that the cost of connecting
any two points can be bounded by a function of the geodesic distance. This al-
lows to estimate the difference in cost for connecting nearby points, a property
which makes up for the lack of uniform continuity of the Lagrangian due to the
rescaling in space.

This is to our knowledge the first paper which connects two previously sepa-
rate branches of homogenization theory: Stochastic homogenization on the one
hand, which so far has not been considered in sub-Riemannian geometries, and
homogenization in the sub-elliptic setting, which so far has been restricted to
a suitable generalization of periodic environments, i.e. essentially in a com-
pact setting. For homogenization in subelliptic settings in the periodic case
see for example [13, 15, 27, 28, 34, 38], and for homogenization with singular
perturbation see [2, 3].

Since the first results on stochastic homogenization for first-order Hamilton-
Jacobi equations ([37, 36]), it has been a difficult question which are the neces-



sary conditions on the deterministic structure of the Hamiltonian, with convex-
ity and coercivity being sufficient. The case of non-convexity has been under-
stood better recently, see e.g. [26, 39]. Instead this paper gives a very general
class of examples which are convex (but not strictly) but non-coercive. This
homogenization result is in line with the folk theorem that, in order to have ho-
mogenization, characteristics have to be able to go everywhere: our degeneracy
is related to Hormander vector fields, which have the property that admissible
paths (see Section 2) can connect any two given points.

I'-convergence for random functionals, which is used here, has in a general
setting first been studied by Dal Maso and Modica, [20] and recently been ex-
tended to non-convex integrands, [23]. Alternatives to the variational approach
for obtaining stochastic homogenization results in the Euclidean setting for both
first and second order equations and the simultaneous effect of homogeniza-
tion and vanishing viscosity (i.e. singular perturbation) have been developed
subsequently, see for example [30, 32, 31]. Extending these methods to the
sub-Riemannian setting will be a challenge for further research.

This paper is organized as follows.

In Section 2 we introduce some basic notions for Carnot groups, in particular
the dilations in the group and some norms and distances related to both the
geometric and the algebraic structure of Carnot groups. In this section we
also introduce horizontal curves, horizontal velocity and study some properties,
which will be very useful in later proofs.

In Section 3 we state the problem and we explain the meaning of some as-
sumptions on the Hamiltonian; in particular the stationary ergodic assumption
which is crucial in order to get a deterministic limit problem. In the same section
we also introduce the variational formulation for the solutions of the e-problem.

In Section 4 we study several properties for the variational problem. In
particular we prove local uniform continuity.

In Section 5 we prove the convergence for the constrained variational prob-
lem, i.e. for the minimizing problem for an integral cost under the additional
m-dimensional constraint.

In Section 6 we prove our main convergence result for the unconstrained
variational problem by the introduction of a suitable approximation argument.

In Section 7 we apply the convergence proved in Section 6 to the family of
non-coercive Cauchy-Hamilton-Jacobi problems (1.2) via variational formula.

In the Appendix (Section 8) we give a proof for the well-posedness of the
e-problem (1.2) in the viscosity sense.

2 Preliminaries: Carnot groups.

Carnot groups are non-commutative Lie groups: they are endowed both with a
non-commutative algebraic structure and with a manifold structure. The lack
of commutativity in the algebraic structure reflects on the manifold structure
as restrictions on the admissible motions. This means that the allowed curves
are constrained to have their velocities in a lower dimensional subspace of the
tangent space of the manifold. Then the associated manifold structure is not
Riemannian but sub-Riemannian. We refer the reader to [16] for an overview
on Carnot groups and sub-Riemannian manifolds. Here we only recall the def-
initions and some of the main properties, which will be crucial in the later



proofs.

Definition 2.1 (Carnot group). A Carnot group (G,o) of step r is a simply
connected, nilpotent Lie group whose Lie algebra g of left-invariant vector fields
admits a stratification, i.e. there exist non zero subspaces {V;}, i =1,...r such
that g = @._, Vi, Vi, Vi] = Vig1 #0, fori=1,...r =1, [Vi,V;] = 0. V; is
called the first layer.

Any such group is isomorphic to a homogeneous Carnot group in RN, that is
a triple (RN ,0,4,) where RN = R™ x R"2 x ... x R™ o is a group operation
whose identity is e and such that (x,y) — y~! oz is smooth (where y~! denote
the inverse of y), and 8y : RN — RY is the dilation:

Sx(z) = 6y (zu)’x(z)?... ,Im) — (Axu)’yx(z), . ’yxm) 2 e R

(2.1)
is an automorphism of the group (RN, o) for all A > 0 and there are m :=
ni smooth vector fields X1, ---, Xm on RY invariant with respect to the left

translation
Lg(z) :=pfox

for all B € RN and such that they generate a Lie algebra with rank N at every
point x € RN. The vector fields Xy, -+, X, are called the generators of the
Carnot group or horizontal vector fields and the n X m matrix whose columns
are these vector fields is denoted by o.

For x € RN, we shall also use the notation: x = (x',2%) with ' € R™,
22 € RVN-™ and o = 7, (7).

The definition of dilations (that replace the role of product of a point by a
scalar in the Euclidean case) gives good notions of rescaling in these geometries.

Note that we are interested only in the case where G = RY for some N >3
(in fact Carnot groups with dimension less than 3 do not exist).

Example 2.1. The simplest example of a Carnot group is the so called Heisen-
berg group. The N-dimensional Heisenberg group HY is a Carnot group of step
2 (i.e. v = 2 in the stratification) defined in R*N*T1 (with N > 1). In particular
if N =1 the stratification is V1 @ Va, where Vi = R? and Vo = R. In this last
case the group operation is

T1Ys — T
Toy:= (Cﬂl T Y1, 22 T Y2, 23 + Y3 + 13/2221/1)
where x = (x1,22,73) and y = (y1,y2,y3) are two points in R® and the genera-
tors are the two vector fields

1 0
XY@ =1 0 |, X@)=1| 1
7 2

In the Heisenberg group H' the dilations that give the natural rescaling are

Sx(x) = Ox (w1, 20, 23) = (N1, A2, A2 3).



To make the paper more easily readable for mathematicians not used to work
in Carnot groups we will explain most of the notions and properties of Carnot
groups, using the 1-dimensional Heisenberg group H = H! as referring model.

Another family of algebraic objects which will play a crucial role in our

homogenization problem are the translations. Since the group law is not com-
mutative, in general left translations and right translations will be different. We
will always translate points using only the left translations.
Using the stratification, a Carnot group can be endowed with a homogeneous
norm that induces a homogeneous distance. The homogeneous norm and the ho-
mogeneous distance are very important in homogenization problems since they
are compatible with rescaling under dilations (as we will see in the properties
below).

Definition 2.2 (Homogeneous norm and homogeneous distance). A homoge-
neous norm || - ||n is a continuous function from G to [0,+00) such that

1. |zl =0 <= z=¢

2. Jlz=Hln = llzlla

3. oA (@)l = Mz, YV € G,A >0
4 Mz +ylln < llzlln + [lylln, Y2,y € G.

The homogeneous distance between two points x,y € G is

1

dn(z,y) = ly~" o

From ||z||n = ||z~ ||n we have that dy,(x,y) = dp(y, z) and obviously dy (z,x) = 0
forallxz,y € G.

Moreover, given two points z,y € G =RV, (5)\(1'))71 =0 (z7Y) and

Oxr(z) 0 0x(y) = dx(z oy). This implies that

dy, (5>\(w), (5>\(y)) = Adp(z,y).
In the case of the 1-dimensional Heisenberg group H we have
Il = 1, 22, 2)ll, = (a3 +23)? +23)'"*,
Moreover it is easy to check that e = (0,0,0) and 2~ = (—z1, —z2, —3) so

i) = (21— 92)> + (22— 92)2)? + (23 — 3)?) /™.

One can easily check all the properties listed above in the case of the 1-dimensional
Heisenberg group.

For later use, it is very useful to introduce the m x n matrix associated to
the vector fields -
o(z) == (X1(2),..., Xpn(2))

e.g. in H! the matrix o(-) is the 2 x 3-matrix given by

10 -2
U($1,$2,$3) = (0 1 L12 > . (22)



From now on we will always consider the Carnot groups, written in exponen-
tial coordinates (or canonical coordinates). In fact in exponential coordinates
the vector fields (and so the associated matrix o(x)) assume a special form, as
shown in the following lemma.

Lemma 2.1. Given a Carnot group in exponential (or canonical) coordinates,
then the vector fields can be considered as the columns of a m x N matriz o(x)
of this form

o(x) = (Idmxm A)) (2.3)

where Idy,xm is the identity matriz m x m and A(zx) is a m x (N —m) matriz
whose coefficients are smooth functions depending only on x1,...,Tm.
Moreover the non-vanishing coefficients of A(z) = (a;;(x)) withi=1,...,N —
m and j = 1,...,m are polynomial functions of degree k — 1 whenever the
(m +14)-th component rescale as \¥ in the dilations 6 defined in (2.1).

For a proof we refer the reader to [16]; in particular see [16, Proposition
1.3.5, Corollary 1.3.19] for the polynomial structure and the corresponding ho-
mogeneity degree. Remember that §y-homogeneity corresponds to Euclidean
homogeneity whenever the functions depend only on the first m components.

The previous lemma is easy to check in the 1-dimensional Heisenberg group
(see (2.2)), in fact a1 1 (1, 22) = —% and az 1 (w1, 22) = % are both polynomials
of degree 2-1=1. We now give another example for a step 3 Carnot group.

Example 2.2 (Engel group in exponential coordinates). The Engel group is
Carnot group of step 3 defined on R*. It can be written as extension of the
Heisenberg group but for us it is crucial to write it in exponential coordinates
(see e.g. [12]). The rescaling in the Engel group is given by

Sx(w1, w2, 3, w4) = (Aw1, Awa, Nas, Nay).
In exponential coordinate the vector fields generating Vi can be written as

R
81‘2 181‘3 28.%4'

0
Xi(z1, 22,73, 74) = e and Xo (71,22, T3, 74) =
€1
In this case the corresponding 2 X 4-matrixz has the form of a 2 x 2-identity
matric and a 2 x 2 matriz A(z) whose coefficients are aq,1(x) = 0 = a1 2(z),
while ag1(x) = x1 which is a polynomial of degree 1 (in fact the component
2
241 = 3 rescales with k = 2), and az 2(x) = %1 which is a polynomial of degree
2 (in fact the component 2 + 2 = 4 rescales with k = 3). Then Lemma 2.1 is
easily verified.

So far, we have briefly recalled the algebraic structure of Carnot groups.
Since Carnot groups are also sub-Riemannian manifolds there is also another
important distance to consider: the so called Carnot-Carathéodory distance.
Before defining the Carnot-Carathéodory distance and its relations with the
homogeneous distance and the Euclidean distance, we need to introduce the
sub-Riemannian manifold structure associated to a Carnot group. Consider
the left-invariant vector fields X, ..., X,, introduced above on RY, then by
identifying the tangent space at the origin with the Lie algebra g (see Definition
2.1) and in any other point by left-translation, then Xi,...,X,, satisfy the



Hormander condition with step r. We remind that the Hormander condition
states that the Lie algebra induced by the vector fields has to be at any point
equal to the whole tangent space at that point.

Denoted by H, = Span(Xl,...,Xm) the distribution spanned by the given
left-invariant vector fields, then it is possible to define a Riemannian metric on
‘H, induced by the vector fields, by taking < v,w >= « - where o and (3
are m-valued vectors, corresponding to the coordinates of v and w respectively,
w.r.t. the given vector fields.

The triple (RN S Hy, < 5y > ) is a sub-Riemannian manifold. For more details
on sub-Riemannian manifolds in general and the manifold structure associated
to Carnot groups in particular, we refer respectively to [35] and [16].

Next we recall the notion of horizontal (or admissible) curve that will play
a crucial role in defining the Carnot-Carathéodory distance and later in the
variational formulas.

