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Abstract

Damage modelling is essential in the preliminary design of structures. Moreover, the
identification of damage using numerical methods can make maintenance more efficient
and economical. Also, applying damage detection procedures at gnstsgé can
prevent catastrophic structure failures. For this project, vibration parameters (natural
frequencies and mode shapes) are used to figend location and severity of damage in

classical thin plates.

A delaminated composite plate is introdudec comparative stugyor which natural
frequencies are obtained using an exact strip model to verify the proposed detection
method. Next, the direct problem of calculating the relative change in natural frequencies
of an isotropic simple supported @atlue to a predefined single arbitrary crack with
random direction, location, depth and lengtimainly addressed, giving a comprehensive
understanding of the relationship between the location and severity of the crack and the
free vibration natural fregncies and mode shapes. This study is highly pertinent, and a
hybrid model is proposed which couples exact strip analysis for the undamaged part and
finite element analysis for the damaged part. In the finite element part, a crack is modelled
as a rotatioal spring stiffness giving additional degrees of freedom to the stiffness matrix.
The finite element and exact strip dynamic stiffness matrices are assembled into a global
dynamic stiffness matrix, coupled using Lagrangian Multipliers to equate the
displa@ments at the boundaries of the two parts. Applying an efficient bandwidth method
for Gaussian elimination, the resulting transcendental eigenvalue problem is solved by a
simplified form of the WittrickWilliams algorithm for the first six natural frequees.

For the inverse problem, chosen natural frequencies are calculated accurately for both
undamaged and damaged cases. The changes in natural frequencies are normalised to
isolate the effect of damage location and seveandyvidually. The same normalisation
procedure is applied to measured natural frequencies. Point estimates of the damage
location are obtained for noise free measurements, while an interval estimate is given by
noisy measurements. A relevant severity range is themasti. Mode shapes are

monitored by an automatic sign method for correctly tracking the propagation of damage.
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Chapterl--- Introduction

1.1 Motivation andBackground

1.1.1 Aerospacendustry

The UK aerospace industng the third largest worldwidafter the US andrance and
possesses key strengths in core comporsectsas wingsThe industry provides 230,000

jobs, and has an annual turnover of around £24 billion, of which over 70% is exported
(Bourneet al.2013) Opportunities are increasing aramendousate Air traffic doubled
between 1992 and 20@Ghd is expected to double again by 202BBC 2007) As a

result, 27,000 new large aircraft and 40,000 new civil helicoptifirfse requiredoy 2030,

worth almost $4.165 trilliorfBourne etal. 2013) Similar growth has been experienced

and predictedn the rest of the world. With ith increasing number of aircrafthe
establishment of efficient, effective damage detection techniques becomes increasingly

important to ensure their safeayption

Many aircraft structures can biglealisedto an assembly oplates andbeans, as shown

in Figure 1-1. These are of general practical significamot only to aerospace
engineeringout also to manwther application areaacluding the automotive, marine
and civil sectorHuang and Leissa 2009; Birman 2018g@ams, frames, plates and shells

arethereforeessential elements for structural analysis and design

Figurel-1 The simplified structural layout of a Mi&7 (Marcos 2013)
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1.1.2 Plate Structures

In continuum mechanics, plate theories are mathematical descriptions of the mechanics
of flat plaes which are deduced as extensionsesfm theaes. Typically, plates can be
grouped into three typélsmail 2013) thin plates with small deflections, thin plates with
large deflections, and thick plates. Different theories are generally accepted and utilised
in engineeing problems deperag on the thickness of plateSince the late Tcentury,

widely used theories atbe Kirchhoff-Love plate theory (Classical plate the¢GPT))

and the Mindlin-Reissner plateheory (firstorder shear deformatiotiheory (FSDT))
(Carrereet al.2017) For a thin plate witlatypical thickness to width ratio less than 0.1,
plates are defined as plane structural elements wsthadl thickness compared to the
planar dimension(Timoshenko and Woinowskigrieger 1959) A comprehensive
backgoundto these theoridsas been presented by Timoshenko and Woinowsleger
(1959)in which methods can take advantage of this disparity in length scale to reduce the
threedimensional mechanics problem to a fdimensional plane problehove 1888)

This study is focused on such tiptate structuresdevelopng advanced modelig
techniquesvith high computational efficiency and accey@o model their behaviour and

in particular determine thewibrationcharacteristics, sdnat these can be used to develop

damage detection techniques

The KirchhoffLove theoryassumes thdahe mid-surface planeanbe used to represent
athreedimensional plate in the twdimensional form(Love 1888)while the following

kinematic assumptions are ma@Reddy 1999)

1. Straight lines normal to éimid-surface remain straight after deformation;
2. Straight lines normal to the m&lrface remain normab the midsurface after
deformation;

3. The thickness of the plate does not change during deformation

The Mindlin-Reissner theory of plates is an extended versioth@Kirchhoff-Love
theory for thick platg€arrera et al. 2017)t assumes the normal tbe mid-surface
remains straight while not necessarily perpendicular to thesaoridce, and a linear
displacement variation through the thickness during deformation. Mord¢beanplane

shear strains include and incorperfitst-order shear effects.
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1.1.3 Typesof Defect

Both metal and composite plates and stiffened panels are used in aerospace and other
applications (Zehnder and Viz 2005)Nowadays, engineers catesign bespoke
enhanced composite materials with stiffer and lightearacteristics than any other
structural material§vVinson and Chou 1975As well asthese advantages, however, the

use of composites introduces further possibilities for damage caused by impact and stress
concentrations introduced during manufacture and operation, whitlead to sharp
reductions in strength and stabil{tgrar 2008)

In metalic structures, pevious research has shown that the strength aftatal metals
can be increased to very high levelsrbgdifying the microstructuréRoylance 2001)
However, this causes the material to become increasingly brgdelting in the
possibility that cacks can propagate catastrophically withwarning.

In composites, duringhe manufacturing process, different types of defedteduced
include(Figure1-2): voids, foreign inclusions, fibre debonding, fibre misalignment, ply
misalignment, wavy fibres, cracks and holes in the matrix materials, fibre breshkadge
delamination. During operation, mechanismsuch asstatic overload, overheating,
lightning strike, impact and fatigue loadnlead to a variety of defex{Smith 2009)such
asdelaminationsbond failures, cracks, ingress of moisture, fracture or buckling of fibres

andfailure of the interface between the fibres amglmatrix.

Delamination, causeid compositegor example by tool drop or bird strikPipes 1970;
O6Brien 1991,isoBeoftletmost crititd foring of damage in composite
laminated structures due to its effect on the compressive s$ti@mayir et al. 1983; Gong

et al. 2016) Delamination is also known as interface cracking which happens between
the layers of lamirtgon, andits presence can lead sgynificantreductiors in thestiffness

and strength od plate.

Figure 1-3 shows three primary delaminatiomodes(Ding 2000) Mode 1 is opening
damageMode 2 is inplane shear damagad Mode 3 is out of plane shear damage.
During loadng, a sudden structural failure could potentiddy initiated by a rapidly
growing delaminationlLee and Park 2007)which couldalso generate a significant

reduction in the corresponding vation characteristics or loadhrrying ability.
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1. indentation

2. matrix cracking

3. delamination

4. crack at panel back side
5. crack at panel front side
6. layer failure

7. delamination area

Figure 1-2 Different types of defect in platgype structuregShams and Elhajja
2013)

T~ a
. S/

Figure1-3 Basic delamination form@ing 2000)

A crack is a natural phenomenon that occurs in both composite and isotropiaiylat¢e
of discontinuity caused by tensile streshe tvo examples shown iRigure1-4 (a) and

(b) could make a significant differente thevibration parametersf a platecompared

4
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with its intact behaviour(Doebling et al. 1998; Huang et al. 201Thistype offailure
occurs for many reasons, including uncertainties in loadingexnvironment defects

in the material, inadequacies itne design, and deficiencies in construction or
maintenancéRoylance 2001; Hooton 201&atiguecracks for exampleare particularly
common inaircraft (Rovik 1998)resuling from cyclic loadingduring takeoffs and
landings, cabin pressurisati@md vibration. The characterissof a fatigue crackwill
vary in different aircraft structures aridr different maerials. For example the floor of
the galley area o Boeing 777 is made from a relatively new aluminium lithium alloy
(Rovik 1998) introduced to reduamrrosion Although relatively insensitive to corrosion,

this new material was found to develop cracks when drilled.

(@

(b)

Figurel-4 Crack representation in reality

(a) Crack in aircraft fuselage (Schwaner 2012); (b) Stop drilled and c
with a patch behind (Schwaner 2012)
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1.1.4 Effects of Damage

Structural performance is degraded by the presence of damage such as delaminations and
cracks, which are often difficult to detect visualtiepending on the level of damage
particularly in builtup structures such as wing and fuselage pdBasisobar et al. 2005;

Fang et al. 2005; Ge and Lui 2005; Caddemi and Greco 2006; Wang and Ong 2008;
Chatzi et al. 2011)

It is well known that depending on the form, severity and nature of the damage, the
dynamic behaviour acidamaged plate can be significantly different from that of the intact
plate. The presence of delaminations or cracks causes shiarige physical progrties

of the structure which introduces flexibility, and thus reduces the stiffness and strength
properties ofthe structure. This can be dangerous and result in disastrous structural
failuresparticularly for composites where BVID (barely visible impdamage) is a big
problem(Banerjee and Guo 2009; Huang et al. 2011; Labib et al. 2015; Moazzez et al.
2018) In 1983, the National Bureau of Standards (now the National Institute for Science
and Technology) and Battelle Memorial InstitfReed 1983)predicted thecost of
generafailure caused by fracture to be $119 billion per yatincreasng year oryear.

As well as the cosfailures threatemhuman life(Chang 1998)In 26" June 1997, a
Eurocopter AS 332L1 Super Pumasoperating over the Norwegian Sea. An accident
was caused by a fatigue crack in the spline, which eventually caused the power
transmission shatft to fail. The helicopter finally crashed into thé+eha 2001) Another
accident happened in 1988, when an Aloha Airlines Boeing2BB7decompressetlie

to theseparation of a 5m section of the uppericdibselaggWerfelman 2011)Despite

this, afailure resulting in &.5m gap in the fuselagé the same type of aircrastcurred

in 2011 (Berger and Wilson 2011pPelaminatiors havealso cause catastrophin the
aerospace industry, for example the American Airlines Flight 58A@h?" November
2001.In this case anncident was caused by the separation of the vertical stabiliser

following excessive rudder inp(ilational Transportation Safety Board 2001)

These failuresdraw the attention of both the public and the regulatory bodies to the
importance ofesting, monitoring, and evaluation to ensure the safety@fftstructures.

The need to address these concerns and to develop advanced damage detection methods
to locate and characterise this difficult to detect damage before it causes catastrophic

failure therefore is increasingly important.
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In order todetect damage or deterioration at an early stage to ensure safety and avoid
catastrophic failure, it is necessarytalerstandheeffect of that damage has different
mechanical properties durimty propagation. Vibration characteristics are typical signals
which reflect the nature of plates, amtlich are affected by the length, position, depth
and orientation of damagén understanding of thafluence of damageon the free
vibration of plates vl enable theaiseof vibration parameters as the bagea damage
modelused taletect damage i plate which will form the basis of the work in this thesis.
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1.2 DamageDetection

The increasing interest in the capability to monitor structures and deteagedanthe
earliest stage is widespread in the civil, mechanical, and aerospace engineering areas
(Doebling et al. 1998)Related techniques have been improved and applied to deal with
the problem of damaged structures in the past. The main concern and difficulty is the
detection of damage, as repairing the structure is relatively sidplaage detection
techniques also fm the basi®f structural health monitoringn which the condition of

a machine or structures is assessed continuouslyylaict is of increasing interest in a

number of sectors.

A regular assessment of structures and machinery is usuadtgsaywhile in service,

hence a scheduled and refadle method is required. In 1868 the first Ndastructive

tesing (NDT) was recorded, the magnetic characteristics of a compass being used to find
cracks in gun barrel§TSPNDT 2014) NDT is comprehensively utilised in many
engineering areas and can detect defects

destructived requirement.

Damage detection includes the determination of damage (locationsvanitiess),which
when combinedwith the estimation of the remaining serviceabilitytloé structure is
known asStructural Health Monitoring (SHM(Rytter 1993; Wang and Ong 2008
reliable SHMsystenshould guarantee the practical assessment of the evaluated structure,
in terms of time, economiconsiderationsand accuracy. Then, maintenanan be

performed without anloss of lifeor service(Wang and Ong 2008)

In thisthesisa hybrid model is therefore proposed which coutileanalysis of thexact

strip software VICONDPT (Williams et al. 1990)or the undamaged part and finite
element analysis for the damaged péalte hybrid modeljenoted a¥FM (VICONOPT

and Finite element Methddwvas previously developed for modellinglelamination
damage(Suliman 2018)will be extended to cover cracks based on a novel crack
modelling techniqueThis will form the first stage isolving he inverselamage detection

problem detecing a single crack or delamination with and without experimental noise.
1.2.1 Non-destructive Testing

As mentioned above, Negtestructive Testing (NDT) is an essential part of damage
detection. NDT is the process of jpexting, testing, or evaluating materials, components

or assemblies for discontinuities, or differences in characteristics, without destroying the

8
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serviceability of the part or systefASNT 2011) Destructivetests vhich are generally
used to determine the yéical characteristics of materialseonly performed on a small
number of sampleASNT 2011) NDT which retainsmaterials, components or
assemblies in servicean be used tdetectdiscontinuities and differences in material

parameterandis widely usedn manufacturing, fabrication and-service inspections.
1.2.2 Different types of NDT

There are a variety of types of NDT which can be employed to identify the presence of
damage such agacks. Typically, NDT technologies are grouped into local and global
techniques. Local NDT includes experimental methods like Visual Testing (VT),
Ultrasonic Testing (UT), Acoustic Emission Testing, Magnetic Particle Testing (MT),
Electromagnetic TestindT), Thermal/Infrared Testing (IR), and Neutron Radiographic
Testing (NR)Doebling et al. 1998; ASNT 2011)

L B B BN R B BE B B B B BE BN B B B BN OB B OB B OB B N A
..O.....0.00..000.0....0..
Material (particles) at Rest
- » Direction of particle motion = -
SO0 O © & & & S0 S SO0 ® © & & & o
SO0 O & & & & 00O 0 0 SO0 ® ® & & & o0

Compressional (Longitudinal) motion

A 'Padlchmollo: s b a b A

N 4

, : "6‘.‘ "’6‘.. "'6‘ .
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Figurel-6 Two frequent sound wav€éASNT 2011)
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MT is one of the oldest NDT methods in the world. It was first recorded in H86i8,
used in anndustrial application in 1929 by Alfred Victor de Forest and Foster Baird
Doane(TSPNDT 2014)A permanent magnet or an electromagnet wezsl to generate
magnetic fields that could locate the distiouities on the surface or netie surfaceof
ferromagnetic materialthrough the application of magnetic particles which coalesce
around the craclis shown irFigure1-5 (ASNT 2011)

UTi s another traditional NDT technique. The f
found by James Prescott Joule in 1847, and th
(Sokoloy) (TSPNDT 2014)UT uses a similar ideta naval SONAR anéchosoundAn

ultra-high frequency soundiaveis introducednto the part beingnspectedand if ths

wave hits somethingwith different acoustic impedance (density and acoustiacitg),

such as a crackpme of the sound is reflected back to the sending receptor and visually
presentedASNT 2011) Sound frequencies generally applied in UT are between 1.0 and

10.0 MHz, and the two most common sound wawaedare compression (longitudinal)

waves and shear (transverse) wawesshown inFigure1-6 (ASNT 2011)
1.2.3 Global NDT

Local NDT however,needs a preliminary prediction of the damage locations before
performingthe test andannot be used onaccessible memberd a structurgRytter

1993; Teughels et al. 2@; Caddemi and Greco 2006; Wang and Ong 2008; Chatzi et al.
2011; Danai et al. 2012; Ismail 2013)ocal testing is based on suehpreliminary
estimation, and if this is not available or cannot be acquired, an inspection of the whole
structureneeds @ be performed which is time consuming and expensi@bal NDT

can overcome this limitatiowith no prior knowledge regarding locatiomeeded. For
example vibratiorbased NDT methal which arebased on numerical analysis and
experimental dataareusedin compkex structures by determining changes vibration
characteristicsuch as theatural frequencies and mode shapes of the stru@@areley

and Adams 1979; Hearn and Testa 1991; Nandwana 1997; Doebling et al. 1998; Ip and
Tse 2002; Kim et al. 2003)

Whilst plate or beanike structures arased extensively igtructures in civil, aerospace,
and mechanical engineerinthere arenly afew pieces of literatureegardingNDT for
platelike structureswhile there are many fdoeans. The most commo global NDT
methodologie$or plates are the Damage Index basedhdétDIM) and Vibratiorbased
Damage Identification (VDI). DIM comprisdélse Frequency Response Function Method

10
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(FRFs), Wavelet Analysis (WA), Artificial Neural Networks (ANNSs), Fast Fourier
Transform (FFT) Analysis, Autocorrelation Function (AF), and @eps Analysis (CA)
(Zubaydi et al. 2000; ZANG and IMREGUN 2001; Yan and Yam 2002; MAIA et al.
2003; Taghvaei et al. 2006; Trenilafa 2006a; Cusido et al. 2008; Trendafilova 2009)
etc. VDI methodolos include the Strain Energy Method (SEM), Natural Frequency
based Method (NFM), Modal Damping based Method (MDM), Mode Shape based
Method (MSM), and Modal Curvature based MethodC(¥) (Adam et al. 1978; Cawley

and Adams 1979; Pandey et al. 1991; Cornwell et al. 1999; Kawiecki 2001; Colakoglu

2003) etc. The next section will introduce the methodology and history of the most

representative global NDT techniques.

For the Damage Index Method, Wavelet Analysisohlfias been derived from the branch

of applied mathematics since the 1980$he most ammontechnique usedt can be
applied in variate signals especially for a nonstationary signal. WA @sessian
Wavelets to automatically decouple the structural system, and then uses an impulse
response function to recognise the modal parameters. WAleect small cracks in
composite plates by the energy variation of structural vibration resp@fee and Yam

2002) The relatioships between Lamb Waves and damage in plaassxaminedising

the amplitude changeof wavelet coefficientgPagetet al. 2003) while a general
numerical approach for the development of wave and damage detection in cracked plates
was presented by Krawcz@t al.(2004) A spectral plate element was considered as a
tool to investigate wave propagation and showed it split into two signals when the wave
ran through the crack location, which indicated the damagediawczuk et al. 2004)

Chang and Che(004) proposed an approach based on spatial wés/débr damage
detection of a rectangular plate. The distributions of the wavelet parameterbeosked

to recognise the damage position in a rectangular plate by identifying the peak position
where the response is most sensitive to damage severitguvdgwgimilar indications of
damage were found at the clamped edges, and therefore, it was inaccurate when the crack
occurred at these edges. Rucka and WROEO6)used a two dimensional (2D) continuous
wavelet transform tanalyse a steel plate with four clamped supports. The spatial change
of the deformed response&as used taletect the location of the damage based on the
fundamental mode shape. Atrtificial Neural Networgksanother DIM technique. The
neural networks mathematical model was presented by Mcculloch an{lB#& and
developedfor structural damage detectioatér in the 1980s. ANN is an algorithmic
mathematial model which processes distributed information analogous to the

characteristics of an ani mal 6s neur al ne

11
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nervous system, which can deal with a signaving through the model and connections
between individual neurons. This system possesses intelligent information processing
functions like learning, association, memory and pattern recogneck Propagation

(BP) is an efficient training ANN method whidk based on a gradient optimisation
algorithm to repremnt the chain ruléGoodfellow et al. 2016)Stephens and VanLuchene
(1994)used several quantitative indexes with a BP network ongastiiquake structures

for damage detection, validating the ANN method comparedéa@idonal NDT method.

Tsou and She(i1994)identified the reductionf stiffness of single and multiple spring
systens usingANN according to the change of eigenvalues, using residual stress as an
input vector quantity to analyse in the ANN system. The significant advantages of ANNs
are: Largescale parallel processing adtributed information storage, adaptability and

selforganization, favourable learning, association and fault tolerance.
1.2.4 Vibration Characteristics

VDI offers significant advantageo aircraft structures, includinghcreased safety,
extension of structal life, reduced inspections, minimaison of weight andhence
operating costandthedetecton ofcracks, corrosion and fatigue damage in inaccessible
areaqTrendafilova 2009)Generally, there are two measurements used for VDI. The first
is the static deflections which reflect the magnitude of the strain energy of the structure.
The more prominerthedeflection thenore energy worknput intothe systerfCaddemi

and Morassi 2007ffaddemi and Morassi 20qQaddemi and Morassi 20qQaddemi

and Morassi 2007 sincedeflection depends on the external I§g@addemi and Morassi
2007) The seconds based on modal parametarsinly the natural frequencies, mode
shapes anthodal dampingwhichreflect the nature of th&ructure(mass, damping and
stiffness). VDI is attractive because itisorm ofglobal NDT, with no prior information
needed. Moreover, inaccessible or pramgically located structures are still detectable
under VDI.A thorough mathematical and physiocadersandingof theeffects ofdamage

on the properties and behaviourstloé structure,is howevercritical. Comprehensive
reviews of vibrationbased methodologiesVabeen performenh Doebling et al. 1998;
Wang and Chan 200#¢nhdFan and Qiao 2011

For Vibrationbased Damge Identification, the Strain Energy Method i@f the most
common NDT techniques. It is based on the change of strain energy and only mode shapes
are required from the undamaged stage and damaged stage. An advanced algorithm was

presentedo effectively locaé damage with relatively few modesda low value of
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stiffness reduction of around 108cornwell et al. 1999)The Differential Quadrature
Method (DQM) was then introduced to calculate ttrais energy bhsed orthe mode
shapes obtainagsingmodal analysis. A damage index was subsequently acquired which
could recognise the surface crack location by the peak value shown in the damage index
(Hu et al. 2006)Because of irregularities the mode shapes, some peak values occurred
at some intact sgnentgHu et al. 2006)A modal strain energy damamelex (MSEDI)
algorithm was applied for identification and localisation of delamination of a composite
stiffener of a type commonly used in aircraft componémendersloot et al. 2010An
advanced datbased damage detectigvhich hasaroused interest among researchers
more recentlyis the timedomain methodology. This method uses a measured dynamic
response related to time series analysis for damage identification in vibrating structures
(Ismail 2013) The time series includes a sequence of data points, measured typically at
successive times, and spaced at timgerivals (Ismail 2013. Trendafilova (2006b)
considered pure time series analysis for damage detection in a reinforezdteplate

based on the state space methodology and the extraction of damage sensitive parameters
from the state space representation. Latterly, two reliable mekiavdsbeerpresented

for a thin vibrating plate using significant amplitude vibrations and nonlinear time series
analysis. One method used the statistical distribution ofspatee points on the attractor

of a vibrating structure, and another method apple Poincare map of the state space
projected dynamic responfirendafilova and Manoach 2008) method was developed

for damage identification in plates based on sitee series analysis. The plate was
divided into several subegions and a spatene autoregressive moving average process
(STARMA) was used to recognise the dynamic response efeggibn(Hu et al. 2011)

NDT based on time series and sp#ioee series shows an ability identify and localie
damageusing these studies. But a unique feature of this methodology is that noise

sensitivty affects the results and can even lead to failure of the detection algorithm.
1.2.5 Natural Frequency

The presence of a crack or loosening of a connection in a structural element will change
its physical properties, e.g. gductionits stiffness which can be recognised by modal
properties. Discontinuities in the static deflections armbenshapes, as well as the
degradations of natural frequencies have been observeltelbghds et al. (2002;
Escobar et a[2005; Fang et al(2005; Ge and Lu(2005; Caddemi and Gred@006);
Caddemi and Moras$2007); Wang and Ong2008; Chatzi et al(2011); Danai et al.
(2012. Modal characteristics are widely used in VHMibration Health Monitoring)
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especially for lower natural frequencies, which are easy to detect experimentally
(Doebling et al. 1998; ¥rboven et al. 2002; Trendafilova 2008)atural frequency is
chosen as the main parameter of the damage identification method because it can be
measured from a few accessible points on the structure and is less contaminated by
experimental noise. Minial testing is required if attention is constrained to natural
frequencies rather than static deflections and mode shapes for inaccessible structural
elementgHassiotis and Jeong 1995; Salawu 1997)

Naturd frequencies are the first applied parameters in VDI because they are easily
acquired, and with high accurad@awley and Adams (19F9irst presented an NDT
based on the change of natural frequencies. A square aluminium plate was tested and
validated the method. It showed the possibility that without the measurement of the intact
plate, a damaged plate can be used as a referenuanttor the propagation of damage

for future testsSalawu (1997Yyeviewed previous studiem the relationship between
changes in the natural frequencies and dgaria the structure. Natural frequency is a
highly sensitive indicator for the integrity of the structure, and the test is inexpensive.
However, other parameters like temperature, humidity, additional mass, and boundary
conditions could cause a failuretbke damage detection. Furthermptiee magnitude of

the variation of natural frequeiesis qute small. Trendafilova (2006aj)ised an aircraft

wing scaled model to study the localisation of damage and distributed damage. The wing
was divided into five parts, antld first ten natural frequencies were chosen to analyse
the damaged structure. The change of natural frequenegesmallwhen the length of

the crack was less than half of the width of the wiorgthe distributed damage was less
than 30% in any of thendividual parts. Matching results were also found for gatk
specific locations of the isotropic platérendafilova 2006a)Trendafilova (20093hen
discussed the sensitivity of the first few natural frequertoiesrtain types of damage in
circular plates and found the limitation of the sensitivity of lower natural frequencies to
damaged plates. Methods for crack identtfma such as the Bayesian approach will be

introduced in detail in Chapter 2.2.
1.2.6 Importance and Improvement

Because of the importanoéthesafety and integrity of plate®ntainingcracks and other
types of damage, the static, dynamic, buckling and-ipaskling behaviours of cracked
plates is of primary concern in engineering.ocal NDT methods need an expected

damage location and accdssthe part of the structure to loespectedin order to be
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efficient Hence, a quantitative global NDT method based on natural frequencies is

particularly helpful wherapplied to complicatedarge,platetype structures.

In this thesis, @omputationally efficiendlamage modehkble to determinehanges in
natural frequenes which coupksthe exact strip method with an advanced FE model
using Lagrangian multiplist is proposedThe hybrid damage model (VFNg able to
simulatethe effect ofpart througkthe-length crack (PTLC) and part througthe-depth

cracks (PTDC) which start and finish at any location dwade anyorientation, song with

other damaged plate modelShe models areirst used to determine theatural
frequencies and related mode shgpés to and following the introductioof damage at

a defined set of positions. The resulting data with regard to normalised natural frequency
changes can then lag@plied to solvehe inverse problenbased on the measurement of
thesenatural frequency changes. The VFM model can simulate & ataany location

with arbitrary depth, length and orientation. The Wittidiliams algorithm and
bandwidth method are used to acquire an outstanding computational efficiency and
accuracy. An automatic mode shape sign method is introduced to groupddamapes

and natural frequencies correctly.
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1.3 Thesis Aims and Objectives

Many researchers have studied damage detection in structures based on vibration
parameters from analytical, numerical and experimental aspects. For damage
identification in platdike structures, the literature reveals that a useful approach is to
study tle relative changes in natural frequencies when an arbitrary crack with random
location, direction, depth and length occurs in the plate. This requires a comprehensive
understanding of the relationship between the location and severity of the crack s@th the
natural frequencies and mode shapes. Consequently, this research aims to narrow this
research gap and present a computationally efficient method to achieve this by using a
hybrid modelwhich couples an exact strip method of the undamaged regions with a
rectangular FE model of the longitudinal strips containing the daneagn (Luo et al.

2019)

In this thesisacomposite plate is used as a comparative stfithe relationship between

related change natural frequgrenddelamination locationand this case is onghosen

at the preliminaryresearchstage to understand the use of the VFM moBel themain

direct problem and related inverse problem, an isotropic square simply supported plate is
easy to simulate and can bempared with previous studies for validation purpd$e

isotropic square platis thenchosenas theresearch objedb analyseAfter validation,

this study could be extended the futureto discuss the influence of aspect ratio or
boundary conditioson the natural frequencies afcracked plater to modelmultiple

cracks Displacementsand rotations at the boundaries are coupled using Lagrangian
Multipliers, and natural frequencies are found using the WitWilkhams algorithm.

Mode shapes are obtained by an automatic sign method as an assistant factor to analyse
the degradation in itness. The results obtained from the hybrid model will be used to
provide data as a datum for the solution of the inverse problem of damage detection in
the second stage of this project. This study then addresses the damage detection procedure
with/without a noise factor in platike structure. Therefore, the main objectives in this

thesis are as follows.

1. Review the literature concerning damage modelling and relevant solutions of
inverse problem.

2. Study the features of the exact strip method with theespanding software
VICONOPT, extract the equations and matrices to be prepared for the upcoming

hybrid model.
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3.

Investigate data processing methods to improve the computational efficiency and
avoid potential mistakes when recording results.

Propose a FE moteontaining a crack with arbitrary location, length, orientation
and depth based on an isotropic square simply supported thin plate. The FE model
will then be coupled with an ESM model to generate the hybrid model.

Verify the proposed FE model through @ngarison with previous studies and
ABAQUS models. The predefined damage cases chosen for study include all
throughthe-length delaminations, all throughe-length cracks, partial through
thellength cracks and arbitrary direction cracks.

Using the obtaied results, carry out a preliminary study of the inverse problem of
damage detection with/without an introduced noise factor.

Identify if any improvements or possible extended studies could be made in the

damage modelling or inverse problem.
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1.4 ThesisOvervew

This thesis will be presented in eight chapters, including the introduction chapter. The
first three chapters cover the motivation, background and literature review. The remaining

chapters show innovative work.

Chapter 2eviews thditeraturerelating tothedirect and inverse probleni3elamination

in acomposite plate will be firstly studied as a comparative anaysidrieflydiscussed

in the literaturereview;, Cracks in anisotropic platewill be mainly discussed andhe
direct problem is a sintated mathematical damage model which has been studied by
various researchers in the past decades. The refi¢he crackedstructurewill begin

with a damage model for bedike structures anthen proceed to plaiée structures.

The inverse problem thenintroduced, and various methods to solve the inverse problem

areshown.

Chapter 3 presesithe history and development of the software VICONOPT. The crucial
part of VICONOPT is the exact strip method (ESM) and a comparison between the exact
strip mehod, finite element method, and finite strip method will be tabled to show the
differences. For the ESM, an accurate and fast methodology, the Witiviikiams
algorithm (WW), is described to solve the eigenvalue prob{gvittrick and Williams

1971) Then, Lagrange Multipliers are described and will be applied in a coupled model,

which will constrain the deflections at the boundary.

Chapter 4 is about data aypsis and processing. Sevenmalethods are devised for
obtaining accurate and fast compudatl results for natural frequencies of piatpe
structures. In the study, only the first six natural frequencies will be adopted for solving
the inverse problenit has beeshownby Yang et al(1985)andLabib et al. (2015)hat

this number ofatural frequencies sufficientfor damagedentification A modifiedW-

W algorithm is applied for the specific case which ignores thefexetconditionDuring
processing of the WV algorithm, Gauss elimination is needed to transform the global
stiffness matrix into an upper triangular matrix to obtain the sign coumhassive
iterative calculation exists in Gauss elimination because the global stiffness matrix can
have a large order (always exceeding 1000*1000 elements in this work), but most of the
elements are zerand make no contribution to theomputation Hencea bandwidth
method is introduced in this part to reduce the computations. A visible improvement in
computational efficiency occurs after the advanced bandwidth method is applied.

last stage of the direct problem, tbemputednatural frequencies arasg@layedin an
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ascending sort order related toith@ode shape. Sometimes the natural frequency does
not match with the corresponding model. The reason is that with the propagation of a
crack in the plate, the natural characteristics of the struater&fected especially the

mode shape;hangingthe sequence of results. In some cases, it is hard for the researcher
to group the mode shapes visually. An automatic mode shape sign methaefisré¢he

introduced to categorise the vibration parameters auicaiig.

Chapter 5 shows several methéalssolving the direct problenusingdifferent software.
Firstly, pure ESM is used to simulate a single all thretigHlengthdamagen a prismatic

plate. Two types of damage (delamination and crack) models aceissiésl in
VICONOPT, and different damage simulation ideas are presented here in order to find
the best way to establish an appropriate damagedtpfaanodelusingESM. Without
solving a finite element or boundary value problem, ESM can obtain a fastenae
accurate calculation. An advanced pure FE model is introduced for modelling a
rectangular plate contaimg cracks of arbitrary length, depth, location and orientation. A
rotational spring modadllows the discontinuity in rotatioand the WW algoithm are
applied to the FE model which is programmed in MATLAB. No omission of results is
guaranteed while other root calculation algorithms may miss some natural frequencies.
Such generality and comprehensiveniesterms of the form of the crackre mody

absent from the literature, where results are commonly restricted to cracks located at the
centre or edge of the plate, running parallel to the edges of the plate, over the full length
or width, or through the full thickneg¢Stahl and Keer 1972; Liew et al. 1994; Huang and
Leissa 2009 and Bose and Mohanty 20I3jerefore, an alternative FE model using the
commercial software ABAQUS is prepared for comparisboracked isotropic plase
Finally, a hylid model (VFM) is presented, where ESM is used for theragkedparts

of the structure, and coupled with FEM for ttrackedregions with a suitable constraint
matrix using Lagrangian multipliers to allow continuity of deflection (vertical
displacementrad bending rotation) on boundaries. VFM is a general technique that can
solve either prismatic or negorismatic structures with computational efficiency and

accurate results (natural frequency and mode shape).

Chapter 6 presents comparative studies foardglationsin a composite all simply
suppored (SSSS) square plate firstly. Themacks occurring in a square SSS&ropic
plate with different damage conditions are shovidumercal resultsare presenteébr
each casd-or the delamination castudiesthe differencebetween the various ways to

establish all througithelength delaminatiosin a composite plate modabtained from
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chapter 5are presentedand the relationship between the change in natural frequency
(CNF) and the width dhedelaminationisintroduced. Then, a crack occurring in a square
isotropic SSSS plate is studied. Several specific Gasesodelled using a pure FE model

and compared with those published in the literature. Once validated, the theoretical
cracked FE modés used to couple with the ESM model for further comparison. Besides,

the ABAQUS model will be used as a reference for each case in the verification study.

Chapter presentshe methodologyor solving the inverse problem. A single all through
thelengthdelamination in a simply support€8SSSkquare composite plate is analysed

to examinea onedimensional damage detection proceduretheda simply supported
square isotropic platéSsSSS)with a single cracks studied for further a&ation. The
relationship between the crack location/severity and the changes in the variation
parameterss discussed first. Preliminary daiathen prepared to analyse the effect of
severity and location. Based on the obtained relationship, damage detection for a single
damage with noiséree and contaminated measurersemtl be discussed for different
damage scenarios according to the model f@apter5. The onedimensional damage
detection problem willorm a preliminary study for the twdimensional problem arttie
multiple damage detection problem, relevant theories and procedures will be briefly

discussed in the future work of Chapter 8.

Chapter 8 is the concluding chapter, whagscribeghe outcomes of this research in
terms of modelling, coding, analysing anaqg®ssing. This study shows the feasibility
and potential fotheapplication ofa platelike structure damage modelling and detection
technique If applied in the aircraft industrthis could save lives anceduce costs and
emissions Some suggestions arichprovements for future work are presented and

inspired by several conference presentations related to this thesis.
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1.5Publication List

Two journal papers have been prepared, the first is based on the proposed efficient hybrid
method formodelling acrack with arbitrary length, orientation, depth and location
described in Chapted, 5 and 6 othethesis.

1. Luo, Y., Kennedy, D., & Featherston, C., 2019. An efficient hybrid method of flat
damaged plates modelling with cracks in arbitrary orientation, length, depth and

location. In preparation. For submissiondomposite Structures

The second ibased orthe damage etection procedurér two-dimensional probles
(transverse direction and longitudinal directisayh aplatetype structuresThe elated
damage location and severity recovery prolslane analysed preliminidy based on the

onedimensional problem inl@apter 7 and further discussion in Chapter 8.

2. Luo, Y., Kennedy, D., Huang, Z., & Featherston, C., 2019. -Divoensional
crack localisation and severity recovery in plgfee structures using frequency

based methodn prepaation. For submission tiourndof Sound and Vibration.

Moreover, five conference papers have been presented hdnelarisenfrom Chaptes
4,5 and 6.

1. Luo, Y., Kennedy, D., & Featherston, C., 2019. Natural frequency Degradations
in Cracked Plates. Corvara in Badia, 12th InternatiSgenposium on Vibrations
of Continuous Systems.

2. Luo, Y., Kennedy, D., Featherston, C & Labib, A., 2018. Modelling and vibration
based detection of cracks in plate structures. Barcelona, 13th International
Conference on Computational Structures Technology.

3. Luo, Y., Kennedy, D & Featherston, C., 2018. An Efficient Hybrid Method for
Determining the Vibration Response of Flat Plates. Cambridge, International
Conference on Modern Practice in Stress and Vibration Analysis.

4. Kennedy, D., Featherston, C., SulimBr& Luo, Y., 2017. Exact Strip Modelling
and Vibration Based Identification of Damage in Plate Assemblies. Snowdonia,
11th International Symposium on Vibrations of Continuous Systems.

5. Luo, Y., Kennedy, D., Featherston, C. A. & Cheng, X., 2016. Modellingy an
Detection of Delamination in Composite Laminated Structures Based on the
Dynamic Characteristics. Seoul, 12th World Congress on Computational

Mechanics.

21



PhD Thesis, Yulin Luo, 2019

Chapter2--- Literature Review

2.1 Introduction

Structural failures can be caused by many factors, such as unexpeating or
environmental conditions leading to defects in materials or damage to the structure,
insufficiency in design, and inadequacies in construction or maintenance. Damaged
structures can have significantly reduced structural properties leadingdersfailure

with potentially catastrophic consequences including in the worst, dase®f life. This

is particularly true for thin walled structures, where potential instability is a significant
factor. For this reasgbeing able to detect damage in terms of I@atihn and assessment

of severity at the very early stages of propagation can enhance the performance and safety
of these structures.

A range of techniques available for the detection of damage. One swdhriique
involves the study of the effect of this
studying changes in either natural frequencies or mode shapes it is possible to infer the
location andseverity of damage by comparison with the behaviouaroindamaged
structure. This is achieved in two stages, the direct problem and the inverse problem. In
the direct problem the effect of damage of a range of severities in different locations is
determined. Using this information, the inverse problem iwesoto locate and

characterise the damage based on changalration behaviour.

In this work, we study the effects of both delaminations and cracks on the natural
frequencies of a series of flat platbforeover,in this thesisdelaminations are regded

as gaps existg at the interface between different layersamanisotropic platewhile
cracks are simulated as virtual linesanisotropic plate The delamination is studied as

a comparative research for which a brief literature review is indudehis chapter, to

be followed by a more detailed review on crack cagesovel cracked plate model
coupling versatility, accuracgnd efficiency is developed and used to predict the effect

dama

of damage on the pl at esd equenciescanithefbeesqduenci es.

to solve the inverse problem, enabling a quantitative relation between the crack length,
crack depth, crack orientation and crack location with the vibration characteristics to be

derived.
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2.2 Modelling the Effects oDamage

2.2.1 Delamination

Delamination, caused for example by tool drop or bird strike, is one of the most important
forms of damage in composite laminated structures due to its effect on residual
compressive strength and the difficulties in detection due tatkeof visibility from the
surface of the structure (BVID). A range of techniques have been used to determine the

effect of such damage on the performance of composite structures.

Cappello and Tumino (200@)scussed the effect of delamination location, severity and
stacking sequence of layers on the buckling and-ipadtling behaviour of plates by
ANSYS. Enhanced assumed strain (EAS) was used to investigéteckiang behaviour

of composites, with the lationship bewveen the location and dimensions of damage and
vibration paramater for througkthe-width delamination studie{Lee and Park 2007)
Karihaloo and Stang (2008)eveloped guidelines for assessing the threat posed by
interlaminar matrix delaminationmaking a significant simplification to assess the
analysis procedure for determining the-preskling and posbuckling behaviour of a
composite plate. In terms of delamination growth, there are variety of techniques
available to explore this effect including thetual crack closure techniquéiu et al.
2011) and layerwise theoryNikrad et al. 2016) The buckling and podiuckling
behaviour of plates containing multiple delaminatioas studied using firgtrder shear
deformation theory byazdani et al. (2016)

Most of the pevious research has used finite element analysis to model delaminations in
plates. Use of the FE method allows a wider range of loading and boundary conditions
for complicated damage cases to be explored. However, this often comes at a high
computationatost particularly when repeated analysis is needed for example for iterative
sdutions of nonlinear problems and optimum design. In the preliminary design stage,
when engineers need to consider many alternative configurations and loading cases, a fast
andreliable analysis is required. The software VICONOPT employs a quicker alternative
delamination modelling method for investigating the change of buckling and vibration
behaviour of plates based on the exact strip method, examining the effects of damage in
terms of an equivalent prismatic model. For exampinghani et al. (201resated

a smearing method (SM) to enable an embedded delamination to be modelled as an
equivalent througithe-length delamination at the same location as showmguare2-1

for the critical buckling behaviour. His paper emphasises the simpliaitydeélling and
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competitive computational times of the exact strip method versu®&fghani et al.
(2014)also explored the effect of a single rectangular delamination on thé iglathding
behaviour of a composite plate. To achieve a solution for thigorismatic problem, the

strip containing the delaminating was exchanged for three strips with the same length and
at the same location, with two strips representing the top atahibparts of delamination,

and the third one representing the undamaged part. This conbgusatibled the SM to

be used to determine the global buckling behaviour of the delaminated composite plate,
however due to the way in which the delamination waslelled, local behawur was

limited in some circumstances.

To avoid these limitations whilst continuing to benefit from the efficiency and accuracy
of the exact strip metho&uliman (2018fombined the use dlfie exact strip method to
simulate the intact part of a damaged plate with an appropriate FE method based on the
FE theory ofPrzemieniecki (198500 simulate delaminated pgi$uliman 2018) This

hybrid model was used to study the effects of damage in both isotropic and composite
structures allowing complex structures to be handled by coupling the ability BigtEg

2-2).

is replaced
by

]

B hi Ei, uE2, pGiz, viz
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b
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Figure2-1 Embedded rectangular delamination model in VICON@Pamghani
et al.2014)
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Z

Figure2-2 Hybrid delamination plate model reproduced fr6oliman (2018)

This thesis will refer to the work &uliman,using one stacking sequenceaddminated

plate as an example fapreliminary study othe hybrid model (VFM)while thechange

of natural frequency is sensitive to different layup of laminated struahdenore detail

of the influenceby different stackg seqiencas are shown irfSuliman 2018)Therefore,

this thesiextends the damage types handled to incorporate the effects of cracks. (a more
applicable and updated calculation method will thensbewn in Chapter 4 of

methodology part and Chapter 5 of hybrid cracked plate modelling part).
2.2.2 Cracks

Previous work has modet cracks in two different ways: as a reduction in stiffness along

the crack path; or by a series of sprifggng et al. 1991; Cerri and Vestroni 2000;
Vestroni andCapecchi 2000; Friswell 2007In the first case, the reduction in stiffness

can be represented by a decrease in either-srese t i on a l area or You!
material (Labib et al. 2014) Alternatively, spring models simulate the behaviour
surrounding a crack by introducingc@mpliancecorresponding to the crack depth.
Different relationships have been found experimentally using a strain energgyden
function based on the fracture mechanics metfvdos et al. 1990; Ostachowicz and
Krawczuk 1991; Dimarogonas 1996; Chondros et al. 1998; Caddemi and Calio 2009)
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Relevant reviewed literature about cracked simulation nsaddélbe introduced in th
following sections by bea#tike structures and plaiéke structures, respectively. The
crack model used in this thesis adopts the second approach, with rotational springs added
to give additional freedoms to finite elements in the area of damageeseapthe cracks

and cracks are supposed to be always opéis is in an analogous manner to that
previously applied to beam structu€addemi and Calio 2008; Labib et al. 2Q1ahd

the cracked problem could be then presented as a lineandhe cracked elements, the
construction of a nodal stiffness matrix which incorporatéBessdue to the crack and

the ways in whgh the rotational spring is formulated are an essential part of the present
study. The modified VWV algorithm is finally used to calculate the natural frequencies
and mode shapes of the cracked plate structure.

2.2.3 Beam Structures

Beamilike structures are the fundamental element of many complex structures, and the
mechanical theory of other types of structure can often be deduced or is analogous to
beamtype structures. The presence of cracks will damage the continuity and reliability

of thephysical and geometrical properties of the beam and has been widely studied in the

literature.

Changes in natural frequencies have been formulated to simulate single cracks in simply
supported and cantilever beamsliigng et al. (1992Morassi (1993flemonstrated that,

for any boundary conditions, changes in natural frequencies are functions of the square
of the mode shape curvature of an intact beam coupligd crack severity. A
comprehensive review of the methods used to solve vibration problems in damaged
structures, which particularly illustrates the differences between the behaviours of a notch
and a crack is given bpimarogonas 1996)

2.2.3.1Stiffness Reduction

Christides and Barr (1984pplied the RayleigiRitz method to solve the boundary value
problem for the naturatéquencies of damaged Bernoutliler beams with open cracks.

In this work the stiffness reduction simulates the presence of a crack according to an
exponential variation law which is not limited to a local influer8tfeen and Pierre (1990)
extended this theory by presenting a Galerkin soluf@padopoulos and Dimarogonas
(1987)described a full matrix in terms of an arbitrary loading for cracked beam calculated
frequencies using a fracture mechanics mettaidha et al. (2002presented an
alternative approach based on measured vibration data in which stiffness reduction was
governed by the local effect through a triangular variation
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2.2.3.2SpringModels

Okamura et al. (1969ntroduced couphg terms to the flexibility parameters used to
evaluate the effects of cracks in beam based on measured vibratioGdettdes and

Barr (1984 )presented a or@imensional cracked beam theory using experimental results
for simply supported beams with singddge or doubledge open crack§&ounaris and
Dimarogonas (198&)onsidered rotational, shear, axial and torsional spramgioupked

them together for their crack mod€hondros et al. (1998&)sed displacement fields to
simulatethe additional flexibility at a crack location based on a fracture mechanics
method, and simulated the crack by a continuous flexibility, which is a summary and
extension of the proposed cracked beam theoi@hiystides and Barr (1984Banerjee

and Guo (20093implified the spring crack model, with only rotational, shear and axial
springs being considered. A further simplified model used to express the effect d¢f a crac
on flexural stiffness only involved an equivalent rotational spring connecting two
adjacent parts of the beafGounaris and Dimarogonas 8% Rizos et al. 1990;
Ostachowicz and Krawczuk 1991; Caddemi and Calio 2008; Freund and Herrmann 2010)
This crack model displayed slope singularity at the esession where the cracks existed

using fracture mechanics theory.
2.2.3.3Multiple Cracks Problenwith Advanced Approaches

For alculation of the natural frequencies of beams containing singularities, many
previous studies have developed complex solutions relying on the integration of the
governing equations between the singularities and the locafiotheo continuity
conditions where cracks occur. With increasing numbers of cracks, these solutions
become more difficult incurring significant computational cost. Substantial effort has
therefore been put into developing methods which provide accurates restn high
computational efficiency and can therefore be incorporated into standard engineering
practice. Diec 6s del ta distribution functions f
solution of problems involving multiple crackShifrin and Ruotolo 1999)avari et al.

(2000) applied the distribution theory of Schwarz to a beam bending problem, with an
auxiliary beam method proposed to solve the governing differential equations of an
equivalent boundaryalue problem n the space of classical functions. A further
simplified solution is proposed using transfer matrix mettigtigem and Lien 2001; Lin

et al. 2002andCaddemi and Calio (2009)t i | i sed Heavi si de and
to solve beam vibration problem with multiple open cracks, with reducedmiyna

stiffness matrices used for cracked frames.
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2.2.4 PlateStructures

2.2.4.1Numerical Analysis

The vibration responses of rectangular plates with cracks or singularities under different
loading and boundary conditions has been the subject of significant investigatl

many methods have been presented to solve this problem. As for the plate, the length,
position, depth and orientation of a crack will impact on vibrational characteristics and
material propertieslrwin (1962) found cracks in plate elements could lead to local
changes in plate stiffness, with the first investigation of the vibration behaviour of a
cracked pl at e iunction bpproach igubed to Gotaim the hivreogdneous
Fredholm integral equation presentedlyyn and Kumbasar (196.7J his was the first
studyof its kind to satisf mixed boundary conditions along a virtual line simulating a
crack and used changes in natural frequencies to analyse theowilwhthin simply
supported rectangular plates in relation to different crack lengths and associated moment
distributions along intact partd.eissa (1969)presented a review of about 500
publications and 1500 papers written before 1966 regguttie free vibration of plates.

Few publications exist dealing with the cracked rectangular plates explored in this thesis,
with most of these considering cracks parallel to the plate edges based on extensive

literature and existing methods for solving foroblem of an intact plate.

