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Abstract

For first-order quasi-linear systems of partial differential equations, we formulate an assumption of a
transition from initial hyperbolicity to ellipticity. This assumption bears on the principal symbol of the
first-order operator. Under such an assumption, we prove a strong Hadamard instability for the associated
Cauchy problem, namely an instantaneous defect of Holder continuity of the flow from G° to L%, with
0 < o < 0y, the limiting Gevrey index o depending on the nature of the transition. We restrict here to
scalar transitions, and non-scalar transitions in which the boundary of the hyperbolic zone satisfies a flatness
condition. As in our previous work for initially elliptic Cauchy problems [B. Morisse, On hyperbolicity
and Gevrey well-posedness. Part one: the elliptic case, arXiv:1611.07225], the instability follows from a
long-time Cauchy—Kovalevskaya construction for highly oscillating solutions. This extends recent work of
N. Lerner, T. Nguyen, and B. Texier [The onset of instability in first-order systems, to appear in J. Eur. Math.
Soc.].
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1. Introduction

We consider the following Cauchy problem, for first-order quasi-linear systems of partial
differential equations:

d
du=Y Aj(t.x.wdgu+ ft.x.u),  u(0.x)=hx). (1.1)
j=1

The system is of size N, that is u(¢,x) and f (¢, x,u) are in RV and the Aj(t,x,u) € RNXN
The time 7 is nonnegative, and x is in R?. We assume throughout the paper that the A jand f are
analytic in a neighborhood of some point (0, xq, ug) € R; X Rf X Rl’:’ .

Under assumptions of weak defects of hyperbolicity for the first-order operator, we prove
ill-posedness of (1.1) in Gevrey spaces. Weak defect of hyperbolicity is here understood as a
transition from hyperbolicity of the principal symbol at initial time, to ellipticity of the principal
symbol for later times. Our results extend Métivier’s ill-posedness theorem in Sobolev spaces for
initially elliptic operators [10], our own ill-posedness result in Gevrey spaces for initially elliptic
operators [11], Lerner, Nguyen and Texier’s theorem on systems transitioning from hyperbolicity
to ellipticity [6], and echo Lu’s construction of WKB profiles [8] which are destabilized by terms
not present in the initial data.
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Our proofs use Métivier’s method developed in [10] based on majoring series, hence the as-
sumption of analyticity for the A; and f. Our assumptions of weak defects of hyperbolicity mean
that the operator in (1.1) experiences a transition in time from hyperbolicity to non hyperbolicity.
The transition is possibly not uniform in space. Our assumptions bearing on the principal sym-
bol, and the associated normal forms, are presented in Section 2. Our results are Theorems 2.11
and 2.12, stated in Section 2.4. The proofs comprise Sections 3 to 5.

In the companion paper [12], we consider the case of genuinely non-scalar transitions.

1.1. Background

1.1.1. A long-time Cauchy—Kovalevskaya result for elliptic Cauchy problems

Our article [11] contains a long-time Cauchy—Kovalevskaya theorem, based on the paper [10]
by Métivier, which proves an Hadamard instability result for initially elliptic quasi-linear systems
in Gevrey spaces. Precisely, the result of [11] asserts that the flow associated to the Cauchy
problem (1.1) fails to be Holder from a highly regular o -Gevrey space to the very lowly regular
L? space, locally in the x variable and for o less than a critical exponent o depending on initial
spectrum, under the assumption of initial ellipticity for the first-order differential operator.

Here initial ellipticity is understood as an initial defect of hyperbolicity. That is for some
(x0, o, £0) € RY x RY x Rg, the principal symbol at (0, x, i, £):

d
Ao = Z Aj (0, X0, ﬁO)EO,j
j=l1

has at least one couple of non-real eigenvalues, with imaginary part =iy associated to eigenvec-
tors e.

In [11] we posit in (3.2) the ansatz u. (¢, x) = eu(t/e, x, (x — xq) - €o/¢€), where u(s, x, 0) is
periodic in the 0 variable. We transform then the Cauchy problem (1.1) into the equation

dsu— A(es, x)opu= G(u) (1.2)

for some non-linear remainder term G (u). The leading term A(z, x) is here the principal symbol

At x) =) Aj(t, x, i)k, ). (1.3)

J

The ellipticity condition is an open condition bearing on the principal symbol A. In particular,
ellipticity at (0, xo) implies ellipticity around (0, xo). The proof of [ 1 1] introduces the propagator
U defined by

O U(s’,s,x,0) — A(es, x)U(s',5,x,0) =0 , U, s, x,0)=Id. (1.4)

By ellipticity, the propagator U has an exponential growth. We introduce an appropriate Banach
space of functions of (s, x,8) which are analytical in the x variable and whose Fourier coeffi-
cients in 6 have an exponential growth which reflects the growth of the propagator. A fixed point
argument shows existence and uniqueness, and exponential growth in this space, which implies
the Hadamard instability.
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The main issue in [11], compared to the previous analysis of Metivier [10], is that in Gevrey
spaces, the Hadamard instability is recorded at much longer times than in Sobolev spaces. The
instability is observed thanks to highly oscillating, well-polarized initial data, which generate
solutions growing exponentially both in time and frequency. Observing an instability means that
at some time, the L norm of the solution is far greater (with respect to the frequency) than the
Sobolev or Gevrey norm of the initial datum. Considering the fundamental oscillation ¢!**¢ with
frequency £, a simple computation leads to the Sobolev norm ||e!*¢||ym ~ |£|™, whether the
Gevrey norm is [le™* | lo.c. Kk = e gl (see (2.25) below and Lemma 3.3 in [11]). Hence the
observation of the instability is recorded as a much longer time in Gevrey spaces than in Sobolev
spaces.

1.1.2. Lerner, Morimoto and Xu’s result on transition to ellipticity for scalar equations

In [5], Lerner, Morimoto and Xu introduce the notion of transition to ellipticity for initially
hyperbolic systems. A prototypical example is the Burgers equation with a complex forcing:
o:u + udyu =i. In the case of real data, the principal symbol is initially hyperbolic. Due to the
complex forcing, the principal symbol is elliptic for ulterior times. For general equations (1.1)
(with N = 1: scalar equations), under bracket conditions generalizing the situation for Burgers
with complex forcing, and describing a transition from hyperbolicity to ellipticity, the authors in
[5] prove a strong form of instability, namely that if local C? solutions exist, then the complement
of the analytic wave-front set of the datum is not empty. In particular, if the bracket conditions
are formulated at (xo,u0) € RY x R, it is shown in [5] that for any analytical datum % such
that i (xo) = ug, there exists smooth initial data & close to A which do not generate local C 2
solutions, a result analogous to Lebeau’s theorem for Kelvin—Helmholtz [4]. The proof of [5]
relies strongly on a representation of solutions based on the method of characteristics, specific to
scalar equations, which was developed earlier in [9].

1.1.3. Lerner, Nguyen and Texier’s result on transition to ellipticity for general systems

In [6], Lerner, Nguyen and Texier extend the analysis of [5] to systems (1.1). The result of [6]
shows an instantaneous lack of Holder well-posedness of the flow, with an arbitrarily large loss
of derivatives, under appropriate assumptions of transition to ellipticity. The analysis of [6] is
based on the method of approximation of pseudo-differential flows introduced in [14]. One key
observation in [6] is that for systems, many types of transitions may occur. The focus in [6] is
on genuinely non-scalar transitions (more about this specific point in Remark 1.1). For these, the
propagator generically grows in time like the Airy function.

1.1.4. Defect of hyperbolicity in Maxwell systems

There is a strong analogy between the progression from [10] to our present results and recent
results [7], [8] in geometric optics. In [7], Lu and Texier study large-amplitude solutions to
Maxwell-based systems in the small wavelength limit. They show that in appropriate coordinates,
resonances in frequency correspond to points of weak hyperbolicity. Thus at the resonances, the
subprincipal symbol plays a role in the stability analysis. Under a Levi condition, hyperbolicity
is violated around the resonances, and WKB solutions do not approximate exact solutions issued
from appropriate nearby initial data, no matter how precise the order of the WKB approximation.
This result is somehow analogous to Métivier’s initial ellipticity result. Following [7], Lu studied
in [8] a situation in which WKB solutions are destabilized by terms which are not present in the
initial data. That is, the Levi condition of [7] is satisfied initially, but higher-order harmonics of
the WKB solutions, which are generated by the nonlinearities in the course of the propagation,
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are associated with higher-order resonances. For these resonances, the Levi conditions may not
be satisfied, leading to instability. This framework is somehow similar to ours, with an instability
which develops in time, starting from an initially hyperbolic situation.

1.1.5. Ill-posedness results for hydrostatic Euler and related equations

In [2], Han-Kwan and Nguyen study the hydrostatic Euler and some singular Vlasov equations
through the point of view of an abstract PDE 9, U — LU = Q(u, u), where £ and Q are (bi)linear
non-local operators. For each of those equations, the corresponding operator £ exhibits an un-
bounded unstable spectrum, similar to the notion of ellipticity used in the present paper. Inspired
notably by the work [10] of Métivier, Han-Kwan and Nguyen develop an analytical framework
in order to prove an Hadamard instability result in all Sobolev spaces. One main ingredient is,
as in [10] and the present work, to prove the existence of a family of analytical solutions for the
abstract PDE which carry the expected exponential growth in time (called loss of analyticity for
the semi-group in [2]).

1.2. Overview of the paper

Our assumptions are based on the framework set out in [6], the results of which we extend
in two distinct ways: we prove existence of solutions up to the observation time at which the
Hadamard instability is recorded, and we measure the deviation in Gevrey spaces.

