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Introduction

The focus of the thesis is to develop a notion of translations in the setting
where usually translations are not defined and used that to build interest-
ing geometrical constructions, coherent with the geometry underlying Grushin
spaces. The aim being to use these constructions for future applications to
homogenisation problems in perforated domains in Grushin spaces. The first
step towards the study of homogenisation problems will be to prove a Poincaré

inequality for those perforated domains in the Grushin plane.

Translations are usually associated to geometrical structures where one can
define a group structure. Here we introduce a new idea, translating along vec-
tor fields to construct perforated domains for homogenisation in the setting
of Grushin spaces. This idea can be applied to very general geometries where
neither a vector space nor an algebraic structure are defined. In particular this
notion can be applied to the case of Héormander vector fields (sub-Riemannian

manifolds).

Briefly the idea is the following: given a family of vector fields on R™ and any
point in x € R™ we translate the point x along the integral curves associated

to the vector fields for a time ¢t = 1.

This can be applied in many different settings. We will give several examples
of translating along one ore more vector fields in the Euclidean R™ which will
lead to interesting periodic structures which are not periodic in the usual sense.

Still the main focus of the thesis is to apply generalised translations to vector
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fields associated to sub-Riemannian structures (i.e. satisfying the Hormander
condition) and in particular to the Grushin spaces. Grushin spaces are very
important sub-Riemannian geometries induced by specific polynomial vector

fields defined on R", which satisfy the Hormander condition with step 2.

Thus we will first study in details this notion of translations in the Heisenberg
group and in general Carnot groups, comparing that with the group trans-
lations. We will show that in this setting translating along the vector fields
coincides with group translations horizontally. Therefore this idea is in the

direction of the approach to homogenisation problems given in [11] and [48].

Then we will concentrate to the case of the Grushin plane where so far, to our

knowledge, none has been previously done in this setting of problems.

The Thesis is structured as follows:

Part I of the thesis will outline some of the preliminaries to understand the
geometries we work in throughout the main part of the thesis. We will give a
flavour of the main theorems and definitions showing examples where neces-
sary. This will allow the reader not familiar to the field a chance to catch up
before delving into the main thrust of the project.

In particular in Chapter 1 we will introduce notions regarding manifolds. For

further work see [1].

In Chapter 2 we will in depth also at Riemannian and Sub-Riemannian ge-
ometries, expanding on what definitions related to geodesics and the Chow’s

Theorem. Some important books and papers which can help in the under-
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standing of these geometries include [23], [24], [10], [18], [20], [49], [47], [50],

[44], [5], [16], [29], [33], [34], [38], [39] and [26].

In Part I of the thesis we will explore our generalised translations, outlining
how these translations can be applied to construct interesting geometrical sets
as perforated domains and tilings. We will write down generalised transla-
tions explicitly for both the Heisenberg group and the Grushin plane, iterating
these to find out whether or not they satisfy some conditions related to the
construction of periodic perforated domains.

In particular in Chapter 3 we will explore generalised translations and periodic
sets in depth. We look at the case in different spaces including the Grushin
space and the Heisenberg group.

In Chapter 4 instead we will look at perforated domains and tilings in our
setting.

Most of the results in Chapter 3 and Chapter 4 are contained in the preprint
[28].

In Chapter 5 we will give a general geometric approach to prove a Poincaré
inequality for perforated domains as the ones constructed in Chapter 3, by
using the partition of R? given in Chapter 4. These results are contained in a
preprint in preparation [43].

Finally in Chapter 6 we will briefly discussed the homogenisation problems
which are the focus of our future research and the motivations for the geomet-

rical constructions and the Poincaré inequality proved in the Thesis.



Part 1

Preliminaries






Chapter 1

Manifolds

In this first chapter we introduce notions associated to manifolds and some
important definitions that are linked to them. Manifolds form the basis to
understanding Riemannian and Sub-Riemannian structures (which we will see
later) and are used in many fields of mathematics including topology and

differential geometry. For further details on smooth manifolds see [36].

1.1 Topological Spaces

Definition 1.1.1. Let X be a non-empty set. A topology on X is a collection

7 of subsets of X such that:

(1) The empty set ) € 7 and the space X € 7.

(2) If U, € 7 for all &« € A (A is a generic family of indices), then

UUQET

a€cA
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(the union of any number of open sets is open).

(3) f U, € 7 for all « = 1,...,n, then

n
ﬂ U, €T
a=1

(the finite intersection of open sets is open).

If 7 is a topology on X we say that (X, 7) is a topological space and the

elements of 7 are called open sets.

Definition 1.1.2. If x € X, then an open set containing x is said to be an

(open) neighbourhood of x.

Example 1.1.1. If we have the set X = {1, 2,3} then the collections of subsets
T ={0,{1},{2,3},{1,2,3}} form a topology on X. Moreover {1} and {1, 2, 3}
are a neighbourhood of 1.

Example 1.1.2. If we have the set X = {1,2, 3} then the collections of subsets
= {0,{1,2},{2,3},{1,2,3}} does not form a topology on X as {2,3} N
{1,2} ={2} ¢ 7.

Definition 1.1.3. A set in a topological space is said to be disconnected if it

is the union of two disjoint nonempty open sets. Otherwise, X is said to be

connected.

Definition 1.1.4. Given a topological space (X, 7) and a subset S C X we

can define a topology on S, called the subspace topology, as
s ={SNU|U € 7}.

Example 1.1.3. Consider the standard topology of open sets on R. The

set X = [1,5] is connected as there do not exist two nonempty open sets
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whose union is equal to X. If we take for example we take S = (0,3) U (3,5).
Referring to Definition 1.1.4 we can see that the set S is disconnected. In
fact U; = (0,3) NS and U; = (3,4) NS are open w.r.t induced topology and

U,ulU, =S.

Definition 1.1.5. A topological space (X, 7) is called Hausdorff if, whenever
z,y € X and  # y, we can find U,V € 7 such that x € U, y € V and

unv =0.

Example 1.1.4. Let (X, 7x) be a topological space with the trivial topology
7x = {0, X}. Then (X, 7y) is not a Hausdorff space as there are no disjoint
subsets other than the empty set which does not contain any elements. The set
(0,1) with its standard topology is a Hausdorff space as for all distinct points
z,y € (0,1) you find open sets (z — e,z +¢), (y — e,y + €) (for some € > 0

small enough) such that their intersection is the empty set.

Definition 1.1.6. A cover of a set X is a collection of sets whose union

contains X as a subset. If

C={U,:acA} (1.1)

X C | U (1.2)

A subcover V is a subset of C that still covers X. A subset of a topological
space is called compact if every open cover has a finite subcover. We say that C
is an open cover if each of its elements is an open set (i.e. each U,is contained

in 7, where 7 is a given topology on X).
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Example 1.1.5. Let X = {1,2,3} with topology

={0,X, {1}, {2}, {3}, {1, 2}, {1,3},{2,3}},

Uy = {1}, Uy = {2} and U3 = {3}. Then C = {U;,U,, Us} is an open cover of

3
X as we have that X = | U,.
i=1

Looking at the set (0, 1) with its standard topology we see that the sets (0 +

11—1) (with n € N/{0}) form a open cover. As there does not exist a finite

n’

subcover, then (0,1) is not compact.

To define continuity we first need to define the preimage of a set.

Definition 1.1.7. (Preimage) Let f be defined as the function f : X — Y.

The preimage of a set B C Y is the set
f71(B) ={z € X|f(z) € B}.

Definition 1.1.8. (Continuity) Let (X, 7x), (Y, 7v) be two topological spaces.

A function f: X — Y is said to be continuous if and only if for every open set

V (i.e. VV € 7y), the preimage f~*(V) is an open subset of X, f~1(V) € 7x.
Example 1.1.6. Let X = {1,2,3,4},

mx = {0, {1}, {2}, {3}, {23}, {1,3}, {1,2},{1,2,3}, {1,2,3,4}}, Y = {1,2,3}

and

r = {0,{2},{1,2,3}}.
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Let us define f: X — Y as,

f()=2,/(2)=3/3)=/4) =1

Clearly f is continuous as VB € 7y we have that f~'(B) € 7x. In fact

2y ={1} erx and f1({1,2,3}) ={1,2,3,4} € 7x.

Definition 1.1.9. A function f : X — Y defined between two topological
spaces (X, 7x) and (Y, 7y) is called a homeomorphism if f has the following

properties:
(i): f is a bijection (i.e. surjective and injective),
(ii): f is continuous,

(iii): f~! is continuous.

Example 1.1.7. Let us look at the function f : X — Y acting over the
topological spaces (X, 7x), (Y, 7v) where X = {1,2}, 7xx = {0, {1}, {2}, {1, 2}},

Y ={3,4}, v = {0, {3}, {4}, {3,4}} with f defined as,

f(1) =4, f(2) = 3.

Firstly, f is injective as f(z) = f(y) implies = y. Secondly, f is surjective
as f71(3) = 2, f71(4) = 1 € X. Thirdly, both f and f~! are continuous. To

see this for f we have that

FHBY = {2t e mx, fT1({4}) = {1} € 7x, (1.3)
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where in this case f~!(B) is the preimage of the set {3}. For f~! we have
-1

that (/=) ({1}) = {1} (/") '({2}) = {1}.€ v. Actually all functions

are continuous given how 7x is defined.

We now need to define what we mean by a basis for a topological space.

Definition 1.1.10. (Basis) If X is a set, a basis for a topology 7 on X is a
collection of subsets of X which belong to 7 (called basis elements, that we

indicate by B) satisfying the following properties:
(i): For each x € X, there exists at least one basis element B containing x.

(ii): If x belongs to the intersection of two elements B; and By, then there

exist a third element B3 containing x such that By C By N Bs.

Example 1.1.8. Consider X and 7x as given in Example 1.1.6 then B =

{{1},{2}} forms a topological basis.

Definition 1.1.11. Let (M, 7) be a topological Hausdorff space with a count-
able basis. Then M is called a manifold if there exists a positive integer n, such
that for each p € M there exists an open neighborhood U (i.e. U belongs to
7 and x € U) and a continuous map f : U — R"™ which is a homeomorphism
onto its image f(U). The natural number n is called the dimension of the
manifold. (Note that the dimension n is always uniquely determined, even if

we omit the proof).
A chart (U, p) is a bijective map ¢ : U — V', where V' C R™ is an open set in

R™ and U is an open set in a topological manifold (X, 7x).

The inverse map ¢~ : V — X is an injection from an open domain V into

X. There is a one-to-one correspondence between points in U C X and arrays
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(r1,...,2,) € V C R" given by the maps ¢ and ¢!

xeUC X, po(x)=(21,...,2,) € V CR"

The numbers ¢(x) = (21, ...,x,) are coordinates of a point x € U C X. A

chart ¢ on U C X is a coordinate system on X.

Definition 1.1.12. An atlas A for a topological space (X, Tx) is a collection

{(Va, 0a) | a € A},

indexed by a set A, of charts on X such that Uycq Vo = X.

Definition 1.1.13. Consider two sets U, and Ug such that U,NUsz # 0 and any
point x € U, NUjs with the two coordinate descriptions: v, (z) = (1%, ..., 2,%)

and @g(z) = (217, ..., 2,”). The transition map is defined as

Vap = a0 906_1($1ﬂ7 e xnﬁ) : @B(Ua M UB) — QOOc(Uoc N Uﬁ)?

we call the function

(21, . 2,7) = (119, ..., 2,%)

the change of coordinates between charts ¢, and g, or transition functions
form coordinates (x,°, ..., ,,%) to coordinates (z,%, ..., z,%). Since transition go
from a subset of R to another subset of R", by smooth we mean the standard

regularity in R".

If each transition function is a smooth map, then the atlas is called a smooth

atlas, and the manifold itself is called smooth. Alternatively, one could require
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that the transition maps have only r continuous derivatives in which case the

atlas is said to be C".
Definition 1.1.14. A differentiable or smooth manifold X is a topological set

endowed with a smooth atlas.

From the above definition we understand that a n-dimensional manifold X is
locally homeomorphic to the space R" for some n with the standard Euclidean

topology even if it could be not globally homeomorphic to R™.
Example 1.1.9. (Stereographic projection)

Consider the unit sphere S*.

We have that U; = S'\ {N} and ¢, : Uy — R, P — x where z is the first
component of the point of intersection between the x-axis with the line passing
from N and P € S'\ {N} (represented by Q; := (z;,0) in the above picture).
Similarly let us define Uy = S* \ {S} and ¢y : Uy — R, P — z. Thus we
have that U; UU, = S! and the atlas is A = {(Uy, ¢1), (Us, p2)}. St is locally
homeomorphic to R?, but not globally homeomorphic (in fact there does not

exist any chart ¢ : ST — R).
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Definition 1.1.15. A chart (U, f) on X is said to be compatible with a C"-
atlas A if the union AU (U, f) is a C"-atlas. A C"-atlas is said to be maximal
if it contains all the charts that are compatible with it. It is important to note

also that charts in the same atlas cannot have different dimensions.

Example 1.1.10. Let us consider M = R with the standard topology of open

sets and define f: R — R, f(z) = —2°.

The function f clearly is bijective, however inspecting the derivatives of the
inverse we see that, f~*(z) = —2'/3. Computing the derivatives of the inverse
we need that the inverse is differentiable everywhere. Let us choose to compute

the differentiation at 0

1

F0) = i L OFEM = FTO) b (— 1> (1.4)

h—0 h h—0 h h—0 h3

Since the limit is not finite, the inverse is not differentiable on R, thus f is
not a diffeomorphism. But the bijective function g(x) = x defined on R is a

diffeomorphism as its inverse, which is g, is C*°.

Example 1.1.11. The Euclidean R" is made into a n-dimensional smooth
manifold using the identity chart. The complex coordinate space C" becomes
a 2n-dimensional smooth manifold via the chart C* — R?" replacing every

complex coordinate z; by the pair of real coordinates (Re z; , Im z;).

Example 1.1.12. (Open subset of R") Any open subset O of R™ is a smooth
manifold of dimension n. One possible atlas is A = (O, ¢) , where ¢ is the

identity map. Of course one possible choice of O is R" itself.
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1.2 Vectors, Co-Vectors and the Tangent Space

In this section we will expand on Vectors, Co-vectors and the Tangent Spaces
which are essential to defining structures in the study of Riemannian and Sub-

Riemannian geometries that we will encounter later on.

Definition 1.2.1. If M is a smooth manifold, we define a curve in M to be a

continuous map 7y : I — M, where I C R is an interval.

Example 1.2.1. Let the unit circle S' = {(z,y) € R?| 2> + y* = 1} be our
manifold. Then the map ~y : (0,27) — S' defined as v(t) = (sint,cost) is a

curve.

Definition 1.2.2 (Tangent vector at a point p). Let M be a differentiable
manifold and for a point p € M we denote by e(p) the set of differentiable
real-valued functions defined locally around p. Let p € M, then a tangent

vector 7, at p is a map v, : €(p) — R such that
(D) (A f+p-9) = An(f) + 17(9),

(i1) % (f - 9) = w(fg(p) +(9) f(p),

for all A\,u € R and f,g € (p). The set of tangent vectors at p is called the
tangent space at p and denoted by T,M. The Tangent space itself has the

structure of a n-dimensional vector space (same as the dimension of M).

Definition 1.2.3. (Differential) Let ¢ : M — M be a smooth map of smooth

manifolds. Given some p € M, the differential of ¢ at p is a linear map

d(pp : TpM — Tap(p)M

from the tangent space of M at p to the tangent space of M at ©(p) defined



1.2. Vectors, Co-Vectors and the Tangent Space 19

as

dyp) (7'(0)) = (0 7)'(0).

