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Abstract. In this paper we consider extensions of positive operators. We
study the connections between the von Neumann theory of extensions
and characterisations of positive extensions via decompositions of the
domain of the associated form. We apply the results to elliptic second
order differential operators and look in particular at examples of the
Laplacian on a disc and the Aharonov-Bohm operator.
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1. Introduction

Let A be a closed strictly positive symmetric operator with dense domain
D(A) and range R(A) in a Hilbert space H. In [11,12], Krein proved that
there is a one to one correspondence between the set of positive self-adjoint
extensions Ap of A and a set of pairs {Npg, B}, where Np is a subspace of
the kernel N of A* and B is a positive self-adjoint operator with domain and
range in Np. Krein’s result was subsequently developed further by Visik [15]
and Birman [3]; this work of the three authors will be referred to as the KVB
theory. An important extension of the KVB theory was made in [8] to a pair
of closed densely defined operators A, A’, which form a dual pair in the sense
that A C (A’)* and are such that A C Ag C (A’)* for an operator Ag with
a bounded inverse. The results in [8] include those of KVB when A = A’.
Of particular interest to us in [8] is the application of the abstract theory to
the case when A is generated by an elliptic differential expression acting in a
bounded smooth domain © in R™. In this case the self-adjoint extensions of
A are determined by boundary conditions on the boundary 952 of .
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In [5], results in Rellich [13], Kalf [9] and Rosenberger [14] were applied
to the KVB theory to determine all the positive self-adjoint extensions of a
positive Sturm-Liouville operator with minimal conditions on the coefficients.
Our objective in this paper is to investigate what can be achieved by applying
similar methods to two problems on bounded domains in R™,n > 2; in the
first A is generated by a second order elliptic expression, and in the second it
is the Aharonov-Bohm operator on a punctured disc. Our analysis depends
on an abstract result which incorporates the von Neumann theory concerning
all the self-adjoint extensions of any symmetric operator.

Denote by A, ap[-, -] the Friedrichs extension and associated sesquilin-
ear form of A. Then for all u € D(Ap) and v € Q(Ap) we have

arlu,v] = (Apu,v),

where (+,-) is the inner product of H, and D(Ap) is dense as a subspace of
Q(Ar) with inner product ap|-, -] (see [7, Chapter IV] for more on the relation
between sesquilinear forms, operators and their Friedrichs extension). By the
KVB theory, A is a positive self-adjoint extension of A if and only if, A= Apg,
where B is a positive self-adjoint operator acting in a subspace Np of N and
Ap, B have associated forms apg, b, respectively which satisfy

ap =ar + b, Q(AB) :Q(AF)+Q(B) (11)

Thus any u € Q(Ap) can be uniquely written as v = up + uy, where
up € Q(Ar), uy € Q(B). There are two distinguished positive self-adjoint
extensions of A, namely the Friedrichs (or strong) extension Ap and the
Krein—von Neumann (or weak) extension A . These are extremal in the sense
that any positive self-adjoint extension A of A satisfies Ax < A < Ap in the
form sense. In (1.1), the Krein—von Neumann extension Ay corresponds to
B =0, Ng = N, and the Friedrichs extension Ar to B = oo, Q(B) = 0,
that is, B acts trivially on a zero dimensional space.

2. Positive Extensions and the Von Neumann Theory

The von Neumann theory characterises the self-adjoint extensions of any
closed densely defined symmetric operator 7. Denoting the deficiency spaces
ker(T* FiI) by Ni, we have

D(T*) = D(T) + N, + N_, (2.1)

and Ty is a self-adjoint extension of T if and only if there is a unitary operator
U(Ts): Ny — N_ such that

D(Ts) = D(T) + (I + U(Ts))N. (2.2)

Let u,v € D(T™*). Then by the von Neumann theory, there exist unique
ug,vg € D(T) and uy,vy € Ny such that v = wp + uy + u— and v =
Vo + vy +u_.
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It follows that
(T*u,v) — (u, T*v) = (Tug + tuy — tu_,v9 + v4 +v_)
— (up +uy +u_, Tvg + ivy —iv_)
= (Tug,v4+ +v_) +i(uy —u_,v0+ vy +v_)
+i(uo +ugr +u_, vy —v-) — (uy +u_, Tvg)
= —i(ug,v4 —v_) +i(uy —u_,vo+ vy +v_)
+i(ug +uy +u_,vp —v_) —i(uy —u_,vp)
= 2i[(ug, v )N, — (u—,v_)n_].
Let P, and P_ denote the projections from D(T*) to N4 and N_ with

respect to the decomposition (2.1) and let U: Ny — N_ be unitary. Set
Ao =UP; + P_ and Ay = —iUPy +iP_. Then, for any u,v € D(T*)

