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Abstract As a first step, we provide a precise mathematical framework for the class of control problems with delays (which
we refer to as the control problem) under investigation in a Banach space setting, followed by careful definitions of the key
properties to be analyzed such as solvability and complete controllability. Then, we recast the control problem in a reduced form
that is especially amenable to the innovative analytical approach that we employ. We then study in depth the solvability and com-
pleteness of the (reduced) nonlinearly perturbed linear control problem with delay parameters. The main tool in our approach
is the use of a Borsuk—Ulam type fixed point theorem to analyze the topological structure of a suitably reduced control problem
solution, with a focus on estimating the dimension of the corresponding solution set, and proving its completeness. Next, we
investigate its analytical solvability under some special, mildly restrictive, conditions imposed on the linear control and nonlinear
functional perturbation. Then, we describe a novel computational projection-based discretization scheme of our own devising
for obtaining accurate approximate solutions of the control problem along with useful error estimates. The scheme effectively
reduces the infinite-dimensional problem to a sequence of solvable finite-dimensional matrix valued tasks. Finally, we include
an application of the scheme to a special degenerate case of the problem wherein the Banach—Steinhaus theorem is brought to
bear in the estimation process.
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1 Introduction

Linear control problems with nonlinear functional perturbations are of great interest in modern studies owing to their nontriv-
ial mathematical structure and wide applications in diverse fields. Of special interest are nonlinearly perturbed control problems
[11, 25, 26] with delay parameters, modeling some real situations in widely used remote control systems. The solvability and
reliability of such control problems strongly depends on the topological structure [1, 3, 4, 8, 10, 11, 17, 15, 23] of the cor-
responding solution set, its completeness and stability. Here we study in detail the solvability, completeness and topological
structure of the corresponding solution set for a suitably reduced linear control problem with nonlinear functional perturbation,
depending on delay parameters, using generalized fixed point [9, 18, 19, 20, 21, 22] theory, which enabled us to advance the body
of knowledge found in the literature. We investigate its classical analytical solvability under some special nonlocal conditions
[2, 7], imposed on the linear control and nonlinear functional perturbation, and study the feasibility of a naturally related control
problem computational scheme, based on the classical projection discretization method, which reduces the infinite dimensional
problem to a sequence of solvable finite dimensional matrix valued tasks. The solvability and completeness of the (reduced)
nonlinearly perturbed linear control problem with delay parameters is studied in detail making use of a Borsuk—Ulam type fixed
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point theorem that is particularly well-suited for analyzing the general topological structure of certain kinds of reduced control
problem solutions, with a focus on estimating the dimension of the corresponding solution set, and proving its completeness.
We also investigate the related classical analytical solvability under some special, mildly restrictive, conditions imposed on the
linear control and nonlinear functional perturbation. As its application oriented part there is described a novel computational
projection-based discretization scheme for obtaining accurate approximate solutions of the control problem along with useful
error estimates. The numerical scheme effectively reduces infinite-dimensional problem to a sequence of solvable finite dimen-
sional matrix valued tasks. In addition, we include an application of the scheme to a special degenerate case of the problem
wherein the Banach—Steinhaus theorem is brought to bear in the estimation process.

2 Control problem: controllability and solution set analysis

We begin by describing our control as a mathematical problem [5, 11, 13, 24, 26] posed in Banach spaces. Let AC(]0, 1]; X)
be the space of absolutely continuous differentiable functions on the closed interval [0, 1] C R, taking values in a Banach space
X, L ([0,1]; Y) be the space of essentially bounded functions on [0, 1] C R with values in a Banach space Y, and L, ([0, 1]; X)
be the space of integrable functions on [0, 1] C R with values in the Banach space X.

Consider the following second-order evolution control problem:

& —Alt)xr — B(t)u = f(t;u,z,x 0ag, &, L 0ay) (2.1)
with boundary conditions:

2(0) = o € X,#(0) = 2} € X, 2.2)
z(1) =z € X, uel,

for some control subset U C Lo ([0, 1];Y), where & := dx/dt, x o ap(t) := z(t — ap(t)) and & o a1 (t) := &(t — a1(t)) for
positive delay functions ag, a1 : [0,1] — [0, 1], satisfying the conditions ag(t) — ¢t < 0, a1(t) — ¢t < 0 for almost all ¢ € [0, 1],
A:[0,1] = £(X;X)and B : [0,1] — £(Y; X) are linear integrable maps, and f : [0,1] x Y x X* — X satisfies

19 forall #,4 € X and u € Y the map f(-,u;xz, 2 0ay,4,% o az) : [0,1] — X is measurable;
20 for almost all ¢ € [0, 1] the map f(¢,;+) : Y x X% — X is continuous;

30 there exist positive integrable functions «, 3 : [0.1] — R, such that the inequality ||f(¢;u,x,z 0 a1, @,4 o az)|| <
at)(u]] + ||z|]] + ||z o ar|| + ||Z]| + ||& o az]|) + B(t) holds for all uw € Y, all x,&,2 0 ay,& o as € X and almost all
t e 0,1].