Here 7 is a curve in M with v(0) = p.

For manifolds in R™ we can compute the tangent vector as follows.

Definition 1.2.4. Let M be a n-smooth manifold and fix any point p in M.
Assume v : [ — M is a C'-curve such that v(0) = p with €(p) the set of
differentiable functions at p. The tangent vector to the curve v at ¢ = 0 is

defined as the function:

d(f o
50 e(p) » B30 = W2 e ) (15)
t=0
The tangent vector acts on smooth functions by
, d ,
(fov)(to) = a7 (fov)=df(t), (1.6)

where df is the differential defined Definition 1.2.3. So we see that 7/(to) is the

derivation at y(t) obtained by taking the derivative at a function along ~.

Definition 1.2.5. The tangent bundle on a n-dimensional differentiable man-

ifold M is defined as

TM ={(p,v)| pe M, veT,M} (1.7)

T'M is a vector space with dim 2n. If we take the tangent bundle of R"” we get
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TR" = {(p,v)| p€R" v € R"} ZR*". (1.8)

Example 1.2.2. The tangent bundle on unit circle S' = {p = (z,y) €

R?| 2?2 4+ y* = 1} is,

TS'={(p,v)| pe S',veT,S"}. (1.9)

As we can see the tangent space to unit circle at the p is the set 7,S* = R. In
fact TS is the tangent line at p and this can be identified as mathbbR And

so the tangent bundle can be seen as,

TS'={(p,v)| pe S,veR} =S xR, (1.10)

which can be visualized as an infinite cylinder on R3. See [36] for details.

Definition 1.2.6. A co-vector at p € M (where M is the manifold) is a linear
map w : T,M — R. The space of all co-vectors at p is a vector space and is

the dual space of T),M denoted as Ty M and is known as the cotangent space.

Example 1.2.3. The cotangent space of the manifold S! at p is the set of

linear maps w : T,S' ¥ R — R.

Definition 1.2.7. A smooth vector field X on a manifold M is a linear map

X : C®(M) — C*(M) such that X is a derivation:

X(fg) = fX(9)+X(flg Vf,geC™(M).

Lemma 1.2.1. Let X,Y be two smooth vector fields on a manifold M. Then
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the map
[(X,Y]: C%(M) = C*(M), f = X(Y(f)) = Y(X(f))

s a vector field.

Proof. Clearly the map [X,Y] is R-linear. We need to check that it has the

correct derivation property. Pick two functions f,g € C*°(M). Then

(X, Y](fg) = X(Y(f9)) = Y(X(f9)) (1.11)
= X(Y(flg+ fY(9) =Y (X(f)g + [X(9)) (1.12)
= XY (Mg +Y(NH)X(g) + X(N)Y(9) + XY (9)  (L13)
—Y(X(f)g - X(N)Y(9) —Y())X(g) - [Y(X(9))  (1.14)
= XY (g —YX()g+ [X(Y(9) - fY(X(g)  (L15)
= ([X,Y](£)g + F([X. Y](9)). (1.16)

Example 1.2.4. An example of two vector fields X and Y in R? are

X(p) = <y>,Y(p) = (;y> Vp = (z,y) € R

X

They act on smooth functions f : R? — R as

_, 9o _ o, of
XO)N) =0 G +a o and YOI ==y Goa G (17)
Moreover they satisfy the chain rule defined in Definition 1.2.7 since
_ O(fg), O(fg) _ of dg ﬂ dg
X(fg)=y —5 —+a oy VoY f+ g+ f fX(9)+X(f)g,

(1.18)
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and similarly this holds for Y.

Therefore the X and Y defined in (1.17) are vector fields according to Defini-

tion 1.2.7.

From now on we will always indicate the vector fields as in 1.17, omitting to

recall every time how they act on smooth functions and omitting to check the

validity of the chain rule.

The bracket [X, Y] can be evaluated as following as the action on the smooth

function f:R? — R, as

then,

X(Yf)

Y(Xf)

Now, we obtain:

(X Y]f = X(Y(f) = Y(X(f))

(0 (o, o
N y@x :an yax x@y

= _y2 Joz Ty fy -z [z + 2 f902332 and

= | = 2+x£ g—irxg
B yay dy Ox Jy

= _y2 fa:ac_y fy+l'fx+x2 fyy-

(X, Y]f = (—2x§$+2y0> f

(1.19)
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which can be written as

Remark 1.2.1. Recall that the differential defined in Definition 1.2.3 can also
be defined as

dy, (X)(f) = X(fop), VfeC=(M).
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Chapter 2

Riemannian and

Sub-Riemannian (Geometries

2.1 Riemannian Manifolds

In this section we introduce Riemannian geometry. These structures are widely
studied in various areas of mathematics including topology, differential geom-
etry and mechanics. They form the basis to understanding abstract surfaces
hence their importance to analytical mathematicians. In this section various
works we will be citing include [36] and [45]. For further details see [2] and

[14].

Definition 2.1.1. Let M be an n—smooth manifold. We define a Riemannian
metric g which associates to every point P € M an inner product gp : TpM X
TpM — R by (Q1,Q2) — (Q1,Q2)p. In other words, for each P € M, the

metric gp satisfies the following conditions:

L. gp(a@Q1+b0Q2, Q) = agp(Q1,Q)+bgr(Q2,Q), V Q1,Q2,Q € TpM and

25
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a,beR,

2. 9p(Q,aQ1+bQs) = agp(Q,Q1)+bgr(Q,Q2), ¥ Q,Q1,Q2 € TpM and
a,beR,

3. gp(Q1,Q2) = gp(Q2,Q1), V Q1,Q2 € TpM,

4. gp(Q,Q) >0 VQ € TpM and

Definition 2.1.2. A manifold with a given Riemannian metric g is known as

a Riemannian manifold. Riemannian manifolds are usually denoted as (M, g).

Definition 2.1.3. Let (M, g), (M, §) be two Riemannian manifolds. An isom-
etry between M and M is a diffeomorphism ¢ : M — M whose differential is a
linear isometry between the corresponding tangent spaces, with inner product
ie.:

gp(v,w) = Gp(Dpp(v), Dp,(w)) Vp e Mandv,w € T,M.
where Df is the usual differential defined by using charts in Definition 1.2.3.
For a formal definition see [35].
If there exists an isometry between two Riemannian manifolds (M, g), (M, §)

we say that that the two manifolds are isometric.

Definition 2.1.4. (Co-ordinate Representations) Given a vector v € V we

can write this as a linear combination of basis vectors as follows,

v:Zviei: le1 -+ €]
i
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Cartesian coordinates on R™ and coordinates on a manifold have superscripts
27 as they are coordinate coefficients; coordinates vector fields can be the

defined as,

B 0
- oxt

0;

They also form a basis for the tangent space. If we define a dual space e’ for
the dual space V* as e'(¢/) = 0% The dual 1-forms da* satisfy dz?(9;) = &

and consequently form the natural dual basis for the cotangent space.

Given coordinates x(p) = (z',...,2™) on an open set U of M we can construct
bilinear forms da?® - da’. Also if M a has a Riemannian metric g then we can

write

g = gp(&-, @)dwz . dl’j

as

(v,w) = g(0i(v)dx;, 0;(w)dx;) = g(0;, @-)d:vi(v) - da? (w).

The functions ¢(0;, ;) are denoted by g;;. This gives us a representation of
g in local coordinates as a positive definite symmetric matrix with entries

parameterized over U.

Any finite dimensional vector space M with an inner product becomes a Rie-

mannian manifold by declaring, as with Euclidean space, that

gp(v,w) =v-w. (2.1)

Example 2.1.1. The canonical metric on R™ in the identity chart is

g =0dlda'dr’ =Y (da')?.

7
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In the next example we express the standard metric in R? using polar coordi-

nates.

Example 2.1.2. Using coordinate representations on R? - (half line) we also
have the polar coordinates (r,6). In these coordinates the canonical metric
looks like

g =dr® +r*do?,
So we have that

Grr = 17 gro = Gor = 0 y goo = T2.

To see this recall that

x =rcos(f),y = rsin(6).

Thus

dx = cos @dr + —rsin 0df, dy = sin Odr + r cos(6)db,

which gives

g= dx® + dy2
= d(r cos0)* + d(rsin )
= (cos Odr — rsin 0df)? + (sin Odr + r cos 0df)*
= (cos? 0 + sin® 0)dr® + (r* sin® 0 + r* cos® 0)d6*
+ (—2r cos @ sin @ + 2rsin 6 cos 0)drdf

= dr® + r*d6*. (2.2)
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Remark 2.1.1. The Riemannian metric defined as above is a metric tensor.
If we treat the metric tensor in any given coordinate system as a matrix, then
it is positive definite if all its eigenvalues are positive, and invertible if all its
eigenvalues are non-zero, and this property is independent of the coordinate
system. The metric tensor is Riemannian whenever its representation as a

matrix is positive definite.

Now we will go on to define what Riemannian distance means, however before

this we need to go through some preliminary definitions.

Definition 2.1.5. (Absolute continuity) A function f : [0,7] — R is abso-
lutely continuous if and only if given € > 0, there exists some § > 0 such

that

n

Z |f(yi) — f(x)| <,

i=1

where {[z;,y;] : ¢ = 1,...,n} is any finite set of mutually disjoint subintervals
of [0,T] with

=1

Alternatively this can stated by using an equivalent definition. For a real
valued function f on a compact interval [a, b] has a derivative f almost every-

where, the derivative is Lebesgue integrable, and

o) = )+ [ o

for all z € [a, D]

This property is very useful to define the length of absolutely continuous curves

as follows.
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Definition 2.1.6. Let (M, g) be a Riemannian manifold and ~ : [0,7] — M
an absolutely continuous curve, we call length of the curve the following real

functional

Liy) = / 0 (4(8), 4(1)) 2. (2.3)

Definition 2.1.7. Let (M, g) be a Riemannian manifold and x,y € M, the
(Riemannian) distance d : M x M — [0,4o00]| between these two points is

defined as

d(z,y) = inf{L(~) | v absolutely continuous joining z to y}.

Definition 2.1.8. (Geodesics) A curve v : [a,b] — M, where M is a Rieman-

nian manifold is called a (minimizing) geodesic if

Example 2.1.3. The straight line v(t) = at + b is a minimizing geodesic on

the Euclidean space R".

Definition 2.1.9. (Completeness) A Riemannian manifold M is called com-
plete if every Cauchy sequence in M with respect to the Riemannian distance

d is convergent (with respect to d) to a point in the manifold M.

For instance R™ is complete, but also the union of two disjoint spheres is

complete.

Theorem 2.1.1. Let (M, g) be a Riemannian manifold and py € M, for any
e > 0, there exists a neighborhood U of py such that for any p € U there exists

a unique minimizing geodesic, joining py to p with length less or equal to .
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Moreover, if the Riemannian manifold M is complete, then there always exists

at least a geodesic joining any pair of points. [27]

We will look at how we compute the geodesics for certain spaces later on in

the thesis.

2.2 Sub-Riemannian Manifolds

Sub-Riemannian geometries are a certain type of generalization of Riemannian
geometries widely studied in Analysis.In this section we will look at some

classical definitions from [40], [36], [27] and [19].

Definition 2.2.1. Let M be a n-dimensional manifold and » < n, a r-

dimensional distribution H is a sub-bundle of the tangent bundle, i.e.

H={(p,v)lp e M,veHp)}

where H(p) is a r-dimensional subspace of the tangent space at the point p.

Definition 2.2.2. (Sub-Riemannian metric). Let M be a manifold and H C
TM a distribution, a sub-Riemannian metric on M is a Riemannian metric

defined on the fibers of the subbundle H.

Definition 2.2.3. (Sub-Riemannian geometry). A sub-Riemannian geometry
is the triple (M, H, g) where M is a smooth manifold, # is a distribution, and

¢ is a Riemannian metric defined on H.

For more details see [8] and [9].

Definition 2.2.4. (Horizontal curves). Let (M,H,g) be a sub-Riemannian
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geometry and ~ : [0, 7] — M an absolutely continuous curve, we say that ~ is

a horizontal curve if and only if

Y'(t) € Hy, for ae. t €[0,77].

For more details see [3] and [15].

Definition 2.2.5. We call the Carnot-Carathéodory distance associated to
the Sub-Riemannian geometry (M, H, g) the function d : M x M — [0, 400,

defined by

dco(p, q) = inf{ L(7y)|y a horizontal curve connecting p to q},

where L() is the length defined in (2.3). Note that L(v) is well defined for

all the horizontal curves and only for those (in fact g is defined only on H).

Let us consider a family of vector fields X = {Xj,..., X,,} spanning some
distribution H C T'M, the associated Lie algebra is the set of all the brackets

between the vector fields of the family.

Let us now introduce the notion of a step of a bracket-generating distribution.

Let £ be a family of vector fields, we write:

L' = Span({Z = X|X € H}),

L£%:=Span({Z = [X,Y]|X,Y € L'}),

L' :=Span({Z = [X,Y]|X € H,Y € L"'}),

Let us denote £'(p) as the vector space to £ evaluated at point p € M. Note

we call k- length bracket all the vector field defined recursively as [X, Y] with
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X € Hand Y (k — 1)-length bracket, where the 1-length bracket vector fields

are the elements of the form [X;, X3| for X, Xy € H.

Definition 2.2.6. Let M be a smooth manifold and H a distribution defined
on M. We say that the distribution is bracket-generating if and only if, at any

point, the Lie algebra £(X) spans the whole tangent space.

In the following definition and theorem we see that there is a bracket generating

condition which is key to our understanding of sub-Riemannian geometry.

Definition 2.2.7. (Hérmander condition). We say that a sub-Riemannian
geometry satisfies the Hormander condition if and only if the associated dis-

tribution is bracket generating.

The following theorem is the main theorem of the chapter and asserts that
the condition of bracket generating being satisfied coupled with connectedness
implies that the manifold is horizontally path connected. The theorem was

first demonstrated by Rashevskii in [46] and later proved by Chow in [21].

Theorem 2.2.1. (Chow’s Theorem) Let M be a smooth manifold and H a
bracket generating distribution defined on M. If M is connected, then there

exists a horizontal curve joining any two given points of M.

Proof. We omit the proof here. For a proof see [40]. O

Example 2.2.1. (Heisenberg group). We call 1-dimensional exponential Heisen-
berg group or also canonical Heisenberg group, the sub- Riemannian geometry

induced by the vector fields,
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1 0

X(wy,z) =10 |, Yyz)=]1 (2.5)
-y i
2 2

Looking at the commutator we see that

(0 yo\(Of x0f 0  xd\(of yof\ _9f
[X’Y](f)_(ax_28t><ay+2az>_<ay+2az)<ax_282>_az’

(2.6)
so we can see that
0
(X, Y(z,y,2) = 0], (2.7)
1

then X (p) and Y (p) taken together with the associated commutator [ X, Y](p)
span the space R? (i.e. span(X(p),Y (p),[X,Y](p) = R3) at any point p =
(x,y,z). Chow’s Theorem guarantees we can connect any point to any other

by a horizontal path.