Definition 2.3. An absolutely continuous curve & : [0,T] — RY is called hori-
zontal if there exists a® : [0,T] — R™ measurable such that

£(s) =) af(s)Xi(&(s), ae s€(0,T), (2.4)
=1

where the vector fields X; are those introduced in Definition 2.1.
The vector of is called horizontal velocity of the curve.

Remark 2.1. Note that whenever X1, ..., X,, are linearly independent, as they
are always in the case of Carnot groups (see e.g. [16, Ch. 1]), the vector af is
unique up to a measure zero set.

Let us define the Carnot-Carathéodory distance (briefly C-C distance) asso-
ciated to a family of vector fields X = {X1,..., X}

Definition 2.4. Given two points x,y € RN and a family of smooth vector fields
on Xq,...,Xm,, we define the Carnot-Carathéodory distance as the minimal
length distance (or geodesic distance) among all horizontal curves joining x to
y, that is

T
deco(z,y) = inf {/0 |as(t)| dt ‘ £0)==x,&T)=yand & is horizontal} ,

where |a%(t)| is the Euclidean norm of the m-valued horizontal velocity.

Whenever Xi,...,X,, satisfy the Hormander condition (as in our case of
Carnot groups), then doco(z,y) < +oo for all x,y € RY and it is continuous
w.r.t. the Euclidean topology on RY.

We denote by ||z|cc := decc(x,0) the Carnot-Carathéodory norm.

Remark 2.2. The Carnot-Carathéodory distance is globally equivalent to the
so-called minimal-time (or control) distance that is defined as

d(z,y) := inf{T > 0|3 € subunit horizontal in[0,T] with £(0) = z,&(T) = y},
where an absolutely continuous curve £ : [0,T] — R is called subunit horizontal
if satisfies (2.4) and |a(t)| < 1 for a.e. t € [0,T).



Note that, even if it is possible to give an explicit formulation for the Carnot-
Carathéodory distance in H (by computing the geodesics), this is extremely
complicated so we omit that.

Thus we will need to use both the Carnot-Carathéodory distance and the homo-
geneous distance, so it is important to recall the relation between these distances
and between them and the standard Euclidean distance in R .

Lemma 2.2. Let d, and doc be the homogeneous distance and the Carnot-
Carathéodory distance defined respectively in Definitions 2.2 and 2.4. Then for
any compact K C RN there exists a positive constant Cx such that

Cxllr —y| < dce(z,y) < Crlz —y|M",

where 1 is the step of the Carnot group and |x — y| denotes here the standard
Euclidean distance in RY .
The same statement holds also replacing dy, and doc .
Moreover dy, and dcc are equivalent distance on compact sets, i.e. for any
compact K C RYN there exists a positive constant cx such that
C]_(ldh('ra y) S dCC(l’, y) S Cth(ZE,y)-
For the proof we refer to the monograph [16].

In the following Lemma we collect several properties of horizontal curves
that will be very useful later.

Lemma 2.3. Let ¢ be a horizontal curve with velocity o*(s) such that £(0) = x
and £(t) =y. Then the following properties hold:

(i) For any z € RN, £(s) := z 0 &(s) is still horizontal with ag(s) = af(s),

£0)=zoxz and &(t) = zoy.

(ii) For any C > 0, n(s) := &(Cs) is still horizontal with a"(s) = Cat(Cs),
1(0) =z and n(t/C) = y.

(iii) For any A > 0, £(s) := 6x(£(s)) is still horizontal with ozé(s) = Aat(s).

Proof.

(i) Denote by L, the left translation w.r.t. z (i.e. L,(x) = zox) and by DL,
the differential of the left translation L.. We have

&) = DLZ<£<s>>é<s>=DLZ<5<s>>(Zaﬂs)Xi(s(s))):
=1

= D af©DLLE() Xil(s) = Y af () Xi(z 0 (s) =

= D af(5)Xi(E(s),

where we have used the fact that the vector fields X; are left-invariant by
definition, i.e. DL,(£(s)) X:(€(s)) = Xi(z 0&(s)), for all z.



(ii) For any C € R, given n(s) = £(C's), then

i(s) = CE(Cs) (Za (Cs)X C’s))) = ZCaf(C’s)Xi(n(s)),

(2.5)
so 7 is horizontal with a(s) = Caf(Cs).

(iii) Using the fact that we are in exponential coordinates and the definition of
dilations as automorphisms of the group by the exponential map, that is:

room; T
Sx | exp ZZgj,in,i = exp ZZ)‘igjﬂXj,i )

i=1 j=1 i=1j=1

where X;; for j = 1,...,m; are a basis for the layer V;, and g,; are the
associated exponential coordinates for the point g € G = RY. From the
previous formula written for horizontal curves, that means ¢ = 1 and j =
1,...,mq = m, it follows immediately that £(s) := dx(£(s)) is horizontal
and af(s) = Aa‘(s).

O

The following lemma proves that we can control the supremum norm of two
curves by the L'-norm of the associated horizontal velocity.

Lemma 2.4. Consider two measurable functions o, : [0,T] — R™ and the
associated horizontal curves €*,&P starting from the same initial point, i.e.

m

Zaz €4(s)), €(s) =) Bils)Xi(£7(5)), £2(0) =&%(0).

i=1

If o, B are equi-bounded in L'(0,T), then there exists a positive constant C > 0
such that

le™ = &ll. < Clla=Bllpom -

Proof. The proof is trivial. In fact:

-0 = [ [0 0las =3 [ [moX(e06) - 46X ()] s

At this point we add £a;(s)X;(£%(s)), we use that the vector fields are smooth
(so in particular locally Lipschitz continuous) and that «, 8 are equibounded.
£, &P are equi-bounded, Hence by Gronwall’s inequality one can easily conclude.

O

The manifold structure is crucial when one works with PDEs. In fact vector
fields allow us to define naturally derivatives of any order, just considering how
a vector field acts on smooth functions. Since we are interested in first-order
Hamilton-Jacobi equations we introduce only the first derivatives.

10



Definition 2.5 (Horizontal gradient). For a Carnot group defined on R, con-
sider the family of vector fields X = {X1,..., X} associated to the Carnot
group. The horizontal gradient is defined as

Xu = (Xlu)Xl + -4 (Xmu)Xm.

Remark 2.3. Note that Xu is always an element of the distribution H since it
is defined as a linear combination of the vector fields that span the distribution.
For sake of simplicity we will often identify the horizontal gradient (which is a
N-dimensional object in H ) with its coordinate vector Vyu = (Xiu, ..., Xpmu)T
which is instead an element in R™. Trivially Vxu = o(x)Vu where Vu denotes
the standard (Euclidean) gradient of u and o is defined in (2.3).

Example 2.3. In the case of H the horizontal gradient can be explicitly written
as
_(ue, — Fug, ) (10 =% 2
qu—<ul,2+z£uz3 =10 1 %1 Vu € R?,

while Xu = (um1 - %umd) Xi1(x1, 29, 23) + (ugc2 + %um) Xo(xq, 20, 73) € R3.

3 Statement of the problem.

For any € > 0, we look at the following family of randomly perturbed problems:

{uf + H (61):(2),0(z)Vu®,w) =0, z € RN, we, t>0, (3.1)

uf(0,z,w) = g(z), z € RN, we Q,
where (Q,.F, IP’) is a probability space, o(x) is a smooth m x N matrix (with
m < N), whose columns are vector fields X1, X, ..., X,, associated to a Carnot
group, dx(+) are the anisotropic dilations defined by the Carnot group structure.

We assume that the Hamiltonian H : RY x R™ x  — R satisfies the following
assumptions w.r.t. 2 € RN, g = o(2)p € R™ and w € O

(H1) ¢+ H(z,q,w) is convex in g;
(H2) 3 C1 >0, A > 1 such that

Ty (g = 1) < H(z,q,w) < Ca(jg +1), ¥ (2,¢,w) € RY x R™ x O

(H3) there exists m : [0,4+00) — [0,400) concave, monotone increasing with
m(0T) = 0 and such that for all z,y € RNV, g € R™,w € Q

\H(z,q,w) — H(y,q,w)| <m(]| —zoy|a(l+[g));

(H4) Vg € R™ the function (x,w) — H(x, q,w) is a stationary, ergodic random
field on RN x Q w.r.t. the unitary translation operator, associated to the
Carnot group structure.

Recall that |g| is the usual Euclidean norm in R™ while ||z||, is the homogeneous
distance in Definition 2.2, and z~! = —x in exponential coordinates.
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Example 3.1 (Main model). The main model that we have in mind is:

_ lal”
H(z,q,w) =a(z,w) 3 + V(z,w), (3.2)

where 8 > 1, the functions V and a are bounded and satisfy (H3)-(H4) and a
is also uniformly strictly positive.

Remark 3.1 (Non-coercivity of the Hamiltonian). Note that the main differ-
ence between these assumptions and the assumptions in [37] is that the Hamil-
tonian is not anymore coercive w.r.t. the gradient but only w.r.t. the lower di-
mensional horizontal gradient (assumption (H2)). This lack of coercivity w.r.t.
the total gradient variable p is what will make the approach in [37] and [36]
failing and will lead to the main technical difficulties.

Remark 3.2. Assumption (H3) is adapted to the anisotropic dilations in the
group. Nevertheless using Lemma 2.2 this assumption can be rewritten in terms
of the standard Euclidean distance (with a power depending on the step of the
group). In particular if H(x,p,w) is Lipschitz conlinuous in x w.r.t. the ho-
mogeneous distance then it is only Holder continuous in x w.r.t. the standard
Euclidean distance with power 1/r and r =step of the Carnot group. E.g. in
the Heisenberg group it would be 1/2-Hélder continuous.

We next write more explicitly assumption (H4) to show how this adapts to
the algebraic structure of the Carnot group.
Assumption (H4) means that there exists a family of measure-preserving maps
72+  — Q, indexed by either x in the Carnot group or z in a discrete version of
the Carnot group (Z" as subset of the Carnot group equipped with the group
operation of the Carnot group) with the following properties:

e 7o =1id

o 7.(7y(w)) = Tuoy(w) for all z,y € RY (or ZV, respectively) and almost all
w e .

e (Stationarity) H(x,q,w) = H(0,q,7.(w)) for all z € RV (or ZV, respec-
tively) and almost all w € Q.

e (Ergodicity) If A C Q is such that 7,(A) = A for all z € RV (or ZV,
respectively), then P(A) € {0,1}.

Examples are short-correlated Euclidean-stationary random fields (by Borel-
Cantelli) or (for the discrete Heisenberg group) Heisenberg-periodic sets where
an independent identically distributed random variable is chosen for each cell.

Remark 3.3. We would like to add some remarks concerning the assumptions
on ergodicity and stationarity.

1. Note that we apply the ergodic theorem only to a one-dimensional Abelian
subgroup of the Carnot group (X-lines), so for convergence we are com-
pletely in the framework of classical ergodic theory, see proof of Theorem
5.2. The ergodicity with respect to actions of the full group is only used to
establish that the limit is deterministic.
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2. In case of the Example 3.1, and short-correlated random coefficients, the
convergence to a deterministic limit in Theorem 5.2 follows already from
the law of large numbers.

3. For examples of ergodic actions of the Heisenberg group on a probability
space (0, F,P) see e.g. [21]. In order to obtain from this a model like
Ezample 3.1 with a(x,w) = 1, take a bounded random variable V : Q@ — R
and set V(z,w) = V(1,(w)).

Example 3.2. An explicit example for a model satisfying (H4) in the spe-
cial case of Example 3.1 for the Heisenberg group H can be constructed in the
following way:

Take three independent random fields on R, fi(z,w) : RxQ = R, fori=1,2,3,
such that they are stationary ergodic w.r.t. the action of R. Then for a Borel-
measurable bounded function G : R® — R the random potential

V(z1, 22, 23, w) = G(f1(z1,w), fa(za,w), f3(x3,w))

is Heisenberg-stationary. Indeed, by independence and one-dimensional station-
arity we have for any open intervals (a1,as2), (b1, ba), (c1,c2) that

P{(z1 +r,xo+ 8,23+t + 1/2(x15 — z27)) € (a1,a2) X (b1,b2) x (c1,c2)}
=P{fi(x1+7) € (a1,a2)}P{ fo(z2 + 5) € (b1,b2)}

xP{fs(xs +t+1/2(x18 — x21)) € (c1,¢2)}

=P{fi(z1) € (a1, a2)}P{fa(x2) € (b1, b2) }P{f3(x3) € (c1,¢2)}
=P{(x1,x2,x3) € (a1,a2) X (b1,b2) X (¢1,¢2)}.

