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TANGENT NODAL SETS FOR RANDOM SPHERICAL HARMONICS
SURESH ESWARATHASAN

ABSTRACT. In this note, we consider a fixed vector field V on S? and study the distribution
of points which lie on the nodal set (of a random spherical harmonic) where V is also tangent.
We show that the expected value of the corresponding counting function is asymptotic to
the eigenvalue with a leading coefficient that is independent of the vector field V. This
demonstrates, in some form, a universality for vector fields up to lower order terms.

1. INTRODUCTION

1.1. Nodal Sets. In the 18th century Ernest Chladni first described nodal sets during his
study of modes of vibration on a rigid surface: the observed nodal pattern corresponds to
the sets that remain stationary during vibrations. To some extent, the manner in which
these patterns develop as the frequency of the mode becomes larger has remained an enigma
to mathematicians.

Consider a compact boundaryless Riemannian manifold (M, g) and the spectrum of the
corresponding Laplace-Beltrami operator —A, which we order as A2 =0 < A3 < A3 < ...
and tends to infinity. Let us denote a corresponding L? orthonormal basis by {¢;}; and let
Z(p;) = {xr € M : ¢;j(x) = 0} be its nodal set. Courant demonstrated in the 1920s that
the number of connected components of M\ Z(p;), commonly referred to as nodal domains,
is bounded above by a uniform constant times j. The study of the nodal set and nodal
domains of eigenfunctions under various assumptions is a well developed area of research and
has demonstrated a number of connections to other areas of mathematics and mathematical
physics; for more information, see the ICM article of Nazarov-Sodin [NS10].

In particular, much more can be said in settings which exhibit some rigid structure such as
the torus or the sphere. In this note, we will consider an aspect of nodal sets (motivated by

a question pertaining to nodal domains) for certain kinds of eigenfunctions on the 2-sphere
S2,

1.2. Spherical Harmonics. Consider the 2-dimensional sphere S2, its positive Laplace-
Beltrami operator —A, where g is the round metric, and normalized volume measure dV.
Consider the eigenfunction equation

—D o= N, (1.2.1)

where [ € N. Let F; denote the eigenspace for the eigenvalue A\?. We note that the eigenvalues
A, on the sphere are explicit and have large multiplicities, with the formulas for them being

N =I(1+1)and N; =dim E), = 2l + 1. (1.2.2)

Given [, we fix an L2-orthonormal basis for £; which we denote by {gphk}/,:i , and results in
the identification RV ~ Ej. In particular, using standard spherical coordinates on S? C R?,
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2 SURESH ESWARATHASAN

we set ¢ 1, := " P/"(cos ¢) where P/™ is the associated Legendre polynomial of degree (I, m);
this basis is commonly known as ultraspherical. For further reading on spherical harmonics
we refer the reader to [AAR99].

1.3. Random Model. Next, we consider random eigenfunctions, that is, functions of the

form . N
file) = \/%; arprk(T) (1.3.1)

where a;, are Gaussian N(0,1) i.i.d. random variables. Thanks to our identification of E,
with RM | we can put a Gaussian measure v on F,, with the expression

daidas - - - day,

_>
dv(f) = exp(=|d|*/2) P (1.3.2)
where @ = (ak)ﬁgl € RN, Note that the measure v does not depend on our chosen basis
{o1x}x. Moreover, we see that E;[f?] = 1 as an immediate consequence of the addition

theorem for spherical harmonics.
Finally, we can consider the product measure v := ®7°,1; on the space

Q= a2, B (1.3.3)
which can be seen as a probability space of random sequences of spherical harmonics.

1.4. Tangent Nodal Sets. The inspiration for this note is the interaction between tan-
gent /normal spaces to nodal sets of random eigenfunctions and various geometric quantities
of these submanifolds, a notion which was also considered by Gayet-Welschinger who give
upper and lower bounds on the expected Betti numbers (a natural step to understand the
singularities of a vector field) for elliptic pseudodifferential operators [GW14], Dang-Rivere
(who themselves were motivated by the work [GW14]) who give asymptotics pertaining to
the equidistribution of normal cocycles for Laplace eigenfunctions on general compact mani-
folds [DR17], and Rudnick-Wigman who consider fixed normal directions to nodal sets on the
flat torus [RW18]. Note that on the flat torus, it is possible to consider fixed non-vanishing
directions Vj unlike on general manifolds (consider the hairy ball theorem on the sphere).

We seek in some sense a more singular cocycle to that of Dang-Riviere in that we would
like to understand the current which places weight on the intersection of the normal bundle
and that of the natural section generated by a general V' along the nodal set. This work is
a step towards this but in a very specific setting.

Let V(S?) be the set of smooth vector fields on S? and consider a fixed V' € V(S?). Given
an eigenfunction f; € C°°(S?), we can consider the action of the vector field V on f; through
the following formula,

V(@) =V, V)@, (1.4.1)
where (, )4z is the inner product on T3,5* and Vf; is the gradient of f with respect to
the round metric g. Hence (Vf;, V)4 = 0 is equivalent to V(x) € T,{f; = 0}. That is,
V(f;) = 0 implies that V' € T, {f; = 0}.

For the set of regular points in the nodal set Z(f;) (which is v-almost surely true thanks
to Bulinskaya’s Lemma; see the standard text [AW09]), we would like to understand the
statistics of when V' € T,(Z(f;)) or more succinctly the so-called V-tangent nodal set
Zv(fi) = {z € S%: fi(x) = 0,V fi(x) = 0} for a random eigenfunction f;. We will later
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show that Zy(f;) is almost surely finite as well in Section 3.1. In particular, we would like
to understand the large-I behavior of the expected value of Zy (f;).

1.5. Main Result. The main result of this note is the following:

THEOREM 1.5.1. Let V € V(S?) be fized and have finitely many zeroes. Let m be the
mazximal order of vanishing amongst all the zeroes.
We have the following asymptotic for the expected value:
\/§ _3m _

Ei[#2Zv(fi)] = = 12+ Oy (1" amtz), (1.5.2)
which holds for all 1 > 1y(V'). Furthermore, the remainder term has a bounded dependence
on V and its derivatives.

In the case that 0 is a regqular value of V and of order m, {V = 0} is a smooth curve of

finite length and we get a similar asymptotic but with a remainder term of OV(lH&ml)

Remark 1.5.3. The slightly larger than normal error term is due to weak singularities of the
first intensity which arise from the zeroes of V', which are unavoidable due to topological
reasons. See Section 3.6 and proceeding comments for a detailed explanation.

Remark 1.5.4. This form of independence contrasts that of Rudnick-Wigman [RW18] where
they consider the number of points in Z(f;) with a fixed normal direction ¢ on the flat torus
of dimension d; Rudnick-Wigman obtain an exact expected value where the angle ¢ appears
explictly as well as an upperbound for sequences of certain deterministic eigenfunctions.

1.6. Current work in progress. This calculation stems from current work in progress on
nodal domains with I. Wigman where we have the following:

Goal 1.6.1. Find an explicit relationship, or some kind of substantial lack of relation, be-
tween B [#2Zv (f1)] and Ei[number of connected components of Z(f)]. More specifically, we
would like to relate the constant % to Cns where the latter is the Nazarov-Sodin constant
(to be described in more detail below).

The works of Nazarov-Sodin [NS1, NS2] determine an asymptotic law on the counting
function for the number of connected components of the nodal set of a random spherical
harmonic f;. Let us state this specific result for reference purposes:

THEOREM 1.6.2. [NS1] There exists a positive constant Cng (depending only on the dimen-
sion of S* and not its geometry) such that with probability tending to 1 as | — oo,

W2
(2m)?

I? +o(1?), (1.6.3)

the number of connected components of Z(f;) = B

where wq is the volume of the unit ball in 2 dimensions.