By a solution to the problem (2.1) - (2.2) we mean a pair (z,u) : [0,1] — X x Y] such that the mapping (z,u) €
ACH([0,1]; X) x Loo([0,1];Y) satisfies for almost all ¢ € [0, 1] the control equation (2.1) and the boundary conditions (2.2).

Let U C Lo ([0,1];Y) be a suitable control subspace. Then we say that the dynamical system (2.1) - (2.2) is completely
controllable on the subspace U C Lo ([0,1];Y), if it has a solution z € AC*([0,1]; X) and u € U for all zo, 2, and z; € X.
Next, we study this controllability problem as that of describing the existence of the corresponding solution set of (2.1) - (2.2)
and its topological structure.

The problem (2.1) - (2.2) can be recast as the reduced control system

i — A(t)r — B(t)u = f(t;u,x,x0a0,&,& 0ay), (2.1a)

/Sl(l)Sl(t)B(t)udt -
0

1
So(D)ao + S1(1)zy — 21 — /Sl ftu,z,x 0 ap, &, & 0 ay)dt,
0

(2.1b)

under the constraint, where (So(t), Sy (¢) : X2 — AC*([0,1]; X) for almost all ¢ € [0, 1] is an operator solution to the uniform
linear system
i— Alt)z =0 (2.1b-)
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with Cauchy data
z(0) =z0 € X, #(0) =, € X, (2.1b-ii)

for which
z(t) = So(t)zo + S1(t)xg (2.1b-iii)

forall t € [0,1].
Now, based on the representation (2.1a) - (2.1b), one can define a linear operator A : AC1([0,1]; X) x Loo([0,1];Y) —
L1([0,1];Y) x X via the expression

1
Alz,u) = (G — A(t)z — B(t)u, / S1(1)S1(H)B(t)udt), 2.3)
0

allowing to rewrite the control problem (2.1a) - (2.1b) as the following equivalent operator equation:
A(z,u) = F(z,u), 2.4)

where F : AC([0,1]; X) x Loo([0,1];Y) — L1([0,1];Y) x X is given by

F(z,u) :== (f(t;u, 2,2 0a9,&,420ay),So(1)zo + S1(1)z( — 21 (2.5)
1
/Sl ft;u,z,x 0 ag, &, & 0 ay)dt).
0

Consequently, we need to study the structure of the solution set N (A, F) CACY([0,1]; X) X Loo([0,1];Y) of the control
problem (2.4), where the linear operator A : E; — Ej5 is assumed to be a closed, surjective mapping from the Banach space
Ey :=C([0,1]; X) x Lo ([0, 1]; V) onto the Banach space Es := L1 ([0, 1];Y) x X with naturally defined norms. The domain,
domA : =AC*(]0,1]; X) x U C E; should be chosen so that the control space U C Lo ([0, 1]; V) satisfies the condition

Loo([0,1);Y)\ ker B C U, (2.6)

where the linear operator B : L ([0,1];Y) — X acts as
Bu = /Sl(l)Sl(t)f(t;u,x, o ag, i, i o ay)dt 27

for any u € Lo ([0, 1];Y). Having assumed that the condition (2.7) holds, we easily obtain the result.
Proposition 2.1. The reduced control problem (2.4) is completely controllable .

Proof. The statement readily follows from the condition (2.6) and the second part of the expression (2.5), guaranteeing the
existence of the nontrivial solution set N'(A, F) C AC*([0,1]; X) X Lo ([0,1];Y") for the control problem (2.4). O

Consider now the mapping (2.5) and assume additionally that its domain domF =dom.A N S,.(0), where S,-(0) C F; is a
sphere of radius r > 0, centered at 0 € F;. We need the following [9, 18, 11] useful definitions.

Definition 2.2. A mapping F : E; — E» from a Banach space F; to a Banach space Fj is called .A-compact subject to a linear
operator A : E; — Fs, if it is continuous and for any bounded sets A; C dom.JF and Ay C Es the set F(A; N A1 (Ay)) C Es
is relatively compact in E5 (the empty set & is considered, by definition, compact).

Given a continuous nonlinear mapping F : E1 — Es, domF C S,.(0), and a closed, surjective linear operator A : Ey; — Fs,
one can also define the following numerical characteristics:

br = s LFC)]l e8)
e1€5,.(0) T
and
k(A) := su e Aejp =e 29
( ) EQEEQ||62||2 61€d {” 1||1 1 2} ( )
where k(A) := ||A~!|| and the operator A := Alp, /ker A is an invertible continuous linear operator from the factor-space

E;/ker A onto Es. Introduce preliminarily the following definition.
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Definition 2.3. The topological dimension of a closed compact set A C X is the number dim A := inf{k € Z, : the condition
ﬂfilz U,, = @ is satisfied for any subsets U,; € {Ua, C X} of all specially chosen subcoverings {U,, C X} of any covering
{Uy} of the set A}.

