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ABSTRACT
The (generalised) Mellin transforms of Gegenbauer polynomials, have polynomial
factors p)(s), whose zeros all lie on the ‘critical line’ Rs = 1/2 (called critical

polynomials). The transforms are identified in terms of combinatorial sums related
to H. W. Gould’s S:4/3, S:4/2 and S:3/1 binomial coefficient forms. Their ‘critical
polynomial’ factors are then identified in terms of 3 F2(1) hypergeometric functions.
Furthermore, we extend these results to a one-parameter family of critical polyno-
mials that possess the functional equation p,(s; 8) = £ pn (1 —s; 5).

Normalisation yields the rational function g (s) whose denominator has singu-
larities on the negative real axis. Moreover as s — oo along the positive real axis,
gn(s) = 1 from below.

For the Chebyshev polynomials we obtain the simpler S:2/1 binomial form, and
with C,, the nth Catalan number, we deduce that 4C,,_1p2n(s) and Cnpan41(s) yield
odd integers. The results touch on analytic number theory, special function theory,
and combinatorics.
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1. Introduction

The motivation for this present work is to further understand the triangle of connec-
tions that exist between binomial coefficients, functions which only have critical zeros
(those on the line ¥s = 1/2 or zeros on the real line, and henceforth referred to as
critical polynomials), and prime numbers.

As stated by K. Dilcher and K. B. Stolarsky, [1]

Two of the most ubiquitous objects in mathematics are the sequence of prime numbers
and the binomial coefficients (and thus Pascal’s triangle). A connection between the two
is given by a well-known characterisation of the prime numbers: Consider the entries in
the kth row of Pascal’s triangle, without the initial and final entries. They are all divisible
by k if and only if k is a prime”.
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By considering a modified form of Pascal’s triangle, whose kth row consists of the
integers

a(k,j) ==

(%_9(2]”1)(’“‘“), KeEN, 0<j<k—1, (1.1)
2j+3 25 +1

Dilcher and Stolarsky obtained an analogous characterisation of pairs of twin prime
numbers (2k—1,2k+1). This says that the entries in the kth row of the a(k, s) number
triangle are divisible by 2k — 1 with exactly one exception, and are divisible by 2k + 1
with exactly one exception, if and only if (2k — 1,2k + 1) are a pair of twin prime
numbers.

The analogous sequence of polynomials Ag(x) obtained from the kth row of the
number triangle generated by the integers a(k, j) is given by Ag(x) = Z;:é a(k, 7).
It was shown in [1] that this polynomial family satisfies the four-term recurrence
relation

Appa(@) = 22 +4) (Apya(2) + Appa (@) — (42° + 42 + 6) Apya(2) — Ag(2),

as opposed to a three-term recurrence relation required for orthogonality, and so they
do not constitute an orthogonal polynomial system (e.g. [see 2, p.42-44]).

However it is also shown in [1] that the polynomials Ay (x) are closely linked to the
orthogonal system of Gegenbauer polynomials C2 () with A = 2 by

Ap(x) = Ciy (£ +2)/2) + (2 4+ 6)Ci_y (x +2)/2) + CF 3 ((x +2)/2).

The Genenbauer polynomials are defined for A > —1/2, A # 0 (e.g., [7]), by the
hypergeometric series representation [see 3, p.773-802], and also in terms of binomial
coefficients and powers of 2 such that

A (2)‘)n 1 1-—x L r(n—r\ (n—r—1+X n—2r

Ch(z) = Tl 2F1 <2)\+n,—n;)\+ ?T) = z% (=1) ( r )( n—r )(2@ .
—

(1.2)
The Legendre Polynomials P, (x) are the case A = 1/2 of the Gegenbauer polynomials
Crl/ 2(.%'), and a close connection between these polynomials, the prime numbers and
the absolute value of the Riemann zeta function, {(s) = >.o° ; &, defined for R(s) > 1,
was established in [4], where |((s)| is expressed as an infinite sum over products of
Legendre polynomials and functions derived from prime numbers.

The location of the zeros of the Riemann zeta function is famously known as the
Riemann Hypothesis (1859), which states that all of the non-trivial zeros of ((s) (the
trivial zeros lie at the negative even integers) lie on the critical line s = 1/2. In 1901
von Koch reinforced the connection between ((s) and the prime numbers, demonstrat-
ing that the Riemann Hypothesis is equivalent to the statement that the error term
for 7(z), the number of primes up to z, is of order of magnitude O (y/zlog(z)) [5].
Riemann had originally shown that

du
logu’

m(x) ~ Li(x) + Z @Li(:ﬂ”"), where Li= /;



and with p(n) the Mobius function, which returns 0 if n is divisible by a prime squared
and (—1)* if n is the product of k distinct primes.

The Béez-Duarte equivalence to the Riemann Hypothesis [6] links the Riemann Hy-
pothesis (and so the prime numbers) to binomial coefficients, via the infinite sequence
of real numbers ¢, defined such that ¢; := S°%_(—1)* (i) ¢(25+2)~!, with the assertion
that the Riemann hypothesis is true if and only if ¢; = O(t*?’/ 4+¢) for integers t > 0,
and for all € > 0.