Some pevious research has been restricted to cracks running only along the axis of
symmetry Solecki (1980used a finite Fourier transformation coupled with a generalised
GreenGauss theory to analyse the vibration characteristics of an isotropic simply
supported rectangular plate withternal rigid supportsGood agreement with other
studies was seen for cies parallel to onedge of the plate as well as diagonal cracks.
Hirano and Okazaki (198Qjseda Fourier expansion and the weighted residual methods
to form the mixed boundary conditions along the fictitious line of a crack. Subsequently,
Solecki (1983)studied the vibration response of a simply supported rectangular plate
within an arbitrarily located parallel crack using a finite Fourier transformation of

discontinuous functions by representing the singularity at the crack tips.
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Despite some success, insufficlgnaccurde results were obtained when the crack
extendedd the edges (the length dfet crack is equal to the width of the plate). A finite
Fourier transform to the differential equation was applied in these stiitlireno and
Okazaki 1980; Solecki 1980; Solecki 1983nd a system of integral equations
represented the unknown singularity around the crack. The unknoamtitgs were
expanded into a Fourier series, but this method was limited to the localisation of the crack
or the boundary conditions of the plate.

Qian et al. (199)lestablished a finite element model to investigate the vibration response
of a cracked plate. In this model the stiffness matrix of the plate is obtained by the addition
of the strain energy of the crack which is related to the stress intensity Tae@tiffness

matrix isthen used to explore the behaviour of a finite plate with a through crack under
bending, twisting and shearing. Good agreement and a higher level of efficiency are found
compared with the model fro®olecki (1983)since mesh subdivision next to the crack

tip is unnecessarnKrawczuk (1993)presented a closed form solution formulating the
stiffness matrix required to simulate a static through crack in a rectangular plate. Changes
in natural frequencies were formulatesl @ function of the length and location of the
crack, the boundary conditions, and the mode shape. A similar method was used to solve
for an internal static crack based on transverse forced vibration, and a relationship
between increasing vibration amptiies and the parameterstbe crack was proposed
(Krawczuk and Ostachowicz 1994)n investigation of the effect of the plastic zone
around a crack on the flexibility of the structure compared with pure elastic behaviour,
demonstrated a rathemall influence in contrast to elastic and elgdtstic crack models
(Krawczuk et al. 2001 )Fujimoto et al. (2003)sed a hybrid of the finite element method

and the body fice method to discuss the vibration response of a centrally cracked plate
under uniaxial tensiorsaito et al. (2009)sed a finiteelement model to analyse the linear

and nonlinear vibration response of a cantilever plate within a transverseBaabkne

et al. (2009)proposed an extended finite element method to describe the vibration
response of a cracked plate under different boundary conditions. Considering both shear
deformation and rotational inertia based on Mindlin plate theory, their results showed that
the extendd finite element method was an efficient method for dynamic analysis of plates

containing singularities.
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2.2.4.2Analytical Analysis

Solutions for cracked plates have been developed using a range of different analytical
methodsKeer and Sve (197@yresented dual series equation solution methwdzglore

the stress singularity at the crack tips. Despite producing accurate results, the technique
incurred significant computation cost compared Wighn and Kumbasar (196 While

the limitation that crack could only run along the axis of symmg&tighl and Keer (1972)

firstly used homogeneous Fredholm integral equations of the second kind to obtain the
natural frequencies of a plate with different crack locations.

Lee (1992)used the RayleigRitz method with a simple sukection technique to find

the natural frequency of annular plates with internal cracks. This method could be applied
for different boundary conditions but was restricted to the first natural frequesepnd

Lim (1992)subsequently used the RaghRitz principle with a domain decomposition
technique to obtain natural frequencies based on the simplified Reissner thewrgt

al. (1994)applied the domain decomposition method with the RayiBigh method to

find the upper baod of natural frequencies for cracked plates. The solutions obtained
however lacked an important parameter of the RaylRigh method because the
displacement and slope continuities did not match at points along the interconnecting
boundaries or the viral springs assembled along the crack segment were not stiff enough.
As a result, the singularity of theagk tip stress was not properly generakdthdem and
Rezaee (2000presented modified comparison functions based on the RayRetigh
method to analyse the behaviour of cracked plates under external loading with different
bounday conditions. Whilst the effect of the crack on the vibration response was
expected to change depending on the depth and location of the crack, unacceptable levels
of error were present in the results due to nonlinearity being ignGresh and Banic
(2000)applied incomplete modal information to detect damage in a cantileverlgate.

et al. (2003)then extended the equations of roatifor a thin uniform plate with line
cracklike local damage. The locations and severities of damage parameters could be
functionalised by a damage distribution, and a small damaged region could be expressed
as the effective orthotropic elastic stiffnegkich wasderived interms of the damage
severity (orientation and size). This study skdthatline cracklike damage may change

the material behaviour which could be applied to detecbtiemtationof this type of

damage.
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A solution based on the Gakin method was used in analysing bddm structures by

Shen and Pierre (1920Vu andShih (2005)extended this to use Von Karman plate
theory to analyse the dynamic instability and nonlinear response of simply supported
cracked plates subject to a periodiepiane load. The incremental harmonic balance
method was then used to solve tihecked model and found that both stability behaviour

and vibration response were affected by crack location, aspect ratio, amplitude of
vibration and loading conditionXiao et al. (2008used the Galerkin method and the
harmonic balance method to solve nonlinear vibration equations based on Reissner plate
theory and the Hamilton variational principlisrar et al. (2009ppplied Gal er ki n
solution to reformulate the governing equation for a cracked plate into time dependent
modal coordinat es [Bargeeld54Hmangeeal. (B0dPropssedne t h a
new sets of admissible functions to represent the stress singularity along the crack tip and
the discontinuities of transverse displacement and bending rotations. The admissible

functions were developed from Rayleifitz method based on Mindlin plate thgo
2.2.4.3Experimental Analysis

Literature relating to the study of cracked plate behaviour is mainly based on centrally
located cracks or edge cracks located parallel or perpendicular to one side of the plate.
Only a few studies have dealt with the effects rbiteary cracks at different angles of
inclination to the side of the plateMaruyama and Ichinomiy41989) carried out
experimental reaiime measurement of the vibration of a series of plates based on time
averaged holographic interferometry. The influence of the length, location, and
orientation of all throughhe-thickness crack on the naturaldreencies and mode shapes

of a series of panels was investigatéil and Law (2004a; 2004 2004c) presented a

new effective stiffness model based on the theory proposebeby(1992)for an
anisotropic thick cracked plateluang and Leissa (2008%ed a set of corner functions

to simulate thetsess singularities and extract the natural frequencies of the plate using
the RayleighRitz method. This method was extended to thick rectangular plates with
arbitrary cracks based on Mindlin theqiyuang et al. 2011)A relationship was found
between the crack orientation and the change in natural frequencies with different
boundary conditions having different effects on the vibration respomseeVer, this is

one of only a few research studies which describe the effect of change of crack angle on
vibration response, most of which studied thretighdepth cracks with no results on

part througkthe-depth crackgHuang and Leissa 2009; Ismail and Cartmell 20&2se

and Mohanty (2013incorporated stress theory and strain gradient theory to study the
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effect of microstructure on vibration response by a modified LSM, but the clmange
natural frequencies obtainddom this study is significantly differenfrom that of
previous literatur¢Stahl and Keer 1972; Liew et al. 1994)

2.2.4.4Line Spring Model

The Line Spring Model (LSM) mentioned earlier is a commonly used approximate
analytical solution first proposed Wyice and Levy (1972)Continuous line springs
represent partial througthe-thickness cracks with compliance coefficients matching the
edgecracked strip in plane strain. LSM reduces the complexity of the cracked structure
problem and is especially valid for classical thin plagssymingki r chhof f 6s
bending theory)Suitable compliance coefficientse determinedinder different loadtg
conditions and different crack locations and used to reduce thedimeasional crack
problem to a similar twalimensional problem. Stress intensity factors are determined by
the force and moments around the cracked segmenharsblution is formulkad as an

Airy stress function. Although providing a good approximation of the effect of a part
throughthe-thickness crack, this technique incurs significant computational cost, and
newer methods based on the LSM have been developed to overcome thenpidiie

and Erdogan (1981jeformulated the LSM based on Reissner plate bending theory
including transverse shear effects. The expression for the stress intensity factor of the
plane strain problem of a cracked strip was updated with a valak ctepth to plate
thickness ratio of up to 0.&ing (1983)then proposed a simplified LSM where the crack

is represented by a virtual ligament spring ecegd at the centre of the crack. Reasonable
predictions of fracture characteristics likenflegral and crack opening displacemare
included in the paperyang (1988)demonstrated an effective approximate solution
applying the LSM to a complicated thrdamensional crack problem in plates and shells
with an acceptable level of accuradyliyazaki (1989)described a transient analysis of
the dynamic stress intensity factor through the coupling of finite element method with a
static LSM.

Compared withull three-dimensional cracked plate models, the LSM is versatile and c

be applied in conjunction with various boundary conditions and loading cases (mixed
mode, elastiplastic fracture problems, crack contact problems and arbitrary residual
stress loding casesjCordesand Joseph 1994)os@h and Erdogan (199jpinted out

that LSM could be applied to find the stress intensity factors along the cracked segment
of different forced vibration systems under mixed mode conditleres. (2008) and Israr

et al. (2009presented a model for a horizontal grough centrally located crack based
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on the Duffing equation. The relabship between the nominal tensile and bending
stresses at the crack location and far sides of the plate was obfmiskeidet al. (2014)
derived new crack terms to analyse the frequencies of an internally cracked plate by LSM,
andGupta et al. (2015)eveloped an analytical model for vibration analysis of isotropic

and functionally graded cracked plates based on a modified coussl téteory.

A simplified LSM has also been proposed in whichithpact of a crack on the flexural
stiffness of a structure is simulated by an equivalent rotational spring. This idea was first
used in the beaslike structures mentioned aboy&ounaris and Dimarogonas 1988;
Rizos et al. 1990; Ostachowicz and Krawczuk 1991; Caddemi and ZD&I&) Freund

and Herrmann 2010; Labib et al. 201An analogous simplified form of this LSM will

be studied in this thesis for the direct problem. There are few sources in the literature
describing solutions to thHeee vibration problem for plates drshells containing cracks
based on the LSM, especially for arbitrary cracks of random length, depth, location and
inclination angle. Hence, an efficient and accurate consideration of the modelling of free

vibration of cracked plates is useful and willgresented in Chapter 5.
2.2.5 Further Remarks

Whendamage occurs in the structure, it will cause a significant effect on the performance
of the structual properties and mechanics. Hence, damage detection needs to be applied
and studied for locating and assagsits severity. Different types of damage with
different locatios andseverity will have different influences on both buckling and
vibration behaviours. The work in this thesis aims to study the effect of damage based on
the natural frequency of the stture for both delaminatland cracked structures.

In practical engineering scenarios, structures are subject to a range of loading conditions
including asymmetric ouf-plane loading, resulting in a combination ofalane tension

and outof-plane shedeading to the cracking failures of plate structyfstyondy et al.

1995; Harris et al. 1998)n this thesisout-of-plane effects present the main concern, and
out-of-plane degree of freedoms are used in developing a cracked plate model.

Dynamic stiffness analysis (the exact strip dynamic stiffness method) provides an
efficient, accurate alternative to the finkdement method utilising a transcendental

stiffness matrix based on exact solutions to the governing differential equations. The
exact strip method (ESM) will be elaborated in detail in chapter 3 accompanied by a

discussion of the ESM based software VIGORI. The exact strip method needs the

33



PhD Thesis, Yulin Luo, 2019

parameters of the plates and loading conditions to be invariant along the longitudinal
direction, in terms of describing the vibration modes by sinusoidal terms in the
longitudinal directior{Anderson. et al. 983).

Delaminated plate(with all throughthe-length delamination) will be shown firasing

ESM modelling and then a egedinverse problem will be solved aspreparatiorfor
cracked plate Because the assumption of longitudinal invariance is not valid for arbitrary
cracks, the efficiency and accuracy of the LSM model and ESM also need to be
considered. In this thesis, a simplified LSM based on an equivalent rotational spring
model has beencorporated with a singularity integral formulation of an isotrgpitply
supported plate bagdeon the classal thin plate theory. It has been addedatdinite
elemenimodelof thecracked segment and coupled vatiexact stripmodelof theintact
segment by Lagrangian multipliers at boundaries to solve arbitrary crack poblem
hybrid cracked model is shownhiigure4-1, while results aréabulated and validatdxy
previous published results atite commercial FE software ABAQUS with related mode
shapes. It is then used to determine tiagural frequencie®f a simply supported
rectangular plate witl crack ofarbitrary location, length, depth and inclinatiorglen

Such generality is largely absent from the literature, where results are commonly
restricted to cracks located at the centre or at an edge of the plate, running parallel to the
edges of the plate, over the full length or width, or through the fuknieisgStahl and

Keer 1972; Liew et al. 1994; Bose and Mohanty 2013; Labib et al. 28b5dvanced

and efficient cracked plate model will be the essential part of the study and one

dimensonal cracked plate detection will be shown in Chapter 7.
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2.3Inverse Problem

As discussed in chapter 1.2, there are a wide range of techniques which can be used to
detect damage in plates including DIM, VDI, FRFs, WA, M\ FFT, AF and CA. In

this section, rathods relating to the use of changes in vibration characteristics especially
natural frequencies to detect damage in beams and plates based on models such as those
reviewed in section 2.1 will be examined. Establishing a cracked beam/plate model and
obtaning natural frequencies from it, the inverse problem is then applied tostotadi

crack and estimate its severity based on changes in natural frequencies or mode shapes.
2.3.1 Beamlike Structures

2.3.1.1Spring Model

Cracks in beam structures have been successfdbelled as a set of rotational, axial

and shear springRizos et al. (1990proposed a crack identification technique for-one
dimensional structures based on measuring the amplitude ofimibedttwo different
positionswith one of its natural frequencies. A rotational spring was used to simulate the
crack and the NewteRaphson method was applied to solve the iterative boundary value
problem based on measured vibration modes to obtain¢hédn and magnitude of the
crack. The technique was validated experimentally on a cantilever beam with a harmonic
exciter. The method is restricted to small cracks, where the crack depth to beam thickness
ratio is smaller than 0.1. It also suffers frotaek of sensitivity compared with ultrasonic

or radiography methods and cannot recognise symmetrically localised cracks in a simply
supported beankiang et al. (1991)leveloped this method based on two or three natural
frequencies without the need for a mode shape, enabling a noniterative procedure to be
used to locate the crack based on EBlemoulli beam theory. They went @hiang et

al. 1992)to determine the frequency sensitivity using bending theory and presented the
relationship between the firstder change in the eigdrequencies and the crack
parameters (location and severityjorassi (1993konside ed t he si mpl i ci
model, and proposed a general perturbation approach instead of the symbolic

manipulators used.

Nikolakopoulos et al. (1997sed 3D contour plots to illustrate the relationship between
changes in natural frequencies and the presence of a €eawck.and Vestroni (2000)
presented two different damage identification techniques based on frequency
measurement utding SaintVenant's principle and optimality criteria. The first method
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used the charadistic equation error (the change in natural frequencies between the
undamaged and intact status of beam); the second method was based on the comparison
between the analytical and experimental frequency values. An experimental validation
was then performedn cracked reinforced concrete beaf@grri and Vestroni 2003)
Caddemi and Morassi (200pyovided an exact closédrm expression to solve the
inverse problem taletermine the location and magnitude of the crack. The crack was
formulated as a function of deflection measurements for different boundary conditions
and could be extended to multiple cracks. The effects of errors caused by the presence of
noise during masurement was discussdéareco and Pau (2012dopted th dynamic
stiffness matrix with the rotational spring crack model. They used the least sum of squares
of the differences between the theoretical and virtual experimental changes in natural
frequencies as the optimality criteria. TheWValgorithm(Wittrick and Williams 1971)

was used to calculate the theoretical natural frequencies in a cracked frame, while the
effect of noise was considered by Monte Carlo simulatibmsterio and Sepe (2016)
developed this theory and modified the optimality criteria in rhdy and multstorey

plane frames in vibraticbased crack detection. The noise effect was simulated by
calculating the average mean error and standard deviation in crack pararneteian|

and severity)Sharma et al. (201%)escribed a method of crack identification for a single
crack with different boundary conditions. An unconventional frequérased damage
detection method was applied to mugiam beam structures based on the chamge i
natural frequencies. Several studies have discussed the difference between vibration
based identification based on spring models and finite element models, with some authors
combining the twgVestroni and Capecchi 2000; Chinchalkar 20@&L¥mall number of
studies have used rotational spring models for multiple crack detection in beams, however,
the total number of cracks need to be known a pfi@® 2009; Maghsoodi et al. 2013)
Caddemi and Calio (201p¢yoposed explicit expressions to identify an arbitrary numbe

of cracks and.abib et al. (2015used natural frequency degradations to detect cracks in

beamlike structures.
2.3.1.2Finite HementMethod

Many crack identificabn methods use the finite element method, disinetithe
structure into a set of elements represented by stiffness and mass matrices and modelling
cracks as reductions in stiffness at the cragktethentYang et al. (1985¢xperimented

with a cracked cantilever beam validating his analytical results by using the first six

natural frequencieam andLee (1992kxaminedvibration response based on this type
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of model. Static deflection analyses were performed for both intact and damaged cases
and a strain energy equilibrium was proposed to determine the severity of the crack. The
first ten natural quencies and mode shapes were obtained from experi(Rezds et

al. 1990)for various sizes and locations of crack, and then these natural frequencies were
calculated to identify crack severity. Good agreement was shown with gatipbfor
extension to multiple crackslassiotis and Jeong (199&pplied a number of quadratic
optimality criteria to detect single and multiple damages in bBdanstructuresLee and

Chung (2000)presented a crack detiet technique using the lowest four natural
frequencies which were first calculated based on finite element analysis. They then
appl i ed raAkomerimydethod with the obtained frequencies to calculate the
approximate crack location. By applying ttesult of the crack position range, they were
able to adopt an appropriate FEM model and the crack size was determined by FEM.
Finally, t he actual crack | ocation was

determined crack size and the aforementiaredral frequencies.
2.3.1.30ther Detection Methods

Besides the aforementioned methods, several different damage detection methods have
also been used to solve the inverse prol®atawu 1997; Doebling et al. 1998; Carden

and Fannin@004; Friswell 2007)For example: changes in curvat{(fPandey et al. 1991)

the finite element model updating meth@@ughels et al. 2002nd wavelet analysis of

mode shape differencéSolis et al2013) Stubbs et al. (1993)resented a method based

on examining the curvature of the measured mode shapes to find the decrease in modal
strain energy between two structuddgrees of freedomRatcliffe (2000) utilised
frequency response functions for dage detection covering a wide range of frequencies

with numerous measurement points needed.

Several advanced numerical techniques have also been applied to solve the inverse
problem. Examples include genetic algorith(Rsiswell et al. 1998)neural networks

(Fang et al. 20®) and the bees algorithifiKang et al. 2009)For more complicated
structures like frames, generally, each frame member is regarded as one finite element or
two elements to avoid the symmetry eff@dassiotis and Jeong 1995; Escobar et al. 2005;

Ge and Lui 2005)Morassi and Rovere (1990jiscretised the frame members into

numerous elements to detect a single crack in astimeey frame.
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2.3.2 Platelike Structures

Most of the damage detection techniques and optimality crdexialoped for platéke
structures were extended from those for bdilgenstructures. However, damage detection

in thin plate structures is a simplified 2D problem. Compared with the theories developed
for beam structures, more parameters and more catgdigeomeical conditions need

to be considered for plate structures. In the past decades, many vibadexhdamage
detection methods have been proposadter (1993)classified these into four levels:

Level 1:Determination that damage is present ingtnacture

Level 2: Level 1 plus determination of the geometric location of the dgmage
Level 3: Level 2 plus quantification of the severity of the damage

Level 4: Level 3 plus prediction of tmemaining service life of the structure

Furthermorepy consideringhe parameters which can be compared to determine the
relationship between an intact structure and a damaged structure, damage detection
methods can be grouped ir{fl@érez and Sertadpez 2019)

1. modal domaimethodgnatural frequencies, modal damping, mode shapes, strain
energy, curvatures);

2. spatial model domairmethods(mass matrices, stiffness matrices, damping
matrices);

3. response domaimethals, encompassing spatiemporal domairmethodsand

spatiespectral domaimethodgfrequency response functions).

Frequencybased methods have been widely used in the modal domain due to their
inexpensive measurements and global nature. Using the fregsi@itained from an
analytical model, numerical model or experimental data, changes in natural frequencies
can be angked from struetres of different status (intact or damaged). Natural frequency
degradations can then be used to solve the inverse probléetermining the location

and severity of the damage. In general, the first few natural frequencies are used in inverse
algorithms to find the damage indexes. Previous studies have proposed numerous
methods and algorithms for use in thealysis and dection of damage in plaiéke
structuresThere is no consensus on the optimal criteria for damage identificasoohn
structures based on vibration data, and different representative approaches have been

chosen which are explored in the followingtsats.

38



Chapter 2--Literature Review

2.3.2.1General Detection Method

Cawley and Adams (1978und the ratio of theaturalfrequency changes in two modes
could be formulate to deduce damage location in a fdimensional structure. This
technique was applied to an aluminium rectangular plate and a composite plate based on
both experimental techniques and the finite element method. Damage locations were
calculated based ondhcomparison of theoretical and measunatural frequenees
Cornwell et al. (1999¢xtended the theortyp general platdike structures characterised

by two-dimensional curvature. Unlike the low accuracy achieved in practice using the
curvature of the mode sha@ang et al. (2013)sed the curvature of the frequency shift
surface. Local damage was found only to cause @ Ildtange in the frequency shift

surface.

Sampaio et al. (1999roposed the frequency response function method which was based
on measured data without any modal identificatidams and Mréz (200liptroduced
damage indices (frequency variation) to evaluate damage location and severity. For this
method howeverthe computation cost needs to be considered and the indices need to be
carefully choserLi et al. (2002)also used damage indices, with a strain mode technique
based on the RayleigRitz method proposed to determine damage location by two
damage sensitive parameters. Resttisiing from the modified method shown good
agreement and significant capability in practiam et al. (20023ystematically stueid

the sensitivities of static and dynamic parameters of damagedigéastructures. Out
of-plane deflection and its slopsurvature and the frequency of the deformation response
functionwere formulated as the damage indices in dynamic analyseslésfvequency
modeswere examinedo narrow down the possible damage location rediee.and Shin

(2002) adopted statistical pattern recognition to verify the state of damage. Changes in
the vibration modes and frequency spectra were used to determine the type and location
of damagen plates. Howevesince the damag@aduced changes could often be confused
with the effects of other variables like temperature fluctuation, this method needed every
possible damage state to be explonearderto permitpattern recognitiori.u et al. (2009)

used artificial neural networks in cracked aluminium plates to solve the inverse problem.
Khatir and Wahab (201%olved the inverse problem in cracked plates based on proper

orthogonal decomposition and radial basis functions.

Williams et al. (1997)proposed the damage location assurance criterion based on the
modal asswance criterion in modal analysis. This could also be used in multiple damage

location identificationHosseiniHashemi et al. (201 roposed solutions based on exact
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characteristic equations of natural frequencies for rectangular plates using Reissner
Mindlin theory.Yang et al. (2013nput natural frequencies measured in a thick plate into

a database, and plotted contour lines for three of the obtained frequencies to identify the
severity and location fodamage.Jiang et al. (2017used the wavelet finite element
method to obtain the modahapes and natural frequencies of aluminium plates.
Numerical simulation and experimental validatitor a free aluminium plate with
multiple cracks were used to verify the meth@dn et al. (2019)roposed a novel theory

of noise response rate that could evaluate the sensitivity of each mode of the frequency
shift to noise. Their method showed that appropriate selection of vibration mdties wi
low noise response rates could improve the behaviour of freqursed damage
identification techniques in composite curved plates.

2.3.2.20ptimality Criteria

For different parametdrsased techniques, various optimality criteria have been proposed
for strucural damage identificatiorKrawczuk et al. (2004¢hose the given vibration
responsé¢o predict the damage parameters with special spectral elements used to analyse
waves in cracked plateStiswell et al. (1998)sed genetic algorithms based on vibration
data. The target of their study was to identify multiple damage locations and assess the
severity of the damage applying a genetic algorithm. The genetic algorithm was used to
optimise the damage location varlab. For a given damage location site or sites, an
eigensensitivity method was used to opsenihe extent of the damage. This tlewel
approach had the advantages of both the genetic algorithm and the eigensensitivity
method. Horibe and Watanabe (201Xpntinually applied a genetic algorithm to
determine crack location in plates but only for cracks running parallel to one edge of the

plate.

Yin et al. (2010explored a Bayesian probabilistic approach in classical thin plates, with
only a few points measured to obtain the dynamic respdvisere et al. (2011)
developed and applied a Bayesian approach for freely vibrating cracked plates using
dynamic impulse response datsbd on the analytical model proposed&biecki (1985)
Simulated time series are used in the parameter estimation pidcetsal. (2019)used

the Markov chain Monte Carlo algorithm to measure structural paeasnehich were
compared with simulated scattered field data, a Bayesian approach was then used to

determine the quality and quantity of damage data.
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Singh et al. (201)lused the least squares method in relation to the reflection and
transmission coefficients of a pure incident Lamb wave sent towards the defect to quantify
two unknown parameters representing the geometry of the defE&.model is used to
simulate his scattering for various values of the parameters, with postprocessing to
predict the reflectiorand transmission coefficients. When the predicted reflection and
transmission coefficients best fit those from the initial experiroétite process stops.
Chatzi et al. (2011)applied the extended finite element formulation with genetic
algorithms to accelerate the convergence of detection for any tydemafje. However,

this study was restricted to complicated damage shape like elliptical shape or multiple
damage.Xiang and Liang (2012presented a twetep method for multiple damage
detection. Firstly, a - wavelet transform to the mode shapes used for damage
localisaion, then the severity of damage at the detected locatasncalculated using
particle swarm optinsation algorithm. Higher natural frequencies are recommended for
damage severity calculations due to the increased levels of accuracy olikhad.et

al. 2013)used particle swarm optisation with a frequency response function to detect
the magnitude of the damage in belike and platelike structures. Accuracy was found

to improve based on the use of frequency response functions rather than the mode shape

when examining the response of damaged structures.

Jiang et al. (2014)sed a hybrid technique to detect multiple damage by coupling singular
value decomposition for damage locations with an ant colony ation algorithm for
damage severitypinh-Cong et al. (2017provided a multistage optinsgation approach

for damage detection in plaliée structures. The objective function was mirsed by
flexibility changes of the structure after which a modified differential evolution algorithm
was used through a series of stages of damage detection. At each stagedidmmage
variables were gradually eliminated to reduce the dimension of searching space and to
increase the convergemaate of the problem. Other methods including the use of
empirical probability distributions in interval arithmefjcabib et al. 2015}o predict

possible crack locations have also been considered for solving the inverse problem.
2.3.3 Further Remarks

Damage detection is a comprehensive and systematic discipline, different detection
mentoned in this chapter are summarised @able2-1. Technological enhancements of
the damage identification method have resulted fromefsttive compuhg memory

and speed, advanced experimental measurements, developments of the finite element
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method and the dynamic stiffness method, and enabled the development of increasingly
advanced linear and nonlinear detection technig@bang 1998)In damage detection,
many of the studies reviewed have used the mode shape as the basic featureen damag
detection techniques like the fractal dimension me{hadijileontiadis and Douka 2007)

and modified comparison functiofishadem and Rezaee 2000)

The main concept behind the mode shbpsed method is that local information reflected

by the mode shape leads to identification of singularities near the damage location.
Moreover, the mode shape is less sensitive to environmentatseffempared wiit

natural frequencief~an and Qiao 2011; Jiang et al. 20IMe main drawbacks of the

mode shap®ased method are that more sensors are needed forremeastithan those
required to determine natural frequencies, and the mode shape is more sensitive to noise

contamination.

Natural frequency methods have some restrictrdmsn applied to practical situations. It

will provide the same variation of naturdtequencies when damage locates
symmetrically of symmetric structure. Furthermore, the damage occurs at different place
with variant severity may result in the same changes in natural frequencies which will
mislead the damage detection procedifian et al. 2007)Moreover, natural frequencies
reflect the global response of the structure &hilode shapes contain local information.
Natural frequencies are cheaper to obtain which perfectly performed in the lab
environment and generally can be used for simple structures. However, the frequency

based method is limited for real complex structFes and Qiao 2011)

Previous research has demonstrated that lower natural frequencies can provide accurate
results for small cracks and could be used as a starting modal parameter to explore in this
work using the VFM model, to develop an efficient technique to deteciglam plate

like structures.

In this thesis therefore, natural frequencies will be used to assess the damage location and
magnitude while mode shapes will be applied as a baseline reference. This will be
achieved in two stageirstly, the forward prot@m, in which a vibratioitbased analytical

model will be established to obtain the changes in natural frequencies and mode shapes
corresponding to damage of varying severity at a series of chosen locatiermhtained

data will be normalised to eliminatihhe effect of severity and location separately.
Processed data will then be tabulated according to related mode shapes. The first few

natural frequencies will be chosen and plotted as reference curves, and the measured data
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or numerical simulated values muaalised by the same data processing procedure.
Secontl, the inverse problem will be examined, using the natural frequency degradation
method used by.abib et al (2015) Measured changes in natural frequemndgil be
compared witlthe normalised reference curves to find the intersection points, combining
results obtained from different modes to convesgehe point/range of crack location

(with afactor introdicedto handle experimental nojse
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Table2-1 Review of damage detection by differemitiration-based parameters

Author Structure Studied damage Parameter
(Rizos et al. 1990) Beam Crack Amplitude
(Liang et al. 1991) Beam Crack Natural frequency
(Liang et al. 1992) Beam Crack Natural frequency

(Morassi 1993) Beam Crack Natural frequency
(Nikolakopoulos et

al. 1997) Frame Crack Natural frequency
(Cerri and Vestroni

2000) Beam Crack Natural frequency
(Cerri and Vestroni

2003) Beam Crack Natural frequency

(Caddemi and . .
Morassi 2007) Beam Crack Static defection
(Greco and Pau Crack/Frame Crack Natural frequency

2012)

(Diaferio and Sepe
2016) Frame Crack Naturalfrequency
(Sharma et al.
2015) Beam Crack Natural frequency
(Vestroniand Beam Stiffness Natural frequenc
Capecchi 2000) reduction 9 y
(Chinchalkar 2001) Beam Crack Natural frequency
(Lee 2009) Beam Multiple cracks Natural frequency
(Maghsoodi et al. . Naturalfrequency anc
2013) Beam Multiple cracks mode shape
(Caddemi and Calic Beam Stiffness Natural frequency an
2014) reduction mode shape
(Labib et al. 2015) Beam/Frame Multiple cracks Natural frequency
(Kam and Lee Natural frequency an
1992) Beam Crack mode shape
(Hassiotis and Stiffness
Jeang 1995) Beam/Frame reduction Natural frequency
(Yang et al. 1985) Beam Crack Natural frequency
(Lee and Chung Beam Crack Natural frequency

2000)

44



Chapter 2--Literature Review

Table2-1 (continued)

(Pandey et al. 1991 Beam Crack Curvature mode shag
(Teughels et al. Stiffness
2002) Beam reduction FRF
(Solis et al. 2013) Beam Crack Mode shape
(Stubbs et al. 1992 Jackeitype Stlﬁngss Mode shape
offshore structure reduction
(Ratcliffe 2000) Beam Crack (slot) FRF
(Friswell et al. Stiffness : .
1998) Beam/Plate reduction Genetic algorithm
(Fang et al. 2005) Beam Stlﬁngss FRF
reduction
(Kang et al. 2009) Damfoundation  Young mpdulus Artificial bt_ae colony
sydem reduction algorithm
(Escobar et al. Erame Stiffness Transformation
2005) reduction matrix
(Ge and Lui 2005) Beam/Frame/Pla Stlffness_/Mass Naturalfrequency anc
e reduction mode shape
(Morassi and Frame Crack (notch) Natural frequenc
Rovere 1997) 9 y
(Pérez and Serra Crack/Thickness
Lépez 2019) Plate reduction FRF
(Cawley and Stiffness
Adams 1979) Plate reduction Natural frequency
(Cornwell et al. Stiffness
1999) Plate reduction Mode shape
(Zhang et al. 2013) Plae Stlffne_ss Mode shape
reduction
(Sampaio et al. : Stiffness
1999) Concrete bridge reduction FRF
(Dems and Mroéz
2001) Beam/plate Natural frequacy
(Li et al. 2002) Plate Thlckn_ess Mode shape
reduction
(Yam et al. 2002) Plate Local thickness Mode shape

reduction
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Table2-1 (continued)
(Lee and Shin

Young modulus

2002) Plate reduction FRF
(Lu et al. 2009) Plate Crack Artificial neural
network
(Khatir and Wahab Crack/Multiple . .
2019) Plate cracks Static strains
(Williams et al. Planer frame Stiffness Natural frequenc
1997) reduction 9 y
(HosseiniHashemi
etal. 2011) Plate Natural frequency
Stiffness
(Yang et al. 2013) Plate reduction Natural frequency
(Jiang et al. 2017) Plate Multiple cracks Naturalfrequency anc
mode shape
(Pan et al. 2019) Plate Natural frequency
(Krawczuk et al. .
2004) Plate Crack Wave propagation
(Horibe and . .
Watanabe 2011) Plate Crack Genetic gorithm
(Yin et al. 2010) Plate Crack Mode shape
(Moore et al. 2011) Plate Crack Natural frequency an
mode shape
(Lietal. 2019) Plate Signal
(Singh et al. 2011) Plate Strip-like damage Mode shape
(Chatzi et al. 2011) Plate Crack/Hole Geneticalgorithm
(Xiang and Liang Stiffness
2012) Plate reduction Mode shape
(Mohan et al. 2013  Beam/Plate Stlffne_ss FRF
reduction
(Dinh-Cong et al. Stiffness .
2017) Plate reduction Flexibility change
(Labib et al. 2015) Frame Crack Natural frejuency
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Chapter3--- Exact Strip Plate Analysis

3.1 Introduction

Structural design is generally characterised into conceptual design, preliminary design
and detailed desigiikennedy and Featheaosn 2010) The conceptual design stage defines
major structural components, establishes load paths through the structure and determines
structural and material concepst this stage, many alternatives are considered in a
qualitative analysis. A deependerstandings gained from more detailed numerical
analysis of the structuigintegrity carried out during the preliminary design stag@ch

consists of analyses to examine the stability, dynamic loads and fatigue life. Finally,
during detailed desig the most powerful techniques and design tools are needed to
obtain detailed data for tooling and manufacture. In this stage, the computational cost
requires a high level of resources. This thesis will focus on an alternative computationally

efficient aralysis method for the preliminary design stage

For a simplified aircraft design, structures such as the wings and fuselage can be
generalised as a series of individual stiffened panels and modelled as prismatic structures.
A good design should consideetbptimum structurdor example minimising the mass

of the structure itself and analysing to determine its behaviour under different
combinations of loading conditions. During preliminary design, many configurations and
load cases need to be considaradsing the process to become computationally intensive.

A faster and more accurate alternative is urgently needed and will be presetitisd in
Chapter.

In Chapter 2, a general review of the research carried out in order to locate cracks in plates
was peformed. Particular attention was paid to the use of vibration behaviour with
solutions based on a two stage process in which the effect on natural frequencies and
mode shapes due to cracks (direct problem) was used to determine the location and
severity dthose cracks based on changes in the vibration behaviour (the inverse problem).
In solving the direct problem, differefirmsof FEM provide the versatility to accurately
simulate the behaviour of the damaged plate, some of which have been sucaessfully

in practice. FEM is based on assumed interpolation polynomials to define the deformation
of discrete elementsFigure 3-1 (a)). The large number oélements needednd
approximate deformations incur a huge computational qustigularly for iterative
solutions ofnonlinear problem and optinum design) anda potential forcalculation
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errors.Against FEM, alternative approaches like the finite strip method (FSM) which
provides precise and efficient solutions basedaorappropriate assumption along the
longitudinal direction and discretisedolution of the governing differential equations in
transversedirection The d/namic stiffness method (DSMjlso assumes sinusoidal
variation in the longitudinal direction but solves the governing differential equation
analytically in the transverse directiomhus, DSMhas the potential to reduce eh
computationalcostsignificantlyandalso toimprove the accuracyHowever, only a few

techniques are based on the FSM or DSM.

In this chapter, the exact strip method (ESM) eé#fitient and accurate method which
incorporates the advantages of both FSM and D@Mbe introduced. This method
allows the modelling and computational costs of dissttin to be minimsed by
obtaining analytical solutions of the governing differential equatiamstransverse
direction The Wittrick-Williams algorithm (Wittrick and Williams 1971Yhen extracts

the natural frequencies from the resultingnscendentatigenproblem. ESM has been
proved much faster and more accurate than FEM imaulagysis ofprismatic stuctures,
especially for parametric preliminary design studies for large and complex structures
(Williams et al. 1991)To improve the versatility dhe techniqugelLagrangian Multipliers

can be introduced to allow the analysisapifisotropic panels or those with different
combinations of loading conditions. These methods have been combined in the advanced
computational software (VICONOPT).

For many complex and large structures, however, FEM software is still needed for
structural omputation. As a result, ESM has been combined with FEM in structural
analysis or optinsation softwargfor examplen studies oembedded delaminatisiby
Suliman(2018) Moreover, a hybrid model that consigihre advantage of both ESM and
FEM for arbitrary cracked plateill be describedn section5.2 of this thesis

Aerospace designers still searfdr alternatives to achieve faster and more reliable
analysis to save computational cost especially in pneding design. The work in this
thesis will contribute to this by developing an efficient method to predict the effect of

delaminations and cracks on vibration response.
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3.2 Exact Strip Method

3.2.1 FSM and DSM

Plates are an important component in many engineering fields, for example an aircraft
planform comprises a series of flat plates rigidly connected togédaeve 2002) To
simplify the problem, the basic plate structure can be assumed to be prismatic. FSM
provides arefficient and accurate method for determiningwiteation characteristics of
such plates with discrete finite strips in the perpendicular diredtigare3-1 (b)) instead

of discretsing into elements. It can also analyse mmomplex structures such as skewed

or curved panelsvhich can be approximated as prismgfiztawe 2002) FSM could be
regarded as a special case of FEM based on-fralttiforms of the traditional single

field combined vith potential energy or virtual work principlé@awe 2002) It was first
presented by¥’heung (1968jor a linear static analysis of single rectangular plates with
two opposite edgesimply supportedGuo etal. (1997)improved the classical FSM by
replacing the static shape function of the strip medigl dynamic functions in a stepped
thickness plate structur@.more general approathFSM has beedescribedy Cheung
(2013) With the development of approximate displacemeidgibased FSM, an exact
FSM (Wittrick 1968b) could be applied based andirect solution of the governing
differential equations of classical plate theory (CPT). Toesolvt h i s oldesnxtlaec t 6
dynamic stiffness method (DSM) was proposed. D@flvides exact solutionsn the

same way as other classical methods, amhandle complicated structures comprising
individual element stiffness matricé8anerjee et al. 2015)

DSM isknown asan exact method due to the exact shape functions salveédhe exact
solution of the governing differential equats for free or forced vibration problems
(Banerjee 1997)It provides a more accurate model compared to other approaches
because the dynamic stiffness matrix is independent of the number of elements in the
model (Banerjee 1997)DSM refers to the idea of forming a single stiffness matrix that
includes the effects of load /or vibratigBanerjee 1997)This contrasts with finite
element analysis, which use gagate static stiffnesnatrix, together with a mass matrix
which is multiplied by frequency squared or a geometric stiffness matrix which is
multiplied by the load factor. Several computer programs been developed based on
DSM, for application to bearike structures inclugig BUNVIS, BUNVISRG and
CALFUN (Banerjee 1997)
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3.2.2 DynamicStiffnessFormulation

The formulation of DSM can be derived as folk\{Banerjee 1997)Writing the

governing differatial equations of motion in free vibration symbolically:
01 m Eq.3-1

whered is a differential operator aritlis the corresponding displacement vec8mlving

for the harmonic displacemeitt
T NzQ Eq.3-2

wheren is a vectorof the amplitudes of displacementsijs frequency (rad/s}is time

and’Q W p.SubstitutingEq. 3-2 into Eq. 3-1 to eliminate the time dependent terms:
0 Qh T Eq.3-3
Here0 is a differential operatoithe general solution d&g. 3-3 is:
R AzZA Eq.3-4

where’Ais a constant vector arilis a frequency dependent square matrix. gl the
boundary conditions to eliminate the constant vectoEdn 3-4 to obtain the force

displacementealationship:
AzA Eq.3-5

where is the displacement vector related to the nodal displacementaiaral square
matrix derived fromA by imposing thdoundary conditions. Applying force to thedes
of each element:

¢ AzZA Eq.3-6

wheret is the force vector related to the nodal force Anid a frequency dependent

square matrix. Eliminatinthe constat vector’Aby combiningEq. 3-5 andEgq. 3-6:
¢ AzZA z €2 Eq.3-7
where(Banerjee 1997)
g AzZA Eq.3-8
or (Wittrick and Williams 1971)

E AT ZA Eq.3-9
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Hereé€ is theequivalentstiffnessmatrix and is anonlinear function of for an infinite
number of degrees of freedom systagmhas a transcendental dependenceg on
(Wittrick and Williams 1971)The calculatiorof € canbe perforned either numerically

or algebraically but the use of explicit analytical expressions of the elements of the
dynamic stiffness matrix can save significant computational [Bagaerjee and Williams
1994) It is notable that not all the stiffness ffagents are needed in DSM, and an
equivalent formulation of the frequency dependent square n¥atras been derived by
(Przemieniecki 1985)Gupta (1976)proposed a more general plate element derivation
from polynomial shape functions. The structural elements are assembled by integrating

shape functions with two terms:
0 0 1 20 Eq.3-10

where0 and0 are characteriie polynomials inthe plan dimensions®andwwithin

satisfied boundary conditions among the nodes.
3.2.3 DSM Application and ESM Development

The idea behindpplying DSM to the analysis of free vibration problems in structures is
simple.The dynamic stiffness matrices of each of the individual elements are assembled
as is usual in FEM and then the eigenvalue solution is applied to obtain the vibration
characteistics. The elements othe dynamic stiffness matrix are normally highly
transcendental functions of the frequency and lead to a nonlinear eigenvalue problem.
The standard linear eigenvalue method cannot therefore extract the buckling load or
frequency.Williams and Wittrick (197Q 1971 proposed an efficient and accurate
algorithm that gives all required natural frequencies below a chosen trial frequency with
any desired accuracy. Gealy, the algorithm needs the whole dynamic stiffness matrix

of the final structure and the clampeldmped natural frequencies of thwdividual

structural elemerthat will be introduced in the secti@S.

For beardike structures, DSM is well estaliied andaspreviouslymentioned has been
incorporated into a range of softwgBanerjee 1997for exact problers. For platdike
structures, Wittrick and Williams proposedlutions including an algorithmo solve the
transcendental eigenvalue problem as mentioned above for exact free vibration analysis
(Wittrick 1968, 1968; Williams and Wittrick 1969; Wittrick and Williams 1971973,

1974 Williams 1972) which were continually developed ovemany decades. To

determinethe vibration parameters and buckling stress of prisnsatictureswithout
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considering shear and anisotyppVittrick (1968a, 1968biirst presented the Exact Strip
Method based on solving explicit expressions of the governing differential equations.
Plates are divided where necessary into a series of strips which are rigidly connected
along their longitudinal edges. Sinusoidal vaoia of the mode is assumed in the
longitudinal direction. The spatial phase differences between the forces and
displacements are recorded by defining compjeantities and the sinusoidal variation
terms are divided into two uncoupled systems:aftglare (mainly considered in the
study) and irplane displacemen(®Vittrick 1968b) Two stiffness matrices are defined

for each stripaccording to these two systerasd in generathe outof-plane stiffness
matrix is formulated from complex termgvhen these are assembled into a global
stiffness matrixthe resultingbuckling or vibration problem ian exactranscendental
eigenproblem, rather than tbiscretisedineareigenproblem oFE aralysis When shear

load is included, the mode shape becomes skewed and a spatial phase difference is
introduced across the width of the platdttrick and Curzon (1968&olved this problem
approximatelyby assuminghe structures long compared with the halfavelength of

the buckling mode.

One of the most important outcomes of this work on the exact strip method was the
corresponding software. First VIPASAVittrick and Williams 1974) which can be
applied to classical thin plaevith two opposite sides simply supported, and in which
the deformation of the plate ves sinusoidally along the longitudinal directiomas
developed. ThelVilliams and Anderson (198&)corporated Lagrangian multipliers to
coupleresponses fromifferent assumed wavarhgths of stiffness matricastheprogram
VICON to solve the skewed problem asatisfy typical simply supported end conditions
Continued develpment of the above programs inalugl an optimum design feature
(CONMIN) (Williams et al. (1990). The resultingsoftware called WCONOPT combined

the features of VIPASA and VICON and couldlve eigenvalue problesyfor prismatic

components under any boundary conditions or loading combinations.

Extensiors to DSM based on plate theory and including the influence of shear
deformatiorandor rotatory inertia cover both isotropic and anisotropic pledesierson

and Kennedyl993 Boscolo and Banerjee 2012012a, 2012b, 2014azzolari et al.
2013) In most ofthese studies however the shpeoblems considered are restricted to

those with simply supported boundary conditigBanerjee 1997; Banerjee et al. 2Q15)
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3.24 ESM

The ESM supposes a continuous distribution of si$raed massover the structure
rather than discretisedalues at nodal points(Kennedy et al. 2007; Kennedy and
Featherston 2010)The assumption of sinusoidahwation enables a classical simply
supported thin plate structure to be reduced fdmo-dimersional to a one dimensional
element through a characterisyghamicstiffness matrixWittrick 1968b) This section
will introduce some general information about ESWbre detail including algeithms
and stiffness matricesvill be included insection 5.2.4 and will be used solving the
direct problem in this study. The analytical solutf@vittrick and Williams 1974)which

is quite similar to DSMinvolves the solution of partial differential equations governing
the deformations of the stepaccording to exact stiffesse matrice€ . The global
stiffness matrix is assembled fro; and relates the displacement Beit the nodes

to the corresponding perturbation for€Es

EzA E Eq.3-11
Critical bucklingloads or natural frequencies are calculated by:

EzA Eq.3-12

Becauset incorporates transcendental, nonlinear functions of the pigemeter_
(Wittrick and Williams 1974)Eq. 3-12 cannot be solved by standard numerical methods.
The Wittrick-Williams (W-W) algorithm perforrs an iterative search to obtain all
eigenvalues under a given trial value with any required acc(vditirick and Williams

1971, 1973. More detail orestablishinga plate model will be given isection 5.2.4.
3.2.5 Comparisorof Different Methods

In thissection FEM, FSM and DSM (ESM is a special case of DSM) are compared. FEM
(Kennedy et al. 2007)s the mat popular and mare method in structural analysis
providing versatile analysis of complex structures. In a plate modetied FEM, the
structure is dividednto many elements with connectioas nodesStiffnessand mass
matrices relate forces to disptements athe nodes. Deformations are calculated by
interpolation and lead to approximation errors. Buckling or vibration analysis is a large

linear eigenvalue problem which can incur high computational cost.
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FSMis one of few alternative approachiést providesa feasille, accurate and efficient
analytical solution to ordimensional problesy For platelike structures, similabut
different approximationsto FEM are made in the transverse directminFSM, but a
sinusoidal variation is assumed in the longitudinal direction. For example, for a simply
supported plate, the buckling or vibration mode is assume@ry singoidally in the
longitudinal direction with a certain number of halavelengths over thwhole plate
length.

DSM provides anoreefficient and accurate alternative to FEM. For the ESM which is a
special case of DSM, the modelling and computational cost of dsstreti and
inaccuracy of calculation can be avoided by explicit expressitreainalytical solution

of governing differential equations in the transverse dire¢Wgtiams 1972) ESM also
assumes sinusoidal variation in the longitudinal direction. The eigenvalueyaisal
results in a nonlinear transcendental eigenvalue problem. A highly efficient and reliable
algorithm (Wittrick and Williams 1973)an find the number of eigenvatuander any
trial value, and then the eigenvalue can be obtained to any desired achModeg.can

be found by applying a random force vedtidopper and Williams 1977ESM andthe
derived software VICONOPT ka provedto bemuch faster than FEM for thenalysis

of prismatic plate structure (Butler and Williams 1992)Table 3-1 shows the main
differences between ESM and FEM

Table3-1 ESM VS FEM

ESM FEM

No discretsation of plates Discretsed into many elements

Internal displacements depend on shaf

Exact internal displacements ,
functions

Small, nonlinear transcendental eigen

problem Large, linearigenproblem

W-W algorithm Standard methods of solution

Prismatic geometry and loading limited] Complex loading and geometry probler]

Fast solution time Slower solution time
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3.3 TheWittrick-Williams Algorithm

Extracting frequencies from an establish@dte model is the key part diie direct
problemto be solved in this work. There are many methods to solve eigenvalue moblem
such asHousehol der 6s met hod f gorthemethedsrfor ei genval
guadratic eigenprobles{QEP) proposed b§upta (19731976) Gupta (1973proposed
systematic solutions of the QEP based on bisection, and @&3tlien couts to separate

the roots following a higher order interpolation scheme for convergency. Of particular
noteis theadvanced bandwidth method used in the Gauss elimination process with an
array ofsized p z ¢ca p wheremisthehalf-bandwidthof the matrix A similar

idea has been applied in the present study. The computation time is determinechby the
and the matrix ordet, and assessed in the program QMEipta 1973) A more
efficient, accurate approach however is offered by thaNMalgorithmwhich ansolve
nonlinear transcendental eigenprobseWittrick and Williams 1971) This study
thereforewill adopt the idea of the YWV algorithm and usi (in modifiedform) to obtain

thelowest fewnatural frequencieof a simply supported plate.