In the process of establishing this result (with the latter work actually addressing the more
general hypotheses of Gaussian processes), the authors provide many fundamental ideas and
powerful techniques which have allowed for the study of the topology of the connected nodal
components of functions coming from Gaussian ensembles; see the papers of Canzani-Sarnak
[CS18] and Sarnak-Wigman [SW18] as well as the series of works by Gayet-Welschinger (see
[GW14] and the references therein).
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In approaching our Goal 1.6.1, and inspired by the results of [SW18], the upcoming work
with I. Wigman [EW18] proves the following theorem (and in the process supercedes that of
this note):

THEOREM 1.6.4. Let Ny (fi, k) = the number of connected components of Z(f) with exactly
k V-tangencies. Then
B[Ny (fi, k)] ~ Cyv 12+ O(l), fork =2,
[Ny (fi, k)] = o(I?), for k > 2 and even,
E,[Nv(fi, k)] = O(l), fork odd
where Cy > 0.
Acknowledgements: S.E. would like to thank I. Wigman for numerous helpful discus-

sions and Z. Rudnick for suggesting the collaboration with Wigman which eventually led to
this note and upcoming work.

2. GEOMETRIC PRELIMINARIES

2.1. Coordinates & bases. Consider S? C R? and take 2 € S%. Throughout this note, we
consider spherical coordinates at x given by

(sin ¢, cos 0, sin ¢, sin 0, cos ¢,.) (2.1.1)
where 60, € [0,27) and ¢, € (0, 7). Using this system of coordinates, our metric on the set
[0,27) x (0, 7) becomes

sin? ¢, 0
ot = (7 7). (212

Throughout our computation, we will frequently use the orthogonal (instead of an orthonor-
mal) basis {5, %} due to the coordinate singularity at ¢, = 0.

Remark 2.1.3. Although the subscripts of x, which are meant to signify our coordinate repre-
sentation is attached to the z-variable, may seem tedious notation-wise, it will become useful
when calculating entries of the covariance matrix as we must consider various derivatives in
x and y of the spectral projector P(d(x,y)) before setting x = y.

2.2. Vector field V. We now let V be a smooth vector field on S?. We note that in our cho-
sen spherical coordinates, V' = vy (6,, (bx)% + (0, (bm)% and define V+ := vy(6,, %)% +
(— sin® ¢, )vy (6, gbx)a%z. We choose V+ in this particular way so that the ordered set {V,V+}
has positive orientation and is orthogonal. In two dimensions, we have the following con-
sequence: given V', any other choice of V+ for which {V,V1} is orthogonal and positively
orientated is just a (variable) rescaling of V+ at each point of S2.

In regards to the action of V on a smooth function f in local coordinates denoted by =,
after slightly abused notation, we have that

Vfl(x) = <vfla V>g(:t:) = Vfl(:L‘)T : gV =: d(fl)a:(v) = Vﬁx,qﬁxfl -V (2.2.1)
where Vg, 4. fi is the Euclidean gradient in the coordinates 0,, ¢, and have expressed the
metric inner product through the multiplication of matrices; notice that we have used the
geometric definition of the gradient in order to relate the metric gradient to the Euclidean
gradient. Hence we have the local expression V fi(z) = ¢7'V, 4. fi(x).
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We conclude with the quick observation that ||[V*|,(z) = ||V],(z) sin ¢, = ||[V]|,(z)+/det g(x),
a fact which we will use in our calculations in Section 3.4.

3. CALCULATING THE EXPECTATION

3.1. Preparing the probability space. We must first verify the conditions of Theorem 6.2
in Aza8-Wchebor [AW09], particularly points (iii) and (iv). The following lemma succinctly
addresses these two conditions:

LEMMA 3.1.1. For the centered Gaussian field Fy = (f;,V f;), we have the distribution of F,
15 non-degenerate and that

IP’Z[NonSing‘E/J ={w € B : 3z € S*—{V =0} such that fi(z) =0,V fi(x) =0, and
(DE).(z) is not invertible}] = 0. (3.1.2)

Proof. As calculated below, we find that the determinant of the covariance matrix for F;
equals v/27|V||,v/12 + 1. The verification of the measure 0 property is slightly more subtle.

It suffices to show that the differential over S? x R**! of G = (f;,V f;, V£, VV f) has
rank 4, for then the implicit function theorem would imply that G=*( (') is smooth and
of codimension 4 in S? x R?*!. By dimension considerations, this implies that m,, the
projection onto R**1, applied to G*I(ﬁ) has dimension < 2/ — 1 and therefore the set
{w € E; : 3z € S?%such that fi(z) = 0,V fi(z) = 0, and (DF}),(z) is degenerate} has
Gaussian measure 0.

Notice however that if we compute the differential over R#**1 of the slightly modified
Gaussian field G = (f;, V f;, V£;), which in coordinates gives a 4 x (2/ + 1) sub-matrix of
that of the full differential DG, and show this has rank 4 for [ large enough, then this would
show our originally defined singular set has dimension bounded above by 2] — 1.

Let [DG] be the coordinate representation of our desired differential. Then if [DG][DG]!
is invertible on R* then [DG] has rank 4. An explicit calculation using standard spherical
coordinates gives us that

1 0 0 0
o 0 VIPEE  vrsin?¢, B 0, BH
[DG][DG]" = 0 sin2¢2l2—“ P 2 02 (3.1.3)
L) 2
; ; : @C+03 (VP vl oo 4 V3 :
The determinant of this matrix equals ~—— ("=~ — -} sin ¢, — - ) which can only be zero

if |[V]|? = v?sint ¢ + v2. Considering the round metric on S2, this is possible only if V =0
at z as sin? ¢ < 1.
U

Hence, we can now identify {2 with ©;NonSingy;. It is important to notice that we have
not yet made any assumptions on the structure of the vanishing set {V(z) = 0}. This will
only play a role in the penultimate step of the proof of Theorem 1.5.1 in Section 3.6.
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3.2. Preparing the orthogonal determinant. We will employ the Kac-Rice formula (see
[?7] Chapter 6) and compute the quantity

/SQ 0,(0,0)E {| det DE()||filx) = 0,V filz) = 0| dV(x) (3.2.1)

where F; = (f;, V f1) and ®; is the Gaussian probability density function of F;. The quantity
det® DF; is the orthogonal determinant, which is defined as the determinant of the map
DFfDEF,.

It follows that evaluating this determinant at the orthogonal basis {V, V1} (i.e. expressing
our coordinate basis vector fields with respect to the proposed orthogonal basis), at least
away from the zeroes of V', with respect to spherical coordinates after using formulas for
Legendre polynomials gives us

B ae 030 ¢ ¢>
det DF} = ( Vi + vlfl> ( VVf + VlVfl> (3.2.2)

V113 ||VL||2 VI3 ||VL||2
¢ ¢ N 0 99: N
—=Vi+—=V fi|| —=5VVi+ =V V] (3.2.3)
||V||2 ||VL||2 ||V||2 ||VL||2
Here, afy := (a‘ZT V), = (sin? ¢)vy, af, = <a%, V)y = vg, a?}l = (a‘ZT V4), = (sin? ¢)vy, and
a?} L=(Z 5 V4), = (—sin® ¢)vy; these coefficients follow immediately from our expression

of V and V+ with respect to our coordinates.
Using the conditioning, the absolute value of the orthogonal determinant reduces to

1
IVIZIVAIS
B 1
VISV
B 1
VISV I3

det(g) - [(V=)(VV )]

<a€/ﬁa(€ — a@lav> (VLfl)(VVfl)‘
(sin® ¢)(v5 + sin® ¢of) | (V= fi)(VV )]
VI det(g) - [(VEA)(VV )]

1
~ VIR

1
VI3

|(VERVV ) (3.2.4)

where g is the round metric in coordinates. Hence, we take the Gaussian field (f;, V f;, VL f;, VV f1)
and compute the corresponding conditional covariance matrix. That is, we compute the co-
variance for the field X, := (V1 f,, VV f;) conditioned on the event that Xy :=(fi,Vfi)=0.

3.3. Entries of the Covariance Matrix. We list the coefficients of the full covariance
matrix for the field (f;, V f;, VX, VV f;). Note that due to symmetry after restricting to
the diagonal, i.e. setting 0, = 0, and ¢, = ¢,, we only need to compute the entries on the
diagonal and above. These calculations are done in full detail in Appendix - Section A.

