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Abstract

Superpositions of Ornstein-Uhlenbeck type (supOU) processes provide a rich
class of stationary stochastic processes for which the marginal distribution and
the dependence structure may be modeled independently. We show that they
can also display intermittency, a phenomenon affecting the rate of growth of
moments. To do so, we investigate the limiting behavior of integrated supOU
processes with finite variance. After suitable normalization four different lim-
iting processes may arise depending on the decay of the correlation function
and on the characteristic triplet of the marginal distribution. To show that
supOU processes may exhibit intermittency, we establish the rate of growth
of moments for each of the four limiting scenarios. The rate change indicates
that there is intermittency, which is expressed here as a change-point in the
asymptotic behavior of the absolute moments.
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1. Introduction

The Ornstein-Uhlenbeck (OU) processes driven by Lévy noise and their su-
perpositions (supOU processes) where constructed with the aim of modeling
key stylized features of observational series from finance and turbulence. The
goal is to find models with analytically and stochastically tractable correlation
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structure displaying either weak or strong dependence and also having marginal
distributions that are infinitely divisible and hence related to both Gaussian and
Poisson processes. The supOU processes are particularly relevant in finance and
the statistical theory of turbulence. They have applications in environmental
studies, ecology, meteorology, geophysics, biology, see e.g. [3] and the references
therein. A key characteristics are the stochastic representations using Lévy ba-
sis (i.e. an independently scattered and infinitely divisible random measure).
The attractive feature of supOU processes is that they allow the marginal dis-
tribution and the dependence structure to be modeled independently from each
other. Moreover, they offer a flexible choice of different forms of correlation
functions. In particular, the class of finite variance stationary supOU processes
contains examples where the correlation function r(7) decreases like a power
function as the lag increases, more precisely where

r(r) ~T(1+ a)l(r)r™ 7, as T — 00, (1.1)

for some slowly varying function ¢ and « > 0 (see Section 2 for more details).
Hence, if « € (0,1), the correlation function is not integrable, and the supOU
process exhibits long-range dependence (long memory or strong dependence).
The volume of [21] contains surveys of the field. Note that [38] reported a
Mittag-Lefler decay in the autocorrelation function of the velocity of a particle
in anomalous diffusion. Such a decay can be modeled by the correlation function
of supOU processes (see [6, Example 4]).

An exciting area of applications of supOU processes is financial economet-
rics, in particular the stochastic volatility models, see [1], [8] and the references
therein. In this setting the integrated supOU process (1.2) defined below rep-
resents the integrated volatility (see e.g. [10]), hence its limiting behavior is
particularly important. The limit theorems developed in the paper can be used
for statistical inference based on the generalized method of moments or method
of minimum contrast (see e.g. [47]). Our results also indicate that to obtain the
limiting behavior one has to know or estimate the behavior of the Lévy measure
near the origin which can be challenging (see [11] and the references therein).
Just recently in astrophysics the authors of [33] (see also the references therein)
use the supOU processes to asses the mass of black hole. They used heuristic
arguments to estimate parameters of the model under long-range dependence.
But to develop mathematical procedures, one needs precise limit theorems as
those obtained in this paper.

In this paper we focus on supOU processes X = {X(¢t),t > 0} having
finite variance and investigate the limiting behavior of the integrated process
X* ={X*(t), t > 0} where

X*(t) = /0 X (s)ds. (1.2)

A long quest has preceded the results presented here. The pioneering work
of Barndorff-Nielsen [2] already contained a limit theorem corresponding to
a specific triangular scheme. Non-central limit theorems with convergence to



fractional Brownian motion appeared in [5, 36]. From the results presented here,
it is now clear that these do not hold in general and that they depend on the
rate of growth of the moments of the integrated process X*, see also [25], [26].

We focus here on how an unusual rate of growth of the integrated process
X*(t) can affect limit theorems. We refer to this rate as intermittency. There
is no unique definition of intermittency. It is a relative concept and its meaning
depends on the particular setting under investigation. It refers in general to an
unusual moment behavior. It is of major importance in many fields of science,
such as the study of rain and cloud studies and other aspects of environmental
science, on relation to nanoscale emitters, magnetohydrodynamics, liquid mix-
tures of chemicals and physics of fusion plasmas, see e.g. [52]. Another area
of possible application is turbulence. In turbulence, the velocities or velocity
derivatives (or differences) under a large Reynolds number could be modeled,
as is done here, with infinitely divisible distributions, they allow long range de-
pendence and there seems to exist a kind of switching regime between periods
of relatively small random fluctuation and period of “higher” activity. This
phenomenon is also referred to as intermittency, see e.g. [24, Chapter 8] or [52].

We use the following definition of intermittency. Let Y = {Y'(¢), t > 0} be
a stochastic process. We shall measure the rate of growth of moments by the
scaling function, defined by

log E|Y (¢)|4
logElY (1)

1.
t—o0 logt ’ (1.3)

Ty (q) =

assuming the limit in (1.3) exists and is finite. The range of moments ¢ can be
infinite or finite, that is ¢ € (0,g(Y")), where

g(Y) =sup{g > 0: E|Y(¢)]|? < oo Vt}.

It has been shown in [25] that for a non-Gaussian integrated supOU process X *
with marginal distribution having exponentially decaying tails and correlation
function satisfying (1.1), the scaling function is

Tx-(q) =q—« (1.4)
for a certain range of ¢. This implies that the function

7x-(q) —1_

!
q— -
q q

is strictly increasing, a property referred to as intermittency. Recently, the term
additive intermittency has also been used (see [17]).

To see why this behavior of the scaling function is unexpected and interest-
ing, recall that by Lamperti’s theorem (see, for example, [41, Theorem 2.8.5]),
the limits of normalized processes are necessarily self-similar, that is, if

{Xl(ft)} 19 7)) (1.5)




holds with convergence in the sense of convergence of all finite dimensional
distributions as T' — oo, then Z is H-self-similar for some H > 0, that is, for
any constant ¢ > 0, the finite dimensional distributions of Z(ct) are the same
as those of ¢ Z(t). Brownian motion for example is self-similar with H = 1/2.
Moreover, the normalizing sequence is of the form Ap = ¢(T)TH for some ¢
slowly varying at infinity. For self-similar process, the moments evolve as a
power function of time since E|Z(¢)|? = E|Z(1)|7!9 and therefore the scaling
function of Z is 72 (q) = Hq. Hence (1.4) does not hold for self-similar processes.
But it may not hold either for the process X* in (1.5) because one would expect
that

E|X*(Tt)/4

AT
and therefore that E|X*(¢)|? grows roughly as 79 when t — co. Since (1.4)
implies that E|X™*(¢)|? grows roughly as t9~%, we conclude that the intermittency
of the process X* contradicts (1.5) or (1.6) or both. See [25] for the precise
statements.
This paper has two main goals:

— E|Z(t)|9, Vt>0, (1.6)

(i) to establish limit theorems in the form (1.5) for finite variance integrated
supOU processes X*,

(ii) to explain how these results relate to intermittency.

We deal with (i) in Section 3. We show that, depending on the conditions on
the underlying supOU process, four different limiting processes may be obtained
after suitable normalization, namely, fractional Brownian motion, stable Lévy
process, stable process with dependent increments defined below in (3.9) and
Brownian motion. The nature of the limit will depend on the interplay between
several components: whether there is a Gaussian component in the so-called
characteristic triplet of the marginal distribution, how strong the dependence is
and, somewhat surprisingly, it depends also on the growth of the Lévy measure
of the marginal distribution near the origin. In classical limit theorems, it is typ-
ically the tails of the marginal distribution that are important. Here, however,
the behavior of the Lévy measure near the origin may play an important role
even though that behavior does not affect the tails of the marginal distribution.
Note also that even though the integrated process has finite variance, it may
happen that the limiting process has stable non-Gaussian marginal distribution
and hence infinite variance. Examples are provided in Section 3 illustrating the
main results. The proofs of the limit theorems are given in Sections 5 and 6 and
extend those of [40] who consider certain discrete type superpositions of AR(1)
processes.

In Section 4 we investigate how the established limit theorems fit with the
intermittency property. For each scenario of Section 3, we establish convergence
of moments and derive the expressions for the scaling function for ¢ > 0. In
general, the scaling function 7x«(¢) will have the shape of a broken line indi-
cating intermittency. The line starts at the origin but then changes slope at



some higher value of q. This shows that in the intermittent case, the conver-
gence of moments (1.6) does not hold beyond some critical value of ¢q. Hence, it
is possible to have both intermittency and limit theorems. This phenomenon,
moreover, is not only restricted to the long-range dependent case and it, in fact,
can happen even when the limit is Brownian motion, a process with independent
increments. For further discussion see Section 4.

In this sense the paper illustrates a new concept which can be named limst
theorems with intermittency effect. One possible scenario, but not the only one,
could be as follows: assume that the aggregated process X* = {X*(t), ¢t > 0}
can be decomposed as the sum of two independent processes X; and X3,
where for some Ap the limit of the first normalized process is self-similar:
{X3(Tt)/Ar} —* {Z(t)} as T — oo, while the second process does not in-
fluence the limit (for example X3 (7T't)/Ar converges in probability to 0 as
T — oo, but E|X3(Tt)/Ar|* — o0 as T — oo, for some ¢ > 2). Then
{X*(Tt)/Ar}y =4 {Z(t)} while E | X*(Tt)/Ar|? — oo as T — oo.

The paper is organized as follows. In Section 2 we define the supOU process
and the underlying Lévy basis. Limit theorems are stated in Section 3 and
moment behavior and intermittency are discussed in Section 4. Proofs are given
in Sections 5, 6 and 7.

2. Preliminaries

2.1. The supOU process

A supOU process is a strictly stationary process X = {X(t), t € R} defined
by the stochastic integral

X(t) = /R /]R g (6t — $)A(dE, ds). (2.1)

Here, A is a homogeneous infinitely divisible random measure (Lévy basis) on
R x R, with cumulant function

C{CEA(A)} == log EeM™) = m(A)rr(C) = (7w x Leb) (A)rr(C),  (2.2)

for A € B(R4 x R), thus involving the quantities m, = and x, which we now
define. The control measure m = mx Leb is the product of a probability measure
7 on R; and the Lebesgue measure on R. The existence of the stochastic
integral (2.1) in the sense of the paper [43] was proven by [2]. The probability
measure 7 “randomizes” the rate parameter £ and the Lebesgue measure is
associated with the moving average variable s. Finally, k1 is the cumulant
function xr,(¢) = log Ee’*(1) of some infinitely divisible random variable L(1)

with Lévy-Khintchine triplet
(a’7ba ML): (23)

ie. )
kr(¢) = iCa — %b + /]R (e’@ —1—iCxli_yqy(2)) pr(dz). (2.4)



The quadruple
(a7ba /j/Laﬂ-) (25)

is referred to as the characteristic quadruple. The Lévy process L = {L(t), t >
0} associated with the triplet (a,b, uuy) is termed the background driving Lévy
process and its law uniquely determines the one-dimensional marginal distribu-
tion of the process X in (2.1) assuming Elog (1 + |L(1)]) < oco.

