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ABSTRACT Large-scale distributed energy resources, such as electric vehicles (EVs) asymmetric access to
low-voltage distribution systems, may cause security problems, including line congestion, voltage violation,
and three-phase unbalance. In this paper, a congestionmanagement method of low-voltage active distribution
networks is proposed. The soft open point, a flexible power electronic device, is considered as a direct control
means to solve the congestion problem first. A semidefinite programming model based on a symmetrical
component method is constructed to optimize the operation strategy that can be efficiently solved to meet the
demands of rapid centralized control. To guide the charging behaviors of flexible load represented by EVs,
a market mechanism suitable for the low-voltage unbalanced network is further considered. Though linear
approximation and sensitivity analysis, a pricing model of flexible load is established accounting for the
effect of network loss, voltage variation, voltage three-phase unbalance, and line overload to distribution
locational marginal price. Case studies are carried out on the modified IEEE 33-node and IEEE 123-node
system to verify the effectiveness and efficiency of the proposed method.

INDEX TERMS Congestion management, unbalance, distribution locational marginal price (DLMP), soft
open point (SOP), semidefinite programming (SDP), sensitivity analysis.

NOMENCLATURE
Sets
�b Set of all branches
N Set of nodes that are not root nodes
8i Set of phases for node i, 8i ⊆ {a, b, c}
8ij Set of phases for branch ij, 8ij ⊆ {a, b, c}
Indices
i, j Indices of nodes
ϕ Indices of phases, referring to a, b and c
l Indices of branches
Variables
Vϕ,i, Vi Complex voltage on phase ϕ of node i

defined as Vi := (Vϕ,i, ϕ ∈ 8i) ∈ C |8i|

Iϕ,ij, Iij Complex current on phase ϕ of branch ij,
defined as Iij := (Iϕ,ij, ϕ ∈ 8ij) ∈ C|8ij|
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sϕ,i, si Complex power injection on phase ϕ of node i,
defined as si := (sϕ,i, ϕ ∈ 8i) ∈ C |8i|

vi, lij Auxiliary variables that indicate
vi := ViVH

i ∈ H
|8i|×|8i|,

and lij := IijIHij ∈ H
|8ij|×|8ij|

v012i , l012ij Auxiliary variables in symmetrical
components that indicate
v012i := AHViVH

i A ∈ H
|8i|×|8i|, and

l012ij := AHIijIHij A ∈ H
|8ij|×|8ij|

Sij Complex power flow of branch ij, defined as
Sij = ViIHij ∈ C

|8ij|×|8ij|

S012ij Complex power flow of branch ij in
symmetrical components defined as
S012ij = AHViIHij A ∈ C

|8ij|×|8ij|

PEVϕ,i,t Active power injection by EV on phase ϕ
of node i at period t
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PEV,flxϕ,i,t Flexible charging power by EV on phase
ϕ of node i at period t

PDGϕ,i , Q
DG
ϕ,i Active/reactive power injection by DG

on phase ϕ of node i
tanθDGϕ,i cosθDGϕ,i is the power factor of DG on

phase ϕ of node i
PSOPϕ,i , Q

SOP
ϕ,i Active/reactive power injection by

SOP on phase ϕ of node i
PSOP,lossi Active power losses of the SOP of

node i
Parameters
σ r
t Electricity purchase price of active

power of DSO at period t
σEV
t Bidding price of active power of EV at

period t
αϕ,i Proportion of EV with flexible

scheduling capability on phase ϕ of
node i

PLϕ,i, Q
L
ϕ,i Active/reactive power consumption on

phase ϕ of node i
EEV
ϕ,i Forecasted total charge demand by EV

on phase ϕ of node i
PEV,reϕ,i,t Forecasted active power consumption by

EV on phase ϕ of node i at period t
PDG,reϕ,i Forecasted active power generated by

DG on phase ϕ of node i
Q̄SOP
ϕ,i , Q

SOP
ϕ,i

Upper/lower limit of reactive power
provided by SOP on phase
ϕ of node i

LSOPi Loss coefficient of SOP at node i
SSOPϕ,i Capacity limit of SOP integrated with

node i on phase ϕ
zij Impedance matrix of branch ij
A Symmetric component transformation

matrix
S Phase angle migration diagonal matrix

that indicates S= diag(1,ej240, ej120)
V̄i, V i Upper/lower voltage limit of node i
S̄ij Upper transmission capacity limit of

branch ij
SF lpl−i, SF

lq
l−i Sensitivity factors of power flow in

branch l to node i
SFvpi−j, SF

vq
i−j Sensitivity factors of voltage in node i to

node j
LFP−Pi ,LFP−Qi Active power loss factors of active

power/reactive power of node i
LFP−Pi ,LFP−Qi Reactive power loss factors of active

power/reactive power of node i

I. INTRODUCTION
With the increasing environmental pressure, distributed
energy resources (DERs) such as electric vehicles (EVs) and
distributed generators (DGs) have been widely integrated into

distribution networks [1], [2]. Highly volatile DERs not only
provide flexible scheduling resources for the optimal opera-
tion of low-voltage distribution system, but also put forward
new challenges to systems’ security, economic operation and
energy management.

Low-voltage distribution system has three-phase unbal-
anced characteristics due to asymmetric three-phase line
configuration and large numbers of asymmetric loads. The
flexible residential loads represented by EVs and air condi-
tioners usually adopt on-board single-phase charging strate-
gies [3]. The integration of severe unbalanced residential
loads may cause inefficient use of network assets, network
congestion and voltage violation in low-voltage distribution
system. These issues motivate the efforts to propose a con-
gestion management strategy of low-voltage active distribu-
tion networks (ADNs) considering the asymmetric access
of DERs.

Congestion management methods for distribution net-
works can be grouped into two categories, including direct
regulation methods and market-based methods [4]. In terms
of direct regulation, conventional methods such as network
reconfiguration and load shedding are considered to solve
the congestion problem. But limited by the slow response
and security risks due to switching operation, these strategies
cannot satisfy the requirement of rapid adjustment with high
precision [5]. Soft open point (SOP) is a highly controllable
power electronic device installed to replace normally open
point, realizing accurate and fast active and reactive power
flow control between feeders [6]. The application of SOPs to
congestion management of low-voltage ADNs can balance
the power flow in different feeders, maximize their regula-
tion potential and further improve the power quality of the
system [7], [8].

Though the SOP based congestion management can solve
the congestion effectively in many cases, there are some cases
where they can only partly solve the congestion due to the
limitation of SOP capacities. In such cases, a market mecha-
nism should be considered. Compared with direct regulation
methods, market-based methods can efficiently manage and
utilize large amounts of DERs, which show great potential
in the fields of congestion management. The market-based
methods depend on accurate prediction of user’s behaviors,
thus play a complementary role in congestion management.

