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Blind deconvolution of covariance matrix inverses for
autoregressive processes

Nina Golyandina! Anatoly Zhigljavsky!

Abstract

Matrix C can be blindly deconvoluted if there exist matrices A and B such that
C = A % B, where x denotes the operation of matrix convolution. We study the prob-
lem of matrix deconvolution in the case where matrix C is proportional to the inverse of
the autocovariance matrix of an autoregressive process. We show that the deconvolution
of such matrices is important in problems of Hankel structured low-rank approximation
(HSLRA). In the cases of autoregressive models of orders one and two, we fully charac-
terize the range of parameters where such deconvolution can be performed and provide
construction schemes for performing deconvolutions. We also consider general autoregres-
sive models of order p, where we prove that the deconvolution C = A x B does not exist
if the matrix B is diagonal and its size is larger than p.

Keywords: matrix convolution; structured low-rank approximation; autoregressive process;
correlated noise
MSC 2000 classification: 15A24, 15A21, 62M10

1 Introduction

Let A and B be positive integers and a = (ag, ...,a4)" € R4 and b = (by,...,bp)" € REF!
be two vectors. The convolution of vectors a and b is the vector ¢ = axb = (cg,...,cc)" € REH!
with C = A+ B and ¢; = ), agbj—x, where ¢ = 0,1,...,C and the sum taken over the set of
indices & such that the elements a;, and b;_j, are defined (that is, max{0,i—B} < k < min{A,i}).

The definition of vector convolution naturally extends to matrices as follows. Let A =
(ai;)i_o and B = (b; ;)P,_, be matrices of sizes (A+1)x(A+1) and (B+1)x(B+1), respectively.
A matrix C = (ci,j)f;;% is a convolution of the matrices A and B if ¢;; = Zk,l pibi—k j—1,
where the sum is taken over the sets of indices £ and [ such that the elements a;; and b;_j j_;
are defined; that is, max{0,7i — B} < k <min{A4,:} and max{0,j — B} <! <min{A4,j}.

The generating function (gf) of a vector u = (ug, ..., up)" is defined as Gy(t) = ug + ust +
.4 upt™ . Similarly, the gf of a matrix U = (u;;))_ is Gu(t,s) = Z%:o u; jt's?, where
t,s € C.

From the definition of convolution, ¢ = axb if and only if G¢(t) = Ga(t)Gy(t) for all t € C.
Similarly, C = A * B if and only if G¢(t,s) = Ga(t,s)Gg(t, s) for all t,s € C. This yields that
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all statements about vector and matrix convolutions and deconvolutions can be equivalently
formulated in the language of generating functions.

A vector ¢ can be blindly deconvoluted if there exist vectors a and b such that ¢ = a % b.
This problem (interesting only under some restrictions on a and b) is equivalent to studying
the roots of the gf G(t).

A matrix C can be blindly deconvoluted if there exist matrices A and B such that C = AxB.

There exists an extensive literature related to matrix convolution and (blind) deconvolution
but it is mostly related to applications in image processing; see e.g. [1, 2]. We are interested in
the blind deconvolution of matrices C which are proportional to inverses of the autocovariance
matrices of autoregressive processes (ARs). As argued in the next section, this problem has
significant practical importance in signal processing and time series analysis.

The structure of the paper is as follows. In Section 2 we discuss the practical importance of
the stated problem and establish that two different types of norms in the HSLRA problem are
equivalent if and only if the matrix, inverse to the autocovariance matrix of the noise process,
can be blindly deconvoluted. In Section 3 we prove auxiliary statements about gf of diagonals
of matrices and relate gf of banded matrices to gf of its diagonals. In Section 4 we provide the
main matrices of interest (inverses to autocovariance matrices for first-order AR(1) and second-
order AR(2) autoregressive processes) and derive important relations between gf of diagonals
of these matrices. In Section 5 we prove our main results establishing ranges of parameters in
the AR(1) and AR(2) models, where the deconvolution can be performed. In particular, we
establish that for the stationary AR(1) and AR(2) models the inverse to the autocovariance
matrix cannot be deconvoluted. In cases where the deconvolution is possible, we provide the
construction schemes for the matrices A and B. In Section 6 we specialize results of Section 5
when we require an additional condition of non-negative definiteness for the matrices A and B.
In Section 7 we derive some partial results for the stationary AR(p) model with general p > 1.
Section 8 concludes the paper.

2 Motivation: selection of a matrix norm in HSLRA

Our motivation is the problem of extraction of a signal s = (sg, s1,...,5y_1)" from an observed
noisy signal x = (2o, x1,...,oy_1) = s+ & of length N, where & = (&,&1,...,&v-1)" is a
vector of (unobserved) random noise with zero mean and covariance matrix 3 = E€£T.

We consider a wide class of signals, which have an explicit parametric form of a finite sum:

Sp = Z pr(n) exp(agn) sin(2rwin + o),
k

where oy, wy and ¢y, are arbitrary real numbers and pg(n) are polynomials in n.

This class of signals can be defined through low-rank Hankel matrices as follows. Set a
window length L, 1 < L < N/2; K = N — L + 1. With a series z = (29,21,...,2n_1)', We
associate the so-called trajectory matrix

20 21 Ce ZK—1
zl .. PR ZK

Ti(z) = € REXK,
ZL—-1 <L ZN—-1

If there exists an integer r < [NN/2] such that r is the rank of 7.(z) for any L € [r, |[N/2]],
then we say that z is a series of rank r and write rankz = r.



The problem of finite-rank signal extraction can be reduced to the problem of approximation
of the L-trajectory matrix 77 (x) of the observed time series x by a Hankel matrix of rank r.
This problem belongs to the class of problems of HSLRA, see e.g. [3, 4, 5].

The HSLRA problem can be stated in two forms: (a) vector form and (b) matrix form. The
vector (time series) form of this problem is: for given x € RY and positive integer r < | N/2],

= ylw = min_. (1)
where y = (yo,%1,---,yn-1)", |z]3v = z' Wz for z € RY and W is some positive definite

matrix of size N x N.

The solution of (1) can be considered as a weighted least-square estimate (WLSE) of the
signal s. If noise € is Gaussian with covariance matrix ¥, then the WLSE with W, = X771 is
the maximum likelihood estimate (MLE). If the properties of the noise process are known then
the vector form (1) is the most natural way of defining the HSLRA problem. However, solving
the HSLRA problem in the vector form is extremely difficult, see e.g. [6]. Although the vector
form allows fast implementations, these implementations are very complex and need a starting
point that is close to the solution [7, §].

The matrix form of the HSLRA problem allows one to use simple subspace-based alternating
projection methods (e.g., the Cadzow iterations [9]) and hence is computationally much prefer-
able than the vector form (1); see [10, Sect. 3.4] for details. Note also that the well-known
method called singular spectrum analysis (SSA) can formally be considered as one Cadzow
iteration and therefore it is also a subspace-based method and thereby related to the matrix
form of the HSLRA; see [11] for a modern introduction to the methodology of SSA and [10] for
a comprehensive overview of SSA.