Since open rectangles generate the Borel-o-algebra, the result follows.

We introduce

w(ta,w) = if {g(y) + L(2,y.t,w)} (3.3)
y
with .
Lf(z,y,t,w) := inf H* (817 (£(8)), a5 (s),w) ds (3.4)
ceA . Jo
where

A ={¢e W' ((0,t)) | € horizontal curve such that £(0) =y and £(¢) =z},
while H* denotes the Legendre-Fenchel transform of H w.r.t. ¢ € R™, that is

H*(x,q,w) = sup {p-q— H(z,p,w)}
peER™

and ot (s) is the m-valued measurable function corresponding to the horizontal
velocity of £(s) defined in (2.4).

Theorem 3.1. We assume g bounded and Fuclidean Lipschitz continuous,
and that the Hamiltonian H satisfies (H1)-(H3). Then, for all fized w € §,
uf(t, z,w) given by formula (3.3) is the unique BUC wviscosity solution of prob-
lem (3.1).
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The proof of this theorem will be given in the Appendix.
From now on we use the notation:

L(z,q,w) = H*(z,q,w) = sup {p-q—H(z,p,w)}; (3.5)
peRm

L(z,-,w) is the Legendre-Fenchel transform of the Hamiltonian H(z,-,w) taken
w.r.t. ¢ € R™, for each z € RN and w € Q fixed, and it is called Lagrangian
associated to the given Hamiltonian. In the following lemma we show how the
properties of the Hamiltonian pass to the associated Lagrangian.

Lemma 3.1. If H(x,q,w) satisfies (H1)-(H4) and L(x,q,w) is the associated
Lagrangian defined by (3.5), then L satisfies

(L1) g~ L(z,q,w) is convez, for all (z,w) € RY x Q;
(L2) there exists C1 > 0 such that

Cri(lgl* = 1) < Lz, q,w) < Ci(lgl* +1), Y (2,q,w) € RY x R™ x

where A = X = %_1 (i.e., the conjugate of the constant \ in assumption
(H2));

(L3) for all R > 0, there exists mpg : [0,4+00) — [0,400) concave, monotone
increasing, with mr(0T) = 0 and such that for all z,y € RN, w € Q

|L(z,q.w) = Ly, ¢, w)| <mp(| —zoylln), Vg€ Br(0),
where Br(0) is the (FEuclidean) ball in R™ of radius R centered in 0;

(L4) Vg € R™ the function (z,w) — L(x,q,w) is stationary, ergodic random
field on, RN x Q w.r.t. the unitary translation operator associated to the
Carnot group structure;

(L5) L* = H.

Proof. Properties (L1) and (L5) follow immediately by definition of L = H*.
Property (L2) comes trivially from (H2) and (3.5) taking A\ = A *, the conjugate
exponent of X\. The proofs of (L3) and (L4) are also immediate: one can find
a detailed proof of (L3) in [17, Theorem A.2.6] while (L4) comes directly from
the definition of L = H*. O

Remark 3.4. We note that w.l.o.g. we can replace assumption (L2) with
Cri(lgt +1) < Lz, q,w) < Ci(lg)* +1). (3.6)

Indeed, if we replace L(x, q,w) by L((x,q,w) = L(x,q,w)4+2C7 " then 4°(t,z) =
uf (t, ) + 2C7 't making no relevant change in the homogenisation problem.

Example 3.3. In the case of model (3.2) in Example 3.1, the associated La-
grangian 1S

L(z,q,w) = b(z,w)—— + V(r,w), (3.7)

with B* = % and b(z,w) = #
a(z,w)P-1
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Here we state the main results of this paper. The proof will be given in
Section 7.

Theorem 3.2. Consider the problem (3.1) with g : RN — R bounded and (Eu-
clidean) Lipschitz continuous. Assume that the Hamiltonian H(x,p,w) satisfies
assumptions (H1)-(H4) and for L = H* the following additional assumption
holds:

(L6) there exist constants C > 0 and X > 1 such that
|L(z,p,w) — L(z,sp,w)| < C‘l — |s|)" |L(z,p,w)|,
forallseR, 2 € RV, p e R™, we .

Then the wviscosity solutions u®(t,z,w) of problem (3.1) converge locally uni-
formly in x and t > 0 and a.s. in w € Q to the unique solution u(t,z) of the
deterministic problem (1.3), where the effective Hamiltonian H(q) is defined as

H(q) = L"(q) and L(q) is the effective Lagrangian defined by limit (5.13).
Now we give a class of operators where we can apply the previous result.

Corollary 3.1. Consider the problem (3.1) with g : RN — R bounded and Lips-
chitz continuous. Assume that the Hamiltonian H(x,p,w) satisfies assumptions
(H1)-(H4) and moreover

H(z,p,w) = Hy(z,p,w) + Ha(z,w), (3.8)

with Hy(z,p,w) A\-homogeneous in p (namely Hy(z,sp,w) = |s|*Hy(x,p,w)).
Then the viscosity solutions u®(t,x,w) of (3.1) converge locally uniformly in x
and t > 0 and a.s. in w € Q to the unique solution u(t,z) of the deterministic
problem (1.3), where the effective Hamiltonian H(q) is defined as H(q) = L (q)
and L(q) is the effective Lagrangian defined by limit (5.13).

Proof of Corollary 3.1. We need only to remark that, whenever H satisfies (3.8),
then the associated Lagrangian has the same structure (by taking A\ = X*), and
such a structure for L implies assumption (L6). Hence Theorem 3.2 and Remark
3.4 immediately imply the result. O

Example 3.4. Our main model of Hamiltonian (3.2) satisfies the assumptions
of Corollary 3.1.

4 Properties of L°(x,y,t,w).

In this section we will investigate several properties for the variational problem
L (z,y,t,w) defined by (3.4).

Lemma 4.1. Under assumption (L2) then

dec(z,y)*

e Ve,y e RVt > 0,w € Q,

Crlt < Lf(z,y,t,w) < Cit + Cy

where C1 and A are the constants introduced in assumption (L2).
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Proof. By assumption (L2) and Remark 3.4 we get the first inequality of the
statement. We consider a geodesic 7 from y to x in time ¢ (parametrized by
arc-length), then n € A} | with |a"(s)| = dcc(z,y)/t. By assumption (L2) we
have

t t
Lt < [ LOy(n(s),a"(s)w)ds < [ €11+ deolep) e ds,
0 0
which easily entails the last inequality of the statement. O

Proposition 4.1. Under assumption (L2) then

Lot =t { L3y (1()). 0 (5),10) s} (41)

n

where the infimum is taken over the curves
ne A,  such that |a"|| ;x4 < C, (4.2)
where C = [(C2 + Cy + 1)t + C2doe(z, y) |/ Mx L.

Proof. Using the definition of L®(z,y,t,w) as greatest lower bound, then there
exists a curve 1) € Al such that

/0 L(61e(n(s)), 0" (s), ) ds < L¥(,y, t,0) + 1.

By the bound from below in (L2) and using Lemma 4.1, we have

d A
Ccy / | (s) )S<L(xy,tw)+t<(Cl+ )t—l—C%,
and consequently
2 doc(z,y)*
[l HLA 0 = <(C?4Cy + )t—|—C’1157717
which is equivalent to relation (4.2). -

Corollary 4.1. Under assumption (L2), locally uniformly for (z,y,t) € RV x
RN x (0,T)] the infimum in L (x,y,t,w) is attained over admissible curves n
such that

(1) Nl < Ca, for all 1 < v < X, where X is the constant given in
assumption (L2) and Cy depends only on the constants in assumption
(L2) and the compact sets;

(ii) |Inllec < C5, where Cs depends only on o(x), the constants in assumption

(L2) and the compact sets.

Proof. This follows easﬂy by Proposmon 4 1 the standard embedding proper-
ties of L*(0,t) and £(t) )+ fo £(s)ds. O
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We now prove the uniform continuity of L%, uniformly w.r.t. € > 0. To this
purpose, we adapt some arguments from [36].

Lemma 4.2. Under assumption (L2), then
Ls(x7 y?t + h7 w) S Le(x’ y, t7 w) + Clh7 (4.3)

for all e > 0,2,y € RNt > 0, h > 0, w € Q and where Cy is the constant
introduced in (L2).

Proof. We proceed as in [36]. Let £ be an admissible path for L (z,y,t, w); we
introduce (s)
] &(s) 0<s<ty
§1(s).—{x t<s<t+h.

Note that &; is an admissible path for L®(x,y,t + h,w). Hence, we have

t+h
Flptthe) < [ L6000 6.0
t t+h
< /0 L3y (6(5)), af(s), w)ds + / L84 (), 0,w)ds.

t

Taking the infimum over ¢ and by assumption (L2), we obtain the statement.
O

Lemma 4.3. Under assumption (L2), then
L (zov,y,t+ ||v|lco,w) < Lf(x,y,t,w) + 2C||v]lcc, (4.4)

foralle > 0,z,y,v € RNt >0, w € Q and where C; is the constant introduced
in assumption (L2). Moreover, for each compact K CC RN, there exists a
constant C' (depending only on K and on the assumptions of the problem, so in
particular independent of €) such that

Lf(zov,y,t+ ||v]|p,w) < LE(z,y,t,w) + C|lv||n Yo € K, (4.5)

and for all e > 0,2,y € RVt >0, w € Q.

t

y.a0 We define

Proof. TFor any curve £ € A

[ &) o0<s<t
g () { A(s)  t<s<t+|vlcc

where §(s) = v(s — t) and v is a geodesic from z to x o v in time ||v||¢c. Since

Ne € A;J;LUO?UHCC, then we have

t+||vllcc

Lf(zov,y,t + |v||lcc,w) < /0 L(61/e(me(s)), o (s),w)ds
t t+|[vllcc _
- / LSy (€(5)), af(s), w)ds + / L(81/(5(s)), a7(s), w)ds

< [ LG1e(€().af()w)ds + 2 oo,
0
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where the last inequality is due to assumption (L2) and the fact that by arc-
length parametrisation we can assume |a7(s)| = 1. Taking the infimum over &,
we get the bound (4.4).