For the market-based congestion management methods,
a reasonable price signal is the key to stimulate flexible
loads to ensure the secure operation of power system. Refer-
ences [9] and [10] proposed the concept of distribution loca-
tional marginal price (DLMP) to reflect the congestion cost
in distribution networks. In DLMP, EV aggregators respond
to the congestion cost and alter their charging plan. Refer-
ence [11] considered the effect of reactive power and loss
factors on line capacities, a DLMPmodel based on linearized
optimal power flow (OPF) is proposed. In [12], a DLMP
congestion management model suited for three-phase sys-
tems was built, and phase unbalance limits were mod-
elled in the DC optimal power flow (DCOPF) formulation.
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Reference [13] proposed a two-stage congestionmanagement
method. Network reconfiguration and OLTC optimization
results were obtained through mixed-integer second order-
cone programming (MISOCP) modelling. Then, a linear
approximation power flow model was built for DLMP calcu-
lation. In [14], a dual analysis method was used to analyze
the Karush-Kuhn-Tucker condition and DLMP of the sec-
ond order-cone programming model. The features of vari-
ous DLMP models are analyzed from the perspectives of
computation and numerical precision.

Previous works show the efficiency for handling con-
gestion problems in distribution network. However, most
approaches regard three-phase distribution network as a bal-
anced system and use the single-phase equivalent model. Due
to the three-phase unbalanced characteristics within the low-
voltage distribution system and the single-phase charging
strategies in EVs, the results would be inaccurate. Thus,
to accurately model the low-voltage ADNs and realize price
incentive for the flexible loads in single-phase charging
mode, proposing a congestion management strategy of low-
voltage ADNs has practical value.

The low-voltage ADNs congestion management is an opti-
mization problem to minimize the operation cost of dis-
tribution system operator (DSO) while ensuring the secure
operation of the low-voltage network, thus a three-phase
power flow model needs to be established. The model, which
considers the coupling among phases, involves large num-
bers of optimization variables. To accelerate computation
and enhance the calculation efficiency, the convex relax-
ation technique has received extensive attention in recent
years [15]. Reference [16] proposed a semidefinite program-
ming (SDP) model converted by a three-phase bus-injection
model. Low [17] and Gan and Low [18] proved that the
bus-injection model and branch-flow model are equivalent in
SDP relaxation exactness. The branch-flow based SDPmodel
is numerically more stable because it avoids ill-conditioned
operations. Reference [19] combined the SDP model with
symmetrical components method to further improve the accu-
racy of the SDP model under adverse conditions. In [20],
a linearized three-phase OPF model considering network
loss and voltage violation was proposed, the limitation of
the objective function could be overcome. Reference [21]
considered a maximum access problem of DG under three-
phase linearized OPF model, the approximated linearization
method was used to deal with the nonlinear constraints of
line capacity. Referring to the state-of-the-art of convex relax-
ations, congestion management model of low-voltage ADNs
can be tractably solved.

The asymmetric access of EVs with high penetration
may cause network congestion and voltage issues in low-
voltage ADNs. This paper proposes a congestion manage-
ment method of low-voltage ADNs based on distribution
locational marginal price. The main contributions are sum-
marized as follows:

1) A congestion management strategy is presented
by combining SOP and market-based mechanisms.

The market-based mechanism is invoked in case SOP
can’t solve the congestion issue. The potential of
SOPs and EVs in congestion management is explored
to improve the security and operation efficiency of
distribution system.

2) The original SOP based congestion management strat-
egy is a highly non-convex nonlinear problem and
cannot be efficiently solved. By applying SDP relax-
ation and symmetrical components method, the origi-
nal model is converted into a symmetrical SDP model,
which can be efficiently solved to meet the demands of
large-scale centralized regulation.

3) A three-phase DLMP pricing model for low-voltage
ADNs based on sensitivity factors is proposed. The
characteristics of three-phase unbalance are considered
by linear approximating of low-voltage ADN, which
can realize price incentive for the flexible loads in
single-phase charging mode. The influence of line con-
gestion, voltage variation, phase-to-phase unbalance
and network loss is also considered in the model, which
are critical features in ensuring the transmission of real
power in low-voltage ADNs operations.

The remainder of this paper is organized as follows.
Section II summarizes the framework of congestion manage-
ment and constructs the congestion management model in
low-voltage ADNs. Section III converts the original model
to symmetrical SDP form to reduce the computational com-
plexity. The DLMP pricing model based on linearization and
sensitivity factors is presented in Section IV. Case studies are
given in Section V to verify the effectiveness of the proposed
method on the IEEE 33-node and IEEE 123-node low-voltage
distribution system. Section VI gives the conclusion of this
paper.

II. CONGESTION MANAGEMENT MODELING
OF LOW-VOLTAGE ADNs
A. FRAMEWORK OF CONGESTION MANAGEMENT
In our framework of congestionmanagement, DSO solves the
problem by coordinating flexible EV loads and SOPs. As a
highly controllable power electronic device, SOP can realize
power flow regulation and provide reactive power support.
On the other hand, flexible charging power of EVs is adjusted
by electricity tariff mechanism; that is, DSO handles conges-
tion in a distribution system by employing DLMP to guide
EVs to change their charging plan. A congestionmanagement
framework of low-voltage ADNs can be deployed as follows:

1) EV aggregators report the EV charging schedules
to DSO.

2) Based on the system parameters and operation informa-
tion, DSOs try to solve the congestion problem with SOPs.
A SOP based congestion management model is constructed
to optimize the SOP transmitted power. The original problem
is then converted to a symmetrical SDP model which can
be efficiently solved to meet the demands of rapid central-
ized control. The system reference operating point can be
determined simultaneously.
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FIGURE 1. Framework of congestion management in low-voltage ADNs.

3)According to the dispatching results, it is judgedwhether
SOPs can completely solve the congestion problem. If all
flexible EVs are to charge at the period with the lowest
reference purchase price simultaneously, there is no need to
adopt DLMP. If not, DLMP is calculated through a DLMP
pricing model presented in Step 4) and Step 5).

4) Sensitivity factors are calculated at the reference oper-
ating point. A DLMP pricing model is constructed based on
the sensitivity factors.

5) The dual variables value of operation constraints can
be obtained after solving the DLMP pricing model. The
cost of line congestion, including voltage variation, phase-to-
phase unbalance and network loss for flexible loads on each
phase of every node can be calculated through derivations of
Lagrangian function.

B. CONGESTION MANAGEMENT MODELING
1) OBJECTIVE FUNCTION
Accounting for the maximum profits of DSO, the power
purchase cost and scheduling cost based on the bidding price
of EV are selected as the objective function, which can be
formulated as follows:

min f = f sub + f flx (1)

where the total power purchase cost from higher level elec-
tricity grid f subPL,loss and the scheduling cost for flexible load
f flx are formulated as follows:

f sub =
∑NT

t=1

∑c

ϕ=a
σ r
t P

sub
ϕ,t1t (2)

f flx =
∑NT

t=1

∑
i∈�EV

∑
ϕ∈8i

σEV
t PEV,flxϕ,i,t 1t (3)

where NT denotes total periods of the time horizon.
The total power purchase cost f sub can be described as (2),

which can be obtained by multiplying the electricity pur-
chase price σ r

t and the purchased electricity quantity P
sub
ϕ,t1t .