Define the inner product in REXE as (X|Y) = (X, Y)ap = tr(AXBY "), where A =
(aw)” L ERXL B = (b”)lK] 1 € REXE. | X|| o g is the corresponding matrix norm in REXK.
The HSLRA problem in the matrix form is the following optimization problem:

X~ Yl min . 2)
where H C RI*E is the space of Hankel matrices of size L x K, M, C RE*E is the set of
matrices of rank not larger than r. For reformulating the original HSLRA problem (1) in the
matrix form (2), we have to choose X = T (x) and Y = T (y); the remaining issue then is to
match the vector norm in (1) with the matrix norm in (2).

Particular cases of the correspondence between the vector-norm and matrix-norm formu-
lations (1) and (2) of the HSLRA problem are considered in [12, 13]. The general case is
established in the following theorem.

Theorem 1. For any z € RY, ||T.(z)||as = ||2]lw if and only if
W=AxB. (3)

Proof. Consider the squared norm || X[} g = tr(AXBXT") with X = T;(2) so that x1 = 24
for[=0,...,L—1and k=0,..., K — 1. We have

2
1X[[aB = E ar Ty b w Tk = E a2y 41 b k21 = E 2 QL Oy —p p—12n

LU Kk LU e k! LU e k!
where n = k+ 1, ' = k' + 1’ and all sums above are taken for [,I'’ = 0,...,L — 1 and
k,k'=0,..., K — 1. By changing the summation indices in the last sum k& — n and k' — n/
we obtain the required. O



In a typical application, when the structure of the noise in the model ‘signal plus noise’
is assumed, the HSLRA problem is formulated in a vector form with a given matrix W. As
mentioned above, algorithms of solving the HSLRA problem are much easier if we have the
matrix rather than vector form of the HSLRA problem. Therefore, in view of Theorem 1, for
a given W we would want to find positive definite matrices A and B such that (3) holds; that
is, we would want to perform a blind deconvolution of the matrix W.

Matrices A and B in (2) and therefore in (3) should be symmetric non-negative definite, see
e.g. [14] and [10, p.62]. In Theorems 2-4 below we shall require symmetry of matrices A and
B in (3) and in Section 6 we discuss whether they can be chosen to be non-negative definite.

It follows from the results of [15] that in the case when the noise € is white, and therefore
W = Iy, the matrix W cannot be blindly deconvoluted under the condition that A and B are
positive definite matrices; however, for a wide range of parameters N and L there are many
pairs of non-negative definite diagonal matrices A and B such that (3) holds. This paper
extends results of [15] to the case of banded matrices corresponding to the case where the
noise & forms an autoregressive process.

The white-noise model is the simplest and hence the most popular model of noise used
for formulation of the ‘signal plus noise’ problems. The autoregressive model of noise is the
second most common noise model used in such problems. In particular, in climatology, the
most common model of noise is the so-called ‘red noise’; that is, an auto-regressive process
of order one with a positive coefficient. Red noise suits SSA and related methods very well,
since the spectral density of red noise is monotonic. This was the principal reason for the
creation in [16] of the method called ‘Monte Carlo SSA’. This method, where the assumption
of red noise is crucial, has been used and further developed in many papers including [17], [18],
[19] and [20]. Monte Carlo SSA serves for detection of signals in red noise and is currently
used for analysing time series in different areas, most notably climatology and geophysics; for
example, for investigation of ice conditions [21], sea surface temperature dynamics [16], and
GPS observations [22].

In Monte Carlo SSA, the ordinary singular-value decomposition (SVD) is used as the first
step for obtaining the basis of the signal subspace. The use of the oblique SVD with AR-
generated weights in Monte Carlo SSA could extend the applicability of the method. Therefore,
in addition to understanding of the equivalence between the vector and matrix forms of the
HSLRA, a theoretical investigation of the HSLRA, SSA and other subspace-based methods
with the autoregressive noise may have a wider impact in time series analysis.

3 Generating functions and convolution of banded ma-
trices

3.1 Generating function of a matrix via generating functions of its
diagonals

In some cases (e.g, for banded matrices), it is natural to construct gf of matrices as a sum of

gf of diagonals. Consider a matrix U = {u,;}i_, and let Gy(t,s) be its gf.

Define diag,(U), the i-th diagonal of U, as the vector of length M — |i| + 1 with elements
with indices (7, k) satisfying k — j = ¢, i = —M, ..., M. This i-th diagonal diag;(U) has the
ivari () = (e NS MAil,
univariate gf u;(7) = Giag,(u)(T) = ijo UjjyiT.



Lemma 1.
M
s) = Z 75(|i|—1')/23(|i|+i)/2ui(255)_
i=—M

If U is symmetric, this formula simplifies to Gy (t,s) = ug(ts) + S, (£ + s')ui(ts).
Proof.

M
Gult,s) = Z wjt! 8" = Z Z wjit! s*
Js:k=0 —M k—j=i
M M-
= Y ¢ Zufr”t]s]—l—z Zunﬂts +Zu”t”—
=1 j=0 i=1
M 0
= Z u_(ts) + Zs u;(ts) Z t " (ts) + Zsiui(ts) =
=0 i=—M i=1

_ Zt(u /2 (849/2y, (1),

[]

3.2 Convolution of matrices expressed through convolution of diag-
onals; banded matrices
Lemma 2. Let A = (a;5){_, B = (b;;)7;_g and C = AxB. For a given integer i, let a;(t) =
Gaing,(a) (1) = Y10 ajeit? (i < A), bi(t) = Gaig,m)(t) (1] < B) and ci(t) = Guiag,(c)(t)
(il < C = A+ B) be the gf of the diagonals diag;(A), diag;(B) and diag;(C), respectively.
Then
= ) WD, (b () (i = —C,...,C). (4)
jt+k=i

Proof. In view of Lemma 1, we should prove

C C

S #2500 2, (15) = 57 /25542 $ () THIE=I+H 2, (1) by 5).

i=—C i=—C Gk=i



We have:

C
S =025k 2, (1)

i=—C
B
_ (Z £131=9)/2 g(lil+5)/2 <t5)> (Z t(lklk)/25(|k|+k)/2bk(ts>>
A k=—B
A B
_ Z Z (U312 U5140)/25 (1) K =R)/2 140121, (1)
A+B
— Z Z £ U1=0)/2 g2 (K002 (K025 (2.6)by (£5)
(A+B ) j+k=i
_ Z Z t(|j|+|k|*(j+k))/2S(\J’\+|k|+(j+k))/23j(ts)bk(ts).
i=—C j+k=i
Since j + k = ¢ within the sum, the proof is complete. 0

Remark 1. For any real j and k, we have:

0, if jk>0
([ + k[ =[5+ kD/2 = [kl if jk<0,|j] > |k];
gl if gk <0,[4] < [kl

The following corollary is a reformulation of Lemma 2 using the explicit form for the diag-
onals of C.