Then, using a generalized Borsuk—Ulam type fixed point theorem [9, 18], one can formulate the following result that charac-
terizes the solution set N'(A, F) C AC*([0,1]; X) X Lo ([0,1];Y) of the reduced control problem (2.4).

Theorem 2.4. Let the linear closed operator A : E1 — Es, defined by the expression (2.3), satisfy the dimension condition
dimker A > 1, the continuous mapping F : Fy — Fs, defined by the nonlinear expression (2.5), be A-compact and the
inequality k(A) < kx hold. Then the reduced problem (2.4) is solvable in the domJF C S,.(0), with a nonempty solution set
N(A,F) C ACH([0,1]; X) x Luso([0,1];Y) with topological dimension dim N'(A, F) > dim ker A — 1.

Using the above result, one can easily check that for the reduced control problem (2.4) and for any sphere S,.(0) C E1,7 > 0,
the required inequality k(.A) < kz holds under natural integral constraints on the functions «, 8 : [0,1] — R and the related
norm of the operator B : Lo ([0,1];Y) — X,j = 0,1, characterizing the control set U C L ([0,1];Y) and the related
complete controllability of the problem (2.1)-(2.2) under investigation.

Taking the statement above into account, we will study the topological structure of the solution set N'(A, F) € AC1([0, 1]; X) x
L ([0,1];Y) of the reduced control problem (2.4), when the linear operators A(t) : X — X and B(t) : Y — X,t € [0,1],
are endowed with some additional analytical structure. Namely, we consider the case, when for the closed linear operator
A(t) : X — X, t €[0,1], there exists a linear operator C(t) : X — X such that

C(t) = A(t) (2.10)
for almost all ¢ € [0, 1]. Concerning the operator family {B(¢) : Y — X : ¢ € [0, 1]}, one assumes that the induced mapping
B(t) : Loo([0,1];Y) — L1([0,1]; X), t € [0, 1], is closed and domB = U C L ([0, 1];Y) satisfies the complete controllability
condition (2.6).

3 Classical solution set analysis

Consider a slightly generalized nonlocal evolution control problem (2.1) in the following form:

x//(t) - Al(t) - B(t)u(t - h) = f(tv ’U,(t), :L'(t)v x(al (t))a (E/(t), {E/((LQ(t))), te (Ov T]v (3.1
where boundary conditions are chosen in following functional form:
z(0) + g(z) = xo, (3.2)
2'(0) + k(z) = 1, (3.3)
and
u(t) = UO(t)7 te [7h70)7 (34)

modifying those in (2.1a) - (2.1b), where A is a linear operator from a real Banach space X into itself, B : [0,7] — L(Y; X),
where Y is a real Banach space, f : [0,7] x Y x X* — X, ¢:CY([0,T],X) — X, k:C*([0,T],X) — X,a;:[0,T] —
[0,T),a;(t) <t(E=1,2),2:[0,T] — X, u(t) € Y for all admissible ¢ and xo, 21 € X.

We prove two theorems on the controllability of problem (3.1) - (3.4). In particular, we will show that the corresponding
solution set to the problem (3.1) - (3.4) is nonempty and has a nontrivial topological dimension on the control space U, thus
proving the problem controllability. For this purpose we apply the adapted controllability of semilinear control systems of the
first order with constant time-delay equation control in [16] and the classical Banach contraction mapping theorem.

In Section 3, we use the following assumption:

Assumption (A). Operator A is the infinitesimal generator of a strongly continuous cosine family {C(¢) : ¢ € R} of
bounded linear operators from X into itself.

Recall that the infinitesimal generator of a strongly continuous cosine family C(t) is the operator A : X D D(A) — X
defined by
d2
Ax = ﬁC(t)CE ‘t:(), x € D(A),

where

D(A):={z € X : C(t)x isof class C? with respect to t}.
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Let
E:={x € X: CO(t)z isofclass C* with respectto t}.

The associated sine family {S(¢) : ¢ € R} is defined by the integral expression

¢
S(t)x ::/ C(s)xds, ve€ X, teR.
0

Following [6, 16], we can derive that the mild solution z(+) to the system (3.1) - (3.4) satisfying the equation

x(t) = C(t)zo + S(t)z1 — C(t)g(x) — S(t)k(z) + / S(t — s)B(s)u(s — h)ds (3.5)
0

= C(t)xo + S(t)(z1 + bo) — C(t)g(x) — S(t)k(x) + / S(t— s+ h)B(s+ h)u(s)ds
0

t

+ / S(t — 5)f (s, u(s), (s), 2(ar (s)), ' (s), 2 (az(s))) ds, ¢ € [0,T],
0

where

0
by = / S(t—s+ h)B(s+ h)uo(s) ds.
“h

Moreover, it is clear that the function x(-) belongs to the class C* ([0, T, X).
We shall apply the notation