Psubϕ,t denotes the purchased active power by DSO on phase ϕ
at period t .
In objective function (3), the EV aggregators are assumed

to bid at their marginal operation costs σEV
t . PEV,flxϕ,i,t denotes

the active power injection by flexible charging EV on phase

ϕ of node i at period t , and �EV represents the set of nodes
with EV integration.

The constraints include the operation constraints of distri-
bution networks and the operation constraints of the regula-
tion equipment, as described below. For simplicity, the time
index is omitted in the following constraints except EVs
asymmetric access constraints.

FIGURE 2. Power flows in distribution line segment.

2) SYSTEM OPERATION CONSTRAINTS
WITH THREE-PHASE MODELING
Consider the radial distribution networks shown in Fig. 2. The
shunt capacitance is ignored since the lines in distribution
systems are usually short enough that the admittance can
be neglected. The impedance matrix of branch ij is denoted
by zij = rij+jxij.

According to Ohm’s law, the voltage drop between node
i and j can be represented by constraint (4). The sending
end voltage Vj can be expressed by the line power flow Sij,
� denotes element-wise division. The superscripted asterisk
on vectors or matrixes indicates their conjugates, i.e. S∗ij .

Vj = Vi − zijIij = Vi − zij(S∗ij � V
∗
j ) (4)

Constraint (5) is the three-phase power balance constraint
based on Kirchhoff’s law, ⊗ denotes element-wise multipli-
cation.

Sij = zijIijIHij +
(∑

jk∈�b
Sjk
)
+ sj

=
(
Vi − Vj

)
⊗ i∗ij +

(∑
jk∈�b

Sjk
)
+ sj (5)

The security constraints of ADNs are expressed as follows:

V0 = V ref
0 (6)

Vi ≤ Vi ≤ V i (7)

(AHVi)(3, 1) ≤ 0.02× (AHVi)(2, 1) (8)√
(Pij)2 + (Qij)2 ≤ S ij (9)

The voltage of source node is fixed and given by con-
straint (6).V ref

0 is assumed as 1.0 p.u., and the angle difference
between the three-phase voltage is 120 degrees. Constraint
(7) denotes the upper/lower voltage limits at node i. Con-
straint (8) represents the maximum voltage unbalance factor
at node i. The voltage unbalance is defined as the ratio of
the negative sequence voltage to the positive sequence volt-
age. EN50160 standard requires that the negative sequence
voltage unbalance of the public connection point should not
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exceed 2% in normal operation [22]. (AHVi)(3, 1) denotes
the element of the 3rd row and the first column in the
matrix (AHVi). The maximum line capacity limit of branch ij
is formulated as (9).

3) SOP AND DG OPERATION CONSTRAINTS

PSOPϕ,i + P
SOP
ϕ,j + P

SOP,loss
ϕ,i + PSOP,lossϕ,j = 0 (10)

PSOP,lossϕ,i = LSOPi

√
(PSOPϕ,i )

2
+ (QSOP

ϕ,i )
2

(11)

PSOP,lossϕ,j = LSOPj

√
(PSOPϕ,j )

2
+ (QSOP

ϕ,j )
2

(12)

QSOP
i,min ≤ Q

SOP
ϕ,i ≤ Q

SOP
i,max,Q

SOP
j,min ≤ Q

SOP
ϕ,j ≤ Q

SOP
j,max (13)√(

PSOPϕ,i

)2
+

(
QSOP
ϕ,i

)2
≤ SSOPϕ,i (14)√

(PSOPϕ,j )
2
+ (QSOP

ϕ,j )
2
≤ SSOPϕ,j (15)

PDGϕ,i = PDG,reϕ,i (16)

QDG
ϕ,i = PDGϕ,i tanθ

DG
ϕ,i (17)

This paper uses back-to-back voltage source converters
(B2B VSCs) as the realization of SOP, and PQ-VdcQ control
is selected as the control mode. Constraint (10) denotes the
transmitted active power balance between the two converters.
The active power loss of SOP is expressed as (11)-(12),
the reactive power constraints and the capacity constraints of
SOP are expressed as (13)-(15). Constraints (16)-(17) assume
that the active power and the reactive power generated byDGs
are equal to the forecasted value.

4) EVS ASYMMETRIC ACCESS CONSTRAINTS
High penetration EVs are considered as a representative of
flexible loads which may affect the security and reliability
of ADNs. The total charging demand EEV

ϕ,i and the charging

power PEV,reϕ,i,t are obtained by simulating the EV charging
behaviors without considering market influence. The flexible
charging constraints of EVs are constructed as follows:∑NT

t=1
PEVϕ,i,t1T ≥ EEV

ϕ,i (18)

PEVϕ,i,t − P
EV,re
ϕ,i,t ≥ 0 t ∈ �d (19)

PEVϕ,i,t − P
EV,re
ϕ,i,t ≤ 0 t ∈ �e (20)

PEV,flxϕ,i,t = 0 t ∈ �d (21)

PEV,flxϕ,i,t = PEV,reϕ,i,t − P
EV
ϕ,i,t t ∈ �e (22)

PEVϕ,i,t ≥ (1− αi,t )P
EV,re
ϕ,i,t (23)

Constraint (18) ensures that the total charge power is
greater than the charging demand for each EV aggregator.
Constraint (19)-(22) assume that flexible charging is only
allowed to transfer from the set of on-peak periods �e to the
set of off-peak periods �d. Constraint (23) denotes the lower
charging limits at each time.

The original model of SOP based congestion management
can be constructed as follows:

Origin Model : min f = f sub + f flx

s.t. (4)− (23) (24)

Due to the power flow equations and operation constraints
of SOPs, the original model (24) is a highly non-convex
nonconvex nonlinear programming (NLP) problem, requiring
to be solved accurately and efficiently. Hence, in the ensuing
section we will discuss how to relax the OPF in (24).

III. SYMMETRICAL SDP MODEL CONVERSION
OF CONGESTION MANAGEMENT
As SOPs are directly dispatched by DSO in a centralized
manner, it puts forward a strict requirement on the per-
formance of congestion problem solving. In this section,
SDP relaxation is adopted to convert the original SOP based
congestion management model to a symmetrical SDP model,
enabling rapid and accurate calculation.

A. ALTERNATIVE POWER FLOW MODEL
SDP can be mathematically characterized as a type of convex
programming, which can be efficiently solved by interior
point methods in polynomial time. As SDP offers excel-
lent performance in terms of global optimality, it has been
widely used in the optimization of complex systems. On the
other hand, SDP model can be more numerically stable
and more accurate when adopting symmetrical components
method [19]. Symmetrical components method converts the
relaxation matrix to positive, negative and zero sequences,
which further increases the numerical difference between the
matrix elements.

