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Abstract

We determine spectral measures for some nimrep graphs arising in subfactor
theory, particularly those associated with SU(3) modular invariants and subgroups
of SU(3). Our methods also give an alternative approach to deriving the results of
Banica and Bisch for ADE graphs and subgroups of SU(2) and explain the connec-
tion between their results for affine ADFE graphs and the Kostant polynomials. We
also look at the Hilbert generating series of associated pre-projective algebras.

1 Introduction

Banica and Bisch [1] studied the spectral measures of bipartite graphs, particularly those
of norm less than two, the ADE graphs, and those of norm two, their affine versions
associated with subgroups of SU(2). Here and in a sequel [26] we look at such spectral
measures in a wider context, particularly from the viewpoint of associating spectral mea-
sures to nimreps (non-negative integer matrix representations). ADFE graphs appear in
the classification of non-negative integer matrices with norm less than two [33]. Their
affine version AW, DM E(M classify the finite subgroups of SU(2). The ADE graphs are
also relevant for the classification of subfactors with Jones index less than 4, but only
A, Deyen, E, Fs appear as principal graphs ([48, 36, 43, 4, 37] or see [21] and references
therein). However all appear in the classification of SU(2) modular invariants by Cappelli,
Itzykson and Zuber [11], and in their realisation by SU(2) braided subfactors [49, 57, 8].

The Verlinde algebra of SU(n) at level k is represented by a non-degenerately braided
system of endomorphisms yXy on a type III; factor N, whose fusion rules {N} } re-
produce exactly those of the positive energy representations of the loop group of SU(n)
at level k, N\N, = > NI N, and whose statistics generators S, T' obtained from the



braided tensor category y Xy match exactly those of the Kac-Peterson modular S, T ma-
trices which perform the conformal character transformations [56]. This family { Ny} of
commuting normal matrices can be simultaneously diagonalised:
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0,1

where 1 is the trivial representation. The intriguing aspect being that the eigenvalues
Sex/Se1 and eigenvectors S, = {5, ,}, are described by the modular S matrix. A braided
subfactor is an inclusion N C M where the dual canonical endomorphism decomposes
as a finite combination of elements of the Verlinde algebra, endomorphisms in yAXy.
Such subfactors yield modular invariants through the procedure of a-induction which
allows two extensions of A on N, depending on the use of the braiding or its opposite,
to endomorphisms a3 of M, so that the matrix Z, , = (ay, ;) is a modular invariant
[7, 6, 20]. The classification of Cappelli, Itzykson and Zuber of SU(2) modular invariants
is understood via the action of the N-N sectors y Xy on the M-N sectors Xy and
produces a nimrep GG, = Y N} G, whose spectrum reproduces exactly the diagonal
part of the modular invariant, i.e.
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A o
Si’lwlwia (2)

Gy =

with the spectrum of G = {S,,,/S,1 with multiplicity Z, ,} [8]. Every SU(2) modular
invariant can be realised by a-induction for a suitable braided subfactor. Evaluating the
nimrep G at the fundamental representation p, we obtain for each such inclusion a matrix
G, which recovers the ADE classification of Cappelli, Itzykson and Zuber. Since these
ADFE graphs can be matched to the affine Dynkin diagrams, the McKay graphs of the
finite subgroups of SU(2), di Francesco and Zuber [15] were guided to find candidates for
classifying graphs for SU(3) modular invariants by first considering the McKay graphs of
the finite subgroups of SU(3) to produce a candidate list of graphs whose spectra described
the diagonal part of the modular invariant. Ocneanu claimed [51] that all SU(3) modular
invariants were realised by subfactors and this was shown in [23]. The nimrep associated
to the conjugate Moore-Seiberg modular invariant Z.u2 was not computed however in

[23]. To summarize, we can realize all SU(3) modularMiilvariants, but there is mismatch
between the list of nimreps associated to each modular invariant and the McKay graphs
of the finite subgroups of SU(3) which are also the nimreps of the representation theory of
the group. Both of these kinds of nimreps will play a role in this paper and its sequel [26].
These nimreps also have a diagonalisation as in (1) with diagonalising matrix S = {S;;}
usually non-symmetric, where i labels conjugacy classes, and j the irreducible characters
(see [21, Section 8.7] and Section 4).

We compute here the spectral measures of nimreps of braided subfactors associated to
SU(2) and SU(3) and nimreps for the representations of subgroups of SU(2). The case of
subgroups of SU(3) will be treated separately [26]. Suppose A is a unital C*-algebra with
state . If b € A is a normal operator then there exists a compactly supported probability
measure /i, on the spectrum o(b) C C of b, uniquely determined by its moments
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2



for non-negative integers m, n. If a is self-adjoint (3) reduces to
o) = [ amanio) ()

with o(a) C R, for any non-negative integer m. The generating series of the moments of
a is the Stieltjes transform o(z) of p,, given by

o) = D el =3 / ) = / ( L @), )

— a) 1—2zz

What we compute are such spectral measures and generating series when b is the normal
operator A = G, acting on the Hilbert space of square summable functions on the graph.

In particular we can understand the spectral measures for the torus T and SU(2) as
follows. If wy; and wy are the self adjoint operators arising from the McKay graph of
the fusion rules of the representation theory of T and SU(2), then the spectral measures
in the vacuum state can be describe in terms of semicircular law, on the interval [—2, 2]

which is the spectrum of either as the image of the map z € T — z + 27 L

1 [? 1
dim((@kMg)T> = C¥F = pw¥) = ;/21‘%7*4_1.2 dz,

2

dim <(®kM2)SU(2)> = LC’E’“ = p(w¥) = i/ /4 — 22 du,
k+1 21 J_,
where C7 and C# /(k+ 1) denote Binomial coefficients and Catalan numbers respectively.
The spectral weight for SU(2) arises from the Jacobian of a change of variable between
the interval [—2,2] and the circle. Then for T? and SU(3), the deltoid @ in the complex
plane which is the image of the two-torus under the map (wy,ws) — wy + wy ' 4wy twy is
the spectrum of the corresponding normal operators on the Hilbert spaces of the fusion
graphs. The corresponding spectral measures are then described by a corresponding
Jacobian or discriminant as:

dim((@kMg)TQ) = iC’?j(Cf)z = ¢(|vz*")

j=0

’ / B !
— zZ
™ Jo V27 — 1827 + 423 + 473 — 2272

dz,

1
dim((@kMg)SU(3)> — olonl?) = ﬁ/|z|2k\/27—1822—1—423—1—453—2252 dz,
™ Jo

where dz := d Rez d Imz denotes the Lebesgue measure on C. Then for the other graphs,
the quantum graphs, the spectral measures distill onto very special subsets of the semicir-
cle/circle, torus/deltoid and the theory of nimreps allows us to compute these measures
precisely. For the case of finite subgroups, this nimrep approach clearly shows why Banica
and Bisch were recovering the Kostant polynomials for finite subgroups of SU(2).

We are also going to compute various Hilbert series of dimensions associated to ADFE
models. In the SU(2) case this corresponds to the study of the McKay correspondence
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[53], Kostant polynomials of [45], the T-series of [1], and the study of pre-projective
algebras [10, 46]. The classical McKay correspondence relates finite subgroups I' of SU(2)
with the algebraic geometry of the quotient Kleinian singularities C?/T" but also with the
classification of SU(2) modular invariants, classification of subfactors of index less than 4,
and quantum subgroups of SU(2). The corresponding SU(3) theory is related to the AdS-
CF'T correspondence and the Calabi-Yau algebras arising in the geometry of Calabi-Yau
manifolds.

We take the superpotentials built on the ADE Perron-Frobenius weights and the ADE
cells [50, 22] and corresponding associated algebraic structures and study the Hilbert series
of dimensions of corresponding algebras. If H, is the matrix of dimensions of paths of
length n in a graph G in the pre-projective algebra II, with indices labeled by the vertices,
then the matrix Hilbert series H of the pre-projective algebra is defined as H(t) = > H,t".
Let A be the adjacency matrix of G. Then if G is a finite (unoriented) graph which is not
an ADET graph (where T denotes the tadpole graph Tad,,), then H(t) = (1 — At +t%)71,
whilst if G is an ADET graph, then H(t) = (1 + Pt")(1 — At + t?)~!, where h is the
Coxeter number of G and P is the permutation matrix corresponding to an involution of
the vertices of G [46].

The dual IT* = Hom(I1, C) is a II-IT bimodule, not usually identified with Il or ;II;
with trivial right and left actions but with {11, with trivial left action and the right action
twisted by an automorphism, the Nakayama automorphism v. The Nakayama automor-
phism measures how far away II is from being symmetric. In the case of a pre-projective
algebra of Dynkin quiver, this Nakayama automorphism is identified with an involution
on the underlying Dynkin diagram. More precisely it is trivial in all cases, except for the
Dynkin diagrams A,,, D, .1, Eg where it is the unique non-trivial involution. Bocklandt
[9] has studied the types of quivers and relations (superpotentials) that appear in graded
Calabi-Yau algebras of dimension 3. Indeed he also points out that the zero-dimensional
case consists of semi-simple algebras, i.e. quivers without arrows, the one dimensional
case consists of direct sums of one-vertex-one-loop quivers. Moreover, a Calabi-Yau alge-
bra of dimension 2 is the pre-projective algebra of a non-Dynkin quiver. The examples
coming from finite subgroups of SU(3) give Calabi-Yau algebras of dimension three [31,
Theorem 4.4.6].

We are not only interested in the fusion graphs of finite subgroups of SU(3), whose
adjacency matrices have norm 3, but in the fusion ADE nimrep graphs arising in our
subfactor setting as describing the SU(3) modular invariants through AM-N systems which
have norm less than 3. The figures for the complete list of the ADE graphs are given
in [3, 22]. Unlike for SU(2), there is no precise relation between finite subgroups of
SU(3) and SU(3)-modular invariants. For SU(2) an affine Dynkin diagram describing
the McKay graph of a finite subgroup gives rise to a Dynkin diagram describing a nimrep
of a modular invariant by removing one vertex and the edges which have this vertex as
an endpoint. For SU(3), di Francesco and Zuber [15] used this procedure as a guide to
find nimreps for some SU(3)-modular invariants by removing vertices from some McKay
graphs of finite subgroups of SU(3). However, not all finite subgroups were utilised, and
not all nimreps or modular invariants can be found from a finite subgroup.

The spectral measures for the ADFE graphs were computed in terms of probability
measures on the circle T in [1]. In Section 3 we recover their results via a different
method, which depends on the fact that the ADE graphs are nimrep graphs. This



method can then be generalized to SU(3), which we do in Section 7, and in particular
obtain spectral measures for the infinite graphs A®>*) and A(°) corresponding to the
representation graphs of the fixed point algebra of @y Mz under the action of T? and
SU(3) respectively. We also obtain the spectral measure for the finite graphs A™, AM*
n > 4, and DB* k > 2. Finally, in Section 8 we consider the Hilbert series of the
dimensions of the associated pre-projective algebras.

The final section depends on the existence of the cells [50, 51] (essentially the square
roots of the Boltzmann weights) and to some degree on their explicit values computed in
[22]. The theory of modular invariants constructed from braided subfactors [5, 6, 7, §]
also provides us with nimreps associated to SU(3) modular invariants. It was announced
by Ocneanu [48] and shown in [23] that every SU(3) modular invariant is realised by a
braided subfactor.

2 SU(2) Case

In this section we will compute the spectral measures for the ADFE Dynkin diagrams and
their affine counterparts. We will present a method for computing these spectral measures
using the fact that the graphs are nimrep graphs. This method recovers the measures
given in [1] and will allow for an easy generalization to the case of SU(3) and associated
nimrep graphs.

A graph is called locally finite if each vertex is the start or endpoint for a finite number
of edges. Let G be any locally finite bipartite graph, with a distinguished vertex labelled *
and bounded adjacency matrix A regarded as an operator on £2(G), where G(® denotes
the vertices of G. Let A(G)x be the algebra generated by pairs (71, 172) of paths from the
distinguished vertex * such that r(n;) = r(n2) and || = |n2] = k. Then A(G) = U, A(G)k
is called the path algebra of G (see [21] for more details). Let ¢ be a state on C*(A).
From (4), we define the spectral measure of G to be the probability measure pa on R

given by [, ¥(x)dpa(z) = (¥ (A)), for any continuous function ¢ : R — C, as in [1].

2.1 Spectral measure for A,

We begin by looking at the fixed point algebra of )y Mz under the action of the group
T. Let p be the fundamental representation of SU(2), so that its restriction to T is given
by

where t € T.

Let {x:}ien, {0i}icz be the irreducible characters of SU(2), T respectively, where xq
is the trivial character of SU(2), x1 is the character of p, and 0;(z) = 2, i € Z. If o is the
restriction of x1 to T, we have ¢ = 01 +0_4 (by (6)), and o00; = 0;_1 + 0,41, for any i € Z.
Then the representation graph of T is identified with the doubly infinite graph A o,
illustrated in Figure 1, whose vertices are labelled by the integers Z which correspond
to the irreducible representations of T, where we choose the distinguished vertex to be
* = 0. The Bratteli diagram for the path algebra of the graph A - with initial vertex
* is given by Pascal’s triangle. The dimension of the 0" level of the path algebra is 1,
and we compute the dimensions of the matrix algebras corresponding to minimal central
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Figure 1: Doubly infinite graph A .

projections at the other levels according to the rule that for a vertex (v,n) at level n we
take the sum of the dimensions at level n — 1 corresponding to vertices (v',n — 1) for
which there is an edge in the Bratteli diagram from (v',n — 1) to (v,n). It is well-known
that these numbers give the binomial coefficients, with the j*" vertex along level m giving
C}", and we see that o™ = Z;.”:O Cl'0m—2j, where C7" are the binomial coefficients.

Recall that if {m;} denote irreducible representations of a group G, and if 7 = nym @
nemy @ - -+ on a full matrix algebra, then the fixed point algebra of the action Ad(n) is
isomorphic to M = M,,, & M,,, & - - -, and the dimension of M is given by the sum of the
squares of the n;. Then we see that (@FMy)T = @?:0 Mgy, and (R M) = A(Ao o0)-
Hence dim(A(Ax )r) = dim <(®kM2)T> _ Z?:O(Cf)Q = C#. Counting the number p;
of pairs of paths in A(A )r Which end at a vertex k — 2j of A  is the same as the
dimension of the subalgebra of A(Ay o)r Which corresponds to the vertex k — 2j at level
k of the Bratteli diagram for A(A ), and hence p; is given by the binomial coeflicient

We define an operator wy on (%(Z) by wz = s + s~', where s is the bilateral shift
on (*(Z). Let Q be the vector (8;0);. Then wy is identified with the adjacency matrix
Aco0 0f A oo, Where we regard the vector {2 as corresponding to the vertex 0 of A o,
and the shifts s, s~! correspond to moving along an edge to the right, left respectively on
Aso.0o- Then s*Q) corresponds to the vertex k of A, k € Z, the identity s71s = ss7! =1
correspond to moving along an edge of A, - and then back along the reverse edge,
arriving back at the original vertex we started at. Applying w?%, n > 0, to {2 gives a
vector v = (v;)iez In *(As.o), Where v; gives the number of paths of length n from the
vertex 0 to the vertex 7 of A .