We learn from Chow’s Theorem that if a sub-Riemannian geometry satisfies the
Hormander condition then this implies that the Carnot-Carathéodory distance
is always finite. The reverse implication (i.e. that a finite distance implies the
Hormander conditon) requires a stronger regularity of the distribution. It is
only satisfied in the case that the distribution is analytic, but not in general

when it is smooth.
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Example 2.2.2. Look at the sub-Riemannian metric generated by the 2-

dimensional vector fields,

X(z,y) = , Y(zy) = : (2.8)

with a € C*(R) such that a(x) = 0,if z < 0,and a(z) > 0, x > 0. The
corresponding sub-Riemannian distance is finite. Nevertheless, the associated

distribution is not bracket generating. In fact, if z <0, then

Y(x,y) = (2.9)

and so Span(L(X,Y)(p)) =Span(X(p)) # R?.

Example 2.2.3. Let X and Y be as in the Example 2.2.2, but with a(z) =1
if x > 0,and a(z) = 0 if x < 0. In this case a ¢ C*°(R), however we can
use this example in order to investigate the previous one. On the half-plane
x < 0, as we can move only in one direction the spanned distribution is not
bracket generating. Nevertheless, it is easy to write explicitly the associated

Carnot-Caratheddory distance, that is

\/|95—?J|2+\:v’—y’!2, if ©>0,2">0,

o lz| + 2] + |y — o], if £ <0,2 <0,
d((z,y), (z,y) = (2.10)
|2 + |y — 2, it @< 0,2" >0,

[\l +ly — g2, if 22> 0,2" <0.

It is clear to see that d(z,y) is a finite distance.
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Definition 2.2.8. (Step of a distribution). Let X = {Xj, ..., X,,} be a family
of vector fields defined on a smooth manifold M and H the distribution gen-
erated by Xi,...,X,,. Given p € M, we call the step of the distribution H at

the point p, and we indicate by k(p), the smallest natural number such that
k(p)
U £ (p) = T,M. (2.11)
i=1

Example 2.2.4. The Heisenberg group (see Def 2.2.1) is associated to a

bracket generating distribution with step equal to 2 at any point.

Example 2.2.5. The Grushin plane (see Example 2.5.1) is associated to a

bracket generating with step 2 at the origin, and with step 1 otherwise .

We will now include a proof (from Gromov [32]) for a particular type of Sub-
Riemannian geometry with reference to Chow’s theorem. We will see the
Heisenberg group in more detail later on Section 2.4. We now look at the
1-dimensional Heisenberg group given in Example 2.2.1, endowed with the

standard Euclidean metric on R?.

If we look at the 1-form

1
n:=dz— i(xdy — ydx).

So we write the H" as the n-dimensional Heisenberg group. Referring to Defi-

nition 2.2.4, we can see that a curve v : [0,7] — R? is H! if and only if

n(y(t)) =0, for t a.e. t€[0,T].

In the proof of Gromov he uses an equivalent definition of the Hesienberg
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group, however we will look at a proof incorporating the above definition. So

we state a reconfiguration of Chow’s Theorem in this particular case.

Theorem 2.2.2. Given two points in R3, there exists an absolutely continuous

H!-horizontal curve joining them.

Proof. Let p = (x1,y1,21) and q = (T2, ¥y, 22) be two given points of R3. Let
A(t) = (x(t),y(t)) be a plane curve joining (x1,y1) to (xe,ys). For the sake of

simplicity assume that T' = 1.

Remark that we can look only at the absolutely continuous curves with con-

stant curvature, i.e. we can assume that

/ vdy = / et = / ((t)(t) — +(E)y(t))dt = C,

for some C € R.

Then we can define a curve in R3, setting v(t) = (z(t),y(t), z(t)), where the

third-coordinate is given by

Obviously v is an absolutely continuous curve in R3. Moreover, since z(0) = z
and z(1) = z,C, choosing C' = z1z,, then 7 joins p to q. In order to conclude
the proof, we need only to observe that, for a.e. t € [0,1], it holds n(y(t)) =0

and so vy is a H'-horizontal curve.
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2.3 Geodesics

We will take a deeper look at geodesics and how they are derived. In the Rie-
mannian case the minimising geodesic must satisfy the Euler-Lagrange equa-
tions. Geodesics can be applied in solving many problems within calculus of
variations. We recall the definition of geodesics (see Definition 2.1.8 in the

Riemannian case).

Definition 2.3.1. Geodesics in Sub-Riemannian manifolds are curves v :

[a,b] — M where the following are satisfied:

1. v is an horizontal curve, i.e. vy is absolutely continuous and
A(t) € Hyw, ae te [a, b],

(see Definition 2.2.4).

2. L(v) =d(P,Q), where y(a) = P, v(b) = Q and where L(7) is defined by

(2.3).

To compute geodesics we use the so called geodesic equation and to define that
we need to introduce the cometric associated to the Riemannian metric. From

now on we denote our Sub-Riemannian geometry as (M JH, (G ))

Definition 2.3.2 ([40]). A cometric §: T*M — TM on (M,’H, (., >) a Sub-

Riemannian manifold is uniquely defined by the following conditions:
1. Im(ﬂp) — HP,

2. p(Q) = (Br(p),Q),, VP ETHM ¥ Q € Hp where P € M.

Definition 2.3.3. Given a cometric (.,.)p on the cotangent bundle TpM, we
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can define a sub-Riemannian Hamiltonian as follows:

1
H(P,Q) = 5 (P,P)g, where P € M and Q € T"M. (2.12)

Remark 2.3.1. Consider we have the admissible curve v : [a,b] — M, i.e.:
¥(t) € Hyw ae tela,b],

then we can write:

(3(1),4(1))

1,

N —= N

= (P, P)yp, with P = §(t)

= H(Q,P).

Proof. The proof of the previous relation is easily comes from the definition of

the cometric as follows:

y(t) is admissible < A(t) € Hyw = Im(By ) (by Definition 2.3.2),

From Definition 2.3.2 we know that:

p(P) = <67(t)(P),15>Q, VQeTsM YV P et
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Take v := 7(t), then:

Thus, we have:

= H(P,Q).

1. 2
2 [0

To get the Hamilton equations we first need to introduce momentum.

Definition 2.3.4. Let M be n—smooth manifold and X, be a vector field on

M, we define a linear function Py, := P, on the cotangent bundle, where:
Py : T"M — R with (P,Q) = p(Xu(P)), VP €M, Qe TpM.  (2.13)
This function P, is called a momentum function.

If we have the expression for the vector field X, in coordinate as:

, 0
X.(P) = X! (P ,
) = x5
then, we can write the following expression:
pa('xap) = Z X;(P)pla

where P, = P o are the momentum functions for the coordinate vector fields.

Ox;

Note that z; and p; from the coordinate system on the tangent bundle 7™M
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are called canonical coordinates.

Let us define

g™(P) = (Xa(P), Xy(P)) (2.14)

P’
to be the matrix of inner products defined by our distribution frame H. Con-

sider g?(P) to be the inverse matrix of g,,. We can see that ¢* is a n x n

matrix-valued function defined in some open set of M.

Propostion 2.3.1. Let P, and g*° be the functions on the cotangent bundle
T*M defined respectively by (2.13) and (2.14), which are induced by the local
distribution {X,}, then we have:

H(P,Q) = 5> g(P)Pu(P.Q) R(P,Q).

| =

In order for us to compute the geodesic equations associated with the Hamilto-

nian differential equations using the canonical coordinate (z;, p;) we can write:

: 0H . 0H
T, = o, and p; = ~on (2.15)

Definition 2.3.5. The Hamiltonian differential Equations (2.15) are called

normal geodesic equations.

Theorem 2.3.1. (Normal geodesics) Let ((t) = (’y(t),p(t)) be a solution of
the Hamiltonian differential equations on the cotangent bundle T*M for a sub-
Riemannian Hamiltonian H and consider (t) be its projection to M. Then,
every sufficiently short length of v is a minimizing sub-Riemannian geodesic.
Moreover, v can be considered as the unique minimizing geodesic that joins the

endpoints.

For a detailed proof see [40)].
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Theorem 2.3.2. [40] Let M be a smooth manifold and H a bracket generating

distribution. Then

e local existence: for any p € M there exists a neighborhood U of p such

that, for any q € U, there exists a geodesic joining p to q;

e global existence: if moreover M is connected and complete w.r.t. the sub-
Riemannian metric induced by H, for any pair of points p,q € M there

exists a geodesic joining p to q.

For the Riemannian case it is known that the geodesics are locally unique. In
the sub Riemannian this is generally not true (not even locally). We will see

this later on in the case of the Grushin plane.

2.4 Carnot Groups

In this section we will elaborate on a particular class of Riemannian structures
known as Carnot groups. They can be viewed however from a Lie algebra
viewpoint which we will expand on. For further details see [19], [40] and [13].

To see more examples of Carnot group such as the Engel group see [17].

To define Carnot groups we first have to define what Lie algebras are.

Definition 2.4.1. A Lie group G is a smooth manifold M, that is also a
group in the algebraic sense, with the property that the multiplication map

f:M x M — M and the inversion g : M — M, given by

fley) =zy, glx)=a"

are both continuous.
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Definition 2.4.2. (Abstract Lie Algebra) A real vector space (V) equipped
with an operation [-,-] : V' x V — V is said to be a Lie algebra if the following

relations hold:
W)[AX + Y, Z] = A[X, Z] + ulY, Z], (Bi-linear)

(i)[X, Y] = =[Y, X]

(iii)[X, [V, Z]] + [Z, [X, Y]] + [V, [Z, X]] = 0 (cyclic permutation)

forall XY, Z €V and \,u € R.

The equation (iii) is called the Jacobi identity.

Example 2.4.1. The vector space R? equipped with the cross product,

(X, Y] = (23 — T3y, T3y1 — 21Y3, T1Y2 — T2t (2.16)

is an example of Lie Algebra as it satisfies the conditions in Definition 2.4.2.

Proof. To prove the first condition let us take X = (21, z2,23),Y = (y1, Y2, Y3)

and Z = (21, 29, 23)
AX + pY, Z] = [(Azy + pyn, Azg + pye, Azs + pys), (21, 22, 23)]

= (()\xz—i-ﬂyz)zs—(/\$3+My3)22; (Azg+pys) 21— (Axy+pyr ) 23, ()\171+My1)22—(>\5€2+ﬂy2)21>

= ()\(:C223 — .T322), )\(I:},Zl — %123), )\(33122 — .%'221))

+(M(y223 - 3/322)a p(ysz1 — ylz?))nu(ylz? - y22’1)) = )‘[Xa Z] + /L[Y, Z]-
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The proof of the second condition is fairly trivial since
(X, Y] = (2ays — T3y2, T3y — T1Y3, T1Y2 — T2y1) =
—(—(z2ys — T3y, T3Y1 — T1Y3, T1Y2 — Tayn)) = —[Y, X].

To prove that the third condition holds we simply plug in our X,Y and Z
and we see a cancellation of terms on the right hand side when we add the

equations below together,
[X7 [Y, ZH = <$2(ylz2 —3/22’1) —IBS(?J321 —y123)7 953(?/223 —y322) _371(3/122 —3/221)7

$1(y321 - y123) - xz(?/zz:a - 9322)>7

[Z, [X, Y]] = <22($1y2—1’2y1)—23($391—1’193), 23($2y3—3€3yz)—21(9€1y2—flf2yl)7

21 ($3y1 - $1y3) - 22(1‘293 - 1’3y2)>;

[Y> [Z, X]] = <y2(21$2—22$1)—y3(23$1—211’3)7y3(22953—23$2)—?/1(21952—22331),

y1(23x1 - les) - y2(22133 - 23$2)>-

Definition 2.4.3. Let M be a smooth manifold. For two vector fields X, Y €



2.4. Carnot Groups 45

C>(T,M) we define the Lie bracket [X,Y]: C*(M) — R of X and Y by

(X, Y](f) = X(Y(f) =Y (X(f), VfeC™(M). (2.17)

Note that the Lie bracket is an operation that satisfies the definition of the

abstract Lie algebra where V' is equal to tangent space of M at the point p.

Example 2.4.2. The vector space of n x n real matrices is a Lie algebra
equipped with the Lie bracket defined in Definition 2.4.3. It’s clear to see all
n x n matrices X,Y and Z satisfy the first two conditions in Definition 2.4.2.

We prove the Jacobi identity as follows
(X, 2] + [v.[2.X]]|+ [2.[X.Y]] = [X.YZ-2ZY]+]Y,ZX — XZ]
+[Z, XY - Y X]

= XYZ-XZY -YZX+ZYX

+YZA-YXZ - ZXY +XZY

+ZXY - ZYX - XYZ+YXZ

Before we can highlight the connection between a Lie group and its Lie Algebra

we first introduce the notion of left translations and invariant translations.

Definition 2.4.4. Let G be a Lie group. Then for P € G, the left translation,

denoted by Lp, and the right translation, denoted by Rp, are respectively
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given by:

Lp:G— G with Lp(Q):=PoQ,

Rp:G— G with Rp(Q):=QoP,

where @) € G.

Because we can write Lp as the composition of smooth maps:
GCEHGxGDG,

where 1p(Q) = (P,Q) and m is the left multiplication, it implies that Lp is
smooth. In fact Lp is a diffeomorphism of G, since Lp-1 is the smooth inverse
of Lp. The same is true for the right translation Rp : G — G. Note that if G

is not abelian in general Lp # Rp so we will usually use Lp.

Remark 2.4.1. Note that if G, G, are smooth manifolds, f : G; — Gs is a

diffeomorphism and df : TGy — T'G, is the differential of f, then

df([X,Y]) = |df(X),df(V)]. (2.18)

Definition 2.4.5. Let G be a Lie group, a vector field X on G is called

left-invariant if it is invariant under all left translations, i.e. for any P, Q € G:

dLp(X(Q)) = X(PoQ). (2.19)

Similarly, a vector field X is called right invariant if for any P € G we have:

dRp(X(Q)) = X(QoP).
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Definition 2.4.6 (The Lie algebra of a Lie group). The space g of all left-
invariant vector fields on a Lie group G endowed with the standard Lie bracket

is called Lie algebra of the Lie group G.

Before giving the definition of Carnot group we introduce the concept of nilpo-

tent Lie algebra.

Definition 2.4.7 (Nilpotent Lie algebra). A Lie algebra g of a Lie group G
(see Definition 2.4.1) is called nilpotent of step k if there exists k € N\ {0}

and a decomposition

g = g(l) DD g(k)’ (2_20)
where
gV = g < g,
g™ = Ja1,9™], neN\{o},
and
g1,8"] = {[X,Y]: X egi, Y eg™},

forn=1,...,k and g**V = {0}.

Definition 2.4.8. A group G is called Carnot group (also called stratified
group of step k), if it is a connected Lie group whose Lie algebra is nilpotent

of step k. The identity of the group is the vector (0,0, 0).

Example 2.4.3. (Heisenberg group) The Heisenberg group introduced in Ex-

ample 2.2.1 is endowed with the group law for H! is given by:

N ~ S
Po@ = <x1+x1,x2+x1,w3+$3+2($1$2—$1$2))a
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for all P = (xy,79,73),Q = (T1,72,73) € R3. The Heisenberg group is an
example of a Carnot group, a non-commutative nilpotent Lie group with strat-

ified Lie algebra

g =01 D g, (2.21)

where g; is 2-dimensional and is generated by the vectors X and Y, and g, is

1-dimensional where g = span{[X, Y]}, given in Example 2.2.1.

We next show how to check that X and Y are exactly the ones given in Example
2.2.1. Since a Lie group is also a manifold, one can always associate to the Lie

algebra g a tangent space at the origin (the identity of the group).