A novel form of system operation constraints is introduced,
which can be equivalently described in symmetrical compo-
nents as follows [19]:∑

ij∈�b
diag

(
A
(
S012ij − z

012
ij l012ij

)
AH
)
+ sj

=

∑
jk∈�b

diag(AS012jk AH) (25)∑
ij∈�b

diag
(
A
(
S012ij − z

012
ij l012ij

)
AH
)
+ sj

=

∑
jk∈�b

diag
(
Sjk
)8j (26)∑

ij∈�b
diag

(
Sij − zijlij

)
+ s

j

=

∑
jk∈�b

diag
(
Sjk
)8j (27)

si = pϕ,i + jqϕ,i =
(
PDGϕ,i + jQDG

ϕ,i

)
+

(
PSOPϕ,i + jQSOP

ϕ,i

)
−

(
PLϕ,i + jQL

ϕ,i

)
− PEVϕ,i (28)

v012i − v
012
j −

(
S012ij z012,Hij + z012ij S012,Hij

)
+z012ij l012ij z012,Hij =0

(29)[
v012i S012ij

S012,Hij l012ij

]
≥ 0 (30)
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rank

[
v012i S012ij

S012,Hij l012ij

]
= 1 (31)

(vi)8j − vj −
(
SijzHij + zijS

H
ij

)
+ zijlijzHij = 0 (32)[

(vi)8j Sij
SHij lij

]
≥ 0 (33)

rank

[
(vi)8i Sij
SHij lij

]
= 1 (34)

Constraints (25)-(27) represent the complex power balance
of node i in the sequence network, which applies to three-
phase nodes.When the downstream branch jk is a three-phase
line, the power balance constraint is described as (25). When
the branch jk is a single-phase or two-phase line, the power
balance constraint is described as (26). For single-phase or
two-phase cases of node i, the power flow balance constraint
is described as (27).

The active power injection pϕ,i and reactive power injec-
tion qϕ,i on phase ϕ of node i can be described as (28).
Constraint (29) represents Ohm’s law of branch ij in sequence
network which applies to three-phase branches. Constraints
(30) and (31) indicate the positive semidefinite constraint
and the rank-one constraint of the matrix variable for three-
phase branches. In single-phase or two-phase cases, Ohm’s
law, the positive semidefinite constraint and the rank-one
constraint are described as (32)-(34).

The security constraints of ADNs in auxiliary variables
form with symmetrical components are expressed as follows:

v0120 = V 012,ref
0 (V 012,ref

0 )
H

(35)

(Vi)2 ≤ diag(Av012i AH) ≤ (V i)
2

(36)

v012i (3, 3) ≤ 0.022 × (v012i (2, 2)) (37)√
(real(AS012ij AH))

2
+ (imag(AS012ij AH))

2
≤ S ij (38)

The voltage auxiliary variables of source node in sym-
metrical components are given by constraint (35), where
V 012,ref
0 = AH

[
1 ej240 ej120

]
.

By introducing the novel form of system operation con-
straints, the SOP based congestionmanagementmodel is con-
vex except for (11)-(12), (14)-(15), (31), (34), (38). An SDP
relaxation is adopted to convert the model to a symmetrical
SDP model.

B. CONVERSION TO SYMMETRICAL SDP MODEL
A symmetrical SDP model is adopted in this step, enabling
rapid and accurate calculation. The conversion procedure is
elaborated as follows.

1) Semidefinite relaxation can be obtained by removing the
rank-one constraints (31) and (34) due to their non-convex
characteristic.

2) Note that constraint (38) is a convex quadratic con-
straint, which is a special case of SDP, and it can be replaced

by constraint (39)-(41) in SDP form.

Pij = real(AS012ij AH) (39)

Qij = imag
(
AS012ij AH

)
(40)[

Sϕ,ij Pϕ,ij + jQϕ,ij
Pϕ,ij − jQϕ,ij Sϕ,ij

]
≥ 0 (41)

3) The SOP and DG operation constraints (11), (12), (14)
and (15) are convex quadratic constraints, a similar method
can be used to convert them to SDP form:[

Saϕ,i Paϕ,i − jQa
ϕ,i

Paϕ,i + jQa
ϕ,i Saϕ,i

]
≥ 0, a ∈ {SOP,DG}

(42)[
PSOP,lossϕ,i /LSOPi PSOPϕ,i − jQSOP

ϕ,i

PSOPϕ,i + jQSOP
ϕ,i PSOP,lossϕ,i /LSOPi

]
≥ 0 (43)[

PSOP,lossϕ,j /LSOPj PSOPϕ,j − jQSOP
ϕ,j

PSOPϕ,j + jQSOP
ϕ,j PSOP,lossϕ,j /LSOPj

]
≥ 0 (44)

Then the original model (24) can be reformulated to the
relaxed SDP model as follows.

SDP Model : min f = f sub + f flx

s.t. (10), (13), (16)− (23), (25)− (30),

(32)− (33), (35)− (37), (39)− (44) (45)

The optimal operation model (45) based on symmetrical
SDP form is obtained which can be efficiently solved by
existing algorithm package. To quantify the exactness of SDP
relaxation, the two largest eigenvalues of matrix variables
λ1 and λ2 (|λ1| ≥ |λ2| ≥ 0) are calculated and the ratio =
|λ2/λ1| is obtained. The smaller ratio indicates the matrix
variable to rank one is closer. By solving the above model,
optimal scheme of SOP and the reference operating point of
the system can be obtained.

DSO usually can’t directly dispatch the charging behav-
iors of EV. Thus, if the congestion still exists, a DLMP
pricing model for low-voltage ADNs is needed to motivate
EV aggregators to solve congestion problem. Because it is
difficult to calculate DLMP directly in SDP model through
duality analysis, a novel DLMP pricing model based on node
injection power sensitivity is proposed.

IV. DLMP PRICING MODEL CONVERSION OF
CONGESTION MANAGEMENT
In this section, the sensitivity factors in three-phase system
are calculated by linearization. Then, a DLMP pricing model
based on sensitivity factor is presented, which helps to dis-
perse the EV’s charging demands to a lighter loading period.

A. SENSITIVITY FACTORS CALCULATION
1) LINEARIZED POWER FLOW MODEL
Compared with the original model of SOP based conges-
tion management in (24), the original DLMP pricing model
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remove the operation constraints of SOP and DG. The orig-
inal DLMP pricing model is still nontrivial due to the non-
linear terms in the power flow constraints. Moreover, the
decision variables in this model involve the active power
flow Pij and the reactive power flow Qij. To facilitate the
calculation of DLMP, the original model is reformulated as
a sensitivity based linearization model.