It remains to prove (4.5). We argue as before defining

_[&s  0<s<i
ne(s) -—{ F1(s) t<s<t+|vln

where 41 (s) := v1(s — t) and 7, is a geodesic from z to x o v in time |[v]|,. We

have |a" (s)| = ||v]lcc/||v]|n. Hence, as before, we get

t v A
Ewouyt + lolne) < [ LGy el af(s),w)ds + Culll (1 n 'l””“‘) .
0 h

Recall that for each compact K CcC RY, there exists a constant ¢ such that

c e < vllee < cljv||ln (see Lemma 2.2); hence

t
L (xov,y,t+ ||v|p,w) < / L(61/:(&(s)), ag(s), w)ds + C1(1 + c)‘)Hth
0
and, taking the infimum over &, we get (4.5). O

Lemma 4.4. Under assumptions (L2) and (L6), L¢(z,y,t,w) is locally uni-
formly continuous in t away from 0, locally uniformly w.r.t. = and y and uni-
formly w.r.t. €. More precisely for any § € (0,1) there exists C5 > 0 (depend-
ing only on the constants in assumptions (L2) and (L6) and going to +oo as
§ — 0%) such that

|Lf (2, y,t + h,w) — L¥(x,y,t,w)| < Csh Ve >0, (4.6)
for any t,t+h € [0,1/8] =: Is, h > 0 and for any (z,y) € As where
As = {(z,y) € RN x RN |doo(z,y) < 1/6}.
Proof. By Lemma 4.2 we know that for any h > 0
Lf(z,y,t + h,w) — L*(x,y,t,w) < Cyh.
It remains to show the opposite inequality, i.e.
Lf(z,y,t + h,w) — L*(x,y,t,w) > —Csh. (4.7)

Take (7,y) € As and a curve 1 admissible for L(z,y,t + h,w) and such that

o Lr,e4n) < C where C' = C(0) is the constant introduced in Proposi-

tion 4.1. We define &,(s) := n(2s). By Lemma 2.3, &,(s) is still horizontal
with

t+h t+h t+h
afr(s) = St (SER) 60 = 0) = ) = () =

50, &,(s) is admissible for L (z,y,t,w). We observe that
t

Flagtw) £ [ L6y&().a(s)wis
0

T t+h
= — n
[ (51/E<n<s>>, o <s>,w) ds.
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¢ t+h t+h . t+h .
Fm e [ (dueten. S e ) ds= [ LGy (). a0 s,

t+h
(A L(81)(n(s)), 0" (s), w)ds — L*(x,y,t00) > — L. (4.8)

Assume for the moment that
I < Csh. (4.9)

Then passing to the infimum over 1 in (4.8) we obtain relation (4.7).
Let us now prove (4.9). Writing tJ%h =1- Hih, we have

1= [T (5 (s, a6 - £ Guetato,a(6)) ) s +
h t+h

Ct+h )y

t+h
t

L(@km@», aWQ#Dd& (4.10)

To get (4.9) we estimate |I|. We start estimating the modulus of the latter
integral in the right hand side. Note that (L2) implies that

IL(z,q,w)| < C1(Jg)* +1) + C7 ' (Jg* = 1) < C(lg* + 1) (4.11)

where we have used that max{A, B} < |A|+ |B| and C := C; + C; *.
Then by (4.11) and for h sufficiently small (so that § <+ h < $), we have

h t+h

ds

t+h
L (51/5 (), o (s), w)
R t+h\*
< L 1(5)|*
<ivnl/ C’<1—|—< ; ) la(s)|" | ds
1 [(t+h\"
C (5 + (t) |an”2*(0,t+h)>
c (1 o\’

where the last inequality is due to Proposition 4.1. On the other hand, using
first (L6) and then (L2), we have

/OM L (Bu/e o)), a6, ) = LG (09,079, d
e
<oo /Ot+h (ch>>\ »
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Hence, by our choice of ¢ and h, we get

/OM L (Bu/e o)), 07, ) = LG (9,079,

< 015_A‘(t +h) — tA‘(HO‘n”zA(o,t-s-h) +t+h)
< Csh (4.13)

t+h

where the last inequality is due to Proposition 4.1. Using (4.12) and (4.13) in
(4.10), we get (4.9). O
For later use, we collect some consequences of the previous estimates.

Lemma 4.5. Assuming (L2) and (L6), there exists a positive contant C,
depending only on the assumptions on the Lagrangian L, such that

1. LfF(zov,a,||v|lco,w) < C|lvllcc,
2. |Lf(x,y,t,w) — L¢(z,y, (1 + p)t,w)| < Cp|LE(z,y,t,w)|, for 0 < p K 1,
3. Lf(x,z,t + s,w) < Lf(z,y,t,w) + L (y, 2, s, w),

for all z,v,y,z € RN, w € Q and t,s > 0.

Proof. Point 1 follows from Lemma 4.3 by choosing x = y and ¢t = 0.
We prove now point 2: Applying Lemma 4.4 with h = pt we get

|L€(JZ, y,t,w) - Ls(x7y7 (1 + p)t7w)| < 05 pt

We accomplish the proof recalling from Lemma 4.1 that Cflt < LE(z,y,t,w).
Point 3 is obvious since the combination of two minimisers for L¢(z,y,t,w) and
L#(y, z, s,w), respectively, is an admissible path for L¢(z, 2, t + s,w). O
As a direct consequence we have the following lemma:

Lemma 4.6. Assume (L2) and (L6) and consider x1,y1,22,y2 € RY and
t >0, with ||—z1 0o za|loe + | —v1 0 y2lloe < t. Then

|LE (z1, 91, t,w) — LF (22, Y2, t,w)]
< O(|L% (w1, 91, t,w)| + |L5 (22, y2, t,w)|) (| = z1 0 22|lce + | — y1 o v2lce) -

Proof. By applying twice Lemma 4.5 part 3, we deduce

Le(zlaylthF | =21 0552”00 + 1=y 0 y2||cc ,w)

< Lf (xlax% ||—(E1 © xQ”CC 7w)+La(x27y27tvw)+LE(y2vyl» ||_y1 ° y2||CC ,(.d).

Next we apply Lemma 4.5 part 1 to L¢ (21, 22, ||—21 0 22| o s w) and to L (y2, 1, [|[—y1 © v2|l ¢ » w)
taking respectively v = —x5 o x1 and v = —y; o y2, and we deduce:

Lf (z1,y1,t + =21 0 22l o + |91 0 w2l o > w)
< C(ll—z102allce + -y o vallce ) + L (22, 42, t, w)
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(recall [|—z20x1||oe = || =21 0 ®2]| ). Finally, Lemma 4.5 part 2 with p =
|=z10z2|lcctll=yi0y2llcc

, implies

LE(I15y17t+ ||7:E1 OIQHCC + ||7y1 o y2||CC 7&.})
> Lf(x1,y1,t,w) — C p| L (21,91, t,w)|.

The last two inequalities entail
Lg(zlaylvtaw) - Lg(z23y27taw) < Cp|L€(x1,y1,t,w)| + Cpt

To conclude, from Lemma 4.1 we get L¢(z,y,t,w) > C’l_lt and we recall that
t > 0 is fixed. Then, up to changing the constant, the previous inequality can
be written as

Ls(xlvyht7w)_L€($27y27taw) S OILs(Z‘l’yl?t?w)‘(H_le 0 xQHCC_FH_yl ° yQHCC)'

Reversing the role of x1,y; with that of x5, y2, the claim follows. O

Theorem 4.1. Under assumptions (L2) and (L6), L*(x,y,t,w) is locally uni-
formly continuous w.r.t. x,y € RN and t away from 0, uniformly w.r.t. € >0
independently of w € Q1.

Proof. By Lemma 4.4 we have the local uniform continuity with respect to t.
It remains to show the local uniform continuity with respect to  (the one w.r.t
y is analogous so it is omitted). We need to show that, for every § > 0, there
exists a constant C's > 0 such that

|L* (2, y,t,w) — L°(Z,y,t,w)| < Cs |-z oz, Ve >0 (4.14)

and for any ¢ € [0,1/0] and for any z, &, y with CC-norm smaller than %. Indeed,
we have

Lf(z,y,t,w) — L (Z,y,t,w) = [L°(z,y,t,w) — L (z,y,t + || — Z o z||p,w)]+
[L5(z,y,t + || = T ox|p,w) — L5(Z,y,t,w)].

We observe that Lemma 4.3 (with v = —% o z) and Lemma 4.4 give
LE(x’ Y, t,LU) - Ls(j) y7tao‘)) S (201 + 05) ||—37 © i‘/Hh )

where C1 is the constant introduced in (L2) while Cj is the constant introduced
in Lemma 4.4. Reversing the role of x and & we accomplish the proof. O

Lemma 4.7. Under assumption (L2), then
LE(z,y,t,w) > Cy ' Mdeoco(z,y) — Cr ', (4.15)

foralle >0,t>0 and xz,y € RN, where Cy and X are the constants introduced
in (L2).
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Proof. By the definition of L¢(z,y,t,w), assumption (L2) and Jensen’s in-
equality, we obtain

t
L t 1 inf A 1)d
@) > CF i { [ tasp -~ vyas}
Cr't inf {( /|a |ds)}
fE.At
CyM' M inf / £(s)|d —C*It
e (L { [ esoas ;

which is equivalent to the statement because of the definition of dee(z,y). O

V

Y

Proposition 4.2. Assume that the Lagrangian L satisfies (L2) and that the
initial datum g satisfies
g(z) > —C(1 +dec(z,0)) vz € RV, (4.16)
Then the iIﬂleN{g(y) + Le(x,y,t,w)} is attained in a CC-ball centred at x with
ye

radius depending only on the constants in (L2) and on T for all t € (0,T).
Recall that by Lemma 2.2 CC-balls and standard Fuclidean balls can be included
into each other up to changing the radius.

Proof. As in [36, Lemma 3.4], we want to prove that the infimum outside a
suitable ball is greater than the infimum over the entire space. Fix (t,z) €
(0,T) x RY. From (L2) we have that L(z,0,w) < Cy, so L¢(z,r,t,w) < Cit,
that implies

1r]§fN {9(y) + L*(z,y,t,w)} < g(z) + L*(z, z,t,w) < g(z) + Cit, (4.17)

ye

where the second inequality is obtained choosing the constant curve £(s) = x
for any s € (0,t) in the definition of L¢(x,z,t,w).
From (4.16) and the triangle inequality, we have

g(y) + Cfltk)‘dcc(%y)/\ — Cflt >-C-Ct

7%0?’ w) _ Cdcc(,0)

A
+ o7t <W> —Crlt

Since the right-hand side goes to +o00, as doc(z,y) — +oo, then there exist
R > 0 such that

g(y) + O Mo (x,y)r — O > g(x) + Ot vy e RM\Dp  (4.18)

where Dg = {y € RY : doe(z,y) < RT}. By using both inequalities (4.17)
and (4.18), we get

IA

. 1, ((dec(zy) ) —1
f L (z,y,t f (L) —orl
ygﬁw{g( y) + L (z,y,t,w)} el o, {g(y)+01 < ; G
< inf L (z,y,t
< ) 9w + L@y tw)}

where the last inequality is due to Lemma 4.7. To conclude we just remark
that, by the Hormander condition, D is contained in an Euclidean ball (up to
a different radius), then the lemma is proved. O
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5 A lower dimensional constrained problem to
determine the effective Lagrangian.

Inspired by the approach of [37], we now pass to study the convergence of the
functional L¢(z,y,t,w) as € — 0T, by using the Subadditive Ergodic Theorem.
First we introduce a special family of horizontal curves which can be used as
initial condition to build a subadditive stationary process. At this purpose we
use curves which have constant horizontal velocity w.r.t. the given family of
vector fields X = {Xi,...,X;n}, namely X-lines. For more details on those
curves one can see [9, 10].

Definition 5.1. We call X-line any absolute continuous curve ¢ : [0,t] — RY,
satisfying

£(s) = Zqixmf(s)) =0(&(s))g,  a.e. s € (0,t), (5.1)

for some constant vector g € R™. Using notation coherent with [37] we denote
by l;((s) the X -line starting from the origin associated to the horizontal constant
velocity ¢ € R™.

Remark 5.1.

1. Since the vector fields associated to Carnot groups are smooth, the X-lines
are smooth curves so relation (5.1) holds for all s € (0,1).

2. Since the vector fields are linearly independent at any points (see Remark
2.1), for any fixed ¢ € R™ and for any fized starting point x, there is a
unique X-line starting from the point x and associated to the horizontal
constant velocity q.

3. X-lines starting from a given point x are curves in RN depending only on
m parameters with m < N. Then, while there always exists an horizontal
curve joining two given points x and y, in general a X-line joining x to y
may not exist in a Carnot group.

To study the convergence of L¢(z,y,t, w) we need to use X-lines so we first
restrict our attention to the points z and y that can be connected by using a
X-line. Following the notations in [10], we define the X-plane associated to a
point x which is, roughly speaking the union of all the X-lines starting from x.

Definition 5.2. We call X-plane associated to the point x the set of all the
points that one can reach from x through a X-line, i.e.

Ve = {y € RY |I¢q € R™ and €7 X-line such that £9(0) = x,£9(1) = y}.