My = sup {[[C@H)I| +[ISOI+ IS B},
t€[0,7]
t—h
My := sup || [ S(t—s+h)B(s+ h)[S(T —s+ h)B(s+ h)]"ds||,
t€[0,7]
Ms := sup ||[S(T —t+h)B(t+ h)]*||,
t€[0,7]

where * denotes the adjoint.
Moreover, let By := C'([0,T], X) and By := C([0,T],Y).
Now, we define a real Banach space by

X : =By x By :{<$,U)ZJ)€B1,U€BQ},

endowed with the norm

1@z, W)z = ll2llB, + llull B,
Moreover, we define an operator F : X — X by
Fz,u) := (Fi(z,u), Fa(z,u)) = (y,v), (3.6)
where F; : X — Bj is given as
Fi(z,u)(t) = y(t}= C(t)xo + S(t) (21 + bo) — C(t)g(x) — S(t)k(x) 3.7)

t—h
+ { / S(t—s+h)B(s+h)[S(T—s—i—h)B(s—i—h)]*ds}W1£(m,u)

0
+ / S(t—s)f(s,u(s),z(s),x(a1(s)),z'(s), 2" (az(s))) ds, t € [0,T],
0
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F5 : X — By is defined by

P, w)(E) = olf) 1= { [S(T -t + h)B(ta: W WLz, ), i ; EOTT_;hT]] (3.8)

T—h
W=w({T)= / S(T —s+h)B(s+ h)[S(T—s+ h)B(s+ h)|"ds
0

and
L(z,u)=xr — C(T)xo — S(T)(x1 4+ bo) + C(T)g(x) + S(T)k(x) (3.9
T
- /S(T* $)f (s, u(s), 2(s), z(a1(s)), 2’ (s), 2’ (az(s))) ds.
0

Definition 3.1. The system (3.1) - (3.4) is said to be controllable over X on [0, T, if for every pair (zg,27) € E x X, z; € X
and for every ug(-) € C([—h,0],Y") there exists at least one control function u(-) € By such that with this control function on
[0, T, the corresponding mild solution x(+) to system (3.1) - (3.4) satisfies the condition z(T") = x.

To prove the controllability of system (3.1) - (3.4) we need the following result.

Theorem 3.2. The system (3.1) - (3.4) is controllable over X on [0, T)] if and only if for every initial state vo € E and a final
state xp € X, the operator F : X — X given by (3.6) - (3.9) has a fixed point, i.e. there is some (x,u) € X such that
f(xau) - (x,u)

Proof. Let the system (3.1) - (3.4) be controllable. Then there exists a control function u(-) € By, which steers the state of the
system given in equation (3.5) from z to 7. That is

T—h
xe= C(T)xo + S(T)(z1 + bo) — C(T)g(x) — )+ / S(T — s+ h)B(s+ h)u(s)ds
0
T
+/S(T— s)f(s,u(s),x(s), z(a1(s)), 2'(s), ' (az(s))) ds.
0
From the above equation and from (3.9), we obtain
T—h
/ S(T — s+ h)B(s+ h)u(s)ds. (3.10)
0

We then choose a function u(-) satisfying (3.10) as

0, te(T—hT]. (.10

u(t) = { [S(T —t+h)B(t+ h)|*W=LL(z,u), te[0,T—h],
Now, if we compare (3.11) with (3.8), we see that F5(x, u) = u. Moreover, with this control function, the corresponding solution
given in (3.5) reduces to equation (3.7). Consequently, F (z, u) = x. Therefore, F(x,u) = (x, u), i.e. F has a fixed point.
Conversely, assume now that the operator F has a fixed point, i.e., F(x,u) = (x, u) for some (z,u) € X. We want to show
that there exists some control function u(-) € By such that z(T') = z7. Since F(z,u) = (x,u) then, by (3.7) and (3.8), we
obtain the formulas

£(ty= C(t)zo + S(t) (a1 + bo) — C(t)g(x) — S(t)k(a) (3.12)
t—h

+ / S(t—s+h)B(s+h)[S(T — s+ h)B(s+h)]*ds p W L(z,u)
0
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and
[ [S(T—t+Rh)B(t+h)|* W= L(z,u), te€]0,T—h],
u(t) = { 0, te (T —nT] (3.13)
In order to get z(7T") = xp, we putt = T in (3.12) and apply (3.9). Consequently, we have
T—h
x(T)=ar — L(z,u) + / S(T —s+h)B(s+h)[S(T — s+ h)B(s + h)|*ds p W' L(2,u)
0
=xp — L(z,u) + WIW L (z,u) = zp.
Moreover, problem (3.1) - (3.4) is controllable on [0, 77, so the proof of Theorem 3.2 is complete. O

As a consequence, we show the nontriviality of the topological dimension of the corresponding solution set N (A, F).
Theorem 3.3. Suppose that:
(i) Assumption (A) is satisfied,

(ii) a; : [0,T] — [0,T] (i = 1,2) are continuous on [0,T), f : [0,T] x Y x X* — X is continuous with respect to the first
variable t € [0, T and there exists positive constants L, K1, Ko such that

4
||f(83w7Z17227Z37Z4) - f(87w7£172~2753724)”X < L(Hw - ’IZJHY + Z HZZ - 'ngX)
=1

forse [0, T, w,weY,z,2 X (i=1,23,4),
l9(y1) — 9(y2)llx < Killyr — v2ll5,

and
k(1) — k(y2)llx < Kally1 — v2|lB,,

(iv) xo € Fand x1 € X.
Then system (3.1) - (3.4) is controllable on [0, T).