Linear approximation is considered in the DLMP pricing
model which can be used to remove the non-convexity and
nonlinearity of constraints (4)-(5). Because the variation of
the nodal voltage Vi is small, the voltage drop is nearly linear
around the desired operating point [20], [21]. The voltage
variable V ∗j in Eq. (4) is approximated to a constant near the
reference operating point which can be obtained by the sym-
metrical SDP model. The branch impedance zij is replaced by
r̂ij and x̂ij which can be formulated as follows:

Vj ≈ Vi −
(
r̂ij + x̂ij

)
(Pij−jQij) (46)

r̂ij = real(āiāHi )rij − j(imag
(
āiāHi

)
xij) (47)

x̂ij = real(āiāHi )xij + j(imag
(
āiāHi

)
rij) (48)

āi =
[
e−jθia e−jθib e−jθic

]T
� V rf

i (49)

S lossij =
(
Vi − Vj

)
⊗ i∗ij = [Sij � Vi][zij(S∗ij � V

∗
j )] (50)

S lossij ≈ [Pij+jQij][
(
r̂ij + x̂ij

)
(Pij−jQij)] (51)

Equation (46) represents the linearized Ohm’s law of the
branch. r̂ij and x̂ij can be calculated using equations (47)-(49),
where V rf

i denotes the voltage of node i at the reference
operating point. The nonlinear network loss item in equation
(5) can be rewritten as (50). Similar method is considered to
eliminate V ∗j in equation (50), which can be represented as
equation (51). Note that equation (51) is nonlinear, it can be
linearized by calculating the loss sensitivity factors around
the operating point.

2) SENSITIVITY FACTORS OF BRANCH FLOW,
VOLTAGE AND NETWORK LOSS
The relationship between branch flow, nodal voltage, active
power loss and node injection power are analyzed to obtain
the sensitivity factors, which will help to facilitate the
calculation of DLMP.

To solve the problem of line congestion, the power transfer
factors are used to establish the linear relationship between
line power flow and node injection power. Considering that
loss term is much smaller than the branch power flow, we first
consider the situation without network loss, which can be
formulated as follows:P

a
ij + jQaij
Pbij + jQbij
Pcij + jQcij

 ≈
M

a

Mb

M c


P

a
inj + jQainj
Pbinj + jQbinj
Pcinj + jQcinj

 (52)

For the cases neglecting network loss, the branch power
flow in the asymmetric network can be decomposed into
three independent networks A, B, and C. The branch power

flow of each phase is approximately equal to the sum of the
injected power of the nodes downstream of each phase. Thus,
the sensitivity factors of branch flow can be written as:

SF lpl−i =
∂Pfl
∂Pinji
= diag(Ma

l−i M
b
l−i M

c
l−i ) (53)

SF lql−i =
∂Qfl
∂Qinj

i

= diag(Ma
l−i M

b
l−i M

c
l−i ) (54)

Based on the linearized Ohm’s law of branch in equa-
tion (12), the relationship between nodal voltage and injected
power is analyzed and linearized. Then, the voltage sensitivity
factors are deduced. The branch active power Pij and the
reactive powerQij can be represented as Pinj andQinj through
equation (52). Thus, the voltage sensitivity factors can be
obtained by calculating the partial derivative of the node
injection power, which can be formulated as:

SFvpi−j =
∂(V 0 − Vi)

∂Pinji

=


Dpva−ai−j (1, 1) Dpv

a−b
i−j (1, 2) Dpv

a−c
i−j (1, 3)

Dpvb−ai−j (2, 1) Dpv
b−b
i−j (2, 2) Dpv

b−c
i−j (2, 3)

Dpvc−ai−j (3, 1) Dpv
c−b
i−j (3, 2) Dpv

c−c
i−j (3, 3)


(55)

SFvqi−j =
∂(V 0 − Vi)

∂Qinj
i

=


Dqva−ai−j (1, 1) Dqv

a−b
i−j (1, 2) Dqv

a−c
i−j (1, 3)

Dqvb−ai−j (2, 1) Dqv
b−b
i−j (2, 2) Dqv

b−c
i−j (2, 3)

Dqvc−ai−j (3, 1) Dqv
c−b
i−j (3, 2) Dqv

c−c
i−j (3, 3)


(56)

where Dpvϕ1−ϕ2i−j (X ,Y ), Dqvϕ1−ϕ2i−j (X ,Y ), řij and x̌ij satisfy:

Dpvϕ1−ϕ2i−j (X ,Y ) =
∑

l∈�b
Mϕ1
l−iM

ϕ2
l−jřl (X ,Y )

+ j
∑

l∈�b
Mϕ1
l−iM

ϕ2
l−jx̌l (X ,Y ) (57)

Dqvϕ1−ϕ2i−j (X ,Y ) =
∑

l∈�b
Mϕ1
l−iM

ϕ2
l−jx̌l (X ,Y )

− j
∑

l∈�b
Mϕ1
l−iM

ϕ2
l−jřl (X ,Y ) (58)

řl = real
(
r̂l
)
− imag

(
x̂l
)

(59)

x̌l = real(x̂l)+ imag(x̂l) (60)

The voltage sensitivity factors are series of complex matri-
ces which can reflect the effect on bothmagnitude and angles.

The nonlinear network loss item in (51) is a second-order
equation, we first use equation (52) to replace branch active
power Pij and reactive power Qij to Pinj and Qinj. Then,
the network loss derivative of the node injection power at the
reference operating point is calculated. Pϕ,rfl is introduced to

32246 VOLUME 7, 2019



J. Zhao et al.: Congestion Management Method of Low-Voltage Active Distribution Networks

replace Pϕl , thus, the loss factors are deduced as follows:

LFP−Pi =

∑
l∈�b

∂Pl,loss

∂Pinji
= f

(
Mϕ
l−i,P

ϕ,rf
l , r̂l

)
=

∑
l∈�b

diag


Ma
l−i

(
2Pa,rfl r̂l (1, 1)+P

b,rf
l r̂l (1, 2)+P

c,rfg
l r̂l (1, 3)

)
Mb
l−i

(
Pa,rfl r̂l (2, 1)+2P

b,rf
l r̂l (2, 2)+P

c,rf
l r̂l (2, 3)

)
M c
l−!i

(
Pa,rfl r̂l (3, 1)+P

b,rf
l r̂l (3, 2)+2P

c,rf
l r̂l (3, 3)

)

T

 0 Mb
l−iP

a,rf
l r̂l (2, 1) M c

l−iP
a,rf
l r̂l (3, 1)

Ma
l−iP

b,rf
l r̂l (1, 2) 0 M c

l−iP
b,rf
l r̂l (3, 2)

Ma
l−iP

c,rf
l r̂l (1, 3) Mb

l−iP
c,rf
l r̂l (2, 3) 0


(61)

where Pϕ,rfl represents the branch flow value at the reference
operating point of the system and is calculated from the
SDP model. Similarly, LFP−Qi , LFQ−Qi and LFQ−Pi can be
introduced to characterize the factors between active network
loss and reactive power, reactive power loss and reactive
power, reactive power loss and active power, respectively. The
general calculating formulas can be written as:

LFP−Qi =

∑
l∈�b

∂Pl,loss

∂Qinj
i

= f (Mϕ
l−i,Q

ϕ,rf
l , r̂l) (62)

LFQ−Qi =

∑
l∈�b

∂Ql,loss

∂Qinj
i

= f (Mϕ
l−i,Q

ϕ,rf
l , x̂l) (63)

LFQ−Pi =

∑
l∈�b

∂Ql,loss

∂Pinji
= f (Mϕ

l−i,P
ϕ,rf
l , x̂l) (64)

The above derivation process does not consider the effect
of network loss on branch flow sensitivity factors and voltage
sensitivity factors. To improve the accuracy of the congestion
management model, the concept of fictitious nodal demand
is introduced [23]. The basic idea is to divide the power loss
in a line into two equal power injections to the two nodes of
the line. The node active network loss FPi and the reactive
network loss FQi can be formulated as:

FPi =
1
2

∑
j∈N (i)

rij[
(
Prfij
)2
+ (Qrfij )

2
]� (U rf

i )
2

(65)

FQi =
1
2

∑
j∈N (i)

xij[
(
Prfij
)2
+ (Qrfij )

2
]� (U rf

i )
2

(66)

where U rf
i denotes the voltage magnitude of node i in the

reference operating point.