Corollary 1. Let matrices A, B and C = A «B be as in Lemma 2. Then the i-th diagonal of
C is
Olj1-+K1—1+41) /2
diag,(C) = Y | diag;(A)  diag,(B) | , (5)
dtk=i N Ok 1j+kl) /2
where 1 = —-C,...,C, C= A+ B, and 0,, € R™ is a vector of zeros of size m.

In the case of banded matrices, Corollary 1 takes the following form.

Corollary 2. Let A = (a;;)_y be a (2p1 + 1)-diagonal matriz with py < A, B = (b;;)7,_, be
(2po + 1)-diagonal with py < B and C = A *B. Then C is (2p + 1)-diagonal with p = p1 + po

and the i-th diagonal diag;(C) of C (i = —p,...,p) is given by (5); its gf is given by (4).
When p, = 0 so that B is diagonal, Corollary 2 gives the following particular case.

Corollary 3. Let A be a (2p + 1)-diagonal matriz and B be diagonal with b on the main
diagonal. Then C = A xB is (2p+ 1)-diagonal with diag,(C) = diag;,(A)*b, i = —p,...,p; in
terms of gf, we have c;(t) = a;(t)bo(t), i = —p,...,p.



4 Autocovariance matrices and their inverses for AR(1)
and AR(2) models

4.1 Inverse autocovariance matrices

It is well known that the inverse to the autocovariance matrix of AR(p) is positive-definite
symmetric (2p + 1)-diagonal matrix [23, p.534]. Below we consider explicit forms of 3! for

the AR(1) and AR(2) models.

41.1 AR(1)
Let &€ = (£0,&1,...,&w) " follows the AR(1) process

& = i€ + g5, (6)

where j = 1,..., W, ¢y # 0, and &1, ¢9, ... are i.i.d. normal random variables N'(0,1); &; are
N(0,0?) for all j = 0,...,W, where 0 = 1/(1 — ¢?%). The condition of stationarity of the

process (6) is |¢1] < 1. The covariance matrix ¥ of the vector € is ¥ = o2( |f_j‘)W The

1,7=0"
inverse of 3 is the tridiagonal matrix X! = W € RW+Dx(W+1) = where

1 kK O 0
ki ko ki O ..
0 k k k 0
w=| " ", (7)
0 ki ko Kk
0 0 Kk 1

ko = 1+ ¢2, ky = —¢;. Note that the matrix (7) is defined for any ¢;, not necessarily for
1] < 1.

4.1.2 AR(2)

Let € = (£0,&1,...,&w) " follows the AR(2) process

§ =&+ 0+e; (1=2,...,W) (8)

where ¢; are i.i.d. N(0,1) and &; are N'(0,0?) for all j = 0,...,W; here 0% = (1 — ¢»)/[(1 +
d1— o) (1 —d1 — d2) (14 ¢2)]. The conditions of stationarity are ¢o+|d1| < 1 and |¢po| < 1. The
region of stationarity of the AR(2) model is depicted in Figure 1. The inverse of the covariance

matrix X is a five-diagonal matrix 7' = W = (w;;)}"_, where
1 ki ke 0 0 O
ke ki ko ki ke O
wo | , (9)

0 ke ki ko k1 ko
kl k22 k12
0 0 0 kg ko 1

jan}

o

T
N




]{50 =1 + Qﬁ + Cb%, kl = —¢1 + ¢1¢2, kz = —gbg, kﬁlg = ]{?21 = —¢1, k’QQ =1 + QS% The matrix (9)
is defined for any ¢, and ¢,.

P2

(0,1)

(—2,-1) (2,-1)

b1

Figure 1: Region of stationarity of the AR(2) model and critical points

4.2 Inverses of autocovariance matrices and their generating func-
tions

Let W = ¢! = (w;;)V_,, where X is the autocovariance matrix of AR(p) with some p > 0,
) /1,7=0

and c is chosen so that wgo = 1 like in (7) and (9). Recall that the matrix W is banded.
Consider the relation between diagonals of W and their gf. Denote wy(t) dof G diag, (W) (1),
t € C. For k > 0, an explicit formula for wy, is wg(t) = Zjvzgk w; ikt

4.2.1 Generating function of a vector of ones
Below we shall frequently use the following gf. Let ¢y = (1,...,1)"T € RM*1 Then
1— tM+1

1—-1

Cu®)E G, () =14... +tY =

The following convenient formula connects polynomials Cpyyx(t) and Cys(t) with £ > 0:
Care(t) = t*Cu(t) + Coa(2). (10)

4.2.2 AR(1)

Consider the AR(1) model (6) with regression coefficient ¢;. From (7), we have

W1 (t) = —¢1CW_1(t) and Wo(t) = CW(t) + gb%tCW_Q(t)

Applying (10) with (k,M) = (1,W — 1) and (k,M) = (1,W — 2), we obtain the following
lemma.

Lemma 3. For the AR(1) model (6),
wi(t) = =1 Cwoi(t), wo(t) = tCwoi1(t) + 1+ ¢7(Cw-1(t) — 1). (11)

8



4.2.3 AR(2)
Consider the AR(2) model (8) with regression coefficients ¢; and ¢,. From (9), we obtain

)
Wy (t) = =2 Cw (1),
wi(t) = =1 Cw_1(t) + P12t Cr_3(t),
wo(t) = Cw (t) + ¢TtCrr_o(t) + ¢5t>Coyr_u(t).

Applying (10) with k =1, M = W =3, W —2 and with k =2, M = W — 4, W — 2, we
obtain the following lemma.

Lemma 4. For the AR(2) model (8),
wa(t) = —d2Cw (1),

Wl(t) = —¢1(tCW,2(t) + 1) + ¢1¢2<CW72(75) - 1), (12)
Wo(t) = 2Cuy5(t) + £ + 1 + 64 Cua(t) + 62(Ciw o(t) — (¢ + 1),

5 Studying existence of solutions to the problem of blind
deconvolution for the matrices proportional to inverses
of covariance matrices in autoregressive models

For given square matrices A and B, we denote a;(t) = Gaiag,(a)(?) and b;(t) = Gaiag, ) ().

5.1 AR(1)

Theorem 2. Let W > 2 and the matric W be defined by (7). There exist symmetric matrices
A = (ai7]~)fj:0 and B = (bz‘,j)szo with A, B > 1 such that W = A B, if and only if |¢1] = 1.

Proof. Assume that W = A % B. Since W is 3-diagonal, in view of Corollary 3 and the
assumption of symmetry of A and B, we can only consider the case when A is 3-diagonal and
B is diagonal.