For the convenience of the reader, we now list the final form of the entries:
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(1) ajp = Pl( (37 y))lz y = Pl(l)

(2) a2 =V, Pl(h( ))\x=y =0

(3) a1z = V" Pi(h(2,))ja=y =

(4) ayy = VVPz(h( Y=y = — V2P (1)
(5) az = ViV, Pi(h(@,9) =y = V[, ’( )
( ) Qg3 = VLPl(h(xv?/))\x—y =0

(7) aze = ViV Vy Pi(h(, y) a=y =

1)’

vy sin ¢, cos ¢,

9
(”1 26, o 8;}%% e+ (v

ot 9
it + 0 >aZi)P/<1> = G24(0, 62) P/ (1)

(8) ass = V"V Pi(h(2, ) o=y = IV 2 B (1)
(9) azs = V"V, VyP(h(2,Y)) o=y =

x x

(v ¥ » 01
2Y1 89
+(v3 )QUf sin ¢, cos ¢, + (vf)?’ cos ¢, sin® ¢, — (v“}:)2 0vs

00,
= (~134<91, ¢m)B,<1)

T

Lsin? ¢, 4 (v3)?v] sin ¢, cos ¢, + (v3)? gz; sin® ¢,

2 sin? ¢,

— vyvy 96

vy 2 sin? qﬁx)Pl (1)
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(10) ass = VaVaVyVy Bi(h(2, )=y = IV [y L2 11V 1y P4 5004 (0, 00) P4 (50 (Bas 62) —
%HVH“)Z where

(9 LO0U7

190, ol 1 gg, ST O

N ov®

x\4 2.2 r\2 1
+(v7)* sin® ¢, — (v ) 20, smgbx cos ¢, + (v7) 30,
,0vT Ov? ovy ovy

x\2 -
+ouy 136 a%stm ¢z + (v7) 20, vzsm(bmcosgzﬁx (vl)vza%

. O
+(Uf)2(vﬁ2v)2 Sln2 ¢I + (/01) 89

&4114( T ¢x) =

vy Sin @, cos @,

sin ¢, cos ¢,

5 COS (g SIN @,

T

(vx)gav oS ¢, sin ¢, + (v7)? AN
00, ‘ v o\ 00,

x

+(v])?(v3)? cos® ¢, + vl §¢ (v5)? cos ¢, sin ¢,
L 03 I(%Q

90, 2 96,

+(v)*(v3)? cos® ¢ + v}

m2 ¢z + v3 (V] )2811

96, L 00, 0, S g

x T

(0 in 1, 08 6, -+ 07 5 (1) cos b sin

0
D5 o6 v 5

+ (g;ji) (UQ) sin ¢x + ] g;f (112) sin ¢, cos ¢,

T

ov3
+(07)2(v3)? cos® ¢ — (v7)?02 9% COS ¢, SiN O,

LO0v vy (s’
st +ofus g SR 4 (S g

+(v3)*
Remark 3.3.1. We would like to understand which geometric quantities the entries aoy4, a4,
and a4y define. The Christoffel symbols for the round metric are:
I'1, =0, '}, =cot¢
[% = —singcosg, '}, =0
[}, =cotg, [y =0
I3, =0, I3, =0.

Using formulas for the Levi-Civita connection (where we abuse notation) V, we find that
oy 0 0
VvV = (_U1 Sin ¢ cos ¢ + v1—— + 2v,vy cot ¢ + v Ul)

0 90
(9?)2 8?]2 0
(v %)
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Another simple calculation gives us the quantity

(VyV, V), = —v? sin® ¢ cos ¢ + v? %9 sin? ¢ + 2viv, smgbcosgb—i—vlvga&b sin? ¢
Lo 8 + 02;2
1V27 5, 90 2 8¢>

This is strikingly similar to ag4 but is not exactly equal to it. Notice that (V/V, V>

v} sin® ¢ cos ¢ — vivy sin ¢ cos ¢ = . After considering the Euclidean gradient of ||V|2,
find that

a24 (02, 02) = =V (V) (3.3.2)

3.4. Conditional covariance matrix. In this section, we would like to compute the co-
variance matrix for (V+ f;, V'V f;) conditioned on the random vector (f;, V f;), particularly at
the value (0,0). Given that we started with the Gaussian vector field (f;,V f;, VX, VV f)),
we can conveniently apply formulas found in [AT00] Section 1.2 for our desired matrix.

The 4 x 4-matrix total covariance matrix whose entries we computed in the previous section
allows us to explicit calculate

-1
33 Qg4  (A31 G32) (411 Q412 [ G13 Q14 (3.4.1)
Q43 Q44 Q41 Q42 A1 QA22 Q23 Q24

—~ ~ —~ —~

=:M; =:M> =:M3 =:My

We note that the probability mass function ®#(0,0) of the random field F' = (f;,V f;) is

(270\/#7611 where det Cyy = @(l2 +1). For the sake of clarity, let us write out these
individual matrices:

= (V0 0, 6:) 5
1= 2
51 (0, 6) 55 [2IVIIG 1 + SNV P + 383400 620 + (3ka(6, 00) — 21V
M, — ( 0 0 )
~ 2
~VIE 55t aa(6e, 00) 55
1 0
=0 frgfen)
Vg (12 +1)
2 12+z
v (0 IV 5
0 a24(9 7¢z) 2

where \? = [* + [ is our Laplace eigenvalue. This leads to

My - M- M, =

0 0
(O Hv”;@(lQJZ)Q—i—(“%‘(/;@I))(TH)).

g(x)
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Finally, we obtain the symmetric 4 x 4 matrix M; — MyMsM,, whose entries m; ; are the
following

P+l IV
muy = IV o —— = =522 P+ 0()
) g +z Gisa (0.
mio = CL34( m;¢m) = 34( 9 ¢ ) l2 —+ O(l)
6
4 4 4 4
mm:(gwmm—zmwmQZ+(ﬂvw 317l )

1 1 A (d24( xa¢x))2 2

1 3 4 (&24( x>¢l“))
+ <2a44( e 02) = gIVIF - 2HV—H§<>) |

HVH4

g(fE

1
2
HVHg(m)

4

Note that the implicit constants appearing in our big-O notation are uniformly bounded
in ¢,,0,. Let us refer to our resulting conditional covariance matrix, with these particular
entries, as

A0, ¢,) = (mlvl m1’2> . (3.4.2)

mia M22

3.5. Evaluating the first intensity. Notice that det A;(f,, ¢,) is possibly singular (i.e.
blows up) when (v%)? + sin® ¢, (v¥)? = (V,V), = 0 which is equivalent to having V = 0.
Given that every continuous vector field on S? must have at least one zero, it is natural that
we place some restrictions on how V' vanishes. However, we will show that having a singular
determinant in this sense is not the case via an explicit calculation.

As tr (Ay(0,, ¢.)) and det (A;(0,, ¢,)) play an important role in the some upcoming cal-
culations, we write out these quantities explicitly for sake of reference:

3 1 1
tdmwmwﬁz(ﬂV@@—jWM@> + (V1 — 51710 ) #

1. 1 (G24(0r, 02))? 101
—al (0, 0,) — =||V||3, , — =2 22 4 C 2 2

1 3 (G24(02: @2))* | L 00
O, 0.) — =||V|* — ——2 2 4 ||V l.
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Using the following formula,
det (Al(em ¢x)) -
(HVLHE(QJ) : ||V||§($)> 6

16
IVA2() 3]V ()
L ( 16 )ls
n IVAE@) (@140 d0)  (@24(00,00))" |  (G24(0r 02))” 4
2 2 2V|2 4
2 2 8 2(|V|2 2
(V) (a0n60) 31V D) <a24<ex,¢x>>2> ~ <a34<e$,¢z>>2> 2
2 2 8 2[|V|2 4 ’

we get that det (A;(0,,¢,)) = Wlﬁ + O(I°) and the remainder term is uniformly

bounded in 6,, ¢, thanks to [|[V*|ly@) = |Vl /det g(z) cancelling out the length factor
|Vlg(z) in the denominators. We record this observation in the following:

LEMMA 3.5.1. The conditional covariance has the determinant

det (Ay(0, 6y)) = “V”Gdleg(g(x))zﬁ + o) (3.5.2)

with a uniformly bounded remainder. Moreover, V(0,,¢,) = 0 for some (0, ¢.) if and only
if det (A(0z, ¢2)) = 0 for the same (0., ¢.), uniformly for all 1 > lo(V).