We will consider self-decomposable distributions.! If X is self-decomposable,
then there corresponds a Lévy process L such that

x4 /oo e dL(s). (2.6)
0

Hence, by appropriately choosing the background driving Lévy process L,
one can obtain any self-decomposable distribution as a marginal distribution
of X, and vice-versa. The cumulant functions of the background driving Lévy
process L and the corresponding self-decomposable distribution X are related
by

kx(0) = /O " kp(eC)ds, (2.7)
k1(0) = ¢y (0), (2.8)

where x'y denotes the derivative of kx (see e.g. [2] or [31]).

2.2. The dependence structure

While the marginal distribution of supOU process is determined by L, the
dependence structure is controlled by the probability measure 7. Indeed, if
EX (t)? < oo, then the correlation function r(7) of X is the Laplace transform
of m:

r(T) :/]R e "¢n(d¢), T>0. (2.9)

By a Tauberian argument, one easily obtains (see e.g. [23]) that if for some
a > 0 and some slowly varying function ¢

7 ((0,2]) ~ £(x"Hx®, asx —0, (2.10)

LAn infinitely divisible random variable X (1) with characteristic function ¢ is self-
decomposable if for every constant ¢ € (0,1) there exists a characteristic function ¢. such
that ¢(¢) = ¢(c€)pc(€), ¢ € R. Examples of self-decomposable distributions include Gamma,
variance Gamma, inverse Gaussian, normal inverse Gaussian, Student and positive tempered
stable distributions.

The definition of self-decomposability is related to the equation of the AR(1) stationary
process
Xn=cXn-1+en, ¢0,1), n=1,2,...
Indeed, let ¢(¢) denote the characteristic function of X, which does not depend on n because
of stationarity. Then the preceding equation becomes ¢(¢) = ¢(c{)pc(C), where ¢c is the
characteristic function of €, which must depend on ¢ to ensure stationarity. See [50] for more
details.



then the correlation function satisfies (1.1) and, in particular, o € (0,1) yields
the long-range dependence. See [2], [4], [6], [7], [9], [25] for more details about
supOU processes.

2.8. Notation

Through the rest of the paper, X will denote the supOU process defined in
(2.1) with characteristic quadruple (a, b, iz, ) and X* will be the corresponding
integrated process (1.2). We assume X has finite variance

o? = Var X (t) < oo.

For simplicity, we assume that the mean EX(t) = 0, otherwise one could add
centering in the limit theorems.
We use the notation

ky (() = C{C1Y} =logEe”

to denote the cumulant (generating) function of a random variable Y. For a
stochastic process Y = {Y ()} we write xky ({,t) = Ky (1) ((), and by suppressing
t we mean ky(() = ky((,1), that is the cumulant function of the random
variable Y (1).

Note that if X (1) has finite moments up to order p, then so does L(1) (see
[23, Proposition 3.1]). Moreover, relation (2.7) implies that if X (1) has zero
mean, then the same is true for the background driving Lévy process L(1). In
this case, we can write the cumulant function of L in the form (see e.g. [46,
p. 39])

¢ ; ,
kr(Q) = f?b+/ (e"" =1 —ilz) pr(d), (2.11)
R

where b is the variance component. For such a representation we will use the
notation (0, b, i1, 7)1 for the characteristic quadruple. Note the presence of the
index 1 to indicate that the truncation function 1j_; ;j(x) has been replaced by
the constant 1 (see [46, Section 8]). Note also that the variance of the Gaussian
component b and the Lévy measure py, remain unchanged.

3. Limit theorems

We start by assuming that « € (0,1) in (2.10). This can be considered as the
long-range dependence scenario. Indeed, « € (0,1) implies that the correlation
function is not integrable since by (2.9)

/OOO r(r)dr = /Ooo /OOO e~ S drm(de) = /Ooo £ (dé) = oo. (3.1)

To simplify the proofs of some of the results below, we will assume that 7 has
a density p which is monotone on (0, z’) for some x’ > 0 so that (2.10) implies

p(z) ~ al(z™ Nz, asx — 0. (3.2)



Under long-range dependence different scenarios are possible depending on ad-
ditional conditions. The following theorem shows that the limit is fractional
Brownian motion if a Gaussian component b # 0 is present in the characteristic
triplet of the marginal distribution (or equivalently in the characteristic triplet
(2.3) of the background driving Lévy process).

dad o . .
Recall that {-} A {-} appearing in particular in Theorems 3.1-3.4, denotes
the convergence of finite dimensional distributions.

Theorem 3.1. Suppose that m has a density p satisfying (3.2) with o € (0,1)
and some slowly varying function £. If b > 0 in (2.5), then as T — oo

{MWXW)} =HeBu ),

where {By (t)} is standard fractional Brownian motion with H =1 — «/2 and

52_ F(1+Oé)
2—a)l-a)

The proof of this result and of the subsequent ones are given in Sections 5,
6 and 7.

The next scenario assumes that there is no Gaussian component namely
b = 0, so that the background driving process is a pure jump Lévy process.
In addition to the dependence parameter « in (3.2), the limit in this setting
will depend on the behavior of the Lévy measure near the origin. Two limiting
processes may arise in this setting both of which will have infinite variance
stable marginals. Recall that the cumulant function of any ~y-stable distributed
random variable Z such that EZ =0 if 1 < v < 2, and Z is symmetric if v = 1,
can be written in the form (see e.g. [29, proof of Theorem 2.2.2])

C{C i Z} = _|<|WW(C7% 01702)7

where
w(C;y,c1,62) =
F(%_J) ((01 + ¢2) cos (”2—7) —i(c1 — ¢2) sign(¢) sin (%)) , Y #E 1L
(Cl +02)%a 7:17
(3.3)

with ¢1,¢c0 > 0 and ¢; = ¢3 if v = 1. By taking

1/
o= (M(Cl + ¢2) cos (W;)) 7, 8= S

1—v c1+c’

we may rewrite (3.3) for v # 1 as
s ™
WGy erea) = o7 (1= iBsign() tan () )

which is a more common parametrization (see e.g. [45, Definition 1.1.6]).



For the first type of the limiting process we will assume that
/ |z[* u (dr) < oo. (3.4)
lz[<1

This is equivalent to Spa < 1+ a where Bgg is the Blumenthal-Getoor index
of the Lévy measure p, which is defined as ([15])?

ﬁBgzinf{’yZO:/l< |x|’YML(dx)<oo}. (3.5)
z|<1

Since py, is the Lévy measure, we always have Spg € [0, 2].

The normalization sequence in the following theorem involves de Bruijn con-
jugate of a slowly varying function. The de Bruijn conjugate of some slowly
varying function ¢ is a unique slowly varying function ¢# such that

0(x) 0 (zl(z)) — 1, F () (¥ (z)) — 1,

as ¥ — oo (see [13, Theorem 1.5.13]). In the setup of the following theorem, ¢#
is de Bruijn conjugate of 1/¢ (z/(1+®)) with ¢ coming from (3.2).

Theorem 3.2. Suppose that © has a density p satisfying (3.2) with « € (0,1)
and some slowly varying function ¢ and let Bpg be defined by (3.5). If

b=0 and Bpg <1+ q,

then as T — oo

1 * fdd
{Tl/(1+a)€# (T)1/<1+a>X (Tt)} = {Li+a(D)},

where (% is de Bruijn conjugate of 1/¢ (Jcl/(1+“)) and {L11q} is (1 4+ «)-stable
Lévy process such that

C{(iLisa(D)} = —|¢" (1 + a,ey, cf)

with ¢, ¢t given by

o) o

(07

0 [e%)
- 1+ d + « 14+« d
Cq 1+a/ﬂ [yl " pr(dy), o 1JFOC/O y Y (dy). (3.6)

When
/ |2 g (d) = oo,
|z|<1

2Clearly (3.4) implies that fpg < 1 + a, but it is possible to have fpg = 1 + a and
fm<1 |z|1 T ur (dz) = oo (for example if pr(dz) = |z|~1~log(|z|)dz). However, Spc <
1+ a does imply fm<1 |z|1 T ur (dz) < oo, hence the two are equivalent.



another stable process may arise in the limit. This time the limiting process
will have dependent increments and it will depend on the rate of growth of the
Lévy measure near the origin. To quantify this rate of growth, we will assume
a power law behavior of uy near origin. Let

M*(z) = pr ([x,00)), >0
Mﬁ(x) =KL ((700, 71])3 x>0,

denote the tails of 7, and assume there exists 8 > 0, ¢t,¢™ >0, ¢t +¢= >0
such that

M*(z) ~ctz™® and M~ (z) ~c 27? asxz —0. (3.7

In particular, § is the Blumenthal-Getoor index of iy, 8 = Bpg. We will assume
in the next theorem that 8 > 1+ «a. This implies that flmlﬁl |z|*Tour (dz) = oo,
hence this setting complements the one considered in Theorem 3.2.

The property (3.7) is stated in terms of the Lévy measure py, of the back-
ground driving Lévy process L. We could, however, also state the condition in
terms of the Lévy measure px of the corresponding self-decomposable distribu-
tion of X. Indeed, by [46, Theorem 17.5] and Karamata’s theorem [13, Theorem
1.5.11], we have as z — 0

00 1/x
pux ([z,00)) = /0 M™ (efx)ds = ; Mt (s s lds ~ g7 MY (x)  (3.8)

and similarly py ((—oo, —z]) ~ 871M~(z). Note that for (3.7) the behavior of
wr away from the origin is irrelevant.

Theorem 3.3. Suppose that m has a density p satisfying (3.2) with « € (0,1)
and some slowly varying function ¢ and suppose (3.7) holds with 8 > 0. If

b=0 and 1+a< <2,

then as T — oo
1 . fad
{Tla/W(T)l/ﬁX (Tt)} — {Zapt)},
where {Z, g} is a process with the stochastic integral representation
Zopt) = [ [ (et =s) = 6.~ K (ag. o). (39)
+

f is given by

1—e ™" 4fz>0andu>0,
fla,u) = :
0, otherwise,

and K is a B-stable Lévy basis on Ry x R with control measure
k(d¢,ds) = a&*déds,

such that
C{CHK(A)} = —[¢/w((; B, ¢, e )k(A).