In relation to understanding the triangle of connections that exist between the three
objects consisting of the prime numbers, the binomial coefficients, and functions which
only have critical zeros, it is those between the binomial coefficients and the ‘critical
polynomials’ that appears to be the least studied, thus motivating the results contained
in this paper.

Before elaborating further, we mention some standard notation in which 9 F7 denotes
the Gauss hypergeometric function, , /5 the generalized hypergeometric function, and

(a)n = T(a+n)/T(a) = (~1)"T(1 - a)/T(1 - a — n)

is the Pochhammer symbol, with I" the gamma function [7,8]. We also set ¢ = 0 for n
even and € = 1 for n odd. Our starting point is the following definition:

Definition 1.1. For A > —1/2, we define the generalised Mellin transform M) (s),
such that

1 C)\(x)xsfl /2
A _ n _ s—1 A s A—1/2
Mn (8) —A de —A COS 0 Cn(COS 6) S / 0 d@, (13)

wherein z = cosf, and we assume that Rs > 0 for n even and Rs > —1 for n
odd, denoting by p)(s) the polynomial factor of M(s). Then for A = 1 we have the
generalised Mellin transform M,,(s) of the Chebyshev functions [9] of the second kind

1 X
My(s) = /0 xs—lUnu)(l_dW. (1.4)

The integral transform (1.3) may be evaluated (see Theorem 2.1) using the formula
below, which gives the more general class of integrals in terms of special functions such
that [see 8, p.517 2.21.2(1)]

_1\n € a+26+e—2
( 1) ()‘)nJreC a B (a +575)

a
a—1/,2 2\B—1,\ _
/0 z* (a® — %) 0y, (cx) da = ST—e,] 5

x3Fy (—n,n+ A+ ¢, (@ +e)/2e + (1/2), (o + £ + 2B)/2;a*c?) (1.5)

where ¢ € {0,1};a,R8 > 0; R > —¢, and B(x,y) = I}(ZIZE%), is the beta function.

In [10,11], Mellin transforms were used on [0, 00). Here we consider Mellin transfor-
mations for functions supported on [0, 1]. For properties of the Mellin transform, we
mention [12].

Our main results show that the polynomial factors p)(s) of the Mellin transforms
in (1.3) of the Gegenbauer (and so Chebyshev) functions C)(z), yield families of



‘critical polynomials’ p)(s), n = 0,1,2,..., of degree |n/2], satisfying the functional
equation p)(s) = (—1)"2IpA(1 — s). Additionally we find that (up to multiplication
by a constant) these polynomials can be written explicitly as variants of Gould S:4/1
and S:3/2 binomial sums (see [13]), the latter form being

I (e () (e (e i)

A A-1 L A)—2
p2n+5(s) =nl(2n + 8)!(n+n+5+€) (n+2(s+€+ ) 4) (n+r+s)(%<s+€+*>*%+r)

n

r=0
(1.6)
In the case of the Chebyshev polynomials (A = 1), this simplifies to the S : 2/1
form, due to cancellation of binomial factors, and with C,, = n+r1 (2:), the nth Catalan

number, s an integer, we show that polynomials 4C,,_1p2,(s) and C,p2,+1(s) yield
integers with only odd prime factors.

The ‘critical polynomials’ under consideration here, in a sense motivate the Rie-
mann hypothesis, and have many important applications to analytic number theory.
For example, using the Mellin transforms of Hermite functions, Hermite polynomials
multiplied by a Gaussian factor, Bump and Ng [10] were able to generalise Riemann’s
second proof of the functional equation of the zeta function ((s), and to obtain a new
representation for it.

The polynomial factors of the Mellin transforms of Bump and Ng are realised
as certain 9F7(2) Gauss hypergeometric functions [11]. In a different setting, the
polynomials p,(x) = oFi(—n,—x;1;2) = (=1)" 9Fi(—n,z + 1;1;2) and g¢,(x) =
i"n!pp(—1/2 — ix/2) were studied [14], and they directly correspond to the Bump
and Ng polynomials with s = —z. Kirschenhofer, Peth6, and Tichy considered com-
binatorial properties of p,, and developed Diophantine properties of them. Their
analytic results for p, include univariate and bivariate generating functions, and
that its zeros are simple, lie on the line z = —1/2 +it, t € R, and that its ze-
ros interlace with those of p,4+1 on this line. These polynomials can be written as
pa(x) = ("37) 2F1(—n, —; —n — z; —1).

n

Example 1.2. The first few transformed polynomials p)\(s), are given by

po(s) =1/2, pr(s) =X pals) = i)\(Q)\ +1)(2s —1) = %)\(2)\ +1) <s - %) :
pa(s) :%A(A + DA+ 1D)(2s—1) = XA+ 1)(2A+1) <s - %) ,

1
PAG =AM A+ DA+1) (8As? — 8As + 6A + 1257 — 125 + 15) ,

=0 D (s (3 - ) (o (3 o)),

1
pa(s) = AAF DO+ 22+ 1) (8As® — 8As + 14X + 125% — 125 + 51)

:i)\()\—i— DA+2)(2r + 1)(5 - (% — @)) <S+ <% _ \/EW))

Previous results obtained by the authors related to this area of research are discussed
in [15,16], where in the former paper families of ‘critical polynomials’ are obtained from
generalised Mellin transforms of classical orthogonal Legendre polynomials. In the lat-
ter paper sequences of ‘critical polynomials’ are considered which can also be obtained
by generalised Mellin transforms of families of orthogonal polynomials whose coeffi-



cients are the weighted binomial coefficients defined by By(z) = Z?:O %(@;J ) .