Recall det™ DF; = ”V1”2 (VER)(VV fi)| from equation (3.2.4). And since

$,(0,0)E || det DE(a)]| fi(x) = 0,V fi(x) = 0| =

1 1
27'('\/ det 011 ||V||£2]

where det C; = @(12 + 1), we are now lead to our section’s main proposition:

E[(VERVV A filz) =0,V filz) = 0] (3.5.3)

PROPOSITION 3.5.4. Let a > 0, define the set U := {x € S* : |V|| > [7*}. Then the Ist
intensity satisfies the following asymptotic on U :
V2

P+ 0y (') (3.5.5)

Ky (2) = 3,(0,0)E |14 | det DE (0)]| fi(x) = 0,V fi(x) = 0 -

as | — oo, where the remainder terms are uniformly bounded in x € U but have a dependence
on'V and possibly its derivatives. Over U, we have Ky (z) = oy (I?) where once again the
subscript notation of V' denotes a bounded dependence on the derivatives of V.

Proof. (of Proposition 3.5.4)



12 SURESH ESWARATHASAN

The crux of our proof is in precisely estimating the Gaussian integral

1 1— —
. — it ——t'det A ) dtydts. 3.5.6
QW\/M R2|12|6XP< 9 € 1 ) 1QT2 ( )
where
14 v a34(0z,Px) a34(0z,Px)
Al 1 e A S A Hvluz O(l7) —sepes]? — St (3.5.7)
! det Al _‘154(9321(?536)[2 _ ‘154(932797536)[ ||VJ'||212 + HVJ'HQZ o
2 2 2 2

We first prove the bound for the first intensity over UC. Performing the sequence of

transformations: 2
T =detA, T =T = ) (3.5.8)

we are then left with the quadratic form being the

Ivie 1 21 (7-2
Lot virou) 559
[VIFO@?) L 4 o),

2

We can make use of our parameter o which dictates our localization around the vanishing
set of V' to make this quadratic form “almost” diagonal with positive eigenvalues. Hence,

we set a < 3 in order to make the top-right entry be > CI172. Let e(a) = 5 — . A direct
calculation along with Lemma 3.5.1 then shows us that equation (3.5.6) is
O(||V‘|13l5—4a(a)) _ O(l—13a15—4e(a)) (3510)

which itself is little-o of I? if & > & = & + 5.

Let us localize away from the zero set {V' = 0} of our vector field V', specifically onto the
set U = {x € S?: |[V|| > 17} where « is as above. Here, [ > Iy(V) as established in Lemma
3.5.1. Working over this subset of S? allows us to perform our usual algebraic manipulations
in the calculation to follow.

Thanks to the explicit form of the inverse of our conditional covariance matrix, we can
perform the following sequence of transformations

?:<m&?¢?:(ﬂgiﬁzcﬂ V2 ) (3.5.11)

2 v v

to reduce the quadratic form appearing in the exponential to

2 1 1 _21154(92’4530)1 _ 2a§4(91,¢z)l
1+ 7+ wpo(z) VIETVEL T~ VIRV 2 (3.5.12)
_ 2034(0,02) 1 2034(0z,6x) 1 141 s
VIEIVIT T~ VRV 2 l
9 1 1 _2054(9x7¢x)l o 2a34 (0x,9x) 1
_(tt7 0 o) VIEIVET T~ VIRV 2
0 141 _ 2a34(0,02) 1 _ 2a34(0x,00) 1 0
l VIZIVEIT T~ VIRV 2

The quadratic polynomial q(u,ug) in uy, us which is generated by this sum of matrices is

2 1 1\ , 1\

(_40%4(0567 ¢x)1 . 46154(9:):, ¢x) l) Up s
IVIPIVEE VIRV 2

(3.5.14)
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On the set U C 52, in the region |ui| < 2|us|, q(ur, uz) = u? + (1 4+ O(1~1739))u2 which
follows from the assumption that V' must not be allowed to become too small in [ which

in turn requires that ”aé]*'(e”z"/ﬁ“””)l = O(Hleg,l) = O (7%= ); the uniform boundedness in 6,, ¢,)
a34(01 ¢z)

follows as = === € C>(S?) after using the explicit form of the entries of the conditional
covariance matrix as given in Remark 3.3.

In the complementary region |u;| > 2|us|, we have that q(ui,up) = (1+ O(1=0~ 3a))) ui +
(1 + I7")up. Therefore, on all of R?, we have that g(u,us) = (14 O~ 173)) w2 + (1 +
O(1=0=39))y2. Thus, after a series of reductions, we are left to estimating the quantity

(det A)P2 8 » / 1
l —— du; d 3.5.15
r o VIIVEE e el P (gl Jddie o (3515)
(detAZ)3/2 8 6
_ 176 x (3.5.16)
r VIV

/ 1] exp (—%(( O o 4+ (14 0107y )) duuy duy(3.5.17)

Hence, our leading term in our asymptotic will come from the expression

(det A)*2 8 —6/ Lo, o
9 . 0.1
T EAE l o |[urus| exp 2 (ul + u2) duy dug (3.5.18)

Using that det (A;(0,, ¢.)) = WZG + O(1%), the simple calculation

1 © d 1 ?
/R2 |ugus| exp <—§(uf —|—u§)) duy duy = (2/0 T exp <—§u1> du1> =4, (3.5.19)

and the remaining factors in equation (3.5.3) for the 1st intensity, we find that the asymptotic
of the 1st intensity (on our neighborhood U) equals

= $,(0,0)E {| det DE(z)||fi(z) =0,V fi(z) = 0] (3.5.20)
11/_2 P+ Oy (I'°) (3.5.21)

where the big-O terms have implicit constants which are uniformly bounded in 0,, ¢,.

Remark 3.5.22. We observe throughout our calculation that £ < o < 1/3 is necessary for
suitable remainder terms.

O

3.6. Proof of Theorem 1.5.1. We conclude our note with the proof of the proposed ex-
pected value asymptotic:

Proof. Given Proposition 3.5.4, we can now proceed to integrating over S? — {V = 0}; recall
that dV, is normalized. Note also that we now have an approximate expression for the
truncated first intensity of the form:

V2

(4_’/T2 l2 + Ov (l1+3a)> 1U(£L') + (Ov(ZQ)) ]_U[: (.’L’) (361)
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In the case of {V = 0} being finite, we know that the volume of each zero’s neighborhood
is asymptotic to [ =2 where m is the smallest order amongst all the zeroes of V. Comparing
the integrated bound from near the zeroes of I>~2m log(l) (and then summing over the zeroes)
and the corresponding bound from away of % P40 (I'3)+ 0 (1*7%m), we find that setting
5—‘1 <a= ﬁ < 1/3 gives us our best remainder estimate.

In the second case of {V = 0} being a smooth curve of finite length (thanks to 0 being
a regular value of V' and us being in a compact setting) and V' vanishes to order m in the
normal directions, we obtain an integrated bound from near the zeroes of >~ m: proceeding

similarly as above we obtain that 5% <a=g +1 < 1/3 gives the best remainder estimate. [J

1
APPENDIX A. COMPUTATION OF COVARIANCE MATRIX

Before we begin, let us remind ourselves that P,(t) is the standard [-th degree Legendre
polynomial and h(z,y) = fNL(HI, Oy, O, ¢y) = COS Py COS @y, + sin ¢, sin ¢, cos(f, — 6,). We
remind ourselves of the coordinate representations V, = vl(ﬁy,gby)% + v2(0y, ¢y) 5 and
Vb= y(0y, %)% — sin? ¢, v, (0,, qﬁy)a%y. Similar definitions hold for V, and V.