We assume that for a specific frequency & € R? the linear part of the principal symbol at
u = iig € RN defined by (1.3) has a real spectrum at time ¢ = O while non real eigenvalues
appear for ¢ > 0. In this sense the operator experiences a transition from initial hyperbolicity
(t =0, real eigenvalues) to eventual ellipticity (¢ > 0, non-real eigenvalues).

A sharp difference with the initially elliptic case lies in the normal forms of the operators.
Indeed, the elliptic case is reducible to the case where A is a triangular matrix with non real and
conjugated diagonal entries.

By contrast, transitions in time appear in many ways. There is not one single normal form.
Section 2 will be devoted to the descriptions of such transitions in time and the associated normal
forms for systems of size N = 2. In particular, this paper focuses on two particular normal forms,
described in the next paragraphs.

1.2.1. The smoothly diagonalizable case
Under Assumptions 2.2, 2.4 and 2.5 (see Proposition 2.6 below), there holds

0
A~ A5 = (_yozt g)

with 39 > 0. Here & means equality up to higher order terms in the Taylor expansion in time
and space, and up to a change of basis. The matrix AS(r) is smoothly diagonalizable in C, with
smooth eigenvalues +iypt. This case is mostly scalar; it is analogous to a degenerate Cauchy—
Riemann problem.

Our analysis shows that our method in [11] is robust enough to allow for such a weak defect
of hyperbolicity. We replace ansatz (3.2) therein by u. (¢, x) = u(z /81/ 2 x, (x — xq) - &o/¢). For
such AS(r), the growth for the associated propagator solving

dUS(s,5,0) — AS(5)8pUS (s, 5,6) =0
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is like
s

|US(s", 5)| < exp /ysn(r)dr , Y0<s' <s,VneZ? (1.5)

s/

for the Fourier coefficients of US(s’, 5, 6), with ysj(r) =YT.

1.2.2. The degenerate Airy case
Under Assumptions 2.2 and 2.7 (see Proposition 2.8 below), there holds

~ AAi — 0 !
Al x) » A1, x) 1= (-yoz(t—l‘*(x)) 0)

where &~ means equality up to higher order terms in the Taylor expansion in time and space and
t,(x) > 0 in a whole neighborhood of x = x0.2

The time transition function #,(x) defines the boundary between the elliptic and hyperbolic
zones. Indeed, for ¢ < 1, (x), the eigenvalues are £./7,(x) — ¢ while for 7 > 7, (x) the eigenvalues
are i/t — 1,.(x).

The transition between hyperbolicity and ellipticity is thus not uniform in space, and depends
on the space-dependent transition time #,(x). In order to use and develop the method of [11], we
have to treat the transition time as a remainder term and verify its smallness in the framework.
From that view, the non degenerate case f,.(x) = O((x — x0)?) is out of reach of the method
presented in this paper, and requires special attention — we devoted two companion papers [13]
and [12] to the subject — more about this specific point in Remark 1.1 below. We will focus here
on the degenerate case

1.(x) = O((x — x0)™).

Note that the cases of odd power of x are in contradiction with the assumption of non-negativity
of t, around x = xg.

We emphasize also the fact that the eigenvalues of A% are C? in time but not C!, hence the
stiffness of this case.

In this framework, we replace ansatz (3.2) of [11] by u.(¢t,x) = u(t/82/3, x, (x —x0)-&/¢e).
As such a transition is not semi-simple, the previous ansatz induces the following equation for
the propagator

O UN(s',5,0) — 7P AN (s, x0) 9 U (s',5.0) =0

which as then a growth like

N
UM, 5)] S e Viexp /yﬁi(r)dr , V0<s' <s,VneZ? (1.6)

s/

2 If there were x1 such that #,(x1) < 0, we would be in the case of initial ellipticity and Métivier’s result would apply.
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for the Fourier coefficients of U”i(s', s, 0) with ylzi(r) = yor'/? which is typical of the Airy
growth.

Remark 1.1. In [6], the authors allow for generic non-scalar transitions, for which #,(x) =
O((x — x0)?). In particular, the space—time domain {(f,x) : (x — x0)% <t} is included in the
domain of hyperbolicity. As we will see precisely in the course of the proof of Proposition 5.4, in
our context this space—time domain is too large for the standard Cauchy—Kovalevskaya theorem
to apply. Thus, in the case 7,(x) = O((x — x0)?), we need a specific Gevrey well-posedness result
in that space—time domain before observing the instability develop in the elliptic domain. This
Gevrey well-posedness result is the object of the article [ 13], and the completion of the instability
proof in the case #,(x) = O((x — x0)?) is the object of the article [12].

1.2.3. Example: compressible Euler with Van der Waals pressure law

Transitions of the principal symbol from hyperbolicity to ellipticity, as described in the above
paragraphs, are observed in physical equations describing phase transitions. One such system
(mentioned in both [10] and [6]) is the compressible Euler equations in one spatial dimension,
with a Van der Waals pressure law:

ou1 + 0xup =0

(1.7)
Oy + 05 (p(u1)) =0

where p follows a Van der Waals equation of state, for which there holds p’(u1) < 0, for some
u1 € R. The system is hyperbolic (resp. elliptic) for p’(u1) > 0 (resp. for p’(u1) < 0). For solu-
tions which leave the hyperbolic zone, a phase transition occurs. This corresponds for us to the
catastrophic growth recorded in the elliptic zone. If for instance the elliptic zone is defined by
{lu1] < 8}, for some § > 0, then solutions may enter the elliptic zone only to leave it immediately,
due to the exponential growth.

2. Main assumptions and results
2.1. Branching eigenvalues and defect of hyperbolicity
We look at the possible cases of a defect of hyperbolicity, that is transitions from initial hy-

perbolicity to ellipticity at time ¢ > 0, following the work of Lerner, Nguyen and Texier of [6].
We introduce first

At x u) =Y Aj(t, x,u)&,j. 2.1)

J

We assume there are (xo, ilg, &) € RY x RY x R? and ry > 0 such that the principal symbol
defined by

A(t,x) = A(t, x, uup) (2.2)
satisfies

Sp(A(0,x)) SR, Vx € By (xo) (2.3)
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which stands for initial and local hyperbolicity around xo € R?. Note that, as soon as there is
some x| € R? such that A(0, x1) has non real spectrum, we are in the case of initial ellipticity
treated in [11].

We assume also that, for small times ¢ > 0, there are some x close to xg such that

Sp(A(t,x)) R , Vi>0. 2.4)

Condition (2.3) stands for initial and local hyperbolicity around x¢; condition (2.4) expresses the
ellipticity of A at time ¢ > 0. Up to translations in x and u#, which do not affect our forthcoming
assumptions, and by homogeneity in &£, we may assume

x0=0 , uy=0 , |&|=1. (2.5)

Since the A ; have real coefficients, non-real eigenvalues of A(t, x) appear in conjugate pairs.
For such a pair A4(z, x), by reality of the eigenvalues at # = 0 we have a double eigenvalue
A—(0,x) =X24(0,x) € R of A(0,x). To avoid higher order transitions (which would involve
eigenvalues of multiplicity 3 or greater), we assume the eigenvalues of A(0, 0) to be distinct and
simple, except for one double eigenvalue:

Assumption 2.1. We assume the eigenvalues of A(0, 0) to be distinct and simple, except for one
double eigenvalue.

We block diagonalize the principal symbol into A(z, x)© and Alt, X)) The block Al(t, x)©
is a 2 x 2 matrix corresponding to the double eigenvalue, and the (N —2) x (N —2) block A M has
simple real eigenvalues at = 0 in a whole neighborhood of x = 0. Thanks to Assumption 2.1
the block diagonalization is smooth. Therefore we focus our discussion on A® and we may
assume N =2, thatis A=A,

The question is now to describe the possible matrices A(¢, x) satisfying conditions (2.3) and

(2.4). Following [6], we reformulate the conditions (2.3) and (2.4) in terms of the characteristic
polynomial of A defined as

P(x,t,x) =det(k —A(t,x)) (2.6)
which is simply in the case N =2
1 2
P(x t,x)= (A — 5Tré(t,x)> + A(t, x) 2.7)
where we define
1 2
A(t,x) =detA(t, x) — <§Tré(t,x)) . (2.8)

Thus the real or complex nature of the spectrum depends on the sign of A. So condition (2.3) is
equivalent in terms of A to

A0, x) <0 , VxeB,©0). (2.9)
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As a double eigenvalue A_(0,x) = A4+(0,x) € R of A(0, x) corresponds to a double root of
P(A, 0, x), we formulate the following Assumption:

Assumption 2.2 (Branching eigenvalues). In addition to (2.9), we assume that there exists some
Ao € R such that

P(%0,0,0)=0 , 8,P(%,0,0)=0. (2.10)

Remark 2.3. Note that condition (2.10) is equivalent to
1
Ao = ETrA(O, 0) , A,0=0.

For condition (2.4) to be satisfied, that is for a conjugate pair of eigenvalues to appear as
t > 0, A(¢, x) has to be positive for ¢+ > 0. The eigenvalues of A, which are the zeroes of P, are
then expressed by the square roots of A. Even though the regularity of A, being an algebraic
combination of the coefficients of A, is analytic, the regularity of the square roots of A can be
of course much weaker. How much rougher than A may /A be has been studied in particular
by Glaeser [1]. The question of the regularity of the eigenvalues and of the eigenvectors is here
of importance as we work in the analytic framework: we may not use non-smooth (in time and
space) changes of basis, since the methods we use, following [10], strongly rely on analyticity.
In particular, we may not diagonalize the principal symbol if the eigenvectors are not smooth.
2.2. The case of a smooth transition

For the square roots of A to be as smooth as A, the discriminant A has to be the square of a
smooth function § (¢, x):

AL, x) =58(,x)°.

