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Abstract

Bituminous coals are still the main source of energy in the world. However, these brittle
porous materials are prone to crushing under action of industrial tools. Our early depth-
sensing nanoindentation tests of bituminous coals showed that even if the depth of indentation
is within the nanoscale, these brittle coals are no longer continuous elastic media within the
indentation zone but rather fine powders of crushed particles irrespectively to the coal maceral.
Dust formation of the materials is a problem of great practical importance for the mining
industry. Indeed, the powders of coal particles formed during crushing may cause not only
explosions in mines but they also contaminate the environment around the roads of the coal
transportation. In this study, the crushing of coals due to action of rigid conical indenters
and formation of small coal particles is investigated. The studies are based on development
of the Galanov-Grigoriev (GG) model of crushing of brittle porous materials and the model
adjustment to specific features of coal fracture. Using the indentation tests, we estimate
the size distribution of the dust particles formed within the region of fully crushed material.
Results are presented for coals of three different stages of metamorphism.

Keywords: indentation; Galanov-Grigoriev model; dust formation; porous brittle media; coals

1 Introduction

The term ’coal’ does not mean a specific material having well known material properties. One
can say that coal is a naturally sedimentary rock having an organic genesis. Actually, coals are
sedimentary materials composed of a number of distinct organic entities called macerals and
some amount of inorganic substances along with internal pores and cracks. They contain also
water and gases in submicroscopic pores (Neavel 1981, Xie 2015). Hence, the term includes
a wide class of materials having extremely complex heterogeneous internal structure. The
coals are usually classified as peat, brown coals (also known as ”lignites”), bituminous coals
(also known as ”steam coal”, ”rock coals”, and ”hard coals”) and anthracite. High pressure,
relatively high temperatures, and time metamorphose low-rank coals into bituminous coals
and anthracite. The degree of metamorphism is an important feature of coal that reflects
changes in coal components, structures, and properties. The maceral composition of coals is
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defined by many factors such as specific features of the coalification processes, the nature of
the initial plant material and the conditions of its accumulation and decomposition (Epshtein
et al. 2015). The carbon contain of coals varies from 65 to 95 % depending on the degree of the
coal metamorphism. Here we concentrate on bituminous coals that are the most important
and the most widely spread kind of coals (Xie 2015).

Formation of coal dust particles is a problem of great practical importance for mining
industry. The coal dust may cause explosions in mines. The problem of coal dust formation
is also important for environmental studies. As it was noted by Kossovich et al. (2019b),
the coal dust is a significant threat to the safety of people and to the environment because
the fine coal dust particles whose sizes are less than 25 µm are able to stay in the air for a
long period of time. These particles may also appear during mining, storage, transportation
and processing of coals. The coal dust may contaminate the environment around the roads
of the coal transportation. Our studies are based on modelling of indentation tests in porous
materials and development of the Galanov-Grigoriev (GG) model of crushing of brittle porous
materials (Galanov and Grigoriev 2006).

Indentation techniques are traditionally used for determination of some mechanical char-
acteristics of materials (Grigorovich 1976, Fischer-Cripps 2011). In particular, many papers
of geomechanics and civil engineering are devoted to studies of mechanical properties of rocks
and cement pastes by indentation techniques (see, e.g. reviews by Meyers 1982 and Constan-
tinides et al. 2003). Microindentation tests are also very popular in application to coals (see,
e.g. Musyal 1963, GOST 21206-75, Epshtein et al. 2007, Hower et al. 2008, Kožušńıková
2009). For example, the state standard (GOST 21206-75) applies to coal and anthracite and
establishes methods for determining the microhardness and microbrittleness of vitrinite of coal
and anthracite in polished briquettes and polished pieces. The standard was introduced in
Soviet Union and it is still valid in Russia, Ukraine, and many other countries of the former
Soviet Union.

The depth-sensing nanoindentation (DSNI) techniques enabled us to examine mechanical
properties of coal organic components belonging to different groups of macerals using a new
procedure based on the joint application of continuous nanoindentation and optical microscopy
(Borodich et al. 2015, Epshtein et al. 2015). Later these techniques were developed further
and discussed in several papers (Kossovich et al. 2016, 2019a, Argatov et al. 2017). Nowadays
the DSNI tests of coal samples are used worldwide (see, e.g. Vranjes et al. 2018). However,
the traditional indentation techniques at both micro and nano scales usually do not consider
fractures of materials.