The WW algorithm determines the natural frequencies for any linear structure with
known dynamic stiffness matrix] corresponding to any finite set of displacements
A (Wittrick and Williams 1971)Generallyg 7 is a nonlinear function of , and the
W-W algorithm is a versatile approach for both finite and infinite degrees of freedom
systems(Wittrick and Williams 1971) Without directly determinng the values of the
natural frequencies, the algorithm can obtain the number of natural frequagioieany
giventrial frequency anthence locatéheir value toany degsiedaccuracy The algorithm

can also count coincident naturalcftencies or singular values wh@&n  rather than
when'Q ‘G807 1. Moreover, ithas the advantage in the analysis of large structures of

being able to decompose thamo identical substructures.
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3.3.1 Finite system

In this section, using a finite moded an example) is the total number of degrees of
freedom corresponding to nodes. The vetarepresents the external vibrating force
related frequency , the vector’A contains the amplitudes of the associated
displacement§Wittrick and Williams 1971)the indexcwdenotes thathe two variables
are complete. ie maximum values of strain enem@ynd kinetic energyYof the system
during vibration aréWittrick and Williams 1971)

) gz A zAzZA Eq.3-13

Y gzw zA ZAZA Eq.3-14

‘Aand’Ahave the same symbolic mearsras inEq. 3-9. They are thestiffness matrix

and mass matrix respectivebndboth are symmetrical z O matrices. IrEq.3-13 and
Eq.3-14,0r epresents the transposit i(Witrickaddpp!l y i
Williams 1971)

TitT"Hz & Y "EQ phfB Eq.3-15

Here,”E and"H denote théQ components ofE and’A and Eq. 3-11 can be deduced.

For a free vibration system, the force vect&ris zero, and the eigenvalue problem

changes into:
€1 zA A1 zZAZA T Eq.3-16
where the symmetrig z O matrix€ is the complete dynamic stiffness mafiXittrick

and Williams 1971)and every element éf is linearly dependent on the variable.

A contains all the degrees of freeddaq. 3-16 should satisfy the following condition:
Q'O 7 1 Eq.3-17

Sinceg is alinear function gf , various algorithms can be used to compute the natural
frequencies under any given frequency wiite desirecccuracy Wittrick and Williams
(1971)adopted Househol deré6s method by Thmeans
transformed element possessed Sturm sequence properties and related roots could be
obtained by a bisection metha&inother possible solutiooccurs wherclamping forces

(A )are appliedA modes will only occur at relatively high frequency, and these
modes can be neglected in this study because it will only consider the lowest few natural

frequencies
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3.3.2 Infinite System

One of the most distinctive features of the\Walgorithm compared to other algoritem

is its ability with respect to infinite models. Any stiffness matrix of an infinite system
should be considered as a condensed stiffness ndatriand any dynamic stiffness
matrix€ 7 of an infinite system will b a transcendental functiafi (Wittrick and
Williams 1971) The difficulty is inthe calculation of natural frequencies of an infinite
system within a small variation pf, searching the value favhich thedeterminat of

€ 1 beconeszera The calculation shouldat miss any of the eigenvalyesnd the
singularity of the determimashould be paid attentidn. The WW algorithm overcomes

all the mentioned difficulties efficiently. The algorithm is valid for all types of eigenvalue
problens based on Ra(Witrekagdillemstid7é)or e m

3.3.3 Sign count of matrix

Considering a general symmetriéaF O stiffness matrix , define the characteristic
valuess Q phgfB hi asthe( roots ofQQ® _E , whereéis the unit matrix. The
number of positive characteristic valuekim®wn aghe index of , while the number of
positive characteristic values minus the number of negative characteristic values is called
the signature of the matri@Vittrick and Williams 1971) In the algorithm, oyl the
number of negative characteristic valuesdasideredand is known athe sign count of

the matrixi € . To calculag¢ the sign coun€ , the leading principal minor of order

i 1 pheB hG ofé isintrodued The sign counit € of € is equal to the number

of changes of sign between consecutive members of the Sturm sequence
g€ B B MR (Wittrick and Williams 1971)The matrixé is converted to its upper
triangular brm £ P usinga Gaussian elimination procedure, without row interchanges.
The basiqrinciples of this Gaussialimination procedure are briefly introduced below,
andthe codds attached i\ppendixA (Wittrick and Williams 1971)

1. Subtract a series of suitable multiples of the first row @ifom the subsequent
rows to make all elements under the diagonal in the first column zero.

2. Subtract a series of suitabinultiples of the second row of the modifiedrom
the subsequent rows to make all elements below the diagonal in the second column
zero.

3. Repeat the process on each row in turn until all elements below the diagonal are

Zero.
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Due to the large number oém elements ithe symmetric stiffness matrigbandwidth
method can be applied to the iterative calculation for compuatidtefficiency.Figure

3-2 shows the nonzerelements of a banded matrix used in Gauss elimination, where
only the banded interval needs to be stored and only the active triangle shiéxgurén

3-2 needs to bepdated when a particular row is pivotahis method will be introduced

in section 4.2.3with the code iMppendixA. The diagonal elements &Ff are arranged

in order and the sign counté of the matrix€ is equal to the number of negative
elements. To avoid missing values when one or male&gbnal elements exactlyzero,

a slightly different value of frequency is choséaime sign count of the characteristic

valuesis used in the WV algorithm.

nonzero elements

. o

Figure 3-2 Banded matrix for Gauss eliminati¢8uliman 2018)
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3.3.4 The basic algorithm

After thedynamicstiffness matrix is assembled and the sign count calculated, the core
algorithm can be introduced. For a general case, is a0 z 0 dynamic stiffness
matrix associating a set 6f degrees of freedom to a displacement ve&oA new
variable0] © is then introduced which expresses the number of natural frequencies of

z

the structure below any chosen frequenéylf 0 1 ° represers the number of fixed
end natural frequencies bel the chosen natural frequency which make all
displacement® to zero(Wittrick and Williams 1971)thenthe basic algorithm can then

be written as

z ) z r w z

0] 0 ] i €17 Eq.3-18

It should be noted thdtindamental vibration modes are easiecampute This study
only considerghe first six naturafrequencies, for which 7 ° remairs zera Thus,the

z

calculation ofv 7 “ will not be performed in this studyrhemodified W-W algorithm
usedwhen the clampedlamped frequencies of individualodes are not exceeded by the

trial frequency *. Therefore the modfied algorithm is

z

07 i €71° Eq.3-19

Based orEg. 3-19, Wittrick and Williams (1971xchose the same procedure@spta

z

(1969) (re-calculating and triangulating 1 © for a sequence ofrial values] to

convergeonthe desired natural frequencies.

In thissection an efficientand versatil@lgorithm has been introducéat both finite and
infinite system. The algorithm gigea fast and accurate solution for the transcendental
eigenvalue problem without missing amgtural frequenciegven when the system
contains a number of identical satvucturegWittrick and Williams 197 1)Wittrick and
Williams (1973)also extended the algorithm to be used in the calculation of buckling
loads. The W-W algorithm @nbe applied to count the number of critical buckling bad
below any chosenrial load to any desiredaccuracy Fa this study, theeigenvalues
(natural frequencies) arglgenvectorgmode shapgseed to be obtained fdine direct
problem. The natural frequencies will be found ugheyWW algorithm andhe mode
shapeswill be obtained by a subsequent solutiorEqgf 3-11 with a random force vector

(Hopper and Williams 1977Petailed codes attached irAppendixC.
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3.4 Lagrangian Multipliers

The W-W algorithm introduced irSection3.3 has been developed extensiviyobtain
the natural frequencies or critical load parameté@n increasing range of geometries,
load and boundary condition®ne of the most important developments introduocgd
Williams and Anderson (1983gxterded the WW algorithm using Lagrangian
Multipliers. This extended algorithm enabled the coupliofjcomponent structures
connectedo each othemwhich could then bealculated as a single structuie.also
enabledhecouping ofdifferent wavelengths of sinusoidal response to satisfgtesired
boundaryconditionsfor anisotropic and shear loediplate assemblie@Nilliams and
Anderson 1983)Whilst retairing the generality and capability tfe previous algorithm
this extensioncanbe applied to more complicated caseich aplatesattached to beam

type transverse support&Sigure3-3).

To introduce the basic concept of using Lagrangian Multipliers in the ESM and in the
VICONOPT software, suppos@independent structures are connected at a number of
discrete points. Ithe equation for th&" structure is denoted by the subsciptEq.

3-11can be writteras(Williams and Anderson 1983)

~

E:2A: "2 Q phgB RO Eq.3-20

where’E: is not null because of the connectidretween the independent structures. The

constraint equation denng the connections between the degrees of freedom of the
structures cabe representedyl{Williams and Anderson 1983)

z

A:A: T Eq.3-21

Eq.3-21is a general formulation that could denote any linear combination of any degrees
of freedom of the whole system. Assume the total energy dtkemponergincluding

the inertia effects ofibration problems isv.

nN.E A E AA Eq.3-22

"all he)
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Figure 3-3 Comparisorof mode shapes whdragrangian Multipliersaareincluded
and not inclued in ananalysis

(a) without Lagrangian Multipliers; (b) including Lagrangian Multipliers f
analysis of an infinitely long structure, where this a typical halwavelength is
the length over which the mode shape repeéassthe plate length, and ™ x p)
is given asx ¢€X0 where¢ andl are integer§Zhang 2018)
whereE is avector ofLagrangian Multipliers and superscripéxpresses the transpose
of a matrix.To minimisew, the partial derivative ofwwith respect to the elemerf

thedisplacementectorareset tozero(Williams and Anderson 1983yiving

E:A: AE , 0 phtB R Eq.3-23
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where( denotes the Hermitian transpose of a mairhe values irEq. 3-20to Eq. 3-23
can obtained frorq.3-18. Using a simply supported plate as an example, the eigenvalue

problemof Eq.3-23 andEq. 3-21 canbe written as:

mh
>~l

03 A

o N T e
H CE E AN g
' = o LT
I CcE E A A n 5
N 'R O S Eq.3-24
1€ e e E e é 1€, LB

] [N 4 iy |”|| k/ ] l l I’I
L ¢ A ptl> no U

yuA. A A E A TEWEU uU

wheredis the length of the plate, and the displacement and force variablasd E:
will be introduced irsection 3.5. Fronkq. 3-24, asmallmodification T €is introduced
which leads to a zero for the initial rigadnnections to obtain the originbhgrangian
Multiplier form (Williams and Anderson 1983)o solve the complex transcendental
eigenvalue problem, the extended-WV algorithm is introduced with Lagrangian

Multipliers:
0 0= {E- in i Eq.3-25

In Eq. 3-25, the first two items count the number of eigenvalues exceeded for each half
wavelength.i r is the sign counbf the matrix which replacesT € after partial
triangulation of the preceding rowsHuy. 3-24, andi denotes the number of constraints.
Whilst Eq. 3-25 gives the general form of the extendedWValgorithm, here it is

simplified by omitting thed - terms since only the lowest natural frequencies are

required.

Lagrangian Multipliers have beentroduced in the form of the extendedWvalgorithm

and successfully applied in the VICONOPT software over the last four decades. In this
study, the method used to model damaged plates combines ESM to model the intact part
of the structure with FEM to adel the damaged part. Hence the intact part needs to
couple the stiffness matrices for different assumed wavelengths of sinusoidal response,
subject to constraint conditions to equate displacements at the boundaries with the
damaged part. The applicatioh Lagrangian Multipliers to this type of problem uses
complex arithmetic and will be explained in section 5.1.3.
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3.5VICONOPT

For the solution of the direct problem of damage detection in plate structures, FEM, FSM
and DSM have been studied extensively beotresearchers in the last few decades. In
this work the use of the exact strip software VICONOPT to determine the effect of
delaminations and cracks on the vibration behaviour of plates will be explored. In this
section the VICONOPT software will be dissed.

The ESM and the WV algorithm have been applied in the software VICONOPT to solve
critical buckling or free vibration problems in isotropic or anisotropic prismatic plate
components for many years. They were first incorporated into the VIPASAsanaly
softwaredevelopedby Wittrick and Williams (1974) Extension of this code with the
introduction of Lagrangian MultipliergWilliams and Anderson 1983)led to the
development of VICONAnderson. et al. 1983; Williams and Anderson 198&jlding

on this, Williams et al. (1990)eleased VICONOPT (VIpasa with CONstraints and
OPTimisation), a 23,000 line Fortran 77 computer program combining the advantages of
VIPASA and VICON (Williams et al. 1991) The prgram was developed by Cardiff
University in collaborationwith NASA and British Aerospac@Villiams et al. 1990)n
order to study the behaviour of structures with crossaecsuch as those shown in
Figure 3-4. VICONOPT can be used tdeterminecritical buckling load factors or
undamped natural frequencies of any prisnsdtiecture comprising isotropi€igure3-4

(a)) or anisotropic plates loaded by any combination gblame longitudinal L),
transverseNr) andshear Ks) load, sed-igure3-4 (b).

3.5.1 VIPASA

VIPASA, proposed byittrick and Williams (1974)s a program based on exact flat
plate theory. The program determines the critical buckload factors or natural
frequentes of assemblies of thin prismatic plates using theéMAalgorithm. It
significantly reduces the computational time, data preparation and memory usage
required to solve this type of problgiwilliams et al. 1991fompared to finite element
analysis. The modes of buckling or vibration are assumed to vary sinusoidally along the
longitudinal directionx, either with the far ends simply supported or with the-half
wavelength/ of the mode being much smaller than the overall letgfithe structure
(Wittrick and Williams 1974)
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Figure3-4 Plate assemblies in VICONOPT analy@i¢illiams & al. 1991)
(a) Crosssections of typical plate assemblies and (b) loading conditions c

individual plate

Figure3-5 shows the perturbation egldorces and displacements, which vary according
toA@®“Th 2z AT & ¢ avherenis the frequencyQ W pandois time (Wittrick
and Williams 1974)If / divides exactly int@ the sinusoidal variation enforce simply
supported end conditions if the nodal lines run in the transverse directohotherwise
only appoximate themFKigure3-5). For isotropic and orthotropic plates the-of#plane

and inplane behaviours are uncoupl@tittrick and Williams 1974)

The force and displacement terms in general contain complex quantities, and there are
phase differences between th@wittrick and Williams 1974)As shown inFigure 3-5,

each nodal line has four degrees of freedom, wilierand 0 are the implane
displacements in theandy directions, respectively, is the outof-plane displacement

andy is the rotation about theaxis. The perturbation force vector and displacement
vector'H are defined atedgé N pi @ as:
1 a n non

L Eq.3-26
"H Yy 0 Lo
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Figure3-5 A componentlateshowingthe edge forceslisplacements, and nod
lines (Wittrick and Williams 1974)

Theseare related bgtiffness matrices  asfollows:

Eq.3-27

which can be simplified to:

1T iz'H Eq.3-28

For the uncoupled systems, the elastic properties are defined individually by the following

two equations

a (@] O ©O I
Out-of-plane. A o o o | Eq.3-29
a O O 0o «l
€ 6 0 T -
In-plane: & 6 0 - Eq.3-30
€ n n 6 T

Eq.3-29 andEq. 3-30 define the elastic properties of these two systems, wheré
& are the bending and twisting moments per unit lerigthe , &  are the membrane
forces per unit lengtlg ,@ , @ are the curvatures and twighd- ,- ,[ are the

membrane strain@Vittrick and Williams 1974)D andA are the oubf-plane bending

66



Chapter 3-Exact Strip Plate Analysis

and membrane stiffness matrices respectively. A comparison between VIPASA and two
othercodegSmithd €1968)programand BUCLASP2(Viswanathan et al. 1978 given

in Table3-2. The main advantage of VIPASA its computationaspeed which is 1100

times faster than FEM with less than 1% ef(Butler and Williams 1992)

3.5.2 VICON analysis

VIPASA provides faster solutions, &fientdata preparation and less computer memory
usage than other techniques in the prelinyiigsign stag@ittrick and Williams 1974)
However,when consideng shear loading or anisotropic matesi@ lacks accuracy.
VICON (VIPASA with Constraints) is an extended version of VIPASA which uses
Lagrangian Multipliers to solve problems with shear loading or anisotropy more
accurately by couplingesponses fromsets of halwavelengthd as shown irFigure3-3.

It models an infinitely long plate assembly, applyoogstraints in the form of repetitive
point supports at longitudinal intervaisthe panel lengthto create the desired boundary
conditions. Thesigenvalues of theanscendental stiffness matabtained by solving the
governing differential egationsare found usinghe modified WW algorithm(Williams

and Anderson 1983)

Table 3-2 Comparison between VIPASAnd earlier programs SMI THG6 S pr o
and BUCLASPZWittrick and Williams 1974)

BUCLASP2

VIPASA Smith (1968) (Viswanathan et al. 1973

Includes flat plate and | Includes both flat and
longitudinal beam curved plates, and
elements longitudinal beam element

Includes only flat plate
elements

Includes full arsotropy in | Assume only orthotropic Assumes only orthotropic

bending but ignores bending properties and | bending proprties, but
coupling between bending| ignores coupling includes effect of coupling
and middle surface between bending and | between bending and
deformation of component middle surface middle surface

plates deformations deformations

Includes shear as well as
longitudinal and transversg
direct stress in the
component plates with
limitations

Does not include shear | Does notfnclude shear in
the component plates | the component plates

Calculates any number of | Calculates any number ¢
natural frequencies or natural frequencies or
critical buckling stresses | critical buckling stresses

Calculates the lowest
critical buckling stress only
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The displacema vectors of thelate assemids™A are written as a complete complex

Fourier seriegAnderson. et al. 1983)
A A Qo) b Eq.3-31

where’A are complex displacement amplitude vectorshef plate assembly for half
wavelengtt/ and(s the imaginary number whiakasdefinedin section 3.5.1Hence,
the structural parameters of the component are describedriegibet @ & The

requred/ aredefinedby the series
/ X—ﬁn x pp mh ph ¢iBh R Eq.3-32

Whend takes anegative value/ contributes the same as the positive vdlue the
mode shape hasp Y’phase difference. The structure is simulated as infinite with a
mode shapeepeatingat intervals of. as shown irFigure3-3. The perturbation foregE

can be expressed similarly as:
"E E AQumijd Eqg.3-33

where¢ is the VIPASA stiffness ntex corresponding to théalf-wavelength/

Further detail regarding will be given in section5.2.4 Hence,by minimising the
energyfunctionin Eq. 3-22, the VICON stiffness matrix containg theg¢ of each hakf
wawvelength with corresponding ,"E and Lagrangian Multiplierdg aredefined as in

Eq.3-24. Then, the stiffness matrix &q. 3-24 can be simplified as:

¢ N Al Eq.3-34
A T€
whereg contains stiffness terms arficontains constraint terms.

can then be transformed by Gauss elimination into an upper triangular complex
transcendental matrix and the eigenvalue problem solved using the modHidd W
algorithm. By introducing Lagrangian Multipliers VICONhus overcom& the
insufficiency for complicated structure assemblies or loading conditions while retaining
all the advantages of VIPASA. Further development and applications related to VICON
have been proposed Wittrick and Horsington (1984yith the combination othe
RayleighRitz method to handle folded structures of finite length in coupledr siel

compression conditions.
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3.5.3 VICONOPT

VICONOPT (VIpasa with CONSstraints and OPTimization) incorporates both VICON

and VIPASA. This software is used in the analysis and aptimlesign of structures in

the aerospace industry, calculating critical buckling load factors and undamped natural
frequencies. As well ake limitation of theclassical plate theopAnderson and Kennedy

(1993)demonstated its application of first order shear deformation theory.

For optimum design, VICONOPT includes features from PAS®@ud and Anderson
1980) reducing the mass afstructure subject to initial bucklingrength, stiffness and
geometric constraintéKennedy and Featherston 201@utler and Williams (1992)
introduced a sizing stratedyased on thdinear optimiser COMIN(Vanderplaats rad
Moses 1973)The optimisation process is shownHigure 3-6, which promises a just
feasible solutiomteach stge. As well as the sizing strategy mentioned above, other types
of optimisation incorporate into VICONOPT over the last 20 years have in=d
discrete optimisatiorfKennedy et al. 1999)discontinuous cost function optisation
(Kennedy et al. 1999yibration constrainbptimisation(Kennedy et al. 1999ndmulti-

level optimisation in combination with MSC/NASTRA(Rischer et al. 2002)

VICONOPT was evaluated by the team at Cdrdifniversity andthe Group for
Aeronautical Research and Technology in Eurofp¢arris 2001) Subsequent
developments includ@ennedy et al. 2007)

1. Postbuckling analysigh which nontlinear stress distributions are simulated by
strips with different stresses and each loading level converges simultaneously at
consistent values;

The prediction of mode jumping;

The provision of discrete design capability;

Discontinuous cost functions;

Optimization with vibration constraints;

o 0k WD

Response surface applications.

However, it is the efficiency of the VICONOPT software rather thamptsmisation
ability which is important to the work in this thesWilliams et al. (1991joundfor the
analysis of a compositddule stifened panel, compared with STAGS FEM program,
VICONOPT could run 1000 times faster with 1% differemceaesultswhentd 1.
Further improvement in efficiency can be gained throwyact multilevel sub
structuring (Wittrick and Williams 1974) whilst Williams and Anderson (1985)
presengdanefficientinfinitely wide model of transversely repetitive components.
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Figure3-6 VICONOPT optimisation procegButler and Williams 1992)
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3.6 Conclusiors

ESM and the related software VICONOPT provide efficient, accurate analysis and
optimum design capability that has been developed for aerospace structurabesince
1960s The componenplates can be isotropic or anisotropic. VICONOPT contains two
main options: VIPASA analysis, in which the mode is assumedaoy sinusoidally in

the longitudinal directioncan be used to derive solutions $imply supported isotropic

or orthotropic components without shear load{Kgnnedy et al. 2007)and VICON
analysis,in which shear loading or asotropic material, can be handled tyuping
modes using Lagrangian Multipliers and implementing approximate end conditions
(Kennedy et al. 2007WVhilst the software can analyse prismatic structural assemblies, it
lacks some versidity for more complicated cases like thréenensioml structures with
complex external loading or damage. Despite its limitations, VICONOPT is widely used
in preliminary analysis and design in both industry and academia. Recently researchers
have improved the versatility of VICONOPDy couplingwith FEM to model the
damaged part of a structyreth ESM using Lagrangian Multipliers to take advantage of
the benefits of both techniques whilst overcoming their limitations. It is this work which
will be explored in this thesis.
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Chapterd--- Data Analysis and Processing

4.1 Introduction

Previous chapters have introduced the motivation and background for the study. Before
illustrating the modelling process (Chapters 5 and 6) and the analysis of the inverse

problem (Chapter 7), Chapter 4 describes several methodologies wihibk used.

In addition to the introduction of a hybrid model (Chapter 5) which balances accuracy,
efficiency and versatility by combining ESM with the finite element method to model
more complex structures such as those incorporating daagember ofother data
analysis and processing methods are used to significantly improve computational

efficiency whilst ensuring accurate results.

The WAW algorithm which is critical to the ESM and can be applied in more general cases
when incorporated with anothenethods like FEM, cardetermine all the natural
undamped frequencies of vibration of any linearly elastic structuranyo desired
accuracy(Wittrick and Williams 1974)However, since in this study only the first few
natural frequencies are needed, anchadified W-W algorithm is adopted which is
sufficient to calculate the required natural frequencies of a simply supported isotropic

square plate.

When combining ESM wh FEM in the new hybrid method, the computational time is
hugely increased, especially the iteration procedure in th& Algorithm. To counter

this, a bandwidth method has been introduced in the data processing. Based on this,
instead of carrying out aallations on the whole stiffness matrix, a partial banded matrix

is used in the Gauss elimination.

When data obtained from the solution of the direct problem is prepared for the inverse
problem It is important that modes are correctly identified suchrégictions in natural
frequencies due to damage carveefied. To prevent mode sequencing problems during

processing, an automatic mode shape sign method is presented to solve the problem.
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Figure4-1 Hybrid cracked plate model (SSSS), coupling exact strip model ar
model.

4.2 Methodology

4.2.1 Modified Wittrick-Williams algorithm utilisation

The WW algorithm is crucial to this study. The algorithm provides a methodology to
obtain the naturdtequencies of a structure under any trial value to any required accuracy.
It can be used for any loading or boundary conditions for both isotropic and anisotropic
plates and plate assemblies. In Chapter 3.3, the algorithm was introduced for both finite
ard infinite cases. In this research, the simplest case is studied, namely a simply supported
isotropic square platéSSSS). The results obtained from the direct problem are used for
the inverse problem and only the first few natural frequencies are nfexted et al.

2014; Labib et al. 2015)n this studythe first six natural frequencié¥ang et al. 1985)

are needed so the clamped end téraioes notome into playHencethe infinite system

is simplified to a finite problen{Eq. 3-17 and Eq. 3-19). A method for performing a
numerical vibration analysis usiagnodifiedW-W algorithm to obtaitherelated natural

frequencies is illustrateldter in this section

Use the arbitrary cracked platgFigure4-1 as an example to show thmodifiedWittrick-
Williams algorithm calculation procedure. A brief diagram of the hybrid model cracked
plate model is shown here, and details of the model will be explained thoroughly in
section 5.2.4. The calculation of the required natural frequencies strtassembling

them in ascending order of modes. For the lowest mpdetrial value is given. To
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calculate the sign count the stiffness matrix for the ESME(. 3-24) and FE $ection

5.2.2 parts are obtained. Apply the banded Gauss elimination (section 4.2.3) procedure
on the global stiffness matrix of hybrid VFM, an upper triangular matrix is obtained, and
the sign counbis obtained by counting the numberrafgative elements on its leading
diagonal. Ifo i, an upper bound on modéas been found. Otherwise, a lower bound
has been found. In this case, the trial valus doubled and the process repeated until

0 i.Once lower and upper bounds have Heand, the bisection method is introduced

to achieve the desired convergence. At each iteration, thepomd between the closest
lower and upper bounds is selected as the new trial\vglaad then the new sign count

is calculated. The new intervaldependent on the comparisori@indi . The calculation

is repeated until the difference between the limits reduces to the required tolerance; the
final bisected value is chosen as the desired natural frequency for thé nfradénigher
modes, the picedure is the same, using the previously obtained natural frequency as the
first lower bound. Besides the bisection methtliams and Kennedy1988)proposed

a multiple déerminant parabolic interpolation method. This improves the efficiency for
solving large transcendental eigenproblems. For a required relative accuracyfaf 10
noncoincident eigenvalues, this approach can reduce the time by 31% over the bisection
metlod. For higher levels of accuracy, more time could be saved. However, considering
the simplicity of the examples in the present

the bisection method remains competitive.

The bisection iteratioprocedure is codeitito MATLAB as shown in Appendix C. For

a tolerance of 1frad s', based on the solution of 56 different crack cases (with different
locations and lengths of crack) for a simply supported paggi{e4-1) while onlyusing

a pure finite element model with a 20*20 mesh, the tbiaé (Figure 4-2 (a)) for
calculating the first 4 natural frequencies was 403.783s run on a computer with an i7
4790K CPU @ 4.00GHzwith 32GB RAM and-64 operating system. These results
were obtained by running the problem within the Parfor function in MATLAB which can
run differentcracked plate cases simultaneously. This improves the calculation efficiency
significantly whencompared with the original case running without the functibguie

4-2 (b) which took 1139.883s. The parallel function (referred to inAiygendix D in

this case saves nearly 75% of the total time.
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4.2.2 Bandwidth method in WV algorithm

Computational efficiency is one of the most important considerations in damage detection
and the related forward problem due to the large number of iterations which need to be
performed. ESM can significantly enhance the efficiency of modelling the effect
damage on the vibration characteristics of a structure by avoiding discretisation into
elements, with the WV algorithm providing exact solutions for the transcendental
eigenvalue problem. However, related techniques such as those implemented in
VICONOPT are only suitable for prismatic structures. For more complicated structures,

it is still necessary to consider both efficiency and accuracy. For a cracked plate, the crack
will break the prismatic status of the plate. Hence a hybrid method is introdunckthe
computational time significantly increases even using a powerful computer. The Gauss

elimination requires the greatest part of that computing time.

As mentioned irChapter 3.3, the necessary Gauss elimination procedure can be regarded
as a matrixtransformation without row interchanges. As an exampigufe 4-3),
consider an isotropic simply supported plate which contains a single arbitrary crack. In
modelling the crackthe plate has been divided into three parts, two intact parts and one
damaged pa. Before introducing the crackssume the intact parts of the model have 6
(line) nodes and 12 different halfavelengths are used, and the damaged part has 400
elements in total (20*20). For the intact part, using ESM to establish the stiffness matrix,
each node has 2 degrees of freedom for eachn@alélength. A 12*12 stiffness matrix

is thus obtained for a single halfavelength and the total size of ESM part is 144*144

for 12 different halwavelengths. For the damaged part, FEM is used to seteup th
stiffness and mass matrix while each point has 3 degrees of freedom, where the size of
stiffness matrix for FE is 1323*1323 (21 nodes in each direction, and 1323=3*21*21).
For the constraint, the matrix will be an 82*(1323+144) matrix (21 nodes petialrec

two degrees of freedom for each node, and two of the edges of the FE part are taken into
the calculation while ignoring the displacement degree of freedom of far end nodes.
Hence, 82=21*2*2). The complete stiffness matrix is thus 1549*1549
(1549=123+144+82, which is the summation of all the degrees of freedom produced
from the ESM, FEM and the constraint matrix) and includes many zero elements. As
shown inEg. 4-1, the majority of the complete global stiffness matrix elements are zero
Using the cracked plate as an example, if only thezsoo elements are considered when
transforming the matrix using Gauss elimination, the computational cosiendlfound

1% compared with the calculation of the whole stiffness matrix 1549*1549 using the
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formula given bySuliman(2018) Moreover, according t8uliman et al. (2019}he pure
FEA analysis isabou 4.25 times longer than hybrid VFM approadiis is a massive
improvement in computational efficiendgr the arbitrary damage casand hence to

achieve it an advanced bandwidth method is introduced as explained below.
4.2.2.1Bandwidth methodology

For the corplete stiffness matrix shown ag. 4-1, to use the WV algorithm, a Gauss
elimination needs to be performed to transform the matrix into an upper triangular matrix
without row interchanges to count the negative sign cdémt4-1 is deduced fronkq.

3-24 shown below:

E T T nm 1n A-A. "E.
0% ) h 1] n’Ell
U & m E ©m m AWMAMN (TEn
) e ~ - NIL T (Y
WRL m E n n Al’lllA 1 IIE|’|
g S 8 E 3 g @nlgn 1lign Eq.4-1
] S LU T Y R
WL T m 1 &€ 1 A:pAan En
1 o w il o 10
”n T m T T € A A HE i

yAA A A E A A AWEU u U
wheret is the VIPASA stiffness matrix for different halfavelengths. Q pH8 hQ ;
€ is the finite element stiffness matrik ( € 'E71 ); A and’A are the constraint
matrices for VIPASA and the finite element pdrtis initially a zero matrix but will
change to have nerero terms after Gauss eliminatiégdenotes the transposa; and
A which are the vectors of displacement for VIPASA #mlfinite element partE is

the vector of Lagrangian Multiplierd& and’E are the random force vectors.

VFM uses the \AWWV algorithm to count the number of negative leading diagonal elements
of the upper triangular matrix obtained from the congsiffness matrix. Only terms on
and above the leading diagonal need to be stored and processed. During the Gauss

elimination, consider the way to process the leading diagonal.

Assuming the global stiffness matrixis@a 1 z &€ 1 matrix and choosing @nof

the main stiffness elements as an example. Here, trianguiatinghe transformation

has been described in Chapter 3.3. Each pivotal elemeést ofill be used to modify

other elements itE ; the pivotal element and related elementséofandA will be

used to altefA ; elements ofA will then used to modify). During the transformation of

& andA , there are no changes to the rest of the stiffness matrices and constraint

matrices. The same procedure is repeated for the remainimgpdA , € andA . The
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final process is the triangulation gfthat the pivotal elements gfwill be used to modify

other elements in.

For the advanced bandwidth method used in the global stiffness matrix, related program
codes have been attached in the Appendix A. It is helpful to store different components
of the complete stiffness matrix separatetyexpressed iq.4-1, and soménformation

are shown belowHjgure4-3):

1. & are small, symmetric, banded VIPASA matrices with different -half
wavelengths from the VICONOPT part of the model (all of them have the same
size 12*12);

2. € is alarger, symmetric, banded matrix from the FEM part (1323*1323);

3. A are rectangular matés from the constraint part (all have the same size 1*82)
with initially only a few norzero elements, but further n@ero terms will appear
during Gauss elimination. During the transformatiofofone may allow for the
bandwidth method, but this tricky to deal with;

4. A is a larger rectangular constraint matr823:82), with the same number of
columns asA but with more rows;

5. N is a symmetric square matrix (82*82). Its terms are initially all zero but non
zero terms will appear durintge Gauss elimination. It becomes dense and cannot
be allowed for the bandwidth method, so this part of the assessment of Gauss

elimination could cost a long time if many constraints exist in the structure.
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Figure4-3 Hybrid model used in bandwidth method illustration.
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The advanced bandwidth method is the primary technique which can improve
computational efficiency significantly. Besides the method, because the forward problem
needs to prepare data foracks with different locations and severity, a parallel

computation method could be considered in the study mentioned in section 4.2.1.
4.2.3 Automatic mode shape sign method

As described in the introduction, it is important, in determining the effect of damage,
which is characterised by changes in natural frequencies and mode shape, to ensure
frequency comparison and mode normalisation are performed using data corresponding

to the same mode shape.

For exampleKigure4-4) f or a 6parall el crackdé (a c¢
and parallel to one side), as the crack is moved parallel to one of the axes, and the
length/depth are changed, the vibratdraracteristics (natural frequencies and mode
shapes) will change, and the data obtained will contain many results obtained from
different cases. A mode sequencing problem can occur when changing the location of the
crack or increasing the severity of tbeack, the natural frequencies of a higbeder

mode swap over with those of a lewder mode. Thiplate problemis illustrated in
Chapter 6 which shown ifigure 6-20 and Figure 6-21 including the characteristics
including natural frequencies and mode shapes are shown for a plate having cracks
located in different positions and having differing severity (length). The mode sequence
is based on the intact plate. Feéigure4-4 (a) and (b), crack locan x=0.01, the zero
contour line divides the plate into two parts in two directions. When moving the crack to
locationx=0.04 Figure4-4 (c) and (d)), zer@ontour lines separate the plots into two
parts in the opposite direction compared+0.01. However, at the same crack location
x=0.04, when the crack length is increased ffet01 tol=0.08 Figure4-4 (e) and (f)),

the zerecontour line changes to a third direction. If using the mode plot of the intact plate
as a reference datum, for adjacent modes like mode 2 and mode 3ydttis fecognise

the sequence of modes from the natural frequency results or the contour plots of the mode
shapes. However, in the damage detection problem, researchers need to use
corresponding modes prior to and following the onset of damage to noruaisgsand

find the crack location (section 7.3). It is important therefore to be able to sort the modes
into the correct ordeiThe development of a method to solve the sequencing problem is

therefore essential for successful damage detection.
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Figure 4-4 Mode shape for ansotropic simply suppogtd cracked plate witk
different crack location and different crack severitg=—— crack

(&) crack location x=0.01, crack length 1=0.01, mode number r=2; (b) cr
location x=0.01, crack length 1=0.01, mode number r=3; (c) crack location x=0
crack length 1=001, mode number r=2; (d) crack location x=0.04, crack len
|I=0.01, mode number r=3; (e) crack location x=0.04, crack length [=0.08,
number r=2; (f) crack location x=0.04, crack length |=0.08, mode number r=3.
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4.2.3.1Automatic mode shape sigrethodology

To ensure the correct mode is assigned to a particular natural freqaelacryaged plate
model is first established. The-W algorithm is then used to obtain the related natural
frequencies, by default in ascending order. Then the obtairtedah&equencies are
substituted into the complete stiffness matrix and the modal displacements are found by
solving the stiffness equations with a random force vdétopper and Williams 1977)

on the righthand side. A set of displacements is obtained with the default order. It
notable that, for a single cracked plate for example, when slightly moving the crack or
increasing its severity (e.g. its depth or length), the mode shape will be similar for the
crossreference. The difference in the vertical displacements is thenagsadeference
variable to sort modes. Before sequencing the mode, a reference standard needs to be
confirmed. In this example using a crack location as the standard, means that the next
mode sequence of the longer crack length is based on the previdabwith a smaller

crack length at the same crack location.

As an illustration for the crack starting point éligure4-4, the mode shape of the intact

plate is used as the first reference standard. For case I8t px 1&g p, the

vertical displacements of example 1 are subtracted from those of theplatadrom the

same default order of modes and add the absolute value of the differences. Extracting the
minimum value from the above two data sets in tern@ pfepeat the same procedure

for the next default order ¢ with the intact plate mode p and the obtained
minimum valueéQ . Comparing the minimum values from the two calculatioi§) if

'Q , the order of natural frequency and mode shape keeps the same sequence as default.

Otherwise, the order is changed.

The actual value of displacement neeitles down for case 1 and becomes the standard
forcase2m T8I TIHA ¢ lteration 1 is stopped when the mode number meets
the requirement. For the next iteration 2, cas@® 3: T8t p TBT @O & Q p, case 1

will be chosen as the first retarce standard and the same procedure repeated as for the
previous iteration until the crack length reaches its final value. Hence, a group of data
where & mTBIpd m™rmé QN6 VOAAQAA pod QR 6 NiE Q@ iare
obtaired and are in the right order. Using the vertical displacement ofigt oot 18t p

andi poO & QN 6 "Mié @i the first reference for casesd: T8 & 18T @Nnd

i po & 'Qn 6 Mi¢ @@the same calculation proceduserépeated as for iteration

1 and iteration 2. The iterations will stop when all parameters meet the desired values.
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Table4-1 Normalised ndal displacements for two hypothetical crack cases.

Crackcases Node Mode 1 Mode 2

Case 1 Node 1 1 0.7
Node 2 0.8 0.9
Node 3 0.6 1

Case 2 Node 1 0.65 1
Node 2 0.85 0.85
Node 3 1 0.65

This iteration procedure has been programmed into MATLAB and is attached in the
Appendix B Table4-1 will use two hypothetical crack cases with assumed normalised
dispacement data to show the basic procedure described above which is called the mode

shape sign method.

Case 1 and Case 2 Trable4-1 represent a crack occurring in thearse plate structure
with different locations or lengths, based on the normalised displacement results obtained
by the mode shape calculation (section 5.3) at different nodes. The sequence of modes
defined in case 1 is used as the reference, the recolezhse of modes for case 2 needs
to be determined by the mentioned method. Using®ghRé @Q with
w & phed ¢ ‘PIB € '@'Qto determine the first mode sequence of case 2. The summation
of the difference in nodal displacements for thosesare:
1. Compare® & thRé POwith & & phRé ‘PO
JHUL P FTHUL TWE P TS T
2. Compare @ & ghRé PQwith @ & phRé X'Q
THUL X§ FHUL TE P PS T

The summation for these two comparisons, comparing the obtained summ@tion:
). Hence, the assumed & ¢ ‘POshould be recorded aé ¢ ¢ ‘@'Q Again,

for the assumedw & £hi2¢ '@ 'Ma similar procedure is followed:
3. Compare ® @ ché ‘T Qwith o & phRé PQ
P pS THU TS THU TS TP
4. Compare ® @ ghRé @'Qwith & @ phRé 'XQ

P XS THUL TR FHU PS T
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According tothe above procedure® & ¢ @'Omatches ¢ & ipf@ ¢ ‘PQ which

should be corrected tad ¢ iR é ‘PQ Through the abovéerations, all modes will
comply with the right order, and corresponding vibration characteristics will be recorded
correctly. It should be noted that a few modes still need to have their sequence adjusted
manually. For example, when a crack runs frado | Ot 0 ¢ & Awherey is a

location parameter in the rang® | T@oandy is a length parameter in the range

@ 1 1@ For the cracked plated cases showrFigure4-5 1 m& and is a

location parameter in the rang® | T@®. The contour plots show a singularity when
cracks occur at the middle of a square plate compared with other cases due to the way the
crack is simulated, the geometry conditions and the crack location.

(mn)=(2,1):a=0.2 a=0.3 a=04 a=0.5
0.04 / O 0.04 O 0.04 ’/O‘ 0.04 _@7 ,“
K 0.02 0.04 g 0.06 0.08 0.1 0 0.02 004 ; 0.06 0.08 0.1 ‘C 0.02 004 " 0.06 0.08 0.1 0 0.02 0.04 . 0.06 0.08 0.1
(mn)=(1,2):a=0.2 a=0.3 a=0.4 a=0.5

Figure4-5 Variation of mode shapes with crack locatiorforr 1@ (Luo et al.
2019) === crack
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4.3 Final Remarks

In this chapter, the WV algorithm provides accurate solutions of the transcendental
eigenvalue problem; aautomatic mode slp& sigh methodorts modes to the right order;

the bandwidth method significantly improves the computdtigimaviour in the iteration
process. Besides those methodologies, other potential methods also could increase the
speed of data processing, for exagnpientioned in section 4.2.1, parallel computation in
MATLAB. In this study, MATLAB R2017A(MathWorks 2019)s used to program the
hybrid cracked plate model. In the forward problem, a group of single cracked plate cases
need to be analysed, and each case is independent. Alpagon MATLAB processes

a series of statements inetiteration calculation in parallel. A parfwop can provide
significantly better behaviour than a {flmop because several MATLAB workers can
calculate simultaneously on the same iteration. MATLAB works independently to
compute iterations with no partilar order, and if the number of workers is equal to the
number of loop iterations, each worker can deal with one loop iteration simultaneously.
For eight workers, the maximum performance could be 8 times faster than its analogous
for-loop in MATLAB. For further efficiency improvements, a reasonable eigenvalue

accuracy should be considered in the study which is generally no less than 0.0001.
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Chapters--- Free Vibration Modelling of Plates

5.1 Introduction

The presence of cracks or delaminations in a plate element will change the nature of its
structural mechanics and vibration characteristics as well as those of the structure in
which it is assembledTeughels et al. 2002; Escobar et al. 2005; Fang et al. 2005;
Caddemi and Greco 2006; Danai et al. 28d@Suliman 2018)A database of the effects

of damage on natural frequencies and mode shapes needs to be prepared in order to solve
the inverse problem of the damage detection based on the change of vibration
characteristics. To this end, the forward problem of calculdhiegnhatural frequencies

and mode shapes of an isotropic simply supported square plate wékigtieg cracks

or delaminations is studied in this chapter.

As introduced irChapter 2, a crack can be modelled as a rotational spring and is assumed
to be alvays open. Any loss of mass at the crack is ignored. Hence, the problem is
simplified to a linear problem. In this study, the crack will be arbitrarily located in the

plate and have random severity; with the shear and axial stiffness remaining intact and

the effects of structural damping ignored.

The crack will be utilized in a modified hybrid damaged model (VFM). For the theoretical
derivation of the stiffness matrix, the FEM part is base®@emieniecki (198), while

the ESM part is fronWittrick and Williams (1974) The WW algorithm (Wittrick and
Williams 1971)is applied to calculate the natural frequencies numerically using a
MATLAB code (Appendix C).

An isotropic simply supported plate example is used to study the effect of changing the
location and severity of the craok vibration parameters like the natural frequencies and
mode shapes. All the displacements at the plate boundaries are assumed to be zero. Only
the first six owtof-plane natural frequencies are needed in the study. These are decoupled
from the inplanenatural frequencies which are much higher. Thus, it is possible to

consider only the owdf-plane behaviouand ignore the dynamic effects

Results obtained using different techniques (VICONOPT, FEM (MATLAB, ABAQUS)
and VFM) are compared with previous dies byStahl and Kee(1972) Liew et al.
(1994) andHuang and Leissa (20Q97\s a result, an insight is giveo the inverse
problem of damage identification.
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5.2 Damaged Plate Modellingsing Different Techniques

5.2.1 Damagedlate Modelling in VICONOPT

VICONOPT is a powerful software which can model plates having different properties
and different thickness along ttmansverse direction by representing them as different
components. VICONOPT is based on the ESM, and the dynamic stiffness matrix
derivation is taken fromWittrick and Williams (1974) ESM is also one of the
fundamental theories of VFM; the dynamic stiffness matrices and their derivation will be
given later in this section and applied in VFM. All throtite-length damage does not
changehe prismatic status of the plate, and hence VICONOPT can simulate such damage
directly. The critical challenge is the simulation of more general forms of damage. The
following sections describe the different methods which can be used to model

delaminatims and cracks separately.
5.2.1.1Delamination Simulation

As mentioned above, VICONOPT can quickly simulate any prismatic structure. For a
plate, if the properties and mechanical characteristics are invariant along the longitudinal
direction, it remains prismatieven though it varies in the transverse direction. Hence,
the software can model througiielength damage. For the throuttelength
delamination case, the delamination was initially simulated by removing the upper part
of the damaged region. After calation, it was found that this did not reflect the real
behaviour of the delaminated plate case, the change in natural frequencies predicted being

greater than the actual decrease.

[ XX
000000000 L _ 000000000 y
J 05(b-B) | B | 05(b-B) R .

Figure5-1 Crosssection of an all througthelength delamination in a composi
plate.

Black dots represent point supports.
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Next, as shown ifrigure5-1, it was assumed that the plate is divided into strips, with
point supports located at nodes at the strip edges to represent the simply supported ends.
The damaged region is then separatedtiwtoparts caused by the delamination, which
deflect independently within the damaged region but equally at its edges. The axial
stiffness remains the same and this model ignores damping, contact and penetration
between the two parts, as well as environt@ezffects. Here, b is the width of plate along

the transverse direction, ands the width of the delaminated region. For all through
thellength delaminations in composite plates, a brief illustration of the application of this
method will be includedh Chapter 6.2, and more detail about the modelling and related

inverse problem examples are giverLuo (2015)
5.2.1.2Crack $mulation

An all throughthelength crack can be defined as a damaged region of finite width and
modelled by a reduction in stiffnessdhghout this region as shownkigure5-2 (b) and

(c). InFigure5-2 (b), the damaged region is divided into two parts according to the depth
of the crack; the bottom part retains its full stiffness while in the upper part there is a
separation of the material on either side of the crack. The strip distribution and relevant
node conndwmns of this crack modelling idea are shownFigure 5-2 (b). For the
simulation case shown Figure5-2 (c), the reduction in stiffness is achieved by removal

of the corresponding material in the upper part. The amount of material removed depends
on the depth of crack, and the material remairthé bottom part.

For the crack simulation shown igure5-2 (a), the crack is simulated by a rotational
spring of stiffness( about the longitudinal direction wth is analogous to beam theory
(Caddemi and Calio 2008; Morassial.2008andLabibet al.2014) The spring stiffness

is assumed to be related to the crack d&ptiwhich is analogous to that af beam
structure(Labib et al. 2014)

o) 2 z BZ Eq.5-1
w _

whereO s the flexural rigidity of a long, thin, flat plagVittrick 1968b) Assuming the

width of the plate iy the crosssectional thicknes Young6® nmPaiud susn

ratio’ anddensity”, Ois given by:

gQ
_ Eq.5-2
pPE p
And _’ is the dimensionless local compliance given by:
0
S =200 Eq.5-3
= w

87



PhD Thesis, Yulin Luo, 2019

«© (@)
K+ spring stiffness \fag X

AT
meI [ 1 1 9 y

100mm

(b)
®
S
/ @

oo (11 FH T g

|
! 100mm I

>

w r\fog((\
ala
om [ (TP TTTT g

! 100mm ! .

Figure5-2 Different crack simulation methods

(a) rotational spring model; (b) reduction of stiffness by defining a relatively <
damage region; (c) reduction of stiffness by removing the upper pidue ofaterial.
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In which,d '‘Q "Q is a dimensionless function that can be generalis@ichbib 2015)

06000 o ® GQ Eq.5-4

Previous literature has given different formulasdorandd , but this study adopts the

formulation byCaddemi and Calio (201:3)

gQ¢ Q0

09 -G »

Eq.5-5

The crack simulation presented in this Chapter will also extend to element level, and the
modified simuation of rotational spring stiffness will be used in FEM to represerdck.
Table5-1 shows a comparison of the changes in natural frequencies of various vibration
modes predicted by different crack models of an isotropic plate. The plate is shown in
Figure5-2, and is a rectangular simply supported plate. It has been dividedistagds

with added point supports at the edge along the transverse direction. Related
eigenfrequencies obtained of intact plate from this model need to verify the coneergenc
the results match well with previous studies showhahle5-6. The widthb and length

wof the plate are 100mm and 150mm, respectively; the thickissZmm. The material
propertiesar® ppmEl R t 1 Y@WEQG 1. The crack isll throughthe
lengthand ilocatedatw 1 @ & with the partial deptl® T@®d& &. The damping factor

and the loss of masse ignored

Table5-1 Comparisorof change in natural frequencies of different modes for different
techniquesQ 1™ | |

CNF
(H2) Model (a) Model (b) Model (c)
Mode w=5 w=1 w=0.1 w=5 w=1 w=0.1

3=1,n=3| 6.15E4 | 9.29E3 | 1.74E3 | 1.84E4 | 1.21E2 | 2.33E3 | 2.37E4

3=1,n=2| 3.48E4 | 1.14E2| 2.36E3 | 2.40E4 | 1.02E2 | 2.14E3 | 2.19E4

3=1,n=1| 1.85E3 | 2.26E2 | 5.18E3 | 5.40E4 | 1.61E2 | 3.92E3 | 4.14E4

3=0,n=3| 7.78E4 | 1.08E2 | 2.34E3 | 2.46E4 | 1.09E2 | 2.40E3 | 2.50E4

3=0,n=2( 3.62E4 | 9.78E3 | 2.06E3 | 2.11E4 | 9.48E3 | 1.98E3 | 2.03E4

3=0,n=1| 1.02E3 | 1.31E2| 2.87E3 | 2.93E4 | 1.34E2 | 2.91E3 | 2.97E4
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In Table5-1,, is the VICON wavelength parameteérjs termed the number of half
wavelengths along thedirection and) (mm)is the width of damage region that is defined

in the crack simulation models (b) and (c). For models (b) and (c), the change in natural
frequencies (CNF) is related to the assumed width of the damaged region; the CNF reduces
with the reduction of damagedgiont . The magnitude of CNF for models (b) and (c)
approaches that of model (a) only wheiis small enough. There may exist a reasonable
assumption on which to base the width of the damaged region which will simulate the
reduction of stiffness causeyg a crack. However, it is difficult to find such a relationship

for different types of plates, and this approach will not theréferdiscussed further in this
study. This thesis will adopt the rotational spring to represent a crack, and this assumption
is more precise for a small crafiMorassi et al. 2008) The inverse problem of crack
detection for all througkthellength cracks will bdlustrated in Chapter With and without

the effects of experimental noise.
5.2.1.3Further Remarks

VICONOPT is an efficient software that can model any prismatic structure, even if the
material or mechanical propes change along the transverse direction. For all through
thellength damage, the difficulty is to simulate the damage in an appropriate way which
has been discussed above, and other related calculations can be handled by the software.
However, for partiiroughthelength damage or any arbitrary damage which may breach

the prismatic status, the hybrid method (VFM) will be introduced and is discussed later

in section 5.2.4. This study will start with an isotropic simply supported plate and only
out-of-plane deformations will be considered. The derivation of the corresponding
stiffness matrices of ESNWittrick and Williams 1974)and the combined constraint
matrices for use with Lagrangiamultipliers(Williams and Anderson 1983s a part of

VEM will be shown in section 5.2.4.