Definition 2.4.9 (Left-invariant translations). Using left-translations one can
define the tangent space at any other point p. Then one can easily identify a

basis of left invariant vector fields as

Xi = de<6i),

where L, is the left-translation given in Definition 2.4.4, df is the differential

defined in Definition 1.2.3 and e; are the standard Euclidean basis vectors.

Theorem 2.4.1. Let G be a Lie group and g be its Lie algebra. Then the

following statements are satisfied:

1. g is a vector space and the function

o:g — T.G,

X — ¢(X):=X(e)

is isomorphism between g and the tangent space T.G (see Definition

1.2.2) to G at the identity e of G. As a consequence, dim g = dim T,G =
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dim G.
2. g with the commutation operation is a Lie algebra.

For a proof see [13].

Theorem 2.4.1 together with the function left-translation allows us to compute
the left-invariant vector fields for any X (P) € G. Take X(e) € T.G, then we

can define a corresponding vector X (P) € TpG as
X(P) = (dLp)(X(e)), P€G, (2.22)

where Lp is the left-translations, see Definition 2.4.4.

Example 2.4.4 (Left-invariant vector fields in the Heisenberg group H'). As
the left-invariant vector fields for T,H' we choose ey, 9, €3 standard Euclidean
3-dimensional basis. In order to compute the left-invariant vectors for H*, let
us fix a point P = (1,79, 73) € H' and consider the curve 7 : [0,1] — H!

defined as

with X (e) respectively equal to e, e; and then ez, given f : H' — H' then

(), (X(0)) = 30

t=0

Choose as function f the left-translations Lp : G — G with Lp(Q) = Po Q
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and consider X (e) = e;, for : = 1,2, 3, we have

Yi(t) = Lp (%‘ (t)> ;

7%:(0) = (dLp)(e:),

fori=1,2,3.

Now, let us find the left translations with P = (z1, 2, 23)

Lp(v(t)) = (21,22,23) 0 (3(t),72(t), 15 (t))

= (40,22 (035250 + L (m070) ~ (0 )

To obtain the left-invariant vector fields we need to differentiate the left trans-

lations, so fix p = (x1, z9, x3), then
(@Lp(X(@) = (30003201 580) + 5 (m1720) = 21(0) )

where 4(0) = X. Hence, the left-invariant vector field X;(P) corresponding to

e; = (1,0,0) is

Similarly, the left-invariant vector field X5(P) corresponding to es = (0,1,0)
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in T.H! is:

Xo(P) = (dLp)(0,1,0)

xy
= (0,1, —
(0.1.2)

8 1328

Oz, | 2 Oay
Finally, the left-invariant vector field X3(P) corresponding to ez = (0,0, 1) in
T.H' is:

X3(P) = (dLp)(0,0,1)

~ (0,0,1)
)

Oy’

which are the three vector fields we’d expect to compute from Example 2.2.1.

Definition 2.4.10. (Dilation) For A > 0 family of dilations on g is a family

of maps Ay : g — g defined as dilations,
AN(X)=NX VX €g?, (2.23)

where g is the i-layer of the stratification defined in (2.21) and the element

of the Lie algebra are identified with vector fields by Theorem 2.4.1.

Example 2.4.5. (Heisenberg group) Dilations for the Heisenberg group in

Example 1.23 can be represented as,
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A 0 0

ANX)=)AX = 0 |, A)=XY=| x| andA\(Z2)=XZ=]
—\y AT 5

2 2 A

Once we have some dilations on the Lie algebra g we can induce a natural
rescaling also on the group G by using the exponential map (see [37] for defi-

nition of exponential map).

Definition 2.4.11. We define §,, : G — G as

Sx(z) = exp o Ay oexp (), (2.24)

where exp: g — G is the exponential map. This gives a rescaling that is

coherent with the manifold structure defined on the Lie groups.

Arising from this we have that following lemma.

Lemma 2.4.1. Given a Carnot group and the family of dilations ¢, (defined

above) on G consider a horizontal curve 7 (see Definition 2.2.4), then the curve

n = 0x(7),

is still horizontal and the horizontal velocity satisfies

al = Ao,

For proof see [13].

Example 2.4.6. In the Heisenberg group in Example 2.4.5 we have that the
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dilation defined in (2.24) are
5/\(1'7 Y, Z) = (/\':C’ /\y7 )‘QZ)a

one can easily check the validity of Lemma 2.4.1.

2.5 Grushin spaces

Grushin spaces are very important geometries associated to Hormander vector
fields. We refer to [41] for properties and to [27] for properties and applications
of the Grushin spaces. Grushin spaces are not Carnot groups since they do
not have any group structure as it is not possible to associate to them a Lie
group structure, therefore “standard” Lie group translations are not defined.
We are going to use our new notion of generalised translations to the specific

case of Grushin spaces and in particular the Grushin plane.

A generalised Grushin space can be defined as follows.

Definition 2.5.1. Let (z,y) € G" ~ R" = RY x R" where g,h > 1 are
integers and n = g+ h. For a given real number o« > 0, let us define the vector
fields in R™,

0 0

Er i=1,..,9 Yzy =z|"s—, j=1..,h

Xi x, = )
(z,9) 9y,

In this thesis we concentrate on the specific case of the so called Grushin plane,
where o = 1 and g = 1 = h. In the literature on Grushin spaces the modulus
is used for spaces greater than 1, however in the simplest first case x is used

and not the modulus. See the next example.
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Example 2.5.1. (The Grushin plane G?) We take as underlying manifold of
G? the R? plane, with coordinates z, y and consider the sub-Riemannian metric

defined by the vector fields

1 0
X(z,y) = , Y(z,y) = . V(x,y) € R2 (2.25)

0 T

These vector fields span the tangent space everywhere, except along the line

x = 0. Consider the commutator:

0
Xs(z,y) = [X,Y](x,y) = , V(z,y) € R?, (2.26)

1
Then X and Y taken together with the associated commutator X3 = [X,Y]
span the whole tangent space at any point, so the Hormander condition holds

and Chow’s Theorem applies.

Even if Grushin spaces are not Carnot groups (as there exists no associated
group law that satisfies the conditions necessary for it to be a Lie algebra),
one can introduce a natural rescaling in these geometries that we call again
dilations. We will look at this in greater details in Section 4.2.1, highlighting

how the rescaling is coherent with the manifold structure in the Grushin plane.

Definition 2.5.2. In the Grushin space the dilations dy : G — G? are defined

as

Wz, y) = ()\ x, )\2y>.

This scaling defined above is natural in the geometry since it respects horizontal

curves and the associated Carnot-Carathéodory distance. In fact, consider an
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horizontal curve v = (v1,7) : [0,7] — G* with horizontal velocity a =

(a1, az), that means

(1) = (an(t), ax(t)m(1)), ae t€0,T).

If we now consider the Euclidean rescaled curve defined as n(t) := A~(t) for
t € [0,7T], in general 7 is not everywhere horizontal. If we instead consider
the rescaled curve defined as 7n(t) := 9,(¢) then 7 is still horizontal and its

horizontal velocity o rescales as one could expect, i.e.
ol = Aa. (2.27)
In fact one can explicitly compute the velocity of n, that is

0(t) = (M (1), (1)) = A(ar(t), aa(t) (M (1)) ) = A (8), as(t)m (1)),

By recalling that the Carnot-Carathéodory distance is defined as the minimum
length of horizontal curves joining two given points, the previous rescaling

property implies the following result.

Lemma 2.5.1. Let us consider two points p,q € G? and the correspond-
ing Carnot-Carathéodory distance deoc(p, ¢) defined in the Grushin plane (see
Definition 2.2.5). Assume that J, are the anisotropic dilations introduced in

Definition 2.5.2. Then

dec (0x(p), 6x()) = Mec(p.q), Vp,q € G?

Proof. To show the lemma it is enough to remark that any horizontal curve

n joining the points J\(p) to dr(¢) can be written as n = d,(y) for some =y
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horizontal curve joining p to ¢ (in fact it is enough to choose v = d1/1(n)).

Then (2.27) implies the lemma. O

Roberto Monti in his PhD thesis [41] neatly proved a very important estimate
for the Carnot-Carathédory distance in Grushin spaces, by introducing the so
called box distance. Next we report the result but written directly in the case

of the Grushin plane.

Theorem 2.5.1. Let A > 0 and p, ¢ € R? and doc(p, ¢) the Carnot-Carathéodory
defined in Definition 2.2.5, then there exists ¢ > 1 such that for all p = (z,y)

and ¢ = (¢, 7) € R? with |z] > [¢]

ly — 7
2]

<cdcc(p.q), if 2> = Ay —n|, (2.28)

dec(p,q) < |z — &+
and
dec(p,q) <z =&+ |y —n|2 <cdec(p,q), if [z]° <Ay —n|, (2.29)

where p = (z,y) and ¢ = (§,7)

For proof see [41].

This estimate will be extremely useful in Section 4.6.

The previous result tells that the Carnot-Carathédory distance in Grushin

spaces is globally equivalent to the so called box-distance that we indicate by

dbox (pa q)7 Le.
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dboa:(paQ) =
1 .
=&l +ly—nlz, i o <|y—nl.

It is easy to show that also the box-distance rescales well in the sense that

oz (3:(p), 0x(9)) = Adbor (P, q).

We conclude the section by the picture of the box-ball centred in the origin

with radius 1, i.e.

Bbox = {p € Rz | dbox(pa O) < 1} .
That can be found easily as the points (z,y) solving

)
ol + sy

1> 21

1
2]+ [ylz, 2® <yl

see the following pictures.
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-2.4 -2 -1.6

Figure 2.1: In the picture we represent the two different graphs appearing in the
definition of the box-distance together with the constrain |z|? = |y|.

-2.4 -2 -1.6 -1.2

Figure 2.2: The Grushin box-ball centred in the origin and with radius 1.
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Chapter 3

Generalised translations and

generalised periodic sets

3.1 Translations and periodicity along vector

fields.

Translations are usually associated to geometrical structures where one can
define a vector space structure or at least a group law. Here we introduce
a new idea for translating along vector fields, that can be applied to very
general geometries where nor a vector space nor an algebraic structure are
defined. The possibility to define periodic structures on these spaces lead
to many important application, e.g. the possibility to study homogenization
problems in this setting (e.g. see Part III). In particular this notion can be

applied to Riemannian and sub-Riemannian manifolds.

Wherever you have a group structure you can translate a point w.r.t another

point (i.e. w.r.t another group element) trivially by using the group law.

61
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Instead in our case we translate points along waves which are uniquely deter-
mined by a fixed (integer) constant velocity. Usually (e.g. in Carnot groups)
this has an important dimensional consequence; in fact we define the transla-
tion in a n-dimensional space, but depend only on m parameters with m < n
(see the equivalence between generalised translations and horizontal transla-

tions in Lemma 4.1.4). In the Grushin plane this idea also works better.

We introduce the main definitions of the thesis with many examples.

Our setting is now the geometry of vector fields, then we consider a family
of m vector fields X = {Xy,..., X;,} which, for sake of simplicity, we always
assume defined on R", with usually m < n. Note that one could introduce
the same notion starting from vector fields defined on a generic n-dimensional
manifold but in this thesis we do not consider this more generic case. The
vector fields will be assumed to be at least locally Lipschitz, though in our

examples they are usually smooth.

3.1.1 Main definition and examples.

First we need to recall the notion of X-lines used in [7] (see also [6] for more
properties), which are curves with velocity constant along the directions of the
given vector fields. More precisely, recall that an absolutely continuous curve
x :[0,7] — R™ is called horizontal whenever the velocity at almost every time
belongs to the span generated by the vector fields at the corresponding point,
ie.

i(t) = () Xi(z(t)), ae. tel0,T] (3.1)

The m-valued measurable function « : [0,7] — R™ is called the horizontal

velocity and represents the velocity of a horizontal curve w.r.t. the given
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family of vector fields (See Definition 2.2.4).

Definition 3.1.1 (X-lines). An horizontal curve [ : [0,7] — R™ is called

X-line if the m-valued horizontal velocity « is constant, i.e.

i(t) = > i Xi(l(t), ae.tel0,T], (3.2)
i=1
for some constants aq, ..., qa,, € R.

Given a constant horizontal velocity o and a starting point z € R"™ there exists
a unique X-line solving (3.2) since we have required for the vector fields to be
at least locally Lipschitz. It is important to remark that,(recalling Chow’s
Theorem see Theorem 2.2.1), whenever the vector fields X = {Xy,..., X,,}
satisfy the Hormander condition, a horizontal curve between any two given
points x and y always exist while this is not anymore true if we restrict our
attention to X-lines: in fact the set of points that one can reach starting from
x is a m-dimensional object in R™. We can now introduce the main notion of

the paper.

Definition 3.1.2 (Generalised translations). Given X = { X7, ..., X,,} family
of vector fields, assume that the vector fields are at least locally Lipschitz and
a point x € R"” and a constant o € R™ with m < n, the generalised translation
(or translation along vector fields) of the point z in the direction induced by

« is defined as the following point:

To(z) = 15(1), (3.3)

where [$(-) is the unique solution of (3.2) with initial condition [$(0) = z and

horizontal constant velocity a € R™.
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In the Euclidean case, if assume m = n and the vector fields X; = e; are the
standard Euclidean basis, then we get back the usual translations: in fact the

Euclidean X-lines are the usual straight lines [(t) = at+x, thus 7,(x) = z+a.

Remark 3.1.1. Note that, unlike the usual translations, we are not translating
a point w.r.t. another point but a point along selected set of directions (i.e. a

point belonging to the set of solutions to our (3.3)).

Lemma 3.1.1. Given some constant € R™, the generalised translation

To : R™ — R" is always bijective and the inverse function is 7, = 7_.

Proof. Consider the X-line z* : [0,1] — R™ and define the curve n(t) =

z®(1 — t). Trivially 7(0) = 7,(z) while (1) = 2%(0) = x. Moreover

where o is the n x m matrix whose columns are the vector fields of the family
X. Thus n = [,* where y = 7,(7). Recalling that 1(1) = x, we have proved
that 7_, (Ta(.ilﬁ)) = z. Swapping a and —«, we prove that 7, o 7_, = identity

map = T4 O T_q. ]

We next compute explicitly the generalised translations in some easy but still

quite interesting cases.

Example 3.1.1 (Translations in one direction in the Euclidean RY). On RY
we consider the vector field X = e;, for some fixed ¢ = 1,..., N. Then the
generalised translation of a point 2 € RY w.r.t. to the direction induced by
aeRis

To(x) = (0,...,2; + ,0...,0), (3.4)
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where x; indicates the i-components of the point x. Thus the generalised

translations coincide with the standard translations in the fixed i-direction.

Example 3.1.2 (Rotational geometry). On R? we consider the the vector field

X(z,y) = (_yx> for (z,y) € R2.

Solving the Equation (3.2) for the X-lines with horizontal velocity a € R and

initial condition (z,y) € R? we find
l[1(t) = ysin(at) + z cos(at),

and

lo(t) = —xsin(at) + y cos(at).
Set t = 1, we deduce
To(7,y) = (ysina + x cos a, —xsina + y cos a) € R?. (3.5)
This means that in this case we translate a point along the circle centred at

the origin and passing from that point to another with an angle equal to a.

The next two examples are the the main focus of the thesis: the Heisenberg

group and the Grushin plane.