There it was established that for Rs > —1/4, the generalized Mellin transforms

_ 0 Bn($)$8_3/4 _ s+5/4 g5 4—n— r (S + l)
M, (s) = /_4 Tt o) (—1) 2/t IF(1/4)pn(S)F(T@1),

yield critical polynomial factors p,(s), which obey the perfect reflection functional
equation p,(s) = £p,(1 — s).

The ‘perfect-reflection’ functional equation p)(s) = (—1)l"/2/pA(1 — s), is similar to
that for Riemann’s xi function &(s), defined by £(s) = 4s(s — 1)7=/2T ($s) ((s), and
which satisfies £(s) = £(1—s), so that for ¢t € R, the zeros of £(1/2+it) and ((1/2+it)
are identical. Drawing upon this analogy, one interpretation is that the polynomials
p)(s) are normalised (from a functional equation perspective) polynomial forms of the
rational functions ¢, (s), defined for n € N and ¢ € {0,1} by

26 p%n—l—e(s)

An — 1+ e)l(2n)! (252 o) (s sten =1y

qg\nJrs(S) = (1'7)

where both numerator and denominator polynomials of ¢)(s) are of degree |n/2].

For A > —1/2, A # 0, and Rs > 0, the [n/2] linear factors of the denominator
polynomials of ¢)(s), are each non-zero, so that for these values of A, we have g, (s)
has no singularities with ®s > 0. Hence the rational function ¢)(s) has the same
‘critical zeros’ as the polynomial p)(s), and for ¢ € R, the roots of p}(1/2 4+ it) and
q)(1/2 + it) are identical. It obeys the binomial functional equation

n l1—s4+Mte _ 3 n sHAre 3\ L
o) = (-l (1A SRR (I EEE TN Q).

The [n/2] poles of g)(s) (so zeros of the denominator polynomial of ¢)(s)) occur on
the negative real axis when 2s =3 — X\ —4j or 2s = 1 — 2\ — 45 (depending on the
parity of n) and for s € (1,00), we find that ¢)(s) takes values on (0, 1), as detailed
in Theorem 2.6 (b) from which it follows that on Rs1, the behaviour of ¢)(s) has
similarities to that of 1/((s), albeit with a rate of convergence to the limit point 1,
considerably slower than for 1/{(s).

To give an overview, the present work is split into four sections, with the main re-
sults concerning the critical polynomials arising from Mellin transforms of Gegenbauer
polynomials appearing after this introduction in the second section. In the third section
we prove these results, utilising continuous Hahn polynomials to locate the ‘critical
zeros’. The fourth and concluding section then considers further possible extensions
to these results.



2. Critical Polynomial Results

In the following statements we set

LE+)r () _ _TGHIT()
M) = i M) =2, and NN = 2 A
(2.1)

where as previously mentioned we take ¢ € {0,1}.

Theorem 2.1. The Mellin transforms (1.3) may be written as 3F»(1) hypergeometric
functions, such that

M3y, (s) = (—1)" Mg (s+e)(2n+2)° (>‘+"71+6) 3By (—n A+ n+e, S5 L 4o Akt 4 L)

n+e T2 12
“22)
or equivalently, and independently of € as

MYs) = NS oB (344 552 — 5 g+ A1 - 19). (23)

Theorem 2.2. The Mellin transforms (1.3) satisfy: (a) the recurrence relation
nM;(s) =2\ +n— )My (s +1) — (2X +n — 2)M,_5(s),

(b) the generating function G*(s,t) = fol (1 — a?)M2=3/4(1 — 2tz 4+ t2) a5 L da

:i Ms _F(%+%)
k A

k=0

ATA+1) T (=)
(1+t2) T (F

(c) the recurrence relation in s

—4(s —1)(s = 2)M} (s — 2) + [6 — 4(\ + 22n + n?) — 165 + 8s(s + 1) M, (s)

=9+ 4(n+ N2 +16(s +2) —4(s +2)(s + 3)| M) (s +2) =0,

with Mg (s) and M7\(s) as defined in (2.1), and
(d) the polynomial factors p)\(s) of MM(s), have zeros only on the critical line,
(e) the polynomial factors satisfy the functional equation p)(s) = (=1)"/2pA(1 - s).