5.2.2 Cracked Plate Modelling in Advanced Finite Element Method
(MATLAB)

VICONOPT can provide accurate, quick solutisio eigenvalue problemsvolving
prismatic structures. However, for more complicated strusturrarbitrary damage case
it cannotestablishan appropriate model to obtathevibration characteristics or critical
buckling load factors. To balance computational efficiency and univysdhis study
takes advantage of the versatility of FEM, coupling ESMHemtact parbf the structure
and FEM to model the damaged part wappropriate coupling througbagrangian
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Multipliers. The new hybrid method is nhamed VF¥e FEM part is discussed first in
this chapter. The critical part ahe FEM in the study is to find the right technique to
simulate arbitrary damage in plates. In this thesis, crackedsplétebe studed and

examinedwith reference t@reviousresuls in theliterature.
5.2.2.1Stiffness andélassProperties ofPlate Elements

FE analysisis a general methodhich is widely used in various engineering areas. It
assumes an idesdid discreteelement model fothe stiffness matrix method. The actual
plate is repesented by a mathematical model with known characteristic elsembose
stiffness is givenin matrix form. For the free vibratiors studied in the thesis, the
hypothesis of rectangular pladbendingtheory is chosen for the relevant static stiffness
matrix and equivalent mass matiRrzemieniecki 1985)T'he characteristics of stiffness
and massre obtainedfor the individualelements and then assembietb a global

stiffness matrix and mass matrix for solving relevant eigenvalue problems of plates

The compatibility of deflection and rotation between adjacent elemeetssigedby
displacement functiond@ogner et al. 1965pr the global stiffness matr Thestiffness
matrix for a typical element(. 5-6) is related to thelegres of freedoms at each node
shownin Figure5-3. Note thathe sequence of the degseé freedom is slightly different
from that inthe referencéPrzemieniecki 1985)

I YoaaQpi b

~ Ny
11 I
i )‘?:: X Eq.5-6
el . i
pt i A U

The following(Przemieniecki 1985)erives the stiffness matrix given in equilibrilg.

5-6. Symbols used in the derivatiofrem this literatureare lised as follows: Qis the

plate length alonthey-axis;@is the plate width alonthe x-axis; Qs the plate thickness

in thevertical direction;OistheY o u n g 6 s "mothe ddnsitygnddisthePoi s sond s

ratio.
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(@

(b)

>y

Figure5-3 Nodes and relatedegree®f freedom in a single element

(a) An unassembled rectangular element with the corresponding degree of fre
(Przemieniecki 1985)b) the actual sequence and symbolic parameters used i
study
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The deflectionfunction (Clough 1965)f the z-axis is utilisedin the calculation of the
stiffness properties of bending rectangular plates:

6 Hz'l Eq.5-7

where the matridHis a function of thdocal coordinatesand’l is a displacement vector

with positive directios as inFigure5-3(a):

T 6 0 E O Eq.5-8
while matrix His given as:
P ﬂ’p G p G p ¢— P - l’l
C 11 p G P G -p - W . 1
oll , p ., P ¢— p - wn
T 11 p c’ p , o c_ _ I’I
I v T
v, P G P . P =B
H Q1 v P ) o ——-w 1 Eq5—9
X u c ¢ , 0O G -— M
g ! o ¢ , p --w 0
IR S
p Trl] o c1 ’ p c_ p - |°|
p pl] (o) C1 ) - p - d) ~ I,J
pCU p , , P G p - w U
in which
- ¢ oand, o Eq.5-10

Using the assumed deflection function givenHBay 5-9 guarantees the compatibility of
the boundary eflectionsand slopdor adjacent elementslsing the flatplate theory to

calculate the strain vectddn Eq.5-12 (Przemieniecki 1985)

: 10
Q o
< T )
Q dT 0 Eq.5-11
X T d) q‘ -
Q Q 1 o
e
Combine theeqg.5-9 andEq.5-12, we then have
‘H "H I Eq.5-12
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where'Hs the strain vector ariths the matrix of exact strain for a unit displacement.
SubstituteEq.5-9 andEq.5-12into Eq.5-11to generate the matriklexpressing the total
strains by unit displacemeasEq.5-14. Substituting=q.5-14into Eq.5-12with essential
operations, the stiffness matrix is then obtainelqa®-6, with the submatrices 5, T |
andi j given inTable5-2, Table5-3 andTable5-4.

Two different displacement distribution@rzemieniecki 1985)are introduced to
determine the stiffness properties of bending rectangular plates. The compatible
displacement distribution is adopted in thigdst andis used in the derivation of mass
matrices to ensure the continuity of deflection and translation between adjacent elements.
As shown inFigure5-3, the mass matrix will be determined by the nodal displacements,

and the equivalent mass mat(Brzemieniecki 1985¥ calculated as:

i "HH w Eq.5-13

Here” is the density antHis the function of local coordinates frdgg. 5-9. Substituting
Eq.5-9into Eq.5-13to express the integratiaver the whole volume of the rectangular

element, the mass matrix is obtained agahle5-5.
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3
c,6¢ 6 0P

T 11 p G O
Ll
vt pP G P
[
Ll
" ® ¢ 0 ©
1
X
[
Uy p G P
L
W 11 p 0 O

pﬂl: P G P

PR P o

p

11 p C1 ) C——Z);

|'8' 8:l :8~8:| -S—lg:l -8«8:| <.
Q-

8“ glg:
e

Eq.5-14
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Table5-2 Submatrixi f, of stiffness matrix fomrectangular plate in bending, abefficients multipied by’ Qo ¥ p ¢p

' ¢ &) where®and®are
the plate dimensia(Przemieniecki 1985)

pu X G
SAN cu
q X 9 T v g
o0 of cof ab ol cu®

TR
X G ¢ 9 PP P L T v, Symmetric
of ci cup ! T UT[p N oi OJ) cuw

TR P Ww
VT 1] g . G C v C
25 Pae XS pg Xy 24 e N =% X
ouv (o)1) (V] ov oL (V] ov ov (V] ouv (V]

v
po X P o q G - PO P q X P T v Y.
O'lT) O'llil)J CU('o O'lT) O'(lf CUw X1I[l' O'E UT[p O'i O'f C’Up,r O'_LT) O'_E Q_Uw
v oOn vow

q q ® pPo P P p T Y X S P PP v T
oL o_i cup x;Lr oﬁ ur[F'),T oij O'lT) cuw o'f ci cup uT "TT ur[p oL O'_lT)

v QO U Ow v W ot dw Ew

(@]
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Table5-3 SubmatriXi f, of stiffnessmatrix for a rectangular plate in bendiragl, coefficients multiled byQd ¥ p ¢p & &) wheredando
arethe plate dimensi@{Przemieniecki 1985)
vt PO ¢ 9 . q X 9 . pPLO LT X6 g g Q X X Q.
ou T o oi cu? cﬁ a0 cu? o0 o0 cu GE cfﬁ cuP oiJ ) cu?
X G vo®
Cu
PO ¢ o ® C Po P . q g ¢ T P Y . p X
O'lT) Gﬁ O'lT) O'LT) CUw )(Tl]I ! UT[ww O'E O'E CUpN O'lT) O'f CUw ov X;[
(Y Vv oW p -
L —p UV dw
() LTt
q XY Xy P . = ® o < . X po ¢ .| PP PO p g o < .
oL o xrn ! vt ®l ob ob Tu® oo w®| sb Xk unf e S
Qo . Vv Ow
— W
Cu
PLO LT q q @ X XYy ¢ XS PO ¢ Q . g XYy Q.
T oo oi ou cl;p oij o v cu® oo ! cu ov cﬁ c” cﬁ o U c”
X6 (VR )
cuv
T g g » o w > o Y
SN 2 Py PR p_;r L Po SX 2al = I Po. P oo
ov ov ov ov oL X U Tl . (V) ov (V) (V) ov (V) Xmn U TT
¢ .o g - v Ow
—p UV —
Cuv (]
(o) (e o ” (o) " o . 7 w ) o
Xy Bg xS e X Re 2ol By Pao | 2 L S
ovuv ovuv ovuv X U TT - ovuv ouv (V) ovuv ovuv (V) X U TT ouv ouv (V)
9 & Vv 0w
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Table5-4 Submatrixi f of stiffness matrix for a rectangular plate in bendalgcoefficientsmultipliedby @ T p ¢p ' & & wheredando
arethe plate dimensi@{Przemieniecki 1985)
pu X ¢
_U(% f v
q X ¢ T p o
T | G = cu®
V] W
X! ¢ @ PP P v X Y. Symmetric
ouv ouv qup cuT T UT[p 5 OE GLT) cuw
v W P WW
uT PLG G PO X ¢ . g g ® pu X ¢
sl oo qu o0 oiJ cu” ou oi P ﬁ(% T qu
vV W
XY Q. o q C PO PP p X ¢ T [
=N c®| ob ob ®| Xk ob  un . ST P, e SN
Vv Ow v W
q g ¢ PO P P P T p o, X q @ PP p u T
A N xn il v oo T = Nk oo T | Th o
y U Ow v oW ot dw v,
V) W — ®
(@]
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Table 5-5 Mass matrixi for a rectangularplate in bending, all coefficients mulligd by ——, where and @are the plate dimension

(Przemieniecki 1985)

24336
3432 b 624 17
-3432a | -484 ab 624 &
8424 2028 b -1188 a 24336 Symmetric
-2028 b -468 ¥ 286 ab -3432 b 624 If
-1188 a | -286 ab 216 & -3432 a 484 ab 624 &
2916 702 b -702 a 8424 -1188 b | -2028 a 24336
-702 b -162 ¥ 169 ab -1188 b 216 I 286 ab -3432 b 624 If
702 a 169 ab -162 & 2028 a -286 ab -468 & 3432 a -484 ab 624 &
8424 1188 b -2028 a 2916 -702 b -702 a 8424 -2028 b 1188 a 24336
1188 b 216 I -286 ab 702 b -162 ¥ -169 ab 2028 b -468 ¥ 286 ab 3432 b 624 I
2028 a 286 ab -468 & 702 a -169 ab -162 & 1188 a -286 ab 216 & 3432a | 484ab | 624 &
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5.2.2.2Modified SiffnessMatrix with Arbitrary Crack

The previoussection introduce the static stiffness and equivalent mass matrices
rectangular plate elemerior a plate containg an arbitrary crack the propertiesl be
changed to producereduction of the stiffnes$his study ignoreanyreduction of mas

and damping factaas a result of therack.

Figure5-4 showsa portion ofa cracked FE plate modeah which the crack runs along

the line PQRS through the elemehtll andIV. The crack is sinlated as a rotational
spring with deptkdepen@nt complianced per unit length per elemendetaik of the
simulation will bepresentedn the next section. The complian@es then resolved into
rotational @mponents along theaxis and yaxis © [ ) respectively. The components

in elementl are integrated along PQ using shape functions to allocate the related
compliances to nodes (1, 2, 4, 5). Similar allocation of the compliances occurring in
elementdl andIV are made to nodes (2, 3, 5, 6) and (5, 6,8, 9)

The finite elements have three degrees of freedom at each node when intact: vertical
displacementy and rotations— and — about thex and y axes respectively. The
essential and challenging part is the modelling of the cracked element. Nodesho whi
rotational compliances& M5 ) have been allocated are given additional rotational
degrees of freedom. Using node 5 as an example shdvigure5-5, element connects

to (0 h— h— ) while elementl connects tod) h— h— ), and so on. Rotational

springs of stiffnespf 6 hpj 6 ) add ordegrees ofreedom{— h— )and(— h— ).

|
o0

9

X

L.,

Figure5-4 Detail of a portion of the FE cracked plate model

100



Chapter 5-Free Vibration Modelling of Plates
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Figure5-5 Rotational degrees of freedom at node 5 of the crapketibn
5.2.2.3RotationalSpring Crack Smulation

To determine the rotational compliances associated with the crack prior to their being
allocated to their respectivelement nodes and thus incorporated into the element
stiffness matrices and hence the gloldfress matrix, as shown iRigure 5-6, the

concepts introduced in considering all throdg&length cracks are again used.

6 ‘OrQha dimensionlestunction showing the relationship between the depth of crack
and the compliance of crack lg.5-5 (Caddemi and Calio 2008; Labib et al. 20I®e
compliance per plate element is generated ftmpb-1 which analogise from the beam
like structurg(Labib et al. 2014)

Oy 02Pd 7 pj_ Eq.5-15

whereu "Yis the rotational stiffness of the beam anid the length of the beam. And the

non-dimensional compliance factoris given by:

Q0 28 G0 Eq.516

Two factorse € 446 andi "Q&fw are introduced to allow the crack compliance to be
allocated along th@andUdirections at element level within the platess the crack
angle between crack and x direction showhigure5-6. Using a crackn thex-direction
of the plateas an exampleégq. 5-17 givesthe complianc&® perunit lengthalongthe

x-direction:

6 O GQzOEHT 02D Eq.5-17
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a. < S
“ b, @
b
4 (x2,¥2) 3
v L
(X1, y1) a,

i (b)

1 b, 2

>y
Figure5-6 Arbitrary cracked plate aneblative cracked element.

(a) Rectangular isotropic plate contains an arbitrary crack; (b) a cracked elen

In which'Oz @ possesses the same functiorOasdor a bearrlike structure, wher®
is the flesural rigidity of a platex is the length of element along x directiom;is the
width of element along y directiofror the compliance per element per unit length in

plated ‘Q:
6Q "EOEGQzOEHTOzZH M Eq.5-18
Similarly, the compliance per element per unit length albegy-direction is:

6Q ZOGQZI EOZOZH Eq.5-19
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While determiing the compliance per element per unit aldhg @andUdirections,
shape functions aretilized to allocate the compliance to corresponding nodes by

integration. At the element level, the shape functions are:

0 p 2 P 2
@) w
0 P _d) z ,(:),_
0w W
5 2 ] _S)_ Eq.5-20
0w W
0 _(b z p _,(:),_
&) w

FromFigure5-6 (b), the crack extends frond oy to @ o . Assume the gradieig
O At
00E W wilIn o Eq.5-21

Hence, the crack in the elemeande regarded asccurring ata set of points. For each
point, the local coordinates are:

W W W W zZ00e
L o .. Eq.5-22

W W W wIwE-e
Then the compliance of each poimthe x andy directionsis integrated and allocated to

the adjacenbodes atheelement level.

6 C6GQzHEE GT0zhzh
Eq.5-23
6 ‘C6 AR QR dHT0zhdH

Sinceh é-= M QoandOEE ' 'Q EQq.5-23canbe simplified as:
8 @6 GG WHT0zHzh Qo
Eq.5-24

6 6GN20 wT0zZ0zh Qw

Using the nodal sequence shownRigure5-3 (b), the complianceaddedto each node

to model the crack alestedas follows:
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After the allocation of the crack compliaistke element stiffness matrices assembld,
with appropriate sequeimg of degrees of freedomnto a global stiffness matrix.
MATLAB code related taassembly procedures are shown in the Appendix E, and the

results for several cracked plate cases wikkdmmpared in Chapter 6.
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5.2.3 Cracked Plat®&odelling in ABAQUS

ABAQUS is a commercial finite element computer program wlschsed widely in
various engineering areds.this study ABAQUSs used tanodelthe effects of a series

of cracksin different locatbnsto verify the results generateg VFM model.

The ABAQUS thin plate model in this study usesatle doubly curved thin sheb4R
elementg20*20, 400 elements in totalp determinehe vibration parameters (natural
frequencies and mode shape$)a smply supported isotropic rectangular plate. The
predefined crack could be aligned horizontally or vertically and located at any position
on the plate with arbitrary dept8ix degree of freedoms have been chosen for each node
in the ABAQUS model of thistady. We study the first six natural frequencieben
solvingthe inverse problenand soonly outof-plane behaviour will be discusseddall
in-plane DOFswill be suppressedn the ABAQUS model Hence, the simulatd
ABAQUS modelcould be regarded a&sgjuivalent toour pure FE modedr VFM model

As with the previously described method, the difficulty in the ABAQUS modelling is the
crack simulation. Three different modelling approaclmese been proposed and
compared with literaturandthe VFM model.

5.2.3.1ABAQUS cracked plate modelling

The approach used to model the crack consideredtw@separate platesonnected
together along the length of the crack using suitebfestraint{Figure5-7).

The models used arghown inFigure 5-7. For a simply supported plate, all three
displacementegres of freedomare constraing at the boundary anthe rotatioral

freedoms aréree.

In order to validate the moddie constraintsvere first usedo coupk all thenodes along
the crack directiomo check thathe two platesvould deform as avhole intact plateEq.
5-26is applied to normalise the obtained natural frequencies intaimoansionavalues,
and a comparison with VIPASA and previously published results is showabie5-6.

¢ A O (O] Eq.5-26
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(a)
T igle Covnst'r'"a
mul t i pOl (b)
TI € Constoxa
Coupling con
(€)

rotational

Figure5-7 Different crack simulatiotechniquesn ABAQUS.

(a) AT model, tie constraints used to connect the intact part, leave the damage
to deform freely; (b) tie constraints used to connect the intact part, multi poir
constraints used to model the crack by constraining all three displacements
leaving rotational deformation free; (ATCS model, tie constraints used to conn
the intact part, with a coupling constraint introduced into the damaged pa
constrain all displacements and irrelevant rotational deformations, and an el:
spring used to constrain rotation about the crack direction.
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Table5-6 Comparison othe dimensionless natural frequencies of undamaged SSSS
plate fromABAQUS with previous studies

Mode 11 1,2 2,1 2,2 3,1 1,3

VIPASA 19.74 | 4935 | 4935 | 7896 | 98.70 | 98.70

Liew et al. (1994) 19.74 | 4935 | 49.35 | 78.96 | 98.70 | 98.70

Stahl and Keer (1972 19.74 | 49.35 | 49.35 | 78.96 | 98.70 | 98.70

Huang et al. (2011) | 19.74 | 49.35 | 49.35 | 78.96 | 98.70 | 98.70

ABAQUS 19.74 | 49.69 | 49.69 | 79.37 | 100.82 | 100.82

As shown ifable 5-6, the nondimensional natural frequencies tife intact plate
obtained fromthe ABAQUS model match well with previous research afddPASA
modes, especially for lower modes. Hendbe modelis validated and can be usasl a
comparative test for different cracked ca3d® same material parameters are defined in
both portiors of the plate% ppap M. B MM T 1T EMQH N T@MA

™ (M 1 IME 18t 1t p (Same as the plate usedFigure6-1), and three different

crack moddd are discussduoklow.

The first cracked mod&T (ABAQUS tie constraint only model), shown kigure5-7

(a), uses tie constraints to ensure the intact parts deform togettaisplacements are
constrained at the boundary, leaving the two portions to move freely with respect to each
other in the crack region. For the cracked model shoviAigare5-7 (b), the difference

is the added multiple pommtconstrains (MPC) which are intended to restrain the
displacements in the damaged regidhe MPC pin constraints used here restrain all
displacements and releatfe rotations. Hwever, forthis model, the certainvalue of
reduced stiffness caused by the crack cannot be defined by MPC pin constraints. Thus the
second modetamot simulatea partial througkthe-depthcrack PTDC). Refering to
Caddemi and Calio (2008) and Labib et al. (20&4otational springcan be usedo
simulatea crackandthe modelATCS (ABAQUS model withtie, coupling and rotational
spring constraintsj Figure5-7 (c) aims to do thisFor theATCS model, tie constraints

are still usedin the intact parts and couplingonstraintsare chosen to restrain all
displacements and rotatieexcept for the rotation abotlte crack directionA rotational

spring with stiffness calculated usingq. 5-27 is then used to simulate the degrdd

stiffness of each cracked plate element.

0" 0zZaT XS HQ Eq.5-27
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Hered is the crack length in each cracked element. Because ABA@hkdveaysmodel
a crack at the edge dahe elementby reassembling ore-meshing instead of the
integration procedure ithe pure FE mode(Eg. 5-24 andEg. 5-25), ABAQUS ATCS
simply adops Eq. 5-27 to allocatethe corresponding rotational spring stiffnesstad
nodes. The results obtained frohe AT andATCS modek are presentednd compared
in Chapter 6.

5.2.3.2Further Remarks

ABAQUS is a commercial software that provide suitable results for researchers.
However, due to the chosen elemimte and quantity as well as theethods chosen to
simulate thecrack, it still shows mall differences in predicted behaviour for this
particular problentompared with previous studies (shownTible 5-6). Furthermore,
similar problems will occur with the ABAQUS model as have been found in previous
studies, mostly due the degradatioratesof differentnatural frequeniesbeingdifferent,
resulting insequening problens which havebeendiscussed further in sectidn2.2. For
an intact square platdifferent mode shapée.g. & h plt or &R ¢ip ) will
be associated with coincident natural frequencidss problem will be automatically
resolved when introduog a crack or changg the aspect ratio ahe plate since the
symmetry of the problem wgolated

5.2.4 Cracked Plate Mdellingin Hybrid Appraach

Cracked plate modelling in VICONOPT has been introduced for all thrthegllength

cracks, with the VICONOPT cracked model showing high efficiency and convincing
results. However, VICONOPT can only model prismatic structures. When arbitrary
cracks reglt in a problem which is not prismatic, this method loses efficacy. Hence, the
FE method is introduced to increase versatility when modelling arbitrary cracks,
effectively compensating for the limitation of ESM. The resulting hybrid rectangular plate

modéd containing an arbitrary crack is shownHigure4-1.

The rectangular hybrid plate model is divided into two parts, as shawgure4-1. The
cracked part is modelled by the FE method coupling with ESM for the intact part. The
displacements and rotations at the boundaries are constrained by Lagrangian Multipliers
as introduced in Rapter 3.4. The natural frequencies are determined by the Wittrick
Williams algorithm, and mode shapes are obtained by a random force vector method
proposed byHopper and Williamg1977) Suliman(2018)studied the hybrid modelling

of delaminated composite plates, this study will focus on the hybrid modelling of cracks

in isotropic plates.
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5.2.4.1Essential rivationand Explicit Expressions of the Dynamic Stiffness Matr
ESM

The stiffness matrix of the ESM part of the hybrid model was first propos#@dtiyck

and Williams(1974) and constitutean essential part of the software VIPASA. However,

for in-plane shear loading or composite materials, the mode shapes will be skewed, and
the end conditions will not be satisfied. In order to address this, Lagrangian Multipliers
were introduced bWilliams and Andersoif1983)to couple different wavelengths and
extend the applicability of VIPASA as illustratedkn. 3-23and Eq. 3-24 of Chapter 3.4.

This new application, named VICON, comprised a series of VIPASA stiffness matrices

coupled by Lagrangian Multipliers.

The VFM model compriseisvo different parts. The FE method is utilised to obtain the
vibration characteristics of the damaged part, and details of the FE stiffness and
equivalent mass matrices have been given in section 5.2.2. For efficiency, ESM is used
to calculate the vibrain parameters of the intact part. The FE and ESM matrices are
merged to represent the whole plate. Section 3.5 gave a brief background to the dynamic
stiffness matrix of ESM and presented the elastic properties -affguidne and irplane
systems individally. As mentioned before, only the eaftplane stiffness matrix is
considered in this study which is presentedEiq. 3-29. This equation allows the
derivation of exact analytical expressions for all the elemerig.i8-28. When the plate

has orthotropic bending properties, #ein Eq. 3-27 can be then deduced @& ittrick
and Williams 1974)

v v
“f nY
nY nf
Eq.5-28
VY, q
0 0
0 0

Here a bar expresses the complex conjugate, and superscript t represents the transpose.
Y ,°Y are always real, while the elemeitys ,"Q , "Q and’Q are in general

complex. IfO 0O 1tand shear loading is zero, all the elemawilisbe real.
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The outof-plane motionWittrick and Williams 1974pf the individual element shown

in Figure3-4 (b) andFigure3-5is given by:

) Ta Ta
" T T o
- ' Eq.5-29
" T T o
tn Tn 10 E£4.5-30

3 L e
T o ! w To
Herery andr] are the lateral shearing forces per unit length,raiglthe mass per unit

area of the plate. To eliminate the lateral shearing foEgH-29 andEq. 5-30 should

satisfy the equation:

T4 Ta Ta 1o
o CTol ote Y7o

T Eq 5-31

Substituting intdeq. 3-29, the differential equation far is given as:

T o T o ro p 10
— — — — Eq.5-532
The parametets | and| are dimensionless ratios between the flexural rigidities:

~

| 0 jo h 0 jo h 0jo h i n Eq5-33

The underlying assumption of the ESM is that the mode is sinusoidal in the longitudinal
x-direction. Dimensionless parametéYs'Yand0 are defined agWittrick and Williams
1974)

Yo q

Eq.5-34

Here,” is the density per unit area, and explicit expressions for the above stiffness
parameters need to be dealt with individually to avoid the appearance of indeterminacies
as in the following cases: (&Y m 1 (b)Y 1D 71 (€)Y ™D 1. The

frequeng is € and the haHvavelength is_.
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For free vibration of an orthotropic plat&, mand the eigenvalue calculation will
depend o as for the following different cas€®ittrick and Williams 1974)The out
of-plane stiffness coefficients are givenby. 5-35:

Y IR

vy 9% e

Y "o 6 G Y

o “o 5y Eq.5-35
o O @ ey or

2 % ey

H | B

Case (a))Y Tt 1 The computationakequence of the parametensthe dynamic
stiffness matrix is:

1. Calculate parametersand' ;

| Y U,
Eq.5-36
: N i
2. Calculate parametefs, ®,i{ and®;
i p| [ "QF |
O Q& |
Eq.5-37
i Pr i @
O WOEQ T
INEQ.5-367 @ andis the plate width.
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3. Next obtain:

@ Y i ww p

Y 0 i of

Y OO0 of 1 ol

Y Oi i Eq.5-38
Y 00 i)

Y i i)

Y o o)

4. The outof-plane stiffness coefficients are then givertgss-35, for case (a):

6 "0 0

] ] ] ] Eq.5-39
W O O O m
Case (b)'Y m T,
1. Calculate parameters| andr;
A R
& Eq.5-40
2N oy
q
2. Calculate parametefs, ®,i and from Eq.5-37, with
i i Q&
¥ v o, Eq5—41
W WwWElT
3. It may be noted that { and® @ sincey [ . Also, since€Y mho
0 ,sothatO O "O 'O T The next calculation is:
0 Y ¢
O 0 UY
v PE Eq.5-42
0 q
o (
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4. Then, calculate

w o6 1 ii oo cw p

Y 60 6w 1

Y 181 Qi "0 86 i "0 86 Qi

Y O Eq.5-43

Y i o o ®o6i o6i i

Y i i

Y i YO O i Y 0O O

5. The final outof-plane stiffness coefficients use the same expressions as in

equationeq. 5-35.
Case¢)."Y m T

1. The first calculation is:

i i @y
1 WY
O HER Y £q.5-44
. P
w - 1
. p

2. The outof-plane stiffness parameters are then choosing the following equations:

Y o O i w p
« o ey
Y G 1w YI w p
v O 5 1 Y YO

o 5 Eq.5-45
Q G W w

o ~
Q G @ ] Yw |

o }

Q G @ ] Y

5.2.4.2VICON Analysis with FEM-Global SiffnessMatrix

Since allthe parameters of the owif-plane stiffness matrix have been calculdtedhe
intact parf the stiffness matesfor thedifferent halfwavelengtls canthenbe assembled
asin Eqg. 3-24 andEq. 3-34. The last row oEq. 3-24 is the global constraint matrof

the ESM part, wher@ is the constraint matrix related to halivelength_ of the region

T & GOthat contains the termf® 7 . Also, the static stiffness and equivalent mass
matrix ofa single element in the FE method are showrainle5-2, Table5-3, Table5-4
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and Table 5-5 in section 5.2.2. These element stiffness and mass matrices are then
assembled into a global FE dynamic stiffness matrix with additional spring stiffnesses to
represent the damaged part:

3 Toed Eq.5-46
In this equationg is the frequencyn rad/s 1 is the static stiffness matrix aindis the

equivalent mass matrix. Then, the hybrid dynamic stiffness matrix comprises the global

VIPASA stiffness matrix and dynamic FE stiffness matrix coupled by Lagrangian

Multipliers as:
n’é A
11 1
é I | é "A |°| Eq. 5'47
11 1l
u A A ¥

where’A; and’A are constraint matrices that enforce equal displacements and rotations
at the boundaries connecting the intact and damaged re@ioasso contains any point
support conditions in the intact region. The detail of the constraint matrices is introduced
in section 3.4 and will be shown in the MATLAB code in fgpendix G "Ydenotes the
transpose antis the Hermitian operator. The WittridKilliams algorithm is then
introduced in its simplified fornkq. 3-19 and used to calculate natural frequencies under

any desired values.
5.2.4.3Further Remarks

The new VFM method balances the efficiency, accuracy and versatility of its constituent
components (VICONOPT and FE Method). Lagyen Multipliers are used to ensure the
compatibility between different modelling parts. VFM can analyse arbitrary cracks with
any length, location, orientation or depth. It can thus solve more complicated structural
eigenvalue problems while guaranteetagnputational efficiency. The particular case of

a simply supported plate containing an arbitrary crack is solved in Chapter 6 and the
relevant MATLAB codes are listed in thgpendixB.

It should be noted that the WittridNilliams algorithm is used toatculate the natural
frequencies while the target is to triangulate the global stiffness matrix and determine the
negative sign count. It is noted that pairs of-ledfvelengths. and _ will produce the

same diagonal terms and hence the same caotints to the sign count. For
computational efficiency, only positive halfavelengths are considered in the VICON
part and their sign count contributions are doubfedliman (2018) also made this

observation when he studied the vibration characteristics of delaminated composite plates.
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5.3 Mode Shape®f CrackedPlates

Natural frequencies are the main parameters studied in the thesis. As discussed before,
for coincidentmodesor as thdength of a crack increases, it can be difficult to recognise

the right sequence of corresponding natural frequencies. Mode shapes are then introduced
as a reference to help sort related modes.

Hopper and William$1977)proposedae xt ensi on of the Arandon
the PRT method, to determine the modes, and this method is applied here. The plate is
divided into two parts, one part is damaged, and another one is intact. The mode shapes
are plotted according to the vediaisplacements calculated frdag). 3-11 by dividing

the plate into elements depend on the size of elements chosen in the model simulation.
The global stiffness matrig obtained fronkq.5-47; the bending properties of each Rhalf
wavelength stiffness matrix in VICON are obtained fr&m. 5-35 to Eq. 5-45; the

bending stiffness parameters of the static stiffness and equivalent mass matrices are
obtained fromTable 5-2, Table 5-3, Table 5-4 and Table 5-5. The calculated natural
frequencies are obtained and used as trial values. The complete global stiffness equations

at any of these trial values have the form:

nt A naE o
] ol ool ¥
3 11 £ A I'A oo I"E 1 EC] 5-48
] i) no1l M
u A A WA U uE U

Applying randonriE  and’E hthe equations are solved to fild HA andA . The

vertical displacements can thus be extracted, and the mode shapes plotted for each natural
frequency. It should be noted that, for plotting the ESM mode shapesgitieal
displacement at any point along the longitudinal direction can be determined according
to the displacements obtained at the ends and then calculated using the explicit
trigonometricfunctiors given inEq.3-31 The displacemer is a complex quantity so

the real part is considered. Then the vec®rsare real, and the summation of the real
partA of A isBwé ¢ &

. A constraint at the boundary of the damaged region
applies a particular displacementn equal to the corresponding displacement in the FE
part vectorA . Suppose these displacements are’@helement ofA and the’Q

element ofA then they must satisfy the constraint equation:

~

AQ AQ T Eq.5-49
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Then, for each of the vectofd , the coefficientA "Qis G®é i &_ and the
coefficient of A "Qis -1. For more details on the mode shape calculations, the numerical
procedure and related MATLAB code, please refer to the Appendix H. Corresponding
numerical results and mode shapes for related cases are presented in Chapter 6.
Appropriate normalisation is germed to display all the different mode shapes to the
same scale, by dividing all the displacements by the maximum vertical displacement of

each mode.
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5.4 Conclusions

This chapter describes different approaches for the free vibration modelling of differen
boundary conditions and materials while a simply supported isotropic plate is used for
validation and preliminary study. Various modelling approaches have been illustrated and
the advantages and disadvantages of each discussed. Necessary derivadilatsdof r
stiffness matrices and corresponding calculations of the parameters in those matrices are
presented. A finite element ABAQUS model is shown in Chapter 5.2.3 as a comparative

study to validate the reliability of the new proposed model.

A simply suppated isotropic plate with an arbitrarily located and aligned crack is chosen
to illustrate the new hybrid method VFM, for which a global dynamic stiffness matrix is
assembled from stiffness matrices prepared from ESM and FEM. An upper triangular
stiffness matrix is obtained by an advanced bandwidth method with partial Gauss
elimination which is mentioned in section 4.2.3. The Witthigkliams algorithm
(Wittrick and Williams 1971)is then introduced to iteratively calculate the natural
frequencies under any desired value with the required precision. Finally, mode shapes are
plotted based on the automatic sign method introduced in section 4.2.2 to analyse the
vibration response ofiffierent modes in the correct sequence. All obtained results for
comparison and validation will be shown in Chapter 6, and a prepared database will be
used for the inverse problem of damage detection elaborated in Chapter 7.

VFM could be extended to moreroplicated cases, such as composite plates, stiffened
plate or plates with different boundary conditions. This new method can solve vibration
eigenvalue problems accurately and effectively, so satisfying the requirements for

preliminary design in practicalerospace applications.
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Chapter6--- Single predefined damage analysis in

plates

6.1 Introduction

Chapter 5 introduced different modelling techniques to simulate damage in plates under
a range of materials and boundary conditions. DB& software VICONOPT and the

finite element code ABAQUS utilized are widely used in various engineering areas, and

it is not therefore required to validate the reliability of these methods. However, in order

to improve accuracy and computational efficiency, a new hybrid method VFM has been

proposed, and it is necessary to verify its applicability, and in particular fthia¢ ¢-E

component used to model the damaged part of the plate.

In this chapter, vibration parameters obtained from the model of a simply supported
isotropic damaged pla&sSSS)simulated in Chapter G-{gure 6-1) are discussed and
compared with previous studies. The dimension and related properties are defiaed as:
pprpTa N TT R N TWH A T™ANQ pmas

Different types of danage are considered, including: all throtgl-length delamination
(ATLD); all throughthe-length crack (ATLC); parallel part throughe-length crack
(PTLC) and arbitrary direction crack (ADC). For PTLC, two different cases are discussed,
one is an alllroughthe-depth crack (ATDC), and the another one is a partial through
the-depth crack (PTDC). For the ADC, the effect of different parameters is examined and

discussed including the length, depth and orientation.

z

Figure6-1 Simply supported isotropic square plate with corresponding notatic
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ATLD ATLC PTLC ADC
| —— | ——
VICONOPE VICONOP ATDC PTDC ATCS VFM
Previous
B studies ‘: AUES

— AT

- VFM

Figure6-2 Different damaged cases studied by various approaches in the stu

AT is an ABAQUS cracked plate model which uses only tie constraints to sir
the crack;ATCSis an ABAQUS cracked plate model, which tie constraints are
to restrain displacementwhile a spring is used for the rotation along the cr:
direction and a coupling constraint is used to restrain the rotation for all o
directions.

Figure 6-2 presents a flowchart of the different approaches included, and lists the
comparative studies of the various damage casgsoposed~E model will generate a
damaged model for all cases, and so an ABAQUS model will be prepared for all cases
exept ATLD. Because ATLC retains the prismatic status in the longitudinal direction,
VICONOPT can still be used and provides validation for the newly proposed FE model.
Comparison studies will be discussed for PTLC, inclu@itehl and Keer (1932Liew

et al. (1994), and Huang et al. (201Epr ADC, such generality is absent from the
literature, with results commonly restricted to cracks located at the centre, or the edge of
the plate, running parallel to one of edges of the plate, oveuliherigth of width, or
through the full thickness. Hence, ABAQUS is chosen for ADC to verify the reliability

of theproposed~E model and VFM.

Validation in this study will be based on a simply supported isotropic square plate as the
most straightforwardxample to verify the feasibility of the proposed FE model and VFM
technique Suliman (2018previously studied delaminations in isotropic and anisotropic
plates using the VFM approach. This study thereforé f@dus on arbitrary cracks.
Cracks with different locations, orientations, depths and lengths will be studied in order
to prepare for the inverse problem of detecting damage. A series of numerical analyses
are presented, and the related MATLAB codes dtaclaed in the Appendix. The

computational cost of different techniques will also be evaluated and discussed.
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6.2 All through-the-length delamination

6.2.1 Model

Figure 6-3 (a) shows an example of a simply supported plate with an all thitbeegh
length delamination. The delaminated region is showsigare6-3 (b) and has width ,

while the delamination location (the location of the widthwise delamination rggion

may be different. The depth of the delaminatioisvhich divides the damaged region

into two parts. The analysis ignores the damping factor, contact and penetration between
the two parts. The upper and lower delaminated parts deform separatebupledat

the boundaries of the damaged region have equal deformations imposed by point
constraing, as shown ifigure6-3 (b). The plate dimensions are showrrigure6-3 (a);

the mass per unitvolumed@zp mEC I ; Youngds modulus in the d
xaxisispomEl ; Youngds modul us perpéhndineul ar to t
planeshearmodulli® O O UVE.i I andte maj or Poissonds rat.

The plate comprises 16 unidirectional layers each with uniform thickigessivi . The
sequence of those layers in the plate is [0/-48890/0/+45/45/90]s. This particular
composite case is chosen fr@amghani et al. (2011Thelaminated plate in this study

will only be discussed as a comparative case and used in the preliminary stage to
understand theseof the VFM model. For more detail of different stacking sequence
pleaseaefer toSuliman (2018) The modelling ofinarbitrary crack in isotropic plate and
related inverse problem is the main target of this stidg.original VICONOPT data of

the delamination case is attached inAlppendix |

b=100mm

)

®* S & o0 e e * ® o 9

'y
&
&
\
Y
4

0.5(b-B) B 0.5(b-B) . )

Figure6-3 All throughtthe-length delamination plate model

(@) All throughthel engt h del ami nati on wi t-dectiagh
of the damaged plate, point supports are defined at the edge of each strip alc
transverse direction except at the boundary.

120



Chapter 6-Single predefined damage analysis in plates

(©)

Figure 6-4 Three different transformation statuses which exist during
propagation of delamination.

(a) b=0.2; (b) B=0.6; (c) b=0.09.

100

Natural frequency square Hz*

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Size /b
damage from mid-span naturalfrequency damage from left side natural frequency

Figure6-5 The propagation of delamination with different starting points.
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6.2.2 Three different deformation statuses

Using the modelling strategy and parameters presented in Chapter 5.2.1 and repeated
separately above, some useful numerical results can be obtainethe VICONOPT

model. With the propagation of the delamination (by increasing the delamination width
b), the deformations of t heFigd6attme globaln b e
stage, the transition stage and the local stagere6-4 shows the mode shapes obtained

from VICONOPT illustrating the development of a trally located delaminatiorfrigure

6-5 shows the reduction in natural frequencies which occurs as the delamination grows,

for both central and edge delaminations.

Forl m®® Figure6-4 (a) shows the two parts in the damaged region deform together
indicating global deformation behaviotigure6-5 shows that the corresponding natural
frequencies decrease only slightly in a réaear way. They then show a rapid reduction

as the delamination grows (with 0.2b as the limit), while the parts in the damaged
region start to deform separateRiqure6-4 (b)). The deformation status then changes
into the local stateFigure 6-4 (c)), whenthe severity of delamination is largEigure

6-5). Figure 6-5 also indicates reductions in the natural frequencies during the
propagation of an edge located delamination showing similar development trends as the

delamination developing from the middle of plate.
6.2.3 Size effect and location effect

The development of delamination will cause a degradation of the stiffness of the plate,
and result in a change of vibration parameters. Generally, two main factors control the
change in the natural frequencies: severitylandtion.Table6-1 illustrates the effect of

the severity of a delamination starting at different locations (OL), showing the original
natural frequeries and change isquarechatural frequencies, for delaminations starting
from three different points with increasing delamination wi8iimulations chosen in the
study are not penetrated damage, thus the ceangmtural frequencies caused the

limited damaged region are relatively smélere 3=0.01 or 1and Eiger1-4 denote
different modes, Eigen=2 is the combination of different halfavelength modes in the
VICONOPT model in chronological order; OL is theginal location of the ycoordinate

at the midpoint of the delamination region; DS is the width of delamination ; DLF is the
natural frequency; CNF”2 is the difference of square natural frequencies between the

intact and damaged cas#&s; is the ratioof the change in CNFA% 3 pdp 3 ¢ T

and $ 3 ¢ O$ 3 1 T Each value inTable6-1 keepsfour decimals for the natural

frequencies antelatedchange naturdtequencies.
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Table6-1 All throughthelength delaminatiostartingat different original locatios
with varying width,delamination depth d=0.5mm

y:(5)(|)_r,nm 3=0.01,EIGEN=1-2 3=0.01,EIGEN=34
DS( b, m DLF CNF"2 Ratio DLF CNF"2 Ratio
(x, HZ (€ HD (3 ) (x, HZ (€ HD ()
0 44.4189 74.0617
10 44.1677 | 0.0113 73.7718 | 0.0078
20 42.7989 | 0.0716 | 6.3490 | 71.9727 | 0.0556 7.1190
30 39.8370 | 0.1957 61.4693 | 0.3111
40 33.9011| 0.4175 | 5.8300 | 41.2081 | 0.6904 | 12.4100
y:(5)(|)_r1nm 3=1,EIGEN=1 3=1,EIGEN=3
DS (b, DLF CNF"22 Ratio DLF CNF"22 Ratio
(x, HZ (¢ ,HZ) (3) (x, HZ (¢ ,HZ) (&)
0 28.1417 110.5251
10 28.0978 | 0.0031 109.2139| 0.0236
20 27.7850 | 0.0252 | 8.0770 | 100.9893| 0.1651 7.0000
30 26.9141 | 0.0854 70.4062 | 0.5942
40 25.0794 | 0.2058 | 8.1700 | 45.7329 | 0.8288 | 5.0200
y:ELDOLrhm 3=0.01,EIGEN=1-2 3=0.01,EIGEN=34
DS (b, DLF CNF"Z2 Ratio DLF CNF"22 Ratio
(¥, HZ (¢ ,HZ) (3) (¥, HZ (§ ,HZ) (@)
0 44.4189 74.0617
10 44,1879 | 0.0104 73.7497 | 0.0084
20 429151 | 0.0666 | 6.4170 | 71.8705| 0.0583 6.9340
30 41.2994 | 0.1355 57.9506 | 0.3878
40 34.1455 | 0.4091 | 6.1450 | 41.2571| 0.6897 | 11.8300
y=20Lr’nm 3=1,EIGEN=1 3=1,EIGEN=3
DS (b, DLF CNF’\Z2 Ratio DLF CNF’\Z2 Ratio
(¥, HZ (¢ ,HZ) (3) (¥, HZ (S ,HZD) (&)
0 28.1417 110.5251
10 28.0993 | 0.0030 109.3205| 0.0217
20 27.7985 | 0.0243 | 8.0540 | 101.3852| 0.1586 7.3140
30 25.0988 | 0.2046 72.5053 | 0.5697
40 25.1998 | 0.1981 | 8.1730 | 44.7194 | 0.8363 5.2750
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Table6-1 (continued)

y225|_r,nm 3=0.01,EIGEN=1-2 3=0.01,EIGEN=34
DS (b, DLF CNF"22 Ratio DLF CNF"Z2 Ratio
(¥, HZ (¢ ,HZ) (3) (¥, HZ (¢ HZ) (3)
0 44.4189 74.0617
10 44,2115 | 0.0093 73.7298 | 0.0089
20 43.0538 | 0.0605 | 6.4960 | 71.7707 | 0.0609 | 6.8120
30 40.4041 | 0.1726 62.1506 | 0.2958
40 34.4720 | 0.3977 6.5720 | 41.3278 | 0.6886 | 11.3100
y285|_r,nm 3=1,EIGEN=1 3=1,EIGEN=3
DS (b, DLF CNFA2 Ratio DLF CNF™2 Ratio
(x, HZ (€ HPD®) (3 ) (x, HZ (€ HD) ()
0 28.1417 110.5251
10 28.1011 | 0.0029 109.4474| 0.0194
20 27.8141 | 0.0232 8.0250 | 101.9154| 0.1497 7.7150
30 27.0220 | 0.0780 70.5288 | 0.5928
40 25.3452 | 0.1889 | 8.1580 | 44.7255| 0.8362 | 5.5850

As Figure6-5 shows, for small delaminations the relationship between the reduction of
the natural frequencies square and the propagation of delaminatiomeaattyremains

linear. The ratie- could henbeanalogous fronTable6-1to the relationship of severity

in Eq.6-1.
Eq.6-1

Here ‘Qdenotes the chronological sequence of the modes,Gnthe chronological
sequence of the delamination propagation of width. The severity fattimduced from
Table6-1 show that as DS doubles, the increases by factor of 8, hence the severity
indexy here is achieved as three By. 6-1. The severity recovery proceduej. 6-1

could be used in the inverse problem to predict delamination severity according to the

reduced natural frequencies.

Next the location effect is studied based on a delamination of fixed width which is located
at differentplaces along thg-axis as shown ifable6-2. Each value iTable6-2 keeps
four significantdecimals DL is the delamination location; DLF ar@NF"2 keep the
same meaning as ihable6-1;17 is the natural frequency of the intact plat®ere

represent different modesand EIGEN relates to different modes a3 able6-1.
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Table 6-2 All throughthe-length delamination with fixed widthf ( p @ &) at
varying locations (depth d=0.5mm)

1 =74.0617 U 1 =110.5251 U 1 =28.1417 U

3 =0.01,4F 3 =1, EI( 3 =1, EI (
DL DLF CNF~2 DLF CNF~2 DLF CNF~2

(y,mm) | (¥, ( HD) | (v, (¥, (

5 73.7660 | 0.0080 | 110.4060| 0.0022 | 28.1133 | 0.0020
15 73.7323 | 0.0089 | 110.1750| 0.0063 | 28.1105 | 0.0022
25 73.7081 | 0.0095 | 109.8010| 0.0131 | 28.1058 | 0.0026
35 73.7298 | 0.0089 | 109.4470| 0.0194 | 28.1011 | 0.0029
45 73.7657 | 0.0080 | 109.2410| 0.0231 | 28.0982 | 0.0031
55 73.7657 | 0.0080 | 109.2410| 0.0231 | 28.0982 | 0.0031
65 73.7298 | 0.0089 | 109.4470| 0.0194 | 28.1011 | 0.0029
75 73.7081 | 0.0095 | 109.8010| 0.0131 | 28.1058 | 0.0026
85 73.7323 | 0.0089 | 110.1750| 0.0063 | 28.1105 | 0.0022
95 73.7660 | 0.0080 | 110.4060| 0.0022 | 28.1133 | 0.0020

Figure6-6 plots the value of change sguaredatural frequencies square frarable6-2

against delamination lodah. The natural frequency curve for each mode approximately
matches a trigonometric function. Hengeg, 7-2is introduced to normalise the size effect,
and the location of a single delamination can then be detected by solving the inverse
problem numerically. More detail on the normalisation procedamd delamination

inverse problem analysis will be discussed in Section 7.3.1.

2.50E-02
2.00E-02
1.50E-02
1.00E-02

— T t———" "

5.00E-03

Change natural frequencies square {Hz

0.00E+00

5 15 25 35 45 55 65 75

Delamination location (mm)

85 95

—— X|=0.01,EIGEN=3-4 X1=1,EIGEN=3 XI=1,EIGEN=1
Figure 6-6 All throughthelength delamination with fixed damaged width a

different locations along the gxis.
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6.3 Parallel all throughthelength crack

6.3.1 Model

Since VICONOPTand the hybrid model for delaminations in compogigsgiman 2018)

have been validated, the remainder of Chapter 6 will focus on validating the proposed FE
crack modelling technique whiaowill be incorporated into the hybrid method. This will

be done through comparison with previous studies for different crack cases (Sections 6.3,
6.4 and 6.5). In section 6.8rfanall throughthelengthcrack andthe propeiesof the

plate remainlongitudinally invariant. Hence the damaged plate rematsgrismatic
status, anadan be modelled usinglICONOPT. A comparative study will therefore be
made between thél CONOPT model andhe advanced FE model (AFEdhe proposed

FE model incorporating craskpresented in section 5.2.8)llowed bya brief example

for the casevhen the ATLC runs all througthe-depth.For partial throughhe-length

crack cases (section 6.4), the natural frequencies obtained by VFM for an intact plate
(Table6-3) will be compared with one of the partial throtitpe-length crack case3éble

6-14 to Table6-16) to examine the hybrid model for the consistency of both ESM and
FEM part.