Example 3.1.3 (1-dimensional Heisenberg group). Recall the 1-dimensional
Heisenberg group H' given in Example 2.2.1. Solving (3.2) with initial condi-

tions [(0) = (z,y, z) and imposing
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ll(t) = 9,
l2(t) = O, (36)

lg(t) = —aljg(t) —+ OéQl'l(t),

then we can write explicitly the generalised translation of a point (z,y, z) w.r.t.
a=(ar,az) € R? as
a1y — Qo
To(T,y,2) = (al +x, 00 +y, 2+ 1y2> (3.7)

2

Example 3.1.4 (Grushin plane). For all (z,y) € R?, consider the two vector

fields given in Example 2.5.1. In this case, the X-lines can be found solving

with starting point (x,y). Then the solution to Equation (3.8) is

L(t) = agt + z,

(3.9)
oo
l(t) = =2 + ant +y.
Hence the generalised translations in the Grushin plane are
o
To(z,y) = (al +z, 12 2 + apr + y) (3.10)

Remark 3.1.2. Different from the case of the Heisenberg group, in the case
of the Grushin plane the translation parameter a has the same dimension of

the space i.e. they are both 2-dimensions.
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3.1.2 Periodic sets

Using the previous translations along vector fields we introduce an associated

notion of periodicity for sets.

Definition 3.1.3 (Periodic sets). Given X = {Xj,...,X,,} family of vector
fields, a positive real number T and a set Q C RY, we say that Q is generalised

periodic (or simply X-periodic) with period T if and only if

mre(x) €, VaeQandVkeZ™, (3.11)

where 7rg(z) are the generalised translation defined by (3.3) with a = T'k.
Usually the period T will be chosen as the smallest positive number such that

property (3.11) holds true.

Note that, in the Euclidean case, X is the standard Euclidean basis on R¥,
then the previous notion coincides with the standard notion of periodicity with

period T'.

The following remark is useful later on the thesis

Remark 3.1.3. Note that (3.11) is true if and only if the following holds,

TTky © """ OTTkN(Qf) c Q, Yz < Q. (312)

In fact (3.12) implies (3.11) trivially by choosing N = 1. To prove the reverse

implication we prove using induction. For the case N = 1 we have equality.
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Assume true for N now we have to prove for N + 1. Take
Y =Trk, 00 Trpy () € Q.
As y € Q and then by definition 774, (y) € Q.

Next we give some examples of generalised periodic sets in different geometries.

Example 3.1.5 (Periodic sets in R? translating only in one direction). Look
at the R? with the vector field X = e; and the corresponding generalised

translation defined in Example 3.1.1. We define the cube @)y = [_71, %} X [_71, %]

and the translated sets:

— 1], Vkez.

Qr = 721(Qo) = [2k+_—1,2k+1] X [ 53

2 2

The set 2 = U @ and its complementary set Q¢ are both 2 X-periodic with
kEZ

period T' = 2. Note that ¢ and €2 are not periodic in the standard sense in

R? since they are not periodic w.r.t. the vertical direction.

Figure 3.1: A set periodic only in the z-direction.

Example 3.1.6 (Periodic sets in the rotational geometry). We consider now
the vector field on R? defined in Example 3.1.2 and the corresponding gen-
eralised translation. Since the A'-lines are circle centred in the origin and

passing trough the starting point, then the periodic set need to have some
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radial symmetry. We next present several examples generalised periodic sets

in this specific geometry.

Note that all the complements of the given sets are generalised periodic as well

with the same period T'.

r

N

N

7/

Figure 3.2: A set which is generalised periodic for every period T € R.

~ —

Figure 3.3: Given Q; = {r < 1,5 <6 < %’T} and Q2 = {r < 1,4 <9 < %“}
(defined in polar coordinates), then the set Q = Q1 UQs is generalised periodic with

period T = .
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Figure 3.4: A perforated domain with non-overlapping holes that is also generalised
periodic with period T' = 7.

Next we give two lemmas which are very useful to easily construct (gener-
alised) periodic sets as both union of holes or perforated domains (i.e. their

complements) in many different geometries.

Lemma 3.1.2. Consider a simply connected bounded set B C R" and define

Q= U TTk(B),

kezm

where 77 (z) are the generalised translations with period T" given in (3.3).

Assume that
Vk,heZ™ 3 zeZ™ such that 7y (TTh(:L‘)> = 77.(x). (3.13)

Then (2 is (generalised) periodic with period 7.

Proof. Given any x € ) we need to show that 7p,(z) € Q Vh € Z™. If x € Q

then there exists some k € Z™ and some y € B such that 2 = 7,7(y). Then

(@) = Trn (T (y)) = Tr2(y),
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for some zZ € Z™ by (3.13). Then 7 (x) € m7rz(B) C Q.

Similarly one can prove that the complement is itself a periodic set.

Lemma 3.1.3. Under the assumptions of Lemma 3.1.2, and assuming in ad-

dition that 774 : R” — R™ is bijective for all £k € Z™ and that for all x € R”

3 k € Z™ such that 7} (z) = 77:(7). (3.14)
Then
Q°=R"\ U By,
keZ

is (generalised) periodic with period 7'

Proof. We need to show that for all x € Q¢ and for all k € Z™, 7 (z) € Q°.
By using the definition of the complement of a set and the negation of a logic

implication, this is equivalent to showing that
mrr(z) € Q =z e

Now 77x(z) € Q means that 7r,(x) = 7rp(y) for some y € B and for some
h € Z™. Applying the inverse function 77, to both the sides and combining

conditions (3.13) and (4.2) we can conclude

T =T (TTh(ZE)) = TTE(TT}L(ZE)) = 17.(2),

for some z € Z™; thus x € ). O
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Remark 3.1.4. The generalised translations given in Definition 3.1.2 always
satisfy condition (3.14) (see Lemma 3.1.1) while in general condition (3.13)

may not be satisfied (as we will see in some of the following examples).

For the generalised translations defined in Examples 3.1.1 and 3.1.2 both con-
ditions (3.13) and (3.14) are satisfied and thus the lemmas apply. In fact, e.g.

for Ex. 3.1.2 translating twice, we get:

TTk, (TTkQ(x, y)) = TrK, (y sin(Tky)+x cos(Tks), —x sin(Tky) +y cos(Tky) = )

= <y sin (T(k:l—HfQ))—i-x cos (T(k:l—l—k:g)), —x sin (T(k:l—i-k:g))—i—y cos (T(k1+k2))>.

In this case 77,4 = 7 7. Then it is very easy to build periodic sets just
translating any given compact and simply connected domain radially. Still
most of the time one would get as domain a “fat” ring (see Fig 3.2). To get
more interesting examples translating radially we need to select the period T
as an angle such that the translations do not overlap (the translations of the

set are disjoint) and moreover

Q = U TTk(B) = 7'T]<J1 (B) J---uU TTkn(B);
kEZ

for some finite number n € N. In the above picture for Example 3.1.2 the
period will be the angle between any two consecutive centres. (Any smaller

translated ball B would also give a periodic set §2).

As already remarked unfortunately the generalised translations given in Defi-
nition 3.1.2 do not always satisfy conditions (3.13). This is due to the fact that
if we connect 3 points by X-lines in general a A'-line connecting the first point

to the third point may not exist. We will show this explicitly in the following
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P
@ @
AN AN

"

Figure 3.5: Here the ball B centred at (1,0) is translated using the rotational
geometry through a period 7" = 7.

two examples.

Example 3.1.7. In the case of the Heisenberg group (see Example 3.1.3)

assumption (3.13) is not true. In fact, using formula (3.7), we can check

TT(k1,k2) (TT(hl,hg) (2,9, Z)) =

T(ky + hi)y — T(ka + h T2(kihs — koh
(T(kzl+h1)+x,T(k2+h2)+y,z+ (k1 + ha)y = ks + ho)z | T (kiha 21))7

2 2
which is not equal to 7p(., .,)(z,y,2) for any 2,2, € Z and for all T >
0, as w # 0 for all kihy # kohy. Nevertheless we will show in
Section 4.1 that we can still apply the previous lemmas to build periodic sets
in the Heisenberg group by, either using Lie group’s translations or applying
the generalised translations twice. The two strategies will generate different

periodic sets.

Example 3.1.8. In the case of the Grushin plane (see Example 3.1.4) assump-
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tion (3.13) is not true. In fact:

TTk(TTh(i')) = (IL‘+T(]’L1—|—]{31),Thlh2+Tk1k2+T(h2+k2)$+T2h1k32+y) 7& TT(k+h) (ZZ‘)
(3.15)
for all T2h ks # 0. Therefore there does not exist a k € Z? as required in

assumption (3.13) due to the extra term T?hk;.

In the next two sections we will study in detail the cases of Hormander vector
fields. In particular we will first study the case of the Heisenberg group and
more general Carnot groups, comparing our notion with the usual translation
in Lie groups. Then we will look at the case of Grushin spaces which are the

real focus of the thesis.



Chapter 4

Translations in Grushin spaces,

perforated domains and tilings

4.1 The case of the Heisenberg group.

The n-dimensional Heisenberg group H" is a step 2 sub-Riemannian geometry
defined on R?"*! where in addition to the manifold structure one can introduce
a Lie group structure. For sake of simplicity we here concentrate on the 1-

dimensional case which can be defined as R endowed with the group law

o /
(r,y,2)0 (2,9, 2) = <$+x',y+y’,z+z’+w2yx>a (4.1)

for every (z,y,2), (z',y,2') € H' = R? (see Example 2.4.3).
Note that due to the non-Euclidean term in the third component, the group
law is non commutative. To this Lie group structure, one can associate the

left-invariant vector fields already introduced in Example 3.1.3, which generate

75



76 Chapter4. Translations in Grushin spaces, perforated domains and tilings

the first layer of the stratified Lie algebra while the second layer is generated by
the left-invariant vector fields Z = [Xl, Xg} (see Example 2.2.1 and Definition
2.4.4). For a more intrinsic definition of the Heisenberg group starting from the
Hausdorff-Campbell formula, the left-invariant vector fields and other proper-
ties, we refer the reader to [19] and Section 2.4. Using the group structure one

can define the following group-translations.

Definition 4.1.1 (Group-translations and group periodicity). Given a point
g = (z,y,2) € H" and integers k = (ky, ko, k3) € Z3, we call group-translations

or simply H!-translations the following family of functions:

TEII (9) =g og € H". (4.2)

A set Q C H! is said group-periodic or simply H'-periodic if and only if

Tgﬂ,; (Q) cQ forall ke 27 (4.3)

The choice of fixing the period 7' = 2 is related to the condition (3.13). In
fact, the smallest T > 0 such that the composition of two group translations
is still a group translation is 2. The previous definition has been broadly used

in this setting, e.g. see [31] [11].

Lemma 4.1.1 (Property group translations). Consider the group translations
in the Heisenberg group defined in (4.2), then the following properties are

trivially true:

1 H! H! _ _H!

“Tgr ©Tgy = Tgroge
Hl . .. . . Hl -1 Hl
2. T, isa bijective function and (Tg ) =Tyt

Then Lemmas 3.1.2 and 3.1.3 both hold true, since 2ko2h € Z™ for all
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k,h € Z™ as one can easily check:
2k o 2h = (2]’6’1+2h1,2k32+2h2,2k’3+2h3+2k2h1—lehg)

Recall also that k~! = —k. Note that, taking 7" = 1 we would have the
problem that k o h does not belong to Z?; thus the choice of T' = 2. We have
that 2k o 2h is in 273, not in Z3 due to the fact that 273 is subgroup of the

Heisenberg group, however Z3 is not.

Using Lemmas 3.1.2 and 3.1.3 one can build many periodic domains in the
Heisenberg groups. For example, taking the simply connected and compact

starting set
1\2
B = {(x,y, 2) ER3}a2 + o + 22 = (3) },

we get the periodic sets 2 = |J B and Q¢ shown in Figure 4.1.
kez3

As already briefly remarked in Example 3.1.3 in the 1-dimensional Heisenberg
group one can also define generalised translations. We need now to investigate
the relations between group-translations and generalised translations.

An easy computation shows that:

1

T(alm)(x,y,z) = Télgcl,ag,())(x7y7z)7 (44)

where 7T(q,.4,) are the generalised translations defined in (3.7) while 7'2;17&270)

are the group-translation we define in (4.2).

1
To recover T

(a1,a2,05) ON€ should consider the generalised translations w.r.t. to

X,Y and Z = [X, Y], but the corresponding curve would not be in general an
admissible curve in H' since the direction Z is not allowed (since it does not

belong to the distribution H =span(X,Y’), see Example 2.2.1 and Definition
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Figure 4.1: Both the union of the balls and the compliment set are H'-periodic
sets (i.e. in the sense of group periodicity).

2.4.4).

Therefore one can see that group-periodicity implies periodicity w.r.t. gener-
alised translations by simply taking k3 = 0 in definition (4.3) while the reverse
is obviously not true.

So how can we construct periodic sets in H! without using the stronger as-

sumption of group periodicity?

Remark 4.1.1. Note that the group translations translate w.r.t points and
in H' are 3-dimensional. Thus the translations in H' depend on 3 parameters.
The translations along vector fields only depend upon 2 parameters since they
are only 2 vector fields, (in fact the distribution in H' is 2-dimensional only).

Still the translation along vector fields coincide with the group translations
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with k3 = 0. These are called the "horizontal” group translations and have
been used (iterated more than once) to replace the 3-dimensional group trans-
lation to study homogenization in [11] and [48] (respectively in H' in the first

paper and in more general carnot groups in the second paper)

Lemma 4.1.2. Let us consider o, 8 € R? and the corresponding generalised
translations defined in Equation (3.7) (or equivalently horizontal translations

in the sense of Equation (4.4)), then there exists v € R? such that.

Te, (Tg(x,y, z)) = Tle (x,y,2), V(r,y,2)€ H' = R3. (4.5)

Proof. Let’s compute the left hand side of (4.5), we get

By — 5296) _

Ta(Tg(SE,y’Z):T(X(ﬁl—}—x,ﬁQ—Fy,Z—{— 92

B <a1 +/81 +x,042 +62,Z+ /Bly_62x + a1(62+y) _a2(/81 +x)>

2 2

(a1 +B1)y — (e + Ba)r 1By — Oé2ﬁ1)
2 2 ’

=<Oé1+51+$,042+52+y72+ +

Now take

a1y — aof3
Oé1+51=717042+52=72and%:73

and (4.5) is proved.

Therefore the composition of any two generalised translations is a group trans-

lation. This holds as it satisfies conditions (3.13) and (3.14)(See Lemma 4.1.1).
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So applying twice the generalised translations do we get the same periodic sets
that using group-translations? and if not, can we use Lemmas 3.1.2 and 3.1.3
to build periodic sets? In the next two propositions we will show that actually
the answer is negative to both the questions. To prove both we will use the
same idea; the main problems arise when we restrict the translations to only

integer directions. From now on we will consider integer translations of period

T=2,1ie.

To(ky ko) (T, Y5 2) = <2/€1 +x, 2k +y, 2+ kry — k?ﬂ)- (4.6)

We now answer our first question.

Lemma 4.1.3. The group-translations defined by (4.2) and the horizontal (or
generalised) translations applied twice are not equivalent. This means that it

is possible to find k € 73 such that for all ki, ko, ks, ky € Z

1
T2(k1,k2) © T2(k3,k4) (ZE, Y, Z) 7é T;% (CE, Y, Z))

where Ty are defined in (4.6) and Tg; are defined in (4.2) and for some

(z,y,2) € H!

To prove this Lemma we are going to use a famous Theorem from number

theory, namely Diophantine’s Theorem.