Theorem 2.3. The Mellin transforms (1.3) may be written as a constant multiplied
by a variant on Gould’s combinatorial S:4/2 and S:3/1 functions, such that

ste=2 stetr_ 3
V() = 36 1 930 CUTE R () () ()
n—+¢&

= )




"o (=1)" T22r+€("+1::\+;+6) (n;;z:;e) (”%;ZJW)

:MS\(S‘F&) skedr 3,
(=)

r=0

Corollary 2.4. When either s = 2t or s = 2t + 1, an even or odd positive integer
then we respectively have

13+ 4e—1\"" N
M2t) = 4t<2 4t ) , Mﬁ(2t+1):2)\M§(2t+2):2t_+2<2tfl >

-1

Hence, when s is a non-negative integer then the expressions for M\(s) given in The-
orem 2.8 can be written as variants of the Gould S:4/3 form.

Theorem 2.5. Letn € Ny and ¢ = (1 —(—1)")/2. Then the Mellin transforms are of
the form

-
mpe) = TGN )~ D) )

(s

where the polynomial factors pf‘L(s) can be written in terms of hypergeometric functions
such that

p(s) = 2 (i

) 22+n-1 A 1 1-n n 1 (n+s)
F - SR W ‘1
< n )3 2( +4 9 2a>‘+2, 2 a>a
(2.4)

satisfying the difference equation in s

Al
[6 — 4(\ + 2An +n?) — 165 + 8s(s + 1)] (S‘ge - 1> (% +Z> 22 (s)

=9+ 4+ N2 —4(s — 1)(s +2)] (S"QM) (ST“ - 1) p(s +2)

45— 1)(s — 2) <w 4 i) (# - %) =2 =0.  (25)

Theorem 2.6 (Binomial ‘critical polynomial’ theorem). (a) The polynomials p\(s),
can be written (up to multiplication by a constant) in terms of binomial coefficients
and powers of 2, as a variant of a Gould S://1 combinatorial function, such that

) — s S U2 () (2

= () ’

or as a Gould S:8/2 combinatorial function variant, such that

(—1)"~ T22r71+5(n+r+x—1+a)(n+r+e)(%<s+af2>+r)

A A—1 A)— r rte
p2n+€(8) = n!(2n+€)!(n+n+€+€) (n+ (S+€+ (n+r+€)(%(s+5+*)i%tﬂ)




thus establishing the binomial ‘critical polynomial’ relationship (1.6).
(b) Let q)(s) denote the rational function in s derived from the S:3/2 form of the
‘critical polynomial’ p)\(s) such that

(277, + e’;‘) (n—l—)\—l—f—a) n (_1)n7r22r71+5 (n+r+)\—1+6) (n—l—r-i—e) (%(s+ar—2)+r)

qg\ (S) _ n+e Z r 2r+e
n-+e - 2n+22—1+ 1 A)—=23 ?
)\( n2n—1+€ 6) r=0 (n+77:+6) (2 (8+6+r ) * +7")

Then we have the equivalent form for qﬁ‘nJre(s) given in (1.7)

22n+1p%\n+5 (S)

Gonte(s) =
nte N onte [T1—1(2(s + &) + 2\ + 45 — 3)°

where both numerator and denominator polynomials of ¢)\(s) are of degree |n/2].
(¢c) For A\ > —1/2, X\ # 0, and R s > 0, the rational function ¢)(s) has no singularities,
and has the same ‘critical zeros’ as the polynomial pi‘b(s), so that for t € R, the roots
of pX(1/2 +it) and ¢)(1/2 +it) are identical.

When s € Rs1, q)(s) takes values on (0,1), with lim, o0 g (s) = 1 (from below),
as does 1/((s), albeit with a rate of convergence considerably slower than than that for
1/¢(s). We also have that q)\(s) obeys the binomial ratio functional equation

n n/2 |4 lostAte § n/2|4stite 3 —1
Qs) = (AR (ST s, (26)

Corollary 2.7. The polynomial factors arising from the Mellin transform of the
Chebyshev polynomials have the simpler form as a variant of a Gould S:2/1 com-
binatorial function, such that

n ( n r92r— 1+e(n2—|7—"7:;5) (%(s+ar—2)+r)

r=0 (S E;_—H)

For s =t € Z an integer, and with C, = <1H (2"), the nth Catalan number, the
polynomials 4Cp,—1pan(t) and Cppant1(t) yzeld odd integers. Moreover the polynomials

Ponte(s) = nl(2n + 5)!("+ z Z)

)

@/ @n))pa(t), and (@ To) /(20 + 2D (D, (27)

with Tni1 the largest odd factor of n + 1, yield odd integers with fewer prime factors.

Theorem 2.8 (Perfect reflection property theorem). We say that f(s) has the ‘perfect
reflection property’ to mean f(3) = f(s), f(s) = xf(1 —s), with x = +1, f(s) =
only when Rs=1/2.

Let n € Ny and € = (1 — (—1)")/2. Then the polynomials

3F2 <1_ﬁ51;n’_g’2(1_5)51_ (n;_S)al)a

have the perfect reflection property with x(n) = (=1)"/2), wherein B < 1, of degree
|n/2], satisfy the functional equation py(s;B) = (=) p,(1 — s;8). These poly-



nomials have zeros only on the critical line, and all zeros # 1/2 occur in complex
conjugate pairs.