10



The process {Z, 3} defined in (3.9) was obtained by [42] in a similar limiting
scheme. It is

e [-stable,

e H=1-—«/p self-similar,

e has stationary increments

e and has continuous paths a.s.

This can be checked from the cumulant function of the finite dimensional dis-
tributions which is given by

C{G, ... ¢nt(Zapltr), ..., Zap(tm))}
B

- [ icj (f(E.t; — ) — (€. —5))

(3.11)
xw | ST Gt — ) — (€ —5)): B¢t e | agv P dsde.
j=1

Indeed, consider {Z, g(at)} with a > 0. To show self-similarity, namely that
{Z,p(at)} < {a"Z, 5(t)} with H = 1—a/f3, use (3.11) and make the change of
variables £ — &/a and s — as. This implies €2 Pdsd¢ — a= (@A ¢>=Bdsd¢, and
hence H = —(a — 8)/8 =1 — a/B. The continuity of the sample paths follows
from the Kolmogorov-Chentsov theorem (see e.g. [32, Theorem 2.8]) since by
self-similarity and stationarity of increments we have

E\|Zag(t) — Zag(s)|' T < C |t — 5|t 7/AOF)

and (1 —a/B)(1+a) > 1.

It remains to consider the case when the correlation function is integrable
which by (3.1) is equivalent to [ ¢~ !m(d¢) < co. We can therefore think of
this case as short-range dependence.

Theorem 3.4. If [[° ¢ m(d€) < oo, then as T — 0o

1 N fdd
{Tl/QX (Tt)} — {odB(t)},
where {B(t)} is standard Brownian motion and
oo
o2 = 20—2/ ¢ n(dg), o = Var X(1). (3.12)
0

Theorem 3.4 covers, for example, the case of finite superpositions which are
obtained by taking m to be a probability measure with finite support. This

11



special case was proved in [26] by using standard arguments. However, the as-
sumption of Theorem 3.4 also covers the case where 7 satisfies (2.10) with some
a > 1. In this case the limit theorem coexists with intermittency as will be seen
in the next section.

Based on the previous results, we can summarize the limiting behavior of the
integrated finite variance supOU process. In the short-range dependent case,
which is implied by o > 1 in (2.10), the limit is Brownian motion. When « < 1,
the type of the limit depends on the Lévy triplet of the marginal distribution.
If a Gaussian component is present, the limit is fractional Brownian motion. If
there is no Gaussian component, the limit may be a stable Lévy process or the
stable process (3.9) with dependent increments, depending on the behavior of
the Lévy measure p, in (2.4) around the origin.

In order to summarize the results in a simplified manner, suppose (3.2) holds
with some o > 0 and if b = 0, suppose additionally that (3.7) holds with some
0 < 8 < 2. Let =2 denote the case when the Gaussian component is present.
Then the limits can be classified as shown in Figure 1 and Figure 2.

fractional Brownian motion

b>0
1
f 1 - - o}
Brownian motion
b=0
1+a 2
: - : ] B
stable Lévy stable
process process
Ll+(k Z(\,,d (3()>

Figure 1: Classification of limits of X*

Instead of using integrability of the correlation function, we may classify
short-range and long-range dependence based on the dependence of increments
of the limiting process. This way we could regard the case 1 + a > [ as
short-range dependence (Theorem 3.2) and 1+« < S as long-range dependence
(Theorem 3.3). This implicitly includes the case 8 = 2 when a Gaussian com-
ponent is present which yields short-range dependence for o > 1 (Theorem 3.4)
and long-range dependence for o < 1 (Theorem 3.1).

12



fractional Brownian motion
2 %
stable P
L4

process  ,¢°

Za,5 (3.9)¢°

L4

L4
*
*

1
1
1
:
1
1
1
1
B 1 able L& : Brownian motion -
stable Lévy
process .
Lita i
1
1
1
1
[
0 1

(0%

Figure 2: Classification of limits of X*

Theorems 3.1-3.4 establish convergence of finite dimensional distributions
of normalized integrated process. The next theorem shows that in some cases
the convergence may be extended to weak convergence in a suitable function
space. Since we deal with the limits of the integrated process (1.2) which is
continuous, we consider weak convergence in the space C[0,1] of continuous
function equipped with the uniform topology.

Theorem 3.5. The convergence in Theorems 3.1 and 3.3 extends to the weak
convergence in the space C[0,1]. The same is true for the convergence in The-
orem 3.4 if it additionally holds that E|X (t)|* < co and fooo £727(d€) < oc.

In Theorem 3.2, the limit is stable Lévy motion. As noted by [35], if a
sequence of continuous processes converges, in the sense of finite dimensional
distributions, to a limit which is discontinuous with positive probability, then the
convergence cannot be extended to weak convergence in the space of cadlag func-
tions D[0, 1] equipped with Skorokhod’s J; topology. Possibly the convergence
holds in DJ0, 1] equipped with the weaker M; topology or the non-Skorohodian
S topology (see [30]). For such results in related models or limiting schemes see
[20], [40], [44].

3.1. Examples

In this subsection we list several examples of supOU processes and show
how Theorems 3.1-3.4 apply. In each example we will choose a background
driving Lévy process L such that L(1) is from some parametric class of infinitely
divisible distributions. On the other hand, 7 may be any absolutely continuous
probability measure satisfying (3.2). For example, 7 can be Gamma distribution
with density

f(l’) = F(a) zaileizl(moo) (I),
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where o > 0. Then

©((0,z]) ~ ﬁxoﬂ as x — 0.
Other examples of distributions satisfying (3.2) can be found in [25].

For the limiting behavior of the corresponding integrated supOU process,
the Lévy-Khintchine triplet (2.3) of L(1) will be important. In particular, for
each case we will consider the value of 8 defined in (3.7) or the value of the
Blumenthal-Getoor index (3.5) of the Lévy measure pp,.

Note that one could also construct examples by choosing a marginal distribu-
tion of the supOU process instead of choosing the distribution of L(1). Indeed,
each distribution used in the examples below is self-decomposable, hence there
exists a background driving Lévy process generating a supOU process with such
marginal distribution. By using the correspondence (3.8), one can easily check
the conditions involving behavior of the Lévy measure near origin.

3.1.1. Compound Poisson background driving Lévy process

Suppose L is a compound Poisson process with rate A > 0 and jump distribu-
tion F' having finite variance and zero mean. Suppose X is a supOU process with
the background driving Lévy process L and 7w absolutely continuous probability
measure satisfying (3.2). The characteristic quadruple (2.5) is then (a,0, ur,, 7)
where

a= )\/lgﬂl<1 zF(dx), ur(dz) = AF(dx).

Since the Lévy measure is finite, the Blumenthal-Getoor index (3.5) is 0. By
Theorems 3.2 and 3.4, the limit of normalized integrated process is Brownian
motion if a > 1 or stable Lévy process with index 1 + a if a < 1.

8.1.2. Normal inverse Gaussian background driving Lévy process

The normal inverse Gaussian distribution with shape parameter A > 0,
skewness parameter |B| < A, location parameter C' € R and scale parameter D
is given by the density

2\ —1/2 2
f(z) = Aepva=r <1+ (xD“> ) K1 | ADy1+ (“TD“> ¢B@=C)
™

for z € R, where K; is the modified Bessel function of third kind (see e.g.[1],
[22]). The normal inverse Gaussian distributions are infinitely divisible and
have all positive order moments finite. The density of the Lévy measure is
asymptotically equivalent to §/mx=2 as x — 0 (see [22]), hence the Blumenthal-
Getoor index (3.5) is Spg = 1. Consider now a supOU process generated by
the normal inverse Gaussian background driving Lévy process. Since Bpg <
14 a, we conclude as in the compound Poisson case that the possible limits are
Brownian motion if & > 1 or (1 4 «)-stable Lévy process if a < 1.

14



3.1.3. Tempered stable background driving Lévy process
Let L be a tempered stable Lévy process, that is a Lévy process with Lévy-
Khintchine triplet (a, 0, 1) where py, is absolutely continuous with density given

by .
c - c
g(y) = |x|1+[5€ A ‘xll(foo,O) (:1?) + 71:17%’6

_)\erl(O,oo) (SL’),

where ¢™ >0, ¢t >0, A" >0, AT >0 and 3 € (0,2) (see e.g. [19, Section 4.5]).
All moments of tempered stable distributions are finite and the Lévy measure
satisfies (3.7) with 8 € (0,2). If & > 1, then by Theorem 3.4 the corresponding
integrated supOU process converges to Brownian motion. In the case o < 1, the
limit is (1 + «)-stable Lévy process if § < 1+a (Theorem 3.2), but if 5 > 1+«
then the limit is S-stable process (3.9) (Theorem 3.3).

4. Moment behavior and intermittency

In this section we establish the asymptotic behavior of absolute moments
of the integrated supOU process. More precisely, we investigate the scaling
function of the integrated process

log E| X *(t)|4
Tx+(¢) = lim oeRA WP A (1) .

4.1
t—o0 logt (4.1)

We will assume throughout that the cumulant function kx is analytic in the
neighborhood of the origin. According to [37, Theorem 7.2.1], this is equiva-
lent to the exponential decay of tails of the distribution of X. In particular,
all moments are finite and the scaling function (4.1) will be well defined. Many
infinitely divisible distributions satisfy this condition, for example, inverse Gaus-
sian, normal inverse Gaussian, gamma, variance gamma, tempered stable (see
[25] for details). It is worth noting that the same results could be obtained by
assuming only that the moments exists up to some order, however, this would
significantly complicate the exposition. Note also that the analyticity assump-
tion does not affect the choice of .

We noted in the introduction that integrated supOU processes may exhibit
intermittency. As we will see, for the non-Gaussian supOU process with zero
mean such that (2.10) holds for some a > 0 we have that

Tx-(q) =q—o, Yq>q", (4.2)

where ¢* is the smallest even integer greater than 2« [25, Theorem 7]. Hence,
q — Tx+(q)/q is strictly increasing on [¢*,00). On the other hand, there
can be no normalizing sequence A7 such that the normalized ¢-th moment
E|X*(T)/Ar|? converges for every ¢ > ¢*. Indeed, if this normalized moment
would converge E|X*(T")/Ar|? — C, for some ¢ as T — oo, then it follows that

1logE[X*(T)|¢ logA
10gT<0g| (T)]*  log Ar

1
— —loglCy,, T —
q logT logT ) q 08~ oo
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which implies that log Ar/logT — 7x+(q)/q. Clearly, this is impossible to
hold for more than one value of ¢, unless 7x~(q)/q is constant. Therefore we
cannot have a limit theorem, the convergence of moments (1.6) and the unusual
behavior of moments (4.2). However, as the results of Section 3 show, even
when this unusual behavior of moments is present, it is still possible that a
limit theorem holds after suitable normalization. What must fail to hold then
is the convergence of moments (1.6). Thus the convergence of moments (1.6)
must not hold beyond some critical value of q.