(T*u,v) — (u, T"v) = ([\ou, ]\111) - (1~\1u, /~\0v) (2.3)

(see [10, Theorem 3]). The triple (N, Ag, A1) is a boundary triple (also known
as a space of boundary values) for T'.
Given a self-adjoint extension Tg of T', we now choose

Ao(Ts) = U(Ts)Py + P-, (2.4)
A1(Ts) = —iU(Ts)Py +iP-. (2.5)

Then, from (2.2), ker A1(Ts) = D(Ts) and we obtain, for all u,v € D(T™*)
(T*u,v) — (u, T*v) = (Ao(Ts)u, A1 (Ts)v) — (A1 (Ts)u, Ag(Ts)v). (2.6)
Let T = A be positive and B a positive self-adjoint operator on a

subspace Np of the kernel of A* with domain D(B). By [2, Theorem 3.1],
the domain of the self-adjoint extension Ag of A corresponding to B is

D(Ag) = {uo + Ap" (Bv+ f) + viug € D(A),v € D(B),f € NND(B)*}.
(2.7)

Remark 2.1. The special case B = 0, Ng = N gives the domain of the Krein—
von Neumann extension Ag, namely

D(Ak) =D(A) + N, (2.8)
the sum being a direct sum since A is strictly positive. It follows that
ker(Ax) = N. (2.9)

The Friedrichs extension is characterised by the choice of B as acting
trivially on Np = {0}. Following the approach of [2], we can set bu] = oo
for uw € N\Q(B). It follows from (1.1) that Q(Ap) = Q(AF) if and only if
Q(B) = {0}. Since A is the only self-adjoint extension of A with domain in
Q(AFr) it follows that its domain is determined by b[u] = oo for all uw € N\{0}.

Theorem 2.2. Let A be a positive self-adjoint extension of the positive oper-
ator A associated with the pair {B, Ng}. Let u € D(Ap), where u = up +w,
up = ug + Ap'(Bw +v),uy € D(A),w € D(B),v € NND(B)*. Then

blw, (] = (Ao(Ap)u, A1 (AB)(), V(€ Q(B), (2.10)



41 Page 4 of 17 B. M. Brown et al. IEOT

where Ag(Ap) = U(Ap)Py +iP_ and Ay(Ap) = —iU(Ap)Py +iP_.

Proof. Let ¢ =0+ ( € Q(Ap) with 0 € Q(Ar) and ¢ € Q(B). Then on the
one hand, we have

(ABU, 90) = (A*’U,, 90) = (A*U‘Fa 90) (211)
since w € N, and on the other hand,

(ABU7 90) = ap [U, 50} = aF[uFa 0] + b[wv d
= (Arpup,0) + blw, (]
= (A"ur,0) + bw, (]. (2.12)

On combining (2.11) and (2.12) we get
blw, (] = (A"up, o —0) = (Aup, () = (A"u, (),
and as A*¢ =0, Eq. (2.6) yields
blw, (] = (Ao(Ap)u, A1(Ap)C) — (A1(AB)u, Ao(Ap)C) . (2.13)
Since ker A1 (Ap) = D(Ag), (2.10) follows. O

Let {1} be an orthonormal-basis of Q(B), where B is a positive self-
adjoint operator in Ng C N, and let w =37, w;vh;, ¢ = > (ethr and bji =
b, ¥x). Then blw, (] = >, bjrw;Cr and from (2.10) and the fact that
ker A1(Ag) = D(AB), u = up +w € D(Ap) if and only if

k. (Mo(Ap)u, A (Ap)e) =Y bjxw;Cy. (2.14)

3. Elliptic Differential Operators of Second Order

In this section we shall apply the above abstract theory to the case when
A is the closure of a symmetric second-order differential operator in L?((2)
defined by

n
Au = (-V -pV+qu= | — Z D;pi;Dj+q|u, uweC5e (), (3.1)
ij=1

subject to conditions on the coefficients p;;, ¢ and the domain 2. The assump-
tions are the ones made in [1] which weaken the smoothness requirements on
the coefficients and the boundary of Q2 made by Grubb [8]. In the following
definition of a boundary regularity class, B, , is the Besov space of order s
(see [1, Section 2]), and we set z = (2/,z,,),2’ € R"" ! z, € R.

