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Abstract

Self-locked energy-absorbing systems have been proposed in previous studies to
overcome the limitations associated with the round-tube systems because they can
prevent the lateral splash of tubes from impact loadings without any constraints. In
case of self-locked systems, the ellipse-shaped self-locked tube is considered to be an
optimal design when compared with the ordinary circle-shaped self-locked tubes and
other shaped self-locked tubes. In this study, we aim to theoretically analyze the
ellipse-shaped self-locked tubes. Further, a plastic hinge model is developed to predict
the force—displacement relation of the tube, which is compared with the deformation
process observed in the experiment and finite element method (FEM) simulation.
Using this model, the effects of tuning the geometric parameters of the tube on the
energy absorption performance, including the deformation efficiency, energy

absorption capacity, and effective stroke ratio, are simulated and analyzed. Finally, a
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guideline is provided with respect to the design of the ellipse-shaped self-locked tube

in engineering applications.

1. Introduction

Sudden impacts and blast loadings considerably damage lives and properties
owing to their destructiveness and unpredictability. Therefore, the development of
effective energy absorption devices plays a paramount role in many fields, including
aerospace, navigation, and road traffic [1-6]. The metallic thin-walled round-tube
system is one of the most widely used energy absorption devices for impact protection
owing to its low cost, manufacturability, and high specific energy absorption [7-10].
Recently, researchers have focused on improving the energy absorption properties of
the round-tube system by designing novel shapes and geometry for tubes, including
square, elliptical, spherical, and tapered shells [11-16]. Some researchers have also
investigated the material design and/or structural forms of the system [17-19]. For
instance, origami crush boxes and nested systems have been proposed because they
can improve the energy absorption efficiency and capacity, respectively [17-18].
Composite structures, such as sandwich beams and foam-filled tubes, have been used
in the energy-absorbing tube systems because they are lightweight and exhibit high
structural performance [20-23].

Modifiability is an indispensable requirement associated with the
energy-absorbing devices because it is vital to respond quickly to ensure protection

under emergency circumstances. However, the conventional round-tube systems
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require additional labor and time during installation with respect to the positioning of
structures and establishment of boundary constraints; thus, they are incapable of
modifiability or providing a quick response. Therefore, Chen et al. proposed a novel
self-locked energy-absorbing system in which tubes can interlock with each other and
no constraints are needed on the boundary or between the tubes [24, 25]. They also
proved that the ellipse-shaped self-locked tube is an optimal design when compared
with other conventional self-locked tubes [26]. The ellipse-shaped self-locked tube
not only overcomes the splashing of the tubes, as shown in Fig. 1, but also
significantly improves the energy absorption properties because it exhibits an
improved collapse stroke as well as energy dissipation potential per unit mass or
volume upon lateral compression, resulting in excellent energy absorption efficiency
[11, 26]. However, the ellipse-shaped self-locked tubes have never been theoretically
studied. The theoretical model can provide a fundamental understanding of the tube
response mechanics under loadings and investigate the effects of the geometric design
parameters on the energy absorption performance. Therefore, there have been
continuous demands to theoretically analyze the ellipse-shaped self-locked tubes.
Many researchers have studied the plastic deformation of the thin-walled round tubes
based on the plastic hinge theory, where plastic deformation is assumed to occur only
at the plastic hinges and the elastic deformation is neglected. Deruntz and Hodge
proposed a four-hinge mechanism to study the quasi-static lateral compression of a
circular tube between two parallel rigid plates [27]. Their model can approximately

predict the force—displacement curve; however, it neglects tube flattening. Burton and
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Craig developed a six-hinge model to address the tube flattening problem [28].
Furthermore, Reid and Reddy proposed a hinge line theory, where the localized
hinges were replaced by an arc exhibiting an adjustable length upon compression, and
demonstrated its strong agreement with the experimental results [29].