For the ease of exposition, let us list the specific formulas for the entries of the full covari-
ance matrix for the random field (f;, V f;, V2, VV f;) € R%:
air = Pl(h<xay))|z=y
arz = Vy B (h(z,y)) 0=y
ary = V" PP, Y)) ja=y
ai = VyVy Pi(M(2,Y)) o=y
azy = Vo Vy By(h(2,y)) 2=y
Qg3 = Vx‘/yLPl(h(x>y))\x:y
ags = VaVy Vy P (W(, 1)) ja=y
ass = V- V" P(h(,Y))ja=y
ass = Vi VyVy Pi(h(2,9)) o=y
agg = Vo VaVy Vy Pi(W(2,Y)) o=y
We now proceed to calculating these entries along the diagonal:

9
Dy

a1
Pl(h)wz:eyv(ﬁz:(ﬁy = Pl(l)
a9
vy P/(h)(sin ¢, sin ¢, sin(6, — 60,))
+0§ P/ (h)(— cos ¢, sin ¢, + sin ¢, cos ¢ycos(0y — 0y)9,—0, 6,6, = 0
ai
vy P/(h)(sin ¢, sin ¢, sin(0, — 0,)) + (—sin® ¢, )v} P/ (h)(— cos ¢, sin ¢,,
+sin ¢, cos ¢y cos(0, — 0y))19,—6,.6,=¢, = 0
a1s: We set Ty = vi’(%,%)% and Ty := U;’(Hy,gzﬁy)%. This will allow us to organize

our derivative calculations more easily. We continue working with the general formula, pre-
evaluation at x = y, appearing for a;o. We break this calculation into blocks arising from
different applications of the vector fields T; and T5.
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G gﬁ?{ P/(h)(sin ¢, sin ¢, sin(0, — 6,,)) + (v7)*P/'(h)(sin ¢, sin ¢, sin(0, — 6,))?

+(v 1) P/(h)(— sin ¢, sin ¢y cos(0, — 0,))

block 1 = Tl(Sl) .

+block 2 =T3(S2) : v ggz P/ (h)(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 0,)) +

vivy P/'(h)(sin ¢, sin ¢, sin(6, — 6,))(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 6,)) +
vivy P/(h)(sin ¢, cos ¢, sin(0, — 6,))
oy . . .
—vyP/(h)(sin ¢, sin ¢, sin(0, — 6,)) +
Do,
vi{vy P/'(h)(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 6,))(sin ¢, sin ¢, sin(6, — 6,)) +
v{vY P/ (h)(sin ¢, cos ¢, sin(6, — 0,))

+block 3 =T5(95) :

+block 4 = T5(Ss) : 2 —=P/(h)(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 6,)) +

(v9)?P"(h)(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 0,))* +
(v9)? P/ (h)(— cos ¢, cos ¢, — sin ¢, sin ¢,, cos(f, — 0y))10.=6,.60=0,

=final:  —(v7)*P/(1)(sin” ¢,) — (v3)°P/(1) = = ||V [l P/ (1)

a9y
block 1:  —vfo! P (h)(sin ¢, sin ¢, sin(6, — 6,))* + viv! P/(h) (sin ¢, sin ¢, cos(6, — 6,))
+block 2:  vjvyP/'(h)(— sin ¢, sin ¢, sin(f, — 6,))(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 0,)) +
vivy P/ (h)(— sin ¢, cos ¢, sin(f, — 6,))

+block 3:  vYvg P(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6,, — 0,))(sin ¢, sin ¢, sin(b, — 6,)) +
v{v3 P/ (h)(cos ¢, sin ¢, sin(0, — 6,))

+block 4:  v5vy P/'(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — 0,))

-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 6,)) +
V54 P/ (Sin ¢ sin ¢y + €08 ¢, €08 ¢y cos(0y — 0y)) (0,20, 62=0,

= final:  (v])*P/(1)(sin’ &) + (v3)* P (1) = [V ][50y P/ (1)
93
block 1:  —v{v§ P (h)(sin ¢, sin ¢, sin(0, — 0,))* +
vivy P/ (h)(sin ¢, sin ¢, cos(0, — 6,))
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+block 2. —of(—sin® ¢, )v{ P/’ (h)(sin ¢, sin ¢, sin(6, — 6,))
-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 6,))
—v§ (= sin® ¢, )v} P/ (h)(sin ¢, cos ¢, sin(6, — 6,))
+block 3:  v3v P'(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(b, — 0,))
(sin ¢, sin ¢, sin(6, — 6,)) + v5v5 P/(h)(cos ¢, sin ¢, sin(6, — 6,))

+block 4: 0§ (—sin® ¢, )v{ P/ (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — 6,,))
-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 6,)) +
v (—sin® ¢, ) v} P/ (h)(sin ¢, sin ¢y, + cos @ cos ¢y, cos(0, — 0y)) 19,20, 6uey

= final:  v{vy(sin® ¢, ) P/(1) + (—sin® ¢, )v{vi P/(1) = 0

azz: We continue working with the general formula, pre-evaluation at = y, appearing
for a;3. We break this calculation into blocks arising from different applications of the
components of the vector fields V.

block 1:  v5vyP/'(h)(— sin ¢, sin ¢, sin(0, — 6,))(sin ¢, sin ¢, sin(f, — 6,))
+uvgvd P/ (h)(sin ¢, sin ¢, cos(0, — 6,))

+block 2. —sin® ¢, v5v! P (h)(— sin ¢, sin ¢, sin(0, — 6,))(— cos ¢, sin ¢, + sin ¢,, cos ¢, cos(6, — 6,,))
— sin? ¢, v5 v P/(h)(— sin ¢, cos ¢, sin(6, — 6,))

+block 3:  —sin® ¢, v{vy P’ (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(,, — 0,))(sin @, sin ¢, sin(f, — 6,))
— sin? ¢, v vy P/ (h)(cos ¢, sin ¢, sin(6, — 6,))

+block 4:  (—sin® ¢,)(—sin® ¢, )vi v P’ (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 6,))
-(— cos ¢ sin ¢, + sin ¢, cos ¢, cos(0, — 6,))
+(— sin? ¢, ) (— sin® ¢, )v{ v} P/ (h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos (6, — 0y))10.=0, 6=,

= final: sin2¢m(v§)2P’(1)+sin4¢x(vf)2P’(1):HVH]Q \B/(1)

agy: Let T7 = vlﬁ and Ty = v55- ¢ We continue working with the general formula, pre-
evaluation at = = y, appearing for a;4. We break this calculation into blocks arising from
different applications of the vector fields 17 and T5.

Ty (block 1), S1:  of gzl PF/'(h)(— sin ¢, sin ¢, sin(f,, — 0,))(sin ¢, sin ¢, sin(0, — 6,,))

y

+oiv a—elP (h)(sin ¢, sin ¢, cos(6, — 6,))
+Ty (block 1), S2: vj(v¥)*P" (h)(— sin ¢, sin ¢, sin(6,, — 6,))(sin ¢, sin ¢, sin(6,, — 6,))*

+207 (v})2 P/ (h)(sin ¢, sin ¢, sin (6, — 6,))(sin ¢, sin ¢, cos(6, — 0,,)

+Ty (block 1), S3:  v{(v¥)*P/(h)(— sin ¢, sin ¢, sm( 6,))(— sin ¢, sin ¢, cos(0, — 6,

)
y )
+uy (vf ) / (h)(sin ¢, sin ¢, sin (6, ))

)
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oY
+T; (block 2), S1:  vfvf 292 P/"(h)(— sin ¢, sin ¢, sin(6, — 6,))
-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 6,))
, Oy

+oiv] 892 P/ (h)(— sin ¢, cos ¢, sin(0, — 6,))

+T; (block 2), S2:  vfvivy P" (h)(— sin ¢, sin ¢, sin(6, — 6,))(sin ¢, sin ¢, sin(6, — 6,))
-(— cos ¢ sin ¢, + sin ¢, cos ¢, cos(0, — 6,))

+ojvivd P'(h)(sin ¢, sin ¢, cos(0, — 6,))(— cos ¢, sin ¢, + sin ¢, cos ¢, cos (.,

+oivvy P (h)(sin ¢, sin ¢, sin(6, — 6,))(— sin ¢, cos ¢, sin(0, — 6,))