1

Definition 3.1. The boundary 012 is said to be of class B,J:Iq 2 if for each

x € 0N there exist an open neighbourhood U satisfying the following: for a
_1

suitable choice of coordinates on R", there is a function v € B,I,\f[q 2(R™1)

such that UNQ = UNRY and UNIQ = UNIRY, where RY) = {z € R": z,, >

v(2')}.
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In the list of assumptions to be made, we shall denote the boundary
of Q by ¥, and H; is a Bessel potential space (a Sobolev space for s € N),
which we write as H® when ¢ = 2; see [1, Section 2] for definitions of H} ()
and Hf (X).

Assumptions
1. There exists ¢y > 0 such that for all x € 2 and £ € R"”

> pij(@)&&de > o[

ij=1
2. There exists ¢ > 0 such that

Jull? = /Q (PIVul? + gluf?) dz > clul®, u e CF(Q).

The completion of C§°(§2) with respect to the norm || - ||; is the form
domain Q(Ap) of A.

3
3. The boundary X is of class B?, and the coefficients p and g of A lie in
H!(Q) and L;(Q), respectively, under the constraints n > 2,2 < r < oo,
2 <t < oo, and
1-2>4 -1l (3.2)

Remark 3.2. Our third assumption is Assumption 2.18 in [1]. Therefore, we
have that for v € Q(Ar), yov = 0, where g is the trace operator which maps
v into its value on ¥ (see [1, Theorem 2.11]). Moreover, in the notation of
[1,6], denote the solution of

Aw=0in Q, w=wu on . (3.3)
by
w= Kgfyou. (3.4)
Then by [1, Theorem 5.4], for all s € [0, 2],
K% H*'2(S) — H*(Q) (3.5)
is continuous,
K% H*Y2(S) — Z§(A) == {u € H*(Q): Au = 0} (3.6)

is a homeomorphism, and
20 ¢ Z5(A) — HOTVA(S) = (K9) . (37)

We remark that under the more restrictive assumptions that €2 is a bounded
domain whose boundary is an (n — 1)-dimensional C*° manifold, and the

coefficients pjx, g of A in (3.1) lie in C°°(Q) these properties were already
shown by Grubb in [8].

Theorem 3.3. Let the above assumptions hold and let Ap be a positive self-
adjoint extension of A. For w € D(Ag), we have u = up + w for some
up € D(AF), w € Q(B), and for all { € Q(B)

blw, ] = /Q(—va + qJur € da. (3.8)



41 Page 6 of 17 B. M. Brown et al. IEOT

If {1} is an orthonormal basis of Q(B) then, with bj as in (2.14),

Vk. ijkwj / (VpV — q)up ¢rdx = 0. (3.9)

Proof. Let agl-,|,ar[,],b[-, ] denote the forms associated with Ag, Ar, B
respectively. For u, ¢ € Q(Ap) we have the decompositions

u:UF+lU, (’LLF EQ(AF)’ w:KS’YOUGQ(B))v
e=vr+C( (or € Q(Ar), (= K)vp € Q(B)). (3.10)

If w € D(Ap), it has the decomposition u = A;lA*u + (u— A;lA*u), ie.,
up = Ap' A*u and w = u — AR A*u, since up € D(A*) N Q(Ar) = D(Ar)
and w € Q(Ap) NN = Q(B). Now, let ¢ = o + ¢ € Q(Ap). Then

(Apug) = [ (V09 +a)u e (3.11)
and furthermore,
(Apu, @) = (u, )1 = ap(u, ¢] = arlur, or] + b[w, (]
= /Q(—va + q)up Prdz + b[w, (]

= /Q(—va + q)u prdx + blw, (). (3.12)
Combining (3.11) and (3.12), we get
blw, (] = /(—VpV +qu (P —pp)de = / (=VpV + q)ur (dz. (3.13)
Q Q

Now let {1} be an orthonormal-basis of Q(B), w = Y w;v¢; and ¢ =

Z Ckwk Then
= Z bikw;C,
j.k
while the right-hand side of (3.13) is
> / (=VpV + q)u Gibrde.
w Ja
Consequently

ZCI{: [Z b_]k:wj / va_q) Wdl‘] =0,

and equivalently,

Z Ck [Z bjrw; + / (VpV — qur 1/)kdx] =0.
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As {¢} is an arbitrary sequence in ¢%, the ‘boundary condition’ associated
with Ap is given by

Vk. ijkw] / (VpV — q)ur ¥5 = 0. (3.14)

O
Corollary 3.4. The boundary condition associated with Ag is given by

vk - ijkw] = (nur, YoUr), (3.15)

where viu = Z?k:l niYo [pjkau} and n = (nqy,...,ny) is the interior unit
normal.