From (4) we obtain

Wl(t) = al(t)bo(t), Wo(t) = ao(t)b()(t), vVte C. (13)

Since ¢1 # 0, from the left equalities in (11) and (13) we deduce that all the roots of Cy ()
are the roots of aj(t)by(t). Since B > 1, at least one of the roots of Cy_1(t) is a root of by(?).
Let t; € C be such root.
Suppose that |¢1]| # 1. From the second equality in (13) we have wy(t1) = 0 but the second
equality in (11) yields wy(t;) = 1 — ¢? # 0. This contradiction proves the necessity of |¢;| = 1.
Assume now |¢;| = 1 so that ¢; = £1. In this case, wo(t) = (¢t + 1)Cy_1(¢) and therefore,
taking also into account the first equality in (11), the equalities (13) become

a1()bo(t) = —¢1Cw-1(t), ao(t)bo(t) = (t 4+ 1)Cw-1(?). (14)

Represent Cyy_1(t), which is a polynomial of degree W — 1 > 1, as a product of two non-zero
polynomials p(¢) and q(t):

Cw-1(t) = p(t)a(t) . (15)

9



Here the polynomial p(¢) can be a constant and q(t) has degree at least 1. Then we can choose

bo(t) = a(t), ao(t) = (1 +1)p(t) and ai(t) = —¢1p(t) . (16)
0

Assume |¢1| = 1. Let us count the number of different deconvolutions W = A B assuming
ago = bpo =1 (for any A and B and any A # 0, we have A «* B = A’ « B’ with A’ = AA and
B’ = B/)). This is equivalent to counting the number of different splits (15) of Cy_1(t) =
1+t+...+t"~1into a product of polynomials p(¢) and q(¢) with real coefficients, where
p(0) = q(0) = 1, the degree of p(t) is arbitrary and q(¢) has degree at least 1. Let us show that
this number of splits is 2 — 1, where M = |W/2].

Assume first that W — 1 is even; that is, W — 1 = 2M. In this case, all roots of Cy,_1(¢)
are complex roots of unity and therefore Cy,_;(¢) is a product of M different quadratic forms
which have no real roots. Hence, the total number of required splits (15) is 2M — 1.

Assume now that W — 1 is odd; that is, W = 2M. Then Cy,_;(t) has one real root (which
is —1) and 2M — 2 complex ones. Therefore Cy,_1(t) is a product of ¢t + 1 and M — 1 quadratic
forms with no real roots. Once again, the total number of required splits (15) is 2M — 1.

Note that if we additionally require, as we do in Section 6, that the polynomials p(¢) and
q(t) in (15) have non-negative coefficients, then the total number of eligible splits becomes
H (W), the number of different ordered factorizations of W into primes, see [15].

5.2 AR(2)

Consider the AR(2) model (8) with regression coefficients ¢; and ¢,. We aim at identifying
matrices A and B so that (3) holds; that is, W = A xB. Since W is 5-diagonal and in view of
Corollary 2 this may only happen in the following two cases: (a) each of A and B is 3-diagonal
and (b) A is 5-diagonal and B is diagonal.

5.2.1 A and B are symmetric and both matrices are 3-diagonal

Theorem 3. Let W > 3 and the matric W be defined in (9) with ¢o # 0. Assume that the
matrices A = (a;;)i5_y and B = (b;;)2._y are 3-diagonal and A > 2, B > 1. There exist such
matrices A and B with W = A x B, if and only if either (i) ¢po = —1 and |p1| > 2 or (ii)
¢ =1 and ¢, = 0.

The proof of Theorem 3 is based on several lemmas.

Lemma 5. Under the conditions of Theorem 3, the existence of matrices A and B such that
W = A x B, implies that the polynomial w3(t) — 4wy (t)(wo(t) — 2tws(t)) is the square of a
polynomial in t.

Proof. From (4) we obtain
Wg(t) = al<t)b1(t)7 W1 (t) = ao(t)bl(t) + al(t)bo(t)7 W()(t) = ao(t)bo(t) + 2ta1(t)b1(t) (17)
For brevity, we will omit the argument ¢t. We have:

ai1by = wy, agby +aiby = wy, agby = wy — 2tws.

10



Denote y = agby, z = a;by. Then we obtain
Yy +2z=wi, yz=wy(wy — 2tws).

This means that y and z are the roots of the quadratic equation x? 4+ wyx + wy(wg — 2twy) = 0.
These roots are

wy /WP — dwo(wy — 2twsy)

X12 = B . (18)
Since the roots should be polynomials, w? — 4w, (wy — 2tws) should be a square of a polynomial
in t (recall that w; are polynomials in ). O

Lemma 6. Assume that a polynomial Poy(t) has the form
Pan(t) = (P1(t)Par—1(1))* + Qu(t)Pas—1(t) + Py

for some M > 1 (the lower indices mean polynomial degrees). If the square root of Pop(t)
exists then it has the form +P1(t)Py,_1(t) + const.

Proof. Let P1(t) = at + b, Qi(t) = dt + f. Then for v = d/(2a) we have
Par(t) = (P1()Par—1(t) +7)* + gPar—1(t) + po,
where g and pg are some constants. Let Py () = U3,(t). Denote Vi (t) = P1(¢)Par_1(t) + 7,
Da—1(t) = gPar—1(t) + po. Then
Dar—1(t) = U3, (1) = Vi, () = (Unr(t) = Var(8)) (U () + Vi (1)),

The left-hand side part in this equation is a polynomial of order M —1 or less but the right-hand
side part is either identical zero or a polynomial of order M or larger. Therefore this equality
can be valid only if Uy (t) = £V (2). O

Lemma 7. For the matrix W defined in (9) with ¢o # 0, the polynomial w?(t) — 4wy (t) (wo(t) —
2tws(t)) is a polynomial square if and only if at least one of the following relations hold:

(A) 2= =1, (B) g =1—¢1, (C) p2 =1+ ¢1.

Proof. For brevity, we will omit the polynomial argument ¢. Denote C = Cy_5(t).
Direct substitution using (12) gives

W2 — 4(Wo — 2two)Ws = (—ért + d1699)C — b1 (1 + b2))? +
Ao (12 + (9] + 2¢0)t + ¢5)C° + 4Ceo(t + 1 — ¢3(t + 1))

Consider this polynomial as a polynomial in C. By v; we denote the coefficient for C?, i = 0, 1, 2.
We have:

vo = 61(1+ ¢2)?,
vio = 2(1+ ¢2)(—¢7(ga — 1) 4+ 2¢2(t + 1)(1 — ¢)),
vo = (@] +4a)(t + $2)°

In view of Lemma 6, the determinant

Vi — Avovy = (L + ¢2)*Ga(1 + b1 — 62)(1 — b1 — d2) ((t + 1)*¢s + 1657)

should be equal to zero. The solutions of the equation v; — 4vgve = 0, with respect to ¢, are:
by = 0,—1,1 — ¢, 1 + ¢y, —te?/(1 + t)?. The root ¢ = 0 is inappropriate, since ¢y # 0 by
the definition of AR(2). The root ¢o = —t¢?/(1 + t)? is inappropriate as it depends on ¢. The
proof is complete. O
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Proof of Theorem 3. In view of Lemmas 5 and 7, matrices A and B such that W = A « B
holds may exist only in the three particular cases indicated in Lemma 7; that is, (A) ¢ = —1,
(B) ¢a =1 —¢1, (C) ¢ =1+ ¢1. Let us consider these three cases separately.