The purpose of this section is to provide a closer inspection of the behavior
of moments in connection with the results of Section 3.

As in Section 3, we start with the case when o < 1 in (3.2). First, we
consider the setting of Theorem 3.1 where o € (0,1) and where the limit is
fractional Brownian motion.

Theorem 4.1. Suppose that the assumptions of Theorem 3.1 hold, in particular
a € (0,1), and suppose py, # 0. Then

1-5 q, O<Q§27
TX*<q>={( ?) @3)
q— «, QZQ

If ur, =0, then X* is Gaussian and

x-(q) = (1 - %) ¢, ¥g>0. (4.4)

It is interesting to note how intermittency appears in the setting of Theorem
4.1. Let X7, X5 denote the decomposition (5.12) of X* as in the proof of
Theorem 3.1, corresponding to Gaussian and pure jump part of the underlying
Lévy basis, respectively. With normalizing sequence Ay = T1=%/2¢(T)*/2, we
have for the Gaussian part X; and ¢ > 0

1 s d ~
AT'XT(Tt) 5 6B 2(2),
and (see the proof of Theorem 4.1)
E|AZ X (Tt)|" = E|GB1_a/p(t)|*, Vq>0,

where
52 F(l + Oé)

Te-—a)i-a)
Consider now the Lévy component XJ for which we have

A7t x) So,

by using the normalization Ar as above. Borrowing the term from [20], we may
call the process {A;' X3 (Tt), T > 0} evanescent. However, its moments are far
from negligible in the limit since

E|A7' X5 (Tt)|" — o0, Vg >2.
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We conclude that it is the component X5 which is responsible for the unusual
limiting behavior of moments. Note, however, that by Theorems 3.2 and 3.3, X3
can still be normalized to obtain a limit with stable non-Gaussian distribution.
The appropriate normalization is of an order lower than At since
1 « «Q

— <l -=<1-—

l+a B 2
with the notation of Theorems 3.2 and 3.3. Note also that the variance of
AP X3 (Tt) converges to a finite constant. Indeed, taking the second derivative
of kx;z (74 (¢) in (5.14) below and letting ¢ — 0 we get by using (5.5) and (5.8)
that

00 Tt
AZZEXG (TH)? = 2]EX2(1)2A;2/ / £l (1 - e—fm—S)) dsm(de)
0 0

— 21EX2(1)2A;2/0 (1—e") //m) €2 (d€)dw
I'l+a)

22—«
—>2EX2(1) t —(2—04)(1—01)7

(4.5)
as T — oo. In particular, {A79|X3(Tt)|?} is not uniformly integrable for ¢ > 2.

The following simple example replicates the type of behavior we encounter
with X*(T") in Theorem 4.1. Suppose {Yr, T" > 1} is a sequence of random
variables such that

v T'=2/2 with probability 1 — T,
"7\ T, with probability 7—,

where a € (0,1). Then, since EY} = T(1~2/2)9(1 — T=%) 4 T9" we have
that EY} ~ T(1=2/2)4 for ¢ < 2 and EY;} ~ T9* for ¢ > 2. With suitable
normalization we have

1, with probability 1 — T~¢,

TRy = . "
T/2, with probability 72,

hence T-1+2/2y; % 1. However, for the moments it holds that

1, g<2

q
E (T*HQ/QYT) =1-To47/2-D) 4 0o 42
00, q>2,

because Y exhibits increasingly large values albeit with decreasing probabil-
ity. This type of behavior is intensively studied for random fields arising from
stochastic partial differential equations (see e.g. [16, 18, 34] and the references
therein).

The following two theorems describe the scaling function when there is no
Gaussian component. The limiting processes, given in Theorems 3.2 and 3.3,
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have a stable distribution and are H-self-similar. The slopes of the scaling
functions involve the self-similarity index H of the limiting process, respectively

1/(1+ @) and (1 — a/p).

Theorem 4.2. Suppose that the assumptions of Theorem 3.2 hold, in particular
a € (0,1) and fpg < 1+ a. Then

1

——q, 0<g<l1 ,

7x-(g) = { T as it (4.6)
qg—a, g>1+a.

Theorem 4.3. Suppose that the assumptions of Theorem 3.3 hold, in particular
€(0,1) and 1 +a < B < 2. Then

Tx-(q) = (1-8)a 0<a<s (4.7)
q—aQ, QZ5

We now turn to the short range dependent setting of Theorem 3.4. In this
case the integrated supOU process need not be intermittent. For example, if 7
is a measure with finite support, then the supOU process corresponds to a finite
superposition of OU type processes which satisfies a strong mixing property.
The limit is Brownian motion which is H-self-similar with H = 1/2. From
the results of [51], one may show uniform integrability which together with
Theorem 3.4 implies that 7x«(¢) = Hq = ¢q/2 for every ¢ > 0 (see also [25,
Example 8]). However, when 7 is regularly varying at zero, intermittency is
present. The following theorem gives the form of the scaling function showing
that the change-point between two linear parts is 2a.

Theorem 4.4. Suppose that m satisfies (2.10) with integer o > 1 and some
slowly varying function £. If uy, £ 0, then

1

54, 0 <q <2,

x-(g) =12 (4.8)
qg—o, q2>2o.

If up, =0, then X* is Gaussian and

1
w%®=§% Vg > 0.

Figure 3 provides the plots of the scaling functions obtained in this section.
Theorem 4.4 assumes « in (2.10) is an integer. We conjecture, however, the
following:

Conjecture. Theorem 4.4 holds for any real a > 1.

In fact, a closer look at the proof of Theorem 4.4 reveals that we actually

have
1
54, 0<q< g
Tx-(q) = {2 . (4.9)
q—a, ¢q=4q".
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Tx+(q) Tx+(q)

q—«
q—
19y S
| Tad”
1 q 1
2 1+a
(a) Theorem 4.1 (non-Gaussian case) (b) Theorem 4.2
mx+(q) 7x-(q)
q—«
q—«
77<7:7g7777w 24 3
B ! !
1 q l
B 200
(c) Theorem 4.3 (d) Theorem 4.4 (non-Gaussian case)

Figure 3: Scaling functions obtained in Theorems 4.1-4.4. If X* is purely Gaussian, then the
limit process is Gaussian and the scaling function is then a straight line 7x«(q) = Hgq, ¢ > 0,
where H € (1/2,1) in the case of Theorem 4.1 and H = 1/2 in the case of Theorem 4.4.
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where ¢, is the largest even integer less than or equal to 2«c and ¢* is the smallest
even integer greater than 2« as in (4.2) (see Figure 4). So, if a > 1 is integer,
then ¢. = 2a and 7x~ is a convex function [26, Proposition 2.1] passing through
three collinear points (2¢, @), (¢*,¢* — «) and, say, (¢* +1,¢* + 1 — «). Hence,
Tx+ must be linear on [2a, ¢*] [25, Lemma 3] and Theorem 4.4 follows. Relation
(4.9) shows that even if & > 1 is not an integer, 7x~ is not a linear function.

7x+(q)

N|—=
Q

+ + + q
4« 2a g~

Figure 4: Theorem 4.4 for non-integer .. The solid part of the graph is given in (4.9) and
follows from the proof of Theorem 4.4. The dashed part is a conjecture.

5. Proofs related to convergence of finite dimensional distributions

Consider the supOU process { X (t), t > 0} in (2.1) and the integrated process
{X™*(t), t > 0}. The following lemma provides the joint cumulant function using
the probability measure 7, and either the cumulant function xy, in (2.4) or the
cumulant function xx (¢) = log Ee®XM of {X (), t > 0}.

Lemma 5.1. For (1,...,(m € R and t; < - -+ < t., the cumulant function of
finite dimensional distributions of the normalized integrated process X™* may be
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expressed as

C{G, .., Cn T (AZ' X (Tt), ..., A7 X*(Tt)) }

e o] 0 m
= /0 /_OO KL (AleZlef‘l (eés - e‘&(m—d)) dsém(dE)
o (ATI i Gitorea (€~ (1 e‘gm"_so) dsér(de)

(5.1)
m o) Tt; m
= Az ; Cz‘/o /0 Ky (AT1 ; Gilo ey (8)€7 (1 - e_f(th_s))> dsm(dE).
(5.2)

Proof. Following [2], we can use X (¢) in (2.1) to define a generalized stochastic
process (random linear functional) X by

X - | X (1)t = / T Fe )

where -
F6s) = [ 10 1 (0t
0
and f € Fa :={f:[0,00) = R: Ff(&,s) is A-integrable}. By [2, Theorem 5.1

(note that the assumptions there are not necessary by [31, Corollary 1], for
f € Fa it holds that

C{FEAY = C11X(f)} = logEexp { / N f(t)X(t)dt}

_ /0 h / i . ( /0 Tt s)eﬁtdt) dsér(de)
= [T st ([ st e asmias),

by (2.8), where we implicitly assume f(¢t) = 0 for ¢ < 0. By letting f(u) =
Z;nzl Cj1jo,;)(u), we obtain two forms of the joint cumulant function of the
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integrated process X*. One is

C{Cy  Cn T (X (t1)y .-, X ¥ ()}

I /_0 (Z@ /t'_s ftdt) dstr(de)

N /Ooo /000 . (i o)) [ ”_Se—&dt) ds¢m(dg)
N

N /O = /0 . (i@l[o,tj](s)f‘l (1—6‘5“"_8))) dsCm(de)-

The other form involves the cumulant function xx of {X(¢),¢ > 0} and is
obtained by using (2.8):

C{Clv-'owi(X*(tl)v' ))}

X (t
m e o] ti m ti—s
:;Q/o /0 & (E_:@ ol /0 eftdt) dsm(de)

m 0o pt; m
= ZQ/ / e | S0 Lo ()67 (1 - e—f“rS)) dsm(de).
i=1 0 Jo j=1
From here one gets (5.1) and (5.2). O

Proof of Theorem 3.1. Suppose first that gy = 0 so that L is Brownian motion
with k1(¢) = <2 Then X is a Gaussian supOU process and kx({) = (2
by (2.7). From (5 2) we have

Ol Gt (AR X (T0), - AR X (T8)} = —2 03 GG Reltnty),

i=1 j=1
(5.3)
where Ap = T'~/2¢(T)"/? and

R (ti,t) / /Tt e e 8T trs)) ds¢tm(de). (5.4)
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By a change of variables we have

oo pTtNTt;
Ry(ti,t;) = A;Q/ / 1 — e—€<Tfj—8>) ds€ 1 (de) (5.5)

