
 ORCA – Online Research @
Cardiff

This is an Open Access document downloaded from ORCA, Cardiff University's institutional
repository:https://orca.cardiff.ac.uk/id/eprint/125193/

This is the author’s version of a work that was submitted to / accepted for publication.

Citation for final published version:

Zhang, Juyong, Peng, Yue, Ouyang, Wenqing and Deng, Bailin 2019. Accelerating ADMM for efficient
simulation and optimization. ACM Transactions on Graphics 38 (6) , 163. 10.1145/3355089.3356491 

Publishers page: http://dx.doi.org/10.1145/3355089.3356491 

Please note: 
Changes made as a result of publishing processes such as copy-editing, formatting and page numbers may
not be reflected in this version. For the definitive version of this publication, please refer to the published

source. You are advised to consult the publisher’s version if you wish to cite this paper.

This version is being made available in accordance with publisher policies. See 
http://orca.cf.ac.uk/policies.html for usage policies. Copyright and moral rights for publications made

available in ORCA are retained by the copyright holders.



Supplementary Material for
Accelerating ADMM for Efficient Simulation and Optimization

1 BACKGROUND
In this supplementary material, we will verify the linear convergence theorems with a target function д that is

locally Lipschitz differentiable (Theorems 3.3 and 3.4). We will use ADMM to solve the following optimization

problem from [1] for physical simulation:

min

x,z
f (x) + д(z) s.t. W(z − Dx) = 0, (1)

Here x is the node positions of the discretized object. f (x) is a momentum energy of the form

f (x) =
1

2

(x − x̃)TG(x − x̃),

with x̃ being a constant vector, and G being a scaled mass matrix. Dx collects the deformation gradient of each

element.W is a diagonal scaling matrix that improves conditioning. д(z) is an elastic potential energy. Compared

to the following form of optimization problems discussed in our paper:

min

x,z
f (x) + д(z) s.t. Ax − Bz = c, (2)

we can see that problems 1 and 2 are equivalent if A = WD,B = W, c = 0. In this report, we assume the

simulation object to be a tetrahedral mesh and use the following potential energy:

д(z) =
nt∑
i=1

viψ (Fi ),

where vi is the volume of each tetrahedron, and Fi ∈ R3×3 is its deformation gradient with respect ot the rest

shape, andψ is the strain energy density function of StVK materials [2]:

ψ (F) = λ1E : E +
1

2

λ2tr
2(E), (3)

where λ1, λ2 are given material parameters, and

E =
1

2

(FT F − I) ∈ R3×3

and I is the identity matrix.

The linear convergence theorems we will verify require a local Lipschitz constant for the gradient of д. Thus
we need to analyze the Lipschitz differentiability ofψ . The gradient ofψ is the first Piola-Kirchhoff stress tensor:

P(F) = FS(F). (4)

where S is the second Piola-Kirchhoff stress tensor:

S(F) = 2λ1E + λ2tr (E)I,

Note that the value of E depends on F. In the following, we will denote Ej = E(Fj ) for a subscript j. Throughout
this report, for a matrix A, ∥A∥ denotes its Frobenius norm and ∥A∥2 denotes its l2 norm. Our task is to estimate

the Lipschitz constant of P(F) with respect to F.

Proposition 1. ∥P(F1) − P(F2)∥ ≤ ((λ1 +
√
3

2
λ2)∥F1∥(∥F1∥ + ∥F2∥) + (2λ1 + 3λ2)∥E2∥)∥F1 − F2∥.



Proof. We have:

E1 − E2 =
FT
1
F1 − FT

2
F2

2

=
1

2

(FT
1
F1 − FT

1
F2 + FT1 F2 − FT

2
F2)

=
1

2

(FT
1
(F1 − F2) + (FT1 − FT

2
)F2) (5)

Hence:

∥E1 − E2∥ ≤
1

2

(∥F1∥ + ∥F2∥)∥F1 − F2∥ (6)

And:

∥tr (E1)I − tr (E2)I∥ =
√
3|tr (E1) − tr (E2)|

=
√
3|tr (E1 − E2)|

=

√
3

2

|tr (FT
1
(F1 − F2) + (FT1 − FT

2
)F2)|

≤

√
3

2

(∥F1∥ + ∥F2∥)∥F1 − F2∥ (7)

For P(F) we have:

P(F1) − P(F2) = F1S(F1) − F2S(F2)
= F1S(F1) − F1S(F2) + F1S(F2) − F2S(F2)
= F1(S(F1) − S(F2)) + (F1 − F2)S(F2) (8)