V= 20m/s

(b) (d)

Fig. 1. Energy absorption systems under lateral impact: (a) ellipse-shaped self-locked
system, and (b) conventional round tube system, and their deformed configurations

(c)-(d) at 70% normalized displacement [26].

Here, we intend to establish a theoretical model for studying the force response
of the ellipse-shaped self-locked tube under static compression, enabling the
optimization of the design of the ellipse-shaped self-locked tube systems. Section 2
involves quasi-static experiments and finite element method (FEM) simulations of the
tube for investigating the tube deformation under compression. Based on the
experimental and simulation results, a plastic hinge model of the tube is established
and presented in Section 3. Using the theoretical model, the effects of tuning the

geometric parameters of the tube on the energy absorption performance are studied
1
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and a guideline with respect to the design of the ellipse-shaped self-locked tubes is
presented in Section 4. This work theoretically analyzes the force response and energy
absorption performance of the ellipse-shaped self-locked tube and provides
information about the structural design of the energy-absorbing systems in
engineering applications, including aircraft, vessels, and automobiles.
2. Mechanical response of ellipse-shaped self-locked tube

To establish a theoretical model for the ellipse-shaped self-locked tube,
quasi-static experiments and FEM simulations are firstly carried out in this section to

investigate the mechanical response of the tube under compressive loadings.
2.1 Geometry of the ellipse-shaped self-locked tube

An ellipse-shaped self-locked tube is comprised of two open elliptical shells and
two parallel flat plates, and the geometry is determined by 6 parameters as shown in
Fig. 2(a) and (b): the length L, the width of flat plates W, the spacing between flat
plates S, the thickness 7, the horizontal semi-axis a and the vertical semi-axis b. In
this paper, the shape of the tube is characterized by normalized geometry parameters,
i.e. the normalized flat plate width W=W/b, the normalized flat plate spacing

S=S /b, the normalized thickness T=T /b and the ovality of the ellipse e=b/a.
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Fig. 2. Model of an ellipse-shaped self-locked tube from (a) isometric view and (b)

side view, and experimental specimen from (c) isometric view and (d) side view.

2.2 Experimental specimen and setups

The ellipse-shaped self-locked tube specimen is manufactured by 3D printing
using white photopolymer resin, as shown in Fig. 2(c) and (d). The mechanical
properties of the material of experimental specimens are listed in Table 1, which are
obtained from the tensile tests of the specimen material, with details provided in
Appendix Al. The geometric parameters of specimens are provided in Table 2, and
the chamfers with radius of 2mm are designed between the open elliptical shells and
parallel flat plates.

Table 1. Material properties of white photopolymer resin.

6
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Young’s modulus  Poisson ratio  Initial yield stress Hardening modulus Density

(MPa) (MPa) (MPa) (kg/m?)

225 0.4 22.5 7.5 1000

Table 2. Geometric parameters for tube specimen (mm).

Specimen L w S T a b
#1 49.8 315 2.8 1.0 7.4 9.7
#2 49.6 314 29 1.0 7.5 9.8
#3 49.7 41.7 3.0 1.0 9.9 10
#4 49.9 41.5 29 1.0 9.9 9.8

The quasi-static crushing experiments of the specimens #1 and #2 are conducted
by Instron 5565-5kN test machine. The tube is placed between two rigid plates, as
shown in Fig. 4(a)-(e). The lower supporting plate is fixed, and the crushing load is
applied to the upper loading plate. The crushing loading speed is 0.5mm/min, which is
sufficiently slow to suppress the dynamic effects, therefore this loading can be
considered to be quasi-static. The measuring range of the load cell is up to SkN, with
accuracy of 0.5%. The load and the corresponding displacement are recorded per 0.1s.
2.3 Finite element simulation