ETt
/ / — ™) dwé*m(dE)
E(T;—TtiNTtj)

ETt;
_ -2 _ - w -2
=Ar /0 /0 (1—e™™) dw& >n(dE)
oo E(T jfT i th)
— A7 / / o (1—e") dw¢ 2m(d€)

- / 1_e*w)/°° =27 (d€)duw (5.6)

w/(Tt;)

- Ar / / £ (dé)dw.  (5.7)
w/(Tt;—Tt; NT't;)

Here we implicitly assume the second term vanishes if t; A t; = t;.
We next show that
oo B e’} B F(l + a) B
1—e™" 2 (de)dw ~ —————L(t)t* (5.8)
[oa=en ], E-a)i-a)

as t — oo. Indeed, by (3.2), € — p(¢71) is (1 — a)-regularly varying at infinity
and by the change of variables u = 1/£ and by using Karamata’s theorem [13,
Theorem 1.5.11] we have as t — oo

s 00 t/w
e = / £ p(e)ds = /0 Pl ~ 5 1)

Hence, the integral flo/ot £ 2n(d¢) is regularly varying function at infinity in t
and it can be written in the form

E *r(d¢) =

1/t

ael(t)tzfa, (5.9)

with ¢; slowly varying at infinity such that ¢1(¢) ~ £(t) as t — co. Consequently,
we have

/OO (1—e) h 2 (dé)dw = - '/OO O (tjw) (1—e™™) w* 2dw
0 w/t 0

= L 2—a = _ . —1/z —a
= 2—at /0 l1(tz) (1 e )z dz.

It remains to show that the integral on the right varies slowly in ¢. The function
g(z) := (1 — e~ 1/*)2=% is regularly varying at infinity with index —a — 1 and
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regularly varying at zero with index —a. Hence, we can choose 0 < § < 1 — «
so that

1
/ 27%g(2)dz < cc. (5.10)
0
From (5.9) we have that

2— °° 2—
bl == [ o< =

t*,

since p is the probability density. Therefore 9/, (t) is locally bounded on [0, cc).
By applying [13, Proposition 4.1.2(a)] it follows that

1 1
/ l1(t2)g(z)dz ~ ﬁl(t)/ g(z)dz, ast— oo.
0 0

On the other hand, for 0 < § < «

/ 2°g(2)dz < oo
1

and by application of [13, Proposition 4.1.2(b)] we obtain

o o0
/ 0 (t2)g(z)dz ~ fl(t)/ g(z)dz, ast— .
1 1
Integrating by parts and using the properties of the Gamma function we have

SO BN 1
/0 g(z)dz—l_aF(1+ ) al—a)

This completes the proof of (5.8).
Returning back to (5.6) and (5.7), we obtain as T' — oo that

Rry(ti t;) ~ AEQ(th)zafl(th)m
VR
C-a)i-a)
o b(TH)) 2o (Tt —ti NE5)) ) T(l+a)
= (t? W‘(tj_ti/\tj) o(T) ) 2-a)1—-a)

By using the fact that ¢4 (t) ~ £(t) as t — oo, it follows that

— A7 (Tt; — Tt NTt;)? 0y (Tt; — Tty NTt;)

I'l+a)

i ) = (£ (ts — ¢ N2mey A T
Jim Ry (ti t) = (t5 (t; —ti NE;)*7%) e ai-a) (5.11)
Since
) . B B _ M1+ a«)
y ) = (¢ 2-o g 2oy T )
Thm Rp(t;, t;) +Thm Rp(tj,t;) (t] +t; It; — t:]°~) G—a)i-a)
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we can rewrite (5.3) after taking the limit 7' — oo in the form

5 2—a =+ t?—a _ |tj _ ti|270¢> ,

@‘
o
Q'H
,_.+
I Q
L
HMS
nMs

—

which gives the finite dimensional distributions of fractional Brownian motion.
This proves the statement for the Gaussian supOU. Note that instead of the
direct proof one could also use general results for Gaussian processes, e.g. [48,
Lemma 5.1], as in [25, Example 9].

Assume now that gz # 0. Then we can make a decomposition of the Lévy
basis into A; with characteristic quadruple (0,b,0,7); and As with characteristic
quadruple (0,0, ur,,7)1. Consequently, we can represent X (t) as

oo pEt oo &t
) = /0 | e s+ /O [ et s = X0+ Xalt)

(5.12)
with X; and X5 independent. Let X7 (¢), X;(t) be the corresponding inte-
grated processes. Since X7 (t) is Gaussian, the preceding argument applies to
show convergence to fractional Brownian motion. It remains to prove that

AT X3 (Tt) L 0as T — co. We shall do so by showing that its cumulant
function tends to 0 as T — oo.
Let r1, o denote the cumulant function corresponding to Ag, i.e.

kr2(C) = /R (6i§m —1—iz) pr(de), (5.13)

and suppose kx 2 is the cumulant function of the corresponding selfdecompos-
able distribution (see (2.7) and (2.8)). By (3.2), we can write p in the form

p(z) = al(z~1)z*! with ¢ slowly varying at infinity such that £(t) ~ £(t) as
t — co. From (5.2) we have by a change of variables

c{cHT 1o)X (T | =

_ Tl 12
Tt
/ / T—1+a/2g(T)"1/2¢~1 (1 — e—f(Tt—S)) () dsm(d€)

— Ta/2€ 1/2C
/ / Ky 2 1+O‘/2£(T)_1/2£_1 (1 - e_gTs) C) dsm(dg)
_ Ta/2£ 1/2C

/ / TOW T)~1/2e1 (1—e—€S)g)dsw(T—1d5).
(5.14)
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Since 7(dz) = al(z~ 1)z tdr, the last equation becomes
Ta/2£(T)71/2<
oo t
></ / K o (T“/2€(T)*1/25*1 (1—e ) g) al(Te~ V) e 1T=dsde
o Jo
< fre)
= a<2/ / k(T20(T)~ Y21 (1—e ) ¢) =22 (1 — e %) €2 2dsde.
|y B e (=€) ) S (1)
(5.15)
We now focus on the function £(¢). Since by (2.8) rr,2(¢) = (r'y 5(¢), we have

KalQ) _ mpa(Q)

k — =
By (5.13), 51,2(C) = f (€1 — 1= iCx) pr (d). Since [e'¢" 1 —iCa] < 3¢%0?,
we get
HL??(C)I < %/}Rﬁm(dm) <c (5.16)

for any ¢ € R. Hence, by the dominated convergence theorem |rr, 2(¢)|/¢? — 0
as ¢ — oo (see also [40, Eq. (39)]). We conclude that k is bounded function
such that |k({)| — 0 as ¢ — oc.

Let hp (€, s) denote the function under the integral in (5.15). Since hr (€, s) —
0 as T" — o0, it remains to show that the dominated convergence theorem is
applicable. Take 0 < ¢ < min{«a,1 — a}. By Potter’s bounds [13, Theorem
1.5.6], there is Cy such that /(T¢1)/¢(T) < C; max {€79,¢°} and hence

hr(€,5)| < CCymax {€70,671 €272 (1 — e¢%),,

which is integrable. Indeed,

e} t
[ [ ey i
0 0
1 00
_ / 504—3—6 (e—ft — 14 ft) df +/ ga—3+5 (e—ft — 1+ gt) d{
0 1

1 [e%e)
< t2/ ga1=9q¢ + t/ £472H9 ¢ < 0.
0 1

Hence the cumulant function of A'X3(Tt) tends to 0 as T — oco. Therefore
A7 X3 (Tt) tends to 0 in distribution and hence in probability. 0

Proof of Theorem 3.2. Let 0 =ty < t1 < -+ < tm, (1,...,Cn € Rand Ap =
TVt g#(T)1/(1+2) - Note that the de Bruijn conjugate ¢# exists by [13,
Theorem 1.5.13] and satisfies
0 (T)
/ ((Tﬁ# (T))1/(1+a))

~1, as T — oo. (5.17)
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It will be enough to prove that

Ms

Z GAFH (X*(Tt) — X*(Tti-1)) % 3" G (Liva(ts) — Liyalticn)) . (5.18)

i=1

By using (2.1) we have that

0o Eu
X*(Tt;) — X*(Tt;_1) /T § /0 / e ST A(dE, ds)du
ETt; 1 " ¢
e SUTSquA (dE, ds
/ /. /T (.9) (5.19)
thz Tt;
+ / / / e St duA(dE, ds)
0 éTti71 S/€

= AX[(Tt) + AX () (Tt)

with AX( (Tt;) and AX(, (Tt;) independent. Moreover, AX(, (Tt;), i =

1,...,m are independent, hence, to prove (5.18), it will be enough to prove
that
_ « d
ADAXE(TH) 50, (5.20)
_ « d
ATlAX(2) (Ttl) — L1+a(ti) — L1+a(ti_1), (521)

Due to stationary increments, it is enough to consider ¢; = t; = ¢ so that
tio1 = 0.

Consider first AX (*2) (Tt). Note first that for any A-integrable function f on
R4 x R, it holds that (see [43])

C{Ci /]R +X]RfdA} — /R € s (5.22)

Writing the density p in the form p(z) = al(z1)z*, 6(t) ~ £(t) as t — oo,
we have

{CiA "AX G, Tt} / / . KL (CA / _5“+Sdu> dsm(d€)
0
/00 /ETt CA lf ( e—th+5))ds7r(d§)
0 0
—/OOO tm Azlet (1—675Tt S))gTdsw(dg)

_ /0 - KL Azle (1 - e—5T<t—s))) al(e)eTdsde.
(5.23)
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Suppose that ¢ > 0, the proof is analogous in the other case. By the change of
variables = (A7 ¢! in (5.23) we have

c {g + A_lAX(*Q)(Tt)}
_ Cl—i—a/ / FCL 1 e 21 CT (t S))) A;(l_‘—a)Tz(AT"EC_l) ax_a_zdsdx

o [ [l 5

1/(1+a) p# 1/(i4a) . —1
(T V@) ac)
X ax dsdzx.

% (T)

Since T/Ar — oo as T — oo, we have that

KL (m (1 — 6_171%@_5))) — rp(z).