+T7 (block 2), S3:  viv{vy P"(h)(— sin ¢, sin ¢, sin(6, — 6,))(sin ¢, cos ¢, sin(b, — 6,))
+ovfvivs P/ (h)(sin ¢, cos ¢, cos(0, — 0,))

+T; (block 3), S1: o] g;l vy P/'(h)(— sin ¢, sin ¢, sin(6, — 6,))(sin ¢, sin ¢, sin(6, — 6,)) +
v
Yy
vf%vgf’l’(h) (sin ¢, sin ¢, cos(0, — 6,))
Do,

+T; (block 3), S2:  vfvivy P" (h)(— sin ¢, sin ¢, sin(6, — 6,))
-(— cos ¢ sin ¢, + sin ¢, cos ¢, cos(f, — 6,))(sin ¢, sin ¢, sin(6, — 0,))
+uiv{vd P'(h)(— sin ¢, cos ¢, sin(f, — 0,))(sin ¢, sin ¢, sin(0, — 0,,))
+oTvYvy P (h)(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(b, — 6,))
-(sin ¢, sin ¢, cos(0, — 6,))

+T; (block 3), S3:  4vivivy P/ (h)(— sin ¢, sin ¢, sin(0, — 0,,))(sin ¢, cos ¢, sin(0, — 6,))
+oTvi vy P/(h)(sin ¢, cos ¢, cos(0, — 0,))

+Ty (block 4), S1: v} 222 P/'(h)(— sin ¢, sin ¢, sin(6,, — 0,))(— cos ¢, sin ¢,
K

+ sin (bx cos ¢, cos(b, — 6,))

4o Pz (h)(— sin ¢, cos ¢, sin(f, — 6,))

vy

1%2 a¢y

+Ty (block 4), S2: v} (v})*P/"(h)(— sin ¢, sin ¢, sin(6, — 0,,))
(= cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 0,))?

20 ()R () (= <05 6, 5in 6, + sin 6, c0s 6, os(6 — 0,)
.(_ sin ¢, cos (,by Sin(er - Qy))

- Qy))
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Ty (block 4), S3: v (v)*P/'(h)(— sin ¢, sin ¢, sin(0, — 6,))(— cos ¢, cos ¢, — sin ¢, sin ¢,
-cos(f, — 0y))
+v§ (v§)* P/ (h)(sin ¢, sin ¢, sin (0, — 6,))

8?}

+T3 (block 1), S1:  viv! — 79,

—LP/(h)(—sin ¢, cos ¢, + cos ¢, sin ¢, cos(, — 6,))

g; P/(h)(cos ¢, sin ¢, sin(6, — 6,))

-(sin ¢, sin ¢, sin(8, — 6,)) + v3
+Ty (block 1), S2:  v3(v{)*>P/" (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 6,))

(sin ¢, sin ¢, sin(0,, — 6,))*

+203 (v])2 P/’ (h)(sin ¢, sin ¢, sin(6, — 6,)))(cos ¢, sin ¢, sin(0,, — 6,))

+Ty (block 1), S3: o3 (vY)*P/'(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(f, — 0,))
-(—sin ¢, sin ¢, cos(8, — 6,))
+vg (v})? P/(h)(— cos ¢, sin ¢, cos(0,, — 0,))

vy 202 P"(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 6,))

-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 6,))

+T5 (block 2), SI:

T30 202 P/(h) - (sin ¢, sin ¢, + cos ¢, cos ¢, cos(0, — 6,))

+Ty (block 2), S2:  viv{vd P" (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(, — 6,))
-(sin ¢, sin ¢y, sin(0, — 0,))(— cos ¢, sin ¢, + sin ¢,, cos ¢, cos(f, — 6,))
+vsv{vd P'(h)(cos ¢, sin ¢, sin(f, — 6,))(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(6,, — 6,))
+vsv{vd P'(h)(sin ¢, sin ¢, sin(0, — 6,,))(sin ¢, sin ¢, + cos ¢, cos ¢, cos(0, — 0,))

+Ty (block 2), S3:  vv{vy P"(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — 6,))(sin ¢, cos ¢, sin(f, — 6,))
+vsv{vd P/ (h)(cos ¢ cos ¢, sin(b, — 0,))

+T5 (block 3), S1: v} gz;l vy P/ (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 6,))
v

-(sin ¢, sin ¢, sin(6,, — 6,))

+v; a¢z vy P/(h)(cos ¢, sin ¢, sin(b, — 6,))
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+Ty (block 3), S2:  v{vivy P" (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 6,))
-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 6,))(sin ¢, sin ¢, sin(6, — 6,))
+oivsvy P (h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(0, — 6,))
-(sin ¢, sin ¢, sin(6,, — 6,))
+oivsvd P'(h)(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(b, — 0,))
-(cos ¢y sin ¢, sin(0, — 6,))

Ty (block 3), S3:  v3v{vy P"(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 6,))(sin ¢, cos ¢,

-sin(6, — 0,))

+vsv{vd P/ (h)(cos ¢, cos ¢, sin(b, — 0,))
a ?QJ 1/ . . .

vy vy 90 —=P/'(h)(—sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 6,))(— cos ¢, sin ¢, +

y

sin ¢, cos ¢y, cos(0, — 6,))

+uvs vl 8 :
2 a¢y

+T5 (block 4), S1:

—=P/(h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(b, — 6,))

+Ty (block 4), S2: v5(v§)*P/" (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(, — 0,))(— cos ¢, sin ¢,
+ sin ¢, cos ¢, cos(0, — 6,))?
+205 (v3)* P/ (h) (= cos ¢, sin ¢, + sin ¢, cos ¢, cos(f, — 6,))(sin ¢, sin ¢,
+ cos ¢, cos ¢, cos(6, — 0,))

+Ty (block 4), S3:  v§(v§)*P/(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 0,))(— cos ¢, cos ¢,
— sin ¢, sin ¢, cos(6, — 6,))
+03 (v3)? P/ (h)(sin ¢, cos ¢, — cos ¢, sin ¢y, cos(0y — 6y))0,—0, 62—,

T xz

ovy ovy
— . 2 2 T\2,,T 1
= final : (( D) 90, sin” ¢, + (vy)“v5 sin ¢, cos ¢, + vy 9,
oy
2 03

: T xavx x /
3 (0])? sin g cos b, + vug gt + ()5 2 ) L)

Log sin? ¢, + (v])%0F sin @, cos ¢,

X
Log sin? ¢, + (v])%0F sin ¢ cos P,

ovy vy
= () gt sin® 6, + o]

0,
- rav”” o OV
iyt + 5) 50 ) FL()

azs: We notice this entry is exactly the same as a4 except that for every occurence of
v? and v§, we substitute with —sin® ¢,v% and v¥, respectively. Let T} = U%% and Tp =

—sin? ¢, v¥ %
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Ty (block 1), S1:  wvjvy 091 P/'(h)(— sin ¢, sin ¢, sin(6,, — 0,))(sin ¢, sin ¢, sin(0, — 6,,))

?J

+vyvy g@ P/ (Rh)(sin ¢, sin ¢, cos(6, — 0,))

+Ty (block 1), S2: v (v})*P" (h)(— sin ¢, sin ¢, sin(6,, — 6,))(sin ¢, sin ¢, sin(6,, — 6,))*
+203 (v})2 P/’ (h)(sin ¢, sin ¢, sin(6, — 6,))(sin ¢, sin ¢, cos(,, — 6,))

+T; (block 1), S3:  v§(v¥)*P/(h)(— sin ¢, sin ¢, sin(6, — 6,))
-(—sin ¢, sin ¢, cos(6,, — 6,))
+vg (v})? P/ (h)(sin ¢, sin ¢, sin (0, — 6,))

+T; (block 2), S1:  viv} 222 P/"(h)(— sin ¢, sin ¢, sin(6, — 6,))

-(— cos ¢ sin ¢, + sin ¢, cos ¢, cos(0, — 6,))

+vd y v ——=P/(h)(— sin ¢, cos ¢, sin(0, — 6,))