The FEM simulation of the static compression of the ellipse-shaped self-locked
tube model is conducted by ABAQUS/Standard, with geometric parameters same as
the average of experimental specimens #1 and #2. The chamfers with radius of 2 mm
are also designed between the open elliptical shells and parallel flat plates. The tube

material is white photopolymer resin, and a bilinear elastic-plastic constitutive model
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is employed in the simulation, with mechanical properties listed in Table 1. Because
the length of the unit cell L is large enough, it satisfies the plane strain condition and
the plane strain elements CPE4R are used in ABAQUS, with using 6 elements
through thickness. In the simulation, the ellipse-shaped self-locked tube is constrained
by the loading plate and the supporting plate. The two plates are both idealized as
rigid bodies, and all degrees of freedom of the supporting plate are constrained. A
vertical static displacement load is applied to the loading plate to crush the tube. The
contact properties between surfaces are set as “surface to surface” and “hard” contact,
and the friction coefficient is 0.05 [18, 25]. According to the tube configuration,
loading symmetry as well as the deformed configurations observed in experiments as
shown in Fig. 4(a)-(e), the tube is assumed to be doubly symmetric during the
compressive process. Therefore, only a quarter model of the proposed tube is
established in FEM simulation, and the symmetry boundary conditions are applied on
the vertical and horizontal symmetry planes, respectively, as shown in Fig. 4(f)-(j).
2.4 Results and discussion

The force-displacement curves of the ellipse-shaped self-locked tube obtained
from experiments and FEM simulation are depicted as blue curves with different
markers and blue dashed curve in Fig. 3, respectively, and the deformed progress is
presented in Fig. 4. The experimental and simulation results coincide well with each
other, which validates the accuracy of the simulation model.

In Fig. 3, the displacement of the loading plate 26 is normalized by the vertical

axis length 2b as S = S/b. As shown in Fig. 3, the deformation of the tube can be
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divided into three phases. The force of the tube increases almost linearly with the
displacement at the beginning of phase I, because the mechanical behavior at this
moment is dominated by the elastic deformation. As the crushing progresses, some
part of the tube gradually goes into plastic stage. At about 10.6% normalized
displacement, the two flat plates of the tube contact each other, and the deformation of
the tube enters phase II. Due to the manufacture error, the specimens could enter
phase II earlier than the tube model in FEM simulation, as shown in Fig. 4(b) and (g).
As the crushing progresses, the upper and lower flat plates of the tube bend toward the
loading plate and the supporting plate, respectively, and the ellipses deform
significantly, as shown in Fig. 4(c) and (h). Phase II is the most important energy
absorption phase, because most crushing energy is absorbed in this process. With the
gradual increase of the compressive loading, the flat plates of the tube contact the
loading plate and the supporting plate, respectively, as shown in Fig. 4(d) and (i).
When the deformation of the tube enters phase III, as shown in Fig. 3, the force of the
tube increases sharply in this phase, and the tube is no longer suitable for energy

absorption.
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Fig. 4. Deformed configurations of the ellipse-shaped self-locked tube model with

a=7.5mm and b=10mm: (a)-(e) quasi-static experiment and (f)-(j) FEM simulation.

As a comparison, the compression behavior of the previously proposed
circle-shaped self-locked tube [24] is also studied by quasi-static experiment and FEM
simulation. The geometric parameters of circle-shaped self-locked tube specimens #3
and #4 are provided in Table 2, and the results are depicted as red lines with different
markers and red dashed line in Fig. 3, respectively. Compared with the circle-shaped
self-locked tube, the ellipse-shaped self-locked tube improves the energy absorption
capacity significantly.

3 Theoretical model of the ellipse-shaped self-locked tubes

Based on above experimental and simulation results, the crushing process of the
tube is firstly dominated by elastic deformation in a very short region, and then goes
into plastic deformation dominated region soon. To analyze the energy absorption
performance of the tube theoretically, the elastic deformation is ignored and a plastic
hinge model of the tube is established in this section.

3.1 Plastic hinge model

According to the deformed configurations observed in Fig. 4, a plastic hinge

model is developed herein with the following assumptions [27, 30].
(1) The elastic deformation is ignored.

(2) The plastic deformation only occurs at the plastic hinges.