The binomial coefficient C*" counts the number of ‘balanced’ paths of length 2n on
the integer lattice Z? [16], that is, paths of length 2n starting from the point (0,0) and
ending at the point (2n,0) where each edge is a vector equal to a translation of the vectors
(0,0) — (1,1) or (0,0) — (1,—1).

We define a state ¢ on C*(wz) by ¢(-) = (-Q,Q). The odd moments are all zero.
For the even moments we have

1

2k 2%
p(wh) = @((s+ 7)) = Cifp(s™ ) = > O, = CFF.
5=0 §=0
Suppose the operator A has norm < 2, so that the support of the spectral measure p
of A is contained in [—2,2]. There is a map ® : T — [—2, 2] given by
D) = u+u, (7)

for u € T. Then any probability measure £ on T produces a probability measure p on

[ vt = [vtr e,
6
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Figure 2: Dynkin diagrams A,, n=2,3,..., and A

for any continuous function ¢ : [-2,2] — C.

The operator A o has norm 2. Consider the measure £(u) given by de(u) = du, where
du is the uniform Lebesgue measure on T. Now [ u"du = 8,0, hence [ (u+u"")"du =0
for m odd, and

2k
/T(u +u ) Rdy = Z CJ%/TU%_%(M C* = p(w¥),
=0

for £ > 0 [1, Theorem 2.2]. Now, we can write

L : vz 4
/(u + uil)mdu — / (e2m€ + €f2m€)md9 — 2/ (627”9 + 6727rz9)md0‘
T 0 0

If we let 2 = €2™ 4729 = 2 cos(2n0), then da/df = 2mi(e*™ —e~2") = —4r sin(270) =
—2m/4 — 2. Here the square root is always taken to be positive, since sin(2760) > 0 in
the range 0 < 6 < 1/2. So

1/2
u_i_ufl mdy = 2/ 627ri9 +e —2mif nde — /
Jsu [ ——d

Thus the spectral measure ji,,, of wz (over [—2,2]) is given by dpi,,, (z) = (7v4 — 22) " 'dz.
Summarizing, we have the identifications

dim(A(As 00)k) = dim <(®kM2)T> Cit = p(w) / \/—7x2

2.2 Spectral measure for A

We will now consider the fixed point algebra of @y M, under the action of SU(2). We
have x1x; = Xi—1+Xi+1, fori =0,1,2,..., where y_; = 0. Then the representation graph
of SU(2) is identified with the infinite Dynkin diagram A, of Figure 2, with distinguished
vertex * = 1. Then (®y Ms)°U® = A(AL).

We define an operator wy on ¢?(N) by wy = [ 4 [*, where [ is the unilateral shift to
the right on ¢*(N), and Q by the vector (d;1);. Then wy is identified with the adjacency
matrix A, of A,,, where we regard the vector €2 as corresponding to the vertex % = 1 of
A, the creation operator [ as an edge to the right on A, and the annihilation operator
[* as an edge to the left. For the graph A, whQ = (v;)ien in £2(As), where v; gives the
number of paths of length n from the vertex 1 to the vertex ¢ of A,

Let ¢, be the n'" Catalan number which counts the number of Catalan (or Dyck)
paths of length 2n in the sublattice L of Z? given by all points with non-negative co-
ordinates. A Catalan path begins at the point (0,0) and must end at the point (2n,0),
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and is constructed from edges which are translations of the vectors (0,0) — (1,1) or
(0,0) — (1,—1). The Catalan numbers ¢ are given explicitly by ¢, = C#/(k + 1).

We define a state ¢ on C*(wy) by ¢(-) = (-Q,Q). Once again, the odd moments are
all zero. For the even moments we have ¢(w3¥) = ¢, since the sequences in [, [* which
contribute to the calculation of p(w3F) can be identified with the Catalan paths of length
2k. By [38, Aside 5.1.1], the dimension of the k*® level of the path algebra for the infinite
graph A is given by dim(A(Aw)r) = ¢k A connection with Catalan paths was also
shown in [38, Aside 4.1.4], since any ordered reduced word in the Temperley-Lieb algebra

alg(1,eq,...,e,_1) is of the form

(ej€i-17 e, )(€j€o-1" - €1,) - (€5,€5,—1 - €1,),

where j, is the maximum index, 5, > ;, ¢ = 1,...,p , and jiy1 > Ji, liy1 > b, 1 =
1,...,p—1. In the generic case, when the Temperley-Lieb parameter § > 2, these words
are linearly independent. Such an ordered reduced word corresponds to an increasing path
on the integer lattice from (0,0) to (k, k) which does not go below the diagonal. Rotating
any such path on the lattice by w/4, we obtain a path of length 2k corresponding to a
Catalan path. For § < 2, the ordered reduced words are linearly dependent, and we only
have dim(A(Aw)k) < k.

A self-adjoint bounded operator a is called a semi-circular element with mean x € R
and variance r%/4 if its moments equal those of the semi-circular distribution centered at
r and of radius r > 0, i.e. a has the probability measure pu, on [k — 7,k + r| given by

dpg(t) = %\/7’2 — (z — k)%dx. (8)

When k = 0, r = 2, this is equivalent to a being an even variable with even moments
given by the Catalan numbers:

(am) . Ck, if m= 2]{],
AACT= 0, if modd,

Thus the operator wy above is a semi-circular element. We will reproduce a proof that
the probability measure i, on [—2,2] is given by dpu,, () = (27)7'v/4 — 22dz in the
next section. This is the spectral measure for A, given in [55].

Summarizing, we have the identifications

1
dim(A(AL)) = dim((@kMz)SU(2)> = o = =0

1 2
= p(wy) = 2—/ 22¢/4 — 22 dz.
™ J-2

3 Spectral measures for the ADE Dynkin diagrams
via nimreps

Let Ag be the adjacency matrix of the finite (possibly affine) Dynkin diagram G with
s vertices. The m™ moment [ 2™du(x) is given by (AZer,er), where e; is the basis



vector in £2(G) corresponding to the distinguished vertex * of G. Note that we can in fact
define many spectral measures for G by (Af'e;, e;), where the basis vector e; in £2(G) now
corresponds to any fixed vertex j of G.

Let 37 be the eigenvalues of G, with corresponding eigenvectors 27, j = 1,...,s.
Now Ag = UAgU*, where Ag = diag(3', 5%, ...,3°) is a diagonal matrix and U =
(z',2?,...,2%). Then AF = UAZU*, so that

/@Z)(U—I—u_l)de(u) = (UAZUer,e1) = (AgU e, U"e)
T

= > @)yl 9)

j=1

where y; = 2% is the first entry of the eigenvector z°.
For a Dynkin diagram G with Coxeter number A, its eigenvalues ) are given by

N = 2cos(mm;/h), (10)

with corresponding eigenvectors (1" ")acw(g), for the exponents m; of G, j = 1,...,s.
Then by (2), equation (9) becomes

/T B+ u)deu) = S0 2, (11)

s
J=1

where * is the distinguished vertex of G with lowest Perron-Frobenius weight. Using (11)
we can obtain the results for the spectral measures of the Dynkin diagrams given in [1].
The advantage of this method is that it can be extended to the case of SU(3) ADE graphs,
which we will do in Section 7, and also to subgroups of SU(3), which we will do in the
sequel [26].

3.1 Dynkin diagrams A,, A,

The eigenvalues N, of A, are given by (10) with corresponding eigenvectors ¢! = S, ; =

V2/(n+ 1) sin(jan/(n+1)), where the exponents are m; = 1,2, ..., n. The distinguished
vertex * of A, is the vertex 1 in Figure 2. With 7 = ™/ "+ we have 2 cos(jn/(n+1)) =
@ +u 7 and sin(jn/(n+ 1)) = Im(w’). Note that Im(uw/) =0 for j = 0,n + 1. Then

[ ot - nili(zcos(nﬂjl»msmz () )

j=1

2 i v »
= n_i_lZ(uj—Fu ™ Im(w)?
j=1
9 2(n+1)
= ——— > (@+ua7)" Im(w)

2(n+1) =

= 2 /T(u +u™ )™ Im(u)? dpy g1 (13)

9
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Figure 3: Dynkin diagrams D,,, n =4,5,..., and D4

where d,4; is the uniform measure on the 2(n + 1) roots of unity. Thus the spectral
measure (over T) for A, is de(u) = 2Im(u)?d,,yu. This is the result given in [1, Theorem
3.1]

We again consider the infinite graph A.,, and note that the computation of the m"
moment is a finite problem, [ 2™dju,, (z) = (A} e1,eq), for m < 2n. Taking the limit in
(12) as n — oo (cf. the second proof of Theorem 1.1.5 in [34]), we obtain a sum which is
the approximation of an integral,

h

2 1 [
/xmd,uwN(x) = / (2cost)™sin®tdt = o /23:’”\/ — 22dx,

™
™ Jo

so that dp,, (z) = (27)'V/4 — 22dz, and the operator wy is a semi-circular element.
Alternatively, if we take the limit as n — oo in (13), we obtain

A¢W+u*ﬂdw=24m+u4whmmwm

where du is the uniform measure over T, as claimed in the previous section.

3.2 Dynkin diagrams D,

For finite n, the distinguished vertex of the graph D, is the vertex n in Figure 3. The
exponents Exp of D, are 1,3,5,...,2n — 3,n — 1. For n = 2[, the exponent 2/ — 1 has
multiplicity two, and we denote these exponents by (21 — 1,+). The eigenvectors of Dy,
are given by [3, (B.6)] as:

Ul = V281 0y, U =8 = B8y, P& = Sy,
wﬁzj,i) - % <52171,2171 + (1 —2¢) (_1)H1> )

where € = 0,1, a # 1,2 and j € Exp, j # 2] — 1. Using (11) and with 7 = ™/*=2)

/T b+ u)de(u)
= 3 @eos(in/ (41— 2)))" VIS, + 22 cos(jm/ (41 — 2)))"| S,

j#2—1
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4 e .
= 4l—2 Z (UJ + Ui‘])m Im(u])z

o j€Exp

2

= —4[ Z (’Z[j] + /Z[//i-])m Im(le//]>2 — 2 /(U/ + u*l)m Im(’U/)zdgliQU,
N je{1,3,....81-5} T

where d); , is the uniform measure on the (81 — 4)™ roots of unity of odd order.
For Dy, 1, the eigenvectors are given by [3, (B.8)] as

: j—1 ) . .
Uy = (_1)]7\/552l+27a,j7 P =) = (—1)%%5217]- = ﬁi’
2l — 20 _ 1 2 _ 1
’l/}a, _07 1 — E, 2 = _E’

where @ # 1,2 and j € Exp \ {2}. Then, using (11) and with @ = ¢™/*),

/Tw(u—I—u_l)de(u) = 22(2005(j7r/4l))m|517j|2—I—O

J#2l

4
= I D> (2cos(jm/4l)" sin® (jm /A1)
je{1,3,...,41—-1}

- 43 Yo @+u?)" (@) = 2/(u+u‘1)m Im (u)*du.

jE{1,3,....81-1} B

So the spectral measure e(u) on T for D, is given by de(u) = a(u)db, ou, where

a(u) = 2Im(u)?, (14)

which recovers the spectral measure given in [1, Theorem 3.2].

Taking the limit of the graph D,, as n — oo with the vertex n as the distinguished
vertex, we just obtain the infinite graph A.,. In order to obtain the infinite graph D
we must set the distinguished vertex * of D,, to be the vertex 1 in Figure 3. Then using
(11), and taking the limit as n — 0o, we obtain the spectral measure for D,

3.3 Dynkin diagram Fj

For Eg the exponents are 1, 4, 5, 7, 8, 11. The eigenvectors for Eg are given in [3, (B.9)].
In particular,

1 /3—-+v3 1 3
Y i L I SR S R L )

Then, by (11),

/@Z) (u+u')de(u Z |17 ](2 cos(jm/12))™ Z [P |2(2 cos(pm/12))™,

j€Exp pEBG

where Bs = {1,4,5,7,8,11,13,16,17,19,20,23}, and for j > 12 we define 9] by ¢] =
2477 Then with @ = e™/12,

p P pym
/wu—i—u )de(u 24212|1/1 (WP +aP)™.

pEBsg
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Now for any p € Bg, u” is a 24" root of unity, but for p = 4,8,16,20, @? is also a
6" root of unity. Since [¢7|? takes different values for different p, clearly we cannot
write the above summation as an integral using the uniform measure over 24" roots of
unity. However, with « as in (14), we have a(u?) = 12|¢4]* — «,,, where a;, = 1/2 for
p=1,5711,13,17,19,23 and «,, = 3/2 for p = 4, 8, 16, 20.

By considering a, = a(u?) + 1/2, we can write

1

/@Z) u+ut)de(u) = Y a,(a? +uP)™

pEBsg

—24((u +u )"+ @+ )"+ @+ + @+ a0

Since uP is also a 6 root of unity for p = 4,8, 16,20, it may be possible to obtain the
last four terms by considering an integral using the uniform measure on 6 roots of unity.
First, we consider the integral [(u-+u')™(2Im(u)?+ 1/2)diou, where d;s is the uniform
measure on the 24" roots of unity, to obtain the terms in the summation above, giving

/w u+u)de(u)
= /(u+u Hm(2Im(u)? + dlgu——Zaquq—i—uqm
T
+214 (@ +a "+ @+ )"+ @ +a "+ @ +u )",

where the summation is over ¢ € {2,3,6,9,10,12,14,15,18,21,22,24}, that is, the inte-
gers 1 < ¢ < 24 such that ¢ € Bg. For these values of ¢, we have ay = a19 = a14 = asg = 1,
az = ag = a15 = ag = 3/2, ag = a1z = /2, and a12 = agy = 1/2. Using these values for
ag, we now isolate the terms involving the 12%" roots of unity, giving

/Tw(u +u~)de(u)

= [ty eIm + - o Y@ T

k=1
| 1 1 1
— @ )"+ S )" - (@ ) @+ T)
1 ~ ~ s~ I 6 ~
—1—6('&9+u*9)m—|—48(u + )™ — 16(u15+u 1oym +E(u16—|—u’16)m
1 - 1 - 1 - - 1 ~
16(u18+u—18) + 12(u +u 20) 16(u21+u—21)m+4_8(u24+u—24)m

Now 332, (W +a~2%)"/12 = [(u+u~")™dgu. For the remaining terms, we notice that
Skt (@ + a8 = [(u+u)"dyu, giving

/wu+u Jde(u)
_ A@+u Y™ (2Tm(u)? + %muw—%A@+u*w%u—%A@+u*w@u

12



1 1 1
+12(u +a "+ 12(u8+u*8)m—|— 12(u12—|—u’12)

1 ~16 ~—16 1 ~20 ~—20\m 1 ~24 ~—24
+12(u +um )" —1—12(u +u ") +12(u +um )"

These last six terms are given by the integral [(u-+u~")"dsu/2 over T. Then the spectral
measure (u) (over T) for Eg is de = adys + (di2 — dg — d4 + d3)/2, which recovers the
spectral measure given in [1, Theorem 6.2].

3.4 Dynkin diagrams F;, Eg

Definition 3.1 ([1, Def. 7.1]) A discrete measure supported by roots of unity is called
cyclotomic if it is a linear combination of measures of type d,,, n > 1, and ad,, n > 2.