On the other hand, problems of contact between a rigid indenter and a brittle mate-
rial resulting in cracking were studied by many authors. Hertz was the first researcher who
mentioned creation of cracks due to punch indentation; then the problems related to crack
formation during indentation into brittle and elastic-plastic materials were intensively studied,
see, e.g. a literature review by Lawn (1993) and Kolesnikov and Morozov (1989). A rather
sophisticated behaviour is observed in glass samples under action of a small spherical indenter:
median cracks and plastic deformation within a core region along with occasionally Hertzian
cone cracks form during the loading cycle, while radial cracks and lateral cracks occur on
the unloading cycle (Lawn 1993, Kolesnikov and Morozov, 1989). The microbrittleness of
minerals and coals is usually calculated using the idea introduced by Bernhardt (1941). He
argued, that if the load during microindentation of a brittle material is below some critical
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load Pcr specific for the material, then one does not observe cracking. This observation was
employed for estimation of the microbrittleness of minerals and coals. Usually the number of
imprints producing cracks in a group of 100 imprints of a sample is calculated and this number
is used as the microbrittleness characteristics (Musyal 1963, Epshtein et al. 2007). However,
destruction of many natural and artificial materials may result not only in creation of a crack
or system of cracks but also in crushing of materials. Indeed, depth-sensing nanoindentation
tests of thin coal sections glues to a a hard substrate (see Borodich et al. (2015) for further
detail of tests) revealed a significant influence of the glue layer on the obtained experimental
data. The values of effective modulus of coal macerals glued to the substrate estimated by
the usual procedure introduced by Oliver and Pharr (1992) depend strongly on the maximum
depth of indentation. Fitting of the experimental data by several popular approximating func-
tions, showed that many of these functions do not reflect the data trends for both vitrinite and
inertinite macerals (Kossovich et al. 2016). These surprising observations were explained by
Argatov et al. (2017) employing asymptotic models. It was shown that the above mentioned
popular approximating functions can be successfully used for metallic samples whose internal
structure is not changed by nanindenters. However, even if the indentation depth is within the
nanoscale, these brittle coals are no longer continuous elastic media within the indentation
zone but rather fine powders of crushed particles irrespectively of the coal maceral (Arga-
tov et al. 2017). This paper is devoted mainly to theoretical modelling of crushing of coals
under action of an indenter and to questions related to the estimations of coal dust particle
distributions. However, the results may be also applied to other porous materials.

2 Indentation of porous brittle materials and coals.

We believe that modelling of porous materials is somehow similar to modelling of steel samples.
Indeed, at the micro/nano scales steels consist of collections of anisotropic crystals, however
if one considers fracture at meso or macroscales then steel samples are modelled as isotropic
homogeneous solids. We assume that the same approach is valid in application to coals. At
micro/nano scales they consist of different components, however, to model fracture of coals at
meso and macro scales they could be considered as the first approximation, as brittle isotropic
solids. Here we discuss models of indentation of materials that due to action of the indenters,
change their structure within the specific regions. The crushed regions have internal structures
that differ from the initial structure of non-damaged materials. If one considers the mechanical
behaviour of the initial material that has got these regions then it should be classified as plastic.
Indeed, the material that was deformed by an external load, does not restore its original shape
after unloading, i.e. there is no elastic potential and the work done by the stresses to deform
material depends on the path of deformation. However, one cannot employ the classic theory
of plasticity in a direct way. Due to densification of crushed material, the hydrostatic pressure
causes plastic deformations in a way similar to one observed in sintering materials.

It is known that coals of different stages of metamorphism differ in their structure (Hirsch
1954). For example, a ”liquid” model was proposed for mid-stage metamorphism coals: weakly
ordered graphitized structures are connected by amorphous material structures, and the pro-
portion of amorphous material is comparable to the proportion of relatively small graphitized
structures. This fits well with the idea of the unbundling structure of coking coals (high coking
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coals), which is the reason for their transition to a liquid state when heated at temperatures of
350-400o C. For low-rank coals, an ”open structure” model was proposed, in which amorphous
matter is predominant, and graphitized clusters are distributed unevenly, and the connectivity
of structural clusters is realized due to the predominance of cross-links, i.e., chemical bonds.
At the same time, high-grade coal and anthracites are characterized by an ordered oriented
structure with a large proportion of enlarged graphitized clusters with a low proportion of
amorphous matter. In this case, the connectedness of structural clusters is due to prevailing
non-covalent interactions, such as van der Waals forces. Therefore, the mechanisms of fracture
of coals of different stages of metamorphism may be not the same and they depend on the
structure of a coal under consideration. As we have noted above, the properties of coals at
meso and macro level, including the elastic modulus and the values of the critical stress inten-
sity factor, of course depend on the properties of their constituent macerals, metamorphism,
and many other conditions, however, they are determined experimentally.

Consider a brittle structured material as having the initial porosity θ0 as a brittle half-space.
A conical indenter of semi-vertical angle B is vertically pressed by load P into this half-space
(see Fig. 1). The porosity of materials may greatly affect their mechanical behaviour (see, e.g.
Shtern et al. 1982, Olevsky 1998, Manoylov et al. 2013). Let the volume of pores in a unit
volume of the porous material (the porosity) be θ then the volume of the solid (bulk) part is
1 − θ. If a porous material has the density ρ and the density of the solid phase is ρs, then
ρ = ρs(1 − θ). In coal samples due to presence of pores and defects that are not visible by
optical microscopy, stiffness and flexural strength of the strip-shaped samples extracted from
the one chunk of coal may vary in an extremely large range (West et al. 2012). Moreover,
the macerals have different porosity characteristics, e.g. vitrinite is mainly characterized by
microporosity, the inertinite is dominated by meso- and micropores, while liptinite has a large
fraction of macropores. The dividing point between macropores and micropores is often taken
as an effective pore radius of 10.0 nm (see, e.g. Xie 2015). Because the porosity of different coal
macerals differs, speaking about the initial porosity θ0, we mean the total initial porosity of a
particular coal sample that is estimated as a macro characteristics of the sample. Further, the
hardness of a coal maceral determined using microindentation differs considerably of hardness
values of the same maceral determined using nanoindentation (Kossovich et al. 2019a).