(3) The plastic hinge is approximated as a region of length A=4T, which is

11
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much smaller compared with the tube size, and thus undergoes uniform
change in curvature At [29].

(4) The friction is neglected.

In engineering fields, the energy absorption structures are mostly made of metal
to improve the energy absorption capacity. Therefore, the rigid-plastic model with
isotropic linear hardening is adopted here to describe the constitutive relation of
material

o,(6,)=0,+Ezs, (1)
where o0, , &,, Ep and o, are the stress, strain, plastic hardening modulus and

uniaxial yield stress of tube material, respectively. The moment M at plastic hinges is

expressed as [18, 27]

(52
M =M, | 1+=2 Ak )

30

where M, =0T 2L/4 is the yield moment, 7 is the tube thickness and Ak is the
change of curvature. Similar with the FEM simulation model, only a quarter of the
ellipse-shaped self-locked tube is considered in developing the plastic hinge model.
According to the discussion in Section 2, the deformation of the ellipse-shaped
self-locked tube model presents a three-phase behavior. Fig. 4(f) illustrates the initial

configuration of the model, and the plastic deformation initiates at points B and C. In

—

phase I, a deformation zone BD is generated and attached to the loading plate

because the plastic hinge D originates from point B and travels along the elliptical arc

g(\:. Arc OAB is assumed to be rigid and move downwards in this phase. As the

crushing progresses, the flat plates of the tube contact each other, and the deformation

12
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of the tube enters phase II, as shown in Fig. 4(g). The deformation zone BD is
enlarged significantly, and the deformed configuration of arc l/)_\C is the same as that
of phase 1. The flat plate ,O?x of the tube begins to bend towards the loading plate, as

shown in Fig. 4(h). However, the angle between arc OA and arc AB keeps

constant. When the upper flat plate touches the loading plate as shown in Fig. 4(i), the

deformation of the tube enters phase III. In phase III, the angle between arc OA and

—

arc AB is enlarged, and a deformation zone OE is generated and attached to the

loading plate because the plastic hinge E originates from point O and travels along the
elliptical arc OA.. In this paper, the force on the tube is divided into two parts, one is
the force F'8 on arc OAB in phases I, II and III, and the other is the force Fb on arc

CD.

3.2 Force analysis of arc OAB

(1) Phase I
- .S/2 . 5/2
- 1/ __________ 2 1/ __________

(a) (b)
Fig. 5. Plastic hinge model of arc OAB in phase I: (a) initial configuration and (b)

deformed configuration.

—

In phase I, arc OAB is assumed as a rigid body moving downwards until the
13
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flat plate OA reaching the horizontal symmetry plane, as shown in Fig. 5. Therefore,

——

arc OAB has no plastic deformation, and the crushing force at point B in phase I can

be expressed as
Fy=0, (0<5<5,) 3)

where é_'l is the normalized displacement of the loading plate at the end of phase I

and equals

—_

o ==

= (4)
(2) Phase 11
CMOA (
5 o
b-5/2

Fig. 6. Plastic hinge model of arc OAB in phase II: (a) hinge formation and (b)

deformed configuration.

The flat plate OA starts to bend due to the bending moment Moa in phase I,
and the curvature change of the plate OA is uniformly distributed because the
friction at point A is neglected, as shown in Fig. 6. Based on the assumption (2) of
plastic hinge, arc OA is idealized as a plastic hinge of length A, =W/ 2 in this

phase. In phase II, a plastic hinge is generated at point B, and the horizontal
14
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displacement between hinge B and point A is assumed to remain as a constant length a
during the whole compressive process, which had been shown by the experimental

and simulation deformation depicted in Fig. 4(c)-(e) and (h)-(j). Moreover, the

elliptical arc AB is assumed as a rigid body connected by two plastic hinges OA
and B, and it rotates clockwise. The angle between arc AB andarc OA at point A
is considered to be constant.
The equilibrium of moment of arc AB with respect to point A is