Figure6-1 shows the overall dimension and properties of the isotropic simply supported
plate to be consideredrigure 6-7 (a) and (b) show the location of the crack in the
VICONOPT modelcrack anglet)) and the AFE modekrack angleo 1), respectively.

The VICONOPT model splits the plate into 10 strips with the same width and properties.
Point supports are added to each strip along the transverse edge. The crack is simulated
as a spring based on the same assumptions as in Chapter b.@f1hé data produced

from AFE will be normalised to provide natimensional results, which can simply be
compared with previous studies regardless of the properties of the plates adopted by
different researchers. It should be noted that the aspecanatiboundary conditions will

affect the nordimensional results and same conditions need to be chosen in the

comparative studyEqg. 6-2 expresses the nmalisation procedure as:
T 1 zgz*z@z QO Eq.6-2
wherg is the natural frequency (Hahis the transverse dimensiopdxis) of the plate

(m),” is the density @ ), Qs the thicknessfathe plate (m) an®is theflexural
rigidity of the plate ( z 1 ).

126



Chapter 6-Single predefined damage analysis in plates

@

(b)

Figure6-7 ATLC model simulated by different techniques at various location
(a) VICONOPT model; (b) AFE model.

6.3.2 Results

For ATLC, two different cases are analysé&dble 6-4 to Table 6-7 show theoriginal

natural frequency (ONRnd therelaive changen natural frequency (RCNFRpr acrack

locaiedin the middle of th@late Here RCNF is the difference between damaged Hatura
frequency andhe intact natural frequency as calculated fr&u. 6-3. Compared with
delamination case, RCNF is used instead of the change natural frequenciesaSsduare
factor to detect the degradation of natur
is the difference of natural frequencies square between the intact plate and damaged plate.
The reason choosing 0Changersama smalt saderityf r e q
damage cases, the magnitude of RCNF mayp@ehough to detect the change in natural

frequencies.

105 5 b Eq.6-3

wheregl denotes the RCNF, arethe natural frequencies diie intact plate’@Care
eigennumbers represeng different modes$or both the VICONOPT model and the AFE
mode] i.e. the number of half waves in tkendy directions, respectivelyThe depth
ratio denotes the crack dépdivided by the plate thicknesand thecrack angles the
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angle betweethecrack andhex-axis shown irFigure5-6, which isw fifor these cases

Mode | A refers to the original mode for the uncracked case, wheke are the
number of haHwavelengths along each axis. The mode shape may transform into more
complicated cases when there is a crack. If there is a crossover between a higher mode
and a lower rade, it can be detected through the mode shape detection procedure
described in section 4.2.2 to correct the sequence and continue to record the results in the
appropriate placd-orasimply supported isotropic square plate, theoretical resultfor

intact plate Eq. 6-4), derivedby Beards and hba (1996)canbe used as a reference.

S Az ] Eq.6-4

According toEq. 6-3, Table6-3 containsthe nondimensional natural frequenciestbé

intact plate calculatedsing thetheaetical model, VICONOPTAFE and VFM For the

VFM model, the FE region is in the middle and the two strips of ESM at the two sides as
shown inFigure 4-1. The size of kements for FE is 16*8, while the dimensions and
properties of the plate are the same aBigure 6-1. Forthe AFE model, the plate is
divided into 400rectangularelementsi.e. the mesh hag0 rows and 20 column3he

crack is centrally located as shownhkigure 6-7 (b). Due to the use ofompliance to
simulate crackwhenthe depth ratio is 1Eq. 5-15 will be null. Hencea depth ratioof
0.9999is usedto avoidnumericalproblens for the all throughthe-depth crackof AFE
modelin MATLAB .

Examining he resultsthoseobtained from VICONOPT arthe same ashe theoretical
values, buthoseacquired from AFE are slightly highd&rhe natural frequencies obtained
by VFM match well with the others except for modes (2,1) and (2,2).mdydedue to

modellingassumptions such as:

1. The conservative plate model based on classical thin plate thedrgn old
version oftheshape function
2. The size of elements for both VICONOPT and AFE model;

3. The constraint matrices applied at the boundaries.

Also, a similar difference exists in the literature observedrbgk simulation fronkq.

5-15. Natural frequencies from different modes for the intéatiepare presented irable

6-3 and these will be used in the following tables. The comparisons in this study will use
relative change in natural frequees as the parameter to analyse the change of vibration
characteristics.
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Table6-3 Non-dimensional natural frequenciesomparisorfor intact plate

Mode 1,1| Mode 1,2/ Mode 2,1| Mode 2,2| Mode 3,1| Mode1,3

Theoretical 19.74 49.35 49.35 78.96 98.70 98.70

VICONOPT 19.74 49.35 49.35 78.96 98.7 98.7

AFE 20.18 50.07 50.07 80.78 99.53 99.54

VFM 19.80 49.73 49.44 79.93 98.78 99.24

Table 6-4 The ONF ofan ATLC located at the middle ofthe plate using the
VICONOPT model

VICONOPT mode ONF of different modes (nedimensional results)
Crack | Depth

angle ratio 1,1 1,2 2,1 2,2 3,1 1,3
W 0 19.7392| 49.3480| 49.3480| 78.9568| 98.6960| 98.6960

0.2 19.6878| 49.2896| 49.3480| 78.9568| 98.1739| 98.6142

0.4 | 19.5816| 49.1719| 49.3480| 78.9568| 97.1182| 98.4533

Centrally 0.5 | 19.4811| 49.0640| 49.3480| 78.9568| 96.1471| 98.3106

located

0.6 19.3104| 48.8883| 49.3480| 78.9568| 94.5618| 98.0875

0.8 | 18.3635| 48.0566| 49.3480| 78.9568| 87.0297| 97.1648

1 16.1348| 46.7381| 49.3480| 78.9568| 75.2834| 96.0405

Table6-5 The ONF ofan ATLC locatel at the middle otheplate by AFE model

AFE 20*20 model ONF of different modes (nedimensional results)

Crack Depth
angle ratio 1,1 1,2 2,1 2,2 3,1 1,3

W 0 20.1782| 50.0664| 50.0664| 80.7773| 99.5317| 99.5350

0.2 | 20.1282| 50.0097| 50.0664| 80.7773| 99.0166| 99.4545

0.4 | 20.0249| 49.8955| 50.0664| 80.7772| 97.9724| 99.2999

Centrally 0.5 19.9272| 49.7910| 50.0664| 80.7772| 97.0122| 99.1631

located | o5 | 19.7617| 49.6217| 50.0664| 80.7772| 95.4460| 98.9502

0.8 | 18.8510| 48.8309| 50.0664| 80.7772| 88.0232| 98.0806

0.9999| 16.7606| 47.6122| 50.0664| 80.7773| 76.5197| 97.0438
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Table6-6 The RCNF ofan ATLC located at the middle othe plate by VICONOPT
model

VICONOPT model RCNF of different modes (nedimensional results

Crack angle | Depth ratio| 1,1 1,2 2,1 2,2 3,1 1,3

wmn 0 0.0000 | 0.0000 | 0.000 | 0.000 | 0.0000 | 0.000

0.2 0.0026| 0.0012| 0.0000| 0.0000| 0.0053| 0.0008

0.4 0.0080| 0.0036| 0.0000| 0.0000| 0.0160| 0.0025

0.5 0.0131| 0.0058| 0.0000| 0.0000| 0.0258| 0.0039

Centrally locate
0.6 0.0217| 0.0093| 0.0000| 0.0000| 0.0419| 0.0062

0.8 0.0697| 0.0262| 0.0000{ 0.0000| 0.1182| 0.0155

1 0.1826| 0.0529| 0.0000| 0.0000| 0.2372| 0.0269

Table6-7 TheRCNFof anATLC located at the middle otheplate by AFE model

AFE 20*20 model RCNF of different modes (nedimensional results

Crack angle | Depth ratio| 1,1 1,2 2,1 2,2 3,1 1,3

W 0 0.0000 | 0.0000 | 0.000 | 0.0(0 | 0.0000 | 0.0000

0.2 0.0025| 0.0011| 0.0000| 0.0000| 0.0052| 0.0008

0.4 0.0076| 0.0034| 0.0000| 0.0000| 0.0157| 0.0024

0.5 0.0124| 0.0055| 0.0000| 0.0000| 0.0253| 0.0037

Centrally locate
0.6 0.0206| 0.0089| 0.0000| 0.0000| 0.0410| 0.0059

0.8 0.0658| 0.0247| 0.0000| 0.0000| 0.1156| 0.0146

0.9999 | 0.1694| 0.0490| 0.0000| 0.0000| 0.2312| 0.0250

It should be noted that mo@¢l and mode 2,2 are aisiymmetric abouthey-axisin the
VICONOPT cracked modebecaus®nly rotatioral stiffness isaffected by the crackf

the crack occurs in theentre line of the plajehe curvature of the mode shapes will be
zerothere azanbeseenfrom the contour platfor the intact platén Figure6-8. In these
figures, symmetric and antisymmetric modes are shown respectivelyam#erLC is

all throughthe-depth. For antisymmetric modes abthéy-axis, the mode shapes remain
the samewith and without thecrack and thenatural frequencies of these modee
unchanged The proposed AFE model and VFM adopt the same assump®n
VICONOPT, and similar phenomaiare shown inTable6-6 and Table 6-7 which will
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be indicated in the mode shap&ke shaps of antisymmetric and symmetric madfer
adepth ratiocof 0.2from AFE model areshown inFigure6-9. Then,Figure6-10(a) to (c)
compare ATLC model with VICONOPT and AREr symmetrical mdes Figure6-10
shows a good match of RCNF between VICONOPT and MREN the crack is all
throughthe-length and locatkat the middle otheplate.

(@) (b)

10 -4

12 12

X=0 1000 X=0 1000

(©) (d)
Figure6-8 Mode shapes reproduced from VICONQPT

(a) mode 2,1 of the intact plate; (b) mode 1,2 of the intact plate; (c) mode 2,1
ATLC (Figure 6-7 (a)) at the middle when depth ratio is 1; (d) mode 1,2 of an A
(Figure 6-7 (a)) at the middle when depth ratio is 1.
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(@)

(b)

Figure6-9 Mode shapes reproduced from AFE

(a) mode 2,1 of the cracked plate, symmetric aboutxthes; (b) mode 1,2 o
cracked plate, antsymmetric about the-gxis.
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Figure6-10 Comparson of RCNF forcentrally located ATLGor VICONOPT and

AFE.

(a) mode 1,1; (b) mode 1,&) mode 3,1.
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Becauseof the symmetric peculiarity, more general cracked platescased to be
presentecinddiscussedHence an ATLC located at anarbitrarylocation(y=0.075m is
consideredandthe natural frequencies obtained from AFE are compai#uthvose from
VICONOPT in Figure 6-11. Table 6-8 to Table 6-11 show the ONF and RCNF data
produced from VICONOPT and AFE.

Table6-8 The ONF ofan ATLC locatel at an arbitraly point ofthe plate using the
VICONOPT model

VICONOPT mode ONF of different modes (nedimensional results)
Crack | Depth
angle ratio 1,1 1,2 2,1 2,2 3,1 1,3
w T 0 19.7392| 49.3480| 49.3480| 78.9568| 98.6960| 98.6960
0.2 19.7134| 49.1238| 49.3187| 78.7534| 98.4361| 98.6549
0.4 19.6593| 48.6648| 49.2589| 78.3458| 97.9178| 98.5732
Location | ©0-2 | 19.6070| 48.2356| 49.2033| 77.9751| 97.4493| 98.4996
y=0.075 | o6 | 19.5162| 47.5202| 49.1110| 77.3788| 96.7011| 98.3823
0.8 18.9561| 43.8532| 48.6436| 74.6862| 93.4147| 97.8688
1 17.1780| 37.2168| 47.7889| 70.9137| 89.0919| 97.1762
Table6-9 The ONF ofan ATLC locatel at an arbitrary point ofthe plate using the
AFE model
AFE 20*20 model ONF of different modeéon-dimensional results)
Crack | Depth
angle ratio 1,1 1,2 2,1 2,2 3,1 1,3
w T 0 20.1782| 50.0664| 50.0664| 80.7773| 99.5317| 99.5350
0.2 | 20.1530| 49.8459| 50.0378| 80.5802| 99.2763| 99.4936
0.4 20.1003| 49.3950| 49.9796| 80.1862| 98.7639| 99.4148
location 0.5 | 20.0494| 48.9737| 49.9257| 79.8287| 98.3008| 99.3442
x=0.075 | 06 | 10.9613| 48.2724| 49.8367| 79.2551| 97.5616| 99.2325
0.8 19.4249| 44.6944| 49.3950| 76.6861| 94.3166| 98.7523
1 17.7965| 38.2789| 48.6225| 73.1339| 90.0542| 98.1271
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Table6-10 The RCNF ofan ATLC located atanarbitrary point otheplateusing the
VICONOPT model

VICONOPT model RCNF of different modes (nedimensional results

Crack angle | Depthratio| 1,1 2,1 1,2 2,2 3,1 1,3

W 0 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0O.00

0.2 0.0013| 0.0045| 0.0006| 0.0026| 0.0026| 0.0004

0.4 0.0040( 0.0138| 0.0018| 0.0077| 0.0079| 0.0012

0.5 0.0067| 0.0225| 0.0029| 0.0124| 0.0126| 0.0020

location y=0.07
0.6 0.0113| 0.0370| 0.0048| 0.0200( 0.0202| 0.0032

0.8 0.0397| 0.1113| 0.0143| 0.0541| 0.0535| 0.0084

1 0.1298| 0.2458| 0.0316| 0.1019| 0.0973| 0.0154

Table6-11 The RCNF ofan ATLC locatel atanarbitrary point othe plateusing the
AFE model

AFE 20*20 model RCNF of different modes (nedimensional results

Crack angle | Depthratio| 1,1 2,1 1,2 2,2 3,1 1,3

W 0 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00

0.2 0.0013| 0.0044| 0.0006| 0.0024| 0.0026| 0.0004

0.4 0.0039| 0.0134/| 0.0017| 0.0073| 0.0077| 0.0012

0.5 0.0064| 0.0218| 0.0028| 0.0117| 0.0124| 0.0019

location x=0.07
0.6 0.0108| 0.0358| 0.0046| 0.0188| 0.0198| 0.0030

0.8 0.0373| 0.1073| 0.0134| 0.0506| 0.0524| 0.0079

0.9999 | 0.1180| 0.2354| 0.0288| 0.0946| 0.0952| 0.0141

In Figure6-11, the RCNF data fronifable6-10 and Table6-11 are plottedto compare
VICONOPT and AFE. Because the arbitrary crack locagomoveghe symmetric status
of plate, all modes ifrigure6-11 show changgin natural frequencieand these have

different magnitude
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(a) Mode 1,1 (b) Mode 2,1 (c) Mode 1,2
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Figure6-11 Comparison of RCNF faan arbitrarylocated (y=0.075m, quarter located) ATLC based on VICONOPT and AFE
(a) mode 1,1; (b) mode 2,1; (c) mode 1,2; (d) mode 2,2; (e) mode 3,1; (f) mode 1,3
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FromFigure6-11(a) to (f),it is seen thathe differencdetween th& CNF obtained from
theVICONOPT and AFE modsis small. Themost significant difference is 0.01 among
six modes, which is an acceptable level of noiseomparisonFor patial throughthe-
depth and arbitrarily located cracks, relevant results are laaipsignt from previous
studes Table6-12 andTable6-13 show the comparison of natural frequencigth the
literaturewhen theATLC is at the middle of plate and the depth ratio ofdteek is 1.

Table6-12 The ONF ofan ATLC located at the midpoint ofthe plateusingdifferent
approachesdepth ratio 1

Centraly located ONF of different modes (nedimensional)

Crack | Depth
angle | ratio 1,1 1,2 2,1 2,2 3,1 1,3

VICONOPT wmn 0 19.74| 49.35| 49.35| 78.96| 98.70| 98.70
(Liew et al. 1994) wmn 0 19.74| 49.35| 49.35| 78.96| 98.70| 98.70
(Stahl and Keer

wmn

Method

0 19.74| 49.35| 49.35| 78.96| 98.70| 98.70

1972)
(Bose and W 0 |19.74| 49.35| 49.35| 78.96
Mohanty 2013) ' ' ' '
AFE W 0 |20.18]|50.07] 50.07| 80.78| 99.53| 99.54

VICONOPT wmn 1 16.13| 46.74| 49.35| 78.96| 75.28| 96.04
(Liew et al. 1994) wnt 1 16.13| 46.74| 16.13| 46.74| 75.28| 96.04
(Stahl and Keer

W

1 16.13| 46.74| 16.13| 46.74| 75.29| 96.03

1972)
(Bose and W 1 | 16.13| 47.00| 27.36| 64.51
Mohanty 2013) ) ) ) :
AFE ok | 0.9999 | 16.76| 47.61] 50.07| 80.78] 76.52| 97.04

Table6-13TheRCNF ofanATLC located at the midpoint oftheplateusing dfferent
approachesdepth ratio 1

Centrally locatedRCNF of different modegon-dimensional)

Crack | Depth
angle | ratio 1,1 1,2 2,1 2,2 3,1 1,3

VICONOPT W 1 0.18 | 0.05 | 0.00 | 0.00 | 0.24 | 0.03
(Liew et al. 1994) wm 1 0.18 | 0.05| 0.67 | 0.41 | 0.24 | 0.03

(Stahl and Keer *
1972) w

(Bose and W
Mohanty 2013)

AFE w7 | 09999 | 0.17 | 0.05 | 0.00 | 0.00 | 0.23 | 0.03

Method

1 0.18 | 0.05 | 0.67 | 0.41 | 0.24 | 0.03

1 0.18 | 0.05| 0.45| 0.18
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As shown by the results ifable6-13, even for an all througthe-depth crack, apart from

the antisymmetric modes, the ONF and RCNF obtained from VICONOPT match well
with other approaches. Since the results obtained from the@FEpartial througtihe

depth ATLC agree with VICONOPT, the applicability of the AFE method in the hybrid
VFM model can now be preliminarily validated. However, for an all threthgidepth
ATLC crack, the value of RCNffom AFE is slightly different coared with previous
studies. Possible reasons for the difference are as follows.

1. The depth ratio chosen for AFE is 0.9999, not the whole depth.

2. Only a rotational spring is used to simulate the crack for the ATDC case, while other
studies also include vectl and horizontal displacements because the vertical
displacements at either side of the crack can be different for all through the depth
cracks whereas the proposed AFE model assumes the vertical displacements are same
(which is appropriate for partiahtough the depth cracks but not all through the
depth). The AFE model only releases the degree of freedom of the rotation about the
crack direction and constrains all others. The difference caused by these different
constraints is shown in the mode shagrgsecially when the severity of crack is large.

3. The assumptions of the AFE model may differ from those in other research, e.g.
shape functionstiffness matrix, mass matrix and constitutive latve stiffness and
mass matrix in the AFE model were chosen fidrmemienieck{1985)for a certain
problem and used for validation purpsse

The primary target of this study is to solve the inverse probkamch can be used in
damage detection. The main research object is the partial thtloetglepth crack, and a
good match has been observed through comparison with VICONOPT model. Even for
the all througkthe-depth crack, the accuracy of RCNF resultiseatable for use in the

inverse problem.
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6.4 Parallel partial throughthe-length crack

6.4.1 Modelling Preparation

In this section, more crack cases are preseateédmodelled with AFE to validate with
other approaches for a simply supported isotropic p&®S)of length 0.1m and width

0.1m. Three main cases are consideFegure 6-12 shows a crack partial throughe-

length while all througtithe-depth andparallel to one of thexes (ATDC) starting at
various points (with the migoint of the crack atofto 1@t v Fr8t v 1. Figure6-13
showsthe results for the case when the right end of the crackdsfai ( 18t v fre 1)

with different crack length ratiosaf & T 0 $)and Figure 6-22 shows a partial
throughthe-depth crack (PTDC) with varying crack lengthij(cdc T® 0 ) at an
arbitrary edge location (for example, the right end of the crack dsh

1@t X vhf [)). The ATDC example is compared withiew et al.(1994) Stahl and Keer
(1972) Huang and Leiss§2009)a nd an A BTAAQ Unso doéeA (ABAQUS
constraint only model); the PTDC case wi
model (ABAQUS with tie, coupling and rotational spring constraints modéig
propertiesand transverse sectional dimensiohthe cracked platshown inFigure6-12

are the same ador the previous modeh section6.3  The modelling concepts and

methods of AFE are elaborated in section 5.2.2.

(Xc » ¥e)

Figure 6-12 The dimensions p UGTé(Fﬁ) p mata) of the plate and th
location of ATDC (bhw 18t v b8t v ) when crack locates at the middle of pla
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d — 9 (%o, Ye)

Figure6-13 The dimensiond p nantahd  p matd) of plate and the locatio
of ATDC (whwo 18t v l 1) when crack develop from the middle edge of pl
with various length ratio

6.4.2 Results

6.4.2.1ATDC Locatd at the Middle of Platecd vy~ 18t & hrdt o )

For the ATDC modelled using AFE, the centrally located threthggkness crack in an
isotropic square plate with length 1 and widthco T®d running parallel to the
w-axis(Figure6-12) with edges simply supporté8SSS)results are shown for the lowest

six natural frequencigés 1 whose modes have and¢ half-waves in thevandw
directions, respectively. Original natural frequencieNFpare normalised usirgg. 6-2

for comparison with other studies. The relative changes in natural frequencies (RCNF)

are normalised bq. 6-3.

For the first comparison, two different ABAQUS models are presented to attempt to
simulate thesame crack case as other studies and the AFE model separéiely.
ABAQUS models chosen from section 5.2.3 are the Ribure 5-7 (a)) and ATCS
(Figure5-7 (b)) models respectively. The same modelling and element assumptions are
applied. AT is used to compare with previous studies for the ATDC case, while ATCS is
used to simulate the AFE model for the PTDC case. For both AT and ATCS models, the
crack is located at the edge of an element to minimise the effect caused by an inaccurate
damage region. The plateodel in ABAQUS is divided into 400 square elements (20 in
each direction), while the plate model in AFE is divided into 1600 square eled@ims (
each direction). The AFE 40*40 modelhminly used for comparison with the literature.
Other meshe@ the AFE mode] namelyAFE 20*20, AFE 21*21, AFE 30*30, AFE
31*31 and AFE 41*41were run in a convergence stualyd used tanalyseheeffectof

elementsize on accuracy
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In the following tables, the depth ratio is the crack depth divided by the plate thickness;
the length ratio is the crack lengihdivided by the plate lengify the crack angle is the
angle between the crack and #haxis, with aw trangle chosen for the parallel teayis

crack problem. Nowlimensional natural frequencies and normalised relative changes in
natural frequencies are tabulatied each study from the literature, the proposed AFE
model and the ABAQUS nuel. The RCNFand the ONF data given totwo decimal

places to match the previous studies.

Table6-14 The ONF of intact plate obtained from different studies

Reference aStahl and Keer (1972Reference bLiew et al. (1994) Reference c:
Bose and Mohanty (2013Case a: AFE (21*21); Case b: AFE (41*41); Case c: AFE
(40*40); Case d: AT model; Case e: ATCS model, Case f: VFM (16*8). All notations will
represent the same model until further notification.

Crack caseCrack agle=w 7 Centrally located

ONF of different modes (nedimensional results)

1,1 1,2 2,1 2,2 3,1 1,3
Reference g 19.74 49.35 49.35 78.96 98.7 98.7
Referencelh 19.74 49.35 49.35 78.96 98.7 98.7

Reference ¢ 19.74 49.35 49.35 78.96

Case a 20.18 50.07 50.07 80.78 99.53 99.53

Case b 20.19 50.08 50.08 80.80 99.53 99.53

Case c 20.19 50.08 50.08 80.80 99.53 99.53

Case d 19.74 49.69 49.69 79.37 100.82 100.82

Case e 19.74 49.69 49.69 79.37 100.82 100.82

Case f 19.80 49.73 49.43 79.93 98.78 99.24
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Table 6-15 The ONF and RCNF of an AAC | ocat ed at the platebo
reproduced from different studidength ratio 0.2

Crack case: Crack angle=; Centrally located; Depth ratio=1; Length ratio=0.2

ONF of different modes (nedimensional results)

11 1,2 2,1 2,2 3,1 1,3

Referenceg 19.3 49.33 49.17 78.96 93.96 98.7

Referencely 19.38 49.31 49.16 78.81 94.69 98.69

Reference g 18.31 48.38 41.55 73.24

Case a 19.00 49.88 49.66 80.75 88.46 99.50

Case b 19.41 50.00 49.99 80.79 91.35 99.52

Case c 19.63 50.04 50.08 80.80 93.38 99.53

Case d 19.31 49.67 49.55 79.34 95.70 100.82

Case e 19.31 49.67 49.69 79.37 95.70 100.82

Case f 18.68 49.55 49.43 79.93 89.08 99.16

RCNF of different modes (nedimensional results)

Reference g 0.02 0.00 0.00 0.00 0.05 0.00

Reference  0.02 0.00 0.00 0.00 0.04 0.00

Reference g 0.07 0.02 0.16 0.07
Case a 0.06 0.00 0.01 0.00 0.11 0.00
Case b 0.04 0.00 0.00 0.00 0.08 0.00
Case c 0.03 0.00 0.00 0.00 0.06 0.00
Cased 0.02 0.00 0.00 0.00 0.05 0.00
Case e 0.02 0.00 0.00 0.00 0.05 0.00
Case f 0.06 0.00 0.00 0.01 0.10 0.00
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Table 6-16 The ONF and RCNF of an AOC
reproduced from different studidength ratio 0.4

| ocat ed at t

Crack case: Crack angle=; Centrally located; Depth ratio=1; Length ratio40.

ONF of different modes (nedimensional results)
11 1,2 2,1 2,2 3,1 1,3
Reference g 18.27 49.03 46.62 78.6 85.51 98.68
Referenceh 18.44 49.04 46.44 78.39 86.71 98.58
Reference g 18.18 48.29 40.82 72.73
Case a 17.90 49.20 48.77 80.59 82.10 99.10
Case b 18.33 49.52 49.66 80.75 83.81 99.30
Case c 18.61 49.67 50.08 80.80 85.41 99.38
Cased 18.27 49.39 47.05 79.02 86.67 100.73
Case e 18.27 49.39 49.69 79.37 86.67 100.73
Case f 17.96 49.15 49.43 79.93 89.08 98.91
RCNF of different modegondimensional results)
Reference g 0.07 0.01 0.06 0.00 0.13 0.00
Referencely  0.07 0.01 0.06 0.01 0.12 0.00
Referenceg 0.08 0.02 0.17 0.08
Case a 0.11 0.02 0.03 0.00 0.18 0.00
Case b 0.09 0.01 0.01 0.00 0.16 0.00
Case c 0.08 0.01 0.00 0.00 0.14 0.00
Cased 0.07 0.01 0.05 0.00 0.14 0.00
Case e 0.07 0.01 0.00 0.00 0.14 0.00
Case f 0.09 0.01 0.00 0.06 0.10 0.00
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Table 6-17 The ONF and RCNF of an AOC
reproduced from different studidength ratio 0.5

| ocated at the platebo

Crack case: Crack angle=; Centrally located; Depth ratio=1; Length ratio=0.5
ONF of different modes (nedimensional results)
1,1 1,2 2,1 2,2 3,1 1,3
Referenceg 17.71 48.7 43.03 77.73 82.15 98.4
Referencely 17.85 48.72 42.82 77.44 83.01 98.35
Case a 17.42 48.67 48.12 80.43 80.01 98.59
Caseb 17.82 49.07 49.39 80.69 81.16 98.94
Case c 18.08 49.30 50.08 80.80 82.40 99.12
Cased 17.70 49.04 43.44 78.20 83.11 100.53
Case e 17.70 49.04 49.69 79.37 83.11 100.53
RCNF of different modes (nedimensional results)
Referenceg 0.10 0.01 0.13 0.02 0.17 0.00
Referencely 0.10 0.01 0.13 0.02 0.16 0.00
Case a 0.14 0.03 0.04 0.00 0.20 0.01
Case b 0.12 0.02 0.01 0.00 0.18 0.01
Case c 0.10 0.02 0.00 0.00 0.17 0.00
Cased 0.10 0.01 0.13 0.01 0.18 0.00
Case e 0.10 0.01 0.00 0.00 0.18 0.00
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Table 6-18 The ONF and RCNF of an AOC
reproduced frondifferent studieslength ratio 0.6

| ocat ed

at t

Crack case: Crack angle=; Centrally located; Depth ratio=1; Length ratio&-0.

ONF of different modes (nedimensional results)

11 1,2 2,1 2,2 3,1 1,3
Referenceg 17.19 48.22 37.98 75.58 79.59 97.99
Referenceh 17.33 48.26 37.75 75.23 80.32 97.96
Referenceq 17.53 47.87 36.95 70.14
Case a 17.04 48.12 47.35 80.20 78.49 97.90
Case b 17.37 48.56 49.05 80.60 79.19 98.39
Case c 17.61 48.83 50.08 80.80 80.10 98.67
Cased 17.16 48.56 38.33 76.19 80.41 100.13
Case e 17.16 48.56 49.69 79.37 80.41 100.13
RCNF of different modes (nedimensional results)
Referenceg 0.13 0.02 0.23 0.04 0.19 0.01
Referencej 0.12 0.02 0.24 0.05 0.19 0.01
Referenceqg 0.11 0.03 0.25 0.11
Case a 0.16 0.04 0.05 0.01 0.21 0.02
Caseb 0.14 0.03 0.02 0.00 0.20 0.01
Case c 0.13 0.03 0.00 0.00 0.20 0.01
Case d 0.13 0.02 0.23 0.04 0.20 0.01
Case e 0.13 0.02 0.00 0.00 0.20 0.01
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Table 6-19 The ONF and RCNF o&n ATDC
reproduced from different studidength ratio 0.8

| ocated at the platebo

Crack case: Crack angle=; Centrally located; Depth ratio=1; Length ratiog0.
ONF of different modes (nedimensional results)
1,1 1,2 2,1 2,2 3,1 1,3

Referenceg 16.4 47.26 27.77 65.73 76.37 96.76
Reference i 16.47 47.27 27.43 65.19 76.6 96.78
Reference g 16.28 47.11 28.51 65.12

Case a 16.59 47.32 45.69 79.66 76.80 96.60

Case b 16.79 47.66 48.21 80.36 76.83 97.10

Case c 16.96 47.93 50.08 80.80 77.27 97.50

Cased 16.38 47.53 27.93 66.50 77.02 98.86

Case e 16.38 47.53 49.69 79.37 77.02 98.86

RCNF of different modes (nedimensional results)

Reference g 0.17 0.04 0.44 0.17 0.23 0.02
Referenceh  0.17 0.04 0.44 0.17 0.22 0.02
Referenceq 0.18 0.05 0.42 0.18

Case a 0.18 0.05 0.09 0.01 0.23 0.03

Caseb 0.17 0.05 0.04 0.01 0.23 0.02

Case ¢ 0.16 0.04 0.00 0.00 0.22 0.02

Case d 0.17 0.04 0.44 0.16 0.24 0.02

Case e 0.17 0.04 0.00 0.00 0.24 0.02
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Table 6-20 The ONF and RCNF of an AOC
reproduced from different studidength ratio 1

|l ocated

a t -pointh e

Crack case: Crack angle= Centrally located; Depth ratio=1; Length ratio=
ONF ofdifferent modes (nodimensional results)
11 1,2 2,1 2,2 3,1 1,3
Reference g 16.13 46.74 16.13 46.74 75.29 96.03
Referenceh 16.13 46.74 16.13 46.74 75.28 96.04
Referenceq 16.13 47 27.36 64.51
Case a 16.53 47.20 45.11 79.47 76.57 96.37
Case b 16.66 47.42 47.62 80.20 76.32 96.69
Case c 16.79 47.64 50.08 80.80 76.57 97.05
Cased 16.10 47.05 16.10 47.05 75.89 98.11
Case e 16.10 47.05 49.69 79.36 75.89 98.11
RCNF of different modes (nedimensional results)
Referenceg 0.18 0.05 0.67 0.41 0.24 0.03
Referencely 0.18 0.05 0.67 0.41 0.24 0.03
Referenceqg 0.18 0.05 0.45 0.18
Case a 0.18 0.06 0.10 0.02 0.23 0.03
Caseb 0.17 0.05 0.05 0.01 0.23 0.03
Case c 0.17 0.05 0.00 0.00 0.23 0.02
Case d 0.18 0.05 0.68 0.41 0.25 0.03
Case e 0.18 0.05 0.00 0.00 0.25 0.03
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In Table6-14to Table6-20, the natural fregencies obtained from eight different models

with different length ratio areabulated. Normalised changes in the natural frequencies
are also calculated and listdeigure 6-14 will plot the RCNF data to compare results
achieved from AFE with other studies aABAQUS models. For the first PTLC case,
since the AFE model chosen in the study ignores the effects caused by displacement in
the damaged region, @symmetric modes will show a constant zero change when the
crack is located at the middle of the square plate. This is because the crack is on a line of
zero curvature. Hence, only four modes will be plotted to compare with results in the
literature, namlgy & FE plp N plt Nofp Nplo 8 Eigenvalues obtained from
different meshes (441, 1681 and 1600 elements) are plotiedure6-16 to show the

effect caused by mesh size.

The changes in the natural frequencies obtained by ATGSTiable6-14 to Table6-20

show a good match with the AFE model, particularly for antisymmetric modes about the
y-axis. This shows that the ATCS model successfully sirmsiitite same cracked model

as the AFE model, which can now be used to analyse PTDC cases since there is an
absence of previous partial throutife-thickness crack studies. Since the aim of damage
identification, is to detect a crack in its early stagesidable to model partial through
the-depth cracks is essential. After the relationship between the change in natural
frequencies and the crack location is observed, the data is normalised to eliminate the
effect of severityRelative changes in the natufedquencies (RCNF) can then be used

in the inverse problenallowing the location to be determined as will be shown in Chapter

7.
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Figure6-14 Comparativdigures of centrally located ATDC with various length ratio between AFE and previous studies
(a) mode 1,1; (b) mode 1,2; (c) mode 3,1; (d) mode 1,3.
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As mentioned in Chapter §.&he natural frequencies obtained from the propa@ded

model are slightly higher than the theoretical results due to the different modelling
assumptions made and the way the elements are meshed. (Although a finer mesh of 80*80
was applied, this came with a significantly higher computational cost due targer

matrix whilst offering a relatively small improvement, and was not therefore adopted).

Figure6-14, shows a small reduction in natural frequesavith increasing crack severity.

For a single crackeven when it penetrates through the length and depth of the plate, the
maximum decrease for symmetric modes is 25%. When the length ratio of an ATDC is
smaller than 0.4, the average reduction of métirequencies is no more than 10%. A
good agreement is seen in the plots of RCNF for all modes when the crack is parallel to
one of the axes, especially when the length ratio is smaller than 0.8. When the ATDC
penetrates the whole length of plate, théedénce in the values of RCNF is noticeable
when comparing AFE with other studies because the displacement in the damaged part
will dominate the behaviour of vibration response when the ATDC is severe enough. If
the displacement degree of freedom is caer&d, the change in natural frequencies is
shown to be more significant for antisymmetric modes (when the mode is antisymmetric
about they-axis and when the crack parallel to theaxis). However, when only the
rotational degree of freedom is consideréte natural frequencies of antisymmetric

modes remain constant with increasing length of crack.

Based on the above comparative figures and previously mentioned assumptions about AT
and ATCS, the fundamental mode (1,1) shows a good match between AT, AFES, A
and previous studies for ATDEigure6-15). Notably, for the antisymmetric mode (2,1),

the ATCS model shows an entirely satisfactory agreement with the proposed AFE model
proving the equivalence of these two modé&lgyre 6-15). Validation of the AT and

ATCS models is in preparation for the PTDC caségure6-16 shows the influence of
different element sizes on the RCNF for an ATDC with different crack length ratios.

Figure6-16firstly shows a better match with AFE and a poe¢ study from the literature
when more finite elements are used to model the plate. For AFE 20*20, the mesh
comprises 400 elements equally distributed in the two directions. For AFE 40*40, a finer
mesh is used containing 1600 elements. Compared witleshéts presented dyew et

al. (1994) the results obtained from the finer mesh are within 1%. In the following

comparison, an AFE 40*40 mesh is therefore chosen for all of the models.
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Figure6-15 Comparison of AT, ATCS and approacliesn the literature predicte
values of RCNF for centrally located ATDC with various length ratio

(a) mode 1,1; (b) mode 2,1.
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Figure 6-16 Relative change in fundamental natural frequedCyDC centrally
locatedfrom AFE modebith various mesh sizes

A perturbation is also seen in the curveBigure6-16for particular length ratios. Coarser
meshes are seen to result in larger perturbations particularly when the ATDC is located
within an element instead of at its edge. This is due to the way the rotational compliance
is allocated in the proposed AFE mad&lhen assembling the global stiffness matrix, the
additional compliance induced by the crack is distributed to the corresponding nodes by
the integrated shape function presenteBqn5-25 and explained in section 5.2.2. If the
crack is all throughhe-depth of the plate, this compliance is infinite. So when the crack

is located anywhere inside an element, even if it is a short crack, it will cause zero
rotational stiffness to be added to all four nodes of the element. Thus a higher reduction
in natural frequencies will occur compared with thialty when the crack ends exactly at

the edge of the element. This perturbation phenomenon only occurs in the éeee,;

in the PTDC case the rotational compliance is finite and a smooth RCNF curve will be

generated, again accuracy is improved by using a finer mesh.
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6.4.2.2ATDC Locates at the Middle Edge of Pladefty 18t & lrgda )

In the second ATDC case shownHRigure6-13, the crack starts from the middle of one
edge of the plates{ TG ), parallel to thevaxis and has various crack lengatios
afw. The dimension and properties of the plate are same Bigyime 6-1. Results
obtained from AFE are compared wittuang and Leiss@009) the AT and ATCS

ABAQUS modes. The same assumptions and element sizes for the cracked plate model

are chosen as for the previous ABAQUS model.

Table6-21 The ONFof theintactplateobtainedirom different studies.

ONF of different modes (nedimensional results)

1,1 1,2 2,1 2,2 3,1
(Huang and
Leissa 2009) 19.74 49.35 49.35 78.96 98.7
AFE 40*40 20.19 50.08 50.08 80.80 99.53
AT 20*20 19.74 49.69 49.69 79.37 100.82
ATCS 20*20 19.74 49.69 49.69 79.37 100.82

Table6-22 The ONF and RCNF ainATDC starting at the middle of one edge of the
plate, data reproduced frouhifferent studies Crack caselength ratio=0.1;Crack

angle=w 7 Depth ratio=1

ONF of different modes (nedimensional results)
11 1,2 2,1 2,2 3,1
L(Si‘ézggzggg) 19.74 49.34 49.35 78.95 98.63
AFE 40*40 20.19 50.06 50.08 80.80 99.41
AT 20*20 19.74 49.68 49.69 79.35 100.76
ATCS 20*20 19.74 49.68 49.69 79.37 100.76
RCNF of different modes (nedimensional results)
L(Sigg‘g%ggg) 0.00 0.00 0.00 0.00 0.00
AFE 40*40 0.00 0.00 0.00 0.00 0.00
AT 20*20 0.00 0.00 0.00 0.00 0.00
ATCS 20*20 0.00 0.00 0.00 0.00 0.00
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Table6-23 The ONF and RCNF ainATDC starting at the middle of one edge of the
plate, data reproduced from differestudies Crack caselength ratio=0.2;Crack
angle=w 7 Depth ratio=1

ONF of different modes (nedimensional results)
11 1,2 2,1 2,2 3,1
L(;:z‘ggzggg) 19.7 49.19 49.33 78.78 97.88
AFE 40*40 20.14 49.88 50.08 80.80 98.46
AT 20*20 19.70 49.54 49.66 79.20 99.97
ATCS 20*20 19.70 49.54 49.69 79.37 99.97
RCNF of different modes (nedimensional results)
L(;‘;Z‘Q%ggg) 0.00 0.00 0.00 0.00 0.01
AFE 40*40 0.00 0.00 0.00 0.00 0.01
AT 20*20 0.00 0.00 0.00 0.00 0.01
ATCS 20*20 0.00 0.00 0.00 0.00 0.01

Table6-24 The ONF and RCNF ain ATDC starting at the middle of one edge of the
plate, data reproduced from differestudies Crack caselength ratio=0.3;Crack

angle=w 7 Depth ratio=1

ONF of different modes (nedimensional results)

11 1,2 2,1 2,2 3,1
L(:i‘;zggzggg) 19.54 48.77 49.09 77.18 95.69
AFE 40*40 | 19.96 49.44 50.08 80.80 96.14

AT 20%20 19.54 49.12 49.43 77.72 97.58
ATCS 20*20| 19.54 49.12 49.69 79.37 97.58

RCNF of different modes (nedimensional results)

L(Si:gg%ggg) 0.01 0.01 0.01 0.02 0.03
AFE 40*40 0.01 0.01 0.00 0.00 0.03

AT 20%20 0.01 0.01 0.01 0.02 0.03
ATCS 20*20|  0.01 0.01 0.00 0.00 0.03
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Table6-25 The ONF and RCNF an ATDC starting at the middle of one edge of the
plate, data reproduced from differestudies Crack caselength ratio=0.4;Crack
angle=w 7 Depth ratio=1

ONF of different modes (nedimensional results)
11 1,2 2,1 2,2 3,1
(Huangand | =4 5 47.8 48.24 71.27 92.23
Leissa 2009)
AFE 40*40 19.60 48.96 50.08 80.80 92.71
AT 20*20 19.20 48.58 48.16 71.97 93.76
ATCS 20*20 19.20 48.58 49.69 79.37 93.76
RCNF of different modes (netimensional results)
L(;‘;Z‘Q%ggg) 0.03 0.03 0.02 0.10 0.07
AFE 40*40 0.03 0.02 0.00 0.00 0.07
AT 20*20 0.03 0.02 0.03 0.09 0.07
ATCS 20*20 0.03 0.02 0.00 0.00 0.07

Table6-26 The ONF and RCNF an ATDC starting at the middle of one edge of the
plate, data reproduced from different studi€sack caselength ratio=0.5;Crack

angle=w 7 Depth ratio=1

ONF of different modes (nedimensional results)

1,1 1,2 2,1 2,2 3,1
L(Si‘ézggzggg) 18.65 43.42 47.92 64.4 88.08
AFE 40*40 |  19.05 48.71 50.08 80.80 88.59

AT 20%20 18.64 48.25 43.77 64.99 89.26
ATCS 20*20|  18.64 48.25 49.69 79.37 89.26

RCNF of different modes (nedimensional results)

L(:gg‘g%ggg) 0.06 0.12 0.03 0.18 0.11
AFE 40*40 0.06 0.03 0.00 0.00 0.11

AT 20%20 0.06 0.03 0.12 0.18 0.11
ATCS 20*20|  0.06 0.03 0.00 0.00 0.11
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Table6-27 The ONF and RCNF ain ATDC starting at the middle of one edge of the
plate, datareproducedfrom different studies Crack caselength ratio=0.6;Crack
angle=w 7 Depth ratio=1

ONF of different modes (nedimensional results)
11 1,2 2,1 2,2 3,1
L(;‘ézggzggg) 17.96 36.45 47.86 62.24 83.78
AFE 40*40 18.39 48.68 50.08 80.80 84.35
AT 20*20 17.94 48.19 36.70 62.74 84.72
ATCS 20*20 17.94 48.19 49.69 79.37 84.72
RCNF of different modes (nedimensional results)
L(;‘;Z‘Q%ggg) 0.09 0.26 0.03 0.21 0.15
AFE 40*40 0.09 0.03 0.00 0.00 0.15
AT 20*20 0.09 0.03 0.26 0.21 0.16
ATCS 20*20 0.09 0.03 0.00 0.00 0.16

According toTable6-21to Table6-27, the natural frequencies for antisymmetric modes
remain constant because the crack occurs on the centre line of a square isotropic plate
where there is zero curvature in the mode shape. HencEigine 6-17 only show the
symmetric modes (about theaxis) to make a comparison between the results of AFE,
AT, ATCS andHuang and Leissg2009)

The relative changes in natural frequencies se€igure6-17 show similar degradation

to the earlier results where the ATDC starts from the centre of the plate. The RCNF data
for modes (1,1) and (3,1) presents a good match between all the proposed methods.
However,mode (1,2) reveals a difference in trends between the dataHuamg and
Leissa(2009) and other approaches when the length ratio exceed$-igure 6-18
explains the difference by refemnto the mode shape plots. When the crack length ratio
approaches 0.4, the magnitudes of mode (1,2) and mode (2,1) dvzgmig and Leissa
data(2009) Since the authors recorded the natural frequencies in ascending order and
this results in modes (1,2) and (2,1) being swapped. As shokigune6-18, therefore
Figure6-17 (b) plots a higher mode froktuang and Leiss@009)when the crack length

ratio is over 0.4. This also explains the sudden change in gradient in the plot at this point.
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Figure 6-17 Comparison of the values of RCNF for different techniques
modelling an ATDC starting from the middle edge with various length ratio
various approaches

(a) mode 1,1; (b) mode 1,2; (c) mode.3,1
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6.4.2.3ATDC Locates at an Arbitrary Point of Plat® fto 18t X Whnd )

The next ATDC case iRigure6-19 shows a crack arbitrarily located and parallel to the

waxis. An arbitrary start point atdto T8t xp is chosen with various crack length

ratios. The results are validated for the AFE4Dmodel against the study blyiang and

Leissa(2009) The properties and crasectional dimensions are the same as for the

previous cracked plate model, and the same ABAQUS 20*20 models are used for

comparison.Table 6-28 to Table 6-31 show nondimensional natural frequencies and

normalised relative change in natural frequencies from the different appsaBy

choosing to examine an ATDC located at an arbitrary place, it will break the symmetric

characteristics about one of the axes.

X —e (xe fye)

Lya

Figure 6-19 The dimensions_p ]'[éndfﬂ) p mata) of the plate and th
location of ATDC @hJ 18t x vhiwp 1) when crack locates an arbitrary point

plate

Table6-28 The ONF and RCNFof ATDC startingat an arbitrarypoint of the plage,
data reproduced frofduang and Leissg2009)

Crack angles 7 Depth ratie=1; Crack initial location (0.075,0.1)
ONF of different modes (nedimensional results)
Length ratio 1,1 1,2 2,1 2,2 3,1
0 19.74 49.35 49.35 78.96 98.7
0.1 19.74 49.33 49.35 78.91 98.67
0.2 19.72 49.08 49.34 78.4 98.3
0.3 19.62 48.15 49.23 76.96 96.95
0.4 19.38 46.34 48.74 75.18 87.28
0.5 18.88 44.07 47.32 68.85 76.03
0.6 18.1 41.65 44.52 58.84 75.3
Length ratio RCNF of different modes (nedimensional results)
0 0.00 0.00 0.00 0.00 0.00
0.1 0.00 0.00 0.00 0.00 0.00
0.2 0.00 0.01 0.00 0.01 0.00
0.3 0.01 0.02 0.00 0.03 0.02
0.4 0.02 0.06 0.01 0.05 0.12
0.5 0.04 0.11 0.04 0.13 0.23
0.6 0.08 0.16 0.10 0.25 0.24
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Table 6-29 The ONF and RCNFof ATDC starting at an arbitrary point, data
reproduced fromAT 20*20 model

Crack angles 71 Depth ratie=1; Crack initial location (0.075,0.1)
ONF of different modes (nodimensional results)
Length ratio 1,1 2,1 1,2 2,2 3,1 1,3
0 19.74 49.69 49.69 79.37 100.82 100.82
0.1 19.74 49.67 49.69 79.33 100.79 100.81
0.2 19.71 49.42 49.68 78.80 100.41 100.71
0.3 19.62 48.46 49.58 77.32 98.97 99.91
0.4 19.37 46.59 49.11 75.51 88.82 99.31
0.5 18.88 44.24 47.73 69.36 76.45 99.18
0.6 18.09 41.73 44.91 59.06 75.64 98.40
Length ratio RCNFof different modes (nedimensional results)
0 0.00 0.00 0.00 0.00 0.00 0.00
0.1 0.00 0.00 0.00 0.00 0.00 0.00
0.2 0.00 0.01 0.00 0.01 0.00 0.00
0.3 0.01 0.02 0.00 0.03 0.02 0.01
0.4 0.02 0.06 0.01 0.05 0.12 0.02
0.5 0.04 0.11 0.04 0.13 0.24 0.02
0.6 0.08 0.16 0.10 0.26 0.25 0.02

Table 6-30 The ONF and RCNFof ATDC starting at an arbitrary point, data
reproduced fronthe ATCS 20*20 model

Crack angles 71 Depth ratie=1; Crack initial location (0.075,0.1)
ONF of different modes (nedimensional results)
Length ratio 1,1 2,1 1,2 2,2 3,1 1,3
0 19.74 49.69 49.69 79.37 100.82 100.82
0.1 19.74 49.67 49.69 79.33 100.79 100.82
0.2 19.72 49.42 49.69 78.80 100.41 100.82
0.3 19.64 48.49 49.69 77.33 99.42 100.80
0.4 19.45 46.65 49.67 75.71 98.19 100.65
0.5 19.12 44.25 49.62 75.01 96.74 100.29
0.6 18.66 41.91 49.45 74.97 94.75 100.00
Length ratio RCNFof different modes (nodimensional results)
0 0.00 0.00 0.00 0.00 0.00 0.00
0.1 0.00 0.00 0.00 0.00 0.00 0.00
0.2 0.00 0.01 0.00 0.01 0.00 0.00
0.3 0.01 0.02 0.00 0.03 0.01 0.00
0.4 0.01 0.06 0.00 0.05 0.03 0.00
0.5 0.03 0.11 0.00 0.05 0.04 0.01
0.6 0.05 0.16 0.00 0.06 0.06 0.01
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Table6-31 The ONF and RCNFof ATDC startingat an arbitrarypoint of the plate,
data reproduced frothe AFE40*40 model

Crack anglew 7 Depth ratia0.9999 Crack initial location (0.075,0.1
ONF of different modes (nodimensional results)
Length 1,1 2,1 1,2 2,2 3,1 1,3

0 20.19 50.08 50.08 80.80 99.53 99.53
0.1 20.19 50.05 50.08 80.72 99.47 99.53
0.2 20.17 49.73 50.08 80.07 99.02 99.53
0.3 20.08 48.72 50.08 78.59 98.11 99.50
0.4 19.88 46.90 50.06 77.19 97.02 99.32
0.5 19.55 44.66 49.99 76.66 95.63 98.98
0.6 19.12 42.50 49.81 76.62 93.71 98.77

Lrear;igoth RCNFof different modes (nhedimensional results)

0 0.00 0.00 0.00 0.00 0.00 0.00
0.1 0.00 0.00 0.00 0.00 0.00 0.00
0.2 0.00 0.01 0.00 0.01 0.01 0.00
0.3 0.01 0.03 0.00 0.03 0.01 0.00
0.4 0.02 0.06 0.00 0.04 0.03 0.00
0.5 0.03 0.11 0.00 0.05 0.04 0.01
0.6 0.05 0.15 0.01 0.05 0.06 0.01
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The results inTable 6-28 to Table 6-31 show a more obvious difference between the
results obtained from the AFE model and those from previous studies which is caused by
the different modelling assumptions and the size of the elemesh.Figure6-20 plots

the RCNF curves from the different models. Unlike the previous cases, the natural
frequencies associated with asymmetric modes will have aem@nRCNF due to the

presence of the crack.