Note that since d/, = 2dy, — d,,, all the measures for the A and D diagrams, as well as
for Eg, have been cyclotomic. However, Banica and Bisch [1] proved that the spectral
measures for F7, Eg are not cyclotomic. This can also be seen by our method using (11).

For E; the exponents are 1, 5, 7,9, 11, 13, 17. The eigenvectors 1/1{ for E; are given by
U] = /(S1; X icp Sij), where S is the S-matrix for SU(2)36 and P = {1,9,17} [3]. Then

/@Z) (u+ut)de(u Z |17 ]2(2 cos(jm/18))™ Z [P 12(2 cos(pm/18))™,

JE€Exp p6B7

where By = {1,5,7,9,11,13,17, 19,23, 25,27,29,31,35}, and for j > 18 we define ¢ by
) = %79 Then with @ = e™/18,

/1/1 u+ut)de(u =3 Z 18|y (aP + aP)™. (15)

pEB7

Now for any p € Br, @? is a 36" root of unity, but not a root of unity of lower order,
except for p = 9,27, in which case @ is also a 4'® root of unity. Since [1)1|? # [1?|2, clearly
we cannot write the summation in (15) as an integral using the uniform measure over 36"
roots of unity. With « as in (14), and a, = 18|¢}|* — a(@?), we find that «;, = 0.4076 for
p=1,17,19,35, oy, = 2.7057 for p = 5, 13,23, 31, oy, = —0.1133 for p = 7,11, 25,29, and
a, = 4 for p=9,27. Since a(uP) — 18]¢}|* also takes different values for certain p € By,
and for any p € By, u? is a 36" root of unity, but not a root of unity of lower order, the
summation in (15) cannot be written as an integral using the measure ad;g either. So we
see that the spectral measure for F; is not cyclotomic.

For Eg the exponents are 1, 7, 11, 13, 17, 19, 23, 29. The eigenvectors @Z){ for Fy
are given ny ] = /(51> ;cpSij), where S is the S-matrix for SU(2)ys and P =
{1,11,19,29} [3]. Then

/@/} (u +u')de(u Z [47)2(2 cos(jm/30))™ Z 30|72 (@P +u?)™,  (16)

j€Exp peBs

where @ = e™/30 Bg = {1,7,11,13,17,19, 23,29, 31,37, 41,43, 47,49, 53,59}, and for j >
30 we define 1] by Yl = 1/1?0 7. With a, = BO\W’P — (x(up) we find that a,, = 0.4038 for

13



p=1,29,31,59, a,, = 3.5135 for p = 7,23,37,53, a;, = 2.0511 for p = 11,19,41,49, and
o, = 4.5316 for p = 13,17,43,47. Now for all p € Bg, @ is a 60" root of unity, but not
a root of unity of lower order. By similar considerations as in the case of E;, we see that
the summation in (16) cannot be written as an integral using the uniform measure dsy or
the measure adsy either. So we see that the spectral measure for Fy is not cyclotomic.

However, in [2], Banica found explicit formulae for the spectral measures of E;, Fg,
using the densities a; = Re(1—u%) = 2Im(w’)?, for j = 1,2, 3, where & = a; is the density
n (14). A further simplification of the measures for these two graphs was obtained by
considering the discrete measure d! = (3d5, —d!,)/2, which is the uniform measure on the
12n*™® roots of unity of order 6k & 1. The support of the spectral measure over T for Eg,
E;, Eg respectively basically coincides with the support of dj, d4, d¥ respectively, which
can be easily seen from (11).

For E7, (15) gives that the spectral measure as a discrete weighted measure on the
36" roots of unity of order 6k =1, plus the Dirac measure on the points i, —i with weights
|¥]?/2 = 1/6. Now for p € By,

1> = Si,+ S1pSep+ S1pSi7y = 257, 4 S1p5,
1
= 5(2 sin®(pr/18) + sin(pr/18) sin(9pm/18)),
whilst with @ = ™/,

o () = 2Im(u*)? = 2sin*(2pr/18) = 4sin®(pr/18) — 4 sin*(pr/18).

Since 3sin(7/18) — 4sin®(7/18) = sin(37/18) = 1/2, we can write

2/3 1/3
, 1(-1+iV3 By —141iV3 / —1—1iV3
sin(7/18) = s\ + 2 5 )

2

where the third root of (—1 + iv/3)/2 takes its value in {e?| 0 < 6 < 27/3}. Using this
expression for sin(7/18) one can find sin(jn/18) for all j = 1,...,18. Then it is easy to
check the identity sin(9pm/18) = 6sin(pr/18) — 8sin®(pr/18) for p € By, p # 9,27. Then

[YP)2 = %(251n2(p7r/18)+sin(p7r/18)(6sin(p7r/18)—8sin3(p7r/18)))
= %(8sin2(p7r/18)—8sin4(p7r/18))) = %O@(ﬂp),

and from (15)

1

5 2 @)@+ T+ ()" + (i () ))

pEB7
p#£9,27

- %/T@Z)(u—i—u_l)ag(u)dgu—i—%/Tw(u—i—u_l)d'lu.

Wl N

/Tw(u +uNde(u) =

Thus the spectral measure (u) (over T) for E; is de = (2apds 4+ d))/3, which recovers
the spectral measure for E; given in [2, Theorem 8.7].
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For Eg, (16) gives that the spectral measure as a discrete weighted measure on the
60" roots of unity of order 6k £ 1. However we need to remove the contribution given
by e2™?/30 for p = 5,25, 35, 55, which are the 12" roots of unity of order 6k + 1. Now for
p € Bs,

1 1
§|Wf\2 = 5(512,;) + S1pS11p + S1pS19p + S1pS20,) = St + S1pS11p
1
= B(Sir12(p7r/30) + sin(p7/30) sin(11p7/30)),

whilst with @ = e™/30

oy (W) + as(WP) = 2Im(uP)? + 2Im(a*?)? = 2(sin?(pr/30) + sin®(11p7/30).

Now 3sin(7/30) — 4sin®(7/30) = sin(37/30) = (=1 + +/5)/4, so we can solve this cubic

in sin(7/30) to write sin(7/30) = (=1 — v/5 + v/64/5 — v/5)/8. Using this expression
for sin(7/30) one can find sin(jm/30) for all j = 1,...,30. Then it is easy to check the
identity sin?(3pm/30) = sin(pr/30) sin(11p7/30) for p € Bg. Then

|2 = (sm (p/30) + sin?(3p7/30)) = Slo(oq(ﬂp) + az(uP)).

For p = 5,25,35,55, ay (u?) + a3(u?) = 5/2. Then from (16)
1 21 m
Yu+u )de(u) = - — E a1 (a?) + as(a?))(a? +u?)
. 320 &

- g[rw(u+u1)(a1(u)+a3< >du——/¢u+u e 4 e
= 2 [ wtut ) + o)t — 3 [ vt u

Thus the spectral measure e(u) (over T) for Eg is de = (2(a; + a3)d? — dYf)/3, which
recovers the spectral measure for Eg given in [2, Theorem 8.7].

4 Spectral measures for the finite subgroups of SU(2)

The McKay correspondence [47] associates to every finite subgroup I' of SU(2) an affine
Dynkin diagram Gr given by the fusion graph of the fundamental representation p acting
on the irreducible representations of I'. These affine Dynkin diagrams are illustrated in
Figure 4, where * denotes the identity representation. Hence there is associated to each
finite subgroup of SU(2) the corresponding (non-affine) ADFE Dynkin diagram G, which
is obtained from the affine diagram by deleting the vertex * and all edges attached to it.
This correspondence is shown in the following table. The second column indicates the
type of the associated modular invariant.

15



2n-1  2n-2 n+l
1 n
o X " ) \ /
A D
2n n 2/\’ 4 5 n-2 n-\k
1 2 n-1
*
;
5 ; B ‘
1 2 3 4 5 6 *
1 2 3 4 5
8
EO X
8
* 1 2 3 4 5 6 7
(1) @ o) (1)
Figure 4: Affine Dynkin diagrams A2n> 2n, Eg’, B and Eg
| Dynkin Diagram G | Type | Subgroup I' C SU(2) | T ]
Ay I cyclic, Zyq [+1
Doy, I binary dihedral, BDop = Qoo | 8k — 8
Doy 14 II binary dihedral, BDog 1 = Qo1 | 8k — 4

Eg I binary tetrahedral, BT = BA, 24

E; II binary octahedral, BO = B.S, 48

Ey I binary icosahedral, BI = BAj 120

It was shown in [44] that for any finite group I' the S-matrix, which simultaneously
diagonalizes the representations of I', can be written in terms of the characters x;(I';)
of I evaluated on the conjugacy classes I'; of I', S;; = /|;|xi(T /\/|T Let N, be
the fundamental representation matrix of the fusion rules of the 1rredu01ble characters of
I'. Then by the Verlinde formula (1), the eigenvalues of N, are given by ratios of the
S-matrix, o(N,) = {S,,/Ss0lj = 1,...,p}, where p is the number of conjugacy classes
and p is the fundamental representation of G. Now

\/WXP(FJ)/\/W
\/WX/)(FO)/\/W

since x,(I'g) = 1. Then any eigenvalue of I' can be written in the form x,(g)
where ¢ is any element of I';.

The elements y; in (9) are then given by y; = Sy ; = )/ =
Then the m™ moment g, is given by

[

= Xp(rj)a
= Tr(p(g)),

VITI/ VT

|F Xo

Sm

¥
Z |F| Xp

(17)
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I'; 1| (r0)* |07, j=1,....n—3 T TO
1] 1 1 2 n—2|n-—2

Xp(rj) €[-2,2] 2| -2 RN 0 0
=, (L)) eT] 1] 1 & : —
€0.1] 0] s 2) g | (32

Table 1: Character table for BD,,. Here & = ™/("=2)

We define an inverse @' : [-2,2] — T of the map ® given in (7) by

O (z) = (v +ivV4 —22)/2, (18)
for x € [—2,2]. Then the spectral measure of I' (over T) is given by
/T@/)(u +ut)de(u) = ) %(él(xp(ﬂ)) + O, ()™ (19)
j=1

o0

The generating series of the moments G(q) = >~ sng™ = J(1 — qu)~'de(u), is

T | — |Ty| 1
-3 "= T gy 20)

m=0 j=1

4.1 Cyclic Group Zs,

Suppose I' is the cyclic subgroup Z,, of SU(2), which has McKay graph Agl) Then
II'| = 2n, and each element of the group is a separate conjugacy class. Now x,(I';) =
W +u € [~2,2], where U = e™/™, for each j = 1,...,2n. Then by (17)

/TQ/J(U +ut)de(u) = QZR %(ﬂ] +u )" = /(u +u )™ d,u.

T

Hence the spectral measure for A;L) (over T) is de(u) = d,u, as in [1, Theorem 2.1].

4.2 Binary Dihedral Group BD,

Let T be the binary dihedral group BD,, = (o, 7|7?> = 0™ = (70)?), which has McKay
graph D). Then II'| = 4(n — 2). The character table for BD,, is given in Table 1. Let
u = e™/?=2) and U(j) = (@’ +u~7)™. Then by (17)

A¢m+uAMdm

B mU(O)%_#U(n—Q)—I— g 2 (U(j)+U(2n—2_j))

n—2 -2

) U((n—2)/2) + 7(71 =)




Ty L\ =1 (7| p | p* | p* | @
I 1] 11]6]| 4 4 4 4
Xo(T;) € [-2,2] 21 =210 1 | =1 | =1 | 1

e2mif — H— (Xp(r )) ceTll 1| =114 e7ri/3 627ri/3 627ri/3 e7ri/3
0e0,1] 0

Wl
wiN
N[}

1
6

N[ =
e L

Table 2: Character table for the binary tetrahedral group BT

1 , : 1
— 7(?7] + ,Z[/’*_])m 4= (fd(n72)/2 + fdf(n72)/2>m + (aS(n72)/2 + ?’273(n72)/2>m
JZ:; A(n —2) 7| )

1 1
B _/(U+u_1)m dp—2u + _/(“+U_1)m (6; + 0-4),
2 T 4 T

where d,, is the Dirac measure at w € T. Then the spectral measure for D" (over T) is
as given in [1, Theorem 4.1]:

1 1 1
de(u) = an 2U + — (5 +0_;) = 2dn,2u+§d’1u.

4.3 Binary Tetrahedral Group BT

Let I' be the binary tetrahedral group BT, which has McKay graph Eél). It has order 24,
and is generated by BDy = (o, 7) and pu:

s (10 (01 L e e
S0 =) “\-10) FT A\ e )

where ¢ = €?™/8. The orders of the group elements o, 7, p1 are 4, 4, 6 respectively. The
character table for BT is given in Table 2. Let @ = €**/'? and U(j) = (@’ +u7)™. Then
by (17), the integral sz/J u + u~t)de(u) is equal to

! U0) + 5~ U(6)+ 6U(3)+ —U(2) + 4U( 4) + o U(8)+ 4U(lo)

24 24 24 24 24 24 24 .
For the 6 roots of unity we have a(eP™/%)—1/2 = —1/2,p = 0,6, and a(eP™/%)—1/2 = 1,
p = 2,4,8,10, where « is given in (14). Then since U(3) = U(9):

3

/T Yt u)deu) = 2 (U(0) +U(B) + U(B) + U(9)

+i<_2U(O) 4 AU(2) + 4U(2) — 2U(6) + 4U(8) + 4U(10))

5

1 ) 1 (@ .

= —E —(@ )4+ 6 u) - D@ +uH)m
Jj=

(u+u")™ dou + /T(u +u™ )™ (a(u) — 3)dsu.

—_

[\
,.p

I
DN | —
\..
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I 1| -1 u W o\t ok | Ttk| K

T 11| 8 8 |6 6 [12] 6
x,(T;) € [-2,2] 2| -2 1 ~1 |0 V2|0 |—V2
e2mif — @_I(Xp(rj)) eT || 1| =11 em/3 | e2mi/3 | ;| emi/d | i | &B3mi/4

0 € [0,1] 0

1 1 1 1 1
6 3 4 8 4

N[ =

Table 3: Character table for the binary octahedral group BO.

Hence the spectral measure for ES” (over T) is de = (a — 1/2)ds + d/2, as given in [1,
Theorem 6.1].

4.4 Binary Octahedral Group BO

Let T" be the binary octahedral group BO, which has McKay graph Eél). It has order 48
and is generated by the binary tetrahedral group BT and the element x of order 8 given

by
(e 0
k= O 87 )

where again € = €™/, Its McKay graph is Eél). The character table for BO is given in
Table 3. Let u = €>™/?* and U(j) = (@ +u7)™. Then by (17)

/T o+ u)de(u)
18 6 6

= 4—18U(0) + 4—18U(12) + %U(zl) + %U(é%) + @U(6) + 4—8U(3) + @U(Q).