It is known that the Meyer hardness is the ratio of the applied load to the projected area of
indentation, while Martens hardness is hardness under test force; we denote as HM the Meyer
hardness under applied load, i.e. HM = P/(πa2). Deformations and fracture of coals depend
on many parameters. To model the process under consideration one needs to know elastic
characteristics: Young’s modulus (E) and Poisson’s ratio (ν) of the coal. Because fracture
and crushing of the coal is modelled one needs to introduce the following characteristics: the
values of strength of the porous material under uniaxial compression (Y ) and tension (σf ).
To model fracture of a brittle material one needs to know either its HM or its surface energy
γ (alternatively its critical stress intensity factor KIc).

Analysing elastic-plastic indentation Johnson (1985) noted that it is very difficult to cal-
culate the contact stresses due to an elastic-plastic indentation in practice because the shape
and size of the elastic-plastic boundary is not known a priori. Hence, he considered a simpli-
fied model of an elastic-plastic indentation. This model describes the contact surface of the
indenter being encased in a semi-spherical ’core’ of radius a and a hydrostatic component of
stress is acting within the core. Then for r > a, i.e. outside the core, he assumed that the
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Figure 1: Indentation of a brittle material having a core of crushed particles (the region 1:
0 ≤ r < a), a region of fracture (the region 2: a ≤ r ≤ c), and a region of elastically deformed
material (the region 3: c < r). Indenter is a cone of semi-vertical angle B. Region 2 contains
internal radial cracks along with the surface radial cracks. The size of surface radial cracks cs
exceeds the size of region 2, i.e. cs > c.

stresses and displacements have radial symmetry and are the same as in an infinite elastic,
perfectly-plastic body which contains a spherical cavity under a hydrostatic pressure. The
Johnson core model was developed further by many authors in particular by Galanov and
Grigoriev (2006) and Galanov et al. (2016, 2017).

According to the Galanov-Grigoriev (GG) model (2006), due to action of the indenter,
three regions can be delineated (see Fig. 1): (i) an elastic region r > c, (ii) an intermediate
region a ≤ r ≤ c having radial crack fracture, and (iii) the core of crushed material r < a.
Here c is the radius of the fracture region, and a is the radius of the contact area between
the indenter and the sample) and this radius is equal to the radius of the semi-spherical core.
It is also assumed that the radial displacement ur(r) is a continuous function of r argument
within all regions.

Figure 2: An image of the core and fracture regions within Al2O3 ceramic composite (after Grigoriev

et al. 2013).

5



Figure 3: Images of the core and fracture regions within ZrB2 − SiC ceramic composite (due to

O.N. Grigoriev): (a) an imprint with a core region and surface lateral cracks; (b) the core and the

surrounding regions uncovered by the lateral cracks; and (c) the granular stricture of the crushed

region (the dust particles of the core).

It is difficult to check visually the applicability of the GG model assumptions to coals
because normally only very thin coal samples are transparent (see a discussion by Borodich
et. al. 2015); the coal structures at atomic/nano level were studied using X-rays (see, e.g.
Hirsch 1954). However, this model can be supported by considering the images of fracture
within a transparent sample of a ceramic Al2O3 sample (see Fig. 2), and where one can
observe both the core of crushed material along with radial cracks (Grigoriev et al. 2013).
In the processes under consideration, surface radial and lateral cracks are essentially radial
volume cracks in the dilation region, however the shapes of the cracks are modified by the
presence of a free surface of the sample and the processes of loading and unloading the sample.
After unloading the sample, the lateral cracks reveal the deformed and fractured state of the
sample in the core and its surroundings, making it available for observation in a plane parallel
to the sample surface (see Fig. 3). The cracks start from the surface of the core and have no
significant effect on the stress-strain state and fracture of the sample represented by the core
model.
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3 Modelling of material fracture and crushing.

The indentation problem under consideration is axisymmetric.

3.1 Fracture and crushing regions according to the GG model.

Let us consider the above mentioned regions separately following the ideas by Galanov and
Grigoriev (2006). Because there are neither electronic version of the paper nor its translation
into English, for the sake of completeness, we present a concise version of the GG model as
applied to a new kind of materials.

Volumetric strain within the material is expressed as e =
∑

∂uk/∂xk. Note that e < 0 for
r < a due to irreversible compaction of the material; e > 0 (material dilated) for a ≤ r ≤ c
due to development of radial cracks and pores, and as it is shown below, the volumetric part
of the stress tensor is equal to zero for r > c and, therefore, e = 0 in this region.

Region 3. The elastic region is located at c < r. Here we have the following equations of
equilibrium, constitutive relations and expressions for strains in our axisymmetric problem

dσr
dr

+ 2
σr − σβ

r
= 0, (1)

er =
1

E
(σr − 2νσϕ) , eβ = eα =

1

E
[(1− ν)σϕ − νσr] ,

er =
du

dr
, eβ = eα =

du

dr

where σr and σβ are radial and hoop stresses respectively, ǫr is a radial strain, and ǫβ = ǫα
are hoop strains.