"0,
+T; (block 2), S2:  viv{vi P)" (h)(— sin ¢, sin ¢, sin(6, — 6,))(sin ¢, sin ¢, sin(b,, — 0,))
-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 6,))
+vsvvd P'(h)(sin ¢, sin ¢, cos(0, — 6,))(— cos ¢, sin ¢, +
sin ¢, cos ¢, cos(0, — 6,))
+v3vi vy P (h)(sin ¢, sin ¢, sin(6, — 60,)))(— sin ¢, cos ¢, sin(0, — 6,))

+T; (block 2), S3:  vivivy P"(h)(— sin ¢, sin ¢, sin(6, — 6,))(sin ¢, cos ¢, sin(0, — 6,))
+vsvivd P/ (h)(sin ¢, cos ¢, cos(f, — 6,))

+T) (block 3), S1: v g:;l vy P/'(h)(— sin ¢, sin ¢, sin(6,, — 6,))(sin ¢, sin ¢, sin(6, — 6,)) +
Yy

—v3 P/(h)(sin ¢, sin ¢, cos(0, — 6,))

+T; (block 3), S2:  vivivy P" (h)(— sin ¢, sin ¢, sin(6, — 6,))
-(— cos ¢ sin ¢, + sin ¢, cos ¢, cos(f, — 6,))(sin ¢, sin ¢, sin(6, — 0,))
+vsvivy P (h)(— sin ¢, cos ¢, sin(0, — 6,))(sin ¢, sin ¢, sin(0, — 6,))
+vsv{vy P (h)(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(b, — 6,))
-(sin ¢, sin ¢, cos(0, — 6,))

+T7 (block 3), S3:  4vivYv) P (h)(— sin ¢, sin ¢, sin(f, — 6,,))(sin ¢, cos ¢, sin(f, — 6,))
+v3vi vy P/(h)(sin ¢, cos ¢, cos(0, — 0,))
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oY
+T; (block 4), S1: vy gg; P/'(h)(— sin ¢, sin ¢, sin(6, — 0,)(— cos ¢, sin ¢,
v
+ sin ¢, cos ¢, cos(6, — 0,)) +
, Ovy

vy vy —= 70, 2 P/ (h)(— sin ¢, cos ¢, sin(6, — 6,,))

Ty (block 4), S2:  v3(v))*P/"(h)(— sin ¢, sin ¢, sin(6, — 6,,))
(= cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 0,))?
+203 (v8)? P/ (h) (= cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 6,))
-(—sin ¢, cos ¢, sin(0, — 6,))

Ty (block 4), S3:  v3(vY)*P/'(h)(— sin ¢, sin ¢, sin(0,, — 6,))(— cos ¢, cos ¢, — sin ¢, sin B,
-cos(f, —6,))

+vj (v§)?P/(h)(sin ¢, sin ¢, sin(f, — 6,))

81}
199,

(sin ¢, sin ¢, sin (0, — 6,)) + (—sin® g} )v}

+Ty (block 1), S1: (= sin? ¢,vi)v} L P (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — 6,))

a Yy
190,

Ty (block 1), S2: (= sin® ¢,07)(v})* P (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — 6,))
(sin ¢, sin ¢, sin(0, — 6,))?
+2(—sin® ¢, v7) (v})? P (h)(sin ¢, sin ¢, sin(6, — 0,))(cos @, sin ¢, sin(, —

Ty (block 1), S3: (= sin? ¢,07)(v})* P (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(8, — 6,))
-(—sin ¢, sin ¢, cos(6, — 6,))
+(— sin? ¢, v7) (v})2 P/ (h) (— cos ¢, sin ¢, cos(f, — 6,))

, Oy
"0,
-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(f, — 6,))

Ty (block 2), S1: (- sin? ¢,v7) —2P/'(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(, — 6,))

Ovy P/(h) - (sin ¢, sin ¢, + cos ¢, cos ¢, cos(8, — 6,))

+(— sin? g vt ol =2 70,

et P/(h)(cos ¢, sin ¢y, sin(b, —
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Ty (block 2), S2: (= sin® ¢, 07)v{vy P”(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(f, — 6,))
-(sin ¢, sin ¢, sin(6,, — 6,))(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 0,))
+(— sin? ¢, v} )vfvly P/'(h)(cos ¢, sin ¢, sin(0, — 6,))
-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(6, — 6,))
+(— sin’ ¢, v7 ) ofvy P/'(h)(sin ¢, sin ¢, sin (6, — 6,))
-(sin ¢, sin ¢y, + cos ¢,, cos ¢, cos(0, — 6,))

Ty (block 2), S3: (= sin® ¢, 07)v{vy P/ (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — 0,,))
-(sin ¢, cos ¢, sin(8, — 6,))
+(— sin® ¢, v7)vivy P/ (h)(cos ¢, cos ¢, sin(f, — 6,))

y

Ty (block 3), S1: (- sin? ¢,v7) g¢ yP/(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(0, — 0,,))
v

-(sin ¢, sin ¢, sin(6, — 6,))

+(— sin? g 07) =+ Ovt vy P/ (h)(cos ¢, sin ¢, sin(0, — 6,))

8¢y

Ty (block 3), S2: oY (—sin® ¢,v7)vy P”(h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(f, — 6,))
-(— cos ¢ sin ¢, + sin ¢, cos ¢, cos(f, — 6,))(sin ¢, sin ¢, sin(6, — 0,))
+0¥(—sin? g7 v Pl”( )(sin ¢, sin ¢, + cos ¢, cos ¢y, cos(b, — 0,))
-(sin ¢, sin ¢, sin(6,, — 6,))
+0¥(—sin? g7 v Pl"( )(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(b, — 0,))
-(cos ¢ sin ¢, sin(0, — 6,))

Ty (block 3), S3: (= sin? ¢, v7)vYvy P/ (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — 6,))(sin ¢, cos ¢,
-sin(6, — 0,))
+(— sin® ¢,v] ) vivy P/ (h)(cos ¢, cos ¢, sin(f, — 6,))

Vg ng P/ (h)(—sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — 0,))
y

-(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(0, — 6,))

Ty (block 4), S1: (- sin? ¢,v7)

+(— sin® g, v7) yiPl'(h)(sin ¢4 8in ¢, + cos ¢, cos ¢, cos(b, — 0,))
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Ty (block 4), S2: (= sin® ¢,07)(v§)* P (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6, — ,))(— cos ¢, sin ¢,
+ sin ¢, cos ¢, cos(0, — 6,))?
+2(=sin® ¢, v7) (v§)* P (h)(— cos ¢, sin ¢, + sin ¢, cos ¢, cos(,, — 6,))(sin ¢, sin ¢,
+ o8 ¢, cos ¢, cos(0, — 6,))

Ty (block 4), S3: (= sin® ¢,07)(v§)* P’ (h)(— sin ¢, cos ¢, + cos ¢, sin ¢, cos(6,, — 0,))(— cos ¢, cos ¢,
— sin ¢, sin ¢, cos(6, — 6,))
+(— sin? ¢, v7) (v§)* P/ (h)(sin ¢, cos ¢, — cos ¢, sin ¢, cos(0, — 0,))

ovy 0
= final : (U;Uf U1 g2 Gp + (V3)*07 sin ¢, cos ¢, + (v5)* - " gin 2 by

00, ol

sin’ ¢, —

xT

x x T . - 01}
+(v3)?0? sin ¢, cos ¢, + (v])? cos ¢, sin® ¢, — <U1)289 vivy 8@2535 sin q§m>Pl( )
8

ayy: Again, we set T = vf% and T = vyz-. As this calculaton is dependent on that
for asy, we continue to use the previous labeling. Due to the complexity of this entry, for
each resulting block of terms, we only keep those which will not vanish after restricting to
the diagonal.

xavl , oy

Ty (T} (block 1) S1): v a0, 189

P/ (h)(sin ¢, sin ¢, cos(b, — 6,))

T, (Ty (block 1) S2) : 2(vf)*(v})*P/'(h)(sin ¢, sin ¢, cos(6, — 6,))?