Corollary 2.9. (a) The properties of Theorem 2.8 are satisfied by the polynomials

o 2n+s)  T(%) (n+1) n . (n+s)
pn(s’o)_(n—i-l)(n—i—Q)F(%) [1_2F1<_ 5 g Ty 1)]

B T IC O G W =
(n+1)(n+2) T (£2) I ra-3)

(b) More generally, for B a negative integer, the properties of Theorem 2.8 are satis-
fied by the polynomials py(s;—m), and these polynomials may be written in terms of

elementary factors and the gamma function.

Table 1.: Table of values of (22"F1/(2n)!)pa,(t), for 0 <n <5, —4 <t < 4.

n\ t | -4 -3 -2 -1 0 1 2 3 4
0 1 1 1 1 1 1 1 1 1
1 -27 -21 -15 -9 -3 3 9 15 21
2 421 261 141 61 21 21 61 141 261
3 -7119 -3969 -1995 -861 -231 231 861 1995 3969
4 154665 80361 36729 13401 3465 3465 13401 36729 80361
5 -4029795  -1946637  -828135 -293073 -65835 65835 293073 828135 1946637

Table 2.: Table of values of ((22"17,,.1)/(2n + 2))pons1(t), for 0 <n <5, —4 <t < 4.

n\t| -4 -3 -2 -1 0 1 2 3 4
0 i 1 1 1 1 1 1 1 1
1 -9 -7 -5 -3 -1 1 3 5 7
2 279 183 111 63 39 39 63 111 183
3 -1341 -819 -465 -231 -69 69 231 465 819
4 128637 72765 37581 17325 8157 8157 17325 37581 72765
5 | -1809459 -959805 -465975 -197505 -52731 52731 197505 465975 959805

3. Proof of the Main Results

Proof of Theorem 2.1. Settinga =1, a = s, § = %—i— i, and ¢ = 1 in (1.5), we
obtain (2.2). Taking n = 0 and n = 1 in (2.2) gives us (2.1).

To see the hypergeometric form (2.3) of M)(s), we use the C)(z) series represen-
tation [see 17, p.278 (6)], to obtain the expression

[n/2 ; ;
A _ (2)‘)71(_1) / s+n—2k—1 o 2\k+A/2-3/4
My (s) = kzzo RO+ 1/2)5(n —20) Jy © (1=2%) de.



Applying the beta integral,
! a—1 2\b—1 1 @
(1 —2%) dxziB(i,b), Ra>0, Rb>0,
0

and replacing with gamma factors and rearranging we then obtain

M) = Dy o (34 405 - d A - ng),

as required, where the above has used the identity m = % (—

|3

)i (5%,

O
Proof of Theorem 2.2. (a) follows from ([see 7, p.303] or [see 8, p.1030])

(n+2)Cp o(x) = 2N +n+1)zC),  (z) — (2A+n)Co (), Ci(x) =1, CM(z) = 2\z.

(b) follows from (1 — 2zt + %)~ =32 O ()" (see [7, p,302], or [8, p.1029)).
(c) To obtain the difference equation for M,)(s), we apply the ordinary differential
equation satisfied by Gegenbauer polynomials [see 8, p.1031],

(2% — 1)y (x) + (X + D)ay/(x) — n(2X + n)y(z) = 0.

If f(z) = C)x)/(1 — 22)3/*"M2 | we then substitute C}x) = (1 — 22)3/4 2 f(z) into
this differential equation. We then find that

01— AN [(6 40+ 200 4+ 0%) + (<9 + 400+ n))a)f ()

+4(a? = 1)(—dz f'(2) + (1 - 2*) f"(2))] = 0.
It follows that the quantity in square brackets is zero. We multiply it by z*~! and
integrate from z = 0 to 1, integrating the f’ term once by parts, and the f” term
twice by parts. We determine that the Mellin transforms satisfy the following difference
equation:

—4(s = 1)(s = 2)M (s — 2) + [6 — 4(\ + 2\n +n?) — 165 + 8s(s + 1) M) (s)

+[=944(n+ N2 +16(s +2) —4(s + 2)(s + 3)| M (s +2) = 0.

and hence the result.
(d) The case A = 1 was proven in [16] and the case A = 3 can be deduced similarly.
To show that the resulting zeros of p)(s) occur only on R s = 1/2 for general \ > —%

we apply a connection with continuous Hahn polynomials [see 7, p,331],

hm(x;a,b,c,d):im(a+c) (a+d) sFh(—m,m+a+b+c+d—1,a+ix;a+c,a+d;1).

m!
(3.1)

10



We use the transformation of a terminating 3F»(1) series

(@)n(c+d—a—"b)n
(©)n(d)n

sFy(—n,a,b;c,d; 1) = sFy(—n,c—a,d—a;1—a—n,c+d—a—b;1)

to obtain

hm(x;a,b,¢,d) = ‘

—'(a—l—b—l—c—l—d—i—m—l)m(l—b—m—ix)m
m!