The condition at the infinity and boundary conditions are

lim
r→∞

ur(r) → 0, σα(r = c) = σβ(r = c) = σf .

Solving the problem, one obtains

ur =
1 + ν

E
σf
c3

r2
, σr = −2σf

(c

r

)3

, σβ = σf

(c

r

)3

, r ≥ c, (2)

and, for the radial displacement ur(c) we have

ur(c) =
1 + ν

E
cσf . (3)

It follows from (2) that in the elastic region the hydrostatic pressure p = −(σr+2σβ)/3 = 0,
and the volumetric strain e = er + 2eβ = 0.

Region 2. It is located at a ≤ r ≤ c. This region material is dilated due to radial cracks.
It will be shown that the volumetric strain in this region is not constant; in fact, it increases
in the opposite direction to r from e = 0 at r = c, to e = ec at r = a+ 0. For such volumetric
strain and stress fields, the radial cracks become opened up, i.e. they have some volume, and
create pores, however, the model considers the Region 2 as a continuous medium and it does
not use any specific description of a pore or a crack that cause the dilation.
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At the boundary r = a the stresses in the dilatation region correspond to the following
boundary conditions

σr(r = a+ 0) = −HM ; σβ(r = a+ 0) = σα(r = a+ 0) = 0. (4)

At the boundary r = c the stresses are

σr(r = c− 0) = −2σf ; σβ(r = c− 0) = σα(r = c− 0) = 0. (5)

At the boundary r = c the stresses σr are continuous, whereas σβ, σα have discontinuity.
Hence, the stress-strain state within the Region 2 (the dilatation and fracturing region) is
determined by the following equations

dσr
dr

+ 2
σr
r

= 0, (6)

σr = E
dur
dr

, (7)

with boundary conditions (4) for equation (6) and boundary conditions (3) for equation (7).
Integrating (6) and (7), one obtains

σr = −HM
(a

r

)2

, (8)

ur =
HM

E
a
(a

r
− a

c

)

+
cσf (1 + ν)

E
. (9)

From (5), (7) and (9), taking into account the continuity of the radial stresses at r = c,
the location of the failure front is determined as

c = a

√

HM

2σf
. (10)

Let us denote as k the ratio

k = a/c =

√

2σf
HM

. (11)

It follows from (10) that the dilatation and fracturing region (c > a) exists for materials
for which the condition 2σf < HM is satisfied. It is assumed further this condition to be
valid. This fact and equality (9) allow us to obtain the following relation at r = a + 0 in the
considered region:

ur =
HM

E
a

(

1− (1− ν)

2
k

)

, (12)

er =
dur
dr

= −HM
E

< 0; eβ =
ur
a

=
HM

E

(

1− (1− ν)

2
k

)

,

e(a+ 0) ≡ ec = er + 2eβ =
HM

E
a (1− (1− ν)k) .
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As the material fracturing leads to pores formation, and the volumetric strain rate de/dt
is connected with the porosity change rate dθ/dt by the differential law

de =
dθ

1− θ
, (13)

then, the material porosity θ in the dilatation region at r = a + 0 that was formed after
fracturing, may be determined from the integral equation (13) as

e = ln
1− θ0
1− θ

(14)

where θ0 is the initial porosity that can be taken at the boundary r = c.
Fortunately, in the framework of the present model, the equation (13) may be integrated

within the Region 2 without the use of any incremental technique usually employed in theories
of deformation of sintered or porous materials. Therefore, we obtain the connection between
distributions of stresses and the porosity. It follows from (14) that the ’final’ porosity θ∗ at
r = a+ 0 is

θ∗ = 1− (1− θ0) exp(−ec). (15)

Hence, the additional porosity of the material due to disintegration and fracturing ( the
induced porosity) θc in the region a < r < c is

θc = 1− exp(−ec). (16)

Note that in this region, the volumetric strain e = er + 2eβ.
Region 1. The core has radius r = a and it consists of the fully crushed and compressed

material, i.e. the material within this region is being crushed by the shear stresses and then
packed. The model uses the assumptions similar to ones used by Johnson (1985), i.e. the
pressure in the core is close to hydrostatic. The porosity θk arises at r = a− 0 from fractured
material of Region 2 having porosity θ∗ by its compaction to θk.

The deformations of the crushed medium can be described by the following equations that
are based on equations of plasticity of sintered materials (Shtern et al. 1982, Olevsky 1998,
Galanov and Grigoriev 2006)







p2

ψ
+
τ 2

ϕ
=

2

3
(1− θ)Y 2,

ϕp = sψτ,
(17)

where

p =
σ1 + σ2 + σ3

3
, τ =

1√
3

[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ1 − σ3)
2
]1/2

,

σ1, σ2, σ3 are principal stresses. The following notations (Olevsky 1998) are used ψ = 2(1 −
θ)3/(3θ) and ϕ = (1− θ)2 that are functions of porosity θ. The system (17) includes the index
of the deformed state s (see, e.g. Shtern et al. 1982) that is determined as the ratio of the
rates of volumetric (ė) and shear (Γ̇) strains s = ė/Γ̇. It can be shown that s = −

√

3/2 (see
Appendix A). This value of the index corresponds to compression of the porous medium in a
spherical mold.
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The system of equation (17) is similar to equations of plasticity and therefore, they can be
treated as equations of ’quasi-plasticity’ of the porous medium. Indeed, if one determines an
equations of a yield surface in theory of plasticity, in the GG model the latter equation of the
system determines the surface of fracture.