In this case, note that A(0, x) = §(0, x)2 > 0. Since we assume also that A(0, x) <0 by (2.9),
we get

5(0,x)=0 , VxeB,0).
This is equivalent to the existence of some analytic function 3(z, x) such that
8(t,x) =18(t, x).
We sum up all this in the following

Assumption 2.4 (Smooth transition). There is a function §(¢, x) analytic in the ¢ and x variables
such that

AL, x) = (t5(t, x))? (2.11)

with
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3(0,0) =y > 0. (2.12)
Under Assumption 2.4, since A (0, x) = 0 the eigenvalues of A (0, x) are the double eigenvalue
%Tré (0, x). There are two cases,’ as A(0, x) could be semi-simple or not. In what follows we

add the assumption

Assumption 2.5 (Semi-simplicity). The unique eigenvalue of A(0, 0) is semi-simple, for all x
near x = 0.

This assumption is Hypothesis 1.5 in [6]. We can now prove the following normal form result

Proposition 2.6 (Normal form for the smooth transition). Under Assumptions 2.2, 2.4 and 2.5,
there is an analytical change of basis Qo(t, x) € R*>*? such that

1
0,1, %) <A(t,x) - ETrA(t,x)Id> Qo(t,x) = (_?52 6) (2.13)
Proof. We denote

1
(a11 ain > = A(t,x) — =TrA(¢, x)Id.
a1 —dapi 2

By definition (2.8) there holds A = —a%l — ajpaz; and then, by (2.11) in Assumption 2.4
—a3, —apay =128, x)%. (2.14)
By Assumption 2.5 the matrix (a;;); ; satisfies
ai(0,x) =a2(0,x) =a (0,x) =0

so that there are smooth functions a;; (¢, x) such that a;; (¢, x) = ta;; (¢, x). Hence by (2.14) we
get

2 ~) o~ o~
8(t,x)" = —an” —ana.

As 8(0,0)2 >0 by Assumption 2.4 (2), the term d124d21(0, 0) is non zero. Hence either one of
ai»(0, 0) or a1 (0, 0) is non zero. In the first case, the matrix

anp 1
Qot,x)=| ~
a; O
is such that (2.13) holds. The second case is treated in the same way, which suffices to end the
proof. O

3 As opposed to the case of a stiff transition, described in Section 2.3, where A(0, 0) is not semi-simple.
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2.3. The case of a stiff transition

If A is not the square of a function, its square roots are typically not as smooth as A. In fact,
for any k € N it is possible to find A such that it is analytic, but its square roots are C* and not
CK+1 The first non degenerate case of this kind is when

0:A0,0)>0 (2.15)

which implies that A(z,0)!/> ~ /2 which is C° but not C! at r = 0. With A(0,0) =0 by
Assumption 2.2, condition (2.15) and the implicit function theorem give the existence of an
analytic function f,(x) such that

A(t,x) =0<=t=t.(x) locally around (¢, x) = (0, 0). (2.16)
Introducing
1
e(t,x)= / 0 A((1 — Dt(x) + 11, x)dt
0
there holds
Alt,x)= (@ —t.(x))e(t, x). 2.17)

As A is analytic, e is also analytic, and satisfies
e(0,0)=0,A(0,0) >0

so that e is positive around (0, 0). Then the sign of A(t, x), hence the real or complex nature
of the spectrum of A(#, x), is given by the sign of + — #,(x), a situation comparable to the one
described in Section 1.2.3 of [6]:

e For (#, x) under the transition curve {(#,(x), x)} the eigenvalues of A(z, x) are real.

e For (¢, x) above the transition curve, the eigenvalues of A(#, x) have a non-zero imaginary

part like =i (r — 1,(x))'/2.
The question is then to describe .. First, as A(0, 0) =0,
t.(0) =0. (2.18)
As A(0,x) <0 for x € B,,(0), we have
L()=0 . VxeBy0)

which implies

3ct,(0) =0 (2.19)
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so that the Taylor expansion of #,(-) around x = 0 is as

1 3
L) =3 Z;axjaxkt*w)x,-xk + 0@
Js

and the Hessian (8x ;O t*(O))j ‘ is a nonnegative matrix. But as we will see in the course of the

proof of Proposition 5.4, the non degenerate case (ij O (O))j r # 0 cannot be dealt with our
method. We then assume

3,0t =0 , Vjk=1,....d. (2.20)

Just as before, inequality (2.9) implies that third order derivatives of #,(-) are null at x = 0, and
there holds

4
tL(x)=0(x").
In order to sum up those assumptions in a more intrinsic way, we express derivatives of 7,

by derivatives of A. By definition (2.16) of #,, there holds A(#.(x), x) = 0 hence, differentiating
with respect to x and taking x = 0:

0x1.(0) 0, A(0,0) + 9, A(0,0) =0.
As 9;A(0,0) > 0, equality (2.19) is then equivalent to
0, A(0,0)=0.

By Faa di Bruno formula on iterate derivatives applied to the equality A(z,(x), x) = 0, we may
prove by induction that #,(x) = O (x*) is equivalent to the following

Assumption 2.7 (Degenerate stiff transition). We assume
3% A(0,00=0 , VaeN?with|a| <3.
We prove now a normal form expression for A(z, x):

Proposition 2.8 (Normal form for the stiff transition). Under Assumptions 2.2 and 2.7, there are
an analytical change of basis Qo(t, x) and real analytical functions t,(x) and e(t, x) such that

1
07! (A(t,x) _ 5TrA(t,x)Id> Q0= (_(t 0 e é) . 2.21)

Proof. By definition of A and denoting

1
A—-TrAld= (““ a12 )
- 2 = azy —aipi
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we get A = —a%l —appaz1. As A ~ ¢t both aj; and ap; cannot both be zero at (0, 0). Assuming
that a1 (0, 0) # 0, the matrix
_fann 1
QO(ﬂx)— <a21 0)

is an analytical change of basis such that (2.21) holds. O

Remark 2.9. Note that, on the contrary of the normal form of the smooth transition given in
Proposition 2.6, the normal form of the stiff transition is not semi-simple. This is of importance,
as non-semisimplicity introduces an additional factor £ ~!/3 in the upper bound (3.26) of the Airy
propagator, to be compared with the upper bound (3.18) in the smooth case.

We add the following assumption:

Assumption 2.10 (Genuinely nonlinear zeroth-order perturbation). We assume that f (¢, x, u) is
quadratic in u locally around u = iig, that is

auf(ta xa u)|l,t:ﬁ0 = 0
in a neighborhood of (¢, x) = (0, 0).
2.4. Statement of the results

We recall first the definition of conical domain of R, x Rg centered at (¢, x) = (0,0), as in
Definition 2.2 in [11]. We denote

Qr.p =it} x Qg ps = {(r,x) eRxRY|0<r<p™!, Rix|, + pt < 1]. (2.22)

t>0
Theorem 2.11 (Gevrey ill-posedness of the smooth case). Under Assumptions 2.1, 2.2, 2.4, 2.5

and 2.10, the Cauchy problem (1.1) is not Holder well-posed in Gevrey spaces G° for all o €
(0, op) with

oo =1/3.

That is for all ¢ > 0, K compact of R? and « € (0, 1], there are sequences R;1 — 0 and
P ' 0, a family of initial conditions hy € G° and corresponding solutions ug of the Cauchy
problem on domains QRg, . p, such that

1 [[uel |12, ,, )/ 11hel . x = 00 (2.23)

The time of existence of the solutions u is at least of size £'/>=°/2,



5234 B. Morisse / J. Differential Equations 264 (2018) 5221-5262

Theorem 2.12 (Gevrey ill-posedness of the Airy case). Under Assumptions 2.1, 2.2, 2.7 and 2.10),
the result of Theorem 2.11 holds for any Gevrey index o € (0, og), with

00 =2/13.

Recall that a function f defined on an open set B of R is said to belong to the Gevrey space
G? (B) if for all compact K C B, there are constants Cx > 0 and cx > 0 that satisfy

|3af|L°°(K)§CKC|1?||Ol|!1/U , VaeNl. (2.24)

We then define a family of semi-norms on G? (B), for all compact K C B and ¢ > 0 by
1/ ok = sup flzoecgye™ " 1717 (2.25)
o

Remark 2.13. The limiting Gevrey index oy is in both cases due in part to technical limitations.
In the proof, in each case remainder terms are proved to be small in the spaces described later.
The limiting index oy is directly influenced by this smallness of the remainders. In the smooth
case, a null remainder would imply o¢ = 1/2, which is the expected limiting Gevrey index in this
case. In the Airy case, a smaller remainder would imply a greater index oy, but it is not clear if
the limit 1/2 could be attained.

Also, as pointed out in Remark 2.9, one main difference between both cases is the extra weight
for the Airy propagator in the ansatz of highly oscillating solutions, as shown in Lemma 3.5. This
implies a stronger constraint on the smallness of the remainder terms appearing in the Airy case,
as explained in the proof of Proposition 5.4.

The proofs are given in Sections 3 to 5, with an appendix devoted to the Airy equation in Sec-
tion 6. We introduce a functional framework that is flexible enough to simultaneously cover the
smooth, semi-simple case (Theorem 2.11) and the stiff, non-semi-simple case (Theorem 2.12).
We develop in Section 3 the ansatz of highly oscillating solutions which reduces the Cauchy
problem (1.1) to a fixed point equation. In Section 4 we recall properties of the spaces developed
in [11], and use them to prove contraction estimates and existence of solutions. Finally, in Sec-
tion 5.3 we prove that the constructed solutions satisfy a lower bound that leads to the Hadamard
instability for Gevrey regularity o € (0, 09).