For the 8t roots of unity we have a(eP™/1?)—1/2 = —1/2, for p = 0, 12, a(eP™/12) —1/2 =
1/2, for p = 3,9,15,21, and a(eP™/12) —1/2 = 3/2, for p = 6, 18, where « is given in (14).
Then since U(j) = U(24 — j), j =1,...,12, we have

/T b+ u)de (u)
B 4

S(U(0) + U() + U(8) + U(2) +U(6) + U(20)) + 1 = 3U(0) +30(3)

LOU(6) + 3U(9) — 3U(12) + 3U(15) + 9U(18) + 3U(21)>

5 7
= ijgzoé(u]—ku ) +E g(a(uj)—%)(uj—ku 7)

_ %/T(Hul)m d3u+/;u+u1)m () — Hdyu.

Hence the spectral measure for Eél) (over T) is de = (o — 1/2)dy + d3/2, as given in [1,
Theorem 6.1].
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L 1|-1 o o? o3 ot T or o'r
\Fj| 11 1 12 12 12 12 30 20 20
xoIel=22] 2| -=2|p" | —p | p= | —p" | 0] -1 | 1
e2mif — q)_l(Xp(Fj>> 1] —1 e7ri/5 627ri/5 637ri/5 e47ri/5 i 627ri/3 em/3
1 1 1 3 2 1 1 1
0 €[0,1] 0l 2| % | 3 i 5 1] 3 §

Table 4: Character table for the binary icosahedral group BI. Here u* = (14 /5)/2.

4.5 Binary Icosahedral Group BT

Let ' be the binary icosahedral group BI, which has McKay graph Eél). It has order
120, and is generated by o, T:

” o - 0 T_L gt—e 2-¢8
- 0 —e2 ) /s \e2—e e—gt )
where ¢ = €™/ The orders of o, 7 are 10, 4 respectively. The character table for BI is
given in Table 4. Let u = €2™/% and U(j) = (@’ +u7)™. By (17)

1 1 12 12 12
-4 - _— = 4 1
/Tw(u+u )de () 120U(0)+ 120U(30)+ 120U(6)+ 120U( 8) + 120U( 8)
30 20 20
— —U(1 —U(2 —U(1
+12OU(36)+ 120[]( 5)+ 120[]( 0)+ 120U( 0)

For the 12" roots of unity we have a(e?™/%)—1/2 = —1/2, for p = 0,6, a(eP™/%)—1/2 = 1,
for p = 2,4,8,10, a(eP™/6) —1/2 = 3/2, for p = 3,9, and a(epm/6) 1/2 = 0, for
p=1,5,7,11, where « is given in (14). Then since U(j) = U(60 — j), j = 1,...,30, we
have
6
/ Yl u)de() = —S(U(0)+U(6) + U(12) + U(18) + U(24) + U(30) + U(36)
T
+U(42) + U(48) + U(54))
1
4 (=5U(0) + 10U(10) + 15U(15) + 10U(20) — 5U(30)

120
+10U(40) + 15U(45) +10U(50))

9
_ 1 ~6] 763 ~5] 1\ /5] ~—bHj\m
_ 2;10 + 7 +Z12 ) — D@ + )
1
= 3 /(u+u‘1)m dsu + /(u +u_1)m (a(u) — %)d(ju.
T T

Hence the spectral measure for B (over T) is de = (a — 1/2)dg + ds/2, as given in [1,
Theorem 6.1].
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5 Hilbert Series of dimensions of ADFE models.

We now compare various polynomials related to ADFE models.

5.1 T-Series

We begin first with the T-series of Banica and Bisch [1]. Let G now be any bipartite graph
with norm < 2, that is, its adjacency matrix A has norm < 2. These are the subgroups
of SU(2), with McKay graphs given by the affine Dynkin diagrams, and the modules and
subgroups of SU(2), which have McKay graphs given by the ADE Dynkin diagrams.

Let A(G) be the path algebra for G, with initial vertex the distinguished vertex x
which has lowest Perron-Frobenius weight. The Hilbert series (also called Poincaré series
in some literature)

f(z) =) dim(A(G)r)" (21)

of G is the generating function counting the numbers Iy of loops of length 2k on G, from
the vertex * to itself, f(z) =Y~ loxz". The Hilbert series f measures the dimension of
the algebra at level k in the Bratteli diagram. If G is the principal graph of a subfactor
N C M, the series f measures the dimensions of the higher relative commutants, giving
an invariant of the subfactor N C M. We define another function f by

F2) = o ((1 - Z%A)l) | (22)

Then f(2) = (14 22A 4+ 2A2 4+ 23273+ ) = > o[AM..2"2. Since G is bipartite,
there are no paths of odd length from x to *, and so [A%**1], , =0 for k =0,1,.... Then
flz) = S ore o[A%], .28 = f(2). Then it is easily seen from (5) and (22) that f(2?) is equal
to the Stieltjes transform o(z) of pa.

Suppose P is the (A;-)planar algebra [39] for a subfactor N C M with Jones index
[M : N] < 4 and principal graph G. If dim(P§") = 1, the Hilbert series f(z) is identical
to the Hilbert series ®p(2) which gives the dimension of the planar algebra P:

Bp(z) = %(dim(PO*) Fdim(Fy) + Y dim(P)7

As a Temperley-Lieb module, P decomposes into a sum of irreducible Temperley-Lieb
modules, with the multiplicity of the irreducible module of lowest weight k given by the
non-negative integer a;. Jones [41] then defined the series © by

Op(q) =) a;q'.
=0

It was shown in [1, Prop. 1.2] that ©(¢*) = 2G(q) + ¢* — 1, where G(q) is the generating
series of the moments of the spectral measure for G, defined in Section 4. The series O(q)
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is essentially obtained from the Hilbert series f(z) in (21) by a change of variables. More
explicitly, in [1], ©(q) is given in terms of f(z) by
l—4q q
O(q) = g + :
@)= f<ﬂ+qy)

Banica and Bisch then introduced their T series, which is defined for any Dynkin
diagram (and affine Dynkin diagram) by

1/2y
R

in order to compute the spectral measures for the Dynkin diagrams (and affine Dynkin
diagrams) of type E. In terms of the Hilbert series f, we have

T(g=2W=a_ 1 f@ q J.

1—q¢ 1+g¢q 1+¢q)

, (23)

We can define a generalized T series i-j by

~ 1 5 q

) -1
where the matrix f(z) = (1 - ziAX> , and [f(z)];; counts paths from ¢ to j. Then

f(2) = ¢(f(2)) and T(q) = ¢(T(q)).
The T series for the ADFE Dynkin diagrams and their affine versions (except for

DS)) were computed in [1]. These expressions can be easily derived from the spectral
measures computed above for these graphs, since the T series is additive with respect to
the underlying measures; that is, if the measure € can be written as ¢ = aje1 + - - - + @&,
for some s € N, where > . a; = 1, then the T series T} for ¢ is T, = oqT;, + - + o, 1%,
The T series for the measures d,,, ad,, d,, = 2d,, — d,,, ad], are easily computed from
(23) and using

u~m > . 0 qr
dpu = / ¢ " dpu = q2kn+r = )
[ 132 D

where m = 2in +r for L € Z, r € {0,1,...,2n — 1} (see [1, Lemma 6.1]). Let 79 denote
the T series for the graph G. Then the T series are given by:

1—q" ) 14+q"

TAn — ’ TA2” — :
1 =gt (1-q)(1—q)

oo _ 1+a o 1+¢"!
Ltg (1—-¢)(1 —g"?)’

TP _ (1-¢°)(1—¢% ’ TE®  _ 1+¢°
(1=¢*)(1—¢q") (1-¢*)(1—4q*)’

12

TE _ (1—61?(1—918)’ TED _ 1+¢° |
(I —¢")(1—q") (1= ¢"(1 = ¢%)

TEs _ (1-¢"01 —¢")(1—-¢") e 1+¢%
-1 —¢®) ™ = a=Hu =g

q q q (1 =¢%)(1—q")



5.2 Kostant Polynomial

We now introduce a polynomial for finite subgroups of SU(2) which is related to the
T-series defined in Section 5.1. The precise relation between the two polynomials will be
given later in Theorem 5.1. For a subgroup I' C SU(2) and an irreducible representation
v of T, the Kostant polynomial F, counts the multiplicity of v in (), the j+ 1-dimensional
1rredu01ble representation of SU(2 ( ) restricted to I'. The Kostant polynomial F, is given
by

o0

F’Y(t) = Z«j))/% >F tja

J=0

where ((j),7)r counts the multiplicity of v in (j). Let F(t) = 32 #(j) = >, F,(t)v.
Then we obtain the recursion formulae

FOo() = Y ROven) = > ih)e
= Y HG-DeG+Y) = @ HOFH -

where id is the identity representation of I'. Evaluating this polynomial by taking its
character on conjugation classes I'; of I' we obtain [35]:

Ll (0
2 T T T %)

The explicit result was worked out by Kostant in [45], where he showed that the polyno-
mials F,(t) have the simple form

% (1)
F,(t) = K 26
’Y( ) (1 o ta)(l . tb)) ( )
where a,b are positive integers which satisfy a +b = h + 2 and ab = 2|I'|, where h is
the Coxeter number of the Dynkin diagram G, and z,(t) is now a finite polynomial. The
values of a, b are:

‘ Dynkin Diagram G ‘ h ‘ a,b ‘
Ay I+1 ] 2, 1+1
D, 20—2 | 4,2l—4
Es 12 6, 8
E; 18 8, 12
Ey 30 12, 20

The Kostant polynomial is related to subfactors realizing the AD E modular invariants
in [20, §3.3]. Let * label the trivial representation of I'. By the argument of changing the
-vertex [19] it may be assumed that the subfactor N C M realizing the ADE modular
invariant has the (-vertex on the vertex which would join the extended vertex * of the affine
Dynkin diagram Gr. For all DE cases there is a natural bijection between (equivalence
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classes of) non-trivial irreducible representations of I' and M-N sectors [tA], since the
irreducible representations label the vertices of the DE graph, as do the sectors [t)]. Let
p denote the fundamental representation of I'. Denoting the M-N morphism associated
to the irreducible representation v # * by @, (so ¢ = @,), it was shown in [20] that the
polynomials p, defined by

k
p*(t) =1+ qk+2a p’v(t) = Z(a’w L)‘j>tj+1a
i=0
are equal to the numerators z,(t) of the Kostant polynomial F,(¢), and consequently
F,(t) = py(t)/Qt), where Q(t) = (1 + ¢*)p.(t) — tp,(t). The Kostant polynomial F(t)
for the graphs E,, n = 6,7,8, is in fact just the T-series 7B (t?) of Section 5.1. This
is because the generating series G(q) of the moments of the spectral measures for ET(Ll),

n =6,7,8 is essentially equal to the Kostant polynomial for £, cf. (25) and (20). More
precisely, F,(t) = (1+t*)7'G (t/(1 4+ t?)) = T(t?) (see also Theorem 5.1 (iii)).

5.3 Molien Series

Another related polynomial is the Molien series, which for subgroups of SU(2) is in fact
equal to the Kostant polynomial. Let I be a finite subgroup of SU(NN) as above. For
i=0,1,..., let M; be a representation of I' with dim M; < oo, and let M = @;°, M;.
With v an irreducible representation of I', the Molien series Py~ of M is defined in [32]
by

PM,’Y(t) = Z(Mla,y)F tia
i=0
and counts the multiplicity (M;,v)r of v in M;. L
Let CVN denote the dual vector space of CV, and denote by S = @, S¥(CV) the

symmetric algebra of CN over C, where S¥(CN) is the k™ symmetric product of CV.
Let p be the fundamental representation of I' and p its conjugate representation, let
{po =1d, p1 = p, pa, ..., ps} be the irreducible representations of I and x; be the character
of p; for j =0,1,...,s. Then we have Molien’s formula for Ps,,(t) given as [32]:

1 X](g)
PS,pj(t) - m QGZF m'

Let Ry denote the sum of all the representations of SU(N) which have Dynkin labels
A1, A2, ..o, A1) such that \y+- - -+A(y_1) = k, and R = @,_, Ri. Then in this notation,
Pr, recovers the Kostant polynomial F,, where v is an irreducible representation of I':

o0

Pro(t) =Y (Ri)rt' = Fy(t,t,....1). (27)

i=0
Since there is only one Dynkin label A for any representation of SU(2), Ry = (k), the
(k 4+ 1)-dimensional representation of SU(2), for each k. Then by (27) the Molien series

Pr(t) for a subgroup I' C SU(2) is equal to the Kostant polynomial F,(t). The Lth
symmetric product of C? gives the irreducible level k representation, so that R = S for

SU(2), and Ps.(t) = F,(1).
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5.4 Hilbert Series of Pre-projective Algebras

Finally, we introduce another related polynomial, the Hilbert series H(t), which counts
the dimensions of pre-projective algebras for the ADE and affine Dynkin diagrams. Let
G be any (oriented or unoriented) graph, and let CG be the algebra with basis given by
the paths in G, where paths may begin at any vertex of G. Multiplication of two paths
a, b is given by concatenation of paths a - b (or simply ab), where ab is defined to be
zero if r(a) # s(b). Note that the algebra CG is not the path algebra A(G) for G in the
usual operator algebraic meaning. Let [CG, CG] denote the subspace of CG spanned by all
commutators of the form ab—ba, for a,b € CG. If a, b are paths in CG such that r(a) = s(b)
but r(b) # s(a), then ab — ba = ab, so in the quotient CG/[CG,CG] the path ab will be
zero. Then any non-cyclic path, i.e. any path a such that r(a) # s(a), will be zero in
CG/[CG,CG]. If a = ajas - - - a; is a cyclic path in CG, then ajas---ap —agay -~ -ap_1 =0
in CG/[CG,Cg], so ajasy - - - ay, is identified with agpay - - - ax_1. Similarly, a = ajay - - - ay, is
identified with every cyclic permutation of the edges a;, 7 = 1,..., k. So the commutator
quotient CG/[CG, CG] may be identified, up to cyclic permutation of the arrows, with the
vector space spanned by cyclic paths in G.

The pre-projective algebra II of a finite unoriented graph G is defined as the quotient
of CG by the two-sided ideal generated by 6 = >, 67, where the summation is over all
vertices ¢ and edges o of G such that 7 is an endpofnt for o, and 07 € CG is defined to be
the loop of length two starting and ending at vertex i formed by going along the edge o
and back again. So the pre-projective algebra is the quotient algebra under relations 6,
and any closed loop of length 2 on G is identified with a linear combination of all the other
closed loops of length 2 on G which have the same initial vertex. In the language of planar
algebras for bipartite graphs (see [40]), this is closely related to taking the (complement
of the) kernel of the insertion operators given by the cups and caps.

For a graph G without any closed loops of length one, i.e. edges from a vertex to itself,
the pre-projective algebra II has the following description as a quotient of a path algebra
by a two-sided ideal generated by derivatives of a potential . We fix an orientation for
the edges of G, and form the double G of G, where for each (oriented) edge v we add the
reverse edge 7 which has s(7) = r(7), 7(7) = s(7). We define a potential ® by ® = > ~7,
where the summation is over all edges of G. Let 17, - - -7 be any closed loop of length
k in CG/[CG,CG], k > 1. We define derivatives 9; : CG/[CG,CG] — CG for each vertex
i € Ug of G by O;(nye- W) = Zj YiVi+1YeYL - Yj—1, Where the summation is over

all 1 < j < k such that s(v;) = i. Then on paths vy € CG/[CG, CG], we have

N o ifs(y) =4,
() =4 7 ifr(y) =1, ,
0  otherwise.

and I1 = CG/(9;® : i € Yg). For any graph G and potential ®, Bocklandt [9, Theorem 3.2]
showed that if A(CG, ®) is Calabi-Yau of dimension 2 then A(CG, ®) is the pre-projective
algebra of a non-Dynkin quiver.