Proof. We will prove that the operator F given by (3.6) - (3.9) has a unique fixed point by using the Banach contraction principle,
and the controllability follows from Theorem 3.2. Observe that

1 (y1,v1) — Fi(y2, v2)l[ B, = tes[ltl)%]{ﬂFl(yhUl)(t) — Fi(y2, va) ()| + [1F] (y1, v1)(t) — Fi(y2, v2) (t)]}-

It is easy to see that

1F1 (Y1, 01) () = F(y2, v2) ()] < s = C®)(9(y1) — 9(y2)) — SE)(k(y1) — k(y2))

t—h
+ /S(t—s+h)B(s+h)[S(T—s+h)B(s+h)]*ds WLy, v1) — L(y2,v2))
0

+ / St —5)(f(s,v1(5),51(s), y1(a1(s)), 41 (s), yi (a2(s)))
0

- f(svv2(8)7y2(8)7y2(a'1 (s))7yl2(s),y§(a2(s)))) dS”
< My(Ky + Ka)llys — 2, + 2MiTL(||yr — y2llB, + [lv1 — v2llB,)
+ Mo|WH[[My(Ky + K2)llys — yall By + 2MyTL(yr — 2|, + |1 — v2llB,)]

K1
< ZH(?JLUI) - (y27’U2>||Z£7

where
K1 =AM [(Ky + Ko + 2TL)(1 + Mao||[W 1))



194 Solvability, Completeness and Computational Analysis of A Perturbed Control Problem with Delays

Analogously,

1 FY (g1, v1) () — FY (g2, v2) ()] < %”(ylavl) — (y2,v2)[|x-

Consequently
K
|1 (y1,v1) = Fi(y2, v2)|l B, < é“(ylavl) — (y2,v2)]|x-
Also, observe that

[E2(y1,v1) = Falyz, v2)llB, = sup [[Fa(y1, v1)(8) = Fa(yz, v2) (@)

t€[0,T]
= sup [[[S(T —t+h)B(t+h)]"W(L(y1,v1) — L(ya,v2))|
te[0,T)
< Ma||W (M (Ky + Ka)llys — allB, + MiTsup || £(s,v1(5), y1(s), y1(ar(s)), y1(s), 1 (az(s)))

s€[0,T]
— f(s,02(s),y2(s), y2(a1(s)), ya(s), ya(az(s)))|)
< My M| WKy + K+ 2TL)(lyr — olls, + o1 — v2]l3,)] = 21 (g1, 01) — (92, 0) 1 x,

2
where
Ko 1= 2M M3||W 1 ||(K + Ko + 2TL).
Therefore,
| F(y1,v1) — Fy2, v2)llx = || F1(y1,v1) — Fi(y2, v2)| B, + | Fa(y1, v1) — Faly2,v2) B,
K1 K2
< 7“(91%1) — (y2,v2)|lx + ?H(ylavl) — (Y2, v2)llx < &l[(y1,v1) — (Y2, v2) |,
where

k= max{k1, K2} € (0,1).

Consequently, F : X — X is a contraction mapping, so Banach’s theorem implies that F has a unique fixed point in X.
Hence, by Theorem 3.2, the system (3.1) - (3.4) is controllable on [0, 7], which completes the proof. O

Remark 3.4. Let p € Nand ¢4,...,t, be given real numbers such that 0 < ¢; < ... < ¢, < T. Theorems 3.2 and 3.3 can be
applied for g defined by the formula

g(x) = Zcix(ti) forz € C([0,T], X)

P by

c
g(z) = = z(s)ds forx € C([0,T],X) |,
i=1 Eiti_si
where ¢; (i = 1,...,p) are given constants {and g; (i =1,...,p) are given positive constants such that t;_; < t; —e; < t; (i =
1,...,p), respectively|.
In particular, if xg = 0,p = 1,t;1 =T, c:= —c; [s = 51] , then Theorems 3.2 and 3.3 are reduced to the theorems, where

the nonlocal condition (3.2) is of the form

T

[ atsras),

T—e

#(0) = ca(T)  [2(0) =

™o

respectively. A similar remark is also true for the nonlocal condition (3.3).