3. Highly oscillating solutions and reduction to a fixed point equation
3.1. Highly oscillating solutions

As in Section 3.1 of [11], we first reduce (1.1) to the new Cauchy problem

oru = ZAj(t,x, u)axju + F(t,x,u)u withu(0,x)=nh(x) (3.1
J

where F is analytic in a neighborhood of (0,0,0) € R, x ij X R;V (see (2.5)), and h small
analytic functions satisfying i y—o = 0, as perturbations of the trivial datum # = 0.
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Next, we adapt the ansatz of highly oscillating solutions of [10] and [11] in order to take into
account the different time scaling of the exponential growth. In this view we posit

ug(t, x) = ¥4y (871/(]”’) f,x,x- §0/8) (3.2)
where

e The small parameter ¢ > 0 corresponds to high frequencies.
e The function u(s, x, 0) is 2 -periodic in 6.
e The scaling term £/ insures the smallness of the nonlinear terms.

We introduce for any analytical function H (¢, x, u) the compact notation
H(s, x,0) = H (e1/0+7s, x, e/ (5000 (3.3)

For u, (¢, x) to be solution of (3.1) it is then sufficient that u(s, x, ) solves the following equation

dou=e"" WA Gu+ /DN A9, ut Fu (3.4)
j

where we use the notation (3.3) for A and F, and A is defined by (2.1).
3.2. Remainder terms

We focus here on the term ¢ ~7/U+DA ggu of the previous equation. To prove the expected
growth of solutions of the initial problem, we decompose the symbol A(z, x, u) in several pieces
to highlight the leading term denoted by AS (t) for the smooth case, AAi(t) for the Airy case,
which will lead to the exponential growth.

First, by analyticity of the A; and Taylor expansion formula, there is a family of analytical
matrices (Auj) j=1,...,N such that locally around (0, 0, 0) € R, x Rf X RMN there holds

.....

Alt.x,u)=Alt.x) + Y Ayuj. (3.5)
j

In both smooth and Airy cases, we perform an analytical Taylor expansion on A(#, x) in order to
highlight the principal term that lead to the exponential growth. This is made precise in the two
following lemmas.

Lemma 3.1 (Expansion formula: smooth case). Following Proposition 2.6, we introduce the
leading term AS(t), defined up to a change of basis and a trace term as

0.0 (50 = trrac. ) ooty =( 0, ! (3.6)
0 ’ — 2 EEANS o\, - _yozt 0 .

and the analytical error term



5236 B. Morisse / J. Differential Equations 264 (2018) 5221-5262

0,'RS Q= (_t(82 —05(0, 0% 8) : (3.7)
Then there holds
A(t,x) = AS(t) +R5(1, x) (3.8)
and there are analytical matrices R,S (t,x) and R§ (t, x) such that
R3(r,x) = *R3(1, x) + tx - RS (1, x) (3.9)
locally around (0, 0) € R; x Rg.

Proof. First the equality (2.13) of Lemma 2.6 implies that

1
0, (t.x) (AS - ETrA(t,x)) Qo(t,x) = (_?82 (’))

hence (3.8). Second, by analyticity of § and Taylor expansion formula, there are analytical func-
tions ry and rf;']_ such that

82(1,x) = 8(0,002 =110 (t, x) + x - 1(1, x).
We finally introduce the matrices

_ 0 0 _ 0 0
QOIRISQOZ(_rS 0) anon]R§Q0=<_rs 0)

t X

which leads to (3.9) and ends the proof. O

Lemma 3.2 (Expansion formula: Airy case). Following Proposition 2.8, we introduce the leading
term AS(1), defined up to a change of basis and a trace term as

_ o] 0 1
Q5 (1. ) (AA OF ETrA(t,x)> Qo(t.x) = (_yozt O) (3.10)

and the analytical error term

1
0, (t,x) (RA‘ - 5TrA(t,x)> Qo(t, x) = (_t(e B e(g’ 0)) 4+ te O). (3.11)

(=)

Then there holds
Alt.x) = AN0) +RY (1. x), (3.12)
and there are analytical matrices RN, R and R such that

RA (7, x) = 2R (1, x) 4 1 - R (1, x) + ,RY (1, x, §) (3.13)
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locally around (0, 0).

Proof. First equality (2.21) of Lemma 2.8 implies

1 N _ 0 1
Q' (t.x) <A —ETrA(t,x)> Qo(t,X)—(_(t_t*(x))e(t’x) 0)

hence (3.12). Second, by analyticity of e and Taylor expansion formula, there are analytical
functions e; and ex; such that

e(t,x) —e(0,0) =te; +x - ey

locally around (0, 0). Introducing the matrices

- i 0 O _ . 0O 0 _ . 0 0
QolR?lQOZ(_et O) ) QolRf1Q0=<_ex 0) and QOIR?IQOZ(e O)

leads to (3.13) and ends the proof. O

In both Airy and smooth cases, we have then an expansion formula of the form

A, x,u)=A"t)+R"(t,x)+ A, -u

where n corresponds to the parameter introduced in the ansatz (3.2), adapted to each specific
case. This parameter will be precised in Lemma 3.4 in the smooth case, and in Lemma 3.5 in the
Airy case. The remainder term R” is RS defined by (3.7) in the smooth case, and is R defined
by (3.11) in the Airy case.

We rewrite now equation (3.4) as

dgu — g M AHM AN ( 1/ A+M )5 0 = G (s, x, w) (3.14)
where we define the source term
G (5. x,w =&/ (RT 4 620404, u) gu (3.15)
+&!/0+M (A(s, x,0) - dyu + F(s, x, u)u)
using notation (3.3).

Remark 3.3. Note that in [11] there are no remainder terms R, as we consider the full varying-
coefficient operator A(es, x)Jg in equation (3.14).
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3.3. Upper bounds for the propagators

To solve the Cauchy problem of equation (3.14) with initial datum %, specified in Section 3.4,
we first study the case G7 =0, that is

dgu — g~/ AHM A1 (1/A+M gy 5w = 0. (3.16)

Note that this equation is linear, non autonomous and non scalar. For a general A7(¢) we define
the matrix propagator U (s’, s, 0) as the solution of

AU (s, 5,0) — e VAW AN (/UM 0y5, U (s 5,0) =0, U(s',s',0)=1d

and U"(s', s, 0) is periodic in 6, following the ansatz (3.2). The choice of the time scaling s =
g~ 1/(+m¢ that is the choice of 7, is such that solutions of (3.16) have a typical exponential
growth independent of ¢. Both following Lemmas make the growth of the propagators explicit
in both cases.

Lemma 3.4 (Growth of the propagator: the smooth case). Under Assumptions 2.2, 2.4 and 2.5,
we put ) = 1. The matrix propagator US(s', s, 0) defined by

A US(s',5,0) — AS(s)pUS(s',5,0) =0 , US(,s',0)=1d (3.17)

satisfies the following growth of its Fourier modes in the 0 variable:

N
|US(s", 5)| < exp /ysﬁ(t)dﬂnl , VO<s'<s,YneZ (3.18)

s/

with
vé (@) =por. (3.19)
Proof. First, as AS is given by (3.6) up to a change of basis Q(¢, x) and a trace term %Tré, we

introduce

N

I
Vo(s', s, x) = exp in/ETrA(sl/(””)t,x)dt le(el/“*")s,x)u,,(s’,s) (3.20)

s/

which solves

_ 0 e(=m/U+m g B
95 Va(s',5) —in (_yze(ln)/(wn)s 0 Va(s',5) ==&/ 059,00 V(57 5)
0

(3.21)

with initial condition V,(s’,s", x) = Qg 1 (e!/04ms’ x). We focus then on the autonomous dif-
ferential system



B. Morisse / J. Differential Equations 264 (2018) 5221-5262 5239

~ ) 0 gd=m/04mg\ ~
s Vu(s',s) —in —yoze(l_")/(l"‘”)s 0 V.(s',s)=0 (3.22)

which becomes, with the choice n = 1, the e-free matrix equation

~ . 0 1\ ~
A Vu(s',s) —ins <_V02 0) V,(s',s)=0.

The complex constant change of basis

1 1
Q= <—iV0 iVo)

leads us to the exact solution

S0 o (expan(st —5')/2) 0 i
V”(”"Q< 0 exp(—nyo(s? —52)/2) ) £
which satisfies the upper bound
)
[Va(s', )| Sexp /yg(r)dum (3.23)

s/

with ysti defined in (3.19). Getting back to (3.21), we use Duhamel formula to write

N

Vn(s’,s)zf/‘n(s’,s)Qg‘(el/zs’)—fsl/zfin(z,s) (Qg‘atQO) 20 Vo(s', )T, (3.24)

s/

Note that V,(s’, s) depends also on x through Q¢ = Qo(z, x). Factorizing by the exponential
growth exp( 3, ¢ ()dT |nl), we get

N

exp —/Vsﬁlnl [Vals',9))|

s/

N
< exp —/)/Stt In| | [V(s', )]

s/

s s

+ [eexp | = [yt ) [T 05" 00)
s’ T
T
x (e t)exp | — f veinl | 1Va(s', o)lde

s/
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and the bound holds uniformly in x. We introduce then

S

yg(s/,s)z)rcxéa}{xexp —/)/Sﬁ|n| |Va(s',s,x)|  with K, = Bg-1(0).

s/

Thanks to the upper bound (3.23) there holds

s

e S 1+ [ €051 00|20 yets' e

S/

and we make use of the Gronwall inequality to get
ye(s',5) Sexp (81/20 (s — s’)) with ¢= max ‘Q(;‘ath‘
xeK,

As £!/25 is small in our setting, we get the announced upper bound (3.18). O

Lemma 3.5 (Growth of the propagator: the Airy case). Under Assumptions 2.2 and 2.7 we put
n = 1/2. The matrix propagator UM (s’ , s, 0) defined by

A UMN(s',5,0) — e 1B AN 35)3, UM (s ,5,0) =0 , U, s, 0)=1d (3.25)

satisfies the following growth of its Fourier modes in the 0 variable:

s

UM 9 S e exp fyfiimdrmn . VOoss'ss<e P VneZ  (3.20)

s/

with
yi() =yt (3.27)

Proof. We proceed as in the previous proof of Lemma 3.4, by defining

N

1 .
Vn(S,, 5, X) = exp ll’l/ ETTA(SI/(1+n)T,X)dT Qal(el/(l-l-ﬂ)s’ X)U;;\l(s/, 5, X)

s/

and looking at the matrix equation

~ 0 e/
aY Vn (S . S) —1in _yozg(]_n)/(l_,’_n)s 0 Vn(s N S) =0. (3.28)

As the eigenvalues of
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0 e—n/U+m)
_7/025(1—77)/(1+n)s 0

are Fiyoe1720/U+0) /5 the choice n = 1/2 is natural in this case.