Proof. Using (4.4) we can deduce

_m _m
TQ(klka) © 7-2(]937154) - TQ(kg,k4)02(k1,k2) - 7-2(]:;172527}2;3)‘ (47)

We want to show that such, choosing in a suitable way ki, ko ks € Z . then

such ki, ko, k3, k4 € Z do not exist. For (4.7) to be true we need to be able to
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solve the following system:

2k = 2(ky + k),

2hy = 2(ky + ky), (4.8)
~ 2ko2ks — 2k12
ks = ( Fa2ks 5 i k‘*) = 2(koks — kky).
which simplifies to
fey = ki + ks,
fey = ko + ku, (4.9)

ks = koks — kiky.

Then we can take

k1:k3—]51 and k2:k4—];?2,

which, substituting these into the expression for ks, we find that

];?3 = (k4 - /:32)/*173 - (ks - /51)/@1 = ]51]€4 - ]~€2]<73~

Now a solution may exist for all ki, ko, k3, k4 € R, however we need something
stronger (i.e. integer solutions). To prove that there are not solutions in Z we

only need to find one counter example.

Since

];/’3 - k4/;31 - kglzfg = k’4];71 —+ /;32(—]{73) (410)

we can use number theory to find a criterion for the existence of integer so-
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lutions. In particular we will use the following result for the linear Diophan-
tine equation. We recall that a linear Diophantine equation has the form

ax + by = ¢, where a,b and c are given integers.

Theorem 4.1.1 (Diophantine’s equation[4]). Given the equation

ar + by = ¢, (4.11)

let a,b be integers and let d = gcd(a,b) (where ged(-,-) denotes the greatest
common denominator between any two integers). The Equation (4.11) has

solutions if and only if d divides c.

In our case the variables are x = ko, y = k1 and —k3 are the coefficients are

the integers a = ky, b = ky and ¢ = ks.

Then if for example we take k1 = 6, ks = 3 and k3 = 7, we see that gcd(l;;l, 1212) =
3. However this does not divide 7 = k3. Then Diophantine’s theorem tells us

that there does not exist integer solutions. O

Since condition (3.13) is not satisfied, we cannot use Lemmas 3.1.2 and 3.1.3 to
build generalised periodic sets in H'. We can still build interesting perforated

domains not necessarily periodic as we will do later in the Grushin plane.

4.1.1 The case of Carnot groups

In Carnot groups, one can define periodicity by considering the left translationsL, :
G — G given by

Lg(l’) =gox,

exactly as in the case of the Heisenberg group.
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Definition 4.1.2 (Group-translation and group-periodicity). We indicate the
group-translations of period T' by 7%, for k € Z¥ and T € R, ie. 75, : G — G
as T (1) = (Tk)ox

A set Q CRY = G is called group-periodic (or simply G-periodic) with period
T, if and only if,

o (r) €Q, VreQandkecZ.

We will fix the period T = 2 for coherence with the Heisenberg case and the

literature on the subject (see [13]) but this does not affect the conclusions.

We now consider the m horizontal left-invariant vector fields which span the
first layer of the Lie algebra g; (where m = dimg,;). For more details on this
point see Section 2.4.6. In canonical coordinate the left-invariant vector fields

have the following structure, see [19]:

X;(x) (9:10 + Z a;;(z (9 , j=1,...,m.
j Lj

i=m+1

In particular we report the following result from [48].

Lemma 4.1.4. Let Q be an open subset of a Carnot group G, then for every
point x € § there exists a point xo € G and a finite number of group actions
generated by elements of the form (k,0),k € Z™ that are applied to xq give x.

For proof see [48].

We conclude by remarking that to recover the group-translations by using
the generalised translations one needs to consider as family of vector fields all
the N left-vector fields spanning the whole g Lie algebra and not only the

horizontal one.
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4.2 Generalised translation in Grushin spaces

In Example 3.1.4 we have computed the generalised translations in the Grushin
plane. Here we report the explicit formulation once more, for the convenience

of the reader:

a1
To(x,y) = (al + x, % + apx + y> (4.12)

Lemma 4.2.1. Let us consider the generalised translations in the Grushin

plane defined in (4.12), then we can always find some 3,7 € R? such that

75(7(2,9)) # Tal@,y),  Va,z,y € R? (4.13)

Proof. Multiplying out the left hand side of the equation we see that

TB(%‘F%%;Q‘F%I‘H/) = (51-1—%-#%61262+52(71+$)+%272+72$+y>
B3
= (51+’Yl+9€> 122+%+(52+72)$+5271+y .

Equating terms with the right hand side of (4.13) we see that

oo
Blﬁ2+m+(ﬂz+w)x+ﬁfn+y> = <a1+x,12+a2$+y>.

(51"’71_‘_337 9 9 9

(4.14)
For equality to hold Vx, y in the first component we require that 81 + v, = a;.
Equating x terms in the second component we require that By + 79 = as.
However for equality to hold we also require that ayag = 5152 + Y172 + 26271,

which holds only in the case $172 = P21 and thus (4.13) does not hold for all

Brye # Ban1-
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We have already remarked that to construct generalised periodic sets in the
Grushin space is very hard due to the fact that the composition of two gener-
alised translations is not a generalised translation anymore (see Lemma 4.2.1).
Still, similarly to the Heisenberg case, if we take the composition of 3 different
translations this cannot written in the form of a generalised translation, as you

can see in the following lemma.

As in the case for the Heisenberg translations we choose our period to be T' = 2

and only focus on integer translations a = k € Z? | i.e.

Q10
2

To(T,y) = <a1 + x, + apx + y) = (2ky + x, 2k ko + kox + y) = Top(x, y).

(4.15)

Lemma 4.2.2. The translation defined in (4.15) has an inverse translation

and the inverse translation satisfies property (3.14) .

Proof. Taking the translation along the negative of the vector k we see that
T_ok(Tor(2,Y)) = Tk (2k1 + , 2k1 ko + 2kox + v),
which means

(2/{51 — 2]{31 + xZ, 2]{31]{32 — 2]{,’2(2]{31 + ZL‘) + 2]{?1]{2 + 2]@21‘ + y) = (I’,y),

Similarly 7o, (7_2k(x,y)) = (x,y). Thus the inverse of 7y is simply 7_9. O

Remark 4.2.1. From Lemma 4.2.1 we can see that 7, does not satisfy prop-

erty (3.14).
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4.2.1 Translations and rescaling in the Grushin plane

Even though the Grushin spaces are not Carnot groups, it is still possible to
define a natural scaling. We show that our new notion of translations behaves

well w.r.t natural rescaling defined in the geometry.

Definition 4.2.1. A rescaling J, is a natural scaling in the geometry whenever
the following property holds: V horizontal curves v : [a, b] — R" (see Definition

2.2.4) the rescaled curve defined by

n = 0x(7),

with A\ € R, is still horizontal and the horizontal velocity rescales according to
A, in the sense that

o = a”,
where o” and " are the R™ valued (measurable) functions such that

m

() =Y o () Xi(v(t)), ae. t€a,b],

=1

and

m

n(t) = Zai”(t)Xi(n(t)), a.e. t € la,b].

i=1

Note that in the case of Carnot groups a rescaling always exists. This natural

rescaling also exists in the Grushin spaces (see Definition 2.5.2).

Example 4.2.1. It is very well known that in the Fuclidean case

Tha(Z) = 2 + Aa.
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Now we show how the generalised translations behave well w.r.t the geometrical

scaling.

Lemma 4.2.3 (Generalised translation under rescaling). Let us assume that
there exists a d, : R™ — R" such that for all horizontal curves 7, if the curve

n := 05(7y) satisfies the following rescaling property
o =\,

then

Ta(0A(7)) = 0A(Ta ().

For proof see [28].

Recalling the Grushin dilations (see Definition 2.5.2) we see that

this scaling is natural since it respects horizontal curves and the associated
Carnot-Carathéodory distance. In fact, consider an horizontal curve v with

horizontal velocity o = (1, ap) that means that

y(t) = (en(t), as(t)n (1)).
(Note that in this case the horizontal velocity is a R?-valued measurable func-

tion).

Remark 4.2.2. In the space R? with the structure of the Grushin plane, if

we consider the Euclidean rescaled curve defined as n := A+, in general 7 is
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not anymore horizontal, while, if we consider the rescaled curve defined as

& = () then ¢ is still horizontal and

ii(t) = (Vn(), P32(1)) = Maa (1), ax(t)éa ().

This means that the horizontal velocity of £ is equal to A a, and the horizontal
velocity rescaling is exactly the same as the total velocity for the Euclidean
case.

This implies that:

doc (0x(z,y)) = )\dcc((% y))

As seen earlier, even though the Grushin plane is not a Carnot group, it is

possible to define a rescaling coherent with the underlying geometry

Wz, y) = ()\ z.\? y) . (4.16)

Recalling the estimate for the Carnot-Carathéodory distance and the box dis-
tance, (see Definition 2.5.1), it is easy to see that the Carnot-Carathéodory
distance and the box distance both scale according to dilations defined in the

geometry.
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4.3 Construction of perforated domains with

non overlapping holes in the Grushin plane.

In this section we will use generalised translations to build an interesting class
of perforated domains with non overlapping holes in the Grushin plane. We
will first show how to find a special class of starting balls which never overlap
once translated. Then we will generalise this to diamonds, in this case finding
such an optimal class of compact and simply connected sets that can be used

to build perforated domains with non overlapping holes.

4.4 Construction of Grushin perforated sets

by translations of (Euclidean) balls

The following theorem is one of our main results.

Theorem 4.4.1. Consider the set

Q:=R*\ |J By,

keZ?

where By, 1= 7o (B) with 1o, integer generalised translation defined in Equation
(4.14) and B is a 2-dimensional (Euclidean) closed ball of radius r and centred

at some point of the form

1
<a+ 2,b) ,  wherea,b € 7.
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Moreover we assume the following condition on the radius:

1
22

r <

Then §2 is a Grushin perforated domain with non overlapping holes.

Proof. All balls considered here are closed (so that €2 is open). We want to

prove that
BN By =1(B)N1on(B) =0, VYkhecZ® with k#h.

To apply the generalised translations we consider the following coordinates, as
follows:

Z)’J:f—i—Qk’l <~ f:x—le,
(4.17)

y:g+2k1k2+2k2% < ?]:y—i-lekQ —2]€2I

Instead of proving directly the result we want to give a more constructive proof
to highlight why and how the condition on the centre and the critical radius
are found. This will also give an idea on how we found the structure of the
center and conditions for the radius.

Therefore we start translating the following ball (that does not satisfy the
conditions on the centre and radius). In particular we start translating the
ball

B:{(as,y)E]RQ: (x—2)2+y2<i}.

Then for k = (ky, ko) € Z* we get

Bk = TZk(B) = {(l’,y) € RQZ (ZE — 2]{71 — 2)2 + (y + 2]61]{32 — 2]@’21’)2 S

— =
[‘lkH/—/
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and for h = (hy, hy) € Z?

Bu = 1an(B) = { (0,) € R%: (&= 201 = 2)° + (y+ 2huha — 2haa)? <

}

4.19)

~ =

We want to show that for any (hq, hy) # (k1, ko) the intersection is empty.

Note that for all U,V € R:

—_

1
U’4+V2=2 — U?<°-=
+ 4 =4

—1 1
which gives the restriction 5 <UL 5; so from (4.18) taking U = x — 2k; — 2

and V =y + 2k ks — 2kox we see that

—1 1
?§$—2k1—2§§>

which implies
1 3

whenever x € By. Similarly using (4.19) one can deduce that the same in-

equality holds for hq, i.e.
1 3
2hy + 3 <x<2h;+ 3 (4.21)

We now proceed in following steps.

Stepl: We show that the regions defined by (4.20) and (4.21) overlap if and
only if ki = hy. This implies that B, N By #0 = k; = hy.
One implication is obvious, so we need only to show that, if the two regions

overlap, that implies k; = hy or, equivalently, that whenever k; # hq, the two
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regions do not overlap.

Assume that ki # h; then without loss of generality:
ki > hy = ki—h>1 —  2k; — 2h; > 2.

Assume there exist some x satisfying both (4.18) and (4.19), then we have the

following chain of inequalities,

3 1
I§2h1+§<2h1+2§2/{31<2]{31+§§l’, (422)

then x <  which is impossible. This implies the two regions defined in (4.18)

and (4.19) intersect only if k; = hy, which implies B, N B, # 0 = ki = hy.

Step 2: We now show that the translations of the ball initially centred at the

point (%, 0) with radius r < ﬁ do not intersect.

Consider the two translated balls By, and Bj defined, respectively, in (4.18)
and (4.19) with k = (k1 k2), h = (h1, he) € Z? and lets look for the intersection

points.

By Step 1 we can assume ki = h;. Then Bj, can be written as the set of points

(x,y) satisfying

1
(Q? — le — 2)2 -+ (’y —+ lehz — 2h2$)2 S 1
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Then every point (x,y) € By N By, needs to satisfy the following system:

(I — 2]{31 — 2)2 + (y + 2]{31]{32 — 2]{?21')2 S
(4.23)

(z —2k1 — 2)* + (y + 2k1hy — 2hyx)* <

Subtracting the two inequalities we find that for an intersection to exist the

following equality must hold

y? + 4kTkS + dk3a? + 4k koy — dkoxy — 8kik3xy?

—y? — 4kTh3 — 4h3x® — 4kihg + 4howy + Skihax = 0. (4.24)

Rearranging similar terms, Equation (4.24) can be written as

Note that we can assume ko # hs since we are already in the assumption
k1 = hy (Otherwise we would be trivially comparing the case when we have

(k1,k2) = (hq, hg)). Dividing (4.25) through ks — hy # 0 we get

(k2 + ho)a® — (2K (k2 + ha) +y) + (k7 (ks + ho) + kry) = 0. (4.26)

To show that Equation (4.26) has real solutions, we consider the equation as
a second order equation in the variable z and we compute the discriminant.
The discriminant is A = b? — dac with a = (ky + hy), b = —(2k1 (ko + hs) + )

and ¢ = (k?(ky + hy) + k1y). Then

A = 4]?%(/{72 + h2>2 + 4/{Z1y(l€2 + h2> + y2 — 4]?%(/{72 + h2>2 — 4k1y(k2 + hg) = y2.
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Since A = b?>—4ac = y* > 0 this implies that in general there are real solutions.

Are there any restriction on the starting ball that we can make to prevent the

existence of those solutions (and hence prevent a non-empty overlapping)?

To find those restriction we need to look at the exact solutions.

Solving Equation (4.26) we use the standard formula for quadratic equations,

thus assuming ko # —hs the solutions are:

—(—=(2k1 (ko + ho) + + Vy? +
s = (=@kalha tho) +y) EVY_, yElyl (4.97)
2(ky + ho) 2(ky + ho)
We will explore later the case where we have ky = —hsy. Note that for all
y € R, the solutions expressed in (4.27) can be written as
Ty = kl)
- 2 (4.28)
Tg = Y2 AR
27T 2 (ky + hy)

and the two solutions coincide whenever y = 0 (in fact in that case we have

that the discriminant vanishes).
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Step 3: We first consider the solution x = k;. Remember we are in the case

that k1 = hy and r = %

Substituting z; = k; into (4.23) we get

(k1 — 2k1 — 2)% + (y + 2k1ky — 2koky)? = (k1 +2)* + 92 < (4.29)

IS,

Now we need to understand for what values of k; do there exist solutions for
equation (4.29). Taking the discriminant of (4.29) we find out that whenever

ki1 € Z\ {—2} we have

A= —4<(k1 +2)% — i) <0, (4.30)

since (k1 +2)% > 1> L (which is true as |k; + 2| > 1) implies (k; +2)? — 1 >

> 0.