X 3Fy(l—-b—c—m,1=b—d—m,—m;2—a—b—c—d—2m,1 —b—m —iz;1).

Then comparing with the 3F(1) function for M, (s) given in (2.3) we see when n = 2m
is even, that setting z = 5 (—s + 5) , a=c= %—%—m, b=d= %, our polynomial
factors pf‘z(s) are proportional to continuous Hahn polynomials such that

o) — (et gy (AT (S (Y LA 1 a
phs) = (2 an m (5 (s-2) b=t -mit 2wl

m

Similarlysettingx:%(—s—i—%), a:c:—%—m, b:d:%,whenn:2m+1

is odd, our polynomial factors pf‘z(s) are proportional to continuous Hahn polynomials
such that

= Y (3 A md )

For fixed values of a, b, ¢, d, the continuous Hahn polynomials are an orthogonal system
of polynomials which satisfy the recurrence relation [see 7, (6.10.11)]

Aphimi1(2) = ((a + iz) + A + Co) i (2) — Cophn—1 (),

. m!
hm = hm ;a, b7 , d) = Dmhm = - hm ; @y b7 ) d )
(©) = bl by e d) = Do) = i b

so that Dy, = m!/(i™(a + ¢)m(a + d)m), hm(z) is the 3F; hypergeometric function
given in (3.1), and

A = (m+a+b+ct+d—1)(m+a+c)(m+a+d) C. - m(m+b+c—1)(m+b+d—1)
m = (2m+a+b+c+d—1)(2m+a+b+c+d) m = (2m+a+b+c+d—2)(2m+a+btc+d—1) "

In the case that a = ¢ and b = d, we have AmiLm_H(.%') = zxﬁm(x) — Cmﬁm_l(x), and
substituting for h,, and rearranging we have

Dy gy =GPty oy G o () — Hop b1 (2), (34)

h =_2-m —mZm Ly
m—l—l(x) Dm+1Am " Dm-l—lAm "

say, where Gy, = %, and H,, = IC):?:Q'
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As the a,b,c,d values must be constant for the conditions of the orthogonality
theorems to be met, we set m = u, constant in the variable a, so that in (3.4) we take
a=c= % — % —u, b=d= i to obtain hp,y1(x) = Gy @ hyp () — Hyp hyp—1 (), with

=2\ +4m —4u + 1)(=2X +4m — du + 3)

G, =

3.5
2(m + 1)(—2A +2m —4du + 1) ’ (3:5)
and
o — 2m —1)(2\ —4m +4u + 1)(=2X + 4m — 4du + 3) (=X + m — 2u) (3.6)
" 16(m + 1)(—2X +2m — 4u + 1) ' '
Similarly setting @ = ¢ = —3 —u, b = d = 2 in (3.4) gives us hpp1(z) =

d
2
G @ hyp () — Hypy hyp—1(x), with Gy, as in (3.5), but where H,, is now given by

2m 4+ 1)(2A —4dm +4u + 1)(=22 +4m —4u + 3) (= A+ m — 2u — 1)

.
" 16(m + 1)(—2X +2m — 4u + 1)

(3.7)

For the above coefficient G,,,, and the two choices for the coefficient H,,, both of the
resulting recurrence relations hy,11(z) = Gy © hyp(x) — Hpp hyp—1(x) are of the form
Phyi1(x) = (Apz + Bp)Pp(x) — Cry Pr—1 (), with By, = 0, which is the form of the
recurrence relation satisfied by a system of orthogonal polynomials that are not monic
[see 18, p.19 (4.2)].

If P,,,(x) is the monic (scaled) polynomial corresponding to Py, (z), so that P, (z) =
Ky P, where k_; = 1, then in generality one finds that [see 18, p.19 (4.3)]

k k k
Am _ m+1’ 7Bm = —Cmi1 m—|—17 Cm = lin m+1
km km km—l

= MnAmAm—la
so that ¢, =0, iy, = Cpn /(A Am—1), and where the corresponding monic recurrence
relation can be written as

Pp(x) = 2Py 1(z) — pmPm—2(x), P_1(z) =0, Py(z)=1, m=1,23,... (3.8

For our two recurrence relations we find that u,, = H,,/(GpnGm-1), so that in the
cases n = 2m is even, and n = 2m + 1 is odd, we respectively have

_ m(2m—1)(2A—2m+4u+1)(—A+m—2u) _ m(2m+1)(2A—2m+4u+1)(—A+m—2u—1)
Hm = Z(Coxtdm—du—3)(—2r+dm—dutl) °  Hm = T ontdm—4u—3)(—2Atdm—Autl)
(3.9)
For fixed values of v and A, and m = 0,1,2,3,..., with u,, # 0 and well defined, we
obtain the pair of families of Hahn polynomials given by

ho (oA b AL d hy (o2 w3 23
mxa2 ) ua4a2 2 u’4,an m |\ L3 ua4a 2 UJ,4'