(A) Assume ¢y = —1. Then

Wg(t) = CW_2<t), W1 (t) = —¢1CW_2(t)(t + 1), Wo(t) = CW_Q(t)(t2 + Qﬁt + 1)
From (12) and (17) we then have:

al(t)bl (t) = CW_Q(t),
ap(t)b1(t) +a1(t)bo(t) = =1 Cw_a(t)(t + 1), (19)
ao(t)bo () + 2tay ()b (t) = Cw_o(t)(1* + G5t + 1).

Since polynomials ag(t) and by (t) have one degree higher than the polynomials a;(t) and by (#)
respectively, a;(t)by(t) = Cy_2(t) and ag(t)by(t) contains Cy_o(t) as a multiplier, we obtain
that ag(t) = (Ao + A1t)ai(t) and by (t) = (uo + pat)by(t) for some Mg, A1, po and py. Substituting
this into equations (19) and cancelling Cy_»(t), which is a common multiplier in all equations,
we obtain the following two equations for Ao, A1, po and pq:

{ (o + pat) Do + Mt) = 2 =2+ ¢ +1
(o + pat) + Ao + Mit) = —(t+ 1)y

Equating the coefficients of the two polynomials in ¢ we find that there are no solutions for
Ao, A1, o and pg when |¢1] < 2. On the other hand, there are the following solutions when
|p1] > 2: let

B RV i T R VA
1 = Z9 = (20)
2 2
be two solutions of the equation 22+ ¢, z+1 = 0, then we can choose either jig = \; = 21, Ao =
1 = 23 O lig = Ay = 29, A9 = i1 = 21. This gives the required expressions for ag(t), ai(t),
bo(t) and by(t), see Corollary 4.
(B) Assume ¢ = 1 — ¢1. Then the equations (12) become

a1(t)b1(t) = —(1 — ¢1)Cw—2(?),
ap(t)b1(t) + a1 (t)bo(t) = =1 (tCw—2(t) + 1) + ¢1(1 — ¢1)(Cw—2(t) — 1), (21)
ao(t)bo (1) +2ta1 (t)by (1) = t*Cy o () +1 4+ 1401 Co (1) +(1=¢1)*(Cw 2 (t) — (t+1)).

Using the expression (18) for the products ag(t)by(t) and ai(t)bg(t), we obtain a;(t)by(t) =
(1 —¢1)(t+ 1)Cw_2(t) as one of the two roots given by (18). Similar to the case (A), from the
first equation in (21) we obtain by (t) = —(1 + t)b;(¢). Take any root t; of a;(¢) and substitute
it into the second equation in (21). Since the roots of a;(t) consist of the roots of Cy _5(t), we
obtain ¢(2 — ¢1) = 0. The solution ¢; = 0 implies ¢, = 1 and ¢; = 2 gives ¢ = —1. The case
¢1 = 2, ¢ = —1 gives a solution described above in the case (A). In the case ¢; = 0,y = 1 we
have solutions to (17) obtained from arbitrary splitting

Cw—2(t) = p(t)a(t) (22)
of Cyy_5(t) into a product of two non-zero polynomials p(t) and q(t) and setting
ag(t) = (1 +1)p(t), a1(t) = p(t), bo(t) = (1 +¢t)q(t) and by (t) = —q(t). (23)
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(C) Assume ¢ = 1 + ¢1. The equations (12) become

a1 (t)b1(t) = —(1 + ¢1)Cw—a (1),
ao(t)bl (t) + al(t)bo(t) = —¢1 (tCW_Q(t) + 1) + ¢1(1 + ¢1)(CW_2(t) — 1),
ao(t)bo(t) + 2ta; ()b (t) = *Coy_a(t) +t + 1 + ¢*tCyy_o(t) + (1 + ¢1)*(Cw—_a(t) — (t + 1)).

One of the two solutions for aj(t)bg(t) is ai(t)bo(t) = Cw_o(t + (¢ + 1)?). Similarly to the
above we obtain ¢;(2 + ¢1) = 0. The solution ¢; = 0 gives ¢ = 1 and hence the same set of

solutions to equations (12) as in Case (B). The solution ¢; = —2 gives ¢ = —1 and is covered
in Case (A). O
Corollary 4. Summarizing the findings in case (i) of Theorem 3, when ¢o = —1, the solulions

to (17) exist when |¢1| > 2 and can be constructed as follows: make an arbitrary split (22) of
Cw_2(t) into a product of two non-zero polynomials p(t) and q(t), set a;(t) = p(t), bi(t) = q(t)
and

: ap(t) = (22 + 21t)p(?) ap(t) = (21 + 22t)p(t)
cither { bolt) — (41 + mb)a(t) { bolt) = (22 + 218)a(t). (24)

where zy and zo are defined in (20).

5.2.2 A is symmetric and 5-diagonal, B is diagonal

Theorem 4. Let W > 4 and the matrix W be defined in (9). There exist matrices A =

(aij)iizg and B = (b;;)P;_y with A > 2 and B > 2, where A is 5-diagonal and B is diagonal,

such that W = A x B if and only if either (a) ¢po = —1 or (b) ¢1 =0 and ¢y = 1.
Proof. Assume that W = A x B. From (4) we obtain

wa(t) = as(t)bo(t), wi(t) = a1 (t)bo(t), wo(t) = ag(t)bo(t), Vit e C. (25)

Since ¢o # 0, from the left equalities in (12) and (25) we deduce that all the roots of Cy_5(t)
are the roots of as(t)bg(t). Since by assumption B > 2, at least two of the roots of Cyy_»(t) are
the roots of by(t). Let t; and ¢ be two of these roots.

Suppose that the conditions on ¢; and ¢, are not fulfilled. From the second equality in (12),
w1 (t;) = 0 but the second equality in (25) yields wy(t;) = —¢1(1+ ¢2), ¢ = 1,2. From the third
equality in (12) wy(t;) = 0 but the third equality in (25) yields wo(t;) = (1—¢2)(t;+1),i = 1,2.
This is possible only in the cases (a) ¢ = —1 and (b) ¢1 = 0, ¢ = 1. This contradiction proves
the necessity of the conditions on ¢ and ¢s.

Assume (a): ¢ = —1. Then

wa(t) = Cw_a(t), wi(t) = =1 (Cw—a(t)(t + 1), wo(t) = Co—a(t)(t* + ¢Tt + 1).
Therefore,

ag(t)bo(t) = Cw_o(t)(t* + 41t + 1),
—¢1(Cw—2(t)(t+ 1),
ag(t)bo(t) = CW_Q(t).

[«5)
flary
—~
~
~
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o
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Let Cyw_o(t) = p(t)q(t), where p(t) is a non-zero polynomial of any degree including 0 and q(¢)
is a polynomial of degree at least 2. Then we can choose

bo(t) = q(t), ax(t) = p(t), a1(t) = —¢u(t + 1)p(t) and ag(t) = (¢* + ¢it + 1)p(t). (26)

Now assume (b): ¢; = 0, ¢ = 1. Then

wy(t) = —Cy_o(t), wi(t) =0, wo(t) = (t* + 1)Cy_(t).
Therefore,
a0(t)bo(t) = (£ + 1)Cir_a(t), ar(t)bo(t) = 0, as(t)by(t) = —Cyr_a(?).