F-a=M,, +M, (5)
where FB is the force at hinge B, and Moa and Mg are the moments at hinges OA
and B, respectively. According to the assumptions above, arc AB can be assumed as
a quarter of an ellipse tube with horizontal semi-axis a and vertical semi-axis b—J,
as shown in Fig. 6(b). Based on the curvature equation of the ellipse, the curvature

change at point B is Ak, =(b—&)/a’ . According to Eq. (2), the moment at point B

18

30 a

ET p-—
MB=M0£1+ . fj ©)
For elliptical arc ABC, because the flat plates spacing S is much smaller than initial

horizontal semi-axis a and vertical semi-axis b, we assume that the inclined angles

p—

of arc AB at point A and EC at point C equal and denote them as y , as shown in
Fig. 6. The inclined angle of arc OA at point O is zero, therefore the inclined angle

ofarc OA is w and the deformed curvature of arc OA is

2y
Aky, = W (7)

According to Egs. (2) and (7), the moment Moa can be expressed as
15
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ET 2(//
M, =M0(1+j-w) 8)

s

Substituting Egs. (6) and (8) into Eq. (5), the crushing force at point B in phase II is

expressed as

FB

T2Lé*a ET’Lé'a _
_ol'Lea &y e(l— ) 2y
We

’ k 5 +T}, (5,<5<8) o)

where o), is the normalized displacement of the loading plate at the end of phase II.

According to the deformed configuration in Fig. 7(a), é_‘“ satisfies

E-(l—cosy/n)zl—gn (10)
2y
where ¥/ is the inclined angle of arc OA at the end of phase II. The normalized
displacement & is the function of y , with the detailed expression provided in
Section 3.3, therefore the inclined angle ¥, and the normalized displacement &,

can be obtained from Eq. (10).

(3) Phase IIL

(b)

Fig. 7. Plastic hinge model of arc OAB in phase III: (a) hinge formation and (b)

deformed configuration.

16
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In phase III, the circular plate /OTQ is also compressed and gradually attached to

the loading plate as shown in Fig. 7, and two plastic hinges are generated at points A

and E. The plastic hinge at point A is assumed as a fixed hinge, and the plastic hinge

at point E is a travelling hinge moving from point O to point A so that arc C/)TA can be

fully attached to the loading plate, as shown in Fig. 7(b). The circular arc EA is

treated as a rigid body and rotates anti-clockwise. The angle between arc AB and

—_

OA at point A is increased in this phase, therefore the bending moment Ma is

occurring at point A. In phases I and II, the total crushing force of OAB F__

equals Fs. Because a new plastic hinge is formed as point E in phase III, the force

F_—_ of phase III satisfies
OAB
Fo =F,+F, (11)
where FB and FE can be obtained from the equilibrium of moment of the curved arcs

EA and @,respectively, as
wY (w ’
F.ofl —| -|=—=-b+0| =M +M, (12)
2 2y

F];.a:MB—{—MA (13)

and

where the expression of Ms can be found in Eq. (6). According to isotropic hardening

assumption, the moment of arc EA is

ET
M=M,- 1+3” (Aky, +AK') (14)

s

where Ak, is the deformed curvature of the arc EA at the beginning of phase III,

17
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and Ak’ is the additional curvature change of EA in phase III. Therefore, the

moments at hinges E and A can be expressed as

ET
M, =M, -[1+ LAk, +AK! )} (15)
3o, ¢
and
ET
M, =M, .{1+ L (Aky, + A, )} (16)
3o, A

The deformed curvature of the arc EA at the beginning of phase III is the same with

that of C/)_A at the end of phase II and is obtained from

2y
Ak, = WH 17)

The additional curvature changes at hinges E and A in phase III are

4
Mg == (18)
and
1 zﬂ _b+5, 2K _b+s
L _ Y _ A 19
Ak, A (v -y )+| arccos 7 arccos W (19)
2y, 2y

where A, is the effective hinge length of point A, which is assumed to be four times

of the wall thickness, i.e. 4,=4T [18, 25, 30].