Due to slow variation of £, ¢ ~ ¢ and (5.17), we have

Z(Tl/(lJra)g# (T)l/(1+a) mcfl) ¢ (Tl/(lJroz)g# (T)l/(l""@))
(#(T) ¢ (Tl/(1+a)£# (T)l/(”a))

¢ ((Tg# (T))l/(1+a))
~ 1) — 1,

as T — oco. Hence, if the limit could be passed under the integral, we would get
that

c{giA;leg;)(Tt)} — t(l+e /0 kp(z)az~2dz. (5.24)

From (2.11) with b = 0 and the relation

e . . o 1. r'2-—7)
e — 14 du)u™” 1du:exp{:|:m }
/0 ( ) 2" 3G -1

valid for 1 < v < 2 (see e.g. [29, Theorem 2.2.2]), we would then obtain after
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some computation with v =1+ «,
a/ kr(x)x™*" de—a/ / (€Y — 1 —izy) x~* *dwp(dy)

= a/ / — 1 —iu) u* 2duy' T ur (dy)

+a/ / e 1 4 i) u 2du(—y) Hpur (dy)

_ aF(l— ) z(l+a)7r/2/ —z(l+o¢)7r/2/
G ) +

— 00

)

X (cos (F(l;a)) <1Jara/ [y (dy) + 1ia/0<>° y1+aML(dy))
—isin (Wﬂ;a)) (1?:0/ Yl (dy) — 1ia/ooo yl*”‘m(@)))

—w(G1+a,cy,cl),

Y ) Yo

where w is defined in (3.3) and ¢, ¢} in (3.6). The last equality holds because
we suppose ¢ > 0 and hence sign({) = 1.

It remains to justify taking the limit under the integral in (5.24). This can
be done similarly as in [40]. First, from Potter’s bounds [13, Theorem 1.5.6],
for 0 <6 <min{l + a— Bpg,1 — a,a} there is Cy such that

Z(Tl/(l-&-a)e# (T)l/(1+a) $<_1>
Vi (Tl/(1+a)g# (T)l/(lJra))

< Ci max {J:_‘SC‘S, x5C_5} .

Hence, from (5.17) we have that for T large enough

(705 () 0 ) N
< B B .
Z30H) < Comax {z°¢%,2°¢°} (5.25)

Next, note that we can bound |k (z)| < kp1(z) + kr2(x) where kp1(z) =
z? lyl<1/|z] yz,UfL(dy) and /fL,2(x) = 2‘$| f|y|>1/|m| ‘y|/1L(dy)' Moreover,

oo
/ wr.1 ()~ % max {x_‘s, :c‘s} dx
0

1 1/1yl
:/ yQHL(dy)/ zfo‘*‘;d:r+/ yQHL(dy)/ 2= dy
ly|<1 0 ly|<1 1

/1yl
+/ y2uL(dy)/ = 0
ly[>1 0

< it Oy / 108 i (dy) + Cs / 1O s (dy) < o

ly|<1 ly|<1

(5.26)
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and

o0
/ kp2(2)r™* % max {1:75, x‘s} dx
0

:/ |y|#L(dy)/ x7a71+§dx+/ |y\uL(dy)/ P
<1 1 1 L
lyl< /lyl X lyl> (527

+/ IyluL(dy)/ a0y
ly|>1 1/1yl

< Co+Ch / 108 i (dy) + C / ] (dy) < o
ly|<1 ly|<1

by the choice of 6.
—1(T
Let gr(¢,@,8) = ¢ * %7 (79 and split C{CiA;lAXé)(Tt)} into two
parts:
C {g t A;lAXE*Q)(Tt)} = Ipq + Irs, (5.28)

where

Z(Tl/(1+a)€# (T)l/(l-‘ra) xcfl)

IT,I = C +a/0 /O KL (Qf (1 - gT(C7$7S))) (# (T)

X am_a_21[0,1/2] (gT<<) xz, S))dex7

(5.29)
o Z(Tl/(1+o¢)€# () 0+ %71)
_ lta _
fra=¢ [ [ r @ = gr(Ga) T
X aa:_o‘_Ql[l/g,u (97(¢, x, 8))dsdx.
(5.30)
We have that
sup kr,1(cz) < x2/ y2ur(dy) =: ®p1(2), (5.31)
1/2<e<1 ly|<2/|z]
where -
/ Fra(z)r™* ? max {:c_‘s, xé} dr < oo (5.32)
0

by the same argument as in (5.26). Furthermore, we have that

sup rr2(cr) < kpa(x),
1/2<c<1

and hence |ky, (z (1 — g7 (¢, z,5))) 1[071/2](gT((,a:,s))| < Fri(z)+ krpa2(x). By
combining with (5.25), we end up with the upper bound which is integrable by
(5.27) and (5.32). Hence the dominated convergence theorem may be applied
to Iy showing that I converges to the limit in (5.24).
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We next show that I7 o — 0. Using the inequality

i xe (i2)F i
=D | S W e T
k=0
we get by (2.11) that for any = € R,
| ()] S/R|€”y—1—ixy\uL(dy)§/l § InyQML(dy)Jr?/ |yl (dy).
zy|<1

|zy[>1

Then, by taking ~ such that
max{fpa, 1} <v<1+q, (5.33)

we get
kL ()] S/ lzy|” . (dy) +2/ lzy| e (dy) < Cifa],  (5.34)
|zy|<1 |lzy|>1

since fR ly|"pr(dy) < oo. Now since 1[1/2,1](9T(<a$a5)) = 1[4(t ST OO) (z), we

Arlog2>

have by using (5.25) for 6 <14 o —

\I7s| <C2/ / o Qmax{x T }1[<(t T OO) x)dsdx

A log2?

:C’g/ / xvfo‘fzf‘sl cuT (z)dzdu
0 AT Tog2’ OO)
+C'2/ / AREAh N (z)dxdu
[ATlog,Z’oo)

t T\7 %" 1-0 /ot s
=C 1/ spiog27(u)du—Cyq | — WO s eea (w)du
o [ 1m0 - € () / (0225221 (0)

T y—a—1445 t
+ CG (A ) / u’Y—a—1+51[AT log 2 oo) (u)du — 0,
T 0 T
(5.35)

as T'— oo, which completes the proof of (5.21).

To complete the proof, it remains to show (5.20). From (5.22) and by making
change of variables we get that

{C PATTAX () ( Tt / / KL (CA / —f“+8du> dsm(de)
/ / L (CAF eS¢ (1 — e &) dsm(df)
/ / L (CTAZ e ¢ (1 — e %)) dsm(T1d€)

// L (CTAZ eSe™E (1 — e7¢Y)) al(Te~ Yy e T dsde.
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By using Potter’s bounds [13, Theorem 1.5.6] we have for 6 > 0

Uret) = fgf_l))i(g—l) < Cmax {T7°,T°} (¢7Y).

Taking v as in (5.33) and using the bound in (5.34), we get that

e {ctaztaxp @}
oo 0 _
< Czl(l”T”‘“”AF/ / e (67 (1— ™)) f(e e dsde
0 —oo
< 02|C|7T77Q+JA;7/ AH(ENE T E = 0 as T — oo, (5.36)
0
if we take ¢ small enough so that y —a+6 — /(1 +a) < 0. O

Proof of Theorem 3.3. The proof relies on the following two facts proved in [40,
Eqgs. (41)-(42)] (see also [14, Theorem 4.15]) which follow from (3.7):

tim A (A7VPC) = —[¢fPw(G Bt eT),  forany CER (5:37)
k(O] < OGP, for any ¢ € R. (5.38)

Here, ¢T, ¢~ and 3 are constants from (3.7). Note that from (3.10) we can write
for £ >0

es —e=8t=35)  if 5 <0,
(&t —5) — (&, —s) = 1 —e(t=s), if0<s<t,
0, if s > ¢.

Using this and the change of variables in (5.1), we get for (1,...,¢(, € R and
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th <<ty
C{c Gt (T*l*a/ﬂaT)*l/BX*(Ttl), L TR T (T) ) )

= /000/_ T—1+a/ﬂg -1/8 ZC 5 (F(&,Tt; — s5) — (&, _8))> ds&m(dE)

x dsT~rem(T~1dg)

m

T80T 1/ﬁZC§ (F(&.t; —T7's) - f(g,-T%)))

= /OOO [w KI, (Ta/ﬂﬂ(T)_l/BZng—l (f(T_lf,th _ S) B f(T_1§7 —5)))
I
x dsT~rem(T~1dg)

- /000 /_‘” KL ( 1//32(3 (f(&,t; —s) — f(f,—s))) dsém(T1dg).

Again, because of (3.2), we can write p in the form p(z) = aZ(J:_l)m"_l with ¢
slowly varying at infinity such that £(t) ~ £(t) as t — co. Now we have

C{Go Gt (TR0 X (T, T P(T) X (T ) |

_ / b / Z kr ((T B 12@ f(§,5)))

x oT~*0(TE 1) e dsde (5.39)
[ /.

B
X W (Z Cj (f(ga tj - 5) - f(£7 _S)) ;67C+,C_) hT(f? 5)a£@—5d8d£’
=1
(5.40)

Zg f(6,t; — ) — (&, —9))

where

hT(f, 3)
pn ((T2UD)E) T T G (&t — ) = 16, —9))) T UT)e? G5

S 5 56 15— 5) — (6 ~)| w0 (S50 G (56, — ) — 6, —)) 3B, ¥,

By taking A = A\(T,¢) = T~*4(T)¢P in (5.37) and using slow variation of ¢, we
conclude that hr(€,s) = 1 as T — oo for each £ > 0, s € R.
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It remains to show that the dominated convergence theorem can be applied
to get (3.11). By using (5.38) we have that

|hr (€, 8)]
_ OTme) S G et ) ~ (6 —9)) P peu(ryes e )

IS G ety — ) e | e (S ety — ) — e —s) sBet.e)|

Since |w(z; 3, ¢T, ¢7)| does not depend on z, we have that

(re )
h(€5)] < C1=

By Potter’s bounds [13, Theorem 1.5.6], for any 6 > 0 there is Cs such that
ATEY /0(T) < Cp max {5’5,55}. Taking § small enough, we get a bound for
the function under the integral in (5.40) which is integrable. O

Proof of Theorem 3.4. Let 0 =19 <t1 < -+ <tm, (1,...,(n € R. Similarly as
in the proof of Theorem 3.2, to prove that

Gio (B(t:) — B(ti-1)) -

I

ST GTVA(XH(TH) - X*(Ttioy)) 5
=1

i=1

it will be enough to prove that

— * d

T2AX () (Tt) 0, (5.41)
_ % d ~

T2AX ) (Tt) < 5 (B(t;) — B(ti1). (5.42)

where AX () and AX(, are defined in (5.19). Due to stationary increments, it
is enough to consider ¢; = t; =t so that ¢;_; = 0.