Therefore:

∥P(F1) − P(F2)∥ ≤ ∥F1∥∥S(F1) − S(F2)∥ + ∥F1 − F2∥∥S(F2)∥ (9)

By (6) and (7) we have:

∥S(F1) − S(F2)∥ ≤ (λ1 +

√
3

2

λ2)(∥F1∥ + ∥F2∥)∥F1 − F2∥ (10)

We next estimate ∥S(F2)∥:

∥S(F2)∥ ≤ 2λ1∥E2∥ + λ2
√
3|tr (E2)|

≤ (2λ1 + 3λ2)∥E2∥ (11)

The result comes from (6), (7), (9) and (11). □

Proposition 2. Assume ∥F∥2 ≥ 27, then we have:

ψ (F) ≥ (
16

729

λ1 +
72

729

λ2)∥F∥4 (12)
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Proof. Assume the singular values of F are σ1 ≥ σ2 ≥ σ3. Then we have:

∥F∥2 =
3∑
i=1

σ 2

i (13)

∥E∥2 =
1

4

3∑
i=1

(σ 2

i − 1)2 (14)

tr 2(E) =
1

4

(

3∑
i=1

σ 2

i − 3)2 (15)

Since ∥F∥2 ≥ 27 we have σ1 ≥ 3, and we have:

(σ 2

1
− 1)2 = max

i=1,2,3
(σ 2

i − 1)2 (16)

Hence:

∥E∥2 ≥
1

4

(σ 2

1
− 1)2 ≥

1

4

(
8

9

σ 2

1
)2 ≥

1

4

(
8

27

∥F∥2)2 (17)

tr 2(E) ≥
1

4

(
24

27

∥F∥2)2 (18)

The result comes from (16) and (17). □

Proposition 3. conv(L a
ψ ) ⊂ {F | ∥F∥ ≤ b}, where b = max{3

√
3, 4

√
a

16

729
λ1+ 72

729
λ2
}.

Proof. Since {F | ∥F∥ ≤ b} is convex, it suffice to show L a
ψ ⊂ {F | ∥F∥ ≤ b}. Now assume ϕ(F) ≤ a. If

∥F∥ ≤ 3

√
3 this is trivial, otherwise by Proposition 2 we have:

(
16

729

λ1 +
72

729

λ2)∥F∥4 ≤ a (19)

which completes the proof. □

Proposition 4. (1): The value ((2λ1 +
√
3λ2)b

2 + (λ1 +
3

2
λ2)

√
b4 + 3) is a Lipschitz constant of P(F) over the set

conv(L a
ψ ), where b is defined in Proposition 3.

(2): sup

F∈L a
ψ

∥P(F)∥2 ≤ (2λ1 + 3λ2)
2b2( 1

4
b4 + 3

4
)

Proof. Assume the singular values of F are σ1 ≥ σ2 ≥ σ3, by (14) we have:

∥E∥2 ≤
1

4

3∑
i=1

σ 4

i +
3

4

≤
1

4

(

3∑
i=1

σ 2

i )
2 +

3

4

=
1

4

∥F∥4 +
3

4

(20)

Now assume F1, F2 ∈ conv(L a
ψ ), by Proposition 3 we have:

∥F1∥ ≤ b, ∥F2∥ ≤ b (21)

By Proposition 1 and (21) we have:

∥P(F1) − P(F2)∥ ≤ ((2λ1 +
√
3λ2)b

2 + (λ1 +
3

2

λ2)
√
b4 + 3)∥F1 − F2∥ (22)

which proves (1).
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Fig. 1. Comparison between theoretical and actual shrinkage of ∥Bzk+1 − Bzk ∥ for verification of Theorem 3.3. The values
are normalized by ∥Bz1 − Bz0∥ and plotted in logarithmic scale. The actual shrinkage ratio stays below the theoretical upper
bound, before it oscillates due to numerical error when close enough to the solution.

For (2), by (11), Proposition 3 and (20):

∥P(F)∥2 ≤ b2∥S(F)∥2 ≤ b2(2λ1 + 3λ3)
2∥E∥2 ≤ (2λ1 + 3λ2)

2b2(
1

4

b4 +
3

4

) (23)

□

2 VERIFICATION FOR THE X-Z-U ITERATION
In this subsection, we construct an example to verify the linear convergence theorem for the x-z-u iteration

(Theorem 3.3). Assume the function J : R9 → R3×3 assembles a vector into its matrix form. Assume z ∈ R9nt ,
zi ∈ R9 is its component, where i ∈ [1,nt ]. Then д(z) becomes:

д(z) =
nt∑
i=1

viψ (J (zi )). (24)

The next proposition is just a corollary from the proofs of previous propositions so we omit its proof.