Again, let Cyy_»(t) = p(t)q(t) with the same assumptions on p(¢) and q(t). Then we can choose
bo(t) = q(t), ax(t) = —p(t), ai(t) = 0 and ap(t) = (£ + 1)p(¢). (27)
0

Remark 2. For technical reason, Theorem 4 does not cover the case B = 1. This case can be
treated separately as follows. First, similarly to the discussion in Section 5.1, the polynomial
Cw_2o(t) is divisible by a polynomial q(t) = bo(t) of degree 1 with real coefficients if and only
if W is odd; this polynomial is bo(t) = A1 4+ t) with A # 0. Consider, for odd W, the
equalities (12) and (25). The first and third equalities in (12) show that ag(t) = wo(t)/bo(t)
and as(t) = wy(t)/bo(t) are polynomials for arbitrary values of ¢1 and ¢o. However, the second
equality in (12) implies that a;(t) = wy(t)/bo(t) is a polynomial if and only if wi(—1) = 0, that
is, either ¢o = —1 or ¢1 = 0 (in the latter case, a1 (t) =0).

Remark 3. The main steps in the proofs of Theorems 2 and 4 is calculation of remainders
of division of wy(t) by Cw_,(t), where p =1 and k = 0 for AR(1) and p =2 and k = 0,1
for AR(2). Indeed, denote such a reminder as ri(t) and B roots of bo(t), which are also the
roots of Cyw—_,(t), as t1,...,t, (these roots exist since B > p). Then wg(t;) = ri(t;) for any
i=1,...,p. If p is larger than the degrees of the remainders r(t) for each k, then {t;}\_, are
the roots of wi(t) if and only if the remainders ri(t;) are zero. This is the case of Theorem 2
and Theorem 4.

Remark 4. Theorems 2, 8 and 4 show that for stationary AR(1) and AR(2) models the de-
convolution W = A x B with A, B > 2 cannot be performed as the necessary and sufficient
conditions in these theorems contradict to the stationarity conditions. However, in view of Re-
mark 2, if W is odd and B = 1 then the deconvolutions W = A x B exist when ¢1 = 0 and ¢o
s arbitrary.

6 Construction of non-negative definite matrices A and B
such that W = A «x B

In this section, we additionally assume that symmetric matrices A and B such that AxB =W
are non-negative definite. The matrix W is as in the previous section; that is, it is given by
either (7) or (9).
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6.1 AR(1)

Assume that W has the form (7). Under the conditions of Theorem 2, symmetric matrices A
and B with W = A x B exist if and only if |¢;] = 1. A general method of construction of such
A and B for ¢; = £1 is given by formulas (15) and (16) at the end of the proof of Theorem 2
in terms of the gf of the two diagonals of A and one diagonal of B (recall that the matrix B is
diagonal).

In the present case, where we require matrices A and B to be non-negative definite, we
need the following lemma.

Lemma 8. Let A > 1 be a positive integer and p(t) = co + c1t + ... + ca ot 2 + cp_1t47!
be a polynomial of degree A —1 > 0. Consider a symmetric 3-diagonal matricx A = (am)f}jzo
defined by (16); that is, a matriz with the gf of the main diagonal ag(t) = (t+ 1)p(t) and the gf
of the first diagonal a\(t) = Gaiag,(a)(t) = Bp(t), where 3 = £1. For this matriz and for any

vector z = (zg,...,24)" € R we have

A-1

z' Az = Z ci(z + Bziy1)?. (28)

1=0

Proof. Since ag(t) = (t 4+ 1)p(t), the diagonal elements of A are a;; = ¢; + ¢;—1, where i =

0,1,...,A and we set c_.; = c4 = 0. The elements on the first diagonal of A are a;;+1 = B¢;
(i=0,1,...,A—1). We also have a;,41 = a;41,; and a; ; = 0 for | — j| > 1. Therefore, for any
z = (20,...,24)" we obtain
A A-1 A-1 A-1
ZTAZ = Z 2l 25 = COZ(%+CA713,QLX+Z ZZ-2<61;1 +Cl)—|—2ﬁ Z CiZiZit1 = Z ci(zi+ﬁzi+1)2 .
i,j=0 i=1 =0 =
O

Theorem 2 and Lemma 8 with § = —¢; yield the following corollary.

Corollary 5. Let W > 2 and the matriz W be defined by (7). There exist non-negative definite
symmetric matrices A = (a;;)i5_o and B = (by;)P,_, with some A, B > 1 such that W = AxB
if and only if |¢1] = 1 and both polynomials p(t) and q(t) in (15) are non-constants and have
non-negative coefficients.

Proof. Tt follows from (28) that the matrix A defined in Lemma 8 is non-negative definite if
and only if all coefficients ¢; of the polynomial p(¢) are non-negative. Since B is diagonal, from
the first equation in (16) we obtain that B is non-negative definite if and only if all coefficients
of the polynomial q(t) are non-negative. O

Since the polynomial p(¢) in (15) can have zero degree (this would correspond to a 2 x 2
matrix A), the split (15) with both polynomials having non-negative coefficients, can always
be made. If we assume A > 1, then both polynomials p(¢) and q(¢) in (15) have to have
degree at least one and the problem of construction of non-constant polynomials p(t) and q(t)
with non-negative coefficients such that (15) holds becomes more difficult. This problem was
studied in [15]. Theorem 1 in [15] states that, under the additional condition p(0) = 1, if such
polynomials exist then all their coefficients are either zeros or ones. Corollary 3 in [15] implies
that such polynomials exist if and only if W is not prime. Paper [15] also provides different
schemes of construction of such polynomials p(t) and q(t) for composite W.
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6.2 AR(2): A and B are symmetric and both matrices are 3-diagonal

In view of Theorem 3 we need to consider the following two cases only: (i) ¢o = —1 and |¢;]| > 2
and (i) ¢ = 0, ¢y = 1.

In case (i), when ¢o = —1 and |¢1] > 2, the way of constructing solutions to (17) is
described in Corollary 4. Under the additional assumption |¢| = 2 we have for zj, z; from

(20): 2y = 29 = —1 for ¢ =2 and z; = 25 = 1 for ¢; = —2. Similarly to Corollary 5, Lemma 8
and Corollary 4 yield the following.

Corollary 6. Let W > 2 and the matric W be defined by (9) with |¢1] = 2 and ¢y = —1.
Make a split (22) of Cy_2(t) into a product of two polynomials p(t) and q(t) with non-negative
coefficients. Define 3-diagonal matrices A and B by the following gf of their diagonals: ag(t) =
(1+6)p(t), bo(t) = (1+8)a(t), a1(t) = Bp(t) and by(t) = Ba(t), where B — —n /2 = —sign(6y).
Then both matrices A and B are non-negative definite and W = A x B.

If |¢1] > 2 it does not seem possible to find a general scheme of construction of non-negative
definite matrices A and B satisfying W = A x B.