FromFigure6-20, it is evident that results obtained from the AT model match well with
Huang and Leissg2009)while results from the ATCS modagree well with AFE. The
reason for this is that the modelling assumptions for the AT model are more representative
of those made in previous studies (#lgang and Leiss@009) and the ATCS model is
closer tothe proposed AFE model. Only mode (1,2) shows a good matchlfayua

models across the full range of crack lengths; however, all RCNF data match well when
the crack length ratio is smaller than 0.3. This difference in behaviour is also reflected in
the mode shapes. As shownHigure 6-21, mode shapes reproduced frétnang and
Leissa(2009)show similar treds to the mode shapes plotted by ABE initial crack

With increasing crack length ratio, the mode shapes from different models are become
more dissimilar. This difference in mode shapes is caused by the crack simulation: AFE
only adopts a rotational spg to simulate the crack while other approaches consider
changes in the vertical displacement across the damaged region. For a small crack,
additional rotational springs are always validated and can be extended to the PTDC and
ADC cases.
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Figure 6-20 Compaison of the values of RCNF for different techniques
modelling an ATDCstarting from an arbitrary point with various length ratio fr
dif—ferent approaChE 7’—O—AT —®— ATCS Huang & Leissa — @— AFE(40*40) .

(a) mode 1,1; (b) mode 1,&) mode 2,1; (d) mode 2,2; (¢) mode 3,1.
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Figure6-21 Comparison of mode shapes for different modes when the crack |
ratio is 0.2 and 0.5; crack anglevist crack start pointaftd T8t x o .

(a) Huang and Leissa (2009); (b) AFE 40*40 model
6.4.2.4PTDC with Fixed_ength Ratio starting at Different Point

Sections6.4.2.1 t06.4.2.3 haveliscussed the PTLC with all through the depth crack cases,
and a good match has been shown between AFE and previous studies. Further validation
is needed to examine the feasibility AFE for modelling arbitrary crack conditions
(arbitrary crack location, depth, length and orientation). The next set of results are for a
part througkthe-depth crack (PTDC). Because the study of PTDC is essentially absent
from previous literature, thealidated ATCS model will be used to compare with the AFE
model in these specific cases, which concern an isotropic simply supported square plate
with the same properties and dimensions as the previous cracked plate cases. Three

different PTDC cases will b#ustrated to analyse the vibration behaviour. The first two
PTDC cases will present a fixéehgth ratio€ @) crack with various depth ratios at

different locations. Figure 6-22 (a) shows a parallel crack starting abto
@t X8t v and finishing at oo 181 X P ; Figure 6-22 (b) demonstrates a
parallel crack startingt 6o 18t I8t v and finishing atafo T8t @ . Then,
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the last case in section 1.4.2.5 shows a crack with a fixed depth +atio@) with

different length ratios starting at the poidfto 18t X fo® . The results are shown in
tables using e same data processing methodology as previous cracked cases.

Furthermore, comparative RCNF results are plotted for the first six modes.

Table6-32andTable6-33showONF and RCNF results for the first case showRigure
6-22 (a) and plotted ifrigure6-23. A good match is seen for all six modes, the maximum

difference being leshan 1%.

The next case moves the PTDC crack of the same length ratio to a different crack location
(Figure 6-22) and looks at the effect of increasingetdepth ratio. The same non

dimensional data is presentedliable6-34 andTable6-35.

However, because the crack is located on the centre line of the plate, antisymmetric mode
shapes will appear for several modes, leading to zero curvature at the crack location and
no changen the corresponding natural frequencies. Hence, the RCNF pl&igure

6-24 only considers the remaining modes. A nearly perfect match is observeskhet

the two approaches, the maximum difference between the RCNF being less than 0.1%.

) b
(00755009 ¢
) (0.05,0.1) (0.05.0.05)
. a o——» (00501)
y
@ (b}

Figure6-22 The plate dimensions) p matahd p matd) and the location o
a PTDC with fixed length ratio 0.5.

Parallel crack locates at an arbitrary point of the plate, (a) crack startsdb
T3t x o8t v; (b) crack starts atathw T8t gt v.
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Table 6-32 The ONF and RCNFof the PTDC shown in Figure 6-22 (a), data
reproduced frorAFE 40*4Q

Crack anglew 7y Crack ength ratio=0.5
ONF of different modes (nedimensional results)
Depth ratio 1,1 12 2,1 2,2 3,1 1,3

0 20.1943 | 50.0828 | 50.0828 | 80.7956 | 99.5322 | 99.5328
0.1 20.1890 | 50.0319 | 50.0813 | 80.7536 | 99.4782 | 99.5240
0.2 20.1818 | 49.9625| 50.0792 | 80.6963 | 99.4047 | 99.5125
0.3 20.1716 | 49.8644 | 50.0764 | 80.6153 | 99.3023 | 99.4965
0.4 20.1566 | 49.7204 | 50.0724 | 80.4964 | 99.1548 | 99.4738
0.5 20.1333 | 49.4985 | 50.0665 | 80.3136 | 98.9343 | 99.4403
0.6 20.0949 | 49.1375| 50.0578 | 80.0173 | 98.5916 | 99.3892
0.7 20.0276 | 48.5157 | 50.0445| 79.5127 | 98.0462 | 99.3102
0.8 19.9038 | 47.4185 | 50.0254 | 78.6477 | 97.2074 | 99.1928

Depthratio RCNFof different modes (nedimensional results)

0 0 0 0 0 0 0
0.1 0.0002 | 0.0010 | 0.0000 | 0.0005 | 0.0005 | 0.0001
0.2 0.0006 | 0.0024 | 0.0001 | 0.0012 | 0.0013 | 0.0002
0.3 0.0011 | 0.0044 | 0.0001 | 0.0022 | 0.0023 | 0.0004
0.4 0.0019 | 0.0072 | 0.0002 | 0.0037 | 0.0038 | 0.0006
0.5 0.0030 | 0.0117 | 0.0003 | 0.0060 | 0.0060 | 0.0009
0.6 0.0049 | 0.0189 | 0.0005 | 0.0096 | 0.0095 | 0.0014
0.7 0.0083 | 0.0313 | 0.0008 | 0.0159 | 0.0149 | 0.0022
0.8 0.0144 | 0.0532 | 0.0011 | 0.0266 | 0.0234 | 0.0034
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Table 6-33 The ONF and RCNFof the PTDC shown in Figure 6-22 (a), data
reproduced from ATCS 20*20

Crack anglew 7 Crack engthratio=0.5
ONF of different modes (nedimensional results)
Depth ratio 1,1 12 2,1 2,2 3,1 1,3
0 19.7392 | 49.6915| 49.6915| 79.3664 | 100.8160| 100.8202
0.1 19.7341 | 49.6412 | 49.6915| 79.3245 | 100.7657| 100.8076
0.2 19.7274 | 49.5742 | 49.6873| 79.2658 | 100.6903| 100.7992
0.3 19.7182 | 49.4820 | 49.6873 | 79.1820 | 100.5897| 100.7867
0.4 19.7040 | 49.3437 | 49.6831 | 79.0605 | 100.4431| 100.7657
0.5 19.6826 | 49.1300 | 49.6789 | 78.8678 | 100.2252| 100.7364
0.6 19.6466 | 48.7780 | 49.6705| 78.5619 | 99.8774 | 100.6903
0.7 19.5829 | 48.1662 | 49.6621 | 78.0339 | 99.3201 | 100.6191
0.8 19.4651 | 47.0810 | 49.6454 | 77.1247 | 98.4485 | 100.5059
Depth ratio RCNFof different modes (nhedimensional results)

0 0 0 0 0 0 0

0.1 0.0003 | 0.0010 | 0.0000 | 0.0005 | 0.0005 | 0.0001
0.2 0.0006 | 0.0024 | 0.0001 | 0.0013 | 0.0012 0.0002
0.3 0.0011 | 0.0042 | 0.0001 | 0.0023 | 0.0022 | 0.0003
0.4 0.0018 | 0.0070 | 0.0002 | 0.0039 | 0.0037 | 0.0005
0.5 0.0029 | 0.0113 | 0.0003 | 0.0063 | 0.0059 0.0008
0.6 0.0047 | 0.0184 | 0.0004 | 0.0101 | 0.0093 | 0.0013
0.7 0.0079 | 0.0307 | 0.0006 | 0.0168 | 0.0148 0.0020
0.8 0.0139 | 0.0525 | 0.0009 | 0.0282 | 0.0235 | 0.0031
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Figure 6-23 Different modes of eamparative figuregsPTDC starts from arbitrar
point with various depth ratio from differeapproaches

(a) mode 1,1; (b) mode 1,2; (c) mode 2,1; (d) mode 2,2; (e) mode 3,1; (f) mo:
—i— AFE(40%*40) —— ATCS
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Table6-34 The ONF and RCNFof PTDC shown inFigure6-22 (b), data reproduced
from AFM 40*40.

Crack anglew 7y Crack ength ratio=0.5
ONF of different modes (nedimensional results)
Depth ratio 1,1 12 2,1 2,2 3,1 1,3

0 20.1943 | 50.0828 | 50.0828 | 80.7956 | 99.5322 | 99.5328
0.1 20.1838 | 50.0708 | 50.0828 | 80.7955 | 99.4234 | 99.5155
0.2 20.1694 | 50.0542 | 50.0828 | 80.7955 | 99.2746 | 99.4925
0.3 20.1492 | 50.0307 | 50.0828 | 80.7955 | 99.0647 | 99.4607
0.4 20.1196 | 49.9962 | 50.0828 | 80.7955| 98.7570 | 99.4153
0.5 20.0739 | 49.9428 | 50.0828 | 80.7955 | 98.2844 | 99.3482
0.6 19.9997 | 49.8554 | 50.0828 | 80.7955| 97.5183 | 99.2459
0.7 19.8717 | 49.7034 | 50.0828 | 80.7955 | 96.2097 | 99.0873
0.8 19.6445 | 49.4307 | 50.0828 | 80.7955 | 93.9434 | 98.8518

Depth ratio RCNFof different modes (nedimensional results)

0 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.1 0.0005 | 0.0002 | 0.0000 | 0.0000 | 0.0011 | 0.0002
0.2 0.0012 | 0.0006 | 0.0000 | 0.0000 | 0.0026 | 0.0004
0.3 0.0022 | 0.0010 | 0.0000 | 0.0000 | 0.0047 | 0.0007
0.4 0.0037 | 0.0017 | 0.0000 | 0.0000 | 0.0078 | 0.0012
0.5 0.0060 | 0.0028 | 0.0000 | 0.0000 | 0.0125 | 0.0019
0.6 0.0096 | 0.0045 | 0.0000 | 0.0000 | 0.0202 | 0.0029
0.7 0.0160 | 0.0076 | 0.0000 | 0.0000 | 0.0334 | 0.0045
0.8 0.0272 | 0.0130 | 0.0000 | 0.0000 | 0.0562 | 0.0068
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Table6-35 The ONF and RCNF of PTDC shownhiigure6-22 (b), data reproduced
from ATCS 20*20

Crack anglew 7y Crack ength ratio=0.5
ONF of different modes (nedimensional results)
Depth ratio 1,1 12 2,1 2,2 3,1 1,3

0 19.7392 | 49.6915| 49.6915| 79.3664 | 100.8160| 100.8202
0.1 19.7295 | 49.6789 | 49.6915| 79.3664 | 100.7112| 100.8034
0.2 19.7161 | 49.6621 | 49.6915| 79.3664 | 100.5646| 100.7825
0.3 19.6973 | 49.6370 | 49.6915| 79.3664 | 100.3551| 100.7532
0.4 19.6700 | 49.6035| 49.6915| 79.3664 | 100.0492| 100.7154
0.5 19.6273 | 49.5490 | 49.6915| 79.3664 | 99.5757 | 100.6568
0.6 19.5577 | 49.4610 | 49.6915| 79.3664 | 98.8005 | 100.5646
0.7 19.4366 | 49.3060 | 49.6915| 79.3664 | 97.4555 | 100.4221
0.8 19.2200 | 49.0210 | 49.6915| 79.3664 | 95.0796 | 100.2000

Depth ratio RCNFof different modes (nedimensional results)

0 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.1 0.0005 | 0.0003 | 0.0000 | 0.0000 | 0.0010 | 0.0002
0.2 0.0012 | 0.0006 | 0.0000 | 0.0000 | 0.0025 | 0.0004
0.3 0.0021 | 0.0011 | 0.0000 | 0.0000 | 0.0046 | 0.0007
0.4 0.0035 | 0.0018 | 0.0000 | 0.0000 | 0.0076 | 0.0010
0.5 0.0057 | 0.0029 | 0.0000 | 0.0000 | 0.0123 | 0.0016
0.6 0.0092 | 0.0046 | 0.0000 | 0.0000 | 0.0200 | 0.0025
0.7 0.0153 | 0.0078 | 0.0000 | 0.0000 | 0.0333 | 0.0039
0.8 0.0263 | 0.0135 | 0.0000 | 0.0000 | 0.0569 | 0.0062
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Figure6-24 Different modes of @mparative figuredPTDC starts from arbitrary point witharious depth ratio from different approaches
(a) mode 1,1; (b) mode 1,2; (c) mode 3,1; (d) mode —®— AFE(40740)

—i— ATCS
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6.4.2.5PTDC with Fixed Depth Ratio starting at an Arbitrary Point

The final validation for a PTDC considers the cracked platéigare 6-25, having the

same properties and dimensions as the previous cases. The crack stans at
@t xfmP and has a fixed depth raffe @) but different length ratios and remains

parallel b thewraxis. Natural frequencies obtained from the AFE model are normalised
and compared with the ATCS model. As before A 40*40 element mesh is used for the
AFE model, and a 20*20 element mesh is applied for ATCS. ONF and RCNF results are
shown inTable 6-36 and Table 6-37, while Figure 6-26 compares the RCNF from the

two models. The crack starts a quarter of the way along one edge, disrupting the symmetry
of the mode shape. However, as showRigure6-26, the RCNF obtained from the AFE
model still agrees well with the ATCS model as the length ratio increases.

X —® (0075, 01)

Figure 6-25 The plate dimensiongY p matdfw p mata) and the location of
PTDC with a fixed depth ratio 0.5.

A parallel crack starts from an arbitrary point of the platefto T8t X i .
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Table6-36 The ONF and RCNF of PTDC shownkigure6-25, data reproduced from
AFE 40*4Q,

Crack angles 7 Crack depth ratio=0.5
ONF of different modes (nedimensional results)
Length ratio 1,1 12 2,1 2,2 3,1 1,3
0 20.1943 | 50.0828 | 50.0828 | 80.7956 | 99.5322 | 99.5328
0.1 20.1936 | 50.0741 | 50.0828 | 80.7756 | 99.5176 | 99.5322
0.2 20.1889 | 50.0161 | 50.0828 | 80.6608 | 99.4366 | 99.5316
0.3 20.1772 | 49.8859 | 50.0822 | 80.4755| 99.3053 | 99.5234
0.4 20.1578 | 49.7012 | 50.0785| 80.3433 | 99.1472 | 99.4893
0.5 20.1333 | 49.4985 | 50.0665 | 80.3136 | 98.9343 | 99.4403
0.6 20.1081 | 49.3092 | 50.0408 | 80.2952 | 98.6842 | 99.4189
Length ratio RCNFof different modes (nhedimensional results)
0 0 0 0 0 0 0
0.1 0.0000 | 0.0002 | 0.0000 | 0.0002 | 0.0001 | 0.0000
0.2 0.0003 | 0.0013 | 0.0000 | 0.0017 | 0.0010 | 0.0000
0.3 0.0008 | 0.0039 | 0.0000 | 0.0040 | 0.0023 | 0.0001
0.4 0.0018 | 0.0076 | 0.0001 | 0.0056 | 0.0039 | 0.0004
0.5 0.0030 | 0.0117 | 0.0003 | 0.0060 | 0.0060 | 0.0009
0.6 0.0043 | 0.0154 | 0.0008 | 0.0062 | 0.0085 | 0.0011
Table6-37 The ONF and RCNF of PTDC shownkigure6-25, data reproduced from
ATCS 20*20Q
Crack anglew 7y Crack depth ratio=0.5
ONF of different modes (nedimensional results)
Length ratio 1 2 3 4 5 6
0 19.7392 | 49.6915| 49.6915| 79.3664 | 100.8160| 100.8202
0.1 19.7387 | 49.6873 | 49.6915| 79.3580 | 100.8118| 100.8160
0.2 19.7354 | 49.6412 | 49.6915| 79.2658 | 100.7448| 100.8160
0.3 19.7253 | 49.5239 | 49.6915| 79.0815 | 100.6107| 100.8118
0.4 19.7069 | 49.3395| 49.6873 | 78.9181 | 100.4431| 100.7867
0.5 19.6826 | 49.1300 | 49.6789 | 78.8678 | 100.2252| 100.7364
0.6 19.6562 | 48.9247 | 49.6580 | 78.8594 | 99.9528 | 100.7071
Length ratio RCNFof different modes (hedimensional results)
0 0 0 0 0 0 0
0.1 0.0000 | 0.0001 | 0.0000 | 0.0001 | 0.0000 | 0.0000
0.2 0.0002 | 0.0010 | 0.0000 | 0.0013 | 0.0007 | 0.0000
0.3 0.0007 | 0.0034 | 0.0000 | 0.0036 | 0.0020 | 0.0001
0.4 0.0016 | 0.0071 | 0.0001 | 0.0056 | 0.0037 | 0.0003
0.5 0.0029 | 0.0113 | 0.0003 | 0.0063 | 0.0059 | 0.0008
0.6 0.0042 | 0.0154 | 0.0007 | 0.0064 | 0.0086 | 0.0011
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Figure 6-26 Different modes of @mparative figuresPTDC starting from ar
arbitrary point with various length ratio from different approaches

(a) mode 1,1; (b) mode 1,2; (c) mode 2,2; (d) mode 3,1; (e) mod&hg, 3alue of
RCNF from mode (2,1) is too small to plot as showiiahle 6-36 and Table 6-37.
—i— AFE(40%*40) —— ATCS
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6.4.3 Discussion

In this section, eigenfrequencies obtained from the proposed AFE model have been
compared with the literature and relevant ABAQUS models. The parallel partial through
thelength crack has been used fwomparison based on different depth ratios and
locations. Most of cracked cases show a good agreement with other studies especially
when the crack is small (for ATDC, when the length ratio is smaller than 0.5). A good
agreement with ABAQUS models hasalseen shown for PTDC. Natural frequencies

for intact plates and th&TDC case when crack starts from the middle point have also
been obtained using the hybrid model. A good agreement is shown when coupling the
proposed FE model with ESM. Thaelidations in this section will be a preliminary study

for the arbitrary crack case (ADC), and an arbitrary direction crack will be studied in the

next section.
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Figure6-27 The dimension of the plate and the location of ADC with through crack
depth at orientation— p 81 © Pwith various crack lengths, which ADC arbitrarily
locates starting aidw T8t X I .

6.5 Arbitrary directioncrack

This chapter has introduced seVerack case®r comparsonwith previous approaches
All throughthelength or all througfthe-depth, parallel part throughe-depth and part
throughthe-length crack have been analysed and compared wittABAQUS AATCS6
model. Howeverin reality notall cracks argparallelto the edges dhe plate Randomly
located cracks with various shapelirections and lengths will alsoccur in plate
structurs. Few methods possess the ability to analyse arbitrary (adth random
direction, length, locatio and depth)AFE (which could be coupled with ESM in the
hybrid VFM model)yrovides arattractivemethod to simulate an arbitrary direction crack
(ADC) as a rotational springghose stiffness isllocated tothe nodes of thelements
through which the crack passBetailed crack simulatioconceptfiave been introduced
in Chapter 5, and vibratiaesultsobtained fronthis and alternativenodelsare presented
in this section The dimensions and materials of the analysed crackedgatame as

Figure6-1.

Figure 6-27 shows an arbitrary cracked plate which ©idhe same dimensions and
properties as previous cas€éhe ADC casewill be validated against results frafuang
and Leissa (2009ndthe ATCS model. The ADC starts adfto 18t X fo@ with

different crack length ratios varying from 0.1 to 0.6, and the orientation loé¢ icrackis

p Yoro Tito thewaxis. The first five modes will be compared witluang and Leissa
(2009) and the first i modes will be compared with the ATCS model. For the AFE
model, a rectangular 48*20 mesh is used giving a total of 960 elements. For the ABAQUS

model, an adjustable mesh is used so that the crack runs along element boundaries with
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its ends at nodes, anccambination of quadratic and triangular elements will be applied

in ATCS model. Thus it should be noted that the mesh of elements in the ATCS model
will be irregular and will cause a distinct difference in the relevant mode shapes. Non

dimensional naturdrequencies and normalised relative changes in natural frequencies
for the crack angle dare shown inTable6-38 to Table6-42. The following simulated

caseof crack angles rare listedn Table6-43 andTable6-44 for further validatiorwith

Huang and Leissg009)

Table6-38 The ONF and RCNF oADC shown inFigure6-27, data reproduced from

Huang and Leissg009)

Crack anglep t; Crack depth ratio¥

ONF of different modes (nedimensional results)

Length ratio 1,1 12 2,1 2,2 3,1
0 19.74 49.35 49.35 78.96 98.7
0.1 19.73 49.32 49.35 78.92 98.66
0.2 19.68 49.04 49.34 78.5 98.36
0.3 19.51 48.24 49.29 77.23 97.17
0.4 19.15 46.97 48.88 74.82 86.37
0.5 18.56 45.47 47.09 65.76 77.42
0.6 17.79 40.54 45.61 58.76 76.03

Length ratio

RCNF of different mode¢nond

imensional results)

0 0.00 0.00 0.00 0.00 0.00
0.1 0.00 0.00 0.00 0.00 0.00
0.2 0.00 0.01 0.00 0.01 0.00
0.3 0.01 0.02 0.00 0.02 0.02
0.4 0.03 0.05 0.01 0.05 0.12
0.5 0.06 0.08 0.05 0.17 0.22
0.6 0.10 0.18 0.08 0.26 0.23
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Table6-39 The ONF and RCNF oADC shown inFigure6-27, data reproduced from
ABAQUS AT 24*20 model

Crack anglep t; Crack depth ratio¥
ONF of different modes (nedimensional results)
Length ratio 1,1 12 2,1 2,2 3,1 1,3

0 19.75 49.58 49.72 79.36 100.13 | 100.87
0.1035 19.74 49.57 49.70 79.32 100.12 | 100.82
0.2071 19.67 49.31 49.64 78.85 100.04 | 100.49
0.3106 19.48 48.41 49.58 77.44 98.43 100.05
0.4141 19.08 47.02 49.09 74.58 85.44 100.00
0.5176 18.44 45.17 47.06 64.44 77.55 99.45
0.6212 17.61 39.23 45.84 58.37 76.23 97.50

Length ratio RCNFof different modes (nedimensional results)

0 0.00 0.00 0.00 0.00 0.00 0.00
0.1035 0.00 0.00 0.00 0.00 0.00 0.00
0.2071 0.00 0.01 0.00 0.01 0.00 0.00
0.3106 0.01 0.02 0.00 0.02 0.02 0.01
0.4141 0.03 0.05 0.01 0.06 0.15 0.01
0.5176 0.07 0.09 0.05 0.19 0.23 0.01
0.6212 0.11 0.21 0.08 0.26 0.24 0.03

Table6-40 The ONF and RCNF aADC shown inFigure6-27, data reproduced from
ABAQUS ATCS 24*20 model

Crack anglep ©; Crack depth ratiok
ONF of different modes (nodimensional results)
Length ratio 1,1 12 2,1 2,2 3,1

0 19.75 49.58 49.72 79.36 100.13
0.1035 19.74 49.57 49.70 79.32 100.12
0.2071 19.67 49.31 49.64 78.85 100.04
0.3106 19.48 48.41 49.58 77.44 98.43
0.4141 19.08 47.02 49.09 74.58 85.44
0.5176 18.44 45.17 47.06 64.44 77.55
0.6212 17.61 39.23 45.84 58.37 76.23

Length ratio RCNFof different modes (nedimensional results)

0 0.00 0.00 0.00 0.00 0.00
0.1035 0.00 0.00 0.00 0.00 0.00
0.2071 0.00 0.01 0.00 0.01 0.00
0.3106 0.01 0.02 0.00 0.02 0.00
0.4141 0.03 0.05 0.00 0.04 0.00
0.5176 0.06 0.08 0.00 0.05 0.01
0.6212 0.10 0.10 0.01 0.05 0.02
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Table6-41 The ONF ofADC shown inFigure6-27, data reproduced from the AFE
48*20 model

Four decimals are considered in the table to analyse the degradation of natural
frequencies of ADC by a small increment of length ratio

Crack anglep t; Crack depth ratiog.9999
ONF of different modes (nedimensional results)
Length ratio 1,1 12 2,1 2,2 3,1

0 20.6731 50.8488 50.9159 82.8279 100.3853
0.1035 20.6607 50.7229 50.8758 82.5119 100.1769
0.2071 20.5882 49.9917 50.8279 81.2813 99.3301
0.3106 20.4073 48.7566 50.7549 80.0066 98.9672
0.4141 20.0039 47.2693 50.6367 79.3813 98.4088
0.5 19.5404 46.4884 50.4497 79.3336 96.6492
0.51 19.5404 46.4884 50.4497 79.3336 96.6492
0.5176 19.5404 46.4884 50.4497 79.3336 96.6492
0.52 19.3385 46.3049 50.3033 79.2751 95.8868
0.53 19.3385 46.3049 50.3033 79.2751 95.8868
0.54 19.3385 46.3049 50.3033 79.2751 95.8868
0.55 19.3385 46.3049 50.3033 79.2751 95.8868
0.56 19.3385 46.3049 50.3033 79.2751 95.8868
0.57 19.0931 46.2253 50.0707 79.1350 94.6552
0.58 19.0931 46.2253 50.0707 79.1350 94.6552
0.59 19.0931 46.2253 50.0707 79.1350 94.6552
0.6 19.0931 46.2253 50.0707 79.1350 94.6552
0.6212 19.0931 46.2253 50.0707 79.1350 94.6552
0.63 18.8730 46.1180 49.7390 78.9465 94.1061
0.64 18.8730 46.1180 49.7390 78.9465 94.1061
0.65 18.8233 46.1069 49.6164 78.9190 93.9134
0.67 18.8233 46.1069 49.6164 78.9190 93.9134
0.68 18.6681 46.0827 49.2984 78.7729 93.4966

If this study uses the same length ratios of ADG1aang and Leissg2009) the crack

cannot be guaranteed to start and finish at the element boundaries. Hence, because the
crack is all througtthe-depth (for comparison with Huang and Leissa (2009)), a plot of
RCNF against legth ratio will showperturbations Kigure 6-31), as explainedor a

centrally locatedATDC (Figure6-16). Therefore additional value of crack lengthosat

have been used to calculated to show t he
avoided by ensuring the crack always starts and finishes at a node accoréiggr¢o

6-31
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Table6-42 The RCNF ofADC shown inFigure6-27, data reproduced from the AFE
48*20 model

Crack anglep t; Crack depth ratio.9999
RCNF of different modes (nedimensional results)
Length ratio 1,1 12 2,1 2,2 3,1

0 0.0000 0.0000 0.0000 0.0000 0.0000
0.1035 0.0006 0.0025 0.0008 0.0038 0.0021
0.2071 0.0041 0.0169 0.0017 0.0187 0.0105
0.3106 0.0129 0.0411 0.0032 0.0341 0.0141
0.4141 0.0324 0.0704 0.0055 0.0416 0.0197
0.5 0.0548 0.0858 0.0092 0.0422 0.0372
0.51 0.0548 0.0858 0.0092 0.0422 0.0372
0.5176 0.0548 0.0858 0.0092 0.0422 0.0372
0.52 0.0646 0.0894 0.0120 0.0429 0.0448
0.53 0.0646 0.0894 0.0120 0.0429 0.0448
0.54 0.0646 0.0894 0.0120 0.0429 0.0448
0.55 0.0646 0.0894 0.0120 0.0429 0.0448
0.56 0.0646 0.0894 0.0120 0.0429 0.0448
0.57 0.0764 0.0909 0.0166 0.0446 0.0571
0.58 0.0764 0.0909 0.0166 0.0446 0.0571
0.59 0.0764 0.0909 0.0166 0.0446 0.0571
0.6 0.0764 0.0909 0.0166 0.0446 0.0571
0.6212 0.0764 0.0909 0.0166 0.0446 0.0571
0.63 0.0871 0.0930 0.0231 0.0469 0.0626
0.64 0.0871 0.0930 0.0231 0.0469 0.0626
0.65 0.0895 0.0933 0.0255 0.0472 0.0645
0.67 0.0895 0.0933 0.0255 0.0472 0.0645
0.68 0.0970 0.0937 0.0318 0.0490 0.0686

Figure6-28shows a good match for the samedellingassumptios i.e.the AT model
agreewith Huang and Leissa (200&)r all thechosen moded.he RCNFs for th&TCS

and proposed AFE model match well withose from theprevious studyfor the
fundamental modegndalsofor the higher modewhen the crack length ratio is small.
But significant differences arise for larger crack ratios, which is explainddfbyences

in the mode shapes of differemibdes shown ifrigure6-29. A potential swapped data
recording exists for the higher modes, similar to that for a parallel arbitrary crack
described earlierHigure6-18). For another arbitrary crack case when the crack angle is

o Trasimilar phenomenon is shown of different fundamental mode cafégire6-30.
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Table6-43 The ONF andRCNF of ADC shown inFigure6-27, data reroduced from

Huang and kissa(2009)

Crack angles 7 Crack depth ratio¥
ONF of different modes (nedimensional results)
Length ratio 1,1 12 2,1 2,2 3,1
0 19.74 49.35 49.35 78.96 98.70
0.1 19.72 49.35 49.31 78.94 98.61
0.2 19.64 49.35 49.03 78.69 98.03
0.3 19.44 49.30 48.33 77.78 96.12
0.4 19.07 48.89 47.39 75.12 87.14
0.5 18.50 46.67 46.50 66.22 79.56
0.6 17.78 46.38 39.99 60.77 77.66
Length ratio RCNFof different modes (nhedimensional results)
0 0.00 0.00 0.00 0.00 0.00
0.1 0.00 0.00 0.00 0.00 0.00
0.2 0.01 0.00 0.01 0.00 0.01
0.3 0.02 0.00 0.02 0.01 0.03
0.4 0.03 0.01 0.04 0.05 0.12
0.5 0.06 0.05 0.06 0.16 0.19
0.6 0.10 0.06 0.19 0.23 0.21

Table6-44 The ONF and RCNBf ADC shown inFigure6-27, data reproduced from

the AFE 48*20 model

Crack angles 77 Crack depth ratiog.9999

ONF of different modes (nodimensional results)

Length ratio 1,1 12 2,1 2,2 3,1
0 20.67 50.85 50.92 82.83 100.39
0.1 20.66 50.71 50.87 82.51 100.13
0.2 20.57 49.97 50.81 81.49 98.87
0.3 20.29 48.61 50.70 80.56 97.87
0.4 20.05 48.06 50.63 80.47 97.56
0.5 19.60 47.78 50.53 80.42 94.12
0.6 19.05 47.61 50.37 80.36 89.91

Length ratio RCNFof different modes (hedimensional results)
0 0.00 0.00 0.00 0.00 0.00
0.1 0.00 0.00 0.00 0.00 0.00
0.2 0.00 0.02 0.00 0.02 0.02
0.3 0.02 0.04 0.00 0.03 0.03
0.4 0.03 0.05 0.01 0.03 0.03
0.5 0.05 0.06 0.01 0.03 0.06
0.6 0.08 0.06 0.01 0.03 0.10
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Figure6-28 Comparison of RCNF for different modes for an ADC starting fron
arbitrary point with various length ratios from different approacBesck anglep ©.

(a) mode 1,1; (b) mode 1,2; (c) mode 2,1; (d) mode 2,2; () mode 3,1.
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Figure6-29 Comparison of mode shapes for different modes when the crack |
ratio is 0.2 and 0.5; crack anglepisd; crack start pointehdy 18t X i .

Model from(a) Huang and Leissa (200@nd (b) AFE model

Whilst theAFE resultsmatch well withthose obtained from th&TCS modefor most of
theresults some slight differences are seefigure6-28. The crack simulation approach

of AFE distributes the rotational stiffness to the nodes of all the elements through which
the crack passes. Comparing the results using different sizes ohefemAFE, 48*20

(48 elements per row and 20 elements per column) gives the best comparison with the
ATCS model. As discussed kigure6-16, for an all througfthe-thickness crack, a zero
rotational stiffness is applied to each node of the damaged element even the crack does
not extend completely through the whole elemdfigure 6-31 shows a similar
perturbation phenomenon to that seeRigure6-16, and a better match is obtained when

the crack starts and ends at element boundaries (or preferably at nodes).
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Figure6-30 Comparison of RCNF for different modes for an ADC starting fron
arbitrary point withvarious length ratios from different approagh@sack angles 7t

(a) mode 1,1; (b) mode 1,2; (c) mode 2,1.
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Figure6-31The influence of a small increment in crack length on the change n
frequencies for different mode&SDC starts from the arbitrary point with various leng
ratios.

(&) mode 1,1; (b) modeZ;,(c) mode 2,1; (d) mode 2,2; (@ode 3,1.
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6.6 Summary of results and discussion

Natural frequencies have been obtained in this chapter for a square plate containing two
types of damage: delaminations and cracks. For delaminations, a square composite plate
of 16 layers with different angles was analysed. Because of the prismatic status limitation
of the VICONOPT software, an all througfme-length delamination was studied first to
explore the different degradation stagEgy(re 6-4) as the delamination develops. All
throughthe-length delamination can be regarded as adimensional problem, so that a
plate containing an all through the length delamination can be Sedis a wide beam
structure.Figure 6-5 shows the degradation of the stiffness of the plate in terms of the
magnitude of the reduction i A O GEDAIN O A ] ad tie Avidth of the delamination
increases for different damage locations. Delaminations in different locations follow the
same pattern in that when the size raffoo(f is the delamination widttpis the plate

width) is smaller than @, the mode shapes exhibit global behaviour. The degradation of
the natural frequencies is primarily affected by location and severity fatCtdrte 6-1

shows the severity effect for a single delaminationBadb-1 indicates the relationship
between the change in natural frequencies and thé widlelaminationTable6-2 shows

the location effect using a set of uniformly spaced delaminations with a fixed
delamination width 10mm, and tlk@normalised squarecthanges in natural frequencies

for different modes are plotted inEigure6-6. The normalisation methodology applied

in the inverse problem to eliminate the influencaused by the severity of the
delamination is based on that givenliapib et al.(2015)

Crack detection is the primary research aim in this thesis. Daneags to be detectable
before it has caused catastrophic failure or irreparable damage to the structure. For
simplicity, an additional rotational spring is used to simulate asewere crackCaddemi

and Calio 2008; Labib et al. 2014)he main difference compared with other approaches

is the number of degrees of freedom assumed in the crack region. Besides the rotational
spring, shear effectsdisplacement and stretch effects are considered in other studies
(Stahl and Keer 1972; Liew et al. 19®gnerjee and Guo 2009; Huang and Leissa 2009;
Bose and Mohanty 2013; Ismail 2013jor a single crack in an isotropic, simply
supported plate, the primary effect of damage on the degradation of stiffness is
represented by the rotational sprifigabib et al. 2014)while other factors could be
corsidered as secondary effects. This is true when the crack is not @ealgte2015)
however, more effects need to be taken into consideration for a more complicated
structure or a severe crack. Based on the validated underlying concept of the hybrid model,

186



Chapter 6-Single predefined damage analysis in plates

an extension of the stiffness matrix for additional different types of spring (like
translational springs) to apply on other degrees of freedom is not difficult and could be
studied in the future. For the validation of the cracked plate model, two ABAQUS models
are introduced to simulate the AFE model and other methods separately. The ATCS
model is similar to AFE while the AT model is closer to the models from literature. The
crack analyses in this chapter can be grouped into two parts: parallel cracks and arbitrary
direction cracks.

For a crack parallel to one of the axes the followingesagere considered: all through
thellength crack, partial througthe-length crack, all througthe-depth crack and partial
throughthe-depth crack.

The first cracked plate case was an all thretighlength crack placed at different
locations. For crackis the middle of the plate and at an arbitrary point, close agreement
of the obtained natural frequencies from VICONOPT model and AFE mode was shown
in Figure6-10 andFigure6-11. The maximum difference between the relative changes
in natural frequencies was less than 0.3%ble6-12 andTable6-13 show a good match

of the convergence of natural frequencies obtained for an intact plate and an all-through
the-dept crack, validating the VICONOPT model so that its results could be then used
as a reference for the proposed AFE model.

The next comparison was a parallel partial thretigHength, all througkthe-depth

crack, located at the middle of plate and increased in length in 20% increments of the
plate width. Results obtained from AFE compared well Bitkthl and Keef1972, Liew

et al.(1994, Bose and Mohantg2013)and the ATCS model. A good comparison of the
relative change in natural frequencies is showrrigure 6-13 for symmetric modes
(about they-axis), with the maximum difference (occurring in mode 5), being around 2%.
Due to the symmetry and isotropic material, there is zero curvature at the citanloc

in the antisymmetric modes (about tlyeaxis) when the crack is located along the centre
line of the plate and the natural frequency will then be constant as shdwablet-15

to Table6-20.

There is an absence of studies in the literature for arbitrarily aligned cracks, especially for
partial througkthe-depth cracks, and waalidation model is needed to examine the
proposed AFE method. Hendegure6-15 shows a plot comparing the results from an
ABAQUS model, AFE and the literaturki¢w et al.(1994). A perfect match is shown

for the ATDC when it is located in the middle of the plate. The AT model uses the same
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crack simulation assumptions as previous studies and the ATCS model uses a rotational
spring to represent theack. Based on this, the ATCS model is chosen to validate the
AFE when analysing a partial througie-depth crack or arbitrarily located crack.

The results for a centrally located crack in an isotropic square plate obtained for different
finite element mshes using the AFE model show the same trenBgure6-16, with a

slight difference between a coarser mesh (20*20) and a finer mesh (40*40). For different
mesh sizedf the crack occurs precisely on the edge of elements there is better agreement
with previous studies than when the crack passes through the elements. Moreover, for the
ATDC case, a perturbation phenomenon is showigure 6-16 for different sizes of
element. This is because the crack is represented by an infinite additional compliance
applied to all nodes of the elements through which the crack passes, even if it only
encroaches a small way into the element. If more length ratio points are inserted between
0 and 0.2 as shown Kigure6-16, the same natural frequencies will be obtained for these
different length ratios for several element sizes. However, the perturbation will vanish
when a partial througthe-depth crack is analysed because only a finite compliance is
added to the nodes. Fa nonsevere crack, the AFE provides convenient solutions with
acceptable accuracy. Considering the computational efficiency and calculation accuracy,

a 40*40 element mesh is chosen and is applied in further cracked plate analysis.

In the next crack cas an ATDC starts from the middle of one edge of the plate, and the
results obtained from AFE are compared withang and Leiss§009) and related
ABAQUS models. A good match is shown kingure 6-17 except for mode (1,2). By
studying the mode shapeskifure6-18, a swap is observed in the modes recorded by
Huang and Leiss§009) when the length ratio is greater than 0.4. dduress this
sequencing problem, the automatic mode shape sign method proposed in Chapter 4 is
used to modify the problem by numerical comparison of the mode shapes. When the
ATDC starts from the quarter edge of the platefto 18t XIp ), the natural
frequencies obtained from AFE compare well viileng and Leiss@2009)and related
ABAQUS models. An arbitrarily located crack will break the symmetry of the plate, so
that every mode will show a change in natural frequencies. The relative changes in natural
frequencies match Wedor all modes when the crack length ratio is smaller than 0.4. With
further increases in crack length ratio, due to the differences in crack simulation and
recording methodologies, AFE only complies with the ATCS model for severe crack as

shown inFigure6-20.
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The final parallel case is a partial throiipe-depth crack, and further validation is made
using the ATCS model. The PTDC case starts from the middle ofdysece a quarter

of the way along one edge as showRigure6-22. Plots of the relative changes in natural
frequencies show satisfactory agreement between AFE model and ATCS model. The
maximum difference between the two is less than 0.2% for cracks starting at different
locations and having varying depth ratios (Berire6-23 andFigure6-24). For a fixed

depth ratio with different length ratiohen the crack starts at a point a quarter of the
way along one edge, the curves of related change natural frequencies obtained from AFE
and ATCS model still match.

Besides the parallel crack, a crack with an arbitrary orientation angle is analysed in
Section 6.5, and a the results are compared with those Hiegng and Leissé2009)

The crack starts a quarter of the way along one edge andphdsmentation to thex-

axis. Results show a good comparison when the crack is small. As with the parallel crack,
differences in rack simulation and mode recording mean that only the ATCS model
agrees with AFE results when the crack length ratio is greater than 0.3 (mode (3,1)).
Figure 6-29 showsthat differences exist in each mode shape between AFEHaadg

and Leiss€2009) As for ATCS (described in section 5.2.3), the model requires the crack
to starts and finish at the nodes. Hence, for an arbitrary direction crack, the mesh in ATCS
requires the use of both quatitaand triangular elements. Because different meshes have
been chosen for the AFE model and ATCS models, different mode shapes will occur
between these two models. However, reasonable agreement is sh&wurm6-31

where the maximum difference is less than 4%.

189



PhD Thesis, Yulin Luo, 2019

6.7 Conclusion

This chaptetabulates and plots the natural frequencies obtained from the proposed AFE
model and compares them with previous stufiahl and Keer 1972; Liew et al. 1994;
Huang and Leissa 2009; Bose andhdnty 2013and ABAQUS models. The Wittriek
Williams algorithm(Wittrick and Williams 1971 and Lagrangian Multiplier@/Nilliams

and Anderson 1983re introduced to calculate the natural frequencies from an assembled
global dynamic stiffness matrix. Natural frequencies of glsieracked plate structure

are calculated by a hybrid approach which combines the computational efficiency of the
exact strip method with the versatility of the finite element analysis. The proposed method
can fill gaps in the literature for arbitrary ckamodels (arbitrary length, depth, location
and orientation). Good agreement has been shown for a parallel crack modelled using
VICONOPT, Stahl and Keef1972, Liew et al.(1994), Huang and Leissg2009)and an
ABAQUS model.

The proposed AFE model improves the computational efficiency by using an advanced
bandwidth method in the Gaussian elimination, resulting in a time of 248s for a 40*40
FE model calculationsashown irFigure6-32. The AFE model shos\a greater advantage

in element meshing when preparing a cracked model. Here once the mesh is determined,
the model will autoratically add corresponding rotational spring stiffnesses to the nodes
of damaged elements, and it is not necessary-toesh. The AFE model shows the
benefits of accuracy and convenience and could be well coupled with the Exact Strip

Method by LagrangiaMultipliers.

In preparation for the inverse problem, an all throtlghlength delamination shows the

size and location effects respectivelyi@mble6-1 andTable6-2. The relative sensitivities

of different natural frequencies to the crack location and severity could be used for crack
identification. The applicability of the AFE fanodelling a single delaminations and
cracks in isotropic platkke structures has been examined in this chapter, while the
location effect and severity effect have been discussed individually for the partial
throughthe-thickness cases. Moreover, as tieatral part of the VFM hybrid approach,

the AFE model has been examined and compares well with previous studies and
ABAQUS models.
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Figure6-32 Time consumption for AFE 40*40 model
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Chapter7--- Damage Detection in Plate Structures

7.1 Introduction

Platetype structures are used widely in many different engineering sectors and are

particularly important in aerospace structures. Damage caused by impact or arising from

stress concentrations (e.g. around rivet holes), both during manufacture anaiiooper

can lead to significant reductions in strength and stability. This is further complicated by

the fact that in many cases, for example when composite materials are used, this damage

is invisible from the surface. The ability to detect damage usinglastructive detection

techniques (NDT) and to understand its effects on the behaviour of structures is therefore

essential to ensure safe operation. In this chapter a method for detecting cracks based on

the resulting c¢hangemequdnaes is presented. The enethod e 6 s n a't

consists of two stages: crack location and severity prediction.

Chapter 4 presented the data processing methodologies used in this study including the
Wittrick-Williams algorithm, the automatic mode shape sign methddtzbandwidth
method for iterative calculations. Chapter 5 developed the hybrid VFM model and the
primary AFE model, in which cracks are simulated based on the addition of a rotational
spring. Finally, Chapter 6 compared the natural frequencies obteanethe AFE model

with previous studies for different crack cases (ATLD, ATLC, PTLC, ATDC, PTDC and
ADC). Good agreement between the obtained vibration parameters was presented as well
as data on the effect of cracks with different locations / sevewtieshe natural
frequencies of a series of plates plotted for different vibration modes.

In this chapter, the method proposed.apib et al. (2015 which adack localisation is
dependent on normalising the wvariation betwe
natural frequencies, is used to solve a-dimensional cracked structure problem. This
approach, whichabib (2015)applied to beam and frame structures, is extended to study
the effect of single througthe-length delaminations / cracks on the vibration parameters
(natural frequencies and mode shapes) of plates. A set of discrete points is chosen along
the transverse direction of the plate. The vibration parameters are obtained first for
undamaged platesid then for those which have had damage introduced at each of these
points at different depths and having different lengths and orientations. The consequent
degradations in each of the natural frequencies afathage is introduced are normalised

to obtan curves which are independent of the damage sevéhgy.crack severity is
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determined by comparing with the unnormalized dataugh the severity relativedex
gofrom reference sefhe curves are #n used to solve the inverse problem of locating
thedamage with simulated noifeee and contaminated natural frequency measurements

considered.

The twadimensional problem of part througihe-length cracks is then briefly introduced

in Chapter 8 as a topic for future work. The effect, in terms of thegelsam natural
frequencies and mode shapes, of damage in-jkatstructures with different boundary
conditions will be then studied using the VFM model as the first stage of extending
damage detection to two dimensional structures. A general degraalgtoithm for the
vibration parameters could be then achieved, and the inverse problem of damage detection
could be then proposed and applied in the-destructive detection. The results in the
chapter willdemonstratéhe efficiency, reliability and accacy of the methods developed

for the onedimensional problem.
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7.2 Severity and location effects

As discussed in Chapter 6 and in the literature reviewed in Chapter 2, the presence of
damage in a plate member causes a degradation in its natural freqtiesiciesnainly

related to the damage location and sevefigure 7-1 uses a crack of depti@ "@f

simply supported isotropic square plate of length and widik an example of the
relationship between the natural frequencies of undamaged and damaged structures. The
crack runs from afro | Bt O1] & &wherey is a location parameter in the range

™ | Tdoand’ is a length parameter in the rangg T  1@&. The four lowest
nontdimensional natural frequencies are showikigure 7-1. This relationship can be
written (Adam et al. 1978; Hearn and Testa 1991; Morassi 1993; Morassi et al. 2008;
Labib 2015)

1 1 p iRk Eq.7-1

wherel] and] are the natural frequencies in the undamaged and damaged cases
individually, "Gs the mode numberds a nondimensional function of the crack severity

that is independent of the mode numbeis the damage location along the transverse
axis of the structure an@ ofa is a dimensionless function of the crack locatidix

Eq. 7-1 is derived from the first order natural frequency and validated for small severity
cracks (generally defined as having a crack depth to section heigh@f&io g )
(Morassi et al. 2008)The relative change in natural frequencies (RCNF) uses the form
of Eq. 6-3,] i D o . As the RCNF is related to both the severity and the location

of the damage, the change in natural frequencies is normalised to eliminate the severity
effect(Adamet al. 1978; Hearn and Testa 1991; Morassi et al. 2008; Labib et al. 2015)

for different vibration modes:

) 1 ROXN (o
& B O £q.7:2

The summation of the relative changes in natural frequencies is dependent on the number

of natural frequencies chosen. The range of the normalised relative changes in natural

frequenciesist 1 - p.
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Figure7-1 Degradation of natural frequencies with crack location and |dhgit
et al. 2019)

(@) mode ; (b) mode ;(c) mode ;(d) mode

For the severity problem, the dimensionless funalion which is related tdhe crack

depth to the section thickness ratio, can be used to generate a compliance eggation (
5-5) to represent the severity of a cradlable 6-1 to Table 6-5 show the changes in
natural frequencies for different types of damage in different types of structures obtained

by applying the dimensionless compliance formula.