At the front r = a, the former equation in (17) could be considered at the condition of
crushing of the material by shear stresses. The material porosity in this case is determined
by (16), i.e. θ = θc. The latter equation in (17) may be considered as an associated law of
crushing and packing of the material in Region 2, having induced porosity θ = θc. Therefore,
crushing and packing of the material in Region 2 at the front r = a is considered to be
quasi-plasticity of the porous material.

Substituting

θ = θc, p =
σr + 2σβ

3
, τ =

√

2

3
|σr − σβ| , σr = −HM,

into the conditions (17) at the front r = a and excluding σβ, we obtain the following formulae
for HM that is similar to the famous Tabor law (Johnson 1985)

HM = CY, C = K
(1− θc)

3/2

√
θc

, K =
2
(

θc −
√

2/3(1− θc)s
)

3
√

θc + 2/3(1− θc)s2
=

2

3
, (18)

where the ’induced’ porosity θc is defined by the following relation

θc = 1− exp(−ec), ec =
HM

E
[1− (1− ν)k] > 0. (19)

One can estimate the work spent to fracture of the material. It follows from the GG model
(see Appendix B) that the energy spent for crushing all material of the core is

A3f =
πHM2a3

3E

[

1 +
2(1 + 3ν)

HM2
σ2

f

]

(20)

This expression will be used further to estimate the sizes of dust particles.

3.2 Statistical characteristics of dust particles

Crushing of glass samples was studied by Galin, Cherepanov and their co-authors assuming
that all particles have the same size. Their approaches may be found in a book by Cherepanov
(1979). If we consider dust particles as spherical then we can take the particle radius R as its
characteristic size. Note that assumption of equal sizes of all particles (Cherepanov 1979), i.e.
the probability distribution function is the Dirac delta function, is a quite rough approximation
that may lead to controversial conclusions. Therefore, we assume that the probability density
function p(R) of the radii of crushed particles (R) satisfy the uniform distribution

p(R) =

{

R−1
m , 0 < R ≤ Rm

0, R ≤ 0, Rm < R.
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The main basis for the assumption of uniform probability density function of particle sizes in
the core is the almost homogeneous pressure in the core. Indeed, p = HM (1− θk) where θk
is small (see Appendix B).

It is clear that the mathematical expectation (mean) of the distribution is m = Rm/2
where Rm is the maximum size of the particle, while the dispersion σ2 = R2

m/12.
By definition, dust particles include particles whose diameters d are within the following

interval d0 = 1µm ≤ R ≤ d1 = 100µ m. Hence, we have

P (d0 ≤ d ≤ d1) ≡ P (R0 ≤ d ≤ R1) =

∫ R1

R0

p(R)dR =
R1 −R0

Rm

=
d1 − d0
2Rm

.

The value P (d0 ≤ d ≤ d1) defines the ability of a coal to create dust particles. This
ability may be estimated using the methods of continuous fracture mechanics on the basis
of measurements of the hardness HM of coals. Evidently, HM for different coals should be
measured applying the same compressive load.

The volume of the core is (2/3)πa3, therefore, it follows from (20) that the energy Π spent
for crushing a unit volume of the core is

Π =
A3f

2πa3
=
HM2

2E

[

1 +
1 + 3ν

2
k4
]

. (21)

On the other hand the size Rm is defined from the energy equation

Π = 3γ

[
∫ Rm

0

R2p(R)dR

]

/

[
∫ Rm

0

r3p(R)dR

]

=
4γ

Rm

(22)

for a volume unit of crushed material. Comparing (21) and (22), one obtains the radius of the
maximum particle and the mathematical expectation of the particle size respectively

Rm = 4γ/Π, m = 2γ/Π. (23)

The effective fracture surface energy γ of a coal sample can be estimated by its critical
stress intensity factor KIc as

γ =
1− ν2

2E
K2

Ic.

Then (23) can be written as

Rm =
2(1− ν2)

EΠ
K2

Ic, m =
(1− ν2)

EΠ
K2

Ic. (24)

An alternative estimation of γ may be obtained by correlative connection of KIc and
compressive strength of the coal sample σc.

Some preliminary studies (Epshtein et al. 2020) showed that the petrographic composition
(maceral composition) of coals has a significant effect on their ability to fracture and crushing.
Therefore, in order to reduce the uncertainty introduced by petrographic composition on
the results of mechanical tests, we used coals with a high content of vitrinite (Table 1).
Microhardness on coals was also determined on vitrinite group macerals in accordance with
the standard microindentation method described in the state standard (GOST 21206-75).