Proposition 5. (1): The value max

i
vi ((2λ1 +

√
3λ2)b

2

i + (λ1 +
3

2
λ2)

√
b4i + 3) is a Lipschitz constant of ∇д(z) over

the set conv(L a
д ), where bi = max{3

√
3, 4

√
a/vi

16

729
λ1+ 72

729
λ2
}.

(2): sup

z∈L a
д

∥∇д(z)∥2 ≤
∑m

i=1v
2

i (2λ1 + 3λ2)
2b2i (

1

4
b4i +

3

4
).

For the sake of simplicity, we suppose B = I in Eq. 2. The optimization problem for the verification example is

constructed via the following procedure:

1. Choose the initial value as suggested by Assumption 3.5.

2. Let a = T 0 + 1. Compute Lc and sup

z∈L a
д

∥∇д(z)∥2 using Proposition 5.

3. Choose a matrix G that is large enough such that ρ(K) ≤ 1

2Lc
.
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Fig. 2. Comparison between theoretical and actual shrinkage of ∥vk+1 − vk ∥ for verification of Theorem 3.4. The values are
normalized by ∥v1 − v0∥ and plotted in logarithmic scale. The actual shrinkage ratio stays below the theoretical upper bound.

4. Choose a µ that is large enough such that c1 ≤ 1 as defined in Assumption 3.5,
µ
2
−

L2c
µ ≥

Lc
2

and

µ > max{ 1

1

2Lc
−ρ(K)

, 1

Lc
}.

Fig. 1 plots in logarithmic scale the value of ∥Bzk+1 − Bzk ∥ throughout the iterations, as well as a straight line
where the value changes according to the constant upper bound of shrinkage ratio given in Theorem 3.3. We can

see that the actual shrinkage ratio stays below the theoretical upper bound before convergence.

3 VERIFICATION FOR THE Z-X-U ITERATION
We now construct an example to verify the linear convergence theorem for the z-x-u iteration (Theorem 3.4).

The first problem is to compute η. We first compute the SVD for A. Suppose A = UDV and let r be the rank of A.
Let Ur be a sub-matrix of U consisting of its first r columns. Then we know R(A) = R(Ur ). Moreover, ∀y ∈ R(A),
suppose y = Ur z, then we have: ∥y∥ = ∥z∥. Thus we choose η to be the minimal eigenvalue of UT

r KUr .

Proposition 6. sup

x ∈L a
f

∥Ax − Ax̃∥2 ≤ 2∥A∥2
2
a/q, where q is the minimal eigenvalue of G.

Proof. By the definition of f (x) we have:

L a
f = {x :

1

2

∥x − x̃∥2G ≤ a} ⊂ {∥x − x̃∥2 ≤ 2a/q} (25)

Moreover, we have:

∥Ax − Ax̃∥2 ≤ ∥A∥2
2
∥x − x̃∥2 (26)

which completes the proof. □

To determine c2 defined in Assumption 3.6 we run one dimensional line-search for t and compute the upper

bound for sup

x∈L t
f

2

η2µ ∥Ax − Ax̃∥2 + sup

z∈L a−t
д

(
2ρ(K)2

µη2 +
1

µ )∥B
−T∇д(z)∥2 by using Proposition 6 and Proposition 5.

The optimization problem used of verification is constructed via the following procedure:

1. Choose initial value as suggested by Assumption 3.6. Then compute η.
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2. Let a = T 0 + 1. Compute Ld and sup

z∈L a
д

∥∇д(z)∥2 using Proposition 5.

3. Choose a matrix G that is large enough such that ρ(K) ≤ 1

Ld
.

4. Choose a µ that is large enough such that c2 + c3 ≤ 1 defined in Assumption 3.6,
µ
2

≥ 4

η2µ ,
µ−Ld
2

≥

(
4ρ(K)2L2d
µη2 +

2L2d
µ ) and µ > max{ 1

2

Ld
−ρ(K)

, 1

Ld
}.

Fig. 2 plots in logarithmic scale the value ∥vk+1 − vk ∥ throughout the iterations, as well as a straight line where
the value shrinks according to the constant theoretical upper bound given in Theorem 3.4. We can see that the

actual shrinkage ratio stays below the upper bound.
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