Remark 5.2 (X-lines in Carnot groups). Note that in the Heisenberg group the
X-lines form a subset of Euclidean straight lines but in general the structure of
X-lines can look very different from the Euclidean straight lines (see [9, 10] for
some examples). Still, if we assume that the vector fields are associated to a
Carnot group in exponential coordinates (see (2.3)), then at least the first m-
components are Fuclidean affine. This implies that in Carnot groups, whenever
y € Vo, then the unique horizontal velocity q such that £€9(0) =z and £9(1) =y
is given by ¢ = T, (y — x).
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Let us define

@ﬁ:&;mmekNMeWmﬂmwhmmmma@zgmyam:ﬂ@}
5.2)

For any interval [a, b) we define the following stochastic process (similar to [37]):

b
palla,bhw) = inf [ L(&(s),a(s). ), (5.3)

€€BZ,b

To use the Sub-additive Ergodic Theorem, fixed the slope ¢ € R™, we need to
consider the action of Z on the process p, as additive translation in time. More
precisely:

Definition 5.3. Given a,b € R with a < b, ¢ € R™ and z € Z, we define
b+z
T pg([a, b),w) = pg(z + [a,b),w) = inf / L(&(s), ag(s),w)ds.
£EBL, . viz Jatz

Lemma 5.1. For every q € R™, z € Z, let u, be defined by (5.3) and 7, the
additive action introduced in Definition 5.58. Under assumptions (L1)-(L4), we
have

Tz H’q([aa b)aw) = #q([avb)ﬁzqw) (54)
where zg = 15 (2) and I is the X-line defined in Definition 5.1.
Proof. For any & € BZH’HZ we consider

E(s) = [l () o &(s+2).

By Lemma 2.3 part (i), £(s) is still horizontal and a?(s) =at(s+2).
Moreover note that &(a) = [I7 ()] ol (a+z) and £(b) = [I7 (2)] " ol (b+2).
We claim that _ _

£(a) =17 (a) and £(b) =1 (b). (5.5)
In fact, consider the two curves ¥ (s) and l?;(s) = [l (2)] ' o ¥ (s + 2): both
the curves start from the origin since l?;(O) = [IX(2)]t o lF(z) = 0 = 1:(0).
Moreover they have the same horizontal velocity since ke (s) = ¢ (by definition)
and ala (s) = ald (s+z) = q (by Lemma 2.3). Hence by standard uniqueness for
ODEs with smooth data, the two curves coincide and in particular (5.5) holds.

This implies that for each § € B], _ . ., the curve fe B ,. Then, by the change
of variable s = s — z,

b+z _ _
Tz g ([a, b),w) = ~in£ L([Z(f(z)] 0&(s— z),ag(s — 2),w)ds
EGBa’b a+z
b _
= in Yz o~safsws.
—&ng/a L(IE ()] 0 E(s), 0l (s), w)d

We set zg = ¥ (z) and use assumption (L4) to conclude

b
gl b)) = it [ L(E().0%(6), 7 0)ds = 0. b). 7 ).
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Lemma 5.2 (Subadditivity). For n € N, there holds

n

a(0,m),0) < 3 gk = 1+ [0,1), ).
k=1

Proof. 1f &, € B{_, ,, then we can construct a continuous horizontal curve ¢ in

B, such that £(s) = &k (s) for s € [k — 1, k], k € {1,...,n}. The claim follows
from the definition of the infimum. O

Under assumptions (L1)-(L4) the Subadditive Ergodic Theorem applies to the
process defined in (5.3). We will use it in the following form, which is taken
from [20, Prop. 1], based on Akcoglu and Krengel’s theorem, [1]. We state it for
one dimension. First, we get the existence of a limit which may still depend on
w and then we use ergodicity to show independence of w. From [20] we recall:

Definition 5.4. We denote by Uy the family of all bounded measurable subsets
of R. For A € Uy, its Lebesgue measure is |A|. We denote by M the family of
subadditive functions m : Uy — R such that, for some ¢ > 0, there holds

0 <m(A) < c|A] VA € Up.

Theorem 5.1 (Subadditive Ergodic Theorem, [20]). Let pu: Q — M be a
subadditive process. If p and .1 have the same law for every x € Z, then there
exists a set of full measure ' and a measurable function ¢ such that on

lim 777 u(w)(t) = p(w)

t—o0
for every interval I, where |I| denotes its length.

We look at the points y € Vo € RM. Let us recall from Definition 2.1

that we write y = (y!,9%) € R™ x R¥"™ and y* = 7,,(y). If y € Vj then
y? = y%(y') € RY~™ where y2(:) is a (N — m)-dimensional valued function
associated to the vector fields. E.g. in the case of the n-dimensional Heisenberg
group N = 2n+1 and m = 2n so y? = 0 € R, for all y* € R?". (See [10, Lemma
2.2] for more details).
We are now ready to give a first pointwise convergence result. Note that, dif-
ferently from the Euclidean case, the following theorem gives the asymptotic
behaviour of L¢(0,y,t,w) only under the additional (N — m)-dimensional con-
straint expressed by y € Vj.

Theorem 5.2. Under assumptions (L1)-(L4), for each t > 0 and y € V fized,

1. The following limit exists a.s. in w

1
Lf(y,0,t,w) 0T g < yt7w> ) (5.6)

where [t : R™ x Q — R is a measurable function.

2. The limit value [ in (5.6) is constant in w.
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Proof. We first prove part 1 by applying the Subadditive Ergodic Theorem
5.1. To this end let us observe that for ¢ fixed, p, belongs to M. Actually by
Remark 3.4 we have p,(I,w) > 0 for any interval I. On the other hand, since
Iy € B, we have

pq(la,b),w) < / L(IX(s), ' (), w)ds < CL(1+ |a*) (b — a),

a

where the last inequality is due to assumption (L2) and to the relation ola (s) =
q. Hence the Subadditive Ergodic Theorem 5.1 implies

1
;Mq([OaT)M) —T7 T (g, w), a.s. w € Q. (5.7)

Note that the definition of 1, involves only a one-dimensional subgroup of trans-
lations, {ngc(z) }.ez, the subgroup that leaves invariant the X-line with direction
q, passing through the origin.

Now we rewrite the functional L°(y,0,¢,w) defined by (3.4) in terms of
tq([a, b),w): let us prove

L (y,0,t,w) = e, ([0, 5*1t),w).
t

For any & € Af ,,, we define £(s) := 01/.(£(s)). Using Lemma 2.3, part (iii)

t _
L*(y,0,t,w) = _inf L(&(s),ea%(s), w)ds,
EeAG, Jo

where y. = d1/:(y). By the change of variable s = s/¢ (which we call again s)
the previous identity becomes

t/e _ _
Lf(y,0,t,w) =€ inf / L(&(es), eat (es),w)ds.
geAyl;. Jo

Take now 7(s) := &(e s) and note that by Lemma 2.3 7(s) is still a horizontal
€

curve with a”(s) = € a*(es), n(0) = 61,.(y) and n(t/e) = 0. Then

t/e
L5(y,0,t,0) = ¢ inf / L(n(s), a"(s), w) ds. (5.8)
neAls Jo

0,ye
Now fix t > 0, y € Vp and y* = m,,(y). To use the convergence result in (5.7) it
remains to show that

1
t
A(t)/; :ngwithq:y?, a=0and b= —.
1JE £ E

For this purpose, consider the X’-line joining 0 to y with constant horizontal

velocity ¢; = % fori=1,...,m, i.e. l;( is the unique solution of

HOEDY

Xl (), 17 (0)=0,

+|<
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(recall that ;¥ (t) = y).
CLAIM: for all constant C > 0

15 (Ct) = b6c (I3 (1) = b (y).- (5.9)

To prove claim (5.9), let us introduce the two curves Iy (s) := I (C's) and l5(s) :=
¢ (1 (s)). Note that by Lemma 2.3, parts (i) and (iii), we have

1 n
and a'2(s) = Cal = CT'

1(0) = 15(0) =0, o' (s)=Cal = cyT

This means that [;(-) and l3(-) both solve the ODE problem
i(s) = Zl CorXi(x(s),  w(0) =0.

By standard uniqueness for ODEs with smooth data, we deduce l;(s) = l2(s).
This implies in particular [;(t) = l2(¢) which gives (5.9). Note that here is cru-
cial that the horizontal velocity of the two curves /1 and I is constant in time.

The claim (5.9) implies that Aé{; =Bl _withq= %, thus equation (5.8)

0,t/e
gives
Lo(y,0,t,w) = ep ([0, 8/¢), w). (5.10)
t
For t >0,y € Vo, y' = mn(y) and ¢ = yTl fixed, we can rewrite (5.7) as
1

L (y,0,t,w) = ep,1 ([0,t/e),w) 07 th (yt,w) , a.s.we . (5.11)

We now prove part 2: we show the independence of fi from w. Fix z € RY and
define I3 (s) := —z 0 lf(s), then by Lemma 2.3 this is still an X’-line. We have
by stationarity of the coefficients

1
t#(y Tz(w)> = lim su%([(),t/@ﬂ'z(w))a

t’ e—0t

and by (5.3) and stationarity

t/e
i 0.4/ @) = _nt [ L) a%(s) @)

where

B‘LZ —

0,t/e "

{E a0 = RN |€ € Wl’ﬁc((a, b)) horiz, £(a) = —z o I (a), £(b) = —z o l;((b)} :
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We have to show

t/e t/e
lim € inf / L(&(s),a%(s),w)ds = lim & inf / L(£(s), a8 (s), w)ds
dm et ), LEehet@wds=lime [ LEs)0te).)

(5.12)
for all z € RY, then 7z (yTl,TZ(w)> =7 (y%,w) , 80 by ergodicity w.r.t to the

group action [t (yt—l, w) does not depend on w.

We show that both infima have the same limit by connecting the endpoints
xy =17 (a) to y1 := —z ol (a), x2 := 17 (b) to yo := —z o l;¥ (b) by geodesics
of length of order C(q) ||z|| o - Indeed, by Lemma 4.6 the difference of the cost
disappears in the limit € — 0. (See Figure 1.)

This means any path in Bg:tz/s can be made into a path in Bg,t/s by paying a
cost of order |z| (for a similar argument, we refer the reader also to the proof of
Lemma 6.3). This extra cost vanishes in the limit after multiplication by . O

Figure 1: In the picture are drawn two X-lines with constant horizontal velocity
q connecting respectively x1 with 23 and y; = —zox; with yo = —zoxs. Then
& and € are respectively admissible curves touching at the two couple of points.

Remark 5.3. Note that the convergence result (5.6) means that, for eacht > 0
andy € Vy fized, there exists QY C Q with P(Q4Y) = 1 such that L¢(y,0,t,w) —
t %@), for all w € Q%Y. This convergence result is enough to define the

effective Lagrangian but it is still too weak to obtain the convergence of the
solutions of the homogenization problem.

Definition 5.5 (Effective Lagrangian). We define the effective Lagrangian
L:R™ =R as B
L(q) = () = lim L*((g,5),0,1,0), (5.13)
e—0+
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where the point yg € RN~ is uniquely determined by y' = q € R™ for all
points (q,yg) € Vo CRYV,

Example 5.1 (Heisenberg group). In the 1-dimensional Heisenberg group there
holds: L(q1,qz) = lim._o+ L ((q1,¢2,0),0,1,w).

Using the definition of effective Lagrangian introduced in (5.13) we can
rewrite the limit in Theorem 5.2 as follows: for each y € Vj and ¢ > 0 fixed,
there exists a set Q%Y C Q with P(Q%¥) = 1 such that

lim L°(y,0,t,w) =tL (”m(y)> , YweQhy. (5.14)
e—0+ t

Next we want to derive the local uniform convergence for L¢(x,y,t,w) under
the constraint y € V.. The following proof is a simple adaptation of the ideas
developed by Souganidis in [37] and later by the same author and co-authors
in [4, 5, 6, 7. The main difference is that we work directly with the functional
L#(z,y,t,w) and not with the solutions u® (¢, z). This will guarantee in once both
the uniform convergence in y (essential to pass to the infimum in the limit) and
the uniform convergence in z and ¢ (that will allow to apply our approximation
argument in Section 6).