During the validation and comapson of the VFM model with other approaches, the
degradation of higher natural frequencies was sometimes found to be greater than that of
lower modes causing the potential mode swapping. Accordifmtwe6-18 andFigure

6-21, this mode swapping problem occurs when the crack length ratio propagates to 0.5.
This causes problems ftire damage detection analysis, particularly in the normalisation
procedure when the natural frequencies for different modes may be incorrectly grouped
together. The noted trend for mode shapes of different modes to change gradually as crack
severity incrases (demonstrated in sections 6.4 and 7.3.3) and the automatic mode shape
sign method described in section 4.2.2 can be utilised to avoid this. Using the patrtial

throughthe-length crack casinFigure4-4 as an example, for a crack starting &t
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1@t 11 , the zero contour in mode 2 is parallel to xkexis when the crack length ratio

is 0.1. This zero contour rotates slightly as the ctangth increases. The mode shapes

of mode 2 would show a 9fegree rotation as the crack length ratio approaches 0.8. It
appears to have rotated 90 degrees because it has been incorrectly identified and in fact
this 93degree mode is a higher mode whicls lsavapped over. The automatic mode
shapes sign method can solve the recording problem based on location and crack length
ratio, respectively (see section 4.2.2). It solves the main sequencing problem except for
cracks located in the middle of the plate,iathare affected by the symmetry of their
location and the zero curvature. Hence, manual adjustment of relevant vibration
parameter recording is needed when cracks are located at the middle of a symmetric plate

type structures.
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7.3 Single damageletection in platdike structures using noise

free simulation

7.3.1 All through-the-length delamination

The natural frequencies of plates containing thretlgHength delaminations can be
obtained from VICONOPT models. These models are able to show the @ffét
severity and location of a single source of damage introduced into the plate on these
natural frequencies. In this chapter, the procedure for detecting damage in the alkthrough
the-delamination (ATLD) case including normalisation and linear irmtiextpn will be

described first and can be regarded as a reference for the remaining cracked plate cases.
7.3.1.1Normalisation procedure

The process will be described in relation to the detection of damage in a square composite
plate having the same properta®l dimensions as the case shown in section 6.2, with a
delamination added which is 10mm wide and located at a depth of 0.5mm. A set of

discrete points - is chosen along the transverse directioraXis) as the reference

points. The distance betwette midpoints of consecutive delaminations is 10mm. Case
1( mip— o 1),2( ph— p)and3( ph— o)represent different modes

of simulate case, and—here are in terms of XI and EIGEN kigure7-3.

Figure7-2 ATLD case geometry.
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Figure 7-3 Normalised reference frequency and simulated frequency, from
chosen modes.

Table7-1 Changes in natural frequencies for a fixed width delamindtionp @ @).

Change natural frequencigs) Normalsed natural frequenciés |
DLy | 3=0. =1 =1 Mag () 3=0. =1 =1
(mm) | d=8 | d=3| d=1 d=8 | d=3| d=1

5 0.0040 | 0.0011 | 0.0010 | 0.0043 | 0.9378 | 0.2535 | 0.2373
15 0.0045 | 0.0032 | 0.0011 | 0.0056 | 0.7979 | 0.5690 | 0.1991
25 0.0048 | 0.0066 | 0.0013 | 0.0082 | 0.5818 | 0.7983 | 0.1556
35 0.0045 | 0.0098 | 0.0014 | 0.0108 | 0.4138 | 0.9006 | 0.1333
45 0.0040 | 0.0116 | 0.0016 | 0.0124 | 0.3227 | 0.9382 | 0.1249
55 0.0040 | 0.0116 | 0.0016 | 0.0124 | 0.3227 | 0.9382 | 0.1249
65 0.0045 | 0.0098 | 0.0014 | 0.0108 | 0.4138 | 0.9006 | 0.1333
75 0.0048 | 0.0066 | 0.0013 | 0.0082 | 0.5818 | 0.7983 | 0.1556
85 0.0045 | 0.0032 | 0.0011 | 0.0056 | 0.7979 | 0.5690 | 0.1991
95 0.0040 | 0.0011 | 0.0010 | 0.0043 | 0.9378 | 0.2535 | 0.2373
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The following steps are then taken:

1. The number of modes to be examined is chosen (in this example 3). A set of
normalised natural frequencies (one for each mode) is calculated based on
measured (or simulated) data usky 7-1 andEq. 7-2.

2. Normalised natural frequencies and changes in natural frequencies based on
delaminations positioned at each of the reference points are then calculated (based
on the data presented Tmble6-2 and plotted irFigure6-6. These are presented
in Table7-1 andthe reference curvedotted inFigure7-3.

3. The normalised nesured (or simulated) changes in natural frequencies for each
of the modes are drawn as horizontal lineBigure7-3.

4. These lines will cross the reference curves. For each mode, there will be at least
two crossover points due to the symmetry of the problem.

5. The delamination location is the point at which all the intersections occur at the

same place, with two potentiawohage locations detected if the plate is symmetric.

In Table7-1, DL (mm) is the distance to the migoint of the delamination along the y
axis;] are the changes tumal frequencies between the intact status and the damaged
case] are the normalised natural frequencies baséd ;an is the magnitude of the

chosen modes; 3 and d are the eigenvalue:

For real engineering casdble actual damage location is hard to predict as it is likely to
occur between two successive discrete points. Hence, the crossover points for each of the
modes examined may not coincide but will be close to the correct crack location. The
intersectionsof the chosen mode must then be obtained by a process of linear

interpolation. This process is outlined here.

7.3.1.2Linear interpolation

The first stage is to estimate the damage location:

’

W O 1—12 10 Eq.7-3

Herew is an estimate of the damage locatiohis the normalised measured natural
frequency of the specific mode. The expected natural frequencies are then calculated by

another linear interpolatioii(). 7-4) based on the width ratio defined in the reference set.
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wherg s the natural frequency based on the expectation from the reference points with
a defined severity ratio (the width of the delamination). The crack severity is then
recovered by applying a specific severity ratio based on different damaged plate cases.
For example, the specific severity ratio of ATLD case is obtained ffable 6-1 and
formalised inEq. 6-1. Finally, the recovered severijty of the measured damage can be
obtained fromEg. 7-5.

1z ::— Eq.7-5

wherg is the defined width (10mm) of the delamination region of the reference point,
and is the change natural frequencies of the measuredTée-2). The indexw (-
for the ATLD case) can be altered when the dimensions and properties of the plate change.

Five different simulated cases with different severities and/or locations which will be used
to demonsate/validate this approach are listedTiable 7-2. The results of the linear
interpolation process for each case are presenfeabie7-3, where Qis the ratio of the
changes in natural frequencies from the expected value anted®iredalue The data
recorded retain®ur decimal places.

Table 7-2 Changes in natural frequencies with varying width delaminations at
arbitrary locations

Change in natural frequencigs)( Normalised frequencies ()

DL.Y | bs 3=0. =1} 3=1| Magg | 3=0.] =1 &=1
(mm) | (mm) | d=8| d=3| d=1 () d=8 | d=3] d=1

28 8 0.0025| 0.0039| 0.0007| 0.0047| 0.5325 | 0.8339| 0.1455

28 16 | 0.0174| 0.0307| 0.0055| 0.0357| 0.4868 | 0.8600| 0.1528

34 6 0.0010| 0.0020| 0.0003| 0.0022| 0.4464 | 0.8843| 0.1366

18 10 | 0.0045| 0.0036| 0.0011| 0.0059| 0.7622 | 0.6174| 0.1947

14 12 | 0.0072| 0.0048| 0.0019| 0.0089| 0.8174 | 0.5354| 0.2128
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Table7-3 Location based on calculated data from the inverse problem compared with

actual data
Simulated DL: Y=28mm; DL: Y=34mm;
Cases DS: b=8mm DS:b=6mm
3&::33' =1, | =1, 3&1_%' =1, (=1,
W 25 25 25 25 25 25
W 35 35 35 35 35 35
1 0.5818 0.7983 0.1556 0.5818 | 0.7983 | 0.1556
1 0.4138 | 0.9006 | 0.1333 | 0.4138 | 0.9006 | 0.1333
1 0.5325 0.8339 0.1455 0.4464 | 0.8843 | 0.1366
@ 27.9368 | 28.4759 | 29.5155| 33.0583 | 33.4133| 33.5110
Difference 0.23% 1.70% 5.41% 2.77% 1.73% 1.44%
1 0.0047 0.0077 0.0014 | 0.0045 | 0.0092 | 0.0014
1 0.0025 | 0.0039 | 0.0007 | 0.0010 | 0.0020 | 0.0003
® 0.5310 0.5087 0.5032 0.2187 0.2127 | 0.2141
I 8.0977 | 7.9827 | 7.9538 | 6.0250 | 5.9691 | 5.9823
Difference 1.22% 0.22% 0.58% 0.42% 0.51% 0.29%
Simulated DL: Y=28mm; DL: Y=18mm;
Cases DS:b=16mm DS: b=10mm
3&::_%' =1, |=1, %::_%' =1, (=1,
W 25 25 25 15 15 15
W 35 35 35 25 25 25
1 0.5818 | 0.7983 | 0.1556 | 0.7979 | 0.5690 | 0.1991
1 0.4138 0.9006 0.1333 0.5818 | 0.7983 | 0.1556
) 0.4868 | 0.8600 | 0.1528 | 0.7622 | 0.6174 | 0.1947
@ 30.6546 | 31.0372 | 26.2303 | 16.6525| 17.1121| 16.0264
Difference 9.48% 10.85% | 6.32% 7.49% 4.93% 10.96%
1 0.0046 | 0.0085 | 0.0013 | 0.0045 | 0.0039 | 0.0011
1 0.0174 | 0.0307 | 0.0054 | 0.0045 | 0.0036 | 0.0011
&) 3.7658 | 3.6141 | 4.2003 | 0.9908 | 0.9299 | 1.0107
f 15.5579 | 15.3461 | 16.1347| 9.9693 9.7606 | 10.0354
Difference 2.76% 4.09% 0.84% 0.31% 2.39% 0.35%
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Table7-3 (continued)

Simulated Cases DL: Y=14mm;DS: b=12mm
3=0. 01, =1, d =1,
W 5 5 5
W 15 15 15
1 0.9378 0.2535 0.2373
1 0.7979 0.5690 0.1991
1 0.8174 0.5354 0.2128
W 13.6064 13.9348 11.4254
Difference 2.81% 0.47% 18.39%
1 0.0044 0.0029 0.0011
1 0.0072 0.0047 0.0019
& 1.6528 1.6096 1.7558
f 11.8234 11.7194 12.0640
Difference 1.47% 2.34% 0.53%

When the delamination occurs at y=28mm witlvidth factor of 8mm, the estimated
locations based on the three modes are 27.9368mm, 28.4759mm and5@@n515
respectively. The maximum difference between the expected and actual damage locations
is less than 5%. In terms of severity, the result is naoeurate, achieving from the
different modes widths of 8.09im, 7.98Zmm, and 7.9538mm, giving a maximum
difference of less than 2%. A good match between the expected and actual values is also
shown for the rest of the delamination cases with variousidmsaand severityTable

7-3).

7.3.2 All through-thelength crack

depth=0.5m

Figure7-4 ATLC case geometry
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The validated damage detection method described above is next applied to the through
thellength crack case shown kigure 7-4. Again, the dimensions and properties o t
cracked plate are the same as those in section 5.2.1 for a composite simply supported
square plate. An equally spaced reference set of crack locations is chosen alessggshe y

and the same normalisation data processing and damage detection praoecdpipéied.

The depth of the crack is 0.5mm and the distance between adjacent cracks i3 ablam.

7-4 shows the natural frequencies of six different modes obtainetdtite VICONOPT

model using rotational springs to simulate the ci@&ddemi and Calido 2009; Labib et

al. 2014) The modelling idea and relevant assumptions have been introduced in section

5.2.1. Frequencies are calculatedator decimal places.

The changes in natural frequencies and the normalised dakee$ermodes are listed in
Table7-5. Fourdecimal places are considered for the origatainge natural frequencies

andthe normalised data, and the same value willdes in the following tables.

The magnitudes of the six chosen modes for the ATLC caseyfer[5, 10, 15, 20, 25,
30, 35, 40, 45, 50] are [0.0004, 0.600.0029, 0.00%, 0.0045, 0.004, 0.00%, 0.0028,
0.0024, 0.0026]. Four differenimeasureccasesfor ATLC are shown inTable 7-6 to

validate the method.

Table7-4 Natural frequencies of throughe-lengthcracks with depth 0.5mm

Natural frequencies of different modes (Hz)

Intact 110.3599 | 63.8852 28.1436 77.5457 73.2854 | 44.3553
bpL,y(mm)|s» =1,|{3 =1, =1,|3 =0,|3 =0,|3 =0,
5 110.3581 | 63.8631 28.1422 77.5405 73.2689 | 44.3541
10 110.3496 | 63.8053 28.1380 77.5250 73.2230 | 44.3499
15 110.3454 | 63.7353 28.1322 77.5085 73.1719 44.3456
20 110.3236 | 63.6791 28.1248 77.4890 73.1211 | 44.3363
25 110.3249 | 63.6583 28.1166 77.4785 73.1113 | 44.3320
30 110.2914 | 63.6802 28.1084 | 77.4707 73.1190 | 44.3195
35 110.3045| 63.7367 28.1011 77.4739 73.1672 | 44.3184
40 110.2657 | 63.8062 28.0953 77.4787 73.2151 | 44.3060
45 110.2920 | 63.8630 28.0916 77.4854 | 73.2589 | 44.3100
50 110.2559 | 63.8844 | 28.0903 | 77.4878 | 73.2746 | 44.3008
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Table7-5 Changes in natural frequencies for ATLC from the reference set

Changes in natural frequencies)(
b,,y(mm)|s =1,3 =1,3 =1,3 =0,3 =0,3 =0,
5 0.0000 0.0004 | 0.0001 0.0001 0.0002 0.0000
10 0.0001 0.0013 0.0002 0.0003 | 0.0009 0.0001
15 0.0001 0.0024 | 0.0004 | 0.0005 | 0.0016 0.0002
20 0.0003 0.0032 0.0007 0.0007 0.0022 0.0004
25 0.0003 0.0036 0.0010 0.0009 0.0024 | 0.0005
30 0.0006 0.0032 0.0013 0.0010 | 0.0023 0.0008
35 0.0005 0.0023 0.0015 0.0009 0.0016 0.0008
40 0.0009 0.0012 0.0017 0.0009 0.0010 0.0011
45 0.0006 0.0004 | 0.0019 0.0008 | 0.0004 | 0.0010
50 0.0009 0.0000 | 0.0019 0.0008 | 0.0002 0.0012
Normalised changes in natural frequendie} (
5 0.0375 0.8184 | 0.1201 0.1604 | 0.5337 0.0620
10 0.0596 0.8038 0.1284 | 0.1716 | 0.5464 | 0.0773
15 0.0455 0.8113 0.1405 0.1660 | 0.5354 | 0.0753
20 0.0804 0.7892 0.1641 0.1791 0.5484 0.1045
25 0.0704 0.7882 0.2130 0.1924 | 0.5270 0.1166
30 0.1424 0.7366 0.2870 0.2219 0.5209 0.1850
35 0.1444 0.6688 0.4343 0.2662 0.4639 0.2393
40 0.2998 0.4344 | 0.6028 0.3037 0.3369 0.3903
45 0.2578 0.1459 0.7745 0.3261 0.1516 0.4279
50 0.3678 0.0052 0.7394 | 0.2914 | 0.0577 0.4794

Table7-6 Changes in natural frequencies for ATLC from simulated cracked.cases

Changes in natural frequenciges)(of different modes

DL,y Depth, 3 =] 3 =] 3 =] 3 = 3 = 3> =
(mm) | d(mm) d =| d = d = d = d = d=1
26 0.15 0.0001 | 0.0007 | 0.0002 | 0.0002 | 0.0005 | 0.0001
15 0.06 0.0000 | 0.0002 | 0.0000 | 0.0000 | 0.0001 | 0.0000
33 0.34 0.0003 | 0.0015 | 0.0008 | 0.0005 | 0.0010 | 0.0004
46 0.53 0.0006 | 0.0002 | 0.0019 | 0.0008 | 0.0003 | 0.0010
Normalised changes in natufegquencies| () of different modes
DL,y Depth, 3 =] 3 =] 3 =] 3 = 3 = 3 =
(mm) {dmm)| d = d =| d =| d ={ d =| d =
26 0.15 0.0764 | 0.7837 | 0.2247 | 0.2000 | 0.5235 | 0.1245
15 0.06 0.0461 | 0.8116 | 0.1404 | 0.1689 | 0.5341 | 0.0757
33 0.34 0.1276 | 0.7113 | 0.3673 | 0.2471 | 0.4890 | 0.2063

46 0.53 0.2636 | 0.0962 | 0.7834 | 0.3223 | 0.1202 | 0.4351
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The magnitudes of six chosen modes for eacheasureccase [26, 15, 33, 46] are
[0.0009, 0.0002, 0.0020, 0.0024]. After the determination of the natural frequencies and
normalisation of the reference set and the simulated cracked cases, the inverse problem
can be solved based on the data fibable 7-5 and Table7-6, as documented ihable

7-7.

In each casshown inTable7-7, for damage determination, the same procedure is applied
as in section 7.3.1 for the ocxdénensional problem. For example, when the actual
measuredcrack location is 26mm, and the depth of crack is 0.15mm, the linear
interpolation ofEq. 7-3is used to calculate the expected crack locations based on the first
six modes which are [25.4&&m, 25.4398mm, 25.7872mm, 26.2861mm, 27.8848mm,
25.5818mm]. The maxiom difference occurs for mode (0, 2). Using the expected
location andeq. 7-4, while the estimated crack depths can be calculated as [0.1499mm,
0.1497mm 0.1501mm, 0.1504mm, 0.1515mm, 0.1500mm]. The maximum difference
between the expected and actual crack depths also occurs at mode (0, 2).@i¢d.is

The most discrepancy occurs when theasuredocation is 33mm and the depth is
0.34mm. In this case thmeaximum difference is seen for mode (1, 1) with the difference
for location is 12.2% and crack depth is 25.62%.

Linear interpolation ishenshown to provide accurate damage and severity information
for onedimensional problems, and has been shown &ffeetive in this study of ATLD
and ATLC plates, although it could be improved by using a polynomial fitting curve or

other advanced interpolation method.

The next stage therefore is to move to two dimensional problems, using the hybrid method
to provideaccurate and efficient natural frequencies for arbitrary cracked plate problems
containing cracks at any location, orientation, length and depth. For fixed severity cracks
(fixed length, depth and orientation) running parallel to eitherxttoe y axis and
uniformly distributed in the plate, the natural frequencies and normalised results can be
obtained using VFM. This twdimensional damage detection problem is briefly

introduced in Chapter 8.
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Table7-7 The damage detection procedure for four different cases

Simulated Damaged Case: DL: Y=26mm; Depth: d=0.15mm

=1, =1, |&=1, |3=0, | 3=0, | 3=0,
W 25 25 25 25 25 25
30 30 30 30 30 30
1 0.0704 0.7882 0.2130 0.1924 0.5270 0.1166
1 0.1424 0.7366 0.2870 0.2219 0.5209 0.1850
) 0.0764 0.7837 0.2247 0.2000 0.5235 0.1245
(%) 25.4126 | 25.4398 | 25.7872 | 26.2861 | 27.8848 | 25.5818

Difference | 2.26% 2.15% 0.82% 1.10% 7.25% 1.61%

1 0.0003 0.0035 0.0010 0.0009 0.0023 0.0006
1 0.0001 0.0007 0.0002 0.0002 0.0005 0.0001

0 0.2007 0.2002 0.2010 0.2016 0.2036 0.2008
f 0.1499 0.1497 0.1501 0.1504 0.1515 0.1500

Difference | 0.05% 0.23% 0.07% 0.28% 1.01% 0.00%

Simulated DamagedCase: DL: Y=15mm; Depth: d=0.06mm

=1, |»=1, |3&=1, |3=0, |3=0, [3=0,
() 15 15 10 15 15 15
W 20 20 15 20 20 20
) 0.0455 | 0.8113 | 0.1284 | 0.1660 | 0.5354 | 0.0753
1 0.0805 0.7892 0.1405 0.1791 0.5484 0.1045
) 0.0461 0.8116 0.1404 0.1689 0.5341 0.0757
W 15.0907 | 14.9471 | 149711 | 16.1089 | 14.4775 | 15.0645

Difference | 0.60% 0.35% 0.19% 7.39% 3.48% 0.43%

1 0.0001 0.0023 0.0004 0.0005 0.0015 0.0002
1 0.0000 0.0002 0.0000 0.0000 0.0001 0.0000

A 0.0729 0.0742 0.0741 0.0673 0.0773 0.0733
f 0.0701 0.0711 0.0710 0.0661 0.0733 0.0704

Difference | 16.88% | 18.42% | 18.32% | 10.10% | 22.12% | 17.38%
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Table7-7 (continued

Simulated Damaged Case: DL: Y=33mm; Depth: d=0.34mm

=1, =1, |3=1, | 3=0, | 3=0, =0,
W 25 30 30 30 30 30
30 35 35 35 35 35
1 0.0704 0.7366 0.2870 0.2219 0.5209 0.1850
1 0.1424 | 0.6688 | 0.4343 | 0.2662 | 0.4639 0.2393
1 0.1276 0.7113 0.3673 0.2471 0.4890 0.2063
) 28.9753 | 31.8617 | 32.7261 | 32.8460 | 32.7931 | 31.9646
Difference | 12.20% 3.45% 0.83% 0.47% 0.63% 3.14%
1 0.0006 | 0.0029 | 0.0014 | 0.0009 | 0.0019 0.0008
1 0.0003 0.0015 0.0008 0.0005 0.0010 0.0004
@ 0.4030 0.5026 0.5370 0.5331 0.5230 0.5144
f 0.2529 0.2985 0.3136 0.3119 0.3075 0.3037
Difference | 25.62% | 12.22% 7.75% 8.26% 9.56% 10.68%
Simulated Damaged Case: DLY=46mm; Depth: d=0.53mm
=1, (=1, |3®=1, [3=0, |3=0, | 3=0,
W 45 45 45 45 45 45
() 50 50 50 50 50 50
1 0.2578 0.1459 0.7745 0.3261 0.1516 0.4279
1 0.3678 | 0.0052 | 0.7394 | 0.2914 | 0.0577 0.4794
) 0.2636 0.0962 0.7834 0.3223 0.1202 0.4351
W 45.2617 | 46.7677 | 43.7335 | 45.5494 | 46.6711 | 45.6971
Difference | 1.60% 1.67% 4.93% 0.98% 1.46% 0.66%
1 0.0006 0.0002 0.0018 0.0008 0.0003 0.0011
1 0.0006 | 0.0002 | 0.0019 | 0.0008 | 0.0003 0.0010
® 0.9851 0.9890 1.0081 0.9832 0.9789 0.9794
f 0.4944 0.4959 0.5030 0.4937 0.4921 0.4922
Difference | 6.72% 6.44% 5.09% 6.85% 7.16% 7.12%
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7.4 Single damage detection in pldiee structure with noisy

simulated measurement

7.4.1 All throughtthe-length delamination

The problem of detecting all throughe-length damage introduced in section 7.3 will
now be extended to examine the effect of noise on the accuracy of the calculation. A noise
factor- will be applied to the simulated measurement data, and interviaiatit
(Moore 1979)will be introduced to model the resulting uncertainty. For two ranges of

positive real numbers X and Y:
ON O O N O Eq.7-6

where® and® are the lower limits ofd and, and® and® are the upper limits,

the following equations can be shown to apply:

P PRP Eq.7-7
w W W

=N —h—38

W W W

These equations can be used to converge on the possible damage intervals in the presence
of noise. If the simulated variables and] are the natural frequencies of the
undamaged and damaged plate respectivelyir theervals are | h and

1 h , Where the subscripts "Qandd @ @enote the lower and upper limits
respectively and the subscri@enotes the modes can be used to describe the range of
possible values. Here the limits dedeam the noise factor | 1 -

Interval arithmetic operations can then be introduced o 7-7, and the related

minimum and maxnum changes in natural frequencies are obtained as:

1 Eq.7-8

| Eq.7-9
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wherg and| are the lower and upper limits of the change in natural frequency.
When the values of uncracked and cracked natural frequencies are close, the value of
1 can become negative in which case the lower limit should be set to zero. The
normalised limis on the changes in natural frequencies for each modeand|

can then be evaluated basedmn7-2 as:

Eq.7-10

Eq.7-11

leading to a converged interval [ # ] of possible normalised changes in natural

frequencies.

Table7-8 will first be applied tathe samaneasuredielaminationcasesas examined in
section 7.3.1, with the dimensions and properties of the plate shdviguie7-2. Three
modes§¢=0. 04, &=3, d)yade elestedlfor nafmalisatiorgndtwo noise
factorsr (0.05 and 0.01) are compared to determine the reasonable noise factors. The
resulting changes in natural frequency are present&dbie 7-8. Four decimal places

are considered for the obtained natural frequencies, with the same precision applied to the

following operations.

In this study; T8t fOowill be chosen as the noise factor foreasonablehange
natural frequency region. The possibi¢ervals for the simulated casgs [ h 1,
obtained usingeq. 7-10 and Eq. 7-11 and tabulated imable 7-8, are plotted as two
horizontal lines irFigure7-5 against the reference data for the delaminated case, which
was tabulated iTable7-1. Case 1,( ™tp— o 1),2( ph— p)and 3 (

ph— o) represent different modes of simulate casand—here are in terms of XI and

EIGEN inFigure7-5. Applying the linear interpolation &q.7-12

Eq.7-12

wherew andw are the lower limit and upper limit of the expected damage

location according to the related normalised change natural frequénciedi[ ],
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enables the range of the delamination locations to be calculated for each mode, and the
coincidingranges of intersections in the plotted curves are then the possible delamination

location intervals.

The delamination severity in terms of the delamination widthc an be r ecovered
similar procedura@asEq. 7-5. Eq. 7-13 is first applied to obtain the expected lower and

upper normalised changes in natural freqiesic and]

Eq.7-13

1.0

5\ /

0.8

0.7

0.6

0.5

0.4

0.3

Normalised change in natural frequencies

0.2

0.1

0.0 0 0
5 15 25 35 45 55 65 75 85 95

Original delamination location (mm)

X |=0.01,EIGEN=3-4 XI=1,EIGEN=1 X |=1,EIGEN=3

Case 1 +/- noise —Case 2 +/- noise —Case 3 +/- noise

Figure7-5 The normalised change natural frequencies of three chosen mode
the referred set for discrete points along thexig and simulated cases.
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Table7-8 Normalised changes in natural frequencies for kted cases within noise

effect

Si mul ated Damaged Case: DL: Y=2
3=0. 01, =1, d= =1, d

-0 + 0 -0 + 0 -0 + 0

74.0117| 74.1117| 110.4751| 110.5751| 28.0917| 28.1917

73.8273| 73.9273| 110.0443| 110.1443| 28.0726| 28.1726

1 1 0.0011/0.0038 0.0030/0.0048 0.0000/0.0042
1 1 0.1754/0.7883 0.4646/0.9730 0.0000/0.7969
Simul ated Damaged Case: DL: Y=2
74.0517| 74.0717| 110.5151| 110.5351| 28.1317| 28.1517

73.8673| 73.8873| 110.0843| 110.1043| 28.1126| 28.1326

1 1 0.0022/0.0028 0.0037/0.0041 0.0000/0.0014
1 1 0.4579/0.5959 0.7691/0.8784 0.0000/0.3058
Simulated Damaged Case: DL: Y=28mm, D =16 mm, U=0.
74.0517| 74.0717| 110.5151| 110.5351| 28.1317| 28.1517

72.7665| 72.7865| 107.1267| 107.1467| 27.9784| 27.9984

1 1 0.0171/0.0176 0.0305/0.0308 0.0047/0.0062
1 1 0.4774/0.4960 0.8528/0.8669 0.1323/0.1735
Si mul ated Damaged Case: DL: Y=3
74.0517| 74.0717| 110.5151| 110.5351| 28.1317| 28.1517

73.9782| 73.9982| 110.2978| 110.3178| 28.1232| 28.1432

1 1 0.0007/0.0013 0.0018/0.0021 0.0000/0.0010
1 1 0.2911/0.5773 0.7407/0.9478 0.0000/0.4659
Si mul ated Damaged Case: DL: Y=1
74.0517| 74.0717| 110.5151| 110.5351| 28.1317| 28.1517

73.7214| 73.7414| 110.1159| 110.1359| 28.0997| 28.1197

1 1 0.0042/0.0047 0.0034/0.0038 0.0004/0.0018
1 1 0.7046/0.8072 0.5600/0.6692 0.0705/0.3231
Si mul ated Damaged Case: DL: Y=1
74.0517| 74.0717| 110.5151| 110.5351| 28.1317| 28.1517

73.5151| 73.5351| 109.9907| 110.0107| 28.0786| 28.0986

1 1 0.0070/0.0075 0.0046/0.0049 0.0012/0.0026
1 1 0.7816/0.8471 0.4979/0.5714 0.1298/0.2973
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Table 7-9 The delamination location interval and severity of the simulated ATLD

cases with noise effect

Simulated DL: Y=28mm; DS:b=8mm; DL: Y=28mm; DS:b=16mm;
Damaged Cas( U=0.01 U=0.01
=0 =0
g =3 =1, |3=1, g =3 =1, (3=1,
min W 25 15 25 25 35
W 35 25 35 35 45
) 0.5818 | 0.5690 0.5818 0.7983 0.1333
1 0.4138 | 0.7983 0.4138 0.9006 0.1249
1 0.4579 | 0.7691 0 0.4774 0.8528 0.1323
@ 32.3763 | 23.7254 0 31.2128 | 30.3290 | 36.2387
max @ 15 25 25 25 15
W 25 35 35 35 25
1 0.7979 | 0.7983 0.5818 | 0.7983 | 0.1991
1 0.5818 | 0.9006 0.4138 | 0.9006 | 0.1556
1 0.5959 | 0.8784 | 0.3058 | 0.4960 | 0.8669 | 0.1735
) 24.3454 | 32.8309 100 30.1058 | 31.7093 | 20.8791
) 24.3454 | 23.7254 | 0.0000 | 30.1058 | 30.3290 | 20.8791
) 32.3763 | 32.8309 100 31.2128 | 31.7093 | 36.2387
Expected
Delamination [24.3454, 32.3763] [30.1058, 31.2128]
Region
Lower | 0.0048 | 0.0063 0.0043 0.0115 0.0012
1 A 0.0028 | 0.0037 0.0171 0.0305 0.0047
d 0.5805 | 0.5912 3.9508 2.6603 3.9540
EDS | 8.3419 | 8.3930 15.8087 | 13.8561 | 15.8130
Upper| 0.0046 | 0.0077 0.0047 | 0.0078 | 0.0013
1" 0.0022 | 0.0041 0.0171 | 0.0305 | 0.0047
d 0.4870 | 0.5299 3.6641 | 3.9264 | 3.5373
EDS 7.8674 8.0921 15.4167 | 15.7761 | 15.2366
Expected
Severity [8.0921, 8.3419] [15.4167, 15.8087]

Region
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Table7-9 (continued

Simulated DL: Y:18m°m; DS:hb=10mm; DL: Y:14m°m; DS:b=12mm;
Damaged Cas{ U=0.01 U=0.01
3=0. 3=0.
g =a =1, |3=1, g -a =1, |3=1,
min W 15 5 15 5 35
W 25 15 25 15 45
1 0.7979 | 0.2535 0.7979 | 0.2535 | 0.1333
1 0.5818 | 0.5690 0.5818 | 0.5690 | 0.1249
1 0.7046 0.5600 0.0705 0.7816 0.4979 0.1298
() 19.3168 | 14.7150 | 0.0000 | 15.7552 | 12.7488 | 39.2189
max () 5 15 5 15
W 15 25 15 25
) 0.9378 0.5690 0.9378 0.5690
) 0.7979 0.7983 0.7979 0.7983
) 0.8072 0.6692 0.3231 0.8471 0.5714 0.2973
W 14.3364 | 19.3702 | 10.0000 | 11.4809 | 15.1069 | 0.0000
) 14.3364 | 14.7150| 0.0000 | 11.4809| 12.7488 | 0.0000
W 19.3168 | 19.3702 | 10.0000 | 15.7552 | 15.1069 | 39.2189
Expected
Delamination [14.715019.3168 [12.7488, 15.1069]
Region
Lower | 0.0044 | 0.0031 0.0043 | 0.0027
1" 0.0042 | 0.0034 0.0070 | 0.0046 | 0.0012
d 0.9450 | 1.1030 1.6057 | 1.6906
EDS | 9.8132 | 10.3322 11.7101 | 11.9129
Upper| 1 0.0046 0.0046 0.0045 0.0032
1 A 0.0042 0.0034 0.0075 0.0049 0.0026
d 0.9133 0.7412 1.6884 1.5359
EDS | 9.7021 9.0501 11.9077 | 11.5377
Expected
Severity [9.7021, 9.8132] [11.7101, 11.9077]

Region
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Table7-9 (continued

Simulated Damaged Cas DL: Y=34mm; DS:b=6mm;0=0.01
3=0.01
g =3 =1, =1,
min W 45 15
W 55 25
1 0.3227 0.5690
1 0.3227 0.7983
0.2911 0.7407 0.0000
W 0.0000 22.4881 0.0000
max W 25 45
W 35 55
1 0.5818 0.9382
1 0.4138 0.9382
1 0.5773 0.9478 0.4659
W 25.2647 0.0000 10.0000
W 0.0000 0.0000 0.0000
W 25.2647 22.4881 10.0000
EXpeCteFfeggﬁmi”a“O” [25.2647, 74.7353]

wherew andw are the lowest and highest estimations for all the different modes

respectively. The severity range is then calculated based and]  usingEq. 7-14:

Eq.7-14

wherel is the fixed predefined width used to calculate the discrete referenas poi
(10mm);] and are the lowest and highest value of the measured changes in natural

frequencies (fronTable7-8) and the severity index (- for the ATLD case) depends on

the dimensions and properties of the damaged plate (an example is shown in section 6.2).

In Table7-9, the process is applied to five simulated cagdls noise effect factor 0.01

and OEDS®6 is the expected Iseverity factor
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From Table 7-9, when the simulated delamination is locatedya28mm with a

del amination width b=8mm and a noise fac
[24.3454, 32.378], while the estimated severitggion is [8.0921, 8.3419]. The expected
location interval covers the actual damage location while the severity exists a difference
at 1.15%. For the same | ocation with the
location is [30.1058, 31.2128], whilke estimated severity region is [15.Z165.774].

This gives a predicted damage location interval close to the actual simulated case with a
maximum difference of 7.5% while the difference for severity is 1.4%. For other
simulated cases, a similar difégrce exists except for the delamination located at
y=34mm with a delamination width of 6mm, the expected location interval covers half
the width of the plate. This may be related to the numbeodéschoserin the reference

data. In this study, only tettiscrete points are chosen along ykexis for the reference
curve. Because the curve could resemble a high order polynomial, if the number of sample
points is not enough, the data plot could lose some values, and hence a discrepancy will
occur. More disete points need to be applied to the reference plot to generate a more

accurate referredurve
7.4.2 All throughthe-length crack

The effect of noise on the detection of an all through the length crack will be considered
next. In comparison with a delamir@ti the reduction of natural frequencies due to a
single crack of increasing severity in a plate structure is much srasfieown inTable

7-4. Hence he value of the introduced noise fadfiwill need to be significantly smaller

to make detection feasible. In this study a valuert@t 1t [ used.Furthermore, in
comparison with delamination cases, more discrete points need to be chosen as reference

points to give a more accurate estimation of the crack location and severity.

In this examplea plate with dimensions and properties the same Rigure 7-4 will be

used. Four decimal places will be considered in the damage detection for the ATLC case,
with the first six modes selected to converge on the inteov e possible crack location

and depth. The solution of the inverse problem of plate structure is analogous to that of
Labib et al. (2015)where three modewere chosen for damage region convergence.
According to previous studies and the results obtained from ATLD, extra modes could
provide more accurate results. Four decimal @arecision is enough to show the
change in natural frequencies. For ATLC, faene normalisation procedure and interval
arithmetic processing will be applied as for the thretlgdlength delaminatiom Table

7-10. Table 710 shows the minimunand maximum normalised changes in natural

frequencies|( 1 ) of four simulated crack cases with a noise fartorr@t Tt.p
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Table7-10 Maximum/minimum normalised changesniatural frequencies of the first snodeswith noise factor T8t 11.p
Si mul ated Damaged Case: DL : Y=26 mm; d=0.15mm; (
3 =1, d > =1, d > =1, d > =0, d > =0, d > =0, d
-0 + 0 -0 + 0 -0 +0 -0 +0 -0 +0 -0 + 0
1 110.3589| 110.3609| 63.8842 | 63.8862 | 28.1426 | 28.1446 | 77.5447 | 77.5467 | 73.2844 | 73.2864 | 44.3543 | 44.3563
1 110.3513| 110.3533| 63.8392 | 63.8412 | 28.1370 | 28.1390 | 77.5308 | 77.5328 | 73.2499 | 73.2519 | 44.3493 | 44.3513
1 0.0001 0.0007 0.0001 0.0002 0.0004 0.0001
1 0.0001 0.0007 0.0003 0.0002 0.0005 0.0002
1 0.0523 0.7302 0.1396 0.1606 0.4708 0.0698
1 0.1035 0.8300 0.3141 0.2429 0.5752 0.1853
Si mul ated Damaged Case: DL : Y=15mm; d=0. 06 mm; (
3 =1, d 3> =%2 d > =1, d > =0, d 3> =0, d > =0, d
-0 + 0 -0 + 0 -0 + 0 -0 + 0 -0 + 0 -0 + 0
1 110.3589| 110.3609| 63.8842 | 63.8862 | 28.1426 | 28.1446 | 77.5447 | 77.5467 | 73.2844 | 73.2864 | 44.3543 | 44.3563
] 110.3578| 110.3598| 63.8732 | 63.8752 | 28.1418 | 28.1438 | 77.5419 | 77.5439 | 73.2760 | 73.2780 | 44.3535 | 44.3555
1 0.0001 0.0007 0.0001 0.0002 0.0004 0.0001
1 0.0001 0.0007 0.0003 0.0002 0.0005 0.0002
1 0.0523 0.7302 0.1396 0.1606 0.4708 0.0698
1 0.1035 0.8300 0.3141 0.2429 0.5752 0.1853
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Table7-10 (continued

Si mul ated Damaged Case: DL : Y=34 mm; d=0. 34 mm; (
3 =1, d > =1, d > =1, d > =0, d > =0, d > =0, d
-0 + 0 -U + U -U + U0 -0 + U0 -0 + 0 -0 + 0
1 110.3589| 110.3609| 63.8842 | 63.8862 | 28.1426 | 28.1446 | 77.5447 | 77.5467 | 73.2844 | 73.2864 | 44.3543 | 44.3563
] 110.3302| 110.3322| 63.7917 | 63.7937 | 28.1216 | 28.1236 | 77.5057 | 77.5077 | 73.2114 | 73.2134 | 44.3356 | 44.3376
1 0.0002 0.0014 0.0007 0.0005 0.0010 0.0004
1 0.0003 0.0015 0.0008 0.0005 0.0010 0.0005
1 0.1145 0.6835 0.3276 0.2269 0.4632 0.1787
1 0.1417 0.7387 0.4072 0.2684 0.5154 0.2354
Si mul ated Damaged Case: DL : Y=46 mm; d=0. 53 mm; (
3 = %3 d > =1, d > =1, d > =0, d 3> =0, d > =0, d
-0 + U -U + U -U + U -0 + U -U + U -0 + U
1 110.3589| 110.3609| 63.8842 | 63.8862 | 28.1426 | 28.1446 | 77.5447 | 77.5467 | 73.2844 | 73.2864 | 44.3543 | 44.3563
] 110.2901| 110.2921| 63.8697 | 63.8717 | 28.0905 | 28.0925 | 77.4857 | 77.4877 | 73.2636 | 73.2656 | 44.3086 | 44.3106
1 0.0006 0.0002 0.0018 0.0007 0.0003 0.0010
1 0.0006 0.0003 0.0019 0.0008 0.0003 0.0011
1 0.2469 0.0799 0.7580 0.3013 0.1048 0.4063
1 0.2813 0.1136 0.8071 0.3444 0.1368 0.4648
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Table7-11 Crack location region and severity for ATLC at y=26mm, d=0.15mm with

noise factor U =0.001
Si mul ated Damaged Cas DL Y =2
F =1 3 =1 3 =71 & = F =0 3 =
d = d =1 d = d =y d =1 d =
min @ 15 30 10 5 30 5
W 20 35 15 10 35 10
1 0.0455 | 0.7366 | 0.1284 | 0.1604 | 0.5209 | 0.0620
1 0.0804 | 0.6688 | 0.1405 | 0.1716 | 0.4639 | 0.0773
) 0.0523 | 0.7302 | 0.1396 | 0.1606 | 0.4708 | 0.0698
W 15.9800| 30.4695| 14.6219| 5.0945 | 34.3923| 7.5651
max @ 25 10 30 30 15 30
W 30 15 35 35 20 35
1 0.0704 | 0.8038 | 0.2870 | 0.2219 | 0.5354 | 0.1850
1 0.1424 | 0.8113 | 0.4343 | 0.2662 | 0.5484 | 0.2393
1 0.1035 | 0.8300 | 0.3141 | 0.2429 | 0.5752 | 0.1853
W 27.2970| 27.2909| 30.9204 | 32.3676| 30.3703| 30.0230
W 15.9800| 27.2909| 14.6219| 5.0945 | 30.3703| 7.5651
27.2970| 30.4695| 30.9204 | 32.3676| 34.3923| 30.0230
Expected crack region: [30.3703, 27.2970]
Lower | 0.0005 | 0.0034 | 0.0011 | 0.0009 | 0.0023 | 0.0007
Il 0.0001 | 0.0007 | 0.0003 | 0.0002 | 0.0005 | 0.0002
c 0.1902 | 0.2170 | 0.2499 | 0.2254 | 0.2142 | 0.2402
EDS 0.1440 | 0.1589 | 0.1767 | 0.1636 | 0.1574 | 0.1715
Upper| 1 0.0006 | 0.0031 | 0.0013 | 0.0010 | 0.0022 | 0.0008
1" ; 0.0001 | 0.0007 | 0.0003 | 0.0002 | 0.0005 | 0.0002
c 0.1420 | 0.2343 | 0.2152 | 0.2135 | 0.2244 | 0.1945
EDS 0.1156 | 0.1684 | 0.1580 | 0.1570 | 0.1630 | 0.1464
0.1156 | 0.1589 | 0.1580 | 0.1570 | 0.1574 | 0.1464
0.1440 | 0.1684 | 0.1767 | 0.1636 | 0.1630 | 0.1715
Expected depth region: [0.1589, 0.1440]
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After the regions of normalised changes in natural frequencies have been calculated, the
linear interpolation stages laid outlw. 7-12, Eq. 7-13 andEq. 7-14 can be performed

to explore the estimated damage region according to the set of referaok points. The

values of the normalised changes in the natural frequencies of the simulated cracked plate
should be located between two adjacent reference points. Because ATLC causes only a
small reduction in natural frequencies compared to delaromatihe regions of
normalised natural frequencies may be located at different intervals which will lead to
inconsistent values. Choosing the case where y=26mm and the depth of crack is 0.15mm
as an examplélable7-11 shows the expected crack location region and severity of the
simulated ATLC cases with a noise effect 13t 1. @ompared with the reference set of

the normalised changes in natural frequerynormalised change in natural frequencies
from the measured case of different modes may not be located at the same region caused

by the introduced noise factor and limited number of selected reference points.

FromTable7-11, OEDS® is the expect ed The expeetedi t vy
region of crack location and severity is seen to be close to the actual value, but the value
of the lower limit is higher thathe upper limit. The contradiction is caused firstly by the

fact that the value of the natural frequency is quite sensitive, so that a crack may reduce
the value of natural frequency by only a small magnitude. Considering the efficiency of
computation, imited reference points are recorded and then the normalised measured
change in natural frequency may be located in several adjacent intervals of the reference
set. If only one interval is chosen in the damage detection procedure, this will result in an
unreasonable region for the final estimation. Secondly, too many modes have been chosen
to obtain the converged region. Generally, the more modes selected, the more accurate a
value can be achieved. However, when more modes are chosen to solve the inverse
problem, it may lead to contradictory results as showitahle 7-11. The following

operations solve this contradiction problem in two ways.

Table7-12 shows the common location regions based on the intervals of the normalised
changes in natural frequencies from the first six modes. The potential cracked region
should be located ataicmci dent i nterval within the n
to see whether the value is between the upper and lower bounds of the normalised change
in natural frequencies from the reference set. The reference normalised frequencies are
compared withhte | ower | imit of the obtained int
is another check to see whether the value is between the upper and lower bounds, again
the normalised reference frequencies are compared] with. ORLOG repres:c

location d the reference set points.
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According toTable 7-12, the potential crack location is in the region [15, 30]. Linear
interpolation is applied in [15, 20] and [25, 30pasately to determine the lower limit
and upper limit of a possible crack locatidable7-13show the expected location region

within those chosen intervals.

According toTable7-13, a lower limit of 15.98 is thus obtained from interval [15, 20],
while the upper limit is 27.297 from interval [25, 30]. A final crack locatiegion is
determined as [15.98, 27.29D]. After the first optimisation, the region of the crack
location still needs to narrow. Hence, a second optimisation is used with a different
combination of modes. lhable7-14, modes 3 =1, d =3; 3 =1,

to converge the region of crack location, ECR is the expected crack region.