As in the proof of Lemma 3.4, to prove the upper bound (3.26) it suffices to prove the same
bound for V, (s',s). This is postponed to Section 6.2 of the Appendix. It uses classical bounds
on the Airy function. O

3.4. Free solutions

Asin Section 3.5 in [11], we seek for high-oscillating, small and well-polarized initial data of
the form

R (x) = £2/(1HM ~M@ERe (e“‘fo/ e5 4 omix 0/ 822) (3.29)

which correspond in the ansatz (3.2) of high-oscillating solutions to
W (6) = e M©Re (a’%ﬂ +e—"952). (3.30)
Here Ei and " are vectors chosen in each case such that U (0, s)h{ satisfies the maximal growth

of U", in either smooth or Airy case. The parameter M (¢) is chosen such that both the Gevrey
norm and the size of 47 is small. Following Lemma 3.3 of [11], we posit

M) =¢"" §e(o D). 3.31)
Remark 3.4 in [11] explains in particular the link between the long time of existence of solutions

and the Gevrey weight e =™ (®)_ hence the constraint o < §.
We introduce also

f(s,0) =U"(0, s)h}(H) (3.32)

which we call the free solution of equation (3.14), as it solves the equation with G"7 = 0. In both
smooth and Airy cases, we prove that for well-chosen é'}z and ¢, Lemma 3.2 of [11] still holds
with

¥y (1) =yot” (3.33)
for n = 1 (corresponding to the smooth case) and n = 1/2 (corresponding to the Airy case).

Lemma 3.6 (Growth of the free solution: the smooth case). We define

25 = 00(0..x) (_}m) and 35 = Q0(0, %) (l.;0> . (3.34)

Then the free solution £ of the smooth case satisfies
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s b
5 (s)| e ME o rsMdt v (3.35)
where ~ means equality up to a constant and with
b
Y3(0) = . (3.36)

Proof. We follow step by step the proof of Lemma 3.4. First, it is explicit that there holds

~ 1 2 1
_ LY0s°/2
Vi1(0,5) (—i)/o> =e (—iy0> (3.37)
and also
~ 1 2 1
Voi0,s) (.0 )=e 2 ). 3.38
105 (130 ) =" (1) (339)

Then, thanks to (3.24) there holds

N

- ~ 1 ~ _ -
Vi1(0.9)25 = V110, 5) (_l. yo) - / e2¥u1(z.9) (05" 00) (') Vo (0. 1)Ed.
0

Using the upper bounds of Vand vV proved in Lemma 3.4, we get the following estimate for the
integral term

s

/81/2\7+1(r, 5) (lea, Qo) ('21) V, (0, 1)éSdr
0

N

Sell? / exp(y(s* — t2)/2) exp(yot>/2)dt
0
< el/2g exp(yosz/Z).

By (3.37) and as &!/2s is small, we get
‘V.:,.](O, S)gi‘ ~ eVo‘yz/z
and the same holds for V_; (0, s). We end the proof by using formula (3.20). O

In the Airy case, we make a careful analysis of the prefactor term coming from the crossing
of eigenvalues.

Lemma 3.7 (Growth of the free solution: Airy case). We define

SAi Aip(0) SAi Ai(0)
ey = 000, x) (—i81/3in1’(0)> and e’ = Qo(0,x) (isl/Sinl’(O)) (3.39)



B. Morisse / J. Differential Equations 264 (2018) 5221-5262 5243

where Al is the Airy function defined in Lemma 6.1 of the Appendix, and j = e?7/3_ Then the
free solution £ of the Airy case satisfies

|fAi(S)| ~ S—1/46—M(8)ef§ V/zi(r)dr . Y0<s< 23 (3.40)
with
Yai (@) = yor'/2. (3.41)
We postpone the proof of this Lemma to Section 6.3 of the Appendix.

Remark 3.8. Note that, on the contrary of [11], in each case there holds y,g = y,',) . This is due to
the fact that we do not consider here the full varying-coefficient operator A(e'/(*7 s, x)d5 but
the reduced operator A (s)dy, which is a first-order approximation of operator A(g!/0 47, x)dy.

3.5. Fixed point equation

Using the propagator U"(s’, s, 0), the free solution (3.32) and the Duhamel formula, we can
express now (3.14) as the fixed point equation

s
u(s, x,0) =1"(s,0) + / U (s, s,0)G"(s',u(s'x, 6))ds’ (3.42)
0
where G (u) is defined by (3.15). We denote the integral term
s
T"(s,u) = / U"s’, s)G"(s’,u(s"))ds’ (3.43)
0

which we split into three parts thanks to definition (3.15) like

T (s, u) (3.44)
s
= / U'(s’,s) I:(g—'l/(l'i'U)Rﬂ _|_8(2—77)/(1+77)Au _u) 39u+51/(1+77) (A - axll+F)] ds’
0
=T (s, 0) + T (s, ) + T (5, w) (3.45)

where we define
S
T["’e](s,x,u)sz"(s’,s) |67/ AFDRY 4 £CD/HD A, u] Gpu(shds”  (3.46)
0

S

T (s, x, u) =/U"(s’,s) [81/(1+")A(S’,x,ll(sl))] - dyu(s’)ds’ (3.47)
0
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T[’i»“](s,x,u)zfm(s’,s) [81/(]+")F(s’,x,u(s’))] u(s')ds’' (3.48)
0

We have now reduced the initial question of finding a family of initial data A, generating
a family of appropriately growing analytic solutions u, to the fixed point equation (3.42) for
operator T". In order to prove Theorems 2.11 and 2.12 we refer to the proof of Gevrey instability
in the case of initial ellipticity in [11]. A sketch of the proof can be found in Section 3.6 therein.

4. Contraction estimates

We make use of spaces E constructed in Section 4 in [11] and their properties developed in
Section 5 therein. The method is robust enough to be used in our context of transitions from
hyperbolicity to ellipticity.

4.1. Functional spaces: definitions

We refer to Section 4.1 of [11] for definition and properties of the majoring series relation
denoted by <. We recall the definition of & as the reference series in one variable

_ 0k
¢%z)——§£:%gquz
k>0

with ¢g > 0 such that &2 < &. We recall the notation

kl+p
o) t=R|k|§ o PP VkeN? 4.1
x(pt) 2 K+ 1\ & p P € 4.1

of the positive coefficients of ®(RX | +---+ RX4 + pt), with R and p both positive parameters.
From now on, we will denote for convenience and with an abuse of notation ®(RX + pt) =
D(RX|+ -+ RXg+ pt).

Recall that, for any formal series ¢ (¢, x) = ZkeNd bx (t)xk in the x variable, with ¢ a param-
eter, the notation ¢ (¢, x) <; ®(RX + pt) means

e ()] < Dr(pr) , VkeN', vi<pl

We consider trigonometric series in one variable 6 with coefficients in the space of formal
series in d variables x in the sense of Section 4.1 of [11], and we denote F>;4 the space of all
such trigonometric series:

Fart = ¥, 0) = 3 vi0e™ | va@) = 3 vt

neZ keNd

We now define fixed time spaces E; as in [11], which we slightly modified as to take into
account two differences:
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e The renormalization in time is = 1/ instead of r = &5 in [11].
e The growth of the propagator as described in Lemmas 3.4 and 3.5 still depends on a nonneg-

ative function y,? (1), and spaces E are precisely developed on such functions. The difference
lies in the final growth of time, as it will be more precise in (4.5).

Definition 4.1 (Fixed time spaces E;). Given n >0, M’ >0, R >0, p >0, 8 € (0,1) and

s €0, (81/(14_"),0)71), we denote E; = Es(n, R, p, M, B) the space of trigonometric series v €
F>4.41 such that for some constant C > 0 there holds

S

v,(x) < C 2C1 1exp - M’—/yn(t)dr (n) <I>(RX+81/(1+"),OS) , VYneZ
n-+ 0
“4.2)
where we denote
ya(T) =y (1) + B. 4.3)

We define a norm on E; by
vl =inf{C > 0| (4.2)is satisfied } 4.4)

As in the discussion following the Definition 4.7 of [11], we introduce the growth time s, (1)
defined implicitly as

s1(m)

M = / Y (T)dT 4.5)
0
and the final time as
-1
s(n) = min {gl (), (/7)) } (4.6)

where (g!/(1+m) p)_l is the regularity time. To simplify the notations, in all the following we will
omit the parameters R, p, M’ and 8 in E;(n, R, p, M’, B).
We consider now trigonometric series

u(s,x,0) = Zun (s, x)e"?
nez

with coefficients u, (s, x) being formal series in x whose coefficients depend smoothly on s €
[0, s(n)[. We denote Fa442 the space of all such trigonometric series:

Faaya=u(s, x,0) = u,(s, x)e"’ ‘ u, (s, )= Yy x(s)x* with w, 1 (s) C* in s
neZ keNd
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Definition 4.2 (Spaces E). We introduce
E={ueFup|V0<s<sm), u(s) ekl (4.7)

and the corresponding norm

Hluflf="sup [uls)ls (4.8)
0=s<s(n)

Note that u being in E is equivalent to

N

-exp M’—/yn(t)dr (n) @(RX+81/(1+")ps) 4.9)
0

(&

u, (s, ) < || ull|—
n-+

foralln € Z and s € [0, s).
For u valued in CV, u € E means simply that each component of u is in E, and |||u]|| is then

the maximum of the norms of the components. We denote the ball of E of radius a, centered in
u € E by

Br(u,a)={veE]||||lv—ull| <a} (4.10)
4.2. Functional spaces: properties
4.2.1. Basic properties
We remind here basic properties of spaces E. The proofs are the same as in [11], as those
properties depend only on the nonnegativity of y,?.
Proposition 4.3 (Properties of Es(n) and E(n)). For any n € [0, 1] and s € [0, s(n)), there holds
1. The space Ez(n) is an algebra, and for any v and w in IE;(n) there holds
Hvwlls < [1vlls [1wll;. (4.11)
2. The space Ez(n) is a Banach space.
As an immediate corollary, there holds
1. The space E(n) is an algebra, and for any v and w in E(n) there holds
VWil < [Vl TWIL (4.12)
2. The space E(n) is a Banach space.
The action of analytic function H (¢, x, u) on the space E, described in the Lemma 4.13 in

[11], still holds as it relies on properties of the majoring series relation and on the definition of
@ described in Section 4.1 of [11].
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Lemma 4.4. Let H(t, x, u) be an analytical function on a neighborhood of (0, 0, 0) € R, x ng X
Rf)]. There are constants Cy > 0, Ry > 0 and py > 0 which depend only on H and cq, such
that for all R > Ry and p > py and for ¢ small enough,

Vue Beyrpn O, D:  [[HC, - wl|S1 (4.13)
where H is defined by (3.3) and ||| - ||| is defined by (4.8).

In the operators 711, 711 and 71" defined by (3.46), (3.47) and (3.48), there appears A, R",
A, and F, all of which are analytic functions in the variables (¢, x,u) € R x RY x RY . In the
expansion formulas of both RS and RA! there appear also analytical functions RtS, R,S, Rf‘i, R?i
and R as in Lemmas 3.1 and 3.2. The previous Lemma applies:

Corollary 4.5. There are constants Ry and po such that for all n >0, R > Ro, p > po and ¢
small enough:

Yu € Bry,r,p(0,1): [HC, - w]| ST 4.14)
with H either equals to A, A, R,S, R)SC, R;M, Rﬁ‘i, Réi, A, or F.

4.2.2. Action of propagators on E _
To describe the action of both propagators US and U1, we define here more general smooth
matrix operators U"(s’, s, 0) for n > 0 that act diagonally on u € E as

(U, s,.0)u(s")) =UNs" s)u,(s) . VneZ 0<s' <s
and satisfied the upper bound for their Fourier modes

N

U (s",s)| S C(U) exp /y,?(r)dr , VneZ,0<s <s (4.15)

s/

for some C(U™) > 0 depending eventually on &. In the smooth case, thanks to Lemma 3.4 we
have n =1 and

cwd =1, (4.16)
whereas for the Airy case, thanks to Lemma 3.5 we have n = 1/2 and
cCUANy=¢"173 (4.17)

For such matrix operators U, the same result as Lemma 4.15 in [11] still holds:
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Lemma 4.6. Given n >0, § > 0 and u in E(n, B) then

Ul(s', (s, x) <g s CAUN GG, 5) [[ulsH] |y €l ~(M'—[5 wy()dr)(n)
+

2
X @ (Rx + 81/(1+”)ps> (4.18)
where C,(s', s) is defined by
Cl(s',s) =exp(=B(s —s) (n)) <1 (4.19)
In particular we have
1", syu(s")lls < CUT) lu(s) s VO<s' <s<s (4.20)

The proof is exactly the same as in [11], as it relies only on the definition (4.3) of y,. The

positive constant B acts as a perturbation of y,j,j and introduces an error term like e~ #G—5"nl
in the growth of the n-th Fourier mode of the propagator. This explains why the prefactor term
C,l(s', s) is exactly the same as in Lemma 4.15 of [11].

Remark 4.7. The estimate (4.20) is not precise enough to show that T is a contraction in E. The
more precise estimate (4.18) is very important for the estimate (4.22) below.

4.2.3. Norm of the free solutions
In both smooth (n = 1) and Airy (n = 1/2) cases, we compute the norm in E of the free
solution f7 defined in Lemmas 3.6 and 3.7. The proof of this result is the same as Lemma 4.17

of [11], using the precise estimates described in Lemmas 3.6 and 3.7.

Lemma 4.8 (Norm of the free solution). For n =1 or n =1/2 and B > 0, the free solution f
satisfies

11£7]]] S &M= @.21)
Remark 4.9. Note that, on the contrary of estimate (4.33) in Lemma 4.17 of [11], the previous
estimate is not |||[fA]|| < e71/3eM —M(©) in the Airy case, thanks to the more precise estimate
(3.40).

4.3. Estimates of remainder terms

As pointed out in Remark 3.3, our analysis differs from [11] with the presence of extra re-
mainder terms R”. We compute carefully their norms.

Lemma 4.10 (Smooth case). In the framework of Lemma 3.1, the norm of the remainder term RS
satisfies

e '2RS||| Se'/2s* +sR™.
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Proof. By expansion formula (3.9) we have

RS(1,x) = *R3(t, x) + tx - RS (1, x)

1/2

and then, as t = &'/~ in the smooth case and by notation (3.3),

8_1/2RS(S, x) = 81/2s2R,s(s, Xx) 4+ sx - R)SC(s, x).
As the norm ||| - ||| is defined by a supremum in time, first there holds
llle' 25> RPN S €25 IIRP.

To get a precise estimate of the term x - R)SC' (s, x), we first note that the coefficients @ (pt) defined
by (4.1) satisfy

1 <R '®p(pt) , VkeN with|k|=1
so that forall j =1,...,d there holds
X;<R'ORX +e%ps) , YO<s<s.
By inequality (4.12) in Proposition 4.3 we get then
[llx - R (s, )11 S RTIRSL.
As C(US) = 1 by (4.16), this ends the proof. 0O

Lemma 4.11 (Airy case). In the framework of Lemma 3.2, the norm of the remainder term R™
satisfies

e PRA|| Ses? +e'PsR™T + 731 (R,

Proof. The proof is the same as the previous one, with the differences that n = 1/2 and
CUMNy=¢"'53. o

4.4. Contraction estimates

4.4.1. Regularization results

A crucial observation is that derivation operators dy and 8xj are not bounded operators in
spaces [, as explained in Section 5.1 in [11]. The main results in our previous paper are the
description of the regularization effect of integration in time of derivation operators. These results
are precised in Sections 5.2 through 5.4 in [11].

Those results still hold in our setting. We omit the proof of the following Lemmas, but give
some indications on how to adapt the proofs of [11] of the similar results.
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Proposition 4.12 (Regularization of dy). For operator T"9 defined by (3.46), for any u €
By, R,p) (0, 1) and for B > 0, there holds

T @11 S Cp" (=PRI 4+ 6@ ) fjull (4.22)

The proof in the same as Proposition 5.4 in [11], as it is based on Lemma 4.6 and the expres-
sion of prefactor C)! defined in (4.19) which is the same as prefactor (4.31) in Lemma 4.15 in
[11].

As remainder terms R” have different norms in spaces E, given by Lemmas 4.10 and 4.11,
we give more precisely the following two results:

Corollary 4.13 (Smooth case). In the smooth case, thanks to Lemma 4. 10, there holds
TS @ p" (222 + R + e 2i1ulll) a1 4.23)
Corollary 4.14 (Airy case). In the smooth case, thanks to Lemma 4.11, there holds
TR @[ S e 2B (o5 + 'R e A (R +elllulll) llwlll. 424)
About the regularization of derivation operators dy;, the proof relies again on the sim-
ple computation given in Section 1.2.2 of [11]. The difference in the time renormalization in

O(Rx + 81/(1+”)ps), instead of ®(RX + eps) in [11], is a minor one for the proof.

Proposition 4.15 (Regularization of dy;). For operator T defined by (3.47) and any u €
BE(y, R, 0)(0, 1), there holds

7w <@ Rp~ |l (4.25)

As E is an algebra the operator 717% is directly bounded, with no need of a regularization
by time result, on the contrary of operators 77?1 and T"*], The following proposition gives us
precisely

Proposition 4.16 (Nonlinear term). For the operator T defined by (3.48), for any u €
Br (0, 1) and B > 0 there holds

Ty < c@wm gt/ a2, (4.26)

4.4.2. Contraction estimates

Thanks to the results of the previous Section, we prove estimates for operator 7”7 defined in
(3.43), as in Section 5.5 of [11]. We omit once again the proof of this result, as it is the same as
Proposition 5.9 in [11].

Proposition 4.17 (Contraction estimates in E). There are Ro, po > 0 such that for all B > 0,
R > Ry, p > po and € € (0, 1), we get the following estimates for all w and v in Bg(0, 1):
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@il s cwn (87 (7R + P ull) + RoT ) lllwll], @27)
7@ = T W)l S €™y (B (7 DR+ ull]) + Rp~") l[ju = vl
(4.28)
For convenience we introduce
K&y =cm) (B (7 CONRII ) + RpTT) . 429)

5. Estimates from below and Hadamard instability
5.1. Existence of solutions

Thanks to the Proposition 4.17, we can now solve the fixed point equation (3.42) in the ball
By (O, [[1£7]1D):

Corollary 5.1 (Contraction and fixed point in E). Let n > 0 be fixed. Let R(¢) > Ro, p(&) > po,
B(e) > 0 and s(n) be such that

lim C(U") (B~ (77D IR+ ) + R ) =0 (S
e—0

Let assume that the propagator U" satisfy the growth (4.15). Then for & small enough,
the fixed point equation (3.42), with f1 defined by (3.32), has a unique solution u in
Brn.R,p.p) (0, 2|[If7]|]). This solution satisfies

[[lw— ] < K" (e)|1E7]]] (5.2)
with K" defined in (4.29).