4 Computational Scheme and its Stability

We are now interested in describing a feasible numerical computational scheme, based on the classical projection method and
suitable for solving the nonlinear control problem, studied above. Consider the operator equation (2.4) and denote the related
Banach space AC([0,1]; X) x Lo ([0, 1];Y) := X and the Banach space L;([0,1];Y) x X := Y. Then this operator equation
can be rewritten as

A(w) = F(w), 4.1)
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where w € X is its solution. Let now X N C X N41 C X and y}v C 37N+1 CY, N € Z,, are suitable approximating finite-

dimensional Banach subspaces, P](f )X o X N, N € Z4, and P](\}’) ;Y = Yy, N € Z, are the corresponding projectors.
Now we consider a countable sequence of equations

PY Ay = PY F(oy) 4.2)

on elements wy € Xy, N € Z , which are suitable approximations to a searched solution of equation (4.1), being in general
non-unique, as dim ker.A > 1. Note here that the projection method is called “realizable”, if the set M C X of solutions to
equation (4.1) is nonempty, and for enough large NV € Z there are nonempty sets My C Xy of solutions to equations (4.2).
The method is called “convergent” if it is realizable and there is fulfilled the condition

lim sup inf |[|on —w|lx =0. 4.3)
N—o0 BN EMN weM

It is obvious that for practical applications the realizability criteria of the projection method and its convergence are very impor-
tant, therefore we will analyze them making use of modified version of Theorem 2.4. Namely, we assume that the necessary
condition dim ker.A > 1 subject to the parameters of the whole control space U is satisfied. Then the following result character-
izes the realizability of the related computational scheme subject to the discrete approximations (4.2).

Theorem 4.1. Let a projector sequence PJ(\;’ ). Y=Yy, Ne Z , satisfy the limiting condition

lim sup ||PI(\}’)U—U||3; =0. 4.4)
N—=00 e Range(A)NRange(F)

Then for sufficiently large integers N > Ny € Z the solution sets My C Xy are nonempty and the convergence condition
(4.3) holds.

Proof. Define

1 N
M = sup  Z||PYF(in)||yy 4.5)
WNESH(0) T

- 1
kJ(AN% b= Sup = — inf {Hd}NH/’GN : PJ(\;J)A@N =0n}, (4.6)
INEYN H/UNH)}N @NEPJ(VI)D(A)

and choose such integer Ny € Z ., that dim ker(PJ(\% ) A) >1, and
kr < BN < BN < gy (4.7)
Then based on expressions (4.5) and (4.6) from condition (4.7) we obtain that for all N > Nj the following inequalities
kr < B < B0 <k y (4.8)

hold. This means that, owing to the generalized Leray—Schauder type fixed point theorem [18, 19, 20, 21, 22, 23], the sequence
of equations (4.3) has solutions for all N > N, that is all solution sets M N C X ~, IN > Ny, are nonempty, and the projection-
algebraic method itself is realizable.

Take now € > 0 and consider the neighborhood

U(M):={weD(F): u’)E/\/ilIéfD(]-‘) ||l —w||lxy <e.} (4.9)

It is evident that the closed set D (F)\U.(M) does not contain solutions to equation (4.1), and for some . > 0 the inequality

inf Aw — F =a. >0 4.10
wen @ o MW = FW)lly = e (4.10)

holds. Choose now, based on (4.4), an integer N, € Z_ in such a way that forall N > N,

sup )(I\Aw — P Awlly + ||F(w) — P Fw)lly) < a.. @.11)
weD(F

Then for all w € D(F)\U. (M) the following inequality

1Py Aw — P F(w)lly = |l Aw — F(w)||y—
~([[Aw — PY Aw|ly + || F(w) — PY F(w)lly) > ac — a. =0,

hglds, that is for N > N. there exists the imbedding M N C U (M). Since € > 0 is chosen enough small, the condition
My C U (M) forall N > N, is equivalent to that of convergence for (4.3), proving the theorem.>
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Remark 4.2. In the case when the sequences of /'?N - QENH CX,N € Z4 and )7N C )7N+1 C Y, N € Z., are Hilbert spaces
and, moreover ~ ~

Unez, An =&, Unez, In =D, 4.12)
with projectors P](f U X, P](\;”) : Y — Yn, N € Z,, being operators of orthogonal projection, the norms ||P](f )|| =1,
1P| =1,N € Z,,andforallw € X,v € Y

l|lw — P wlly =0, o — P v[|y = 0. (4.13)

lim lim
N—00 N—o0
We assume further that conditions (4.3), (4.4) are fulfilled and dim ker.A > 1. Then an analog of Theorem 4.1 about the
realizability of the projection computational scheme of discrete approximations for nonlinear operator equation (4.1) in Hilbert
spaces holds.

Theorem 4.3. For sufficiently large N € 7 solution sets My C Xy are nonempty and the convergence condition (4.2) holds.