We can define the Hilbert series for A(CG,®) as Hu(t) = > ;2 Hjit", where the H,
are matrices which count the dimension of the subspace {i - a - j|la € A(CG, @)}, where
A(CG, ®); is the subspace of A(CG,®) of all paths of length k, and i, j are paths in
A(CG, @)y, corresponding to vertices of G.
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Let ¢ € C\ {0}. If ¢ = 1 or g not a root of unity, the tensor category C, of represen-

tations of the quantum group SU(2), has a complete set {Ls}3°, of simple objects. If ¢ is

an n'! root of unity, C, is the semisimple subquotient of the category of representations

of SU(2),. In this case, the set {Ls}l;(:qg_2 is the complete set of simple objects of Cy,
where Ly is the deformation of the (s + 1)-dimensional representation of SU(2), and h(q)
is n when n is odd and n/2 when n is even, satisfying:

k
Lel~ @ L, (28)

t=|r—s|
t=r+smod2

where
r+s ifr+s<h(q) —1,

k:{ 2h(q) —4—r—s ifr+s>h(q) — 1.

Semisimple module categories over C, where classified in [18]. A semisimple C,-module
category D is abelian, and is equivalent to the category of I-graded vector spaces My,
where [ are simple objects of D. The structure of a C, category on M is the same as
a tensor functor F from C, to Fun(M, M) = M, the category of additive functors
from M to itself. When ¢ = +1 or ¢ is not a root of unity, by [18, Theorem 2.5], such
functors are classified by the following data:

e a collection of finite dimensional vector spaces Vj, i,j € I,

e a collection of non-degenerate bilinear forms E;; : V;; ® V;; — C, subject to the
condition, Tr(Ey(Ef)™") = —q—q ', for each i € I.

When ¢ is a root of unity there is an extra condition given in [18], due to the fact that C,
is now a quotient of the tensor category whose objects are V®™ m € N.

Let A be the matrix given by A;; = dimV};. Quantum McKay correspondence gives
a graph with adjacency matrix A and vertex set I. The free algebra 7" in C, generated
by the self-dual object V' = L; maps to the path algebra of the McKay graph under the
functor £ : C; — M. Let S be the quotient of 1" by the two-sided ideal J generated by

— i -1 . .
the image of 1 = Ly under the map 1 % V@V ey ® V', where ¢ is any choice of

isomorphism from V to its conjugate representation V. In the classical situation, ¢ = 1, S
is the algebra of polynomials in two commuting variables. More generally, S is called the
g-symmetric algebra, or the algebra of functions on the quantum plane. The structure of
these algebras is well known, see for example [42]. Applying the functor F' to S gives an
algebra M=F (S) which is the quotient of the path algebra with respect to the two-sided
ideal F'(J). Then given any arbitrary connected graph G, there exists a particular value
of ¢ and choice of C;-module category D such that Il is equal to the pre-projective algebra
IT of G [46, Lemma 2.2].

When ¢ is not a root of unity, the mth graded component of the ¢g-symmetric algebra
S is given by S(m) = L,,, for m € N, which satisfies

L1 X Lm ~ Lm—l D Lm+1- (29)

Then summing (29) over all m € N, with a grading t™, gives tL; ® S = t2S ® S © Ly.
Applying the functor F one obtains a recursion tAH (t) = H(t) + t*H(t) — 1, where A is
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the adjacency matrix of the (quantum) McKay graph G. Then we obtain the following
result [46, Theorem 2.3a]:
1

Ht) = ——.
(®) 1 — At +¢?

(30)

For an ADET graph G, q is an nt oot of unity, and h(q) = h is the Coxeter number of
G. The mth graded component is given by S(m) = Ly, for 0 <m < h—2, and S(m) =
for m > h — 1. Defining S=S6 th(Lh 2 ® S) @ ch(Lh 2 ® Ly 2®S)S -+, the fusion
rules (28) give the recursion Ly ® S( ) >~ S( -1 S(m +1). Applylng the functor F’
gives 1 +t"P +tAH(t) = H(t) + t?H(t), where the matrix P = F(Lj_5). Then for the
Dynkin diagrams (and the graph Tad,,), there is a ‘correction’ term in the numerator, so
that [46, Theorem 2.3b]:

1+ Pt
1 — At + 1t
where P is a permutation corresponding to some involution of the vertices of the graph.
Since Lj,_o ® Lj,_5 ~ Lo, P> = F(L;,_o® Lj,_3) = F(1) so P? is the identity matrix. The
matrix P is an automorphism of the underlying graph [46]; for A,,, Da,11, Fs it is the
unique nontrivial involution, while for Ds,, F;, Es (and Tad,) it is the identity matrix,
i.e. the matrix P corresponds to the Nakayama permutation 7 for the ADE graph [17].
A Nakayama automorphism of II is an automorphism v of edges for which there exists
an element b of the dual IT* of II such that ba = v(a )b for all @ € II. The Nakayama
automorphism is related to the Nakayama permutation by v(a) = €(a)m(a) for all edges
a of the Dynkin quiver, where €(a) € {£1}.

We now present the following result which relates these various polynomials:

H(t) = (31)

Theorem 5.1 Let I' be a finite subgroup of SU(2) so that Gr is one of the affine Dynkin
diagrams, with the vertices of Gr labelled by the irreducible representations v of I', with
the distinguished vertez x labelled by id. Let G(q) be the generating series of the moments

for finite subgroups of SU(2) in (20), T' be the generalized T series defined in Section 5.1,
and let P,, F, be the Molien series, Kostant polynomial respectively of I'. Then for the
Hilbert series H of Gr as in (30), the following hold:

(i) T(t?) = H(t),

(ii) Hyalt) = Py(t) = F, (1),
(iii) T(t?) = Hiqja(t) = Pa(t) = Fa(t) = 152G (15)-
Proof:

(i) From (24) we have

5 1~ t2 1 1 1
T(t) - 2f ne | — 2 N—IA 2
1+t (1+1t2) 1+t 1—t(14+)TA 142 —tA
= H(t).
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(ii) By [32, Cor. 2.4 (ii)], for the symmetric algebra S = S(C?), P,, = P, satisfies

s

Z[Ar]ijpw (t) - (t + t_l)P%.(t) - t_15i70>

j=0
where ~v1,...,7s are the irreducible representations associated with the vertices
1,...,s of Gr. Then multiplying through by ¢ we obtain

S

D[ Art+ 18] Py, (1) = 6.

J=0

From (30) we see that the matrix (1 — Art¢ + 1¢?) is invertible, and hence by the
definition of matrix multiplication, we see that

P,(t) = [(1 — Art + 1t2)_1} :

7,id
which is the first equality. The second was shown in Section 5.3.

(iii) The first equality follows from T(q) = ¢(T(q)), and the next two are immediate
from (ii). For the last equality, using (25) we have

IT'; xo(T5) 1 IT'; 1
(0 Z ATl e = o7 Z NEEe

- 1+t2 (1+t2)

6 SU(3) Case

We will now consider the case of SU(3). We no longer have self-adjoint operators, but
are in the more general setting of normal operators, whose moments are given by (3).
We will first consider the fixed point algebra of @ M3 under the action of the group T?
to obtain the spectral measure for the infinite graph which we call A®>). We will then
generalize the method presented in Section 3 to the case of SU(3) graphs.

6.1 Spectral measure for A6

We first consider the fixed point algebra of Q) M3 under the action of the group T?. Let
p be the fundamental representation of SU(3), so that the restriction of p to T? is given
by
w1 0 0
(IO|'JT2)(W17 w2) = 0 w2_1 0 ) (32)
0 0 w;lws

for (wy,wy) € T2
Let {X(a00) Farneens {00000 Faraeez be the irreducible characters of SU(3), T? re-
spectively, where if x(, ) is the character of a representation m then x(,,) is the
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Figure 5: The infinite graph A0,

character of the conjugate representation 7 of 7. The trivial character of SU(3) is
X(0,0), X(1,0) is the character of p, and o, ,)(p,q) = (pP™,¢™), for A, € Z. If o
is the restriction of xq,0) to T?, we have ¢ = o0 + 00,-1) + 01,1 (by (32)), and
TOO ) = On+10) T O0uae—1) T Tn—1,041), for any A, Ay € Z. So the representation
graph of T? is identified with the infinite graph A©®>) illustrated in Figure 5, whose ver-
tices are labelled by pairs (A1, A\2) € Z2, and which has an edge from vertex (A, \2) to
the vertices (A; + 1, A2), (A, A2 — 1) and (A\; — 1, X5 +1). The 6 in the notation A6 is
to indicate that for this graph we are taking six infinities, one in each of the directions
of +e;, 1 = 1,2, 3, for the vectors e; given by e; = Ay, es = Ay — Ay, e3 = —A5, where
Ay, Ay are the fundamental weights of SU(3). We choose the distinguished vertex to be
+ = (0,0). Hence (Qy Ms)™ = A(AG>),

We define a normal operator vz in (*(Z) @ (*(Z) by vz = s®@ 14+ 1@ s+ s ®s,
where s is again the bilateral shift on ¢*(Z). Let Q ® Q be the vector (4,0); @ (di0);-
Then vy is identified with the adjacency matrix A of A where we regard the vector
Q ® Q as corresponding to the vertex (0,0) of A®>) and the operators s ® 1, s7! ® s,
1 ® s~ ! as corresponding to an edge on A©®) in the direction of the vectors eq, es, €3
respectively. Then (s* ® s7*2)(Q ® Q) corresponds to the vertex (A, \y) of A=) for
any Ai, A2 € Z, and applying vFvy(Q @ Q) gives a vector y = (Y, ny)) in (AE),
where y(x, x,) gives the number of paths of length m +n from (0, 0) to the vertex (A1, A2),

P

where m edges are on A>®) and n edges are on the reverse graph .A4(6<). The relation
1os (s '®s)(s®1) =s's®s s =1®1 corresponds to the fact that traveling
along edges in directions e; followed by e, and then ez forms a closed loop, and similarly
for any permutations of 1 ® 57!, s7! ® s, s® 1.

Define a state ¢ on C*(vz) by ¢(+) = (- (Q® Q),Q2® Q). When m # n mod 3 it
is impossible for there to be a closed loop of length m + n beginning and ending at the
vertex (0,0), with the first m edges are on A6>) and the next n edges are on the reverse

graph A®6>). Hence p(vZvy') = 0 for m # n mod 3. We use the notation (a,b,c)! to
denote the multinomial coefficient (a + b+ ¢)!/(alblc!). For m = n mod 3, we have

pvgvy) = Z (k1,ko,m — kg — ko)!(ly, lo,n — 11 — 1)! p(s™ @ s™)
0<kj+kg<m
0<ly+lg<n
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— Z (k:17k:27m_k:1 _k:Q)!(lth)n_ll _ZQ)' 57’1,0 57‘2,07

0<kq+ko<m
0<ly+lg<n

where
r1:2k1—|—k2—2l1—l2+n—m, T2:2l2+l1—2k2—k1+m—n. (33)

Then we get a non-zero contribution when l; = ky + r, ls = ko + r, where n = m + 3r,
r € Z. So we obtain

pVFvy) = (ky,koym =k — k) (ky + 7,k + 7, m 47 — by — k) (34)

k1,k2

where the summation is over all integers ki, ko > 0 such that max(0,—r) < ki, ky <
min(m, m + 2r) and ky + ky < min(m,m + r).

Proposition 6.1 The dimension of the m'™ level of the path algebra for the infinite graph
A6 s given by

dim (@7 My)"™ ) = dim(A(AC),,) = > orepy

Proof: When m = n we have

pogoy) = Y ((kr ke, m =k — ko)1)’
0§k1+k2§m
m m—k; ' 2
k10 ky—0 (k’llkgl(m — k’l — k’g)')
i m! )”“i( (m — ky)! )2
N k1=0 kl‘(m — kl)' P kz‘(m — kl — kQ)'
m m—Fky m
= Y(CRr YOy = Yoenrent.
k1=0 ko=0 k1=0

O

Since the spectrum o(s) of s is T, the spectrum o(vy) of vy is ® = {w; + wy ' +

witws| wi,wy € T}, the closure of the interior of the three-cusp hypocycloid, called a

deltoid, illustrated in Figure 6, where w = €*>™/3. Any point in ® can be parameterized
by

x = r(2cos(2nt) + cos(4nt)), y = r(2sin(27t) — sin(4nt)), (35)

where 0 <r < 1,0 <t < 1, with r =1 corresponding to the boundary of 2.
Thus the support of the probability measure p,, is contained in ®. There is a map
® : T? — D from the torus to ® given by

D (wy,wy) = wy + wg_l + wflwg, (36)
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3w

\ 4

3w

Figure 6: The set ©, the closure of the interior of a deltoid.

where wy,wy € T.
Consider the permutation group S; as the subgroup of GL(2,Z) generated by the
matrices Ty, T3, of orders 2, 3 respectively, given by

0 -1 0 -1
pe (S me(0 ) o
The action of S3 given by T'(wi,ws2) = (Wi"w5?, wi*'wy?), for T = (a;;) € Ss, leaves

O (wy,wq) invariant, i.e.

P(wy,wo) = O(w'wy,wi') = Plwy' wiwyt)

= @(wgl,wfl) = @(wl_lwg,wg) = @(wl,wlw;).

Any Ss-invariant probability measure € on T? produces a probability measure p on D

by
/ P()du(z) = [ Glon +wit + wilwn)de(wr, ws),
3} T2

for any continuous function ¢ : ® — C, where de(w;,ws) = de(g(w1,w2)) for all g € Ss.

Theorem 6.2 The spectral measure €(wy,ws) (on T?) for the graph A% is given by the
uniform Lebesque measure de(wy,ws) = dw; dws.

Proof: With this measure we have

/ (w1 +wy '+ witwe) ™ (wi 4 wa + wiwy 1) dw dwy
T2

= Z ((kl, ]{]2, m — kl — kg)!(ll, lz,n — ll — lg)' / w{lw?dwl dwg)
T2

0<kq+ko<m
0<l1+ip<n

= Y (kikam— k= k)l by — 1 — 1)) 6,0 000,

0<kj+kg<m
0<l1+ip<n
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Figure 7: Mapping T? onto the deltoid D.
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Figure 8: A fundamental domain C' of T?/Ss.

where r1, ro are as in (33). This is equal to (v} v}") given in (34). O

The quotient T?/Zsz, where the Zj action is given by left multiplication by T3 is a
two-sphere S? with three singular points corresponding to the points (1, 1), (e27/3, e*7/3),
(em/3 2m/3) in T2 [27]. Under the Z? action given by left multiplication by T, on this
two-sphere, we obtain a disc with three singular points, which is topologically equal to
the deltoid ®. The boundaries of the deltoid © are given by the lines 6; = 1 — 65,
0, = 20, and 20, = 0,. The diagonal 6, = 6, in T? is mapped to the real interval
[~1,3] € ©. The mapping of the ‘horizontal’ lines on T? between points (27/12 ¢2min/12
and (e2m(m+1/12 2min/12) “and the ‘vertical’ lines on T? between points (e27m/12 ¢2min/12)
and (e27m/12 2mi(n+1/12) “onto @, for 0 < m,n < 11, is illustrated in Figure 7.