Based on the above equations, the force F . of phase Il can be expressed as

18
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T2Le*a E.T’Lé’a _
. _oT Lea+ » '{62(1_5)+2V/u
OAB 2 12

¥ —y, +arccos — —arccos —
n I W _ W

oNOYTULT D WN =

g + = : ~[6O'S72Lea +Ep7_"3Lea
14 12\/”’(1—5)—(1—3)2

16 W =2y, (1-5,) W =2y (1-5)
17 W — W/, +arccos = —arccos ———=——-=

| ¥ w.___ w
19 w AT

22 (6, <5 <1) (20)
From the results in Fig. 4, the additional curvature change at hinge A Ak, in

27 Phase I1I is limited. Thus Eq. (20) can be simplified as

29 oT’Le*a ET’Léa [ , - 2y,

21

32 + ! -[6037_"2Lea+EpT3Lea-6Vl/%Hj

" 12\/VZ(1—5)—(1—5)2

37 3.3 Force analysis of arc 613

—

When conducting force analysis of arc CD, we assume that the plastic zone

originates from point C and extends towards point D, because the largest bending

—

44 moment of arc CD M. occurs at point C. Point D is assumed as a hinge moving
46 : - . : . .

47 rightwards, and arc CF is assumed as a hinge whose length is increasingly enlarged
49 during the compression process, as shown in Fig. 8(a) and (b). The ellipse arc DF is

assumed as a rigid body connected by these two hinges, and rotates anti-clockwise

54 with angle ¥ from its original position, as shown in Fig. 8(a).
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Fig. 8. Plastic hinge model of (a) arc DF and (b) arc FC.

Based on approximately differential equation of the deflection curve, it can be

obtained from Fig. 8(b) that [11, 12]

d’ .
E, I ds(zp =-—F,sing (22)

where Fp is the force at hinge D, /=T 3L/12 is the second moment of the cross

section, @ is the curved beam angle and s is the curved beam length. Eq. (22) can be

integrated as

EI(dpY
L || =F cosp+C 23
Z(dsj D 4 (23)

where C' is an arbitrary constant. The curved beam angle at point E satisfies ¢ =/,

therefore the curvature of arc FC at point F can be expressed as

3

do 1 e;., s 2 N\
— =—=—(sin" ¥ +e" cos 2 24
(dsl,ﬂ R. AL 7) 4

where Rr is the radius of curvature of arc FC at point E and y is the angle between

segments O'C and OF which satisfies y = f— . Substituting Eq. (24) into Eq. (23),

we obtain that
20
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dpY 2F, 1
— | = - +— 25
( % j EpI (cosq) cosﬂ) R}f (25)

As shown in Fig. 8(b), the equilibrium of moment of arc i:?j with respect to C

is
M. =M,+Fyq (26)
where ¢ is the horizontal displacement between points F and C. The bending moment

M. of arc FC at point C can also be expressed as
d 1
Mo=M,+E,I (—(”j D 27)
ds J,,

From Egs. (26) and (27), we obtain that

(%j :@4_1 (28)
ds ),., EI a

Substituting Eq. (28) into Eq. (25), we obtain that

F? 2F,  2F,

D 2
224t q-
Ep[ Ep]a Ep]

1 1
(I—COSﬂ)'l‘?—F:O (29)
F

As shown in Fig. 8(a), the equilibrium of moment of arc DF with respect to F

is
FD-(p—q)=2M0 (30)
where p is the horizontal displacement between points D and C, and can be calculated

by

e’sin’ y +cos’

p(l//):acosy/+a(ez—l)sinl//cosy/\/ €2))

(e2 - 1)2 sin® y cos’ y + e
The detailed analysis of p(y) can be found in Appendix A2.
Substituting Eq. (30) into Eq. (29), we obtain the positive root of the force at

hinge D Fp as follows
21
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2M pa—FE I(p+acosf—a 1
5 2Mopa—E,I(p p-a),