11



Naturally coals are characterized not only by their mechanical properties but also by other
indicators. Here the following indicators are presented: the mean random vitrinite reflectance
index Ro,r, the vitrinite content V t , the inertinite content I, the liptinite content L, the total
moisture Wt, the ash on dry basis Ad, the volatiles yield on dry ash-free basis V daf , the gross
calorific value on dry ash-free basis Qdaf

s , the sulphur contents on dry basis Sd
t , and the plastic

layer thickness Yl. Plastic layer thickness is used to characterize the bituminous coals ability
for transition from solid to liquid phase during heating at temperatures range of 300-450 o in
non-oxidizing environment. This index is determined using the so-called plastometric curve
denoting the bulk alteration of coal in time at a given mode of temperature raise. The larger Yl,
the higher the so-called caking ability of the coal. Table 1 shows the main indicators reflecting
the petrographic composition, rank and quality of coals originating from the Kuznetsk coal
basin, used as an example of applying the proposed model.

Table 1: Main indicators of coals used in experiments.
Coal Ro,r, V t, I, L, Wt, Ad V daf , Qdaf

s , Sd
t Yl,

Kind % % % % % % % MJ/kg mm
I 0.7 88 9 3 6.3 7.5 41.2 32.6 0.6 6
II 0.9 93 7 - 4.1 7.8 38.5 35.8 0.5 31
III 1.8 7 3 27 - 3.9 14.6 13.4 34.9 0.5 0

Three kinds of coals of different stages of metamorphism were tested: (i) a) a bituminous
coal having the mean random vitrinite reflectance index Ro,r = 0.7% (kind I); (ii) aa bitumi-
nous coal having Ro,r = 0.9% and high caking ability; its plastic layer thickness is Yl = 31 mm
(kind II); and (iii) a bituminous coal having Ro,r = 1.8% and Yl = 0 (kind III).

Coals were sampled from coal seams according to standard methods (see GOST 21206-75).
According to the standard, pieces of 30-50 mm long were from each kind of coals. As test pieces,
polished sections were prepared such that the polished surface is oriented perpendicular to the
bedding direction. At least two randomly selected testing surfaces were prepared from each
sample of a coal. Microhardness measurements were performed on vitrinite group macerals, in
an optically homogeneous region having no cracks and mineral inclusions. From thirty to fifty
measurements were made on a single sample at different sections of vitrinite. For specified kind
of the coals, the average of the measured microhardness values for all samples was calculated
and used in the model if the standard deviation from the average for all measurements did
not exceed 5%. After sampling, the samples were placed in sealed containers to exclude
the influence of oxidation on the properties of the coals. The coals were chosen according
the following principles: (i) they have close petrographic compositions having predominant
vitrinite content (the range of vitrinite contents in coals is 73-93%); (ii) they have a significant
difference in caking ability characterized by Yl. One can see from Table 1 that even if the coals
of kind I and kind II have small difference in terms of vitrinite reflection index, they differ
significantly in terms of caking ability. The coal of kind III has a high vitrinite reflectance and
it is characterized by a complete absence of caking ability. Thus, the selected bituminous coals
are close in petrographic composition, however, they have different vitrinite reflectance and
they differ significantly in terms of caking ability in the series of metamorphism of bituminous
coals which indicates the differences in their structure (see, e.g. Hirsch 1954).

12



Let us consider the above described coals of varying stages of metamorphism. Using
their mechanical properties including the average hardness HM of coals, along with the above
described GG model, one can estimate the size distribution of the dust particles formed within
the region of fully crushed material (Region 1). In Table 2 we present the characteristics of
the coals. Some data for Table 2 was taken from the handbook tables presented by Shtumpf
et.al. (2014) and the list was extended by the results of our custom experiments described
above.

Table 2: Mechanical properties of coals of varying stages of metamorphism.
Coal Kind E, GPa ν Y , MPa σf , MPa HM , MPa KIc, MPa· m3/2

I 6 0.23 14.8 1.22 320 0.26
II 10 0.16 20 2.2 260 0.5
III 3 0.26 13.9 1.4 380 0.31

Using the data of Table 2, we can use the equations (11), (21), and 24) in order to estimate
the sizes of the dust particles in the bituminous coals of the above described kinds. The results
of the calculations are presented in Table 3.

Table 3: Ratio of fracture front’s radii k, energy spent for crushing of a unit volume of the
core Π, average m and maximum Rm sizes of the coal dust in coals of varying stages of
metamorphism.

Coal Kind k Π, MJ m, µm Rm, µm
I 0.087 8.534 1.25 2.5
II 0.13 3.381 7.2 14.4
III 0.086 24.1 1.24 2.48

One can see that the sizes of dust particles of bituminous coals of low and high stages of
metamorphism are practically the same, while the dust particles of the middle stage of meta-
morphism are almost six-times larger than in the coals of other stages. Note that although
quantitatively, the radii of the crushed material particles for coals of low and high stages of
metamorphism are comparable, this does not mean that the fracture mechanism are the same.
In fact, these mechanisms should differ from each other and they depend on the structure of
the studied coals and properties of constituent macerals. However, as it has been explained
above, the present model works with average macroscale fracture characteristics. The mod-
ern methods of measurment of hardness are based on the use of depth-sensing indentation
(DSI) techniques (see, a review by Borodich 2014). These analytical treatments of the DSI
experiments are usually based on the Oliver-Pharr approach (see, e.g. Oliver and Pharr 1992,
Fischer-Cripps 2011). If one applies an alternative approach introduced by Galanov and Dub
(2017) then one can show (Kossovich et al. 2019a) that the values of HM are lower than
the values obtained by Oliver-Pharr approach. One can see from (21) and (22) that, if HM
increases, then the values of Rm will decrease in turn.
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4 Discussion and Conclusion

Fracture, crushing and dust formation of bituminous coals under action of hard tools are prob-
lem of great practical importance for the mining industry. Currently there are not theoretical
models describing these complex phenomena. Here for the first time, the problems of crushing
and dust formation of coals are studied using the Galanov-Grigoriev model.