(3.10)
In both expressions in (3.10) we find that h_i(s) = 0 and ho(s) = 1, and applying
Favard’s Theorem [see 18, p.21] concerning polynomial sequences satisfying the three-
term recurrence relation given in (3.8), for ¢,, = 0, and noting that pu,, # 0 it follows
that the pair of expressions given in (3.10) form two families of orthogonal polynomial
Systems.
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It is a well known fact (e.g. [18, p.27], or [2,9]) that systems of orthogonal polynomi-
als have only real zeros which interlace. Hence the polynomial families corresponding
to (3.10) have only real zeros which interlace on the real line. Setting = () (s — 3)
in (3.10), the resulting polynomials will therefore have their zeros dilated by the factor
of % on the real line; rotated by 5 clockwise onto the imaginary axis by the factor of

—i, and then translated by —% from the imaginary axis to the critical line s = %

Henece setting z = (5%) (s — 3) in (3.10), yields families of polynomials which have

2
zeros only on the critical line &t s = %

Restricting u € N, to be a positive integer, analysis of (3.10) shows that for \ # %
and \ # %, m is well defined for u < m, and when A\ = 1, u,, is well defined for
u < 2m. If X\ is not an integer or half-integer then pu,, is well defined for all u € N.

Therefore, for each integer value © < m, and fixed A\ > —%, A #£ %, A #£ %, we get
two families of Hahn ‘critical polynomials’ in (3.10). For each particular family, there
will exist one value of m, namely m = wu, where the Hahn polynomial corresponds
to that given for p)\(s) given in (3.2). This argument implies that all the zeros of our
polynomial families p;)(s) lie on the critical line Rs = 3, as required. (e) The functional
equation can be deduced directly from the fact that B,, = 0 in the above recurrence
relations discussed in the proof of part (d).

O

Remark 3.1. If a family of polynomials with only critical zeros whose distribution of
zeros is proportional to that of the Riemann zeta function is ever discovered, then it
would be of great interest to apply the above arguments and see when the recurrence
coefficients are well defined.

Proof of Theorem 2.3. The binomial forms of M (s) are obtained by rewriting
the hypergeometric forms given in Theorem 2.1 in terms of Pochhammer symbols,
and then rearranging them into binomial coefficients.

Corollary 2.4 then follows immediately by by replacing M (s) and Mg(s + 1) with
their equivalent binomial coefficients forms when s is respectively an even or an odd
integer. U

Proof of Theorem 2.5. It follows from either part (c¢) of Theorem 2.2 or the hyper-
geometric form in Theorem 2.3, that the Mellin transforms are of the form given in
(2.5).

The difference equation for p\(s) given in (2.5) follows from part (c) or Theorem 2.2,
where the Mellin transform expression (2.5) in terms of p)(s) is substituted. Noting
that the factor I’ (% + i) /(2n!) is independent of s, and repeatedly applying the func-
tional equation I'(z + 1) = 2I'(z), the result follows.

]

Proof of Theorem 2.6. (a) The S:4/1 type combinatorial expressions for the poly-
nomial factors p)(s) are obtained from the S:4/2 type expressions for M,)(s) in The-
orem 2.3, by respectively multiplying through by the factors

n!(2n)! n—l—#—% n!(2n + 1)! n+#—%
— , or — ,
2M3\(s) n 2M (s + 1) n

depending on whether n is odd or even.

(b) The two expressions for ¢)(s) given can be verified by inserting the explicit ex-
pressions for p\ given in part (a) into the latter expression for ¢ (s) given in part (b)
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and rearranging. The degree of both numerator and denominator polynomials of qé(s)
being |n/2], then follows from the degree of the polynomials p)(s) given in Theorem
2.2, and the number of s-linear factors appearing in the denominator product of ¢ (s).
(¢) The zeros of the denominator polynomials (and so poles of ¢))), correspond to the
zeros of the linear factors 2s+2A+4j — 3, or 2s+2A+4j — 1, with 1 < j < |n/2]. For
A>—1/2, A # 0 and Rs > 0, each linear factor is non-zero, ensuring that the rational
function ¢ (s) has no singularities. Hence the ‘critical zeros’ of the polynomials p)(s),
are the same as for ¢)(s), and so for ¢ € R, the roots of p)(1/2 + it) and g)(1/2 + it)
are identical.

To see that the rational functions ¢ (s) are normalised with limit 1 as s — oo, we
consider the limit term by term as s — oo in the S:3/2 sum

i zn: (_1)n7T22r71+5(n,+7‘+7>‘\71+5)(n;;::;£)(%(S+ET72)+T) B zn: (_1)n7T22r71+s(n+T+:—1+s)(n;::s)
500 (n+r+a)(%(s+a+mf%+r) - (n+:+6) ’

r=0 r=0

Applying the combinatorial identity

zn: (—1)n-ro2r—l+e ("+r+7),‘_1+5) (";,’_":f) _n+e (2n+ AN—T14e\/m+r—1+e\"
("+7"+5) o2n +¢ on—14¢ n—1+¢ ’

r=0 T

we then have the upper bounds for the combinatorial sums, so that lim,_ ., ¢\(s) = 1
from below, as required. The functional equation follows from that for p)\(s), by con-
sidering the third and fourth displays in part (b) of the theorem.