A change of variables and (5.22) give

C {g t T‘l/QAX(*l)(Tt)} - /0 h /_ Ooc K (CT‘”Q /0 " 6_5“+‘9du> dsm(d€)
= /Oo /0 pu (CT2e2€7 (1= e €T1) ) dom(dg).
0 —00

Since for any £ > 0, s < 0, i (CT-12e3¢ 1 (1—e 7)) — 0 as T — o,
it remains to show that the dominated convergence theorem is applicable. By
(5.16), we get for any ¢ € R, |k (¢)| < 3¢? [z #*pur(dz) = C¢*. Hence, we have

‘HL ((T*1/2655*1 (1- e*ETt))’ < CCRT P e (1- 67§Tt)2
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and
00 0 9
/ / CT'e* ¢ 2 (1- eiETt) dsm(dE)
0 —o00
=2 / 2T (Tt 2 (1 - e*ﬁTf)zdsw(dg)
0
< <2t/ ¢~ m(dg) < oo,
0
since (1 —e™®)2/x? < 27!, o > 0. This completes the proof of (5.41).

Next, for AX7,) (T't) we have from (5.22)

C{CiT*l/QAXFm(Tt)} = /Oo /w KL (CT”2 /Tt 65“+SdU> dsm(d€)
co €Tt ' ' e
— /0 /0 KL ((T‘1/25_1 (1- e—STHS)) ds(d¢)

_ / - / . (CT‘l/Qg‘l (1 - e—fT“—S))) €T dsm(de)
0 0

e t 2
- _ - _ o~ ET(t—9)
== [ [ hr(es. 067 (1) asmag)
(5.43)

where

_HL (CT71/2£71 (1 _ 67§T(t75)))

h,T(ga S,C) = 02<2T71§72 (1 o eng(tfs))Q .

From (5.16) we get that

CT_1/2§_1 (1 _ e—fT(t—s)))| C .
o227 1¢-1 < ;f )

hr(€,5,0)€7" (1 _ e—&T(t—s>>2‘ _ re(

and hence, the dominated convergence theorem can be applied. By using (2.8),
we have that Var L(1) = 7/ (0) = 2k%(0) = 202. Since Var L(1) < oo and
EL(1) = 0, we can expand r1,(¢) = —0%¢? + o(|¢|?) as ¢ — 0. Now it follows
that —x(¢)/(0%¢?) — 1 as ¢ — 0 and hence

hr(,s, Qe (1 e €TE0) e

as T — oo. From (5.43) we conclude that

c{eaT i raxy ) - - [ e n(de).
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6. Proofs of weak convergence in function space

A useful formula which will be used many times is given in the following
lemma (see [49, Lemma 2]).

Lemma 6.1. Let Y be a random variable with characteristic function ¢(¢) and
moment E|Y|" < oo, 0 <r < 2. Then

By =k [ T (1= Re(O) ¢, (6.1)

where I D
r—+ . rIT
k, = ———~sin (7) > 0.

T
In particular, if Y is symmetric S-stable, 0 < 8 < 2, with characteristic
function ¢(¢) = exp{s”|¢|’}, s > 0, then for 0 < r < 3

BV =k [ (1= exp(s71¢I7)) o] (62)
Proof of Theorem 8.5. For an integrated process X* and normalizing sequence
Ar, by [12, Theorem 12.3, Eq. (12.51)] and stationarity of increments it is
enough to prove that for some C > 0, Ty > 1, v > 0 and a > 1, the bound

E|A7'X*(Tt)| < Cte, (6.3)
holds for all t € [0,1] and T > Tp.

For the case of Theorem 3.1, we take the second derivative of HX*(Tt)(A1_“1<)
given by (5.2) with respect to ¢ and let ¢ — 0 to get that the variance is

oo Tt
E (A7 X*(Tt))? = 2E (X(1))2A;2/ / (1 fe*5<TH>) ds€ L7 (de).
o Jo
_ _ (6.4)
By (3.2), we can write p in the form p(z) = af(x~1)x with £ slowly varying
at infinity such that £(t) ~ £(t) as t — co. Since A = T1=*/2¢(T)'/2, we have
by the change of variables

a—1

1[<:(A;1X*(Tt))2 2R (X (1)) ¢7— 1+ / / e tTtu duoz%f;;)ga_Qdf
=2aE (X t2 O‘/ / *” (jt;(t;)l) 2* 2dudz.

By using Potter’s bounds [13, Theorem 1.5.6], for arbitrary § > 0 we obtain
E (A7 X*(T?)) < Cyt*~ O‘/ / (1 —e™™) max {(t/x)é , (t/x)_é} r*2dudx
< OytPe- ‘S/ / max {a: T ‘5} 2 2 dudx

(6.5)
< C«Qt270¢757
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since the integral in (6.5) is finite if we take § small enough. Hence, the tightness
criterion (6.3) holds if we take 6 <1 — a.

For the case of Theorem 3.3, note that from (5.39), by using (5.38) and
Potter’s bounds as in the proof of Theorem 3.1, we get

|rx- (A7¢, T)]
< /0 /_oo ‘KZL ((T_QE(T))_I/B et (F(&,t —s) — (&, _3))) ‘ aT_aZ(Tf_l)fadeg

=C /0 / ToUT) 1 (¢ €77 (1€t — 5) — §(€, —s))’ o~ U(TE e dsd
<Gy |C‘B/ / (F(&,t —s) —f(&, — maX{ﬁ‘é,g‘;}g“—ﬁdsd@

with § given by (3.10). Now by the change of variables
|kx- (AL, Tt)|
< Cytfot ICIB/ / f(x/t,t —s) — f(x/t, —s))" max {(z/t)~°, (x/t)°} 2°~Pdsda

< Oyt 5|<\5/ / f(a/t t —tu) — f(a/t, —tu))” max {z~°, 2°} 2> Pdudx

=yt |C\B/ / 2,1 —u) — f(z, —u))’ max {z7%, 20} 2 P dudz

= CotP 0 ). (6.6)
Let Y denote the symmetrization of random variable Y, i.e. Y =Y -V
with Y’ =% Y and independent of Y. By [28, Proposition 3.6.5], if EY = 0
and E|Y|" < oo for some r > 1, then it holds that E|Y|" < E|Y|". Now,

since the characteristic function of the symmetrized random variable X*(7Tt) is
| exp rx+ (¢, Tt)|?, we have by applying Lemma 6.1 to A;lX*(Tt)

E|A7'X*(Tt)|! <E ‘A;lffv*(Tt)‘q

o (6.7)
~ k, / (1~ [exprx-(AgC,T0)2) [¢] 77 dc.

Furthermore, using the inequality Rz > —|z|, z € C, we have
|exp rx+ (A7, T = exp{2Rkx- (A7'C, Tt)} > exp{—2|rx- (A7 ¢, TH)|},

so that we get from (6.7) that

oo

EAZ X (Tt)|" < kq / (1 — exp{—2|rx-(A7"¢, TH)[}) [¢|77 . (6.8)

— 00
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From the bound (6.6) we get that for 1 < ¢ < S
E|[A7' X(TH)]" <k, / (1= exp{-202t727 (1"} || dg, (6.9)

By (6.2) the right hand side of (6.9) is the ¢g-th absolute moment of a symmetric
j-stable random variable with scale parameter s = (2C5)Y/Ft(f=a=0)/8 By
using [45, Property 1.2.17] we obtain

E|A7'X*(Tt)|* < CatlPo=a/8, (6.10)
Taking ¢ > 8/(8 — a — 0) yields (6.3).

Consider finally Theorem 8.4. From the variance formula (6.4) by using
J;7 &t (d€) < oo and Ap = T/ we have that

oo Tt
E (A7'X*(T1))" < ClT‘l/ / ds¢ ' (d€) = Cat.
0 0

Similarly, by taking fourth derivative of xx- (7 (A;lc ) with respect to ¢ and

. 4 1
letting ¢ — 0 we get that the fourth cumulant ni‘;lX*(Tt) of Kx=(1p) (ATlo is

) (4) < Te—a\?
2 _&(Ti—s _
FKastxery = x T /0 /0 (1 —e s )) ds¢*m(de),

T

where &) is the fourth cumulant of X(1). Now by using the assumption
X g
JoT €7 2m(d€) < oo, we get the bound

oo Tt —&u
@ < 4 @p-2 1-e —2
Rytxe(re) < 4k’ T /0 /0 ( fu ) udu& ™ *m(d§)

Tt 00
<aplPT? / udu / ¢ 2w (dg)
0 0
2 (Tt)*

= CsT 72— = Cut®.
Finally then
E (A7'X*(T0)" = w1 (L gy +3 (nf%lX*(Tt))Q < Cyt? + 303 < Cst?,
and (6.3) holds. O
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7. Proofs related to intermittency

Proof of Theorem 4.1. That 7x+(¢) = q — a for ¢ > 2 follows from (4.2) [25,
Theorem 7]. We will show that 7x- (1) = 1— 5. Since 7x-(0) = 0, 7x~ is convex
function ([26, Proposition 2.1]) passing through three collinear points: (0,0),
(1,1-9), (2,2(1 — §)). By [25, Lemma 3], 7x~ is linear and 7x- (q) = (1 — ) ¢
for ¢ < 2 which would complete the proof.

To prove that 7x«(1) = 1 — 5, let X{(t) and X5(¢) be as in the decom-
position (5.12) where X; corresponds to the Gaussian component and X5 to
the pure Lévy component. Note that by convexity of 7x+ we have 7x(1) <
5 (7x+(0) + 7x+(2)) = 1 — §. On the other hand, since EX3(t) = 0, for z € R
we have

|z = o+ EX3(t)] < Elz + X5(2)].
By integrating with respect to distribution function of X7 (¢) one gets
EIXT(0)] <EX{(H) + X3 (1)
and from here it follows that
Tx+(1) > Tx: (1).

From (5.3), we have that X (¢) is Gaussian with zero mean and variance
oo t
EX?(t)? = b/ / (1 _e*ﬂt*s)) ds& 1 (de)
o Jo
= b/ (1- e_“’)/ €2 (d€)dw
0

w/(t)
I'l+a)

~ bmé(t)t Y= & g(t)t 70‘,

ast — oo by (5.8). Since E | X7 (t)| = (7EX{(1)?/2) 1/2, we obtain that 7x (1) =
1 — . This proves that 7x«(1) > 1 — § and finally 7x-(1) =1 — §.

If X* is Gaussian, then by using the expression for absolute moments of
Gaussian distribution we have for any even integer q as T' — oo

q!
"~ 242(q)2)!

=E (5B1_as2(1)".

q! (thQ—a)‘I/Q

(A;QEX*(T“Q)Q/Q - 24/2(q/2)!