In case (i), when ¢; = 0,¢2 = 1, general solutions to (17) are obtained from (22), an
arbitrary splitting of Cy_5(t) into a product of two polynomials p(¢) and q(¢) and using (23).
Similarly to Corollary 5, Lemma 8 yields the following: to guarantee that A and B are non-
negative definite we simply make an additional requirement that the polynomials p(¢) and q(t)
in (22) have non-negative coefficients. Lemma 8 again justifies the non-negative definiteness of
A and B.

Similarly to the discussion at the end of Section 6.1, we may use the results of [15] for estab-
lishing the existence of non-constant polynomials p(¢) and q(¢) with non-negative coefficients
in (22) and the building schemes for the corresponding matrices A and B of size larger than
2 x 2. The required non-trivial split (22) into non-constant polynomials p(¢) and q(t) with
non-negative coefficients exists if and only if W — 1 is a composite number.

Remark 5. The particular cases of the AR(2) model considered in this section (where the
deconvolution W = A x B can be performed and A and B are non-negative definite 3-diagonal
matrices) are exactly the cases where the pairs of parameters (¢1, ¢2) of the AR(2) model are
at critical points of the region of stationarity of the AR(2) model, see Figure 1.

6.3 AR(2): A is symmetric and 5-diagonal, B is diagonal

Similarly to the results above, it can be shown that a 5-diagonal symmetric matrix A with
gf of the three diagonals as(t) = p(t), a;(t) = Bi(t + 1)p(t) and ag(t) = (t* + % + 1)p(t) is
non-negative definite if the coefficients of the polynomial p(¢) are non-negative and |5]| < 1.
This implies that, if the polynomials p(¢) and q(¢) have non-negative coefficients then the two

constructions of Theorem 4, (26) and (27) with |¢;| < 1, lead to non-negative definite matrices
A and B.

7 Non-existence of the deconvolution W = AxB for a
stationary AR(p) model with general p and diagonal B

Consider the AR(p) model in the form )" ja;&,—; = €,, where De, = 1 and o, # 0. This
notation is connected to the basic notation in the form &, = >7_, ¢,&,,—;+¢, by simple relations
ag =1 and a; = —¢; for ¢ > 0.
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Let X be the autocovariance matrix of this AR(p) process. In accordance with [24] and [23,
Eq. 10], the matrix W = 37! has the form of a symmetric (2p + 1)-diagonal matrix with

anqil(()”) Omtm)i—j| for max(i, j) < p;
511107]' A Oy |i—j| for maX(iaj) 2P, mln(l’]) sW- b |Z - ]| —he v

Zmin(Wfi,ij)

) O O ji—j| for min(i, j) > W — p;

0, otherwise,

where 7,7 =0,...,W.

One of the stationarity conditions for the AR(p) model is |¢,| < 1, see e.g. Jury’s test of
stability [25, Section 3.9]. In this section, we will show that if |¢,| < 1 then the deconvolution
(3) is impossible under the assumption that the matrix B is diagonal and has a size larger than
D XDp.

In the same manner as before, we can express the diagonals of W through the gf Cp(t) of
vectors (1,...,1)T € RM* with M =W —2p, W —2p+1,... . W:

p—k

wy(t) = Z iipit' Cw—oig, k=0,...,p. (29)
i=0

For example, w,(t) = —¢,Cp_,(1).

The expressions for wy(f) in terms of Cy_,(¢) play an important role for obtaining the
results for AR(1) and AR(2). In particular, Theorems 2 and 4, where either A or B in the
deconvolution W = A x B is diagonal, are based on the consideration of remainders of division
of wy(t) by Cw_,(t) for k =0,1 and AR(1) and k£ =0,1,2 and AR(2), see Remark 3.

It follows from (29) that w,(t) is proportional to Cy_,(t) for any p. Therefore, it can
be proved, similarly to the proofs of Theorems 2 and 4, that a necessary condition for the
possibility of deconvolution W = A x B, where B is a diagonal matrix and B > p, is zero
remainders of division of wy(t) by Cy_,(t) for £ =0,...,p — 1. The proof uses the equalities

wi(t) = ak(t)bo(t), k < p,

given in Corollary 3.
The following lemma calculates the remainders.

Lemma 9. The remainder ry(t) of the division of wy(t) by Cw_,(t) for k =0,...,p is equal to

1) = 3 ouusk Gy ki 1) — Coa (1) (30)

(Here we assume that C_; = 0.)

Proof. Directly follows from (29) and the equalities t'Cy_9; 1 = Cyr_i_r — C;_1 and Cyy_;_p =
tp*(”k)CW_p + Cp_k—i—1, which are particular cases of (10). O

Corollary 7.

() = 0, (31)
rp_l(t) = Oplp_1 — Q10, (32)
p— min(m,p—m—1)
ro(t) = > (@f—ap) | ™ (33)
m=0 =0
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Proof. The equality (31) is readily obtained from (30), since C_; = 0. The equality (32) is
proved by direct substitution of k =p —1 and i = 0, 1 to (30).
For the proof of (33), let us substitute & = 0 to the sum (30):

Za p—i-1(t) = Cica(t)) (34)

and then write this sum as a polynomial in ¢. By (10) we obtain for i =0,...,p

t'Cpni—1, @ < p/2,
Cpic1(t) — Cima(t) = 0, i =p/2, pis even,
—t?7Coip1, © > p/2.

Therefore,
-v/2 v |
ro(t) = Z a?t’Cp_gi_l — Z O{?tp_J C2j—p—1-
i=0 i=[(p+1)/2]

Taking 7 = p — ¢, we obtain

L(p—1)/2] L(p—1)/2] p—i—1
rg(t) = Z (Oé2 — Oé )t Cp 2i—1 — Z (OZZ2 — O{Z_i) Z t™.
i=0 i=0 m=i
The equality (33) is derived from this expression by regrouping the terms. O

Remark 6. It can be easily checked that the remainders, which have been calculated in the
course of proofs of Theorems 2 and 4, can be deduced from Corollary 7. For AR(1), we have

r(t) = 1—¢3 = a2 — 3. For AR(2), we have ri(t) = —é1(1 + ¢2) = oy — aja and
Iro( ) =1 —=@3)(t+1)=(ag —a3)(t+1).

It follows from Corollary 7 that one of the necessary conditions of existence of the decom-
position W = A x B for the case of a diagonal B with B > p is ¢, = £1 (the coefficient in
front of #~! in (33) is equal to af — a2 = 1 — ¢2 and should be equal to 0). This contradicts
to |¢p| < 1, a necessary condition for the stationarity of AR(p). Therefore, for the matrix W
corresponding to a stationary AR(p) model, the deconvolution (3) cannot be performed.

8 Conclusion

We have considered the problem of matrix blind deconvolution; that is, finding matrices A
and B so that for a given matrix C we have C = A x B. We have concentrated on the class
of matrices C proportional to the inverse autocovariance matrices of autoregressive processes.
We have shown that the existence of the deconvolution of these matrices is equivalent to the
possibility of an equivalent representation of a vector HSLRA in the form of a matrix HSLRA.
We have indicated the implications of this fact for the method of Monte-Carlo SSA, which uses
elements of HSLRA in the case of red noise.