Proof. Since u, ), € D(A*), we can use [1, Theorem 6.1] to write

/(VpV — qQup Yrdr — / up (VpV — q)pdx
Q Q

= (your, I'1¢r)s — (F1ur, Yovr)s, (3.16)

where I'y is the “regularised” Neumann operator given by I''u = vju —
P, . vou and Py ., 7o is the Dirichlet-to-Neumann map P, ,,70 = ulKg.
Under the smoothness conditions assumed, the trace maps g, I'1, map D(A*)
continuously into H~/2(X), H'/?(X), respectively. The terms on the right-
hand side of (3.16) therefore represent in fact, H~1/2, H'/2-duality products
over the boundary ¥, which are extensions of the L?(3) inner products (see
[1, Theorem 6.1]).

Since (VpV —q)¢, = 0 and up € Q(AF), two of the four terms in (3.16)
vanish and, as Tyurp = vyup, we get that the boundary condition in (3.14)
becomes

vk - ijkwj = (niur, Yo¥r)s- (3.17)
J

O

Remark 3.5. The Friedrichs extension is determined by the boundary con-
dition you = 0. Under the additional smoothness assumptions on Q and
the coefficients of A’ in (3.1) in [8], the Friedrichs extension has domain
HYQ) N H?(Q).

Remark 3.6. The Krein—von Neumann extension correspondsto B =0,Qp =
Np = N = ker(A*) and so
Q(Ap) = Q(Ar) + N, aplu] = aplur],

when u = up + w,ur € Q(Ap), w € N. Thus in (3.15), bjr = 0 for all j, k
and viup = Tyup. Since v; maps D(A*) continuously into H’l/z(E) and
7o is a homeomorphism of N onto H'/?(X), it follows from (3.15) that the
boundary condition satisfied by the Krein—von Neumann extension is

NMup = 0.
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Since w = K?ﬂ/ou we have
vup = (v — 1 K)y)u =Tqu.

Remark 3.7. On combining (2.10) and (3.17) we have

(Ao(Ap)u, Ai(AB)r) = (Viur, Your)s. (3.18)
For the Krein—von Neumann extension Axr = 0, so we again get

T'u=viurp =0

as the Krein—von Neumann boundary condition.
Example 3.8. We consider extensions of the positive operator A = —A + 1

when ( is the unit disc in R?. According to (3.15), v = vp + w lies in the
domain of an extension Ap if and only if

(nve, Yotn)s = D by (w, 1) (3.19)
J

for all k, where {¢;} is an orthonormal-basis of the subspace Q(B) in N =
ker A*.
Let — Ay + ¢ = 0 and put ¢(r,0) = R(r)©(0), where = = (r,60) are

polar co-ordinates. Then since

1 1

AY = R'O + ~RO+ 5RO = RO = ¥,

we get

/1 /

7“2% +r% —r?=n?

"

and 5 = —n? with constant n and ©(0) = ©(27); thus ©,,(0) = €'’ n € Z
and we seek the L?(0, 1;rdr) solutions of
R’ +rR —r*R=n’R, rc][0,1].

These solutions are given by the modified Bessel functions I,,(r) and K, (7).

For n > 1, K, (r) does not lie in L?(0, 1;7dr). The function Ko(r) has a
logarithmic singularity at 0, which means that AKj is not zero in the sense
of distributions, excluding Ky from N. Therefore

Y(r,0) = I;C(r)eike, keZ
is a basis for N; note that I_; = I}.
For k € Z

Your(0) = ¥r(1,0) = I, (1)e™*?.

and since vp € D(Ap), we have vivp = 65’5. On expanding vg in 0 in terms

of its Fourier series,

vp(r,0) = Z vpvn(r)eme,

nez
we derive

aUF o a'UF,n in6
ov aﬂiz or (1)e™

ne
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Consequently v = vp + w € D(Ap) if and only if for all k € Z
Z bjk (w, ;) = (11vp, Yo¥i)s
J

2m
= / ZLUF’"(l)ei"‘glk(l)e_ik‘gde
0

nez or
. aﬂpyk
= 2m— (1) I (1).