E (A7'X*(T1))*

(7.1
Since we can take ¢ arbitrary large, by [25, Theorem 1] it follows that 7x+(q)
(1—9) ¢ for every ¢ > 0 and hence (4.4) holds.

~—

O
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Proof of Theorem 4.2. Suppose first that ¢ < 1+« and let Ap = T/ (1+a) g# (T)l/(HO‘).
We will show that {|A7' X*(T't)|?} is uniformly integrable so that

E|AZX*(Tt)|? = E|L11o(t)|7 as T — oc.

We may assume that ¢ > 1. We first bound the cumulant function and then use
(6.8). Using the notation from the proof of Theorem 3.2, we have from (5.19)

|kx (A7, TH)| < |maxy, (A7'C, TH)| + [waxy, (A7'¢, Tt).

Given ¢ > 1, we may take ¢ small enough so that ¢ < 14+ a —¢ =: v and
max{fpag,1} <y <1+ a. From (5.36) we have that

|I€AX(*1)(A%1C7T75)| < Gil¢l,

and from (5.29) and (5.30)

|kaxp, (A7 ¢ TH)| < [Ira| + 72
Suppose that ¢ > 0, the argument is analogous in the other case. Note that
max {275, 2°¢"°} < max{¢%, ¢ “}max{x %, 2°}. Using (5.25) with § = ¢,
we get the bound
o t
[I71] < Co¢t T max {¢e, ¢} / / (Fr.1(2) + kp2(2)) ax™* ?dsdx
o Jo
< Cy¢M o max {¢5, ¢},

where %1 is defined in (5.31) and the integral is finite by (5.27) and (5.31).
For |Ir 2| we arrive at the following bound by modifying (5.35)

t o0
Iro| < Cu¢tte 2772 max x_5§6,$5§_5 11 cur (z)dxzdu
’ o Jo B )

T log2”

t ¢
:C4C1+a+6/ / x'Y—Oé—Q—(Sl{ cur OO)(.T)dZCdU
0 JO

Aplog2>

t o
+ 02<1+a75 / / x’yfa—2+61[ cur OO) (x)dxdu
0 Je¢ Arlog2’

t 1
2040/ / y”‘“‘2‘51[ a1 o) W)dydu
0 0 Arlog2

t 00
+C4C7/ / ?ﬂ*a*%&l[ u s 00) (y)dydu < C5(7,
0 J1

Arlog2’

with the last inequality coming from the fact that both integrals converge to
zero by (5.35). By combining these bounds, we conclude that

|kx-(AZ'C, Tt)| < Cul¢]” + Cs¢]'** max {|¢]*, [¢] 7} + Csl¢|

< CG‘CP» |<| < ]-7 (72)
I R (e
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From (6.8) we now have

oo

E ‘A}{X*(Tt)’q < kq/ (1 — eXp{_Ql“X*(AgFlC,Tt)H) Ic|79 d¢

— 00

IA

1+a—e —g—
N AN A I
k o o 14+a+te 7q71d
vk [ (1= eloacy ) i
<hy [ (1 en{-2Ce ) el

sy [ (1= ep{-20r ) I

— 00

By (6.2), the terms on the right-hand side are ¢-th absolute moments of (1+a—
¢)-stable and (1 + a + €)-stable random variables with characteristic functions
exp{—2C5 |¢|"7* 7} and exp{—2C7 |¢|"T* "}, respectively. Since ¢ < 14+a—e,
both integrals are finite. This proves uniform integrability, hence the conver-
gence of moments.

We now want to prove (4.6) holds. Since the limit process Ljiq(t) is self-
similar with H = 1/(1 4+ «), from [25, Theorem 1] we conclude that 7x«(q) =
q/(1+ a) for ¢ < 1+ a. By [26, Proposition 2.1], the scaling function is always
convex, hence continuous, so that 7x-(1 + a) = 1. On the other hand, from
[25, Theorem 7] we have that 7x-(q) = ¢ — « for ¢ > 2. By taking 1 + « and
q1,q2 > 2 with 1 < go, we find that 7x+(q) = g—a for g € {14+, ¢1,¢2}. Hence,
these three points lie on a straight line and 7x» must be linear on [1 + «, ¢2] by
[25, Lemma 3]. On the other hand, 7x«(¢) = ¢ — « for any ¢ > 1 + «, which
completes the proof of (4.6). O

Proof of Theorem 4.3. The proof is completely analogous to the proof of The-
orem 4.2. In (6.9) and (6.10) we have already derived the following bound for
the ¢-th absolute moment

E |A;1X*(Tt)|q < kg /00 (1 ~ exp{— 20t mﬂ}) ¢|-o-Tdc,

with the integral on the right finite as by (6.2), it is ¢-th absolute moment of a
symmetric S-stable random variable. The rest of the argument is analogous to
the proof of Theorem 4.2, proving (4.7). O

Proof of Theorem 4.4. If uy, # 0, then X is non-Gaussian and by [25, Theorem
7] we have that 7x+(q) = ¢ — « for ¢ > ¢*, where ¢* is the smallest even integer
greater than 2a.
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We next establish the asymptotic behavior of even moments of order less
than 2a. Note that 2« is an even integer and let my ) denote the m-th order
cumulant of random variable Y:

(m) _ (_pym 4"
Ky == (_Z)mdgim’%y(C”C:()'
For a stochastic process Y = {Y(¢)} we write Iig/m) (t) = mgﬁ(?), and by sup-
pressing ¢ we mean ,%g;n ) = ng/m)(l). From the assumption of analyticity of xx
around origin, we have by [2, Theorem 4.2] for m € N

mg?i)( Tt) = mfﬁ()gn)lm,l (Tt),

where

I 1(T) = /0 (Ttg - mzl ( 1) - (emMTE — 1)) £ (dE).

=1
(7.3)
Suppose that m < « 4+ 1. The function under the integral in (7.3) is bounded
by C&~™ ! and [~ ¢ ™ r(d€) < oo, hence we can apply the dominated con-
vergence theorem to conclude that

I, 1(T o
M — Jm—l = / §7m+17r(d£) < 00, (74)
and so
ng?i) (Tt) ~ mngzn)Jm_th. (7.5)

On the other hand, for m > « + 1 such that Iﬁ:g;n) # 0 we have by [25, Lemma
2] that

KT (TH) ~ £ (TH)(TH)™ (7.6)
for some slowly varying function at infinity ¢,,. For m = a+1, if fooo E~mHln(dg) <
0o, then (7.4) still holds. If on the other hand [~ ¢ r(d¢) = oo, we can,
as in the proof of [25, Lemma 2], show that for any ¢ > 0, T can be taken large
enough so that |x aH)( T) < CTe.

We now have to go from cumulants to moments. Let m be an even integer

m € {2,...,2a—2}. Since py, # 0, by [27, Remark 3.4.] we have that ngzn) #0

for every even m. Using the expression for moment in terms of cumulants (see
g. [39, Proposition 3.3.1]), for an even integer m we have

E|X*(Tt)|™ = E(X ZBM(F&Z 1), ... & k“)(Tt)) (7.7)

where B,, i, is the partial Bell polynomial given by (see [39, Definition 2.4.1])

B ml Zi\TL Tkt Tm—k+1
Bm,k(l‘h...,l‘m—k-s-l)— Z ﬁ(ﬁ) (WM)

Tm— .
T1yeesTm—k+1 m—k+1
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and the sum is over all nonnegative integers r1, ..., 7y, —k+1 satisfying ry +-- -+
Tm—k+1 = k and

Iry+2ra+ -+ (m—k+ Drp_pe1 =m. (7.8)
Since mg;) (T't) = 0, the nonzero terms of the sum in the expression for By, j (mgl (Tt),
e ,ﬁg??fkﬂ)(Tt)) are obtained when r; = 0.

Suppose first that m < 1 + « so that Iig?* (Tt) ~ figl()lJl,th for every
1 €{2,...,m} by (7.5). It is easy to see that the highest power of T in (7.7)
will then be obtained by taking one of the 7;’s as large as possible. This is
obviously achieved by taking ro = m/2 which implies r; = 0 for i # 2 by (7.8).
We conclude that

m! 2/1(2)J1 /2 m! ~
E|X*(T)|™ ~ /2] ( ?; ) (Tt)™/? = momm)m/{ (7.9)

with & defined in (3.12).

Now if m > a + 1, we may have additional terms of the form ¢;(Tt)(Tt)!=2,
le{[a+1],...,m} or the one coming from mg?jl)(Tt). Since |ffg?j1)(Tt)| <
CT'*¢ for e arbitrary small, the highest power of T coming from these terms
would correspond to the term £, (Tt)(Tt)™ % by (7.6). However, since m <
2a < m — a < m/2, this would not dominate the term with 7™/2 that can
be obtained as in the previous case and hence (7.9) still holds. To summarize,
we have proved that (7.9) holds for every even integer m € {2,...,2a — 2},
hence the convergence of moments E|[T~Y2X*(Tt)|? — E|B(t)|? holds for all
moments of order ¢ < 2a — 2 and every t > 0. By [25, Theorem 1], we have
then 7x+(q) = ¢/2 for ¢ < 2a — 2.

It remains to extend the argument to ¢ < 2a, that is to show that 7x«(q) =
q/2 for ¢ < 2a.. For m = 2a we would have in (7.7) the term £,,(Tt)(Tt)™ < =
L, (Tt)(Tt)™ coming from K;g?i) (Tt) as in (7.6), and the term of the order 7™/2 =
T coming from (/fg?) (Tt))™/? = (/QE?Z (Tt))* asin (7.5). The exact asymptotics
as in (7.9) would depend on the form of the slowly varying function ¢,,, but
nevertheless it can be represented as E|X*(T)|™ ~ £, (T)T* for some slowly
varying function ¢,,. From (4.1) we conclude that Tx-(2a) = .

Consider now three points ¢ = 0, 0 < g2 < 2o — 2 and g3 = 2a. We
have proved that 7x«(q) = q/2 for q € {q1,¢2,q3}. Since the scaling function is
always convex ([26, Proposition 2.1]) and the convex function passing through
three collinear points is linear ([25, Lemma 3]), we conclude that 7x«(q) = q/2
for ¢ < 2a. On the other hand, if we take ¢y = 2« and ¢* < ¢ < g3, then
Tx+(q) = q — « for ¢ € {q1,¢2,93}. Since g3 can be taken arbitrarily large, by
using convexity again we conclude 7x+(q) = ¢ — a for ¢ > 2a.

If X* is Gaussian, then all the cumulants of order greater than 2 are zero
and hence (7.9) would hold for any even integer m. This implies then that
Tx+(q) = q/2 for every ¢ > 0. O
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