Theorem 5.3. Under assumptions (L1)-(L4) and (L6) and the additional
constraint x € Vy, we have that

lim L°(z,y,t,w) = tL (W) =L (M) (5.15)

e—0t

locally uniformly in x,y,t and a.s. w, where L is the effective Lagrangian defined
by (5.13).

Proof. We first show that
Lf(z,y,t,w) = L° (fy o, O,t,Ttgl/E(y)(w)) . (5.16)

Note that € V, if and only if —yox € V{ (recall that y~! = —y in exponential
coordinates). To prove (5.16), for each & € A!  we define 7(s) := —yo&(s). By
Lemma 2.3-(i) we have a”(s) = a*(s), n(0) = —y oz, n(t) = 0, hence

t
Flagtw) = it [ L@yon(s).a'(s)w)ds
0,—yox J 0
t
= it [ L) 0810, 7). w)ds
0,—yox J 0
t
:Atmf /L(él/s(n(s)),a (s),T(;l/s(y)w)ds
0,—yox 0

=L (7y o, 07 ta T(S; (y) (W)) )
where we have used property (L4).

By combining the estimates found in Section 4 with Egoroff’s Theorem and the
Ergodic Theorem we can conclude. Since the argument is standard and has
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been used already in several papers, then we recall only the main steps.

Since Lf(x,y,t,w) are equi-uniformly continuous in ¢t > 0 and z,y € RY (see
Theorem 4.1), using the density of Q in R we can restrict our attention only to
points of the form ¢, € (0,400) NQ = Q*, 2. € QN and y. € QV. We then
define the following set:

— t
Qo := ﬂ Q‘Tz27yz7

t.€Qt,z.eQN,y. QN

where Q7 | is a set of full measure such that

lim L%(—y. 02,0t w) = £. T (m<y>> .

e—0+t t,

Note that 29 does not depend anymore on ¢,  and y and P(£2y) = 1.
Using the structure of Carnot group in exponential coordinates that implies
Tm(—yox) = T (x) — T (y), since by (5.14) —y oz € QV, we know that,

—Wm(yz))

22

, for all w € Q.
e—0t

lim L5(—y 02,0, ts,0) =t. T (”’"(”)

Applying Egoroff Theorem, we find a “very big” subset of 2y where the conver-
gence is uniform in w. More precisely for any fixed § > 0, there exists A5 C Qg
such that P(Qp \ As) <6 (i.e. P(4s) =1—9) and

)

lim Lf(—ys 02,0, ts,w) =t. L (”’”(M

e—0t

—Wm(yz)>

122

uniformly for all ¢,, x,, y, and all w € As.

To conclude one can use the Ergodic Theorem to show that with very high
probability 75 _(,)(w) € As. The application of the Ergodic Theorem is quite
technical, so we refer to Lemma 5.1. in [5] for the detailed argument. We just
like to remark that by Lemma 2.2 one can easily replace the Euclidean ball with
the homogeneous ball (and the reverse), up to consider a different power for the
radius which depends only on the step of the Carnot group.

This argument together with the estimates in Section 4, where we found a
uniform modulus of continuity depending only on the assumption on H and on
the Carnot group (see Theorem 4.1) and relation (5.16) conclude the proof. O

Adding g(y) on both sides of (5.15) and using the local uniform convergence
w.r.t. y and Proposition 4.2, we deduce the following convergence for the infi-
mum.

Corollary 5.1. Under the assumptions of Theorem 5.8 and assuming that g :
RN — R satisfies (4.16), then

lim inf [g(y) + L*(z,y,t,w)] = inf [g(y)—&-tL (W)] (5.17)

e—0t yev, yeV,

Note that the right-hand side in (5.17) coincides with the Hopf-Lax formula
introduced in [8, Theorem 1.1]. Then, whenever the initial condition satisfies
the additional assumption g(x) > g(m,(z)) for all z € RV the right-hand side is
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the unique viscosity solution of the associated Hamilton-Jacobi Cauchy problem
(defining H = L and proving convexity for L see Section 7) . Unfortunately
in general v, (¢, ) = infyev, [9(y) + L°(x,y,t,w)] does not solve the e-problem
(3.1). Then it is crucial to get rid of the additional constraint y € V,. For
this purpose, in Section 6 we will introduce a novel approximation argument,
by using a suitable construction by X-lines.

We conclude the section investigating some properties for the effective La-
grangian that will be used later.

Lemma 5.3. For any y = (y',4?) € Vo, we have

t
inf / o€ (s)lds > [y,
€ Jo

where the infimum is taken over all the horizontal curves &(s) such that £(0) =
(y",y?) and £(t) = 0.

Proof. Given any horizontal curve & such that £(0) = (y',y?) € RN, £(t) =
0 € RV, we define 7 : [0,t] — R™ as n(s) := m,,(£(s)). Then n(0) = y* € R™,

s
n(t) = 0 € R™. Moreover, from the structure of o (see (2.3)), we have 7(s) =
(51(3)7 ce 7£m(s)) = aﬁ(s).

Then, since 7 are curves in the Euclidean R™ joining y! to 0 at time ¢,

t t
af()lds = inf [ i(s)lds = Iy
0 mJo
and we can conclude taking the infimum on the left-hand side term. O

Proposition 5.1. L(q) is continuous and superlinear in q, i.e.
Lig) = Cr'(la* = 1) (5.18)
where Cq and X are the constants introduced in (L2).

Proof. The continuity follows from the uniform convergence of L¢ in (5.13).
For each ¢ € R™, take y' = ¢, y = (¢,y*) € Vo , t = 1 and z = 0.

1
L0, 1) = inf /0 (61, ((5)), 0% (), w)ds.

From assumption (L2), Jensen’s inequality and Lemma 5.3, we get

1
Oyl > O ( / Iag(S)IAdS)—Cfl
0

EeAl
1 A
> O7! inf / al(s ds) — ot
> ot ot ([ leftolas) —c
> Cr'lg* - o,
which implies (5.18), passing to the limit as e — 0F. O
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6 Approximation by X'-lines and convergence of
the variational problem.

To remove the constraint y € V, the idea is to apply Theorem 5.3 to suitable
step-X-lines, i.e. horizontal curves whose horizontal velocity is step-constant
w.r.t. the given vector fields. More precisely we want to approximate the
horizontal velocity a(t) € R™ in L! by step-constant functions. (Recall that if
two horizontal velocities are close in L'-norm then the a associated horizontal
curves are close in L°°-norm, see Lemma 2.4.)

We will treat the liminf and the limsup separately. Both are treated in the
spirit as one would do for the ['-liminf and the I'-limsup for integral functionals.
One of the technical difficulties here is how to approximate limits of a sequence
of minimizing paths by X-lines. Due to the fast oscillations of our integrands in
&, this is not straightforward, we refer to the discussion in [24]. As we cannot
assume that our limit paths are smooth but only belong to some Sobolev space,
we have to work with Lebesgue points of the horizontal velocity. Here this is
more subtle than in the Euclidean case.

Lemma 6.1. Suppose £(s) = a1(s)X1(6(5)) + ... 4 am () Xm(£(s)) and to € R

is a Lebesgque point for aq, ..., an, that means
to+0
lim max 5*1/ lai(s) — ai(to)|ds = 0. (6.1)
5§—0i=1,...,m 06

Consider the X-line £(s) := 1%t (s) i.e.
€(s) = Oél(to)Xl (6(8)) +...+ Olm(to)Xm(E(S)), g(to) = f(to)
Then for any € > 0 there exists 09 > 0 such that for all § < dg
to+0
sup  dec(€(s),£(s)) <e (6 —l—/ lae(s)] ds) . (6.2)
[to—8,to+0] to—5

Proof. We use the exponential representation of the Carnot group. Moreover,
since the Carnot-Carathéodory distance is locally equivalent to the homogeneous
distance, we estimate || — £(s) o &(s)]|p-

Case 1: the Heisenberg group H. We prove the statement in the Heisenberg
group H by explicit computations. W.l.o.g. we assume ty = 0; for the first two
coordinates we have

i=r;(t)

For the third coordinate we have

l3(t) = (£1(0)a2(0) — £2(0)a1 (0)) + £3(0)

\»l\?\“‘
N —

&) = (€1(s)az(s) — &2(s)ai(s)) ds + £3(0).

0
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Writing as(s) = aa(s) £ az(0), we get

t 2
\/0 61 (S)QQ(S)dS = %011(0)&2(0) + tgl (0)0[2(0) + 61 (O)t T’Q(t) +

+/0 sri(s)az(s)ds +a1(0)/0 s(aa(s) — az(0))ds,
and since fot &a(s)a(s)ds can be treated similarly, we have
&) = L5(t) + 1 (L(O)ra(t) — L0 ()
—|—/O s(ri(s)az(s) — ra(s)au(s))ds
—|—/ s [al(O) (aQ(s) - ag(O)) — a3(0) (al(s) - al(O))] ds.
0

Let us denote the last two lines by R(t). Now from

)8 (1) — G(H)E(1)
2 b

(—l(t) 0 &())3 = &s(t) — €3(t) +

we get

1202(0)r1(t) — a1 (0)r2(t)
5 .
All error terms can be estimated by t*||al|e supyg 4 max; 2 [r;| but we need an

estimate where the constant depends only on ||a;]|:.
Note that |R(t)| can be estimated by

b ola1(0)]Jaz(s) — az(0)]
g/o t? :

(~fo&)a = R(t) +

ds < |on (0)||ra(t)]#?

/0 sa1(0) (az(s) — a2(0))ds

< Jaa(0)] sup [ry[# + |ra(#)] sup |ry[#2,

)t )t

A 87‘1(8) (OLQ(S) - Oég(O) + OéQ(O))dS

and similarly for the remaining terms. Denoting by r(¢) a term vanishing with
|r1(¢)| + |r2(t)|, we have to show that terms of the form \/a;(0) t7(¢) can be
estimated in a way which can be summed over a partition of the unit interval.

Since for t € [0, 1]

1 1
; < Zlews il
| (0)] ¢ < 5l (0t + 5,

and

t t t
st < [ Jasto) — as@lds + [ Jau(olds = (0] + [ fas(o)lds,
0 0 0

the claim is shown by applying these estimates on both sub-intervals (to — 9, to)
and (to, to + (5)

Case 2: general case.

Step 1. As the left-translation leaves the CC-distance between two points
invariant, we may assume w.l.o.g. to = 0 and £(0) = ¢(0) = 0.
For a general path n : [0,7] — R™ we define the l-variation norm in the
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following way: let A[0, 7] be the family of all partitions of the interval [0, T].
Then
111 —varp,r] = SUp Z [n(tkt1) — n(te)]-
0T (44, ts1)€A[0,T]

> / itas| < | Jilds. (63)

We define two paths in R as the projection on the first m components of £ and
¢ and we denote them respectively by n¢ and ‘. Using the structure given by
(2.3), we have that 7 (t) = a(t) and 7°(t) = a(0), then, for § sufficiently small,
(6.3) implies

It is easy to see that

|77‘ 1—war[0,7] = SUP
A[0,T]

‘775 - 7/]Z|1—var[0,§] < de

because by assumption ¢ty = 0 is a Lebesgue point for «.
Step 2. By [29, Proposition 7.63], we have for the signature of the path (i.e. for
the difference of all iterated integrals)

sup sup

t1 to tr
/ / / dnt(s1) ® ... ®dn(sg)dsy ... dsp
k=1,...n—m 0<t1 <0

t1 to
—/ / / dn®(s1) @ ... @ dn*(sg)dsy ... ds,| 6% < Ce.
0 0 0

Step 3. The Chen-Strichartz formula, which is a deep generalization of the
Baker-Campbell-Hausdorff formula, allows to compute the solution of flows
driven by absolutely continuous paths via multiplying the terms appearing in
the signature to the corresponding commutators of the vector fields. Adapting
the notation in [11, Ch. 2], to the notation used here we have for a path £ as in
(2.4) starting from the origin (in exponential coordinates)

§=> Y Ao, am)Xs

k=1TI={iy,...,ix}

Here
XI = [Xin[X’iz’” [X“Cl’X ] ]

Moreover for t1 < ... <t <4

A= Z ( 6(0)>/ / /a“ i) - a(ty)dt, ... dt,,

oceSy k2

where Sy, is the symmetric group of k elements and e(o) is a nonnegative integer
depending only on the permutation o € Sy (see [11, Ch.1]).