The proof of the Corollary is straightforward using the estimates of Proposition 4.17, under
the condition of smallness for K" (¢) given by (5.1). This Corollary is in some sense an abstract
result, as it deals with abstract propagator U" with specific growth (4.15), described at the begin-
ning of Section 4.2.2. We emphasize that U", except for both smooth and Airy cases, have not
be proved to exist. Corollary 5.1 gives a result on fixed point equations (3.42), independently of
the initial Cauchy equation.

5.2. Bounds from below

From now on we focus on both smooth and Airy cases, for which we have proved the existence
and the growth of the propagators (see Lemmas 3.4 and 3.5) and the actual growth of the special
free solution (see Lemmas 3.6 and 3.7).

We follow here Section 6.2 of [11]. We aim to prove that, in the smooth case, the solutions
have the same growth as S given in Lemma 3.6, that is

)
lu(s, x,0)| Ze—M(S) exp /)/Sb(r)dr , V(s,x,0)¢e QR,EI/(l+n)p x T (5.3)
0
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with QR’SI/(Hn)p defined by (2.22). In the Airy case, thanks to Lemma 3.7, we aim to prove

N

lu(s, x,0)| > s~ V4e™M® exp /y/zi(r)dr . V(s,x,0)€Qp 25, x T. (5.4)
0

Asin [11], by some computations we prove the pointwise inequality
s
l(w—17)(s,x,0)| S K"(e) C(UMe M exp f ya(T)dT (5.5)
0

which is inequality (6.5) of [11], holding for all (s, x, 6) € QR,81/<1+n>p x T. Next, by definition
(4.3) of yy, inequality (5.5) becomes

s

=)0, x, 001 S K7 CWMerp [ 56+ [ (@ =y dr | e
0

N
X exp /y,;’(r)dr
0

As ynb = y,? (see Remark 3.8), we finally get

l(u—f)(s,x,0)| < K@) CWU P e™M® exp /y;(r)dz ) (5.6)
0

Then in order to get (5.3) or (5.4) thanks to (5.6), limit (5.1) is not sufficient as the term esh
could be large as ¢ tends to 0, as explained in Section 6.2 in [11]. In both cases, we have then a
stronger constraint on parameters R, p, 8 and M':

e In the smooth case, thanks to Corollary 4.13 and (5.3), we need

lim (,B_l (81/222 FsR 4 e‘/zeM’—M) n Rp_1> esh =0, (5.7)

e—0

e In the Airy case, thanks to Corollary 4.14 and (5.4), we need

lin}) g 1/3g1/4 (,3—1 (8§2+81/3§R_1 +8_1/3t*(R_1)+gz/3eM'—M) +Rp—1)e;ﬁ —0.
£—
(5.8)

The second constraint on the parameters comes from the competition between the character-
istic growth time s (1) defined in (4.5) and the regularity time (el (1+'7)p)_1. To see the growth
of the solution, hence the instability, we need it to exist on a sufficiently large time compared to
the growth time, that is we need s to be 5, (n).
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As M’ is large in the limit ¢ — 0, the implicit definition (4.5) of s, (1) and definition (3.19)
of yst and definition (3.27) of yAui lead to the equivalent

51 ()~ M/ (5.9)
for n =1 and n = 1/2. Hence the following constraints:

e In the smooth case,

811_1)1})M'1/281/2p =0. (5.10)
e In the Airy case,
sli_I)I})M'z/382/3p =0. (5.11)

We focus now on both cases separately from now on, even if the way we find suitable R, p,
and M’ which would satisfy both constraints is very similar in both cases. We sum up all of this
in the two following Propositions.

Proposition 5.2 (Estimate from below: smooth case). With the limitation of the Gevrey index

o<8§<1/3, (5.12)

both constraints (5.7) and (5.10) are satisfied. Then the fixed point equation (3.42) has a unique
solution u in E and

s, x,0) = e M©Oen3?* Y (s, x,0) € Qp i, x T. (5.13)
There holds also
s~ g2, (5.14)

Proof. As in [11], we use notation < defined in (1.32) to rewrite all the constraints in a more
useful way. Constraints (5.7) and (5.10) are equivalent to

Blgl/2g=8 P g (5.15)
Ble=2R=1 P g (5.16)
Blgl/2M =M (P (5.17)
Ro~' P <1 (5.18)

e 212 « 1. (5.19)

This implies first, as in [11], that 8 as to be of size £%/2. We then posit

B =e2
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We have then
el2e7%/2 « 1 (5.20)
eR T« 1 (5.21)
gl/2=8/2,M' =M (5.22)
Rp~ '« (5.23)
e300 « 1. (5.24)

Asymptotic inequality (5.20) is equivalent to the limitation § < 1/3 on the Gevrey index. Next,
as § < 1, asymptotic inequality (5.22) is satisfied as soon as M’ = M — |In(¢)|.
Finally, inequalities (5.21), (5.23) and (5.24) are equivalent to
el « p '« R« 6. (5.25)
This chain of asymptotic inequalities is satisfied as soon as &!/>7%/2 « &, which is equivalent

again to the limitation 8 < 1/3 of the Gevrey index. Then the choice R~! = !/6%9/2 and p=! =
¢!/3 satisfies the constraints. [

Remark 5.3. Note that in the case where RS = 0, both (5.20) and (5.21) disappear hence the
limitation § < 1 in place of § < 1/3. This has to be put in parallel of Remark 2.11 in [11], which
describes a way to improve the result of Theorem 3 therein.

Proposition 5.4 (Estimate from below: Airy case). With the limitation of the Gevrey index

o <8<2/13 (5.26)

both constraints (5.8) and (5.11) are satisfied. Then the fixed point equation (3.42) has a unique
solution v in E and

$3/2

lu(s, x, 0)] > e M@ 13 V(s,x,0) € Qp 23, x T. (5.27)

There holds also
sre P (5.28)

Proof. We follow here the same proof as the one of Proposition 5.2. Two differences appear:
the extra weight ¢ ~!/3 coming from the specificity of the Airy propagator in Lemma 3.5 and the
extra £, (R~!) in the remainder term of Corollary 4.14.

Taking both those differences into account, the following constraints hold

B1e2/36730/2 P g (5.29)
Blg=50/6 g=1 P g (5.30)

—26/3

B le 00 2B (RN P « 1 (5.31)



B. Morisse / J. Differential Equations 264 (2018) 5221-5262 5255

ﬂ—18—8/681/3eM’—M eﬂs’z‘m <1 (5.32)
g~1Be=8/6 Ry P (5.33)
e 2R3y « 1 (5.34)
where there holds s &~ ¢ 7253, Again, those asymptotic inequalities imply that g = £2%/3 and
inequality (5.29) is replaced by
g2/3-138/6 |
which gives the limitation § < 4/13 on the Gevrey index.
To find now R and p, we first use (5.30) and (5.33) to get
2383 o1  g1/3+8/6 g1 (5.35)

For an asymptotic upper bound for R~!, we have in this case two possibilities, thanks to (5.30)
and (5.31). If we assume here that 7, is of order k > 2 in x, these two inequalities are equivalent
to

R« %2 (5.36)
and
R™! « £12/3+56/6), (5.37)

The question is which one of (5.36) or (5.37) is a stronger constraint on R and p. By simple
computations, we prove

1

1

We are then reduced to study two cases:

o If § < m, then R~! « 8%(2/”58/6) < &3%/2 With (5.35), we get the constraint
£2/3-28/3 o g1/3+12/3458/6) which is equivalent to § < 1{1—11{(@ We note in particular that

the non degenerate Airy case k = 2 is out of reach with our method. In the degenerate case

k =4, we have the limitation § < {2774k = 4/21, compatible with § < gzl = 4/31.
o If § > m, then R~! « ¢392 « 8%(2/3-’_56/6). With (5.35), we get the constraint

g2/3728/3 « £1/3+38/2 'which is equivalent to § < 2/13. It is incompatible with § >
when k = 2.

1
Ok/4—5/4

In each of the previous cases, the case k = 2 leads to a contradiction, hence proving that the
non-degenerate Airy transition is out of reach of our method. In the degenerate case k = 4, the
previous analysis shows that the limiting Gevrey index is 2/13. O
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Remark 5.5. On the contrary of the smooth case and Remark 5.3, the limitation § < 2/13 still
holds when RA! = 0. This can be explained as ¢, represents the transition time from hyperbolicity
to ellipticity, and the domain of hyperbolicity is too large to be considered as an elliptic region.

5.3. Conclusion: Hadamard instability in Gevrey spaces

To close the proofs of Theorem 2.11 and Theorem 2.12 we have now to get an estimate of the
ratio

||u8||L2(QR,p)

ALl c.x

The previous Sections show the existence, in either the smooth or the Airy case, of a family of
solutions u starting from f7 of the fixed point equation (3.42). Thanks to the ansatz (3.2) which
we recall here

up(t, x) = 2Ny VU401 . & /e)

we have then a family of solutions u, existing in domains Qg ,, for some well-chosen parameters
described in the proof of Propositions 5.2 or 5.4. In both cases we can verify that domains Qg ,
contain the cube of size ¢

C&‘:{(tv-x)|£_8<t<£7 |.X|<8}

where we denote simply z = &!/0+"s_The conclusion of the proof of Theorems 2.11 and 2.12
is the same as in Section 7 in [11].