Table7-12 The selection ofrack locatiorregion

Simul ated Damaged Case: DL: Y=26
> =1, > =1, > =1, > =0, > =0, > =0, RL
>B|<UB|>LB | <UB | >LB |<UB | >LB | <UB | >LB | <UB | >LB | <UB
N N N N 5

N 10

N 15
20

25

N 30

N N N N N N 35

N N N N N N 40

N N N N N N 45

N N N N N N 50
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Table 7-13 Crack location region and severity for simulated ATLC at y=26mm,

d=0.15mmnoisef act or U =0.001, chosen interval
30].
Simulated Damaged Case: DL: Y=26mm; d=0.15rr().001
3 =1 3 =1 3 =1 3 0~ 3 =0 3 =4(
d =3 d =2 d =1 d =3 d =4 d =1
min | 15 15 15 15 15 15
(%) 20 20 20 20 20 20
1 0.0455 0.8113 0.1405 0.1660 0.5354 0.0753
1 0.0804 0.7892 0.1641 0.1791 0.5484 0.1045
) 0.0523 0.7302 0.1396 0.1606 0.4708 0.0698
%) 15.9800 | 33.3487 | 14.8062 | 12.9503 | -9.9546 | 14.0573
max| 15 15 15 15 15 15
%) 20 20 20 20 20 20
1 0.0455 0.8113 0.1405 0.1660 0.5354 0.0753
1 0.0804 0.7892 0.1641 0.1791 0.5484 0.1045
1 0.1035 0.8300 0.3141 0.2429 0.5752 0.1853
) 23.2925 | 10.7820 | 51.8251 | 44.3532 | 30.3703 | 33.8547

W 15.9800 | 10.7820 | 14.8062 | 12.9503 | -9.9546 | 14.0573
) 23.2925 | 33.3487 | 51.8251 | 44.3532 | 30.3703 | 33.8547
Simulated Damaged Case: DL: Y=26mm; d=0.15mr().001

38 =1 3 =1 3 =1 3 =0 3 =0 =3 =4(C

d =3 d =2 d =1 d =3 d =4 d =1
min | 25 25 25 25 25 25
) 30 30 30 30 30 30

1 0.0704 0.7882 0.2130 0.1924 0.5270 0.1166

1 0.1424 0.7366 0.2870 0.2219 0.5209 0.1850

) 0.0523 0.7302 0.1396 0.1606 0.4708 0.0698

) 23.7425 | 30.6170 | 20.0358 | 19.6072 | 70.7330 | 21.5876
max| 25 25 25 25 25 25
) 30 30 30 30 30 30

1 0.0704 0.7882 0.2130 0.1924 0.5270 0.1166

1 0.1424 0.7366 0.2870 0.2219 0.5209 0.1850

) 0.1035 0.8300 0.3141 0.2429 0.5752 0.1853

) 27.2970 | 20.9536 | 31.8325| 33.5598 | -14.1972| 30.0183

W 23.7425 | 20.9536 | 20.0358 | 19.6072 | -14.1972| 21.5876
W 27.2970 | 30.6170 | 31.8325| 33.5598 | 70.7330 | 30.0183
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Table 7-14 Converged natural frequenciesdth a selected combination of different
modes

Simulated Damaged Case: DL: Y=26mm; d=0.15mr().001
3 =1,/ =1,/3 =0, 3=1, 3 =1,/ =0,
min | ® 5 5 5 10 10 10
@ 10 10 10 15 15 15
1 0.0449 0.9803 0.1922 0.0723 0.9754 0.2082
1 0.0723 0.9754 0.2082 0.0548 0.9782 0.2002
1 0.0660 0.9492 0.2036 0.0660 0.9492 0.2036
@ 8.8526 | 36.5514 | 8.5509 | 11.7970 | -36.3139| 12.8817
max| 5 5 5 10 10 10
@ 10 10 10 15 15 15
1 0.0449 0.9803 0.1922 0.0723 0.9754 0.2082
1 0.0723 0.9754 0.2082 0.0548 0.9782 0.2002
1 0.1246 0.9766 0.2913 0.1246 0.9766 0.2913
@ 19.5543 | 8.8148 | 35.8582 | -4.9640 | 12.0674 | -41.4200
W 8.8526 8.8148 8.5509 | -4.9640 | -36.3139 | -41.4200
W 19.5543 | 36.5514 | 35.8582 | 11.7970 | 12.0674 | 12.8817
ECR [8.8526, 19.5543] [-4.9640, 11.7970]
min | 15 15 15 25 25 25
W 20 20 20 30 30 30
) 0.0548 0.9782 0.2002 0.0865 0.9678 0.2363
) 0.0989 0.9704 0.2202 0.1820 0.9415 0.2836
) 0.0660 0.9492 0.2036 0.0660 0.9492 0.2036
W 16.2699 | 33.5703 | 15.8525 | 23.9296 | 28.5324 | 21.5470
max| w 15 15 15 25 25 25
@ 20 20 20 30 30 30
) 0.0548 0.9782 0.2002 0.0865 0.9678 0.2363
) 0.0989 0.9704 0.2202 0.1820 0.9415 0.2836
) 0.1246 0.9766 0.2913 0.1246 0.9766 0.2913
@ 22.9149 | 16.0613 | 37.7045 | 26.9971 | 23.3396 | 30.8063
® 16.2699 | 16.0613 | 15.8525 | 23.9296 | 23.3396 | 21.5470
@ 22.9149 | 33.5703 | 37.7045 | 26.9971 | 28.5324 | 30.8063
ECR [16.2699, 22.9149 [23.9296, 26.9971
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7.5 Discussion

The crack detection method presented in Chapter 7 makes predictions for damage
locations based omatural frequency simulations. The ndestructive damage detection
procedure proposed is based on solving an inverse problem using changes in natural
frequencies corresponding to a number of modes to determine the location and severity
of the damage fronwhich these changes result. Damage is detected based on a set of
reference data for known damage at specific locations and a linear interpolation method
and severity recovery procedure. The expected damage location may change slightly
depending on the seny ratio (the width of delamination or the crack depth to thickness
ratio) used to calculate the natural frequencies of the reference set along with the

discretisation points.

The method shows a good match with actual values for-fi@eesimulations wére bur

decimal places of accuracy are considered. For the detection of all tiiraighgth
delaminations and cracks, vibration parameters (frequencies and modes) are obtained
using VICONOPT. This demonstrates the feasibility of the method which leas th
potential to be extended to partial throtthe-length damage, a twdimensional problem

which will be mentioned briefly in Chapter 8. For nefsee simulation, the maximum
difference forATLD is less than 2% for both delamination location prediction and
severity. A good match is also found for ATLC in most cases, with a maximum difference
of less than 5%. By using VICONOPT the method saves significdrglyomputational

cost. However, forsymmetric structures, it cannot distinguish between symmetric

locations, and two potential locations will therefore be estimated.

To examine the effect of noisy data on the successful location of damage, different noise
factors are considered, chosendahsn the severity of the damage, and interval arithmetic

methodology is applie(Moore 1979)

For del aminations, a noise factor of U=
[ A ] is then obtained through a normatiea procedure to eliminate the severity
factors. With increasing levels obise, a wider range of possible damage locations is
predicted, eventually reaching a point at which the damage location cannot be predicted
to a specific range. To improve the giction, additional modes can be combined with
previously used modes to narrow down the crack region. Moreover, more discretisation
points can be chosen to provide a more accurate damage location Bagioles, digh

quality laboratory environment couletduce the noise effect and improve the accuracy

of measurement.
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For an all throughihe-length crack, the changes in natural frequencies are much smaller
than for delaminations, and so a much smaller level of noise can be tolerated. In this
chapteransie factor U=0.001 is chosen for the ATL(
damage location region for ATLD, the prediction for ATLC provides a much wider range
of locations. Optimisation processes then need to be applied to narrow down this range
to give a moe accurate region. In the first stage this consists of comparing the normalised
change in natural frequencies intervyal [ h ] with the reference sefTéable7-12)

to generate a new crack location range. Due to the modelling assumptions (crack
simulation, plate modelling, and stiffness matrix), some modes may not provide accurate
simulated data, especially when the damage is in the middle of the ptatiected mode

set is then used to solve the inverse probléable 7-14). A 2% enhancement of the
accuracy is obtained by the second optimisation. For severity rectivesffect caused

by the severity has been explained in section 6.2.3Fgné-1 shows the relationship
between severity and location. Hence, the severity index factor calculladiofi5 is

varied based on the properties of the plate and type odglamvhich need to be firstly
determined according to the change in natural frequencies before the normalisation
procedure. For ATLD, the index factor of severity is 0.3333 for a square composite simply
supported plate (16 plies); for ATLC, the index fad$od.75 for a square isotropic plate.

All the damage detection analyses ignore the influence of the loss of axial stiffness
through the damaged area, and also neglect the damping factors of the adjacent parts in

the damaged region.
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7.6 Conclusion

This sty uses natural frequency measurements to estimate single damage locations in
composite/isotropic plates based on the methods proposkdbiy (2015)for beams.

This forms the first stage in preparation for the solution of-dvmeensional damage
detection problems.

VICONOPT models are used to obtain changeelected natural frequencies for damage
located at discrete points along thexis of a plate member to provide reference data
with which measured data from damaged panels can be compared for location. Changes
in frequency are normalised to enaldedaion and severity to be inferred individually.
Noisefree simulations converge to point damage predictions approaching actual

locations, and a severity recovery process is demonstrated for tkiwigingth damage.

With the introduction of measurementas, the prediction of damage location is in terms

of intervals instead of single points. Using interval arithmetic, additional natural
frequency modes and different combinations of modes are able to eliminate some false
ranges and narrow down the premins when the measurement noise is greater than the
difference between intact and damaged cases. Increasing the number of discrete reference
points would also provide a more accurate potential damage region for the linear
interpolation.Furthermorealinear interpolation approach is used in the inverse problem

of this studybutquadratic ootherpolynomial curvditting could be applied to increase

the accuracy of prediction.

The method is applicable and efficient for atimensional problems whethe noise

factor is less than the variation of at least one of the chosen natural frequencies. However,
the procedure only provides a validated methodology fordimensional structureg\

more complex normalisation procedure (standard deviation) will teebe applied for a
two-variable (x and y) controlled problem, which will be briefly introduced in Chapter 8

as future work.
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Chapter8--- Conclusions and Further Work

8.1 Conclusions

In this thesis a damage detection process has been proposed based on two stages: solu
of the forward problem (modelling the effect
characteristics) followed by solution of the inverse problem (using changes in vibration

characteristics to detect and locate damage and assess its severity).

Referredback to thesis aim and objectives in section 1.3. Related literature about the

damage modelling and inverse problem have been reviewed in Chapter 2 about beam
structure and plate structure, respectively. A basic study about the exact strip method are
shown in Chapter 3. Consequently, several data analysis methods are presented in Chapter

4, which could improve the computational behaviour and efficiency.

Chapter 5 presented a noweéthod for the simulation of cracks with arbitrary location,
depth, lengtrand orientation in platgype structures. An advanced cracked plate model
was developed based on tequivalentdynamic stiffness matrix of an FE model
programmed in MATLAB with additional degrees of freedom added to represent the
crack. The method allowdHe crack to pass through any part of an element by simulating

it as a rotational spring resolved about thandy axes with shape functions before
assigning these rotational spring stiffness to the corresponding nodes of the element to
generate the glab stiffness matrix of the cracked plate structure. A hybrid model (based
on that introduced in Chapter 3) was then assembled by coupling an exact strip model for
the undamaged part with this FE model for the damaged part using Lagrangian Multipliers
to equate the deflections at the boundary. The Wittki¢iliams algorithm(Wittrick and
Williams 1971)was applied to obtain the natural frequencies to the required accuracy
whilst avoiding missingny values. For the simply supported square gB&SSused

in this study, only the first six natural frequencies were needed to solve the inverse
problem. Hence, in the first stagenaodified Wittrick-Williams algorithm could be
utilised (described in Chapter 4) without the need to consider the effect ofefixed
natural frequencies. A bandwidth method was used to achieve the required Gaussian
elimination, significantly saving on computatidicast whilstmaintaining an acceptable
calculation accuracy. Furthermore, by using the newly proposed crack simulation method

re-meshing was avoided by introducing additional degrees of freedom.
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The case of a simply supported isotropic square plate éas bsed to validate the
proposed model against previous studies and corresponding ABAQUS models in Chapter
6. Different types of cracks (all or part through the length, all of part through the depth,
parallel to the plate sides or with an arbitrary oaéinoh) were modelled and their effects

on the vibration response of the plate were compared. Due to the limitations created by
utilising a classical plate theory and using rotational spring stiffness for crack simulation,
changes in natural frequencies @eelected as the variable to be compared. For a single
crack parallel to one side and starting in the middle of the plate, the maximum difference
between the resulting predictions of changes in natural frequencies for each mode and
those found in the litature was less than 3%. This showed a good match for the hybrid
model even when the crack was severe (all thrabglaepth). Due to the symmetry of

the square plate structure, lines of zemovature exist for several modes, for example at
the centre othe plate. When the crack runs along one of these lines, it has no effect on
the local stiffness of the plate and the change in natural frequencies therefore becomes
zero. When the crack runs elsewhere in the plate, it will break the symanetighecks

onthe mode shapes are then needed for further identification of the natural frequencies.
Mode shapes are calculated and plotted in Chapter 5 based on the obtained natural
frequencies for given loading conditiofsopper and Williams 1977)These mode
shapes are used when a paralleick starts from a random place or in the case of an
arbitrary crack. Chapter 6 includes an investigation of the effect of cracks starting at
different locations or having different orientations. The changes in natural frequencies are
found to match witlprevious studieHuang and Leissa 200@hen the length ratio of

all throughthe-depth cracks is less than 0.4, but not when the crack becomes more severe,
except in the case of mode 2. Using the hybrid model with a rotational spring to simulate
a crack based on fracture mechanics, accuracy will be lost at high rfisgguancies or

when the crack severity is highan and Qiao 2011)

When examining the various mode shapes, a significant difference is found to exist
between the proposed method &haing and Leissa (200WloreoverHuang and Leissa
(2009) recorded the sequence of different modes based on the magnitude of natural
frequencies. However, mode swapping will occur when the crack become severe based
on the chronological order of recording. With increasing crack severity, there is a sharp
reduction in the differences in frequencies of some modes while the change in natural
frequencies decreases gradually for other modes. When the ATDC starts from the middle
of the plate, the results obtained byw et al. (1994) show the natural frequency of
mode 3 reduces much more quickly than that of mode 2.
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One of he primary aims of this study is to use the changes in the vibration characteristics
of plates for damage detection. This is addressed in Chapter 7. First the effect of damage
placed at a set of reference points, e.g. equally spaced locations alongethedge of

the plate, in terms of changes in the natural frequencies of the plate needs to be determined.
The automatic mode shape sign method (presented in Chapter 4) is used to reduce errors.
Using the start point (the initial damage location and seyes the first reference, and
choosing location or severity as the controlled variable, the next point is then obtained
and determined as the following reference until all the required cases are allocated. The
detailed procedure is illustrated in Chapteaind forms the basis of a preliminary study

of two-dimensional damage detection problems. These natural frequencies are then used
to detect damage in the plate structytesbib 2015). Generally, the first three natural
frequencies are sufficient to converethe estimated location intervals. The changes in
natural frequencies between tinedamaged and damaged cases are first normalised. For

a onedimensional problem, the normalised change in natural frequency is not related to
the crack severity ratio, only to the location. Selected natural frequencies are then chosen
and calculated fohtk intact case and for a crack located at the discretisation points. Hence,
curves of normalised changes in natural frequencies against location can be plotted for

use in the detection procedure.

First, the all througtthe-length delamination modelled @hapters 5 and 6 is used to
validate the damage detection procedure. Then, an all thtbedéngth crack is
examined to compare with the all throule-length delamination. Noise free and then
noisy measurements are consideiddise free methodologienverge on the damage
location by approaching to the actual location. However, the precision of predicted
damage location cannot be guaranteed because of the linear interpolation used. The
success of theuadratic/polynomiaffitted curve used to predicthanges in natural
frequencies will depend on the number of discretisation points chosen. The spline fitting
curve may also vary slightly due to the severity of the crack modlaib 2015) Once

the estimated damage location is recovered, the damage severity can be assessed based
on the dimensions and properties of selected plate structure

Noisy measurements converge on intervals of the damage location and severity. Interval
arithmetic and noise factors are also introduced in Chapter 7. Because a single damage in
a plate generally causes a small change in its natural frequencies andayhejso

affected by environmental or operational conditions, most damage identification

probl ems have only been validated at | abor at c
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introduced to examine the effects of noise in measurements. Values of 0.0 M2

and 0.001Hz for ATLC are demonstrated to be the limit of the level that can be
successfully handled. A more confident damage location region and severity would be
obtained with more severe damage. Comparing all thrtluglength delaminations and

cracks, the detection of delaminations can generally be predicted more accurately with at
least 5% greater precision. For a less severe damage such as a crack, Chapter 7 suggests
several methods to optimise the estimatidable 7-12 presents all possible crack
locations based on the obtained interval of normalised changes in natural frequencies
from a simulated case. Selected additional natural frequencies are chodginedomith

the previous optimisation and normalised to obtain a better prediction of the damaged

region.

Compared with noiséree measurement, a small amount of noise results in a much wider
range of possible damage locations, but gives more realistidtsreban the point
prediction provided from noise free simulation. For a symmetric structure, a further
complication is that identical frequency changes will be seen when the damage occurs
symmetrically. Furthermore, damage occurring at a different totatith a different
severity may also cause identical frequency cha(i€ges and Qiao 2011yhile multiple

damage detection will cause more severe problems.
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8.2 Scopefor future work

Chapter 7 presents a natural frequebaged method for damage detection, which can be
applied to onedimensional problems. As shown ly. 7-1 andEq. 7-2, the change in
natural frequencies corresponding to different vibration modes due to the presence of
damage is dependent on a combination of its severity and its location, where location is
defined in terms of thex variable which is along the transverse axis. An acceptable
accuracy is shown for different damage cases in Chapter 7. The next step would be to

extend this to a twdimensional problem.

For a onedimensional problem, the referendsatetisation set is only needed along the
transverse axis. For a twbmensional problem more discrete points are needed in both
the transverse and longitudinal directions. To achieve thisdimensional crack
detection in an isotropic simply supportedatp, two different damage detection

procedures are proposed.

The degradation of natural frequencies in a structure increases wigiratpessive
development of damage. A damage detection procedure for two dimensional plate
problems could be developedsiea on that for beattype structures proposed bgbib
(2015). Assuming that the magnitude of the degradation depends on the crack location
and severity, for a small crack, the relationship between corresponding natural

frequencies in intact and cracked plates can be written:
T 1 p iR Eq. 8-1

where] and] represent the natural frequencies in the intact and cracked plate
respectively;’Qs the mode number;ds a function of the crack severity which is
independent of the vibration mode; aiftbare the crack location variables along the
longitudinal and transverse axes of the plate. The changes in natural frequency can be
normalised for selected vibrationodes to eliminate the effect of severijdam et al.

1978; Hearn and Testa 1991; Morassi 1998 normalised changes in frequencies for

different crack locations and modes can be expressed as:

Vo 1 "Q ¢h
B "Qauhw Eq.8-2

B
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with the summation extending over the selectethber of modes. Choosing an array of
discrete points with the same spacing along the longitudinal and transverse axes, the
natural frequencies of damage placed at each of these points in turn can be obtained using
the automatic mode shape methodology psejl in Chapter 4 with the correct ordering

of natural frequencies. Then the corresponding normalised changes for the simulated
crackl  can be obtained usingg. 8-2. Comparison of the reference and simulated

values gives the functions:

~

Oa 1 aw Eq.8-3

Plotting™O @J on a 3D curve against the transverse and longitudinal axes of the plate,
the predited crack location will be at a point where the curves corresponding to different
modes pass through zero. Multiple points will be detected if the structure is symmetric.
In practice, the predicted damage locations for each mode may not coincide due to the
discretisation set chosen. If a small amount of noise is introduced, a possible damage
interval will be achieved around the exact damage location instead of an exact point.
Linear interpolation could then be applied to obtain the potential damage poisit. T
preliminary approach is valid for simple structures, although advanced interpolation

techniques are still needed for further development.

The second proposed approach of proposed is based on the evaluation of ¢ineefirst
variation of the naturalréquencies which is verified for small intensity cracks. An

equation similar tdeg. 8-1 could be written:
1 1 g6 2 Qo Eq.8-4

wherei g ¢iwo is a dimensionless function relating to severity. The same normalisation
procedure can be applied as for the first method from the hybrid VFM model. The severity
factor has a consistent effect on all modes of natural frequencies for each vibration mode
ard can therefore be generated as a reference to identify the crack location by isolating

the severity factorg i .

L s "Q G
i & T Eq.8-5

When the crack occurs at a particular loaat{®, y), i 4 cfo will be an independent

variable which is consistent for different vibration modes.

igafy  igad igad E  igdh Eq.8-6
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The damage location can thus be determined by findindethst variance between
different vibration modes. For any locatiof ¥), calculate the mean value:

i Fadw g i oo Eq.8-7
The variance of ¢ is
o afo i oo Qe Eq.8-8

Minimising & i would obtain the location point where the severity factor has the

least variance, which is close to the actual crack location.

The first approach could be used for single arbit@gcks. For a single crack, the
severity factor is same wherever the crack is located. However, multiple crack detection
should only consider the second approach because different cracks have different severity
factors. Dealing with multiple damage locaisois another area of research interest for

future work and could also be solved by the proposed hybrid method.

As mentioned in section 8.1, using rotational springs can only simulate small intensity
damage and classical thin bending plate theory prowdeservative results. Other
alternative damage models would need to be used to develop a more general forward

approach.
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Appendix A

Function file for bandwidth Gaussian elimination without row interchange:

function [ge]=genre (X, WBw)
for i=1:(length(x}1);
ilast=min (i+WBw(i), length(x));
for j=(i+1): ilast;
mult=x(j,1)/x(i,i);
X(j,i:ilast)=x(j,i:ilast)-mult*x(i,i:ilast)
end;
end;
ge=x;

% code to be stored

elimination

WBw isathe fbantwedth missednia the 6 g e
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Appendix B

Code for calculating the natural frequencies and mode shapes based on the

automatic mode shape sign method:

clear; clear all; format long;
lex=40; ley=40;

%number of elemesilong each axis

reqnodes= [1:6];
%regmodes: required mode number
w=0.001; La=0.1; Lb=0.1; ro=4480; E=110*10"9; t=13)( vu=0.3; d=0.99*107B);

nnodex=lex+1; nnodey=ley+1,;
nodes=nnodex*nnodey;

%w: the trial natural frequency; La/Lb: plate length along each axisymass g/m3; E:

Youngs modulus; t: thickness; \aoisson's ratio; d: the crack depth
glolnix=[0.07241181]; gloFinx=[0.075];
glolniy=[0.090340742]; gloFiny=[0.1];

%the global coordinates of the initial and final point of the crack

for i=1:length(gloFiny)
%determine the length ratio by theaxis

for j=1:length(gloFinx)
%determine the location alongaxis
Glolniy=glolniy(i); GloFiny=gloFiny(i);
Glolnix=glolnix(j); GloFinx=gloFinx(j);

[NorNF(i,j,:),NorDis(i,j,:,:)|=SgNfDis(lex,ley,reqmodes,w,La,Lb,ro,E,t,vu,d,Glolnix,G
loFinx,Glolniy,GloFiny);

%NorNF(i,j,r):i is the length variable, j is the location variable, it mode variable.

NorDis(i,j,r,node): node is the node variable depeadshe mesh.

end
end
RefValue(1,1,1:length(regmodes),:)=NorDis(1,1,1:length(regmodes),:);

%Reference mode chosen

for i=1:length(gloFiny)
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%length ratio

for j=1:length (gloFinx)

%location ratio

if j==1
for r=1:(length(regqmodes))
DifSameOrder(i,j,r)=min([sum(abs(NorDis(i,],r:)
RefValue(i,j,r,:))),sum(abs(NorDis(i,j,r,:)+RefValue(i,j,r,:))]);
DifAscOrder(i,j,r)=min([sum(abs(NorDis(i,j,r+1;:)
RefVvalue(i,j,r,:)),sum(abs(NorDis(i,j,r+1,:)+RefValue(i,j,r,:)))D;

%this comparison is based on the initial crack length ratio 0.1 optaeious location,
for the start, use the first location and first crack length ratio as a reference. For the start

point, use lengtifiamily curve as a standard.

if DifSameOrder(i,j,r)<DifAscOrder(i,j,r)
RigOrdNorNF(i,j,r)=NorNF(i,j,r);
RigOrdNorNF(i,j,r+1)=NorNF(i,j,r+1);
RigOrdNorDis(i,j,r,:)=NorDis(i,j,r,:);
RigOrdNorDis(i,j,r+1,:)=NorDis(i,j,r+1,:);

else
RigOrdNorNF(i,j,r)=NorNF(i,j,r+1);
RigOrdNorNF(i,j,r+1)=NorNF(i,j,n;
RigOrdNorDis(i,j,r,:)=NorDis(i,j,r+1,:);
RigOrdNorDis(i,j,r+1,:)=NorDis(i,},r,:);

end

NorNF(i,j,r)=RigOrdNorNF(i,},r);

NorNF(i,j,r+1)=RigOrdNorNF(i,j,r+1);

NorDis(i,j,r,:)=RigOrdNorDis(i,j,r,:);

NorDis(i,j,r+1,:)=RigOrdNorDis(i,j,r+1,:);

end
else
for r=1:(length(regqmodes))
DifSameOrder(i,j,r)=min([sum(abs(NorDis(i,j,sNorDis(i,j-
1,r,2)))sum(abs(NorDis(i,j,r,:)+NorDis(ki,r,:))]D);
DifAscOrder(i,j,r)=min([sum(abs(NorDis(i,j,r+1;)orDis(i,j-
1,r,)))),sum(abs(NorDis(i,j,r+1,:)+NorDis@},r,)))D;

%from the second length ratio from 0.2, mainly discuss the family Gased on the
previous location ratio with the same length. In a conclude, discuss the family curve focus

on the location ratio family.

if DifSameOrder(i,j,r)<DifAscOrder(i,j,r)
RigOrdNorNF(i,j,r)=NorNF(i,j,r);
RigOrdNorNF(i,j,r+1)=NorNF(i,j,r+1);
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RigOrdNorDis(i,j,r,:)=NorDis(i,j,r,:);
RigOrdNorDis(i,j,r+1,:)=NorDis(i,j,r+1,:);
else
RigOrdNorNF(i,j,r)=NorNF(i,j,r+1);
RigOrdNorNF(i,j,r+1)=NorNF(,j,r);
RigOrdNorDis(i,j,r,:)=NorDis(i,j,r+1,:);
RigOrdNorDis(i,j,r+1,:)=NorDis(i,j,r,:);
end
NorNF(i,j,r)=RigOrdNorNF(i,j,r);
NorNF(,j,r+1)=RigOrdNorNF(i,j,r+1);
NorDis(i,j,r,:)=RigOrdNorDis(i,j,r,:);
NorDis(i,j,r+1,:)=RigOrdNorDis(i,j,r+1,:);
end
end
end
RefValue(i+1,1,1:length(regqmodes),:)=RigOrdNorDis(i,1,1:length(regmodes),:);
end

%for the first reference value, the next location reference value vilidygrevious length

at the same location ratio

for j=1:length(gloFinx)
for i=1:length(gloFiny)
name=strcat('Modeshapes of crack start location: ',num2str(glolinx(j)),
numa2str(gloliny(j)), ',','Crack Length: ",num2str(sqrt((gloFimgidIniy(i))"2-
(gloFinx(i)-glolnix(i))*2)));
figure('Name',name);
for r=regqmodes
Dz=zeros(nnodex,nnodey);
for m=1:nnodex:(nodesnodex+1)
Dz(1:nnodex,ceil(m/nnodex))=RigOrdNorDis(i,j,r,m:(m+nnodBy;
end

%Dz is the final displacement for each npaEssigned the vertical displacement of each

of the node in theight place of mesh point

x=linspace(0,La,nnodex);

y=linspace(0,Lb,nnodey);

[yy,xx]=meshgrid(y,x);

%mesh the plate in correct scale

zz=Dz,

subplot(2,3,r)

cortour(yy,xx,zz)

title([Mode ',num2str(r)," : ‘,num2str(RigOrdNorNF(i,j,r))])
xlabel('y")

ylabel('x")
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zlabel('z")
colorbar
hold on
LocaX=[glolniy(i), gloFiny(i)];
LocaY=[glolnix(j), gloFinx(j)];
line (LocaX,LocaY,'Color','k','LineStyle","LineWidth',3)
hold off
end
end
end
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Appendix C

Function file for applying the Wittri ck-Williams algorithm to obtain natural

frequencies and mode shapes for a single cracked case:
% code to be stored in a file named 6Si gNf Di s

function [norNF,norDis] = SigNfDis (lex, ley, reqmodes, w, La, Lb, ro, E, t, vu, d,
Glolnix, GloFinx,Glolniy, GloFiny)

a=Lallex; be=Lb/ley;

beta=(be/a);

%a/be: element dimension along the x/y axis; beta: the aspect ratio;
IniCord=[Glolnix Glolniy];

FinCord=[GloFinx GloFiny];
VectCrack=FinCordniCord;

%initial and final point of the crackyectCrack is th vector quantity of the crack;

alpha=atan((GloFimyalolniy)/(GloFinx-Glolnix));

%the angle of the crack withaxis

TElem=lex*ley;

%total element number;

nnodex=lex+1; nnodey=ley+1,

%number of nodes along each axis;

nodes=nnodex*nnodey;

%total number of nodes of the whole structure

Enodes=zeros(nodes,1);
ii=0;
for i=[1:(nodesnnodex)]
if mod(i,nnodex)~=0
ii=ii+1;
Enodes(ii)=i;
end
end
Efnodes=Enodes(Enodes~=0);

%Ilnitial node of each element (ibam left) matrix; lengti{Efnodes) is théotal number

of elements;
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TElement=zeros(lex,ley);

%element number matrix of plates

for i=1:lex:(TElemlex+1)
TElement(1:lex,ceil(i/lex))=Efnodes(i:(i+leX));
end

%arrange the initial bottom left nodes torsesponding element

Clength=norm(VectCrack);

Seca=fix(sec(alpha)*1000)/1000; Coseca=fix(csc(alpha)*1000)/1000;
Cota=fix(cot(alpha)*1000)/1000; Tana=fix(tan(alpha)*1000)/1000;
Cosa=fix(cos(alpha)*1000)/1000; Sina=fix(sin(alpha)*1000)/1000;

%angle and lengt of the crack
FGlolnix=fix((Glolnix/a)*1000)/1000; FGlolniy=fix((Glolniy/be)*1000)/1000;
FFinElex=fix((GloFinx/a)*1000)/1000; FFinEley=fix((GloFiny/be)*1000)/1000;

%the way we keep three decimal accuracy;

if Cota>0

%Cota here is used tdetermine which equation will be used to determine the global

coordinate number;

IniElex=fix(FGlolnix)+1; IniEley=fix(FGlolniy)+1;
FinElex=ceil(FFinElex); FinEley=ceil(FFinEley);
elseif Cota<0
IniElex=ceil(FGlolnix); IniEley=fix(FGlolniy)+1,;
FinElex=fix(FFinElex)+1; FinEley=ceil(FFinEley);

else
IniElex=fix(FGlolnix)+1; IniEley=fix(FGlolniy)+1,;
FinElex=fix(FFinElex)+1; FinEley=ceil(FFinEley);
end
MaxTotE=fix(abs(FinElexniElex)+abs(FinEleyiniEley))+1;

%MaxTotE:the maximum number of element theckrenay across

tCElement=zeros(MaxTotE+1,2);
tCElement(1,1)=IniElex; tCElement(1,2)=IniEley;

%the coordinate of the x and y in global scale to determine the;CraE

reqelement=[1:MaxTotE];

%maximum requirement element number from 1:MaxTotE

reqEleLength=MaxTotE+1;
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CLength=zeros(reqEleLength,1);
Aelement=2*MaxTotE;
x=zeros(Aelement,1);
y=zeros(Aelement,1);
X(1)=Glolnix-(IniElex-1)*a;
y(1)=Glolniy-(IniEley-1)*be;

%the first poins local coordinate

fCLength=zeros (MaxTotE,1);

%theaccumulation crack length

for e=regelement
240elta=(ax(2*e-1))*Seca;
deltaB=(bey(2*e-1))*Coseca;
Delta=24Celta-deltaB;

%the virtual crack length caused byaxis and yaxis in the specific element to compare;

if Clengthl<Clength
if Delta>0
X(2*e)=x(2*e1)+(bey(2*e-1))*Cota; y(2*e)=be;
x(2*e+1)=x(2*e1)+(bey(2*e-1))*Cota; y(2*e+1)=0;
Clength(e+1)=Clengthl+(bg(2*e-1))*Coseca;

%the final local coordinate of this element and the next element

tCElement(e+1,1)=tCElement(e,1); tlement(e+1,2)=tCElement(e,2)+1;
elseif Delta<0

X(2*e)=a; y(2*e)=y(2*el)+(ax(2*e-1))*Tana;

X(2*e+1)=0; y(2*e+1)=y(2*el)+(ax(2*e-1))*Tana;
Clength(e+1)=Clengthl+{a(2*e-1))*Seca;
tCElement(e+1,1)=tCElement(e,1)+1; tCElerntenl,2)=tCElement(e,2);

else
x(2*e)=a; y(2*e)=be;

X(2*e+1)=0; y(2*e+1)=0;
Clength(e+1)=Clengthl+(bg(2*e-1))*Coseca,;
tCElement(e+1,1)=tCElement(e,1)+1; tCElement(e+1,2)=tCElement(e,2)+1,
end

fCLengthl=Clength(e+1);

else break

end

end

FCLength=fCLength(fCLength~=0);

%the final accumulation crack length
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X=x(1:length(FCLength)*2,1);

Y=y(1:length(FCLength)*2,1);

X(end)=GloFinx(FinElex1)*a;

Y (end)=GloFiny(FinEley-1)*be;

TCElement=tCElement(1:length(FCLength);

for i=1:length(FCLength)
craE(i)=Telement(TCElement(l,1), TCElement(l,2));

end

CraE=craE;

%element number start from left bottom node
for i=1:length(FCLength)
locaMx(1,1)=X(2*i-1); locaMx(l,2)=X(2*);

locaMy(l,1)=Y(2*i-1); locaMy(l,2)=Y (2*i);
end

%the local coordinate of the two ipts in single element

LocaMx=locaMx; LocaMy=IlocaMy;

%the local coordinate in each elemgnt

lengM=zeros(length(CraE),1);

for is=1:length(CraE)
lengM(is,1)=sqrt(((LocaMx(is,2ocaMx(is,1))"2)+((LocaMy(is,2)

LocaMy(is,1))"2));

end
LengM=lengM;

%the crack length in each elemgnt

DD=E*t"3/(12*(1-vu"2));

%the flexural rigidity of plate

CC=((d/t)*(2-(d/))/(0.9*((d/ty1)72);

%the dimensionless function about the d and t

lu=[10 0;

010;

001];
Ccsx=zeros(nodes,1); Gezeros(nodes,1);

%Compliance matrix
XCompi=zeros(length(CraE),1);

XCompj=zeros(length(CraE),1);
XCompm=zeros(length(CraE),1);
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XCompp=zeros(length(CraE),1);
YCompi=zeros(length(CraE),1);
YCompj=zeros(length(CraE),1);
YCompm=zeros(length(CraE),1);
YCompp=zros(length(CraE),1);

%the additional compliance at element level

MM=t*CC/(DD*(a”*3)*be);
NN=t*CC/(DD*a*(be”"3));
for is=1:length(CraE)

XCompi(is)=XCompi(is)+MM*((a*(be
LocaMy(is,1))+a*LocaMx(is,1)*Tana)*(LocaMx(is,2)ocaMx(is,1))+fa*Tana(be
LocaMy(is,1)}LocaMx(is,1)*Tana)*(((LocaMx(is,2)"2)
(LocaMx(is,1)"2))/2)+Tana*(((LocaMx(is,2)*LocaMx(is,1)"3))/3));

XCompj(is)=XCompj(is)+MM*((a*LocaMy(is,1)
a*LocaMx(is,1)*Tana)*(LocaMx(is,2l.ocaMx(is,1))+¢
LocaMy(is,1)+LocaMx(is,1)*Tana+a*Tana)*(((Locakfis,2)"2)(LocaMx(is,1)"2))/2)
Tana*(((LocaMx(is,2)"3)XLocaMx(is,1)"3))/3));

XCompm(is)=XCompm(is)+MM*((LocaMy(is, %)
LocaMx(is,1)*Tana)*(((LocaMx(is,2)"2)
(LocaMx(is,1)"2))/2)+Tana*(((LocaMx(is,2)*LocaMx(is,1)"3))/3));

XCompp(is)=XCompp(is)+N¥1*(((be-
LocaMy(is,1)+LocaMx(is,1)*Tana)*(((LocaMx(is,2)"Z)L.ocaMx(is,1)"2))/2))
Tana*(((LocaMx(is,2)"3XLocaMx(is,1)"3))/3));

Y Compi(is)=YCompi(is)+NN*((be*(a
LocaMx(is,1))+be*LocaMy(is,1)*Cota)*(LocaMy(is,2)ocaMy(is,1))+(be*Cota(a-
LocaMx(is,1)}LocaMy(is,1)*Cota)*(((LocaMy(is,2)"2)
(LocaMy(is,1)"2))/2)+Cota*(((LocaMy(is,2)"3)LocaMy(is,1)"3))/3));

YCompij(is)=YCompj(is)+NN*(((a
LocaMx(is,1))+LocaMy(is,1)*Cota)*(((LocaMy(is,2)2)LocaMy(is,1)"2))/2)
Cota*(((LocaMy(is,2)*3)(LocaMy(is,1)"3))/3);

YCompm(is)=YCompm(is)+NN*((LocaMx(is, 1)
LocaMy(is,1)*Cota)*(((LocaMy(is,2)"2)
(LocaMy(is,1)"2))/2)+Cota*(((LocaMy(is,2)"3)LocaMy(is,1)"3))/3));

YCompp(is)=YCompp(is)+NN*((be*LocaMx(is,1)
be*LocaMy(is,1)*Cota)*(LocaMy(is,2L.ocaMy(is,1))+(be*Cota
LocaMx(is,1)+LocaMy(is,1)*Cota)*(((LocaMy(is,2) AL ocaMy(is,1)"2))/2)
Cota*(((LocaMy(is,2)*3)(LocaMy(is,1)"3))/3));
end

% the integral shape function which could let each point in the crack of single element

distributed into the four nodes on thght place;

for is=1:length(CraE)
i=CraE(is); j=i+nnodex; m=i+nnodex+1; p=i+1,
Cesx(i)=Ccsx(i)+XCompi(is);
Ccsx(j)=Ccsx(j)+XCompij(is);
Ccsx(m)=Ccsx(m)+XCompm(is);
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Ccsx(p)=Ccsx(p)+XCompp(is);
Ccsy(i)=Ccsy(i)+YCompi(is);
Ccesy(j)=Ccy/(j)+YCompj(is);
Ccsy(m)=Ccsy(m)+YCompm(is);
Ccesy(p)=Ccsy(p)+YCompp(is);
end
Csx=Ccsx; Csy=Ccsy;
Index=zeros(nodes*5,1);
Lastindex=0;
for i=[1:nodes]
Index(5*i-4)=Lastindex+1;
if Csx(i)==0
Index(5*-3)=Index(5*+4)+1,
Index(5*i-2)=Index(5*+3);
else Csx(i)~=0;
Index(5*i-3)=Index(5*+4)+1;
Index(5*i-2)=Index(5*F3)+1;
end
if Csy(i)==0
Index(5*i-1)=Index(5*+2)+1,
Index(5*)=Index(5*t1);
else Csy(i)~=0;
Index(5*i-1)=Index(5*+2)+1;
Index(5*i)=Index(5*F1)+1;
end
Lastindex=Index(5*i);
end
FIndex=Index;

%the index for each of the degree of freedom to corresponding node

Fnode=FIndex(end);

% Bandwidth of matrix

bw=zeros(nodes,1);

for i=1:nodes
ilast=min(i+nnodex+1,nodes);
bw(i)=FIndex(5*ilast}FIndex(5*+4)+1;

end

Bw=zeros(Fnode,1);

for i=1:nodes
Bw(FIndex(5*+4):FIndex(5*),1)=bw(i);

end

WBw=Bw;

KT=GstiffnessK (Fnode, nodes, nnodex, E, t, vu, a, be, beta, Efnodes, FIngex, Cs

Csy);
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%KT:global stiffness

MT=GmassM (Fnode, ro, a, be, t, nnodex, Efnodes, FIndex);

%MT:global mass matrix

J= WWFDKAG(w,KT,MT,WBw);

%J: the sign count from WV algorithm

fr=length(regmodes);
for r=regmodes
while r>J
wl=w; w=2*w; wu=w;
J= WWFDKAG(w,KT,MT,WBw);
end
while (wuwl)>0.001
w=(wu+wl)/2;
J= WWFDKAG(W,KT,MT,WBwW);
if r>J
wi=w;
else
WU=w;
end
end
wr(r)=w;
modeshape(r;) WWIDKAGModeshapes(w,Fnode,KT,MT,WBw);
end

%bisection method to calculate the NF(w)

EufHz(1,1:fr)=wr(regmodes);
NondimenHz(1,1:fr)=EufHz*2*pi*(Lb"2)*(sqrt(ro*t/(DD)))
for mode=regmodes

for i=1:nodes

DOF(1)=5%i-4;
dz(mode,i)=modeshape@de,FIndex(DOF(1)));
end

maxDis=max(abs(dz(mode,:)));
for i=1:nodes
dzNor(mode,i)=dz(mode,i)/maxDis;
end
%normalise the modshape by divide the maximum absolute vertical displacement; for
each mode, transfer thRreedimensional matrix into ordimensional matrix under the

default sequence; and choose the vertical displacement from the total mode shape matrix;
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for i=[1:nnodex,(nodesinodex+1):nodes,(nnodex+1):nnodex:(nedes
2*nnodex+1),2*nnodex:nnodex:(nodasodex)]

dzNor(mode,i)=0;
end
end
norNF=NondimenHz;
norDis=dzNor;
end
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Appendix D

Code when oO6parfordé code is applied fo

same plate structure:

for i=1:length(gloFiny)
%firstly, we determine thergth ratio by the yaxis

parfor j=1:length(gloFinx)

%secondly, we determine the location alorgxsby introducing the parfor code

Glolniy=glolniy(i); GloFiny=gloFiny(i);

Glolnix=glolnix(j); GloFinx=gloFinx(j);
[NorNF(i,j,:),NorDis(i,j,:,:)]=SigNfDis(lex,ley,regqmodes,w,La,Lb,ro,E,t,vu,d,Glolnix,G
loFinx,Glolniy,GloFiny);

end
end
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Appendix E

Function file for assembly of the global stiffness matrix:

function [GSM]= GstiffnessK (Fnode, nodes, nnodex, E, t, vu, a, be,Hfetages,
Findex, Csx, Csy)

KEe= zeros (Fnode);
ww = 10710;

for i=[1:nnodex,(nodesinodex+1):nodes,(nnodex+1):nnodex:(nedes
2*nnodex+1),2*nnodex:nnodex:(nodeaodex)];

DOF(1)=5%-4; DOF(2)=5*}4;
KEe(FIndex(DOF(1)),FIndex(DOF(2)))=KEe(FIndex(DOF(E)pdex(DOF(2)))+ww;
End

KE=KEe;
Kke=EstiffnessK(E,t,vu,a,be,beta);

for is=1:length(Efnodes);
i=Efnodes(is); j=i+nnodex; m=i+nnodex+1; p=i+1,;
DOF(1)=5*-4; DOF(2)=5*+2; DOF(3)=5*}1;
DOF(4)=5%-4; DOF(5)=5*}3; DOF(6)=5*}1,
DOF(7)=5*m4; DOF(8)=5*m3; DOF(9)=5*m;
DOF(10)=5*p4; DOF(11)=5*p2; DOF(12)=5*p;

%5*i-4 is the oubf-plane deflection; 543 is the left rotation about-axis, 5*+2 is the

right rotation about xaxis; 5*-1 is the top rotation aboutgxis, 5*i is the bottom aha

y-axis
for nn1=1:12;
for nn2=1:12;

KE(FIndex(DOF(nnl)),FIndex(DOF(nn2)))=KE(FIndex(DOF(nn1)),FIndex(DOF(nn2))
)+Kke(nnl,nn2);
end
end
end
KE1=KE;
for i=[1:nodes];
if Csx(i)~=0;
nnNx1=5*-3;
nnx2=5*-2;
KE1(FIndex(nnx1l),FIndex(nnx1))=KE1(FIndex(nnx1),FIndex(nnx1))+1/Csx(i);
KE1(FIndex(nnx1),FIndex(nnx2))=KE1(FIndex(nnx1),FIndex(nnx2sx(i);
KE1(FIndex(nnx2),FIndex(nnx1))=KE1(FIndex(nnx2),FIndex(nnx/gsx(i);
KE1(FIndex(nnx2),FIndex(nnx2))=KE1(FIndex(nnx2),FIndex(nnx2))+1/Csx(i);
end
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if Csy(i)~=0;
nny1=5*%4-1;
nny2=5%;
KE1(FIndex(nnyl),FIindex(nnyl))=KE1(FIndex(nnyl),FIndex(nnyl))+1/Csy(i);
KE1(FIndex(nnyl),FIndex(nny2))=KE1(FInd@nyl),FIndex(nny2}1/Csy(i);
KE1(FIndex(nny2),FIndex(nnyl))=KE1(FIndex(nny2),FIndex(nnyl/Jsy(i);
KE1(FIndex(nny2),FIndex(nny2))=KE1(FIndex(nny2),FIndex(nny2))+1/Csy(i);

end

end

%Csx is the compliance aboubxis, Csy is the corfipnce about yaxis; the additional

spring stiffness added on the nodes bothsside

KE2=KE1;
GSM=KEZ2;
end
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Appendix F

Function file for assembly of the global mass matrix:

function [GMM]= GmassM(Fnode,ro,a,be,t,nnodex,Efnodes,FIndex)
Mme=EmassM(ro,a,be,t);
MEe=zeros(Fnode);

for is=1:length(Efnodes);
i=Efnodes(is); j=i+nnodex; m=i+nnodex+1; p=i+1;
DOF(1)=5%-4; DOF(2)=5*2; DOF(3)=5%1;
DOF(4)=5%-4; DOF(5)=5%*}3; DOF(6)=5*}1;
DOF(7)=5*m4; DOF(8)=5*m3; DOF(9)=5*m;
DOR(10)=5*p-4; DOF(11)=5*p2; DOF(12)=5*p;
for nn1=1:12;

for nn2=1:12;

MEe(FIndex(DOF(nnl)),FIndex(DOF(nn2)))=MEe(FIndex(DOF(nnl)),FIndex(DOF(n
n2)))+Mme(nnl,nn2);

end
end
end

ME=MEe;
GMM=ME;
end
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Appendix G

Function file for the constraint matrices used in the VFM model:

function [ConVICONOPT,ConFE]=Constraint (pi, Lambda, La, nnodex, nnodey, lex,
icomplex, FIndex)

LambdaRatio=zeros(length(Lambda)*2);
for i=1:length(Lambda)
LambdaRatio(2*1)=Lambda(i)/La;
LambdaRatio(2*)=Lambda(i)/La;

end

% positive and negative wavelength

xLa=zeros(1,nnodex);
for i=1:nnodex
xLa(i)=(i-1)/lex;

end

% location based on the nodes we chosen

ConLeftRo=cell(nnodex,length(Lambda)*2);
ConLeftDi=cell(nnodex,length(Lambda)*2);

ConRightRo=cell(hnodex,length(Lambda)*2);
ConRightDi=cell(nnodex,length(Lambda)*2);

for i=1:(length(Lambda)*2)
for j=1:nnodex
ConLeftRo{j,i}=[0 0 exp(icomplex*pi*xLa(j)/LambdaRatio(i)) 0 0 0 0 0];
ConRightRo{j,i}=[0 0 0 0 exp(icomplex*pi*xLa(j)/LambdaRatio(i)) 0 0 0];
ConLeftDi{j,i}=[0 0 0 exp(icomplex*pi*xLa(j)/LambdaRatio(i)) 0 0 0 0];
ConRightDi{j,i}=[0 0 0 0 0 exp(icomplex*pi*xLa(j)/LambdaRatio(i)) 0 0];
end
end
conVICONOPT=cell(4*nnode,(length(Lambda)*2));

%% VICONOPT rotation connections at all nodes

for i=1:nnodex
for j=1:(length(Lambda)*2)
conVICONOPT{2*i-1,j}=ConLeftRo{i,j};
conVICONOPT{2*(nnodex+h2,j}= ConRightRo{i,j};
end
end

%% VICONOPT displacement connections at interior nodes
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for i=1:nnodex1
for j=1:(length(Lambda)*2)
conVICONOPT{2*i,j}=ConLeftDi{i,j};
conVICONOPT{2*(nnodex+H1,j}=ConRightDi{i,j};
end
end

% constrain all rotation, just leave far end displacement free
%% VICONOPT displacements set to zero at end nodes

ConVICONOPT=cell2mat(conVICONOPT);

% transfer cell to matrix, make the camasnt to be fitted in the global stiffness matrix

ConFE=zeros(2*nnodex*2,FIindex(end));

%% FE rotation connections at all nodes

for i=1:nnodex
ConFE(2*t1,FIndex(5*2))=1,;
ConFE(2*(nnodex+iR,FIndex(5*(nnodex*(nnodey)+i)-3))=-1;
end

%% FE displacement connections at interior nodes

for i=2:nnodex1
ConFE(2*i,FIndex(5*4))=-1;
ConFE(2*(nnodex+Hl,FIndex(5*(nnodex*(nnodey)+i)-4))=-1;
end
end
% 1. set the first node's displacement constraint to zero, leave thadatisplacement
constraint free;2. 2*nnodex: the total nodes along the VICONOPT boundary between
the FE and VICONOPT3. *2:the total degree of freedom in VICONOPY need to
constrain, which is the rotation about x axis and displacement. onlgfgaianeproblem
considered4. nnodex*nnodey: the total nodes in the FE pé&rt*3:the total degree of
freedom in the FE par6. the-1 comes from th&/illiams and Anderson (1983J. the
size of the constraint matri the number of column is the number of different half
wavelength we choose (include the positive and negativetbra)umber of row is the
number of different degree of freedoms for different nodes (left and right side plate
included)
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Appendix H

Function file for calculating the mode shapes:

function [WTWLfDKAGModeshapes]=
WWfDKAGModeshapes(w,Fnode,KT,MT,WBw)

K2=KT-(MT*(w*2*pi)"2);
K2=genre(K2,WBw);

Dis=zeros(Fnode,1);

Pn=rand(Fnode,1);
Dis(Fnode)=Pn(Fnode)/K2(Fnode,Fnode);

for i=1:(Fnodel);
Sum=K2(Fnodd,Fnodei+1:Fnode)*Dis(Fnodé+1:Fnode);
Dis(Fnodei)=-Sum/K2(Fnode,Fnodei);

end

WTWLIDKAGModeshapes=Dis;
end
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Data used in VICONOPT to calculate the natural frequencies and mode shapes:

TITLE

Simply supported, through length delamination, Nx, vary width
VICON 2 10

WAVELENGTH

X1 0.01 1.0 0.99

VIBRATION

ANALYSIS

EIGENVALUE

123

LENGTH 100.

PFAST

MATERIALS
1130.E30.32.36 5.E3 10.E3
LAYERS

10.12510.

2 0.125 1 45.

30.125 1 90.

WALLS

11223 122332213221
2 1223
3122332213221
PLATE

12.1

22.2

32.3

ALIGNMENT

OFF420. 0.7500.75
OFF530.-0.250.-0.25
CONNECTION

121

=(1)(1)(0)

==(50)

ATTACHMENT

1901 51901
LONGITUDINAL LINE SUPPORT
123

PLOT

231.

POINT SUPPORTS

3
23456789101121314151617 18192021 22232425
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X=0.

3

26 27 28 29 30 31 32 33 34 36 37 38 39 40 41 42 43 44 454B648 49 50
NODES

1234567891011121314151617 1819 20 21 22 25326 27 28 29 30 31
323334353637 383940414243 44 44488 495051

CROSS
0
END
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