Proof. It is clear that we need only to verify (4.4). Having assumed contrary, one can find such a subsequence of indices
Ny € Z for k € Z., as well as elements wy, € D(F), k € Z, for which there exists € > 0, that

P F(wr) — Flwg)lly > e (4.14)

Since for all k € Z; elements f(wy) € Range(A), owing to the A-compactness of the mapping f : D(F) — ) there exists
the limit limg_, » f(wy) = W € Y. Making now use of the existence of limits (4.13), we obtain:

limy,—y o0 ||PAY) F(wi) — Flwp)|ly < limy_so ||PY) F(wi) — P w]|y+
Flimy oo [P @ — |y + limyoe @ — Fwy)||y = 0,

contradicting the initial inequality (4.14), thereby proving the theorem.>

If the mapping f : D(F) C X — Y is constant, the operator A : D(A) C X — ) is densely defined and Range(A) = Y,
one can prove additional convergence properties of the projection method of discrete approximations for equation (4.1), to which
we proceed below.

5 Computational scheme convergence analysis: a special degenerate case

Consider the operator problem (4.1), when the mapping F : & — ) is constant, that is 7 (w) := y € ) forall w € X.
Assume that two families of finite-dimensional functional subspaces Xy C X and Yy C Y for N € Z_, are chosen such that

XN CXNi1, VN C Nyt (5.1

Assume that a region 2 C R? is bounded and has a sufficiently smooth boundary 012, the space X := L,(€;R), the dense
domain D(A) = W™ (Q) and Range(A) = W (Q) € L,(Q;R) := Y, p > ¢, s > 0. The expressions

Xy:=PPx, Yy:=rPYY, (5.2)
where PJ(\;” ) and P](\;y ) are linear operators, defined naturally on continuous functions in the region 2 C RY. Operators P](f ) and
P](\}’ ) are, evidently, projectors satisfying the conditions

pPY =P, PYPY = pPY (5.3)
foral N e Z,.
Consider now for each N € Z the following sequence of equations
PY Ady = PYg (5.4)
on elements wy € X N, for whichas N — oo
lim [|Ady —glly =0, (5.5)
N —o00

where g € ) is a fixed element of the space ). It is evident that equation (5.4) possesses a unique solution wy € X y, if for
sufficiently large N € Z_,

PYAX y = Vy. (5.6)
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Condition (5.6) is equivalent to the existence of the inverse finite-dimensional operator of the mapping

PYAPY = Ay ¥y - I .7

for large enough N € Z .
Next, we give a useful definition of an arbitrary limiting-dense family of subspaces {By C B: N € Z, } of a Banach space
B.

Definition 5.1. A family of subspaces {By C B: N € Z, } is called limiting-dense in B, if for each g € B the following
property
plg, Bn) =

nf |lg—wn|g—0 (5.8)
N

holds as N — oc.

For further analysis we will need the following convergence proposition for our approximation process.
Proposition 5.2. Let a linear operator A : X — Y be invertible on a dense domain D(A) C X and satisfy the condition
Range(A) = Y, where X and Y are Banach spaces. Assume also that a family of subspaces {A)E' NEY: Ne€ Z+} is

limiting-dense, and projection operators PJ(Vy ), Y—sIvCy satisfy the conditions

1P < (5.9)
for some sequence c(y) € Ry, N € Zy. Then forany g € Y a sequence of equations

P](\;’)Aw =g (5.10)
has the unique solutions wy € X N forall N € 7., where

lim [[Awy —glly =0, (5.11)
N—oo

if
i) condition (5.6) is satisfied;
ii) there exists such a positive sequence T (J) e R4, N € Zy, that

I\Pf\?’)ﬁzvllm > owlly (5.12)

for each element oy € AX n, N € Z;
iii) the upper limit

T (1400 (g, AT )] =0

N—o00

foreveryg eY.

Proof. 1t is easy to see that the equation PJ(\;J)Aw =g, N € Z,, has solutions @y € X y, for which || Awx — g[ly — 0 as
N — oo. Then owing to the inequality

p(g, AX )= inf_ [lg— Adn|y < |lg — Adnlly

WNEAX N

one can infer that lim y_, p(g, AX ~) = 0, that is the family of subsets {A)? NEY:NE€ Z+} is limiting-dense in ). Define

now N € Z and consider P](\}’ )Aw =gnN € 371\1- It is clear that there exists such an element g € ), for which P](\}’ ) g = gn, that
is we obtained an equation which, owing to our assumptions of the Proposition 5.2, possesses the unique solution wy € X y.

But this means that P](\;’ ) AX N =JIn, provmg condition ¢) of our Proposition. Since the mapping P : Y — ) is a projector,
then one can consider its constraint P]\}’ )| AT N C AX N — yN for each N € Z, . Operator P @ D AX N — yN owing to
(5.9) and (5.12) is bonded and one-to one mapplng Then based on the Banach theorem [12, 24, 4] about the inverse operator we
obtain that there exists the inverse operator P(y : Vv — AX §.
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Let now wy € X y be the corresponding approximated solution of the equation Py Aw = Py g. Then the following equality
Awy = ]5](\;’ )’_IPN ¢ holds, from which and the condition (5.11) one obtains that

. p(y),—1 . _
lim [P Pyg — glly =0 (5.13)

for any g € ). But this means that limy_, P](Vy)’*l
Banach-Steinhaus theorem [12, 4, 24] we obtain that

Prng = g for every given element g € ). Making use of the classical

sup [P ' PW|y < ¥ < oo (5.14)
€Z+

for some bounded value ¢¥) € R . Thus for each element PI(\}’ )12) ~N = Wy one finds that
1P iwlly = [P P dwlly < [P Pullylindnlly < e lin|llldn ]y, (5.15)

where jy : Yy — Vis the corresponding densely defined imbedding operator and || ||is its norm. Inequality (5.15) means that

the norm of the operator P(y)’ Yy = AX y C Visforall N € Z+ uniformly bounded.