Thus the quotient T?/S3 is topologically equal to the deltoid ©. A fundamental
domain C' of T? under the action of the group S is illustrated in Figure 8, where the axes
are labelled by the parameters 6;, 6 in (2™ ¢?792) € T2, The boundaries of C' map to
the boundaries of the deltoid ®. The torus T? contains six copies of C.
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We will now determine the spectral measure p,, over . Now
/1T2 (w1 4wyt + Wi twy)™ (Wit + wy + wiws M) dw; dw,
= 6 /C(wl + wyt  witws)™ (Wit + wy + wiwy ) dw; dw,
- ¢ /(62771'91 b | 2miBa—01)ym(=2mi6y | o2rif 4 2miO1=02)Yrg g,

where the last integral is over the values of ), 6, such that (e2™ ¢27i%2) ¢ ' Under the
change of variable z = €m0t 4 =272 4 2mi(62-01) e have

x = Re(z) = cos(2mb;) + cos(2mb,) + cos(2m (02 — 61)),
= Im(z) = sin(276;) — sin(27w6y) + sin(27 (6, — 61)).

Then
/ (w1 +wy '+ witwe) (w4 wa + wiwy ) dwy dwy
T2
= 6 / (z +iy)™(x + iy)"|J tdz dy, (38)
o)

where the Jacobian J = det(d(z,y)/d(61,02)) is the determinant of the Jacobian matrix.
We find that the Jacobian J = J(6;,6,) is given by

J(01,05) = An*(sin(27(0; + 0)) — sin(27(20; — 6)) — sin(27(205 — 6)))).  (39)

The Jacobian is real and vanishes on the boundary of the deltoid ®. For the values of
01, 05 such that (e?71 %) are in the interior of the fundamental domain C' illustrated
in Figure 8, the value of J is always negative. In fact, restricting to any one of the
fundamental domains shown in Figure 8, the sign of J is constant. It is negative over
three of the fundamental domains, and positive over the remaining three. The Jacobian
J(01,0,) is illustrated in Figure 9. When evaluating J at a point in z € ®, we pull back
z to T?. However, there are six possibilities for (wy,ws) € T? such that ®(w;,ws) = z, one
in each of the fundamental domains of T? in Figure 8. Thus over @, .J is only determined
up to a sign. To obtain a positive measure over ® we take the absolute value |.J| of the
Jacobian in the integral (38).
Writing w; = e?™% 5 =1,2, J is given in terms of wy,ws € T by,

J(wi,wy) = 4mIm(wywy — wiwy !t — witw?)

1 2

2 —1 - -1, -2 ~1 2 —2
=217 (Wwe — W] Wy T — Wiy + W “we — wy Wi + wiwy ©). (40)

Since
—1, -1 2 1 -2 -1, 2 —2\2
(Wiwe —wy Wy - —wWiwy  +wy W — wy Wy + wiwy )
—1, -1 —2 2 1 12, -
= —6+2wiws +w; wy Fwiwy © +wiwy 4+ wi Wi+ w;
3, -3, 3, -3, 3 -3, 33
—2(wy + wi® Fws +wy 4 wiwy © + wy ws)

2 2 -2 =2 2 —4 4 —2 -2 4 —4 2
H(wiws + wy “wy © + wiws T 4+ wiwy © + wy “ws + wy wy),

2w2)

33



Figure 9: The Jacobian J.

the square of the Jacobian is invariant under the action of S3. Hence J? can be written
in terms of z, z, and we obtain J(z,%)? = 47%(27 — 1827 + 423 + 47° — 222%) for z € D.
Since J is real, J? > 0. We have the following expressions for the Jacobian J:

J(01,0;) = 4r*(sin(27(6; + 6y)) — sin(27(20; — 63)) — sin(27 (205 — 6,))),

J(wy,wy) = —2m%i(wiwy — wiwy T — wiws T + wi s — witws + wiwy 2),
1J(2,2)| = 27227 — 1827 + 423 + 473 — 2222,
[J(z,y)| = 2727 —18(22 + ¢?) + 8x(a? — 3y2) — (2 + ¢7)?,
|J(r,t)] = 21%\/(1 —7)((5 + 4cos(6mt))2r3 — 9(7 + 8 cos(6mt))r2 + 27r + 27),

where 0 < 61,0, < 1, wj,wy € T, z =2+ € Dand 0 < r < 1,0 <t < 1.
Here the expressions under the square root are always real and non-negative since J? is.
Consequently:

Theorem 6.3 The spectral measure ji,, (over ®) for the graph A®®) is

3
|| 72V 27 — 1827 + 423 + 473 — 2272

dfiy, (2) (41)

We thus have for the fixed point algebra under T?:

k
dim(A(A©),) = dim((®’“M3)T) = ZC?(CJ’-“)2 = o(jvz|*)

3 1
— / | 2| ¥ dz
™ Jo V27 — 182% + 423 + 473 — 2232

6.2 Spectral measure for A

We now consider the fixed point algebra under the action of the group SU(3). The
characters of SU(3) satisfy X(1,00X(n00) = XOu+129) T X(ude—1) T X(Ai—1,20+41), for any
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(0,0) (1,0) (2,0) (3,0) (4,0;

Figure 10: The infinite graph A

A1, A2 > 0, where x(»—1) = 0 for all A > 0. So the representation graph of SU(3) is
identified with the infinite graph A illustrated in Figure 10, with distinguished vertex
x = (0,0). Hence (®), M3)V®) = A(A).

We define a normal operator vy on (?(N) ® ¢?(N) by

in=IR1+1"+1"®I, (42)

where [ is again the unilateral shift on ¢*(N). If we regard the element Q ® 2 as corre-
sponding to the apex vertex (0,0), and the operators (® 1, [*®(, 1®[* as corresponding to
the vectors ey, es, e3 on A then (I ® (1*)*2)(Q® Q) corresponds to the vertex (A1, A;)
of A for A\, As > 0. We see that vy is identified with the adjacency matrix A4 of
AL and v (Q @ Q) gives a vector Y = (Y, ny)) i 2(AC))] where yy, 5, gives the
number of paths of length m + n from (0,0) to the vertex (Aj, A2), where m edges are

on A®) and n edges are on the reverse graph A, The relation (I* ® -)(Q® -) = 0
corresponds to the fact that there are no edges in the direction —e; from a vertex (0, A2)
on the boundary of A X\, > 0, and similarly (- ® I*)(- ® Q) = 0 corresponds to
there being no edges in the direction ez from a vertex (A1,0), Ay > 0. The relation
1R )(I®l) =1l®l*l =1®1 again corresponds to the fact that traveling along
edges in directions e; followed by e, and then es forms a closed loop, and similarly for
any permutations of 1 ® [*; I* ® [, I ® 1, but now the product will be 0 along one of the
boundaries \; = 0 or Ay = 0 for certain of the permutations, but 1 everywhere else.

The vector Q ®  is cyclic in £?(N) @ ¢*(N). We can show this by induction. Suppose
any vector [MQ ® [72Q € (*(N) ® (?(N), such that ki + ko < p, can be written as a linear
combination of elements of the form v (2®Q) where m+n < p. This is certainly true
when p = 1 since vy (2®Q) = (IQ1+1Q*+1*R1) (2®Q) = IQ®Q and v} (2®Q) = QRIQ.
For j =0,1,...,p, we have vxy(IP7Q @ I'Q) = PITIQ @ PQ+ P7Q@ V1O 4+ P77 10 ®
PHQ. Then P7TQ @ VQ = on(IP7Q @ Q) — PQ @ P71Q — P70 @ P10, and
PO @O, for j = 0,1,...,p, can be written as a linear combination of elements of the
form vV (Q® Q) where m+n < p+1. Since also QPO = v} (AR PQ) —IQRP1Q,
then every I"1Q ® [*2Q), such that k; + ks < p+ 1, can be written as a linear combination
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(0,1,0) (0,1,1)
L1L0) ™\ (1,1,1)

L= f= N =

(0,0,1)

(1,0,0) (1,0,1)

Figure 11: The vectors f; € Z3,i = 1,2, 3.

of elements of the form Vv (2 ® ) where m +n < p+ 1. Then C*(vy)(2® Q) =
2(N) ® (%(N). We define a state p on C*(vy) by o(+) = (- (Q®9Q),Q®Q). Since C*(vy)
is abelian and 2 ® € is cyclic, it is the case that ¢ is faithful.

The moments p(vyvy') are all zero if m —n # 0 mod 3, and for m = n mod 3 the
moments p(vvi) count the number of paths of length m +n on the SU(3) graph A,

starting from the apex vertex (0, 0), with the first m edges on A and the other n edges

on the reverse graph A(®). Let A’(A®)),,, be the algebra generated by pairs (n1,7,) of
paths from (0,0) such that (1) = r(n2), |m| = m and |ny| = n. Then we deﬁne the
general path algebra A’(A) for the graph A to be A'(A)) =, = A(A®),,,
Then @(vvy) gives the dimension of the m,n™ level A'(A(),, . of the general path
algebra A’(A®)). In particular, p(vivi™) for m = n gives the dimension of the m'™ level
of the path algebra for graph A i.e. p(vRvim™) = dim(A(A)),,).

The moments @(vRvi') have a reahzatlon in terms of a higher dimensional analogue of

Catalan paths: Let E' = { f1, fo, f3} be the set of vectors f; = (1,1,0), fo = (1,—1,1), f3 =
(1,0,—1) € Z3, which are illustrated in Figure 11. These vectors correspond to the vectors
e; above, 1 = 1,2, 3.

We define the conjugate f of a vector f € E by (1,y,2) = (1,—y,—z), and let
E = {f,, fs f3}. Let L be the sublattice of Z3 given by all points with non-negative
co-ordinates. Then define ¢,,,, to be the number of paths of length m 4+ n in L, starting
from (0,0,0) and ending at (m + n,0,0), where m edges are of the form of a vector from
E and n edges are of the form of a vector from E. Then @(v3vi) = ¢y, and for m = n,
P(VRVN") = Cmm = dim(A(A(oo))m)'

We now consider the probability measure y,, on ® for the normal element vy. Since
¢ is a faithful state, by [55, Remark 2.3.2] the support of u,, is equal to the spectrum
o(vy) of vy. Consider the exact sequence 0 — K — C*(vy) — C*(vy)/K — 0, where
K = K(f*(N) ® *(N)) C B(f*(N) ® £*(N)) are the compact operators. Let 7 : B(*(N) ®
?(N)) — B(/*(N)®?(N))/K be the quotient map, then o(vy) D o(n(vy)). Now 7(vy) =
u®1+1®u*+u* ®u where u is a unitary which has spectrum T, so that the spectrum
of m(vy) is given by o(m(vy)) = {w1 +wy '+ w ws| wy,ws € T} =®. Then o(vy) C D.

Consider the measure €(wy,ws) on T? given by

de(wy,ws) = Y 4J(w1,w2)2dw1 dws
1
= —é(wlwg + wiwy 2 + wwy — wilwy !t — wiwg ! — witw?)? dw; dw,

on T?, where dw; is the uniform Lebesgue measure on T, j = 1,2. We will prove in the
next section that this is the spectral measure (over T?) of vy, so that o(vy) = D. With
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this measure we have

1 — — m(, — —1\n
_6/ (w1 +wyt 4+ wilwy) ™ (Wit + wy + wiwy )
’H‘Q
X (wiwy + wiwy ? + wiwy — wiltws T — Wiyt — witw?)? dw; dw,
1

= _6 Z ((kl,kz,m—kl—k2>!(l1,l2,n—l1—l2)! X
0<kj+ko<m
0<l1+1<n

ri -2, -2 1 -1 2 1 —1 2y2
/2 Witwe? (Wiwg + Wiwy ~ + W] “wy — W] Wy — Wiy —w; wy)” dwy dwg)
T

1
= Z Z ((k‘l,k‘g,m—/ﬁ — Fo)!(l1,la,m — 1y = 12)! Yay 0

a1,a2 0<k)+ko<m
0<l1+ip<n

x/ Wttt doy dwg),
T2

where ry, ro are as in (33), and the summation is over all integers a;, ay such that
(a1,a2) € T = {(A1,A2)] A\t = Aoy mod 3, |A; + Ao < 4, |\| + |A2] < 6}. The set T
is the set of all pairs (a;,as) of exponents of wi'ws? that appear in the expansion of
(wiwy + wiws 2 + wiwy — witwy ' — Wiyt — wilw?)?, and the integers Y4, 4, are the
corresponding coefficients. Let by = (2a; + a3)/3 and by = (a; + 2a3)/3. The m,n™
moment for the measure de(wy,ws) is zero if m # 0 mod 3, and for n = m + 3r, r € Z,

the m, n'" moment is given by

1
-5 > AVaras (b1, ko= ky = ko)l (ky 7+ by ka7 — by, m 7 — by + by — ky — ko)) (43)

kq,ko
aj,asy

where the summation is over all a;,ay € Z such that (aj,as) € T, and all non-negative
integers ki, ko such that

max(0,—r —b;) < ki < min(m,m+ 2r — b) (44)
max (0, —r +bg) < ko < min(m,m + 2r + bs) (45)
ki+ky < min(m,m+r — by + by). (46)

As in (38), under the change of variables w; + w; ' + w; 'wy = 2, the spectral measure

Loy (2) s given by
6 1

= 17| 24n7
We will have for the fixed point algebra under SU(3):

1
ity (2) J? dZ:4—7r4|J| dz.

Aim(AA)) = dim ((3)"7) = p(on]®)

1
- ﬁ/ |z|2k\/27—1822+4z3+423—2222 dz.
™ Jo
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7 Spectral measures for ADE graphs via nimreps

Let Ag be the adjacency matrix of a finite graph G with s vertices, such that Ag is normal.
The m, n'™ moment [ 2"z"dpu(z) is given by (AZ(Ag)"e1, €1), where e; is the basis vector
in (2(G) corresponding to the distinguished vertex * of G. For convenience we will use the
notation

Ron(wi,wa) i= (w1 4wyt 4+ witwy)™ (Wit + wy + wiwy M), (47)
so that fTQ Ry p(wi, wa)de(wr,ws) = [ 2MZ"dp(z) = (AF(AE) e, e1). '
Let 37 be the eigenvalues of G, with corresponding eigenvectors x7, j = 1,...,s.

Then as for SU(2), AZ(Ag)" = UAZ(AS)"U*, where Ag is the diagonal matrix Ag =
diag(B', 32, ...,5°) and U = (z*, 22, ..., 2%), so that

/Rmm(wl,wg)de(wl,wz) = (UAG(AG)"Uer,er) = (AG(AZ)"U e, U eq)
']1‘2

= D (B)"(B) "y, (48)

j=1

where y; = ] is the first entry of the eigenvector a7

For a finite ADE graph G with Coxeter exponents Exp, its eigenvalues S are ratios
of the S-matrix given by ™ = S,,/Spy, for A € Exp, with corresponding eigenvectors
(¥2)aew(g)- Then (48) becomes

[ Bl woaddelin,n) = 3 (8" GO 2 (49)

AeExp

where * is the distinguished vertex of G with lowest Perron-Frobenius weight.