Note that all sums are finite as the Lie algebra is nilpotent, and that the
projection of the solution on the k-th layer of the graded algebra is a multiple

of a k-times iterated integral of the ;, i1 =1,...,m.
Combining step 2 and step 3, the desired estimate in the homogeneous (and
hence Carnot-Caratheodory) distance follows. O
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In the following lemma we build a partition using sub-intervals where we can
apply the previous lemma up to a set of Lebesgue-measure arbitrarily small.

Lemma 6.2. For any p > 0 and § > 0 there exist N1, No € N and a partition of
[0,1) formed by the union of the intervals Iy, = [t — i, tx,+ L) fork=1,..., Ny
and the intervals Jy = [t}, — €}t + €),) for k=1,..., Ny such that

e 0<l<pfork=1,..., Ny,

e fork=1,...,Ny andi=1,...,m we have

tp+r
/ lai(s) — i (0)|ds < rd,  for 0 <r </l
t

E—T

o S0 | k] <6

Proof. By the Lebesgue point theorem, there exits a set N of zero Lebesgue
measure such that any 7 € [0,1] \ VV is a joint Lebesgue point of a1, ..., a,,. By
definition of the Lebesgue measure, N can be covered by a countable union of
intervals with total length smaller than §. For each 7 € [0,1] \ NV there exists a
pr > 0 such that

T+r
/ lai(s) — a;(0)|ds < rd, fori=1,...,mand 0<r < p,.
T—T

In this way we obtain an open cover of the compact unit intervals and
extract a finite subcover. These finitely many intervals can be ordered according
to their center and made into a partition by shortening them, starting from the
leftmost center, until the desired partition is obtained. O

In the following lemma we prove the main lower bound for the liminf of L®.

Lemma 6.3. Let us assume that L(x,q,w) satisfies assumptions (L1)-(L4)
and (L6). Then, locally uniformly int >0, z,y € RY and a.s. inw € Q

t
lim inf L° t,w)>1t inf L d 6.4
iminf L°(z, y,t,w) 2 ae”%;,m/o (a(s))ds, (6.4)

where F,, . is the set of all the measurable functions a : [0,t] — R™ such that
the corresponding horizontal curve £%(s) joins y to x in a time t, and L(q) is

the effective Lagrangian defined by limit (5.13).

Proof. Step 1: For sake of simplicity we assume that ¢ = 1 and that for each
¢ there exists a minimizing curve & for L®(z,y,1,w). We observe that, by
Corollary 4.1, the sequence {£°}. is equibounded in IL>°(0, 1) and in W1A(0, 1).
In particular, it is equi-bounded in the Holder norm with Holder exponent
vy<1l-— % Hence, by Ascoli theorem and by Sobolev embedding theorem, up
to a subsequence, £° uniformly converges to some Holder curve £&. We claim
that € is horizontal. Actually, by Proposition 4.1, there holds |[a ||p» < Co;
hence, possibly passing to a subsequence, {afg} weakly converges to some & in
L*. Moreover, there holds

SUEDY / of (3)X,(6°(s)) ds:
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0, ;

Figure 2: this picture illustrates Steps 3 and 4 of Lemma 6.3.

so, taking into account that £ uniformly converge to &, we infer
— m t - —
€0 =Y [ of(s)Xue(s)) ds
i=170

which means that ¢ is horizontal. Finally, smoothing the horizontal velocity of,
we obtain a family of smooth and horizontal curves uniformly approximating &.
Therefore, since now on, w.l.o.g. we assume that ¢ is admissible.

Step 2: Choose a partition of [0,1] in intervals I}, = [ty — li, tx + I;;) and
Ji = [t — U, 1}, +1,) as in Lemma 6.2 and error ¢ for the velocity a*. Denote

by
N
B:= U Jk
k=1

the bad set of total length §. By the a-priori bounds on ||a[|z1 (see Corollary 4.1),
assumption (L2) and the continuity of L (see Proposition 5.1), there exists
r(d) — 0 as § — 0 such that

€

Lf(z,y, t,w) = /OlL (61/5(56(5)),045 (5),w) ds

\%

> /{mmL(51/5(56(5)),afs(s),w)ds—r(a), (6.5)

17 - I —
/ L(a(s))ds > / L(a®(s))ds — r(9).
0 [0,1\B

Hence we can ignore the bad intervals.
As the number of good intervals V7 is fixed and finite and £° uniformly converges
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to &, we can choose ¢ sufficiently small such that

_max, sup Ik~ dec(€°(s),€(s)) < . (6.6)

k=1,...N1 I

_ Intheinterval I, consider the constant velocity ozg(t;g). By the continuity of
L, the integral on the right hand side of (6.4) with & = af, can be approximated
by any Riemann sum, and the bad intervals can be ignored:

N, _ 1 _
;|Ik|L(a5(tk))%/O T(af(s))ds, as Ny — +oo. (6.7)

Step 3: Let us consider now one “good” interval denoted by I = [t— £, ¢+ /(]
for simplicity, and consider the X-line through £(t) with velocity af(t) which
we denote by I€ (see Figure 2).

Let us consider a curve & with & (t—¢) = 1§(t—¢) and € (t+£) = IE(t+0)
which is the minimizer of

t+4

L (ﬁ(t +0),I5(t—0), I,w) - /

t—4

L (81/e(E (5)), 0 (s),w) ds.
where L¢ (z,y, I,w) is defined as in (3.4) with the infimum is over the admissible

curves with £(t — ¢) =y and {(t + ¢) = .
From Theorem 5.3, we can choose ¢ sufficiently small such that

t4e . . o
[ (€@t ) ds = HEa s 69

—¢

This can be done uniformly for all good intervals I as their number is already
fixed.
Step 4: We now claim that

[ (el (9)w) ds =
I
/ L (51/e(€ (9)),0% (), w) ds — € (111 + o)) 6. (6.9)
I
Let us now prove the claim (6.9): by Lemma 6.1 we know that
supdec(i€.8) < C (111 + llo¥ll o) ) (6.10)
Consider the points

Pyi=E (t—0) = E(t—0), Py=(t=0), Py:=&(t40) Py i=E (140) = [(1+0)
(see Figure 2). Then by (6.6), and (6.10)

doc(Py Py) < doc((-0), Et—0) +doo €0, €(-0) < 05 (|1 + [a¥ | 1r))
and analogously for dec(Ps, Py). By Lemmas 4.6 and 4.1 we have

L5(P3, Py, I,w) > L(Py, Py, I,w) — 6C (|1| n ||a3\|L1(I)) .
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Since £° is admissible for L¢(Ps, Py, I,w) then

€

LE(Py, Py, [,w) < /L(él/a(ﬁs(s)),aé (s),w) ds.

I

Combining the last two inequalities, (6.9) is shown.

Step 5:
Since the claim (6.9) is true for any of the good intervals I, we can easily
conclude. Indeed, using respectively that £° are minimizer of Lf(z,y,1,w),
(6.5), Definition 2.4 and (6.8)

€

L¥(,y,1,0) = /OlL (81/2(E5 (). 0 (5).0) dis

N €
>3 [ 2 (€05 0. ) ds =00

Ny . N1 _
23 1 (0@ 0)0) ds D00 (1l + ol ) (o)
k=1""1k

k=1

M .
> Z/[ L (61/5(52(3)),045k(5),w) ds —C6(1 +dcc(w,y)) —7(4)
k=1 1r
Ny _
>S LT (o/g (tk)) — Co(1 + dec(z,y)) — 1(0)
k=1

1 _
2/ T(a¥(s))ds — r(8) — C5(1 + doc(a.y))

0
1 _
— / L(a%(s))ds, asd — 0.
0

In the following lemma we prove the upper bound for the limsup of L°.

Lemma 6.4. Let us assume that L(z,q,w) satisfies assumptions (L1)-(L4)
and (L6). Then locally uniformly int >0, z,y € RY and a.s. in w € Q

t

limsup Lf(x,y,t,w) <t inf / L(a(s))ds, (6.11)
e—0+ a€F, . Jo

where }';m is the set of all the measurable functions o : [0,t] — R™ such that

the corresponding horizontal curve £%(s) joins y to x in time t and L(q) is the
effective Lagrangian defined by limit (5.13).

Proof. W.l.o.g. we show the result for ¢t = 1. Let us choose @ € f;,m which
realizes the infimum on the right-hand side of (6.11). We assume @ smooth; in
fact we can uniformly approximate @ by smooth horizontal velocities and use
the continuity of L.

We fix a partition 7 of the interval [0, 1] in n equal length intervals (ﬂ, %) and

n
we set 0 1
a=alZ—=), i=1,....n
2n
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We define the step-function
i—1

) )
a”"(s) :=a" = constant, Vsé& < ,), fori=1,...,n.
n

By Taylor expansion, we know that

_ 1
o=l =0 (3). (6.12)
Note that the constants in the Taylor expansion depend on higher derivatives
of @, but this is fixed throughout the proof, in particular it does not depend on
. We define the following sequence of points in R¥:

L=y, 2 i=((1/n),

where ¢ : [0, ﬂ — RY is the unique X-line starting from z°~! with constant

horizontal velocity @' (i.e. (i(s) = > @5 X;(¢(s)), for s € [0, +], with
¢%(0) = 2°71). Note that z* € Vi1, foralli = 1,...,n.

Figure 3: this picture illustrates the arguments of the proof of Lemma 6.4.

Since in general X-lines do not minimize the integral functional between the
two points z°~! and 2%, we consider the curves 7 (s) which are minimizers of
LF (zl, P %, w). We look at the two curves (see Picture 3):

e .Azlm horizontal curve associated to the horizontal velocity @(s),

e A;z, horizontal curve defined as union of 7§, for i =1,...,n
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where 2’ := ("(1/n) satisfies, by (6.12) and Lemma 2.4,

z— 2| =0 (i) . (6.13)

Note that ° is an admissible curve, i.e. 77° € Ay .» but it may be not a mini-
mizer for L¢ (2’,y,1,w). Moreover the curve 7° depends on @, on the partition
7 (i.e. on n) and on €; nevertheless these dependences do not influence our final
estimate.

From (6.13) and the continuity of L¢ in y, uniformly w.r.t. € (see Theorem 4.1),
denoting by o(1) a function which goes to zero if n — 400, we get

Lf (z,y,1,w) = L°(«',y,1,w) +o(1)

< /01 L (51/a(ﬁ€(8)),@ﬁg(s),w> ds 4 o(1)
z": /01/” L (51/5(775(5))7 a'l (8),w) ds + o(1)

iz:Le (zz_ % )+o() (6.14)

where we have used the definition of 77° as union of minimisers for each interval
of the partition. Now we first choose n big enough that the o(1) term in the
last line is smaller than the desired error. In the next step we then choose ¢
depending on n.

Let us assume for the moment the following claim

i o 1
It <ZZ,211, 7w) —
n

where r(g) is a function which goes to zero if ¢ — 0. Hence, by (6.14) and
(6.15), we get

(L(@) +r(e)), (6.15)

S

+7(e)) +o(1)

3\}—‘

Lf (z,y,l,w) < Z

1

n
1=

( >+o %/ as n — +00.
i=1

It remains only to prove (6.15). By stationarity (see also (5.16)) we have

o _ 1
5 7 1—1 R 1—1 7 )
L (z L2 w) =1L <z 02,0, n77'61/£(z1,1)(w>> .