Remark 3.9. 1. For the Krein—von Neumann extension, v = vp + w €
D(Ak) if and only if for all k& € Z we have

(1)1 (1).

As It (1) # 0 for all k € Z, this implies that

Ovp

0=2m

vp(1,0) = aaifu,e) ~0

and hence vp € D(A). As there are no restrictions on w, we get D(Ag) =
D(A) + N, as expected. Also, the boundary condition satisfied by any
u € D(Ak) is Tyu = 0, where I'y = 11 — Py, ., Y is the regularised
Neumann operator.

2. For the Friedrichs extension, we formally have bj, = oo for all j, k in
(3.19). This implies that w must be orthogonal to all the ¢. As w € N,
this gives w = 0.

4. Aharonov-Bohm Operator

Let Q = {a:]z] < 1}\{0} C R2?, and let A be the closure in L?(Q2) of
A 1080(9), where

A= —(V +iM)>.
Here, the Aharonov-Bohm magnetic potential

1
M= a—; (—x2,71) :a%‘", a€(0,1), (4.1)

(x] + 23)
where x = (rcos 0,rsin ) in polar co-ordinates and ey = (—sin 6, cos 6) is
the unit vector orthogonal to e, = z/r. Then

curl M =0 in Q, and M -e, =0. (4.2)

For w € C§°(2) we have

(Al ) = / (Y + iM)ul2de
Q
/1 /27‘{'( au ) m +
= - 1 au
or
0 0

00

2
+r?

2) rdrdf. (4.3)
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—ik

The sequence {py(0) : k € Z}, where ¢y (0) = < " is an orthonormal basis

Var
for L?(0,2m) and hence any u € L*(2) has the representation
u(r, 6) - Ekuk(ﬂ@k(@a (44)

where

2m
ug(r) = /0 u(r, 8) i (0)do.

On substituting in (4.3), we have, with A\, =k + «

() = 3 [ (W + ) v

Since min{|A\x|/mk € Z, 0 < r < 1} > min{e,1 — a} > 0, it follows that A
is strictly positive and its form domain Q(Ar) is the completion of C§° ()
with respect to the norm given by the square root of

1 2
aplu] := zk:/o <|u;(r)2 + ig|uk(r)|2> rdr. (4.5)

Let B be a positive self-adjoint operator acting in a closed subspace Np of
N = ker A* which is associated with the self-adjoint extension Ap of A
in the KVB theory, and let agl-,],ar[,],b[, ] be the forms of Ag, A, B,
respectively.
For u, o € Q(Ag), we have
u=v+w, veQAr), we Q(B)
and since v(R, 0) = J(R, 0) = 0 (which follows from the definition of Q(Ar)),
A*w=01in Q, w(R)=u(R),
AC=0inQ, ((R) =p(R).

(4.6)

Remark 4.1. Since v(1,0) = 0 for any v € Q(Ar), Q(Ar) coincides with
Brasche and Melgaard’s form domain of Ar in [4], and so Ap is determined
in their Theorem 4.5.

We now proceed as in the proof of Theorem 2.2. For v = up + w €
D(Ap) and ¢ =19 + ¢ € Q(Ap)

(Apup) = [ (Aur)pda (4.7)
and
(Apu, ) = /Q (Aup)ddz + blw, ¢]. (4.8)
Consequently
b ) = | (Aur)Cde. (4.9)
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If {41 } is an orthonormal basis of Q(B), then we have with the same notation
as in Sect. 3, that w = up + w € D(Ap) if and only if

Vk: > biwy = [ (Aup)idrdz. (4.10)
; J J /Q

The transformation
WEer)=r2f(r), fe L*0,1;rdr)
is a unitary operator from L?(0, 1;rdr) onto L?(0,1), and as {? //27} ez
is an orthonormal basis of L?(S!) we have
L) = @ W'L%(0,1) ® Span {eimQ/\/zw} .
meZ

In terms of this decomposition it follows that

A=PwiTmwel, (4.11)

meZ

where T(™) is the closure in L?(0, 1) of the operator defined on C§°(0,1) by
the Sturm-Liouville expression