Ty (Ty (block 1) S3) :  (v])*(v})* P/ (h)(— sin ¢, sin ¢, cos(6, — 0,))(— sin ¢, sin ¢, cos(,, — ,))
+(v])*(v})* P/ (h)(sin ¢, sin ¢, cos (0, — 6))

, Oy

Ty (Ty (block 2) S1):  (v)*v 189

P/(h)(— sin ¢, cos ¢, cos(0, — 6,))

Ty (T (block 2) S2):  completely vanishes

T

1 v{vy P/(h)(sin ¢, cos ¢, cos(b, — 6,))

Ty (Ty (block 2) S3) 1 vi—— 20,
81}1 Ovf : .
Ty (Ty (block 3) S1) : 96, 06 vy P/(h)(sin ¢, sin ¢, cos(0, — 6,))
y

Ty (Ty (block 3) S2):  completely vanishes

T

1 —LoYvy P/ (h)(sin ¢, cos ¢, cos(, — 0,))

Ty (T (block 3) S3) :  of 70,

Ty (T (block 4) S1):  (v¥)*vY—2 P/ (h)(—sin ¢, cos ¢, cos(6, — 6,))
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Ty (T (block 4) S2) :  completely vanishes
Ty (T (block 4) S3) :  (v])*(v3)* P (h)(— sin ¢, sin ¢, cos(b, — 6,))(— cos ¢, cos B,
— sin ¢, sin ¢, cos(0, — 6,))
+(v7)*(v8) P (h)(sin ¢ sin ¢ cos(0 — 6))

Y

Ty (T (block 1) S1) : va%v%’g—;jif’[(h)(cos ¢z sin ¢, cos(6, — 6,))
Ty (T (block 1) S2) :  completely vanishes
Ty (Ty (block 1) S3) :  of g; (v})? P/ (h)(— cos ¢, sin ¢, cos(6,, — 0,))
Ty (Ty (block 2) S1): vy 222 vy ggg P/(h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(b, — 6,))
y

Ty (Tz (block 2) S2):  vivsvivy P/'(h)(sin ¢, sin ¢, cos(, — 6,))(sin ¢, sin ¢, + cos ¢, cos ¢,
-cos(0, — 0y))

Ty (Ty (block 2) S3) : viviv{vs P/ (h)(cos ¢, cos ¢, cos(b, — 6,))
y

vivy
2 a¢y

Ty (Ty (block 3) S2) :  vfvivivy P (h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(0, — 0,))
-(sin ¢, sin ¢,, cos(0, — 6,))
Ty (T (block 3) S3) :  wivsvivyP/(h)(cos ¢, cos ¢, cos(0, — 6,))

T, (Ty (block 4) S1) : ”fge ng

Ty (T (block 4) S2) :  completely vanishes

Ty (T (block 3) S1) : vy P/(h)(cos ¢, sin ¢, cos(0, — 6,))

P/ (h)(sin ¢, sin ¢, + cos ¢,, cos ¢y, cos(0, — 0,))

Ty (T (block 4) S3) :  completely vanishes

o L 0vf , ovy
206, 169

Ty (Ty (block 1) S1) : P/ (h)(sin ¢, sin ¢, cos(b, — 0,))

+ojvivy gel P/ (h)(cos ¢, sin ¢, cos(6, — 0,))

Ty (T (block 1) S2):  completely vanishes
T, (T (block 1) S3) :  completely vanishes
Ty (T (block 2) S1):  completely vanishes
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Ty (Ty (block 2) S2):  vivivivyP/'(h)(sin ¢, sin ¢, cos(, — 6,))(sin ¢, sin ¢, + cos ¢, cos ¢,
-cos(b, —0,))

Ty (T (block 2) S3):  vivivivy P/(h)(cos ¢, cos ¢, cos(0 — 6,))

T

+uvg 6; vivy P/(h)(sin ¢, cos ¢, cos(0, — 6,))
Ty (T) (block 3) S1) 1 wvjvi— 8¢ vy P/(h)(cos ¢, sin ¢, cos(6, — 6,))
y
+v5 g;i gz;: vy P/(h)(sin ¢, sin ¢, cos(0, — 6,))

Ty (Ty (block 3) S2):  vivivivyP/'(h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(d, — 6,))
(sin ¢, sin ¢,, cos(0, — 6,))

v 8:; vy P/ (h)(sin ¢, cos ¢, cos(6, — 6,))

+usvivivy P/(h)(cos ¢, cos ¢, cos(0, — 6,))

Ty (Ty (block 3) S3) :

T, (Ty (block 4) S1) :  completely vanishes
T, (T (block 4) S2) :  completely vanishes

T, (T (block 4) S3) :  completely vanishes

Ty (T (block 1) S1):  completely vanishes
Ty (T (block 1) $2) 1 completely vanishes
T, (T (block 1) 83): (u5)%(0})?FY/(h) (— cos b cos &, — sin sin 6, cos (8, — 0,)
(— sin ¢, sin ¢, cos(8; — 6,))
0 SR (0PI (0) (— cos . sin 0, cos(O — 0,)
+(v3)* (1)} (h) (sin ¢ sin ¢y cos (6 — )

L 0v3 ., 0v
%2 5, " 186

Ty (T (block 2) S1) : P/ (h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(0, — 0,))

) completely vanishes
) completely vanishes

T, (block 3) S1):  completely vanishes
)

completely vanishes
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Ty (T (block 3) S3) :  completely vanishes

o » 0v5 Ovy o
206,00,

Ty (Ty (block 4) S2) : 2(v3)*(v¥)* P/ (h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(6,, — 0,))?

Ty (T (block 4) S1) : $P/(h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(b, — 6,))

Ty (Ty (block 4) S3) : (v3)*(v3)* P/ (h)(— cos ¢, cos ¢, — sin ¢, sin ¢,, cos(0, — 6,))
-(— cos ¢, cos ¢, — sin ¢, sin ¢, cos(0, — 6,))
+(v3)?(v§)* P/ (h)(sin ¢, sin ¢, + cos ¢, cos ¢, cos(0, — 6,))

¥ 81}1

80 106,
xr : / xr 8U
) sin® 6, P{(1) - () 5
ovy Ovy 5 OUY

L0V
+v 1891 9 vy sin® ¢, P/ (1) + (vi)? 20, 112 sin ¢, cos ¢, P/ (1) — (v¥)? U2a¢
D) sin? 6, P (1) + (072 (05) s 6, PU(1) + (0720

00,
00 cosi s, HI0) + (1 (98) ) + 07 6, YY)

= final : v sin? b P/(1) + 2(”01‘)4 sin? 6. P'(1) + (v¥)* sin* o.P/'(1)

cos o PL(1) + (w7 2L g

20, 5 sin ¢, cos ¢, Py (1)

sin ¢, cos ¢, P/ (1)

T

V5 cos ¢, sin ¢, P/ (1)

JI

+(v1)*(v3)” cos” ¢, P (1) + ] g¢ (v3)” cos ¢ sin ¢, P (1) + (v7)*(v3)* sin® 6, F'(1)

, L,0v5  0vg
+('Uf)2('l]§)2 COSZ ¢xpl ( ) + Uy 892 2 a¢i

L, Ovf 81}1 .9 , o OVY
P(1 5
8¢xvl 89 l( ) +v (vl) 89

P/(1) (from the T1 portion)

Uy cos ¢ sin ¢, P/ (1) + (vF)*(v3) sin® ¢, P (1)

(05 cos? 0.(1) + 6T G (68t 0 05 0 (1) + o 5k () cos 6 sin 6, P (1)

xT

z\ 2
+ (%) (US)Q sin? bepl’(l) + (Uf)Q(Ug)Q gin? Qb:cpl”( ) + ] gqﬁi( ) sin ¢, cos gbel( )

T

+(v7)*(v3) cos® ¢ P (1) + (v3)*(vf)? sin® ¢, (1) — (vf)” ;O cos ¢z sin ¢, P (1)

96,
, 0vg Ovg v o .
2 0¢x 00, R+ (a%) (v3)"F/(1) +2(v3)"F'(1)

+(W5)*P/(1) + (v3)*P/(1) (from the T2 portion).

+(vf)*(v3)? sin® ¢ P (1) + viv
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