B. DLMP PRICING MODEL
Based on the sensitivity factors of branch flow, voltage
and network loss, a DLMP pricing model is constructed.
EV aggregators are considered in the model. Through the
pricing model, DLMP can be calculated to guide EV aggre-
gators to improve network loss, voltage quality, three-phase
unbalance, line overload conditions in low-voltage distri-
bution systems. To facilitate the calculation of DLMP,
the original model is reformulated as a sensitivity factors
based linearization model. The procedure of conversion is
elaborated as follows.

The three-phase system operation constraints are reformu-
lated as follows:

Psub +
∑

i∈N

(
1− LFP−Pi

)
Pinji

+

∑
i∈N

LFP−Qi Qinj
i + P

r
loss = 0(λp) (67)

Qsub
+

∑
i∈N

(
1− LFQ−Qi

)
Qinj
i

+

∑
i∈N

LFQ−Pi Pinji + Q
r
loss = 0(λq) (68)

Pinji = PDGi + P
SOP,r
i − PEVi − P

L
i (69)

Qinj
i = QDG

i + Q
SOP,r
i − QL

i (70)

Vi = V0 −
∑

i∈N
SFvpi−j

(
Pinji + F

P
i

)
−

∑
i∈N

SFvqi−j(Q
inj
i + F

Q
i ) (71)

Constraints (67)-(68) represent the active power and reac-
tive power balance based on network loss sensitivity, which
can be used to calculate active power and reactive power in
the source node. The loss cost of each node can be obtained
through derivations of the Lagrangian function. PSOP,ri and
QSOP,r
i denote active power and reactive power of SOPs under

the reference operating point. Prloss and Q
r
loss are the system

network active power loss and reactive power loss optimized
through SDP model. Constraint (71) represents the voltage
variation based on voltage sensitivity factors.

The security constraints of ADNs (6)-(9) are reformulated
as follows:

Vi ≤ real (V0)−
∑

i∈N
real

(
S·SFvpi−j

) (
Pinji + F

P
i

)
−

∑
i∈N

real
(
S·SFvqi−j

) (
Qinj
i + F

Q
i

)
(µ−i ) (72)

αc,0real (Vi)+ αc,1imag (Vi)+ αc,2V i ≤ 0(µ+i ) (73)

αc,0V
sym,real
i (3, 1)+ αc,1V

sym,imag
i (3, 1)

+ 0.02 · αc,2V
sym,real
i (2, 1) ≤ 0(µi,unb) (74)

V sym,real
i = real

(
AHVi

)
(75)

V sym,imag
i = imag

(
AHVi

)
(76)

αc,0
∑

i∈N
SF lpl−i(P

inj
i + F

P
i )+ αc,1∑

i∈N
SF lpl−i(Q

inj
i + F

Q
i )+ αc,2S ij ≤ 0(ωl,c) (77)

Constraints (72)-(73) denote the lower/upper voltage limits
of node iwhich can be used to calculate the voltagemagnitude
cost. The boundary of voltage magnitude tolerance can be
depicted as follows:

As shown in Fig. 3, the boundary of voltage magnitude tol-
erance is limited in the red region. Considering the actual situ-
ation that the voltage phase deviation is small, the accuracy of
the linearized approximation can be guaranteed. A polygonal
inner-approximation method is considered, where αc,0, αc,1,
and αc,2 are the coefficients used to describe the polygonal
approximation [24].

Constraints (74)-(76) represent the maximum voltage
unbalance in node i. The maximum line capacity limit of
branch ij is formulated as (77).
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FIGURE 3. Boundary of voltage magnitude tolerance in phase plane.

Thus, the original model on the reference operating point
can be reformulated to the linearized model without consid-
ering SOP and DG operation constraints.

Linearized Model : min f = f sub + f flx

s.t. (18)− (23), (67)− (77) (78)

By differentiating Lagrangian function, the above model
can be easily transformed into an unconstrained optimization
model. DLMP at each node in each phase can be calcu-
lated through the first-order partial derivative which can be
formulated as follows:

σPi = σ
r
t + σ

c
i + σ

vol
i + σ

los
i (79)

By adopting linearized model, DLMP can be decomposed
into electricity purchase price, congestion price σ c

i , voltage
price σ vol

i , and loss price σ los
i . Unlike the cases in the balanced

model, πPi denotes πPi := (πϕ,i, ϕ ∈ 8ij) ∈ R|3| with the
missing phase filled with zeros. The specific forms of each
part can be formulated as follows:

σ c
i =

∑
l∈�b

∑
c
αc,0SF lp,l−iωl,c (80)

σ vol
i = σ

vol,mag
i + σ

vol,unb
i (81)

σ
vol,mag
i = diag(

∑
j∈N

real(S·(SFvpj−i)
T))µ−i

+ diag(
∑

j∈N
imag(S·(SFvpj−i)

T)µ−i

+

∑
j∈N

∑
c
(αc,0real((SF

vp
j−i)

T))µ+i

+

∑
j∈N

∑
c
(αc,1imag((SFvpj−i)

T))µ+i (82)

σ
vol,unb
i = diag(

∑
j∈N

real(A3 × (SFvpj−i)
T))µi,unb

+ diag(
∑

j∈N
imag(A3 × (SFvpj−i)

T))µi,unb

+ diag(0.02 ·
∑

j∈N
real(A2 × (SFvpj−i)

T))µi,unb

(83)

σ los
i = (LFP−Pi )

T
λp + (LFQ−Pi )

T
λq (84)

where µ−i and µ+i denote the dual variables of constraints
(72)-(73), satisfying µ−i , µ

+

i ∈ R
|3|. The lower/upper voltage

limits in phases A, B and C are extended to the first, sec-
ond and third columns respectively and the elements are equal
in each column. µi,unb and ωl,c denote the dual variables
of constraints (74) and (77), satisfying µi,unb, ωl,c ∈ R|3|.
A2 and A3 denote the second/third row of the symmetric
component transformation matrix.

In summary, the original flexible load pricing model is
converted to a large-scale linear optimization model that can
be efficiently solved based on the interior point method. The
dual variables can be obtained simultaneously.