)5 ~ € Yn. Then making use of the inequality

Choose now an arbitrary element vy € AX ~ C Y and calculate wy = ]3](\?
(5.15) we obtain
lowlly = 1P awlly < 1P iylanlly < 78 I Pyon s, (5.16)

where quantities T]<\,y ) > 0 are bounded for all N € Zy. But this means that the condition 7i) of our Statement is fulfilled

concerning each element oy € AX y, that is HP(y) Nl >T ||17NH3;, N e Zy.
Sufficiency of conditions i) — 4ii) shall next be proved as follows. Let us solve the equation Py Aw = Png for N € Z,
whose Wy € X n, whose solution is unique. Then they can be represented as

iy = AP Pyg, (5.17)

) .

where, as above, the linear mapping P = P(y) | A% N : AX N — Yy is the corresponding reduction upon AX n C Y of the

projection operator P Y =) upon the subspace Yy C ). Since, based on condition 47), we have || Py} 2 ly < T(y) , the

PY< cﬁ) A

norm ||P](\,y for all N € Z. . When for any element wy € AX n we obtain

- =(y),—1
lAGy — glly = [P Prg — glly <

<infy cap, (I1PY " Pyg— PY T PP in|y + lon — glly) <
<inf, e Hp(y)’_lPNg — PO Py + [y — glly ) < G189
<infyear, (W 1) plg,by) = (W7 1) plg, AT ),
(y),—1

where we took into account that PN P](\? )117 N = wy forall wy € AX ~- But owing to the assumption 7¢) this means the
existence of the limit limy_, o || AWy — g||y = O for an arbitrary element g € ), finishing the proof.> O

Remark 5.3. We note here that an analogous alternative of Proposition 5.2 was earlier proved in [14].

As an obvious corollary of the proof of Proposition 5.2 in the case when dim X y = dim Yy < oo forall N € Z, we obtain
that condition 4) in form (5.6) follows from é¢). Moreover, the next statement about the convergence of the solutions Wy € X n
as N — oo to element w € X holds.

Proposition 5.4. Let all the conditions of Proposition 5.2 be fulfilled, in particular, the invertible operator A : X — Y is closed
and surjective (this means that | A=t|| < oo owing to the classical statement [12, 24, 4] about the closed everywhere defined

operator). Then the sequence of solutions Wy € X N 10 the equation P(y Aw = P(y) g, as N — o0, is the corresponding
approximation to the solution of the equation Aw = g subject to the norm H |-

Proof. Assume that wy € X is a solution to the equation PI(\}’ ).Aw N = P](\? ) g for all N € Z,. Then one can estimate the
difference (w — Wy ) € X subject to the norm in the Banach space X :

||1DN _wHX = ||1D~N _A_lgHX = ||A_1'A’L§N _-A_lgHX = (519)
= A (Aun — g)llx < AT [ADN — gll5-

Based now on inequality (5.18) we obtain that lim y o | AWy —g||y = 0. As the inverse operator A~ is closed and everywhere
defined and bounded, the right hand side of inequality (5.19) tends to zero as N — co. Thereby we state that limpy o0 ||0n —
w||x = 0, completing the proof. > O
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6 Conclusion

We provided a precise mathematical framework for the class of control problems with delays under investigation in a Banach
functional space setting, followed by careful definitions of the key properties to be analyzed such as solvability and complete
controllability. The control problem was recast in a reduced form that is especially amenable to the rather innovative analytical
approach that we employed. The solvability and completeness of the (reduced) nonlinearly perturbed linear control problem
with delay parameters was studied in detail using a Borsuk—Ulam type fixed point theorem to analyze the general topological
structure of a suitably reduced control problem solution, focused on estimating the dimension of the corresponding solution set
and proving its completeness. Moreover, we investigated the related classical analytical solvability under some special, mildly
restrictive, conditions imposed on the linear control and nonlinear functional perturbation. For the application of our approach,
we described a new computational projection-based discretization scheme for obtaining accurate approximate solutions of the
control problem along with useful error estimates. The scheme effectively reduced the infinite-dimensional problem to a sequence
of solvable finite-dimensional matrix valued tasks. In addition, we included an application of the scheme to a special degenerate
case wherein the Banach—Steinhaus theorem was brought to bear in the estimation process.
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