It follows from the classic Griffith idea that fracture of elastic brittle solids is connected
to the amount of energy released due to fracture. To calculate this energy in brittle coals,
one needs to consider the stress fields in all regions separated by the fronts r = c and r = a.
Fracture at the front r = c and development of cracks in Region 2 induce additional porosity
of the material (coal). Then, in Region 1 (the core), one observes crushing of this fractured
material and its compaction. According to the GG model the material behaviour in the
core is described by the system(17) that is an analogy to models of plasticity of porous or
sintered materials (see, e.g. (5.1)-(5.3) by Shtern et al. 1982) that actually neglect the elastic
strains and the solid phase is considered as incompressible material. Therefore, there is some
contradiction in the model assumptions, namely we estimate the energy spent for crushing
a unit volume of the core, while, on the other hand, the elastic strains are neglected by the
system(17). To compensate the neglect of the elastic strains and in turn, to overcome the
contradiction, the elastic energy released in the core (the region of fully crushed material) is
calculated as a sum of the jumps of work of elastic deformations at the fronts r = c and r = a
(see Appendix B).

As we have noted above, there is an analogy in modelling of fracture of coals and polycrys-
talline metals. If properties of individual crystals of a steel sample are different, each crystal
is anisotropic and has its own orientation in space. However, to model cracking of a metal
sample, one considers the sample as an isotropic solid with an average value of the critical
stress intensity factor KIc. The KIc values are determined experimentally. In coals, a similar
situation is observed. At the nano and micrometre level, they consist of various macerals and
they have a layered structure, however, at this stage, we model the coals as a brittle isotropic
material. The properties of this material, including the elastic modulus and the values of the
critical stress intensity factor, of course depend on the properties of their constituent macer-
als, metamorphism, and many other conditions, however, they are determined experimentally
from macroscale experiments. Studying porous materials, one can get the macro-hardness
of the material HM experimentally by indentation of the material by a relatively large load
when the hardness gets stable values that are not affected by bluntness of the indenter. Other
parameters of the problem: E, ν, σf , KIc and θ0 are also measured experimentally. Then
applying the Galanov and Grigoriev (2006) model one can analyse the core of fully crushed
material in detail. For example, using the system of non-linear equations (18) and (19), one
can calculate the compressive strength of the material Y

Y =
3
√
θc

2 (1− θc)
3/2
HM.

Note that the relation Y as a function of HM is non-linear because θc is also a function of
HM . The model can be also applied to calculate the density of the material within crushed
Region 1.
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As it has been mentioned above, here the GG model was applied to the problem of crush-
ing of porous brittle solids and dust formation under instrumented indentation. The results
obtained are important in predicting the yield of airborne respirable dust with particles whose
sizes are less than 10 microns (the amount of such particles is used for determination of the
degree of atmospheric air pollution). Particles of such sizes may remain in air as suspended
dust for a long time. Although our approach is valid in application to many other porous
brittle materials, we concentrated on bituminous coal particles as an important source of en-
vironmental contamination. The energy spent for crushing of a unit volume of the core Π was
calculated and used to estimate the average m and the maximum Rm sizes of the coal dust
in coals of varying stages of metamorphism. Our results show that in all cases there are no
particles that are greater than the upper limit for crushed dust particles, however there are
nanodust particles.
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Appendix A.

The index of the deformed state s.
It is known (Shtern et al. 1982) that the rate (Γ̇) of second deviatoric stress invariant (Γ)

Γ =
1√
3

√

(ǫ1 − ǫ2)2 + (ǫ1 − ǫ3)2 + (ǫ2 − ǫ3)2

may be used as a scalar characteristic of material deformation at constant volume. Here ǫ1,
ǫ2, and ǫ3 are the principal strains. For our spherically symmetric problem, we have ǫ1 = ǫr,
ǫ2 = ǫ3 = ǫβ. Hence, we have

Γ =

√

2

3
|ǫr − ǫβ| =

√

2

3

< p >

E

(

2− (1− ν)

2

√

2σf
< p >

)

. (A1)

Let us calculate the index of the deformed state s at the front r = a. By definition we
have

s =
ė

Γ̇
=
de

dΓ
=

e+ − e−

Γ+ − Γ−
(A2)

where the signs ′+′ and ′−′ denote the values of the functions before (at r = a+ 0) and after
the front (at r = a− 0), respectively.
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By substitution of (A1) into (A2), we get

s =

√

3

2

e+ − e−

|ǫ+r − ǫ+β | − |ǫ−r − ǫ−β |
. (A3)

Taking into account that er < 0 and eβ > 0, while ǫ+β = ǫ−β , we obtain from (A3) the value we
have declared above

s =

√

3

2

e+ − e−

−ǫ+r − ǫ+β + ǫ−r − ǫ−β
=

√

3

2

e+ − e−

−ǫ+r + ǫ−r
=

√

3

2

e+ − e−

−e+ + e−
= −

√

3

2
.