7.1 Graphs AY, | < .

The distinguished vertex * of the graph AWY is the apex vertex (0,0). Its eigenvalues
BN are given by the ratio Spr/Sox, with corresponding eigenvectors wﬁ = S, where the
exponents of A® are Exp = {(A1,X2)] 0 < A, h0 <1 —3; A+ Xy <1 —3}, and the
S-matrix for SU(3) at level k = [ — 3 is given by [29]:

IV3i Suxn = SN AN G FAG U F2A515) 1 €Ny =Ny +2X iy —Aphis)
4N =Ny =205y = Aop) _ pE(=2N pp =N g = Ao up —2A511)
SN N o+ NGy = Nopy) SN = N Ay H2MG )

. , , ‘
where § = —2mi /31, A = (A, A2), o = (p1, o), and X = Ny + 1, py = py + 1, for j = 1,2,
Then setting p = (0,0) we obtain

) = (sin(2N) /1) + sin(2X\y7 /1) — sin(2(N] + \y) 7 /1)) (50)

2
V3
1
- _2\/§7T2ZJ((/\1 +2X0 4 3)/31, (201 + A2 + 3)/31) (51)
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where in (51) (91 = ()\1—|—2)\2—|—3>/3l and 92 = (2)\1"‘)\24—3)/3[, so that ()\1+1)/l = 292—91
and ()\2 —+ 1)/l = 291 — 92.

Since the S—matrix is symmetric, we also have w/i‘ = Siu, so that the Perron-Frobenius
eigenvector w ) has entries ¢>\ given by (50). Since the S-matrix is unitary, the

eigenvector 1)(“?) has norm 1. Recall that the Perron-Frobenius eigenvector for A® can
also be written in the form [12]:

E\O’O) _ sin((A; + 1) /1) sin((Ag + 1)7 /1) sin((A + Ag + 2)7/1)

sin?(7 /1) sin(27 /1) ’ (52)

where ¢(®% has norm > 1. In fact, ¢®% has norm Iv/3(8sin(2n /1) sin?(7 /1)), so that
P00 = 8sin(27/1) sin®(7 /1) $*? /1/3. Then by (51),

B (0,0)
J(01,605) = —2V3n% P1(202-601)~1,1(201—05)-1)

8 (0,0)
= —2V37% % sin(27/1) sin®(7 /1) ¢(l 205 —01)—1,1(201 —02)—1)

= —1677sin((20y — 6;)7) sin((26; — 0)7) sin((6; + 02)7),

so that the Jacobian J(fy,6;) can also be written as a product of sine functions. From
this form for J we see that the expression for J(wy,ws) in (40) factorizes as

J(wr,ws) = —27r2i(uf1u§ - u1u2’2)(ufu2’l - uf2u2)(u1u2 — uflugl),

where u; = wi/z and uy = w21/2 take their values in {e?| 0 < 0 < 7}.

We now compute the spectral measure for AY. The exponents of A® are all the
vertices of AD ie. Exp = {(A, \2)| A\, A2 > 0; A\ + Ay < [ — 3}, Then summing
over all (A1, A2) € Exp corresponds to summing over all (6, 60s) € {(¢1/30,42/30)| q1,q2 =
0,1,...,3l — 1}, such that 6; + 6 = 0 mod 3 and

2, —0, = (M+1)/1 > 1/, 2, — 0, = (\+1)/1 > 1/,
0 +0, = (M+r+2)/1 < -1/ = 1—1/L

Let L, ,) be the set of all such (61,6;), and let C; be the set of all (w;,ws) € T,
where w; = 62’”9 , j = 1,2, such that (61,0;) € L, g,). It is easy to check that BN =
wy + wy ' 4wy tw,y. Using (49)

/ R (01, w2)de (w1, wp)
TQ

=L ST (BB (20 + Ao + 3)/3L (A + 200 + 3)/31)?

127412
AeExp

1 — — m(, — —1\n
= -0 Z (w1 4wyt + Wl twy)™ (Wit + wy + wiwy )

(w1,w2)€C

-2 -2 1 -1 2 1 1 232
X (wiwg + wiwy © + wy we — W] Wy — wiwy  — Wy W) (53)

If we let C be the limit of C; as | — oo, then C is a fundamental domain of T? under
the action of the group S, illustrated in Figure 8. Since J = 0 along the boundary of
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Figure 12: The points (61, 63) such that (e2™1 ¢2mi%2) ¢ Dy,
C, which is mapped to the boundary of ® under the map ® : T> — D, we can take the

summation in (53) to include points on the boundary of C. Since J? is invariant under
the action of S3, we have

/ R (1, w2)de (w1, )
’H‘Q

11 PP .
= s D (Wit wy Fwrtws)M(wr + we + wiwy )
(w1,w2)ED;
X (wiwy + w1w2_2 + wf2w2 — wflwz_l — w%wz_l — wf1w§)2, (54)

where
Dy = {(e*m /3 e*me/3y € T2| g1, g, = 0,1,...,3l — 1;q1 + o =0 mod 3} (55)

is the image of C; under the action of S3. We illustrate the points (6;,62) such that
(e¥mi01 2mif2) ¢ Dy in Figure 12. Notice that the points in the interior of the fundamental
domain C, those enclosed by the dashed line, correspond to the vertices of the graph A©).
The number jjl(fl)t of such pairs in the interior of a fundamental domain C' can be seen
to be equal to n® = (I — 2)(I — 1)/2, where n¥) is the number of vertices of A, whilst
the number ]jg) of such pairs along the boundary of C is n!*3) —n® = [(1 4+ 1)(I +
2) — (I — 2)(I — 1)]/2 = 3l. Then the total number of such pairs over the whole of T?
is |Dy| = 6111(3 + 3jjg) — 6 since we count the interior of C six times but only count its
boundary three times. The vertices at the corners of the boundary of C' are overcounted
twice each, hence the term —6. So |D;| = 3(l —2)(l — 1) + 91 — 6 = 3[?, and we have

/ R (0, w2)de (w1, )
TQ

11
-1 -1 my¢, —1 —1\n
= —ém E (W1 +wy +wp w)™(wy +wr+wiwy )
l
(w1,w2)€D;
—2 —2 -1 1 2 1 ~1 2\2
X (wiwg + wiwy © + Wy “We — W] Wy — Wiwy  — Wy Ws)
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1
-1, -1 -1 —1
= — [ (wi+wy Fw w)™(wy +ws+wiwy )"
6 T2
2, -2 1 -1 2 11 22 (1
X (wiws + wiwy 2 + wiws — wilwy ! — Wiyt — witw2)? dO(wy, w,),

where d® is the uniform measure over D;. Then we have proved the following:

Theorem 7.1 The spectral measure of AY (over T?) is given by

1
d6(u)1,u)2) = @J(wl,wgfd(”(wl,wg). (56)

We can now easily deduce the spectral measure of A(>) claimed in Section 6.2. Letting
| — o0, the measure d) (wy,w,) becomes the uniform Lebesgue measure dw; dws on T2:

Theorem 7.2 The spectral measure of A (over T?) is

de(wy,ws) = J (w1, wo)?dw; dws, (57)

2474

where dw is the uniform Lebesque measure over T. Over ®, the spectral measure fi,, (z)

of A s

1
dptey (2) = ﬁ\/27 — 1827 + 423 + 473 — 227% dz. (58)

Remark: For vertices v of A™ we define polynomials S,(x,y) by S0 (z,y) = 1, and

xSy(,y) = >0, Aulv, )Su(z,y) and yS,(z,y) = 3, AL(v, 11)Su(x,y). For concrete
values of the first few S,(x,y) see [21, p. 610]. Gepner [30] proved that this is the
measure required to make these polynomials S, (z,%) orthogonal, i.e.

2%?2 N SM(Z,E)SV(Z,E)\/27 — 1827 + 423 +47° — 2222 d2 =0,
Then in particular, it follows from Theorem 7.2 that the dimension of the n'® level of
the path algebra for A is given by (43) with m = n (i.e. r = 0), or equivalently by the
integral [ |z|*™dp,, (2) with measure given by (58).
The dimension of the irreducible representation my of the Hecke algebra H,(q), labelled
by a Young diagram A = (pj,p2,m — p1 — po) with at most 3 rows, is given by the
determinantal formula (see e.g. [54]):

dim(my) = n! 1/(p2 —1)! 1/ps! 1/(p2 + 1)! . (59)
I/n—=p1—p2—2)! 1/(n—p1—p2—1) 1/(n—p1—py)

where 1/¢! is understood to be zero if ¢ is negative. Computing the determinant in
equation (59), we can rewrite the right hand side as a sum of multinomial coefficients:

dim(my) = (p1,p2,n —p1 — p2)! — (P, P2+ 1,m —p1 — pa — 1)!
+(1+Lpe+1n—pr—p2—2)! = (pr+1,p2 — 1,n —p1 — p2)!
+(p1 +2,p2—1,n—p1 —p2— 1)! - (pl +2,p2,n —p1 — P2 — 2)! (60)
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We can also obtain another formula for the dimension of A(A(),. The number
6527/\2) of paths of length n on the graph A from the apex vertex (0,0) to a vertex
(A1, A2) is given in [13] as

Jm AL+ DA+ 1) (A + A +2) n!
AtA2) = (n 20 + Ao +6)/3)!((n — AL+ Ao +3)/3)!((n — AL — 2X9)/3)!
Then we have the following:

Lemma 7.3 Let c( ) be the number of paths of length n from (0,0) to the vertex (A1, Ao)

on the graph A, as given in (61), and let A'(A)) be the general path algebra defined
in Section 6.2. Then, for fived integers m,n < oo, the following are all equal:

(1) dim(A(A),,),
(%) 27r2 f@ 227 — 182% + 423 + 475 — 2272 dz,

(61)

(3) gir Jpa (@1 +wp "+ wilws)™ (W 4 wh F wiwy )" (wr, ws) dwn dws,
(W—%Z%mﬂmbm—h Ba)t (i 7 bas b 7 = by m 7 = by + by — ke — ko),

(5) Z c )\1 )\2) )\1 )\2)7

where in (4), n=m+3r, r € Z, by = (2a1 +a2)/3, by = (a1 + 2a2)/3 and the summation
is over all ay,ay € 7Z such that (ai,a2) € T, and all non-negative integers ky, ko which
satisfy (44)-(46). The summation in (5) is over all 0 < A, Ay < min(m,n) such that
A1+ A2 <min(m,n) and m =n = X\ + 2y mod 3.

Proof: The identities (1) = (2) = (3) = (4) were shown above. The identity (1) = (5) is
trivial since the dimension of A'(A®)),,,, is equal to the number of pairs of paths (with
lengths m, n respectively) which begin at (0,0) and end at the same vertex of A, [

Corollary 7.4 Let fp1 e be the sum of multinomial coefficients given by (60). Then, in
particular, for fited n < 0o, the following are all equal:

(1) dim((Q" M3)3V®)),
(2) 5k [o 217" V27 — 1827 + 423 + 42° — 2227 dz,

(3) sz Jpo |wr +wyt 4 wp wo|? J(wi,ws)? dwy dws,

(4) —lZ”Yal,aQ(kth,n—M ko)l (k1 + b1, ko — baym — by + by — ky — ko),
(5) Z p1p2;
(6) > (c (Am) ;

where in (4), by = (2a1+a2)/3, by = (a1+2a2)/3 and the summation is over all ay,ay € Z
such that (a1,a2) € T, and all non-negative integers ki, ko which satisfy (44)-(46). The
summation in (5) is over all 0 < ps < p; < n such that n—p, < 2py, whilst the summation
in (6) is over all 0 < Ay, Ay < n such that Ay + Xy < n and n =\ + 2Xg mod 3.

Proof: The identities (1) = (2) = (3) = (4) = (6) follow from Lemma 7.3. The identity
(1) = (5) follows from (60) and the fact that (@" M3)5V® = A(AC)),, = @, m(H.(q)),
where the summation is again over all Young diagrams A with n boxes.
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7.2 Graphs D", n =0 mod 3.

(3k (3k)

The exponents of DG¥) | for integers k > 2, are the O-coloured vertices of A®GF) i.e.
Exp = {(A1, \2)| A, A2 > 0; Ay + A < 3k —3; A\ — Ay = 0 mod 3}, where the exponent
(k — 1,k — 1) has multiplicity three.

For DG¥) we have [1}| = \/55(0,0))\ for all A € Exp except for A = (k — 1,k —
1). For this exponent however the eigenvalue %% = 0, so that this term does not
contribute in (49). Then for A # (k — 1,k — 1), the weight |¢)| is given by [} =

Since the exponents for D% are all of colour zero, under the above identification
between A\, Ay and 6;, 65, the exponents A correspond to all pairs (6;,6,) such that
01 — 0, = 0 mod 3 and (e2™ ?™i%2) € C'. These pairs (01,6,) are thus in fact all of the
form (p,/3k, pa/3k), for p1,p2 € {1,2,...,3k—1}. Under the action of S3, these pairs are
mapped to the all the points (g1, ¢2) € [0,1]? such that e*™ is a 3k*™® root of unity, for
j = 1,2, except for the points (qi, q2) which parameterize the boundary of ©. However,
we can again use the fact that the Jacobian is zero at the points which parameterize the
boundary of ®.

Then by (49) we have

/ R (w01, w2 ) (w1, w5)
’H‘Q

- 4%4 (32)2 D (BI)™MBV)MT (A + 220 + 3) /31, (M1 + Ay + 3)/31)?

1 1

= Zam e 2 OB (6.0
01,02

AeExp

The last summation is over (61,60s) € {(p1/3k,p2/3k)| p1,p2 = 1,...,3k —1}. Then we
have obtained the following result:

Theorem 7.5 The spectral measure of DC¥) | k> 2, (over T?) is

1
d€(w1>w2) = mj(whf«%)z d3k/2w1 d3k/2w2> (62)

where dsy 2 is the uniform measure over the 3k™ roots of unity.

For the limit as & — oo we simply recover the measure (57) for A®). This is due to
the fact that taking the limit of the graph D®* as k — oo with the vertex * = (0,0)
as the distinguished vertex, we just obtain the infinite graph A, In order to obtain
the infinite graph D) we must set the distinguished vertex * of D% to be one of the
triplicated vertices (k—1,k—1);, i = 1,2, 3, which come from the fixed vertex (k—1,k—1)
of A®®) under the Zs action. Then using (49), and taking the limit as & — oo, we would
obtain the spectral measure for D).

7.3 Graphs AV, | < co.

The exponents of AD* are Exp = {(j,5)] j = 0,1,...,[(I — 3)/2]}. From [28] its
eigenvectors are ¢, = 2V 1sin(2ra(\; + 1)/1), where A = (A, \2) € Exp and a =
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Figure 13: A™* for n =4,5,6,7,8,9

1,2,...,[(l—1)/2], as in Figure 13. Then

[(1-3)/2]
/ Ry (wi,wo)de(wy,ws) = 7 E (6(3’]))’”(5(%]))" sin?(27(j + 1)/1).
T2 :
J=0

Since all the eigenvalues 3U7) of AU* are real, there is a map ®; : T — ® given
by ®(u) = u + u~' 4 1 so that the eigenvalues are given by ®,(e2™0U+D/1) ¢ [~1,3] for
§=0,1,...,|(I—3)/2]}. Then the spectral measure of AD* can be written as a measure
over T. Then with @ = €2™/!, we have

[(1-1)/2]
(W + a7 + 1)™" sin(a’)?