6. Appendix: on the Airy equation

The purpose of this Appendix is to bring some crucial elements on the Airy equation, and to
complete the proofs of Lemma 3.5 and 3.7. We recall here equation (3.28), with n = 1/2, that
appears on Lemma 3.5:

0 8_1/3

BSVn(s’,s)—in<_81/3yO2S 0 )Vn(s’,s)=o V,(s',s") =1d. 6.1)

The aim here is to get upper bounds for the matrix flow \7,1 (s',s)forall0<s' <sandalln €7,
and hence to complete the proof of Lemma 3.5. For simplicity we denote

‘7,1,1 ‘7,1,2 ~
! ! ) Vi pa(s'ss)=8(p.q). (6.2)

Vn(s/,s):<~ ~

V21 Va2
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6.1. Reduction to the scalar Airy equation and resolution

The vector equation (6.1) becomes the system of scalar equations

W Vura = ine” PV, Vaia(s',s") =1
~ o ne ~
WViio = ine”3V,0, Vi1,2(5",8) =0
(6.3)
O Vao1 = —ine!Byls V1 Vaoi1(s',s) =0
- . L~ -
O Vioo = —ine'Byls Vi Vio(s' s =1

Differentiating the first equation and using next the third one, the entry ‘7,,,1,1 solves the second
order scalar differential equation

V1105, 8) = (1y0)* s Vi 1.1(5', ) (6.4)
with the initial condition for V,, 1 i:
Var1(s',s) = 1. (6.5)

The initial condition for d; \7,1‘ 1,1 comes from the first equation of the system (6.3) and the initial
condition for V,, 7 1, as we have

O V11" ) =ine™ PV, 0165, s)
=0. (6.6)
Note also that we can retrieve 17,,,2,1 thanks to the first line of (6.3), as

1/3
~ & ~
Vio1(s',8) = o A5V, 1,1(5", ) 6.7

Doing the same for the second and fourth equations, we obtain the same second order scalar
differential equation for V;, 12

V126" 5) = (1y0)* s V125", 5) (6.8)
with initial conditions
Va12(s',5) =0 (6.9)
and
A Vi12(s',s") =ine™ /3, (6.10)

‘We have also the relation

1/3
~ & ~
Vi22(s',8) = T A5 V1,205, 8). (6.11)
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Equations (6.4) and (6.8) are exactly the e-independent scalar Airy equation

yi(s) = (In]%0)% s yu(s) (6.12)

which is a second-order scalar differential equation. The solutions of (6.12) are given by the
following

Lemma 6.1 (Scalar Airy equation). For n € Z*, let Ai,(z) be
M@ =07 [ exp (Unlw)e* 3+ ic2)) g (6.13)
Im(¢)=a

for a > 0. Then for all n € Z, Aiy is a holomorphic function in (C independent of a, and the
couple (Aiy(-), Ain(j-)) is a basis of solutions of (6.12), with j = e*™/3.

To prove this Lemma, it suffices to adapt the proof following Definition 7.6.8 in [3].

As (Ain(-), Ain(j-)) is a basis of solutions of equation (6.12), and as both entries V,, 1.1(s7,8)
and Vn 12(s’,s) solve equations (6.4) and (6.8), there are (a(s’), Bi1(s)) € R? and
(a2(s"), Bo(s")) € R? such that

Vo 1.1(5", 8) = a1 () Ain(s) + B1(s)Ain(js) (6.14)
V1,205, 5) = 02(s) Ain(s) + B2(s) Ain(js) (6.15)
By the relations (6.7) and (6.11), there holds also

1/3

Voo (s s) =2 P — (a1 ()AL (s) + jB1(sH AL (js)) (6.16)
_ /3
Vaoo(s',s) = Py (2(sH AL (5) + jB2(sH AL (js)) . (6.17)

This is equivalent to say that both vectors

Ain(s) Ain(js)
(—in_lgl/3Ain’(s)) and (—in_l€1/3inn/(jS)> (6.18)

forms a basis of solutions of the system (6.3). The functions (o (s”), Bx(s")) are determined by
the initial conditions (6.5) and (6.6) for k = 1 and (6.9) and (6.10) for k = 2. We obtain the matrix
representation of the (ax(s"), Br(s")):

U3
(al(s/) Olz(S/)>_ L[ T ARG A (6.19)

Pi(s) B2(s") ) Dy(s)) _%Ain/(s/) Ain(s")

where D,,(s”) is the determinant of the basis (6.18), that is
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173 1/3
/ & . N ¢ sy & . ./ </ /
Dy(s’) == i Alp(s") jALL (js') — gAln(]s )AIL (s")

which is in fact independent of s:

ol/3
Dy(s") = D, (0) = 7(] — DA (0)Aiy(0).

For simplicity we denote
C = ((j — DAL)AL (0) . (6.20)
Putting altogether equalities (6.14) to (6.19), we obtain
Vuras'oo) = C (A (5)Ain(s) = Ain' ) Ain(j))
Toa(s',5) = CE (AR DA (5) = jAi ) Ak (j5))

' 6.21)
Va12(5',5) = €A (= Ain(is ) Ain(s) + Ain(s)Ain(j9) )
&

Va2a(s's) = —C(Ain(js)AW (5) = jAin()AW (5))-
6.2. Upper bounds for the propagator: proof of Lemma 3.4

In order to prove Lemma 3.5, we derive asymptotic estimates of Ai,(s) and Aiy(js) when s
real and s > + oo.

Lemma 6.2 (Asymptotic estimates for the Airy function). There holds for all n € Z* and s > 1,
up to some complex constants:

Ain(s) & s~ 4 n| 7 exp(=|nlyo(2/3)s*?) (6.22)
Ain(js) ~ s ¥ n |7V exp(inlyo(2/3)s7?) (6.23)
Aiy/(s) 2 s n '/ exp(—|nln(2/3)s°%) (6.24)
Aiy'(js) ~ "4 [n|'7* exp(ln|yo(2/3)s*?). (6.25)

In particular, the Airy function Aiy and its derivative satisfy the upper bounds

@S A (5) 4D A o) < n V21 45)" V4 VO <5, Vi e ZF (6.26)

and

@S| A 1 (5)| 4 e M@ A ()| S nl2sVA VO <s, VneZF (6.27)
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Proof. Fors > 1,weputa =i 5172 into the definition (6.13) to obtain

Ain(s) = 2m) ™! / exp ((nlyo) (6%/3 + i52)) dg

Im¢=is!/2

=" [ e ((nim)e + s34 G s de

R

=@y e e [exp (i3 - 51 de.

R
By the change of variables & (|n|yosl/ 2)_1/ 25 in the integral, there holds

A e A B R
Ain(s) = e @ Fexp (inlyo) T 2T /3 - 67) e

27y, %

As the last integral satisfies the asymptotic development, for s — + oo:

/exp (i) ™24 /3 — £2) dg = 2z + O (Inl~"25714)

R

we obtain (6.22). By an analog computation we have (6.23), (6.24) and (6.25).
From those asymptotic estimates, we deduce immediately uniform bounds for Ai, and the
time derivative Ai,/. O

Thanks to the previous Lemma, we end the proof of Lemma 3.5 by getting the upper bound
of the propagator Va(s', s). Combining the expression of V,, in function of Aiy given by (6.21)
with tlle estimates (6.26) and (6.27), we obtain the upper bounds for the coefficients of the matrix
flow V, (s, s), for 0 <s' <s < g~ 2/3;

V115 9)| & s"AA 457 exp (Iny3 (572 = 5'3/7))

215 )] = 613514514 exp (o 35372 — 5792)

V12057, 5)] ~ e 130 +5)7V40 4+ 5)7Voexp (Inlpo3 (72 — 573/2))
[Va2a(s', )] ~ (1+5) V4V exp (Inlw3(s3/% — 5'3/%))

(6.28)

e B3 45)7 14 S 514 VO<s <g 23
we obtain the upper bound for the propagator
V(" ) S e P +) A+ exp(inlyng2/3)Y2 —s") Vo <5’ <5 <67

which implies (3.26) and ends the proof of Lemma 3.5.
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6.3. Growth of the free solution: proof of Lemma 3.6

We prove here Lemma 3.7, following the proof of Lemma 3.6. We showed in it that it suffices
to prove the lower bound for V,,. Thanks to the equalities (6.21), a simple computation gives us

V+1(0,S)< Air(0) ):< Air(js) )

—ie'3 jAiy’ (0) —ielBjAiy(js)
and also
~ Ai(0) B Aiy(js)
V-100,5) (,—81/3in1’(0)> - (isl/3in1’(js)> '
‘We denote
~ - Ai; (0) 5~ Aif(0) _io
f =R U . ! . 2
(s,0) =Re <V+1(0,s) (_i€1/3inl,(O)) e’ +V_1(0,s) (i81/3in1’(O)> e (6.29)

and we compute

(6.30)

Ts.0) = 2Re( Aiy (js) cos(0) ) |

—&13jAiy' (js) sin(0)

Next we denote Tl (s) and ?2 (s) the two components of the vector f defined by (6.29). Thanks to
Lemma 6.2, we have

If1 ()1~ Air () ~ 57/ exp(p02/35%/%)
and
[R5l ~ ' PAiy (js) ~ ' P! exp(02/357)
for 1 <s <& 23 AselBs1/4 < s=1/% for s < £72/3, the L™ norm of the Vectorf(s, 0) satisfies
[fs, O)loo = [F1 (5, 0) ~ 5™/ exp(102/35™%)

forall 1 <s <g=2/3

proof of Lemma 3.7.

. Using the same steps as in the proof of Lemma 3.6, this suffices to end the
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