™y = —y"+ ((m+a)®>—1/4)r 2y, meZ, 0<a<l, (4.12)

i.e., T is the minimal operator in L?(0,1) generated by 7. With v =
m + a, the set {r'/2t 1/2=V1 is a fundamental system for 7™u = 0. The
expression 7" is non-oscillatory. For m = —1, 0, it is in the limit-circle case
at 0; for all other values of m, it is in the limit-point case at 0. It is regular at
1 for all values of m. Thus 7™ has deficiency indices (2,2) for m = —1, 0
and (1,1) otherwise. We shall now apply results from [5] to determine the
positive self-adjoint extensions of 70 in L?(0,1) for all m € Z. Note that
the singular point here is at the left endpoint of the interval [0,1], i.e., it is
the point 0, unlike the analysis of [5], where it is at the right endpoint. If
S(m) is one such extension, then

Pwismwel (4.13)
meZ

is a positive self-adjoint extension of A.

Remark 4.2. We note that it is unlikely that all positive self-extensions of A
are obtained in this way. This assertion is based on the situation for Ay =
—A +1 from Example 3.8. As in (4.11),

A=P W ' 'TmWel (4.14)
meZ

where now, T{,,) is the minimal operator generated by
Tmy = —y" + ([m2 —1/4)r % + 1) Yy, m € 7.

At 0, 7,,, is non-oscillatory and in the limit-circle case for m = 0 and is oth-
erwise limit-point. As above for A, if S(,,) is a positive self-adjoint extension
of T(,,) then



41 Page 12 of 17 B. M. Brown et al. IEOT

PwlSmWwel (4.15)
meZ

is a positive self-adjoint extension of Ag. All such extensions have boundary
conditions which depend on behaviour at 0, in view of the presence of the
extension S(g) of T(gy which has deficiency indices (1,1). However in Remark
3.9 we saw that this is not so for the Krein—von Neumann extension of Ag!

We shall proceed to determine the extensions 7™ in (4.11).

4.1. The Case when 7™ is Limit Point at 0 (m # —1,0)

Theorem 2.1 in [5] establishes a one-one correspondence between the positive
self-adjoint extensions of 7™ in this case and the one-parameter family
{Tl(m)}, 0 <1 < oo of restrictions of (T™)* to the domains

D(T{™) = {viv € DATU)),0'(1) = /() — U Ie(D) . (4.16)

Here 9 is a real function in L?(0,1) which satisfies 7™ = 0 and (1) = 1.
We therefore have

Y(r) =Py (1) = 1/2 4 ), 907 = 200+ )]

4.2. The Case when 7™ is Limit-Circle at 0 (m = —1,0) and dim Np = 1

From Theorem 2.2 in [5] and writing T* instead of (T(m))* for simplicity, it
follows that the positive self-adjoint extensions of the operator 7™ which
correspond to the pair {B, Ng} in the KVB theory with dimNp =1 form a
one-parameter family T of restrictions of 7™ with domains

AEE) -G G, morery

(4.17)
where 1 is a real function in N with ¢)(1) = 1, g is the non-principal solution
of 7"y = 0 and § > 0. The non-principal solution is /2=l v = m + a.
The Wronskian W is given by

ve=r{ () () -GV ()} e

The limits at 0 of the first and the second terms in (4.17) exist separately.
To see this, let

D(Ip) == qveDT):

= (V2 = 1/4)r= % =: q(r).
Hence by the Jacobi identity [5, Equation (1.10)], for v € D(T™*) we get

I
1 /
Ty ng (;) ] = " +qu="T" e L*0,1). (4.19)
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Thus, since g € L?(0, 1),

- ng (;)] =g(T*v) € L'(0,1),

which implies that

Jim lg2 (;ﬂ (r) and  lim g*(r) @)/(T)

both exist. From [9, Remark 3] (see also [5, (2.9)]), lim, 04 (v/g)(r) exists,
which confirms our assertion that the separate limits exist.
We shall now determine the boundary conditions satisfied by the self-

adjoint extensions of 70" in the two cases corresponding to v = m+a«, m =
—1,0, a € (0,1).