V. CASE STUDIES AND ANALYSIS
In this section, the modified IEEE 33-node and IEEE
123-node three-phase distribution system are used to demon-
strate the effectiveness and efficiency of the proposed
method. The proposed method is implemented in the
YALMIP optimization toolbox [25] with MATLAB R2013a,
and solved by MOSEK 7.1.0.14. The simulations are carried
out on a computer with an Intel(R) Core(TM) i5-3470 at
3.20 GHz with 8 GB RAM.

FIGURE 4. Structure of the modified IEEE 33-node system.

A. THE MODIFIED IEEE 33-NODE SYSTEM
1) SYSTEM PARAMETER SETTING
As shown in Fig. 4, the test system is a modified IEEE
33-node distribution system [26], of which the unbalanced
branch and load data are from [27]. The total active and
reactive loads of the system are 3635 kW and 2265 kvar,
respectively. The red nodes are the locations that integrated
with photovoltaic generators (PVs). Eight asymmetric access
PVs are integrated and operate with a constant power factor
of 0.95.

The green nodes are the locations that integrated with
EV aggregators. Six EV aggregators are integrated into the
networks in single-phase charging mode. The EV aggrega-
tors’ charging plan without considering market influence is
obtained through Monte Carlo simulations, which is pre-
sented in [28]. The detailed parameters are provided in [29].
The simulation result of the EV aggregators with fifty EVs is
shown in Fig. 5.

The basic installation parameters are shown in TABLE 1
and TABLE 2.

To replace the tie switch in the distribution network, two
groups of SOPs with a capability of 500 kVA are installed
between nodes 12 and 22, as well as the nodes 25 and 29,
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FIGURE 5. Charging plans of EV aggregator with fifty EVs in Case 3 and
Case 4.

TABLE 1. Basic installation parameters of DGs.

TABLE 2. Basic installation parameters of EV aggregators.

TABLE 3. Configuration of line capacity limitation.

of which the upper reactive power limit on each phase
is 300 kvar. It is assumed that the loss coefficient of each SOP
is 0.02. The limitation of system voltage is set to 0.95 p.u.
and 1.05 p.u., respectively. The on-peak periods�e are set as
0 am to 6 am in this paper.

In distribution networks, the branches near the substation
have larger line capacities than those far from the substation.
Based on the branch power flow in normal operation [30],
the line capacities of the branches are listed in Table 3.

In order to verify the effectiveness of SOPs and DLMP in
congestion management, four scenarios are adopted to ana-
lyze the performance of the congestion management method.

Case 1: The initial operation state of unbalanced ADNs
without any congestion management. Six EV aggregators are
integrated into the networks in single phase charging mode
and each phase is integrated with twenty-five EVs. Flexible
EVs are to charge at the period with the lowest electricity
purchase price.

Case 2: DSO uses SOPs to solve the congestion problem.
Each EV aggregator is integrated with twenty-five EVs in
each phase and flexible EVs are to charge at the period with
the lowest electricity purchase price.

Case 3: DSO uses SOPs to solve the congestion problem.
Each EV aggregator is integrated with fifty EVs in each phase
and flexible EVs are to charge at the period with the lowest
electricity purchase price.

Case 4: DSO uses both SOPs and DLMP to solve the con-
gestion problem, DLMPs are delivered to the EV aggregators,
which incentivize the EVs to contribute to system operation
based on the price signals. Each EV aggregator is integrated
with fifty EVs in each phase.

FIGURE 6. Load level of distribution line in Case1 and Case 2.

2) RESULTS AND ANALYSIS OF SOP BASED
CONGESTION MANAGEMENT
Case 1 and Case 2 are selected to verify the effectiveness
of SOPs in congestion management. As shown in Fig. 6,
a ladder-like line capacity constraint is considered by the red
dotted line [30], thus, congestion may occur in any branch.

The bar represents the heaviest phase loading of the three-
phase line. Branches 8 and 9 appear congestion problem in
Case 1 and the power flow on branch 8 exceeds 20% of
the line capacity limits. In Case 2, with the access of SOPs
between nodes 12 and 22, SOPs help supply the load on
nodes 12-18, thus eliminating the congestion problem.

Fig. 7 shows the three-phase voltage profile in Case 1 and 2
during period 3. The three-phase reactive power outputs of
SOPs locally compensate the reactive power demands, avoid-
ing the remote transmission of reactive power from sources.
Thus, the reactive power support of SOPs can effectively
improve the voltage profile.

The SOP-based congestion management strategy changes
the power transmission path of the congestion area and
achieves reasonable power allocation in low-voltage distri-
bution networks. However, this strategy does not essentially
reduce or transfer the total active power during peak hours.
Due to the limitations of line capacity, with higher penetra-
tion EVs asymmetric access to the networks, the congestion
problem of the entire system cannot be totally solved.
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FIGURE 7. Three-phase voltage profile in Case1 and Case 2.

FIGURE 8. DLMP pricing results in phase C.

3) RESULTS AND ANALYSIS OF DLMP PRICING
According to the system parameters and the requirements of
flexible load aggregators, DSO formulates the DLMP and
issues them to each EV aggregator. Aggregators respond to
the DLMP and modify their power consumption plan, which
helps eliminate distribution network congestion and voltage
violation. The DLMP results for the active power of all the
nodes in phase C are obtained as shown in Fig. 8. The red line
represents the DLMP in the source node, which is not affected
by congestion and voltage deviation. The DLMP in the source
node is equal to the base price and the lowest point appears
at 3:00 am. To avoid the congestion and voltage violation
when the EV’s charging demands are high, the electricity
pricing during the peak hours is elevated, which motivates
the aggregators to disperse the EV’s charging demands to a
lighter loading period.

In the modified IEEE 33-node distribution system, node 18
is located at the end of a long feeder with the worst operating
environment, while node 19 is located near the source node
of the system. Thus, the DLMP in node 18 is higher than that
in node 19.

Phase B of node 16 is chosen to illustrate the rationality of
DLMP pricing. The price is composed of four parts, as shown
in Fig. 9. The congestion fee mainly occurs at period 3.

FIGURE 9. DLMP pricing results of node 16 in phase B.

FIGURE 10. Load level of distribution line in Case3 and Case 4.

During this period, the EV’s charging time must be reason-
ably allocated due to the line capacity limitation.

The yellow part represents the voltage fee. As shown
in Fig. 9, a serious voltage drop may occur during the peak
charging period, thus introducing the voltage fee. Due to
the existence of long feeders in the modified IEEE 33-node
distribution system, the system operates in a serious voltage
violation condition. The voltage limits are binding at the
optimal solution during periods 3 and 4.

The dark blue part represents the fee of network loss cal-
culated based on the reference operating point. Large-scale
EVs access to the network brings a higher network loss fee in
periods 3 and 4. There is tremendous conventional load power
demand from period 16 to 19, and the network loss fees are
also at a relatively high level in the meantime.