In the cases of autoregressive models of orders one and two, we have fully characterized
the range of parameters where such deconvolution can be performed and provided construction
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schemes for performing deconvolutions. We have also considered stationary autoregressive
models of order p, where we have proved that the deconvolution C = A % B does not exist if
the matrix B is diagonal and its size is larger than p.

We obtain an interesting and rather surprising theoretical fact: exact deconvolution of
inverse autocovariance matrices corresponding to a stationary autoregressive noise can never
be performed exactly. There are several particular cases when such deconvolution is possible
but in all these cases the stationary conditions are violated. Moreover, in the most interesting
special cases, where the deconvolution is possible, the values of coefficients of the autoregressive
models lie on the boundary of the stationarity conditions.

Besides the theory, there are important implications of our results for applications of the
HSLRA, SSA and related subspace-based methods for time series analysis. In particular, the
results of this paper explain why, in the case of stationary autoregressive noise, the problem of
finding the optimal weights in the matrix form of the HSLRA can be solved only approximately.

There are many extensions of the HSLRA and SSA from time series to systems of time series,
digital images and system identification problems; see [4, 5] for HSLRA and [10, Chapt. 4,5] for
SSA. Hence the present paper can also be used as the basis for constructing similar theoretical
foundations for a wider range of the problems.

Acknowledgments

The authors are grateful to the referee for useful comments.
The research was supported by RFBR, project number 20-01-00067.

References

[1] D. Kundur, D. Hatzinakos, Blind image deconvolution, IEEE Signal Processing Magazine
13 (3) (1996) 43-64. do0i:10.1109/79.489268.

[2] O. Michailovich, A. Tannenbaum, Blind deconvolution of medical ultrasound images: A

parametric inverse filtering approach, IEEE Transactions on Image Processing 16 (12)
(2007) 3005-3019. doi:10.1109/TTP.2007.910179.

[3] M. T. Chu, R. E. Funderlic, R. J. Plemmons, Structured low rank approximation, Linear
Algebra and its Applications 366 (2003) 157-172. doi:10.1016/50024-3795(02)00505-0.

[4] T. Markovsky, Low Rank Approximation: Algorithms, Implementation, Applications, 2nd
Edition, Springer, 2019. doi:10.1007/978-1-4471-2227-2.

[5] I. Markovsky, J. Willems, S. Van Huffel, B. De Moor, Exact and Approximate
Modeling of Linear Systems, Society for Industrial and Applied Mathematics, 2006.
do0i:10.1137/1.9780898718263.

[6] J. Gillard, A. Zhigljavsky, Optimization challenges in the structured low rank approxima-
tion problem, Journal of Global Optimization 57 (3) (2013) 733-751. doi:10.1007/s10898-
012-9962-8.

19



[7]

[10]

[11]

[12]

[13]

[19]

[20]

[. Markovsky, K. Usevich, Software for weighted structured low-rank approxima-
tion, Journal of Computational and Applied Mathematics 256 (2014) 278 — 292.
d0i:10.1016/j.cam.2013.07.048.

N. Zvonarev, N. Golyandina, Modified Gauss-Newthon method in low-rank signal estima-
tion, arXiv:1803.01419.
URL https://arxiv.org/abs/1803.01419

J. A. Cadzow, Signal enhancement: a composite property mapping algorithm, IEEE Trans.
Acoust. 36 (1) (1988) 49-62. doi:10.1109/29.1488.

N. Golyandina, A. Korobeynikov, A. Zhigljavsky, Singular spectrum analysis with R,
Springer, 2018. doi:10.1007/978-3-662-57380-8.

N. Golyandina, Particularities and commonalities of singular spectrum analysis as a
method of time series analysis and signal processing, WIREs Computational Statistics
n/a (n/a) (2020) e1487. doi:10.1002/wics.1487.

J. Gillard, A. Zhigljavsky, Stochastic algorithms for solving structured low-rank matrix
approximation problems, Communications in Nonlinear Science and Numerical Simulation
21 (1-3) (2015) 70-88. d0i:10.1016/j.cnsns.2014.08.023.

N. Zvonarev, N. Golyandina, Iterative algorithms for weighted and unweighted
finite-rank  time-series approximations, Stat Interface 10 (1) (2017) 5-18.
d0i:10.4310/SI1.2017.v10.n1.al.

G. 1. Allen, L. Grosenick, J. Taylor, A generalized least-square matrix decompo-
sition, Journal of the American Statistical Association 109 (505) (2014) 145-159.
doi:10.1080/01621459.2013.852978.

A. Zhigljavsky, N. Golyandina, S. Gryaznov, Deconvolution of a discrete uniform distribu-
tion, Stat Probabil Lett 118 (2016) 37-44. do0i:10.1016/j.spl.2016.06.006.

M. Allen, L. Smith, Monte Carlo SSA: Detecting irregular oscillations in the presence of
colored noise, J. Clim. 9 (12) (1996) 3373-3404. doi:10/cpzch3.

R. M. Allen, W. A. Robertson, Distinguishing modulated oscillations from coloured noise
in multivariate datasets, Clim Dynam 12 (11) (1996) 775-784. doi:10.1007/s003820050.

M. Palus, D. Novotnd, Detecting modes with nontrivial dynamics embedded in colored
noise: enhanced Monte Carlo SSA and the case of climate oscillations, Physics Letters A
248 (2) (1998) 191-202. doi:10.1016/S0375-9601(98)00675-6.

M. Palus, D. Novotna, Enhanced Monte Carlo Singular System Analysis and detection of
period 7.8 years oscillatory modes in the monthly NAO index and temperature records,
Nonlinear Processes in Geophysics 11 (5/6) (2004) 721-729. doi:10.5194/npg-11-721-2004.

G. T. Jemwa, C. Aldrich, Classification of process dynamics with Monte Carlo sin-
gular spectrum analysis, Computers & Chemical Engineering 30 (5) (2006) 816-831.
d0i:10.1016 /j.compchemeng.2005.12.005.

20



[21] S. Jevrejeva, J. C. Moore, Singular spectrum analysis of Baltic Sea ice conditions and
large-scale atmospheric patterns since 1708, Geophysical Research Letters 28 (23) (2001)
4503-4506. doi:10.1029/2001GL013573.

22] C. Xu, D. Yue, Monte Carlo SSA to detect time-variable seasonal oscillations
from GPS-derived site position time series, Tectonophysics 665 (2015) 118-126.
d0i:10.1016/j.tect0.2015.09.029.

[23] P. Shaman, An approximate inverse for the covariance matrix of moving average and
autoregressive processes, Ann. Statist. 3 (2) (1975) 532-538. do0i:10.1214/a0s/1176343085.

[24] M. M. Siddiqui, On the inversion of the sample covariance matrix in a stationary autore-
gressive process, Ann. Math. Statist. 29 (2) (1958) 585-588. doi:10.1214 /aoms/1177706636.

[25] E.I. Jury, Theory and application of the Z-transform method, Wiley, New York, NY, 1964.

21