P

This means that Vk; € Z\ {—2} we have no real solutions.

It remains for us to look at the case k; = —2.

Regardless of ky,hy, when ky = —2 we get

1
(—2+4—2)2+y221,

which implies

y==5

Then in this case we have proved that all balls overlap and their boundaries
intersect always in the same two points (—2,1/2) and (-2, —1/2) (see Figure

4.2). To prevent intersections occurring along this line we need that the radius
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AN

TRy

Figure 4.2: The intersections occur along the line z = k1 = —2 with starting ball
1
B= {(x,y) eER?: (z—2)2+4° < 1}

is strictly less than % This proves that the radius % is so far "optimal”: in fact
whenever r > % there is an overlapping, when r = % the overlapping lies only
on the boundary and when r < % this overlapping does not occur. It remains

to prove that no other overlapping occurs in the case r < %

Step 4: We now look at the other possible solution x4 in (4.28), i.e.

Yy
=ki+-——, k —hs. 4.31
x 1 ko + ha 27’é 2 ( )

Here we find that we need a further restriction on the radius r. Following the

ideas in Step 3, we now substitute (4.31) in

2
(rc — 2k — g) + (y + 2k kg — 2kox)? = 12, (4.32)
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\
N
4

I

i

Figure 4.3: The intersection along = —2 no longer occurs.

where we have the restriction on r given by r < %

Using solution (4.31) into Equation (4.32) we get

2 2
Yy 3 ) 2

k — 2k — = 2kko — 2ko| Kk — =
<1+<k2+h2> ! 2>+<y+ o 2<1+<k2+h2>>> "

which implies

(i~ (2) -] =

which implies

2 3
Yy Q(kl ‘|‘§) 3
— k
(kg + hy)? %+mﬁ+“+

252 2 (h2 — k2>2 2
2)+y(@+hg2_r’

which finally gives

((hzk;f})lz; 1) . %y N ((,ﬁ n g>2 - r?) —0.  (433)
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We now look at Equation (4.33) as a quadratic equation in y and compute the

corresponding discriminant A = b? — 4ac with

(hy — ko) 4+ 1 2(k1 + 2) < 3)2 )
2T o o 2 T and o= (R +2) =2,
T Tt ha)? (ko + 1) ¢ € 1tg) o7

Thus we obtain

A= — dac = 4<k1 +§’>2 _4<(h2 S 1><(k1 +3)2 42)

(kg + h2)2 (kQ + h2)2 2
(B — Ey)? N2, r2 (4.34)
- _4(/<:2 + hy)? ((kl * 2) - ) * 4(k2 + hy)?

-t (10 (02 ) )

As we know that (k; + %)2 > i, Vk, € Z, this implies

3\?2 5 1 5 1 5 1
) 2> 2 - Z
<k:1—|—2> r_4 r>8, Vor <8
So we get that
2 3\? 2 o 1 2 2
(hg — kg) <k’1 + 2> —-Tr -Tr° > g(hg — k?g) —-r° > O, (435)

Vr? < é,VkQ,hQ € Z,hg 7é ko.
(We are not interested in the case where ky = hy as this is the trivial case.)
The second inequality in (4.34) holds as

1

(hg — k2)2 >1= g(hg — k2>2 > A hg, ko € Z, with he 7é kQ,

0| —
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which gives

1 1 1
g(hg—k2)2—72>§—’r2>0, VT2<§.

Moreover, since

3 2
(hg—k2)2 <<k1+§> —T‘2> —7”2 > 0,

then, for all r < }L and for all ky, hy € Z with hy # ko, we deduce

e (et () =) ) <o s

So the discriminant of (4.34) is strictly negative, which means that there exist

no real solutions as soon as we assume that

/
./ |

Figure 4.4: We have an intersection along the line x = —2 + ﬁ where ky = 0

and hy = 1, —1, with the starting ball with r? = %
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Step 5: Finally we need to consider the case ko = —hs, always under the
assumption ki = hq.

Looking back at (4.26) with ky = —ho, we get
—xy+ ky = (ky — )y = 0.

which gives two solutions z = k; and y = 0. We have already considered the
case © = ky for all ky and hy (see Step 3). So we need to look only at the case
y = 0. Are there any two translated balls intersecting each other along the

line y = 0 under the assumption ky = —hy?

We can assume ks # 0 since the case ko = —hy = 0 is trivial (in fact in this
case ko = hy).

Without loss of generality, we can assume ky < 0. In this case we can show
that actually the translated ball never intersects on the line y = 0.
Substituting y = 0 in our translated ball with the restricted on the radius
r < L, we find

2v/2

2
(ZL‘ — 2]{31 — :23) + (2]{31]{32 — 2]€2$)2 = T2,

which implies

2
(:c oy — ‘;’) + 42k — 2)? = 12,

Using that A2 + B? = r? implies always A? < r or equivalently —r < A < r,

we can deduce, taking A = x — 2k; — %, that

3 3
2k1+§—r§x§2k1+§+r, (4.37)
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and using —r < B < r with B = 2|ks|(k; — x)

r r
ki ——— <<k +—01. 4.38
1 2|k2|_$_ 1+2|k2| ( )

It remains to show that for all ky € Z the two regions identified by (4.37) and

(4.38) do not overlap.

To prove the above claim we need again to look at two cases separately.
First we assume k; > 0:

In this case
b
22’

2k > k1 >0 and r

which implies

3 - 3 1 - 1 o r
- Tr> - —=> —=2>7> .
2 2 227 2V2 2|k, |

Thus we can conclude

3 r
21+ - —r >k + —.
1+2 r 1+2’k‘2|

Referring to equations (4.37) and (4.38), then the lower bound of one region
is greater than the upper bound of the other region. Hence the two regions do

not intersect.

Now it remains to consider the case k; < 0 that, since k; € Z, means k; < —1.

Consider first the case k1 = —1.
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The two regions become the sets of points solving:

<z <—Z+47r (4.39)

and

-1 - <zr< -1+

/S T
. 4.40
Mol 7= 71 g (4.40)

The two equations (4.39) and (4.40) imply

r
—r> - = —=> -1+ —.
2|k
Again the lower bound of one region is greater than the upper bound of the

other region. Likewise there is no overlapping in this case.

Finally we consider k; < —1.

In this case we have no overlapping for any value of k; € Z. Hence we can
conclude that in all the cases there is no intersection of two balls along the
line y = 0. Therefore we have proved that there exists no intersections for
translated balls for any radius r satisfying r < ﬁ where the centre of the

starting ball is of the form

1
<a+2,b>, where a € Z,b € R.

Note that the critical radius is independent of the values a and b in our starting
ball. However the radius is dependent upon the fact that the x component of
the centre is at least % away from the nearest integer i.e. * = a + % with

a € 7. OJ
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Example 4.4.1. The set Q = R*\ Ujez2 7ox(B) with

:1/;—§ 2—|— 2<1
2] TV =9

is a perforated domain with non overlapping holes (see Figure 4.6)

B:%Lwew

D
D
D

/] N

v \

(D=
T

Figure 4.5: In the picture we show that translating the ball B the complement of
these translations is a perforated domain with non overlapping holes.

Remark 4.4.1. [Optimality of the radius 7 = ﬁi] Fix a starting ball with
center of the form (a + %, b) where a,b € Z, then the radius 7 = ﬁi is optimal
to avoid overlapping. In fact, by repeating exactly the computations in the
previous proof, one can show that whenever r < 7, the holes generated by
translating that ball do not intersect. Whenever » > 7 the holes have non-
empty intersection in some internal points and finally when r = 7 the holes

intersect only at some points on the boundary.
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4.5 Translating diamonds.

Next we show results similar to the ones in the previous section but translating

diamonds instead of balls. This will allows us to generate a large class of

J

perforated domains with non overlapping holes.

-5 i
Figure 4.6: In the picture we show that translating the diamond D the complement

of these translations is a perforated domain with non overlapping holes, in the sense
that the holes intersect only on their boundaries.

\ <> /
~ O =
P

Theorem 4.5.1. Consider the set D defined as

3+||<1
xz y_2.

D= {(x,y) G]RQ’

We define

Dy = 1o(D), YkeZ?

where 7y, are the translations in the Grushin plane defined in Definition 4.2.1.

Then the complementary set

Q=R? \ {UkEZDk}
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is a perforated domain with non-overlapping holes, in the sense that the holes

intersect only on their boundaries.

Proof. The proof follows computations similar to the ones for the translated
balls in the Theorem 4.4.1. The picture (Fig 4.6) shows the statement graph-

ically, thus we omit the proof. O

The previous theorem is very important since it allows us to determine an
optimal family of compact and simply connected sets. In fact any set inside
the optimal diamond determined above can be translated without the risk
that the translations have intersections; while if the set is not enclosed in the
diamond the translated sets will overlap (and to prove it formally one needs
only to repeat the computation of the proof of Theorem 4.4.1). The diamonds
intersect only along the lines defined in the second root of Equation (4.28). The
ball defined in Theorem 4.4.1 is ball of maximum radius that can be enclosed
within the diamond. This reinforce the optimality of the radius 7 = 2—\1/5 (see

4.4.1). We will sum up all these remarks in the following corollary.

Corollary 4.5.1. Given any simply connected set A enclosed within the dia-
mond D defined in Theorem 4.5.1, i.e. A C Zc?, (D represents the interior of
the set) we define

Q =R\ {UAk € 7%},

where Ay, = Tor(A) and Ty are the translations in the Grushin plane defined
in Definition 4.2.1.

Then § is a perforated domain with non overlapping holes.

Using the above result we can construct very interesting examples of perforated

domains with non overlapping holes. For example one can always enclose in the
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“optimal” diamond D balls rescaling according to the Grushin dilations defined
in Definition 2.5.2. An interesting choice is to create perforated domains by
translating Grushin-balls w.r.t. the Carnot-Carathéodory distance enclose in
D or also box-balls (i.e. balls w.r.t. the box-distance defined in Definition

2.5.1).

4.6 Tilings in the Grushin plane.

Tilings are an important tool in many applications, they are in particular ex-
tremely useful when studying homogenization problems and integral estimates.
(see [31],[11] but also in the proof of the Poincaré inequality in Theorem 5.0.1)

First we recall the definition of tiling.

Definition 4.6.1. A tiling is a set of disjoint open subsets Y; C R" such that

the union of the closure of these subsets cover the whole of R”, i.e.

UY. =R".

i

A pavage simply satisfies the above definition, however it differs in the sense
that the subsets Y; have to be disjoint and the closure of the union has to cover

the whole set.

Example 4.6.1. In the Euclidean plane one can build a tiling in many different

ways.

The easiest way is to just take the family of semi-closed squares of the form

Qk = [kl, 1+ kl) X [lﬂg, 1+ kg),
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V= (ki k) € Z% | ie.

R*= |J Q.

kez?

Figure 4.7: A standard Euclidean tiling.

The idea of translating squares (or hypercubes in R™) can be applied to build
tilings for the Heisenberg group and for Carnot groups by using the group-
translations. Unfortunately the same idea does not work in the case of the
Grushin plane. In fact, as we have shown in the picture of translating dia-
monds, we are not going to cover the whole space by translating a square (or
a diamond) in the Grushin space, w.r.t the translations defined in Definition
3.10.

In the Euclidean space, tilings (or nets) can be defined also by using the holes
of perforated domains. In fact in the case of periodic spherical holes, one can
build a tiling by simply connecting the centres of adjacent holes (if the holes
are not periodic or not spherical a similar construction can still be developed
for example by considering the baricenters of adjacent holes). We show this in

the following example.

Example 4.6.2. Let us consider the following perforated domain:

Q=R\ |J B,

keZ?
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1
where By := B+ k and B = {(x,y) € R?|z? +¢* < 2}.

OO
OO(

(NN /]

D OO
D OO

WA WA

OO
OO

D OO
D OO

Figure 4.8: Periodic spherical holes in the Euclidean plane.

Taking the centre of each sphere By, we can build a tiling by joining adjacent

centres, as in the following picture:

L N

NNV
AAWARAWAR
NIZAN NN
N AN AN

NN AN AN/

™~ 1

J
A

NN
AAWARWAAW;
NN
N AN AN/

™~ 7T\ 1

S\ VP

Figure 4.9: A tiling for the Euclidean plane built using the centres of periodic

spehrical holes.

Note that in this way we get a partition of R? which is coherent with the

geometry of the perforated set. This idea is very general and it can be applied

to construct a pavage in the Heisenberg group (as in Figure 4.1). We can apply

the same idea to the perforated domains with non-overlapping holes built in

Section 2.5 to construct a tiling in the Grushin plane.

In the case of the Euclidean translated holes we can easily show that the

distance between adjacent holes is uniformly bounded and so is the diameter
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of each set of the tiling. Let us be more precise. By adjacent holes we mean

the following.

Definition 4.6.2. Given a simply connected and compact hole B C R™ and
consider the translated hole By, = 7 (B) for some k € Z, the adjacent holes to
By, are the holes By, such that h; = k; foralli € {1,...,n}\{j}, 7 € {1,...,n}

and hj = k?j+1 or hj = kj—l-

So in the case n = 2 the adjacent holes for By, = B, i,) are 4 and they are

given by the balls Bk, 11,k), B(k1—1,k2), Blhr,kor1) and Biy iy 1)

Figure 4.10: Euclidean example: the diagonal of the squares represent the diameter
of the cell.

The size of the tiling is the maximum distance between two adjacent holes.

The shortest length on which connects two holes (on the boundary) can be
easily estimated by looking at the distance between the centres of the holes
of the form B, ,) and B, 42 k,+2). In both the tilings we have built in the
Euclidean case it is trivial to see that the sets (the squares in this case) are

all uniformly bounded since the shortest length connecting points on circles
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Bk, ks) and B, 42 k,42) is denoted by d and is always equal to

p
d:f—ﬁzz/ﬁ—\/ﬁzx/ﬁ.

where /8 is the length of the diagonal connecting the circles and we subtract
to that twice the length of the radius. If we try to connect centres of the
four adjacent holes of our Grushin perforated domain to create a tiling of the
space R? we come across a problem. Unfortunately the sets of the tiling are
now quadrilaterals which do not have anymore a uniformly bounded diame-
ter, neither w.r.t. the Euclidean distance nor w.r.t the Carnot-Carathéodory

distance, as we will see next.

Figure 4.11: The tiling of R? connecting 4 adjacent holes by using the Grushin
translation.
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Before giving the two results we need to introduce formally the following def-

Initions.
Given a tiling {Yy} of R™ we call the Y}, cell of the tiling.

Definition 4.6.3. The Euclidean diameter of the cells Y} of a tiling is the
number

d% = diamg(Yy) = maz{|p — q||p,q € Yi}.

Definition 4.6.4. The Carnot-Carathéodory (or CC) diameter is of the cells

Y} of a tiling is the number

d¢:o = diameo (Vi) = maz{doc(p, 9)Ip, q € Yi}.

Proposition 4.6.1. Define the set

- ()

and consider the translated balls By, := 7o, (B

%) by using the generalised Grushin
translations defined in (4.15), for k = (k1, ko) € Z*.
Given the tiling in R? (see Fig 4.11) built by connecting the centers of the /

adjacent balls, the Euclidean diameter d¥ is not uniformly bounded w.r.t. k.

Proof. Let Py be the centre of the hole for k = (k1, ks + 1) and let Q) be the
centre of the hole for k = (ki, k) (i.e. two vertically adjacent holes). This

means

3
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and

3
Qk - (2 + le, lekQ + 3/€2>

The Euclidean distance between Py, and Q) is
|2k1 (ko + 1) 4+ 3(ka2 + 1) — (2k1ko + 3k2)| = |21 + 3|,

which becomes unbounded as k; — 00.