4) EFFECT OF DLMP ON CONGESTION MANAGEMENT
As shown in Fig. 10, through the proposed congestion man-
agement method, the congestion due to EV charging is
alleviated.

Fig. 11 shows the three-phase voltage profile in Case 3 and
Case 4 during the peak hour. In response to the price signals,
the EV charging is expected to take place at the hours with
the lowest electricity prices in a wider available period. The
three-phase nodal voltage can be well maintained within the
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FIGURE 11. Three-phase voltage profile in Case3 and Case 4.

FIGURE 12. Structure of the modified IEEE 123-node system.

voltage limits based the proposed congestion management
method.

B. THE MODIFIED IEEE 123-NODE SYSTEM
1) SYSTEM PARAMETER SETTING
The modified IEEE 123-node radial distribution system
including a source node and 122 branches is shown in Fig. 3,
of which the rated voltage level is 4.16 kV. The total active
and reactive load of the system are 3490 kW and 1920 kvar.

The three-phase unbalanced condition seriously exists in
this system. There are lots of branches with nonsymmetri-
cal parameters, and maximum load difference among three
phases is up to tens of kilowatts. The detailed parameters are
provided in [31].

The red nodes are the locations that integrated with PVs.
Seven asymmetric access PVs are integrated and operate with
a constant power factor of 0.95. The green nodes are the
locations that integrated with EV aggregators. Fifteen EV
aggregators are integrated into the networks in single-phase
charging mode. The simulation result of the EV aggregators
with fifty EVs is shown in Fig. 13.

The basic installation parameters are shown in TABLE 4
and TABLE 5.

FIGURE 13. Charging plans of EV aggregator with fifty EVs in Case 7 and
Case 8.

TABLE 4. Basic installation parameters of DGs.

TABLE 5. Basic installation parameters of EV aggregators.

TABLE 6. Configuration of line capacity limitation.

To replace the tie switch in the distribution network,
two groups of SOPs with a capability of 500 kVA are
installed between nodes 55 and node 93, as well as the nodes
117 and 123, of which the parameters are same with those in
subsection V-A.

The line capacities of the branches are listed in Table 6.

2) RESULTS AND ANALYSIS OF SOP BASED
CONGESTION MANAGEMENT
Two scenarios are selected for the case studies to verify
the effectiveness of SOPs in congestion management. Fif-
teen EV aggregators are integrated into the networks in
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FIGURE 14. Load level of distribution line in Case 5.

FIGURE 15. Load level of distribution line in Case 6.

single-phase charging mode, and each phase is integrated
with twenty-five EVs.

Case 5: This is the base case without any congestion man-
agement, and EVs are to charge at the period with the lowest
electricity purchase price.

Case 6: DSO uses SOPs to solve the congestion problem,
EVs are to charge at the period with the lowest electricity
purchase price.

In Fig. 14, the Blue bar represents the heaviest phase
loading of the three-phase line. The congestion happens on
branches 37, 42 and 44 at 3:00 am in Case 5. In Case 6,
with the access of SOPs between nodes 117 and 123, SOPs
help supply the load on nodes 41-52, thus eliminating the
congestion problem in the low-voltage distribution network.
The effects of SOPs on voltage support and reduce network
loss have been studied in [32] and are not discussed here.

3) EFFECT OF DLMP ON CONGESTION MANAGEMENT
Two scenarios are selected for the case studies to verify the
effectiveness of DLMP in congestion management with high
penetration EVs. Fifteen EV aggregators are integrated into
the networks in single phase charging mode and each phase
is integrated with fifty EVs.

Case 7: DSO uses SOPs to solve the congestion problem,
EVs are to charge at the period with the lowest reference
purchase price.

FIGURE 16. Congestion fee at peak charging time in phase C.

FIGURE 17. Load level of distribution line in Case 7.

FIGURE 18. Load level of distribution line in Case 8.

Case 8: DSO uses both SOPs and DLMP to solve the con-
gestion problem, DLMPs are delivered to the EV aggregators,
which incentivize the EVs to contribute to system operation
based on the price signals.

As shown in Fig. 16, a lower basic electricity price would
cause line congestion and result in a higher congestion fee.
All aggregators tend to charge in lowest price, thus making
the congestion situation more serious at 3:00 am. Higher
congestion fees are introduced to prevent the line overload
caused by the centralized charging.

Fig. 17 and Fig. 18 denote the load level of distribution
line in Case 7 and Case 8, the red dotted line represents
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FIGURE 19. Nodal voltage in Case 7.

FIGURE 20. Nodal voltage in Case 8.

the line capacities of the branches. Through the congestion
management method proposed in this paper, the congestion
due to EV’s charging is alleviated.

We noted that branches 1 and 37 approach the limit bound-
ary at the same time. The downstream nodes of branch 37
must consider the congestion fee caused by branches 1 and 37
simultaneously. Thus, the nodes in the downstream of
branch 37 have the highest congestion fee (phase C is missing
at partial nodes).

The nodal voltages in the two cases are shown in
Figs. 19 and 20. The red net surface represents the maximum
value of the phase voltage of the node, and the blue net surface
represents the minimum value of the phase voltage of the
node. A fairly flat and tight voltage profile is attained by the
proposed congestion management method.

C. ANALYSIS OF OPTIMIZED RESULT ACCURACY
The EV’s charging strategy in the linearized model may be
inconsistent with the EVs output strategy in the SDP model,
resulting in a slight difference between the actual branch flow
and the initial operating point of the system.

In Case 8, the phase C branch power flow in the twomodels
is shown in Fig. 21. Due to the line capacity limitation,

FIGURE 21. The phase C branch power flow in two model.

TABLE 7. Optimization Results of Case 4 and Case 8.

the branch currents near the source node are highly consistent.
Due to the slight difference between branch line impedance,
active power loss of each node is mainly caused by the
relatively large power flow branch near the source node.
Thus, the network loss approximation can guarantee a certain
accuracy during the peak charging period.

The ‘‘ratio’’ quantifies how close an SDP solution to rank
one. The solution of proposedmodel in Case 4 and Case 8 sat-
isfies ratio≤ 3.75×10−8 for all matrices in (10). Hence, it is
numerically exact. TABLE 7 shows that compared with the
SDP model, the linearized model can be solved efficiently
with acceptable accuracy.

VI. CONCLUSION
This paper presents a congestion management method for
addressing the network loss, voltage violation and line over-
load problem in low-voltage ADNs. With the ability to
realize feeder power flow control of SOPs, DSO enables
efficient congestion management of low-voltage distribu-
tion networks. Through the SDP conversion, the original
NLP model is converted to a symmetrical SDP model via
convex relaxation, which can be efficiently solved to meet
the demands of rapid centralized control. A DLMP pricing
model for unbalanced low-voltage ADNs based on linear
approximation is then presented to realize price incentives

VOLUME 7, 2019 32253



J. Zhao et al.: Congestion Management Method of Low-Voltage Active Distribution Networks

for flexible load. Numerical tests empirically show that the
proposed method can provide rational DLMP for congestion
management in distribution networks with high penetration
of EVs.
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