4.2.1. The Case m = —1, v = —1 + a € (—1,0). In this case, the
non-principal solution is g(r) = r'/2*¥ and ¢(r) = v (C1r1/27" 4 Cort/#7),
where v = (C + C3)~! for Cy, Cy are constants and Cy # 0. Thus,

(i) () =7 (Cir 2 +Cy), ¢ (Z’) (r) = =290y, (4.20)

and so using (4.18)

W) = (20 (-2we) -

g(r)

20) (g) ()

W) =—v"(1) —v(1) [29vCy — 1/2 —v]. (4.22)

[Y(Cir™? + Cy)] . (4.21)

The value at r = 1 is

By (4.20) and since v < 0, the limits at 0 of both terms in (4.21) exist and

W) — 2wt 0o 2 (1)
7-1—1>%1+ W(r) = =2y ,,_l_lféﬂr rl/2+v 7C 7_13&9 (r) <9) ")
v(r)

= —2wC lim s
—7Cy lir(r)1+ [r1/2+”1}’(r) —(1/2+ V)r‘”“”v(r)} . (4.23)

Thus the boundary condition for Ap in this case is

. u(r)
2wCy {rli%ﬂr /24

—o}+ (a6 fim7) - A} = So0 I,
(4.24)
where fi(r) = [r1/2T0/ (r) — (1/2 + v)r= V2o (r)].



41 Page 14 of 17 B. M. Brown et al. IEOT

4.2.2. The Case m = 0, v = a € (0,1). This time, the non-principal

solution is g(r) = r'/27% and, with ¢ as above, we have
w _ 2v 2 w ' o
m (r)=~(Ci+Cor®), g m (r) = 2yvCq, (4.25)

giving
r) = M v — | g%(r v / r rv
W) = (40 e [g o (%)« )] [(Ca+ Cor®)]. (426)
Therefore
W (1) = 29vCov(1) — [v'(1) — (1/2 — v)u(1)]. (4.27)
By (4.25) and since v > 0, both limits at 0 in (4.26) exist and

; : v(r) : 2 v’
lim W(r) =2yCy lim —75= — 101 lim g7 (r) () (r)

r—0+ g
)

0+ 7’1/271)

= 2w i
—9Cy lim [Tl/Q_VUI(T) —(1/2 - z/)r_l/Q_”v(r)} . (4.28)
Thus the boundary condition in this case is
. v(r) _ _ : _ _ 2
2yC5 { lim o(1) b= $4C1 T () = fa(1) b = Bo(D)

=0+ pl/2—v
(4.29)
where fo(r) = [r¥/2770/(r) — (1/2 — v)r~ Y27V (r)].

4.3. The Case when 7™ is Limit-Circle at 0 (m = —1,0) and dimNg = 2

From [5, Theorem 2.2], we have
A0 ()

D(Ap) ==K v e D(A"):

0
2
= bjcj, j=1,27, (4.30)
j=1
where B := (bji); k=12 is a matrix of parameters which is non-negative,

{11,112} is a real orthonormal basis of Ng and ¢1, ¢o are determined by the
values of v/g at 0 and 1:

2 2
v P v Y
—(0)=> ¢;=2(0), —(1)=>_ ¢—=(1). (4.31)
g — g g — g
j= j=
The main difference from the analysis of the previous section is that we

now replace ¥ by an orthonormal basis (¢, 12) obtained from the linearly
independent basis elements

P20 and V2V = ta.
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On using the Gram—Schmidt procedure, we obtain the orthogonal vec-
tors

r2 Il and rlVI+s - (1- |y|)r%_"’|,
and the orthonormal system
2(1
v = VA=, = <||+'”') (rd = (1= ).
v

The non-principal solution is g(r) = /2~ and we have

Yi/g =201 —v]), (1/g) =0

and

nfg = VDG Ly 1), /ey = 2/20T D,

Let

A Q) () o
Then
Wi(r) = V2= o) () (g) ")
and we set
O1 = Wi(1) = W3(0) = —y/2(1 = |v|>< (g) (1) - lim g*(r) () (r)
(4.32)

Also
Walr) =2/ ) (£) ) = Y2 o] = 14 2 (g) (r)
gigjgzz Wa(1) — Wa(0)

= VR(L+ V)

Q|

20 - ( ) <1>]

VAL ) Iy {2 (£) 0= -1 (V) <r>} .

g V|

We also have
_ (vW)/gMW) _ (V2 -Tv) V20 + V) ¢
e (U(O)/g(0)> - (\/2(1 =) V20 + ) - 1/V|)> (C2>'
Setting V' = We¢, where

- (ﬁ(l —) VRO )
VA=) VR - 1/1v])
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is invertible and has inverse

L TN/ - 1) VAT
v _2./7(1—u|2)(\/2(1|1/|) \/2<1|u|>>' (4.34)