O
Proposition 4.6.2. Define the set
B. = {(:L’,y) € R? (x— 3>2 +y° < <1>2},
3 2 3
and consider the translated By = Tgk(B%) by using the generalised Grushin

translations defined in (4.15), for k = (ki, ko) € Z*.
Given the tiling in R* (see Fig 4.11) by connecting the centers of the 4 adjacent

balls, the CC diameter dk.. is not uniformly bounded w.r.t. k.

Proof. Let Py be the centre of the hole for k = (k; + 1, k) and let Q) be the
centre of the hole for k = (kq, ko) (i.e. two horizontally adjacent holes). This

means

~ 3
P, = (2(k1 +1)+ o1 2(k1 + 1)ko + 3k2>,

and

- 3
O = <2k1 + 5 2kaky + 3k2>.

We now use Theorem 2.5.1 to estimate the Carnot-Carathéodory distance be-
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tween Py, and Q. Let z = 2(k;1—|—1)+%, £ = 2]{:1—1—%, y = 2(ky 4+ 1)ky+ 3ky and
n = 2k1ko+3ks. Then we have that |z —&| = 2 and |y —n| = 2k,. Substituting

in the formula for Theorem 2.5.1 we get

2k . 3|7
dCC(p7Q) S |2|+ |2<k1|“f‘ ]2_L_’_3| SCdCC(p7Q)7 lf ‘2<k1+1>+2 Z |2k2|7
2
(4.42)
and
. 3%
deo(pq) < 2|+ kol < cdec(p.g), it \zaﬁ F1) 4| <2kl (443)

for fixed k; there exists sufficient enough large ko such that

2

3
|2(k;1 +1) 45 < |2k

holds. Now from the second part of the inequality (4.43) the Box distance
multiplied by a constant is a bound for |2| + |2k2\% from below. If ky tends
towards infinity then |2| 4 |2k’2|% also tends towards infinity, hence the box

distance explodes and so d¢¢. O

Nevertheless we manage to create a tiling of the Grushin plane by using our
perforated domains such that CC diameter of the cells is uniformly bounded.
In particular we want a tiling with the property that always at least two
adjacent holes are partially contained in each cell of the tiling. This will be
extremely useful if we want to use this geometrical partition of R? to prove
the Poincaré inequality for the perforated domains with non overlapping holes

built in Theorem 4.4.1.

In the next picture we illustrate our tiling.
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- —
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S A Ram————
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~

Figure 4.12: A special rectangular tiling of the Grushin plane.

We can actually prove that, even if the Euclidean diameter of the cells of
this tiling is still not uniformly bounded (see Proposition 4.6.3), the Carnot-
Carathéodory diameter is instead uniformly bounded (see Theorem 4.6.1 be-

low).

Proposition 4.6.3. Define the set

1
3

(=3 i< ()}

and consider the translated By := Tgk(B%) by using the generalised Grushin

=%%M€W

translations defined in (4.15), for k = (ky, ko) € Z2.
Given the tiling in R? (see Fig 4.12) by connecting the centers of the 2 vertically

adjacent balls, the Euclidean diameter d¥, is unbounded in k.

Proof. The proof is exactly the same as for Proposition 4.6.1, in fact there we

have used the Euclidean distance between vertically adjacent holes. O
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The following result is one of the main results of the thesis.

Theorem 4.6.1. Define the set

(-3 o= (3) )

and consider the translated By := 7o (B

= {(m,y) € R?

1
3

%) by using the generalised Grushin
translations defined in (4.15), by for k = (ky, ko) € Z2.
Given the tiling in R? (see Fig 4.12) built by connecting the centers of 2

vertically adjacent balls, the Carnot-Carathéodory diameter d%, is uniformly

bounded w.r.t k € Z2.

Proof. To bound the Carnot-Carathéodory diameter we consider the distance
between centers of the balls By, ,) and B, k,+1)) (recall By = 7,(B). Let us

consider

3
f%—<2+2hﬂh%y+m+3%y+m>

and

3
Qr = (2 + 2ky, 2k ko + 31{32).

We now use Theorem 2.5.1 to estimate the CC-distance by the box distance.
Take A =1 and z = %—1—2161, £ = %+2k1, y = 2ky(ky + 1) + 3(ke + 1) and

n = lekg + 3k2, then

2

2%k + 3
dCC(P@JQk)<:| 1 53] > 2k + 3, (4.44)

3
T Y
=2k 13 i1+2
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and
2

1 3
deo(Pr, Qr) < |2ky + 3|2, if |2k, + 3 < |2ky + 3. (4.45)

Note that there is no dependence on ks.
We now find the restriction on ky for (4.44) to be applied, i.e. we look for

ki1 € Z such that
2

3
|2/I<;1 +5| 2|2k +3) (4.46)

to hold true. First consider the case 2k; +3 > 0. Hence we have that k; > _73

The inequality (4.46) becomes
9 9
4?4 6ky + > 2k +3,

which implies

3
Ak, + dky — 1 > 0.

The polynomial 4k, + 4k — % has roots —% + % hence we have that 4k;% +
4k, — % > 0 is true Vk; < —% — % and Vk; > —% + %. This is considering

the case k; > _73

We now consider the case that 2k; + 3 < 0. Hence we have that k; < _73

In this case the inequality (4.46) becomes

Aky® + 6ky + = > —2k; — 3,

A~ ©

which implies

21
4k,% 4 8ky + 72 0,

which is positive for all &y, i.e. for all ki < 2.
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E—

Figure 4.13: The graph of the polynomial 4k;? + 4k, — %

The two integers that lie outside this region where (4.46) holds are —1,0. So

for all k; # 0, —1 we can use (4.44) to get

2k + 3]

doc(Pr, Qr) < dioe(Pr, Qr) = 12k + 3|
2

Note that

|2k1 + 3] |2k + 3|
g <maxX 3 =
‘2k1+§‘ kEZ |2]{51+§|
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N,

|2t +3
12t + 3|

Figure 4.14: The graph of f(t)

Then Theorem 2.5.1 shows that

dCC(Pk;Qk) <2 Vk eZ \ {—1,0} and ko € Z.

Then for k; = —1 and ky = 0, we consider

1
doc (P, Qi) < |2k + 3|2.

The right hand side of the inequality is equal to 1 for k; = —1 and is equal to

\/ngI" k?l = 0.

Thus we sum up the following uniform bound:

doo(Pr, Qr) < max{2,v3,1} =2, Vk;, ks € Z. (4.47)
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This implies that the Carnot-Carathéodory diameter of the cells of our tiling

are uniformly bound by 2.

From Theorem 4.6.1 it follows the result below, which will be key in the proof

of the Poincaré inequality in Chapter 5.

Corollary 4.6.1. Consider the perforated domain constructed in the Grushin
plane by translating the balls given in Theorem 4.4.1. We can prove that, given
a point (x,y) € R?, the Carnot-Carathéodory distance between the point (z, )

and the boundary of the nearest hole is uniformly bounded.

Proof. This follows from the fact {Y;} constructed above is a tiling of R?, i.e.
Ur Yr = R% Then given p € R?, 3 k such that p € Yz and the CC-distance
between p and the nearest hole By is smaller than the diamcc(Yy). Thus by

using Theorem 4.6.1 it is uniformly bounded w.r.t. k& € Z2. O]
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Chapter 5

Poincaré Inequality

Our plan for the future is to study homogenization for perforated domains in
Grushin spaces (starting from the Grushin plane). These problems are very
hard and challenging. The first step in this direction is to prove that there
holds true some Poincaré inequality in perforated domains as the one con-
structed in Theorem 4.4.1.

Poincaré inequalities has been extensively studied in this setting. Franchi,
Gutiérrez and Wheeden [30] comprehensively studied the case in bounded sub-
set of the Grushin plane. The inequalities required for homogenization have
been proven in the Heisenberg setting (see [42]). D’Ambrosio in his paper
proves a Poincaré inequality for the a stronger class of functions (namely C})
with Dirichlet boundary condition (see [25]).

The difficulty here lies on the fact that for our aimed applications to homog-
enization problems, we need a Poincaré inequality where the constant can be
uniformly bounded independently on the holes.

The idea to obtain that is to use the tilings constructed in Theorem 4.6.1 to

create a suitable partition of R2.

121



122 Chapterb. Poincaré Inequality

We here give an idea on how to prove the Poincaré inequality in our setting.

The result will be published in [43].
Let O = R?\ Ugczz B

We call a foliation of Dy (the rectangular partition in Fig.4.12) by curves

admissible if it satisfied the following definition:

Definition 5.0.1. (Admissible foliation) A family of curves v4(t) is called an

admissible if and only if

79(0) = p(0),

Yo(t) = a(0,t)X1(ve(t)) + B(0,1) Xa(7s(2)),

where o, 3 and p are at least C!.

2. p(#) defines a bijection from [0, 1] to B, N Dy,.

3. 0 :[0,1] x [0,1] — Dy : (0,t) = (1) is a Cl-diffeomorphism, i.e. a

change of coordinates.

4. There exists C'y > 0 such that

sup (a(,t)* + B(6,t)*) < C).

[0,1]x[0,1]

5. With J(¢) := det(Dy) there exists a constant Cy > 0 such that the
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diffeomorphism ¢ satisfies

wp 17(20.0)

< (.
o<s<t<,1 o<o<1 |J((0, 5))] ’

We have the following result:

Theorem 5.0.1. Suppose that for each Dy as pictured in Fig.4.12 there exists
an admissible foliation such that the constants C; > 0 and Cy > 0 in Definition
5.0.1 are bounded uniformly in k. Then there exists a constant C > 0 which

does depends only on Cy and Cy such that

/Qu2(q:)d:c§ C/Q\DXU(SC)FCIZ',

for all Lebesque-measurable functions u : Q0 — R such that the right hand side

is finite.

Remark 5.0.1. Note that this inequality is not trivial, as the Euclidean dis-

tance of a point from the nearest hole explodes and the domain €2 is unbounded.

To show that the required foliations exist: Consider the polar coordinates (i.e.

ellipsoidal coordinates) for a suitable 0 < € << 1

(e+t)cosd
p(0.1) =
(e +t)ky sin(6)
on Dy. As ky < x < ky + 1, we can find bounded o and § which realise this
for some suitable 0 < ¢ << 1. Alternatively, we can replace the holes in the
definition of €2 by the e-ellipse related to this map, extend the function by zero

up to the ellipse and show the claim for this modified geometry. More details

will be given in [43].
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Proof of the Theorem 5.0.1: We write €2 = Upcz2 Br and show the estimate

separately for each D;. By a change of variables

1= [ o= | [ wo.0p1t0. vt

and as u(0,0) = 0 we get by the definition of ¢ and the Fundamental Theorem

of Calculus, that

[ = / / (w(6, 1) — u(8,0))2|T(12(6, 1)|ddt

- // (/ ) - DU, 3))d5>2|J(90(0,t))\d9dt
// (/ o) )(/ | Dxu(8, )| d8>|J( (6,1))|dodt,

where for the last inequality we have used the Cauchy-Schwartz inequality.

IA

Using the admissibility of the foliation and the fact that the integrands are

nonnegative, we estimate

/1 /1 (/t (as) 2+<5<8))2 dS) (/Otleu(&s)Ist) 7(0(6,1))|dodt

2 ((P( ))’

- / //\DXUOSHJ(( ))||’jé§ ;;|‘dd9 dt

<Cs

< aoff 1 ) [ [ 1P,

11
= C’ng/ / |Dau(8, s) % J (00, s))|dsd9:C’102/ |Dau(0, s)*dz,
o Jo

Dy

~
I

VAN

where the last equality comes again from the change of variables defined by ¢.



Chapter 6

Open problems and

Applications to Homogenization

The work carried out so far has highlighted the difficulties of working in these
very degenerate geometries where there is a lack of any Lie group structure.
Our new idea to induce translations coherent with the manifold structure (by
using a special class of admissible paths, namely X-lines) has many possible
applications.

It already allowed us to build interesting structures as perforated domains with
non-overlapping holes (see Section 4.3) and non-trivial nets (or tilings) whose
size is uniformly bounded w.r.t. the Carnot-Carathéodory distance associated
to the geometry.

This leaves us with many interesting open problems where further investiga-
tions are required. In particular, at our knowledge, currently not a single
homogenization result has been proved in Grushin-type geometries. We then

used these geometrical structures to prove the Poincaré inequality

125
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The main open problem we want to investigate in the near future is to derive
homogenization results for subelliptic PDEs (e.g. the sub-Laplacian) in the
perforated domains in this geometric setting, in line with the results known in
the standard Euclidean setting and in Carnot groups. This is actually also the
motivation behind the idea of constructing the sets illustrated in the previous

chapters.

In particular we want to generalise Cioranenscu-Murat’s celebrated paper A

Strange Term Coming From Nowhere [22], we here briefly report their result.

Let 2 be an open bounded set of R™. Consider for every € > 0, closed subsets
TF, 1 < i < n(e), which are the “hole”. The domain (2 is defined by removing

the holes 77 from (2, that is

n(e)
Q. =0\ |J 17 (6.1)

i=1

Let f € L*(2) and consider the boundary value for the Poisson equation with

homogeneous Dirichlet boundary condition in €).:

Au. = f € L*(Q), =zeQ,
ue = 0 on 0€2, u € H}(Q).
Cioranenscu-Murat use a Poincaré inequality and a suitable extension of the

operator u. to prove weak convergence results for solutions u. of the effective

equation set in €2 i.e. the domain without holes.
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In the Heisenberg group similar questions have been answered by Franchi and

Tesi in [31].

We next write the result from [31]. Consider Q C H" ~ R**! a bounded
open set, then we define a sequence 2. of periodically perforated subdomains

as follows:

Q= {peQ:x(:(p) =1},

where y is the standard characteristic function on the set €2

Franchi and Tesi consider the problem

divg(A(61(x))Voue) = f € L*(Q), x€Q,,
%l: =0 on 00\ 0€,
ue. = 0, on 02N 0L,

where V, and divy are the horizontal gradient and divergence in H" respec-

tively, and d:1 are the dilations in H".

The solutions u. of the problem above converges in a two-scale sense (for de-
tails see the paper) to a limit function u, that can be characterized as the

unique weak solution of a limit problem.

There are other results in this direction in both the Heisenberg group and

Carnot groups.

We want to mention that in [31] periodic perforated domains are built by using
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Hl‘ (

the group translation 7 see also Figure 4.1 for an example of a domain as

the ones considered in [31})).

However in [11] and [48] the authors use iterated group translations but only
horizontally, i.e. for terms of the form (hy, ..., hy,0,...,0) € RY. This means
that their approach is in the direction of our ideas: in fact we recall that
the generalised translations coincide with group translations horizontally (see
Lemma 4.1.4) but it is different since, in order to prevent overlapping, we can-
not iterate our translations in the Grushin case.

We would also like to recall the paper by M.Biroli and N. Tchou [12] that
presents a more geometrical approach. Still the results therein fail to apply to
our perforated domains since the covering assumption is not satisfied. That
is a consequence of Proposition 4.6.1 where we have proved that the distance

between centres of the holes are unbounded in the Euclidean sense.

To conclude we want to prove the result in [31] for our perforated domains
in the Grushin plane. The main ingredient in [31] is the use of a Poincaré
inequality as the one given in Chapter 5. Therefore we are cautiously optimistic

that we are not far from proving the homogenization result.
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