~|q>

/(u +u” )" de (u)
T

j=1

.

For all [, sin(a°) = 0, and sin(w’) = sin(@' — j), for [ = 1,2,...,[(I —1)/2]. If [ is even,
we also must consider when j = /2. In this case sin(u"/?) = 0. Then we can write

| Do

/T (W)™ de() = TI(@ + T+ 1) sind(@) (63)

= 2 /(u +ut 4+ 1) sin®(u)d; ou,
T

where d, is the uniform measure over the 2p™ roots of unity. Then we have:
Theorem 7.6 The spectral measure of AD*, | < oo, (over T) is

de(u) = au)d;ou, (64)

where dyjou is the uniform measure over I™ roots of unity, and a(u) = 2Im(u)?.
Since (u+ut + 1) = 20 Cl(u + u1)!, for even | = 2k we can express the m, n'

moment as a linear combination of the moments of the Dynkin diagram Aj_1:

m—+n m+n
/(u +u )" de(u Z C’m+"/ u+ut) 2Im(u)’dypu = Z e,
T par;

where ¢/ is the j** moment of A;_;. When [ — oo, the 5 moment ¢/ of A, is given by
the Catalan number ¢;/, when j is even, and 0 when j is odd. Then for the infinite graph
A

L(m+n)/2]

/(u +u )" de(u) = Z CHt"ey.
T
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In fact, the spectral measure for A()* has semicircle distribution: Letting { — oo in
(63), we have the approximation of an integral

1
lim — +a 1) sin? (W) = 2/ (™0 4 720 L )™ sin®(2m0)dd.
0

Making the change of variable z = €™ 4-¢=2 + 1 = 2 cos(27r9 +1, we have 2sin(270) =

V4 — (z —1)2, and dz/df = —4rsin(2n0) = —2m/4 — (x — 1)? Then

1
/xmdu(x) = 2/ (™ 4 720 1 )™ sin?(270)do
0

NI

= 4/ (¥ 1 720 L )™ sin?(270)dd
0

—4 [ 1 ?
= g/:s 2"\4—(x—1)2dx = g/_lxm\/ll—(x—l)zdx,

which is the semicircle law centered at 1 with radius 2. Then the spectral measure u (over
[—1,3]) for the inﬁnite graph A" has semicircle distribution with mean 1 and variance 1,
i.e. du(z) = /4 — (z — 1)2dx. The graph A®D* has adjacency matrix ACD* = A, +1,
where Al is the adJacency matrix of the Dynkin diagram A;. Hence the spectral measure
for A@Y* is the spectral measure for A;_; but with a shift by one.

7.4 Graph £©®

The spectral measures for the graphs A®Y, DG are measures of type dp2 X dps2, J 2d,, /2 X
dp/2, d® or J2d® for p € N. However, we will now show that the spectral measure for
£®) is not a linear combination of measures of these types. The exponents of £®) are

Exp = {(0,0), (5,0),(0,5),(2,2),(2,1),(1,2),(3,0),(2,3),(0,2),(0,3), (3,2),(2,0)}.

Let w = */3 and A be the automorphism of order 3 on the vertices of A® given by

Ay, pg) = (5 — pi1 — g, p11). For the eigenvalues gV, gAN) = ;33N and B (A%(V)
WHAW, the corresponding eigenvectors are (v*, v, v*), (v}, wv*, @) and (v}, WA, wot)
respectively, where the row vectors v* are given in [14, Table 17.3] (We normalize the
eigenvectors so that |[1/*|| = 1). Hence ¢} = P = wa(’\) for A € Exp. With 6, =
()\1 + 2/\2 + 3)/24, 02 = (2/\1 + )\2 + 3)/24, we have

>
m
g3
w
3
=
\'%
[\&}
S—
m
=
=
[\o}

(W2 | =/ (61, 602)?

|
(0,0), (5,0), (0,5) | (3:8): (-3D). (353) | 52| 3-2v2
(2,2), 2.1, (1L.2) | (39, 3 Gg) | 22| 3+242
(3,0),(2,3),(0,2) | (1.3) Giw): Graon) | 1 2
0,3), (3,2), (2.0) | (3.7), (35 31): (5o21) | 1 2
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Figure 14: The points (6;,605) € {g(\)| A € Exp, g € S3} for £®.

From (49),

/ R n (w1, wa)de(wr, w2) Z Z SO Y(BEON) gV, (65)
T2

gESB A€Exp

Now the pairs (01, 6s) given by g(A) for A € Exp, g € Ss, are illustrated in Figure 14.
Consider the pairs (6, 6,) = (7/24,8/24), (8/24,13/24), (10/24,11/24). For each of these,
(w1, wy) = (201 e2m%2) € T? can only be obtained in the integral in (65) from either the
product measure dis X dys on pairs of 24™ roots of unity, or the uniform measure d®)
on the elements of Dy ((7/24,8/24), (8/24,13/24), (10/24,11/24) are each in Dg, but
none are in Dy, for any integer k£ < 8). Since these points (w;,ws) cannot be obtained
independently of each other, we must find a linear combination & = cje; + c3J?ey of
measures, where €; must be either d;p x dip or d® for j = 1,2 (it doesn’t matter at this
stage which of the two measures we take £; to be), such that the weight &’(e*™1, e2™i02) is
(2+/2)/24 for (01,0,) = (7/24,8/24), (2 — /2)/24 for (0y,0,) = (8/24,13/24) and 1/12
for (0, 6,) = (10/24,11/24). Suppose for now that €; = 5. Then we must find solutions
c1, ¢y € C such that

2+/2

2 1
— V2 e+ (342V2)e, = e+ 205 = (66)

24 7 24 12°
Solving the first two equations we obtain ¢; = ¢o = 1/48. However, substituting for these
values into the third equation we get 1/48 +2/48 = 1/16 # 1/12, hence no solution exists
to the equations (66), and hence the spectral measure for £ ®) is not a linear combination
of measures of type d,/2 x dp/2, szp/g X dp2, d® or J2d®)| for p e N.

c+ (3 —2\/_)02

7.5 Graph 51(12

We will now show that the spectral measure for 51(12) is also not a linear combination of
measures of type d, ;2 X dpo, J2d,e X dp2, d® or J2d® for p € N. The exponents of

81(12) are

Exp = {(0,0),(9,0),(0,9), (4,4), (4,1),(1,4), and twice (2,2), (5,2),(2,5)}.
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Figure 15: The points (61,602) € {g(A\)| A € Exp,g € Ss} for 81(12). The white circle
indicates is the point (5/12,6/12).

Computing the first entries of the eigenvectors, we have

OV = PO = U = (2 V3)/36,
WA = DR = 012 = (24 V/3)/36,

whilst for the repeated eigenvalues, for the exponents with multiplicity two which we will

label by (A1, A2)1, (A1, A2)2, we have
R 1 R )

With 0; = (A +2X2 + 3)/24, 05 = (2A; + A2 + 3) /24, we have

A€ Exp (61,05) € [0,1]? L J(6),0,)?
(0,0), (9,0), (0,9) | (5. 15), (53) (5. 13) 1-4/3
(4,4), (4,1), (L) | (% 3) G 3)s (B3) T4y
(2,2), (5,2), (2,5) | (1:1) (53), (5. 13) 4

Again, from (49),

/ Ry n (w1, wa)de(wr, w2) Z Z BUNY™(BEON) g, (67)
T2

g€S3 AeExp

We illustrate the pairs (0q,602) given by g(\) for A € Exp, g € S3, in Figure 15.
Consider the pairs (61,602) = (4/12,7/12),(3/12,5/12). For both of these, (w;,ws) =
(€271 e2mi02) ¢ T2 can only be obtained in the integral in (67) by using either the product
measure dg x dg or the measure d¥) ((4/12,7/12), (3/12,5/12) are both in Dy, but neither
are in Dy, for any integer k < 4). With either of these measures, we will also obtain the
point (e27/12 ¢2m6/12) i the integral (67). The corresponding pair (6y, 6,) is indicated by
the white circle in Figure 15. The point (e27%/12,¢?76/12) can also only obtained by using
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the measures dg x dg or d®. Since these points (w;,ws) cannot be obtained independently
of each other, we must find a linear combination ¢ = cje; + coJ%ey of measures, where
g; must be either dg x dg or d for j = 1,2, such that the weight &'(e?™1, e2"2) is (2 —
V3)/36, (2 4+ /3)/36, 0 for (61, 0:) = (4/12,7/12),(3/12,5/12), (5/12,6/12) respectively.
Suppose for now that ey = ey (again, it doesn’t matter at this stage which of the two
measures we take €1, €5 to be). Then since J(5/12,6/12)* = 3/4, we must find solutions
c1, ¢ € C such that

743 2—1/3 +7+4\/§ 2+/3
_ oy =

3
1 Cy = 36 s C1 Cl1+ —Cy = 0. (68)

4 36 4

c1+

However, no solution exists to the equations (68), and so the spectral measure for 51(12) is
not a linear combination of measures of type d, 2 X dp/2, J?dye X dpj2, AP or J2d®), for
p e N.

8 Hilbert Series of g-deformations of CY-Algebras of
Dimension 3

We will now introduce the Calabi-Yau and g-deformed Calabi-Yau algebras of dimension
3, which are the SU(3) generalizations of the pre-projective algebras of Section 5.4. For
certain ADE graphs we will also compute the Hilbert series of the g-deformed CY-algebras
of dimension 3.

Let G be an oriented graph, and CG, [CG,CG| be as in Section 5.4. We define a
derivation 0, : CG/[CG,CG|] — CG by

Oo(ay---ay) = § Ajy1 " ApAy - G571,
J

where the summation is over all indices j such that a; = a. Then for a potential ® &
Cg/|Cg, Cg], which is some linear combination of cyclic paths in G, we define the algebra

A(CG, ®) = CG/{0,3),

which is the quotient of the path algebra by the two-sided ideal generated by the elements
0.® € CG, for all edges a of G. We define the Hilbert series H4(t) as in Section 5.4.
If A(CG,®) is a Calabi-Yau algebra of dimensions d > 3 and deg ® = d, then [9,

Theorem 4.6]
1

1= Agt+ ALt — g4

Let T" be a subgroup of SU(3). We do not concern ourselves here with the computation
of the spectral measure of I', reserving that for a future publication [26]. However, we
make the following observation. Let ® : T?> — ® be the map defined in (36) and suppose
we wish to compute ‘inverse’ maps &~ : ® — T? such that ® o =1 = id, as we did for
SU(2) in (18). For z € D, we can write z = w; + w, ' +w; 'wy and Z = w ' + wy +wyw; .
Multiplying the first equation through by wy, we obtain zw; = w? +wyw; ' +wy. Then we
need to find solutions w; to the cubic equation

H(t)

(69)

Wi — 2w} + 2w — 1 =0. (70)
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Similarly, we need to find solutions wy to the cubic equation wj —Zw3 + 2wy — 1 = 0, hence

the three solutions for w, are given by the complex conjugate of the three solutions for
w1. Solving (70) we obtain solutions w®, k = 0, 1,2, given by

ok — (z + 9-13¢, P 4 21/35(22 —37)PY)/3,

where ¢, = e2™*/3 21/3 takes a real value, and P is the cube root P = (27 — 92% + 22° +
3V3V2T — 182% + 422 4 47° — 222%)1/3 such that P € {re?| 0 < # < 27/3}. For the roots
of a cubic equation that it does not matter whether the square root in P is taken to be
positive or negative. We notice that the Jacobian J appears in the expression for P as
the discriminant of the cubic equation (70).

We now consider the Hilbert series for I'. For the McKay graph Gr one can define a
cell system W as in [31], where W (A;;;) is a complex number for every triangle A;;; on
Gr whose vertices are labelled by the irreducible representations ¢, j, k of I'. We introduce
the following potential

Op = Z W(lijk) - DNij € CGr/[CGr, CGr.

A€

Then dividing out CGr by the ideal generated by 0,Pr for all edges a of Gr, by [31,
Theorem 4.4.6], A(CGr,®r) is a Calabi-Yau algebra of dimension 3, and the Hilbert
series is given by (69).

Theorem 8.1 Let I' be a finite subgroup of SU(3),{po = id, p1 = p, p2,...,ps} its irre-
ducible representations and Gr its McKay graph. Then if Ps ,. is the Molien series of the

symmetric algebra S of CN, and H(t) is the Hilbert series of A(CGp, ®r),
Hpj,lo(t) = PS,pj (t).

Proof: Let I' be a subgroup of SU(3) with irreducible representations p;, j = 1,... ,s,
where py = id is the identity representation and p; = p the fundamental representa-
tion. The fundamental matrices Ar, AL defined by p ® p; = ijo(AF)i,jpja PR p; =
> i_o(AL)ijpy, satisty, by [32, Cor. 2.4(1)],

S

Z (_(Ap)pi:l)jt + (A%)Pupth) PS,P,j(t) = _(1 - tg)PS,Pi(t) + 5i,0’

J=0

so we have
(1Pi7Pj - (AF>Pi7Pjt + (A%,:)Pi,pjﬁ T 1Pi7pjt3) PS,P;’ (t> = 5i,0
=0

(1= (Ap)t + (AD)E — 18%) , Pso, () = dio.

i

7=0
Then (PS (t)) ~is given by the first column of the inverse of the invertible matrix
7p,7 p]

(1 — (Ap)t + (AT)t* — 143), that is,

Ps,, (1) = ((1 ~(Ap)t+ (AT)2 - 1t3)_1) —H, . O

Pj PO
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For the ADE graphs, we define a potential ® by

b= W(Ay)- Dy € CG/[CG,CG],
i,k
where the Ocneanu cells W(A,j,) are computed in [22]. The Hilbert series for the g-
deformed A(CG, ®) is given by
B 1— Pth
1= Agt+ AL — 3

Ho (1 (71)
where P is the permutation matrix corresponding to a Z/3Z symmetry of the graph, and
h is the Coxeter number of G.

The permutation matrix P is an automorphism of the underlying graph, which is the
identity for D™, AM* n > 5 O 81(12), 1 =1,2,4,5 and £®Y. For the remaining
graphs, let V' be the permutation matrix corresponding to the clockwise rotation of the
graph by 27/3. Then

p_ Vo for A™ n >4 and O,
Tl V™ for DW* n>5.

The numerator and denominator in (71) commute. To see this note that QAg = AgQ
and QAL = AEQ, since () is a permutation matrix which corresponds to a symmetry of
the graph G. The proof of (71) will appear in [26].

In the SU(2) case, the permutation matrices P appearing in the numerator of H4(t)
corresponded to the Nakayama permutation of the Dynkin diagram. The above claim
then raises the question of the relation between the automorphisms which appear in the
numerators of the expressions for H4(t) with Nakayama’s automorphisms.
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