Using the relation between the Euclidean distance and the Carnot-Carathéodory
distance and the fact that X-lines are horizontal curves, we get

3\»—

s |-

1
. _ _ _ T 1
| = 2L o 41| < Cdpo(#, #1) < c/ @lds = Gy~
0 n

where C; = C|a|.
i—1

Then, up to a constant, we can write —2°~! o 2! = Z where |z| < 1 (Euclidean

BIRY
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norm in RY). Setting z' = 7,,(Z) and using identity (5.16)
L <z’,zll, i,w) L (Z,O, i,ﬂsl/e(zil)(w))
- () )
z S RRCIVECa
1
(en)pz ({0 m) Toy e (zi-1) (W ))

(B +r(e) = ( ) +7(9),

where one can use the same argument as in the proof of Theorem 5.3 to show
that - (en)u ([0, i),rgl/s(zwg(w)) ~ L(en)pz ([0, %),w), as e — 0T O

:\H S|

Combining Lemmas 6.3 and 6.4 and using Proposition 4.2 we are finally able
to prove our main convergence result.

Theorem 6.1. Let us assume that L(x,q,w) satisfies assumptions (L1)-(L4)
and (L6).

1. Then .

lim Lf(z,y,t,w) =1t inf L(a(s))ds, (6.16)
e—0t aEF] .
locally uniformly int > 0 and z,y € RY and almost surely w € , where
f;}z is the set of all the measurable functions « : [0,t] — R™ such that
the corresponding horizontal curve £*(s) joins y to x in time t.

2. Given any g : RN — R satisfying (4.16) we have

t
lim inf L t,w)] = inf t inf L d
[lim, inf, l9(y) + L7 (2, y, 1, w)] i, {g(y)+ aér};,m/ (a(s)) S]
(6.17)

locally uniformly in t >0 and x € RN and almost surely w € Q.

7 Homogenization for the Hamilton-Jacobi prob-
lem

We want to use Theorem 6.1 to derive the convergence of the viscosity solutions
of problem (3.1) to the unique solution of the deterministic problem (1.3). Our
strategy is to use the Hopf-Lax variational formula from [8].

The key point is the convexity of the effective Lagrangian L(q) defined in (5.13).
In the Euclidean case this is an easy consequence of the Dynamical Programming
Principle but in our degenerate case this strategy fails since it is not possible to
find three points related to a convex combination satisfying simultaneously the
associated constraints.

Proposition 7.1. Let us suppose that L(z,q,w) satisfies assumptions (L1)-
(L4) and (L6). Then L(p) defined in (5.13) is convex in R™.
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Proof. For sake of simplicity, we prove the midpoint convexity (which is equiv-
alent to the convexity), i.e. we want to prove

_ 1— 1
L (p—;—q) < §L(p) + §L(q) Vp,q € R™. (7.1)

By definition of L we have that

L<p‘2“’> — lim La(y¥,o,1,w)

= lim inf /()L(él/g(f(s)),ag(s),w)ds (7.2)

e—0t 1
CEA L) /2

where =" = [(P+9/2(1) and 1("*9)/2 is the X-line starting from 0 with horizon-
tal velocity %. We define the curve &, as the horizontal curve with &,(0) =0
and horizontal velocity

En(ay_ ) P if sE [T,LA and+ even,
(o) _{ g, if s€ [%2;1 ,2ﬂ} and i odd

fori=1,...,2n. Wecall z;, = fn(%), k=0,...,2n (see Figure 4). We observe
that
v € Vo, Yi=1,.. o (7.3)

We claim that

n

(1) =992 =0 (7). (7.4

where | - | denotes the Euclidean norm.
Assume for the moment that claim (7.4) is true. Then by the uniform continuity
of L (see Theorem 4.1) we can deduce

Ie (y(p+q)/2’0, Lw) =L° (gn(1)70, l,w) + 0 (Tll) . (7.5)

We consider now the curve & which is the union of the curves &7, defined
in [&1, -L] that are the minimizers for L€ (2,41, 2, 3=, w). Observe that & is

an admissible curve between 0 and &,(1). Hence

L8(€n(1),0,1,w) < /O1 L (81/6((5)), 0% (s),w) ds
= Z/ 51/5 & n(s), aEf’"(S),w) ds

i odd

+ Z / (51/5 gz n(8))s Of&f*”(s),W) ds

1 even

1 1
= Z LF <LEZ‘+1,[EZ‘,2TL,W> + Z Lf (in+1,$i,2n,W> ) (76)

i odd 7 even

where the last identity comes from the definition of f ,
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From (7.3), we can apply (6.15) obtaining
1 — e
1 2—(L(p) +r(e)), ifiiseven,
Lf <£L'7;+1, Zi, 277 w) = 177/ (77)
n o (L(q) +7(e)), ifiisodd
n

where 7(¢) — 0 as ¢ — 07. By applying (7.2), (7.5),(7.6), (7.7) we have

L<P;q> = lim L7 (5,0, 1L,w) = lim L°(£,(1),0,1,) + O (1)

e—0+ e—0t n
< lim <Z L¢ (mi+17xi71,w> + Z Lf (miﬂ,xi, 1,w)> +0 <1>
e20" \ [ oda 2n i even 2n n
— lim (1L(p) + i+ 7“(5)) +0 (1> .
e—0+ \ 2 2 n

Passing to the limits, we get (7.1).

Now it remains to prove claim (7.4). First of all we estimate the distance
between o and 1(PT9/2(1/n) (recall that x5 = £,(2/2n) = £,(1/n)). For a =
(a1, am) € R™ we set X, := a1 Xy + - anXy,. Using the exponential
coordinates, we can write

1 1
To = exp <2nXp> 0 exp <2an>
1 1
l(p+q)/2 <> = exp <Xp+q> .
n n 2

The Baker-Campbell-Hausdorff formula ([16]) allows to write:

1 1 3 1o/ N\ /1 0\~
To = €Xp <2nXp> O exp <2an> = P W (%Xp) <2an>78)
1,~k2

Moreover

((p+a)/2 1 = ex lX _Zl iX ’ (7.9)
n) TP G ) T L \ gt ) ’

k

and

Hence considering the first three terms of expansions (7.8) and (7.9) we obtain
that |z, — 1PT9D/2(1/n)| = O(1/n?). Iteratively, we get |zo; — IP+D/2(i/n)| =
O(1/n2) +i0(1/n?); in particular, since 22, = £(1) and y™=* = [(P+0/2(1), for
i =n we obtain the claim (7.4). O

We can now prove Theorem 3.2, i.e. the homogenization result for non-
coercive Hamilton-Jacobi problem.

Proof of Theorem 3.2. Note that by Lemma 3.1, assumptions (H1)-(H4)
implies (L1)-(L4). By Theorem 3.1, the function u®(¢,z,w) in the left-hand
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Figure 4: this picture illustrates the arguments of the proof of Proposition 7.1.

side of (6.17) is the unique viscosity solution of (3.1). We denote by @ the
right-hand side of (6.17), i.e.

alt.o)i= inf, [g<y> e [ t L(a(s))ds] ,

Y,z

We define the effective Hamiltonian H(q) := L (g). The convexity and the su-
perlinearity of L (see Theorem 7.1 and Proposition 5.1) imply L(q) = (L) (¢q) =

H (q). By the Hopf-Lax formula in [8, Theorem 3.4}, the function @(¢,z) is the
unique viscosity solution of (1.3). The convergence easily follows from (6.17).
O

8 Appendix

In this appendix we prove Theorem 3.1 on the well posedness of problem (3.1).

Proposition 8.1. Under the assumptions of Theorem 3.1, let u® be the function
defined in (3.3). Then u® is uniformly continuous in [0,T] x RY.

Proof. We want to prove that for any 77 > 0 there exists 6 > 0 such that
|u®(t, z,w) — u®(s,y,w)| <7, if [t —s|+| —yoz|cc <. (8.1)
Step 1. We claim that for any n > 0 there exists § > 0 such that

|’U,8(t71:,w) - uE(O,y,w)| <n+ m(dcc(l‘7y)), vt € [07(5]7V.T,y € RN' (82)
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Indeed, by definition of ¢ and (L2) we have
¢
u®(t, z,w) — u®(0,z,w) < L (z,z,t,w) < / L(d1/:(x),0,w)ds < Cit.
0

On the other hand, by the assumption on g, for any 7 > 0 there exists 7 € RV
such that

uf(t,z,w) —u(0,2,w) > —m(doc(y,x)) + L (z,7,t,w) — 7.

Moreover, by (L2), for any 7 there exists £ € .Aty’x such that
t
L (2,9, t,w) > / Cit(la* ()} =1)ds =7 > =C7 't — 7.
0

By the last two inequalities and by (??), we get
ut(t,z,w) —u (0, z,w) >

—m(ci“wnoo T llgllee + G 1)1/%1“-1) oo,

where the bound of ||u®||o is an easy consequence of Lemma 4.1. Hence, for ¢
sufficiently small and by the assumption on g, we get (8.2).
Step 2. We claim that, for any §; > 0 there exists ms, such that

[us (t, x,w) — us (s, z,w)| < mg, (|t — s|), Vt,s > 6;,Vz € RV, (8.3)
Indeed, for any 7 > 0 there exists 7 € RY such that
ut(t,z,w) —us (s, z,w) > L (2,7, t,w) — L (2,7, s,w) — 1.

The other inequality is similar. Using Lemma 4.4, we get (8.3).
Step 3. We claim that for any 9 > 0 there exists mgs, such that

‘ug(ta‘rvw) - ua(t7y,w)| < m52(||y_1 © x”CC)? vt > 62,V$,y € RN' (84)
Indeed, arguing as in Step 2, it is enough to prove
|L6(x’ z,t,w) - Ls(y’ Z?t’w)| < méz(”y_l o .’L‘Hcc).

Actually, adding and subtracting L (y, z, t+||—yoz|cc,w)), and using Lemma 4.2,
we can conclude (8.4).

Step 4 W.l.o.g. assume s > t and § sufficiently small. For 0 < ¢t < s < 6,
from step 1, we have

|u5(t,x,w) - ’U/E(S7y,W)| S 277 + m&(dCC(xvy))'
For s > 6 and |t — s| < § (with § < §/2), by step 2 and step 3, we get
[us(t, z,w) — u(s,y,w)| < ms(|| =y ozllec + [t — s|).

To conclude it suffices to choose § sufficiently small. O
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Here we state the following result that will play a crucial role for the proof
of Theorem 3.1 .

Lemma 8.1. For every R,T > 0 there exists p = pu(T,R) > 0 such that for
every (t,z) € (0,T) x Br(0) there holds

() = i {g(€(0) + [ B (Bu/c(€),08(5).0) s}

where the infimum is over all the a € F. with |a¢| < wu(R,T) where FL is
the set of all the m-valued measurable functions o such that the corresponding

horizontal curve is £*(s) with £*(t) = x.

Proof. The proof is the same as [8, Theorem 2.1] using [17, Theorem 7.4.6]. O

Finally we can prove Theorem 3.1.

Proof of Theorem 3.1.

We only sketch the proof; for the detailed calculations we refer the reader
to [25, Section 10.3.3] and to [8] (see also [22, 33] for similar results). First of
all we prove that u® is a solution of (3.1). We observe that by Lemma 8.1 u®
satisfies the following optimality condition: for any 0 < h <t we have

u®(t,z,w) = inf {/f_hL (81/c(&(5)), % (s),w) ds + u (t — b, &(t — h),w)} )

where the infimum is over all the o € FY with || < u(R,T).
From assumption (L2), Proposition 4.1 and [25, Lemma 10.3.3], we get

luf oo < C, for any compact K ¢ RY, llu® [l 0,715 ) < Ck-

Following the same arguments of [25, Theorem 2, Section 10.3.3] and [8], we get
that «© fulfills u°(0,2) = g(z) and it is a viscosity solution of

ug + H(x, Du) =0,

where H(x, Du) = maXqerm |a|<p(rR,1)1P - 0(T)a — L(z,a)}.
Arguing as in [8, equation (45) and proof of Theorem 3.2] we get that, if u is
differentiable, then H(z, Du) = H(z,0Du). Applying this property to a smooth
test function, we conclude that u® is a viscosity solution of problem (3.1).

The uniqueness of the solution follows from the uniform continuity of u®
(see Proposition 8.1) and applying the result of Biroli [14, Theorem 4.4]. O
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