Appendix B.

Works of elastic deformations and material crushing.
In the spherical system of coordinates, the specific work of elastic deformation per volume

unit could be written in the following form

we(r) =
1

2E

[

σ2

r + 2σ2

β − 2ν(σ2

β + 2σrσβ)
]

. (B1)

For the region 3, substituting equation expressions (2) into (B1) we get

we(r) =
3σ2

f (1 + ν)

E

(c

r

)6

, (B2)

and the elastic energy stored in Rregion 3 r ≥ c equals to

A1 =

∫∫∫

r≥c

wedV =
2π(1 + ν)σ2

f

E
c3 =

π(1 + ν)kHM2

2E
a3. (B3)

Substituting r = c into (B2), one can estimate the energy of elastic deformation A2 stored
in the region r ≤ c before its crushing

A2 =
2

3
πc3we =

2π(1 + ν)σ2
f

E
c3. (B4)

For the region 2, one can get from (B1)

we =
HM2

2E

(a

r

)4

. (B5)

and the stored elastic energy A3 in this region

A3 =

∫∫∫

a≤r≤c

wedV =
πHM2

E
a3 (1− k) . (B6)

Substituting r = a into (B5), one can estimate the energy of elastic deformation A4 stored
in the region r ≤ a before its crushing and formation of the fragmented core material

A4 =
2

3
πa3we =

πHM2

3E
a3. (B7)
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This part of elastic energy is released at the front r = a and causes to transformation of coal
to the powder of the core. It will be shown below that this part of energy is the main part of
energy spent for the core formation.

Galanov and Grigoriev (2006) calculated the average porosity of the core θk, the volumetric
strain of the solid phase (eks) after it has been compressed by the hydrostatic pressure ps =
p/(1 − θk), and the average volumetric strain ek in the core taking into account the volume
of the indenter part penetrated into the material. In particular, they derived the following
formulae

θk = sup

{

1− (1 + eks)(1− θ∗)

1 + ek
, 0

}

, eks = −3HM(1− 2ν)

E

and

ek = −cot B

2
+

3

2

HM

E
[2− (1− ν)k] +

8(1− ν2i )HM

πEi

where Ei and νi are the elastic modulus and Poisson’s ratio of the indenter.
After the formation of the fragmented core, the core can be considered as an elastic material

having porosity θk and subjected to the hydrostatic pressure p = −HM(1− θk).
The specific elastic energy stored per volume unit is

we =
p2

2Kef

=
HM2(1− θk)

2

2Kef

, Kef =
E

3(1− 2ν)
(1− θk) (B8)

where Kef is an effective elastic bulk modulus of porous material for small values of θk. Then
the elastic energy A4 stored in the core is

A5 =
HM2(1− 2ν)

E
(1− θk)πa

3. (B9)

Using (B3), (B4), (B6), (B7) and (B9), one can calculate the total work Ae of the elastic
deformation during indentation

Ae =
5

∑

i=1

Ai =
4π(1 + ν)σ2

f

E
c3 +

πHM2

E
a3

(

4

3
− k

)

+
HM2(1− 2ν)

E
(1− θk)πa

3.

That can be written as

Ae =
πHM2

E
a3

[

4

3
+ νk + (1− 2ν)(1− θk)

]

.

Note that both the energies released at the front r = a and at the front r = c contribute
to the core formation. The latter contribution compensates the neglect of the elastic strains
in the system(17). Hence, the elastic energy released in the core is calculated as a sum of the
jumps of work of elastic deformations at the fronts r = c and r = a. This sum is equal to the
energy released due to fracture.

For r = c, one has w+
e =

3(1 + ν)σ2
f

E
, and w−

e =
2σ2

f

E
, then [we](c) =

(1 + 3ν)σ2
f

E
.

Using (B1), one can determine the jump [we](a) = w+
e − w−

e of the function we at the
transition through the crushing front r = a. It is assumed that after the crushing w−

e = 0.
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Because it follows from (B5) at r = a that w+
e =

HM2

2E
, we obtain [we](a) =

HM2

2E
. Thus,

one has

[we] = [we](a) + [we](c) =
HM2

2E

[

1 +
2(1 + 3ν)σ2

f

HM2

]

.

Note that [we](c) is small in comparison with [we](a).
Finally, the elastic energy released in Region 1 (r < a) is

A3f =
2

3
πa3

(

HM2

2E
+

(1 + 3ν)σ2
f

E

)

=
πHM2

3E
a3

[

1 +
2(1 + 3ν)σ2

f

HM2

]

.

This is exactly the expression (20) used for estimation of the sizes of dust particles and it is
almost the same as the expression for A4 in (B7).
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