To see Corollary 2.7, substituting A = 1 in the S/3:2 forms for p)(s), simplifies the
sums to the Gould S/2:1 combinatorial functions stated. Term-by-term analysis of the
n+ 1 terms in each sum then reveals that for s an integer, each term is an even integer
apart form the » = 0 term, given by M("PH i

The binomial coefficients contribute the power of two , so that the power of 2 in
the 7 = 0 term is determined by (2n)!/22"*! when n is even, and (2n+2)!/22"*! when
n is odd. Noting that the n! terms cancel between numerator and denominator, we see
that multiplying through by the reciprocal of these respective powers of 2 will produce
odd integer values for the r = 0 term, whilst leaving the others terms r = 1,2,....,n
even. Hence the summation results in odd integers, being the sum of n even numbers
and one odd number.

Analysis of the nth Catalan number C,, = +1 ( ) shows that the power of 2 in the
C,, is determined by 2271 /(2n +2)! (AO48881 in the OEIS) so that 4C,,_; and C,, have
the respective reciprocal powers of 2 to pa, and po,+1. It follows that for s € Z we
have 4C,,—1p2, and C,pon+1 are odd integers. A slight modification of this argument
also removes the odd factors arising in the (2n)! and (2n + 1)! polynomial factors,
where 7,41 is the largest odd factor of n 4 1, as required. O

272n

Proof of Theorem 2.8 and Corollary 2.9. We note the integral representation
1
1_
/ (1—:6)_53:_5 o F n,—ﬁ;l—(n—i_s);x dz
0 2 2 2

_ 928 V(1= B)
I'(3/2 - 8)

3 Fy (1—5,%,—2;2(1—@,1— (”+S);1>, (2.4)

2 2
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with 5 < 1, so that the o F (z) function is transformed to a 9 F7 (1 —x) function and the
result follows. The ‘critical zeros’ follow from Theorem 2.2 (d), setting A = 3/2 — 24.

To see Corollary 2.9 (a) The initial 8 = 0 reduction of Theorem 2.8 to oF} form
follows from the series definition of the 3F5 function with a shift of summation index
and the relations (1);/(2); = 1/(j + 1) and (k);—1 = (k — 1);/(k — 1). The second
reduction is a consequence of Gauss summation. (b) Similarly, with m a positive
integer, (m + 1);/(2(m + 1)); may be reduced and partial fractions applied to this
ratio. Then with shifts of summation index, the gF5 function may be reduced to a
series of 9F7 (1) functions. These in turn may be written in terms of ratios of gamma
functions from Gauss summation.

O

4. Discussion

Given the Gould variant combinatorial expressions obtained for p)(s) and g, (s), our
results invite several other research questions, such as: is there a combinatorial in-
terpretation of p)(s) or ¢)(s), and more generally, of p,(s;3)? Relatedly, is there a
reciprocity relation for p,(s) and py(s; 8)?

Two instances when the combinatorial sums produce “nice” combinatorial expres-
sions are

n (_1)n77«22r71(n+r+)\—1)(n—i—r)(r—%) 1 n_i_u 7”L—|—2>\—_1 -1
S PG (B o 2

n n

A_1
r=0 (N;H") (2 ;}‘H") 2

n (=2 (T (AN () (1) n+ 253\ fn 4 28\ 7
(n—i—r-‘,—l) (%—i—%-ﬁ-r) o n n '

T T

A
Qon+1 (2) =
r=0

The Gegenbauer polynomials have the integral representation

_ L@ +3) 7 n o
C,)L‘(m)—ﬁ . I‘()\)Q /O(x—i— 22 — 1cosf)"sin®** 1 9 df. (4.1)

Then binomial expansion of part of the integrand of M (s) is another way to obtain
this Mellin transform explicitly. The representation (4.1) is also convenient for showing
further special cases that reduce in terms of Chebyshev polynomials U,, or Legendre
or associated Legendre polynomials P]*. We mention as examples

C2(x) = 0+ Dl (@) — (n+ 2)Un ()] (4.2)

1
2 -1
and

(n+1) Po (@)
gy P () = Pa(o)] = — LS

The Gegenbauer polynomials are a special case of the two-parameter Jacobi polyno-

mials Pﬁ’ﬁ(az) [7] such that Cp(z) = (2A)n/ (A + %)n py/AALR (x). The Jacobi poly-

CY2 () =
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nomials are orthogonal on [—1, 1] with respect to the weight function (1 —z)®(14 )%,
Therefore, it is also of interest to consider Mellin transforms such as

1
M) = [ a1 - ) )
0

especially as the Jacobi polynomials can be written in the binomial form

£ )0 ()R

J=0

In fact this line of enquiry may provide a far more general approach to investigate
‘critical polynomials’ arising from combinatorial sums.
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