The boundary condition in (4.30) is therefore

(8;) =By 'V (4.35)

For the Krein—von Neumann extension (T(m)) x of the one-dimensional
operator, the boundary condition is determined by ©®; = ©5 = 0: Hence

lim ¢*(r) () (r) = () 1) (436)

=0 g g

lim 2 (:) (r) = 20(1) — — (”)/ (1). (4.37)

g
Following Remark 2.1, the Friedrichs extension (T(m)) 7 1s obtained by
¢1 = ¢3 = 0, so that the right hand side of (4.30) is finite. Thus, from (4.31),
the boundary conditions are given by (v/g)(0) = (v/g)(1) = 0, i.e.,
v(r)

and

Open Access. This article is distributed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by /4.
0/), which permits unrestricted use, distribution, and reproduction in any medium,
provided you give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons license, and indicate if changes were made.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Abels, H., Grubb, G., Wood, 1.G.: Extension theory and Krein-type resol-
vent formulas for nonsmooth boundary value problems. J. Funct. Anal. 266(7),
4037-4100 (2014)

[2] Alonso, A., Simon, B.: The Birman—Krein—Vishik theory of selfadjoint exten-
sions of semibounded operators. J. Oper. Theory 4(2), 251-270 (1980)

[3] Birman, M.S.: On the theory of self-adjoint extensions of positive definite op-
erators. Mat. Sb. N.S. 38(80), 431-450 (1956)

[4] Brasche, J.F., Melgaard, M.: The Friedrichs extension of the Aharonov—Bohm
Hamiltonian on a disc. Integral Equ. Oper. Theory 2(3), 419-436 (2005)

[5] Brown, B.M., Evans, W.D.: Selfadjoint and m sectorial extensions of Sturm-—
Liouville operators. Integral Equ. Oper. Theory 85(2), 151-166 (2016)

[6] Brown, B.M., Grubb, G., Wood, I.G.: M-functions for closed extensions of
adjoint pairs of operators, with applications to elliptic boundary problems.
Math. Nachr. 282, 314-347 (2009)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

IEOT Selfadjoint Extensions Page 17 of 17 41

[7] Edmunds, D.E., Evans, W.D.: Spectral Theory and Differential Operators.
Clarendon Press, Oxford (1989)

[8] Grubb, G.: A characterization of the non-local boundary value problems asso-
ciated with an elliptic operator. Ann. Scuola Norm. Sup. Pisa 3(22), 425-513
(1968)

[9] Kalf, H.: A characterization of the Friedrichs extension of Sturm-Liouville
operators. J. Lond. Math. Soc. (2) 17(3), 511-521 (1978)

[10] Kochubei, A.N.: Extensions of symmetric operators and symmetric binary re-
lations. Math. Notes 17(1), 25-28 (1975)

[11] Krein, M.: The theory of self-adjoint extensions of semi-bounded Hermitian
transformations and its applications. I. Rec. Math. [Mat. Sb.] N.S. 20(62),
431-495 (1947)

[12] Krein, M.: The theory of self-adjoint extensions of semi-bounded Hermitian
transformations and its applications. II. Mat. Sb. N.S. 21(63), 365—404 (1947)

[13] Rellich, F.: Halbbeschrinkte gewohnliche Differentialoperatoren zweiter Ord-
nung. Math. Ann. 122, 343-368 (1951)

[14] Rosenberger, R.: A new characterization of the Friedrichs extension of semi-
bounded Sturm-Liouville operators. J. Lond. Math. Soc. (2) 31(3), 501-510
(1985)

[15] Vishik, M.: On general boundary conditions for elliptic differential operators.
Trudy Moskov. Mat. Obsc. (Russian). (English translation In: Amer. Math.
Soc. Transl. 24, 107-172), 187-246 (1952)

B. M. Brown

Cardiff School of Computer Science and Informatics
Cardift University

Queen’s Buildings, 5 The Parade, Roath

Cardiff CF24 3AA

UK

e-mail: malcolm@cs.cf.ac.uk

W. D. Evans

School of Mathematics
Cardiff University
Senghennydd Road
Cardiff CF24 4AG

UK

e-mail: evanswd@cf.ac.uk

I. G. Wood (=)

School of Mathematics, Statistics and Actuarial Science
University of Kent

Sibson Building

Canterbury CT2 7FS

UK

e-mail: 1i.wood@kent.ac.uk

Received: November 28, 2018.
Revised: August 5, 2019.