P p2a pz(l
2 AM2a’ E Ia’
\/[Epl(eracos,B—a)—?_Mopa] ~E,Ip’ (E—°]—4M0a+EpI— ”Rz
p F
(0<5<1)
(32)

where the expressions of Mo, Rr, p and / can be found in above analysis. Denoting that
f =ky , we obtain that
y=B-y=(k-1)y (33)
Based on previous work [11], we assume that k£ =1.6 in this paper.
The normalized vertical displacement of the loading plate § can be expressed

as

2 2 .9 2 2

— siny 1 (e —1) sin“y cos iy +e

S(v)=1+ > —;\/ e 5 (34)
v +cos i

The detailed analysis of & (1//) can be found in Appendix A2.

3.4 Constitutive relation of ellipse-shaped self-locked tube

Because of symmetry, the crushing force F of an ellipse-shaped self-locked tube

can be obtained by F,

otal

=2 (FA +F, ) , therefore we obtain that
OAB
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where the expressions of R, (), p(w) and 5(w) canbe found in Egs. (24), 31)

and (34), respectively.
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Fig. 9. The force-displacement curves of the ellipse-shaped self-locked tube model

made of 201 stainless steel with vertical semi-axis 5=10mm.

Based on Eq. (35), the force-displacement curves of the tubes made of 201
stainless steel obtained from the plastic hinge model are presented in Fig. 9. The
mechanical properties of 201 stainless steel are listed in Table 3, and the geometric
parameters are provided in Table 4. From the results, the tube with larger ovality e
displays larger energy absorption capacity, and the critical displacement between
phases II and III is also larger. The FEM simulation results of the tubes with the same
geometric and mechanical parameters are also obtained and presented in Fig. 9 for the
comparison purpose. At the beginning of the crushing, the FEM simulation forces
increase with an approximate linear relationship with the displacement because the
crushing in this phase is dominated by the elastic deformation. In elastic stage, the
deformation of the tube can be predicted by the linear elastic analysis, with details in
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Appendix A3 and results shown by dashed curves. Since the elastic deformation is
neglected in the plastic hinge model, the forces predicted by the plastic hinge model
remain almost constant. In phase II, the plastic deformation becomes dominant part,
therefore the prediction of the plastic hinge model is getting close to the FEM
simulation results. From discussions above, phase II is the most important energy
absorption process, and the force of the tube in phase II is almost horizontal as shown
in Fig. 9, indicating an excellent performance of energy absorption. In phase III, the
prediction of plastic hinge model gradually goes lower than the results of FEM
simulation. This underestimation of crushing forces at large crushing displacement is
also observed in the theoretical models of round tube [27, 30]. This is because the
effect of strain hardening and the reduction in hinge length are ignored in the
theoretical model [29].

Table 3. Material properties of 201 stainless steel.

Young’s modulus  Poisson ratio  Initial yield stress Hardening modulus  Density

(GPa) (MPa) (MPa) (kg/m?)

191 0.26 322 1100 7830

Table 4. Geometric parameters of the tubes (mm).

L w S T a b
50 32 3 1 7.5 10
50 42 3 1 10 10
50 52 3 1 12.5 10

The relative error of the total energy absorption EA of the three tube models

25
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between plastic hinge model and FEM simulation are provided in Table 5. Herein EA4
is defined as the total energy absorbed by the tube before densification, with detailed
definition provided in Section 4.1. The tube is no longer suitable for energy
absorption in phase III, thus only the results in phases I and II are compared. From the
results, the theoretical and simulation results coincide well with each other, which
proves that the proposed plastic hinge model is accurate and can be used into the
following optimization.
Table S. The relative error of the total energy absorption £4 of the three tube models

between plastic hinge model and FEM simulation (b=10mm).

Relative error (%)

a (mm)
Phase | Phase II
7.5 5.74 2.82
10 4.93 1.61
12.5 12.6 3.55

4. Optimization of the tube

Based on the plastic hinge model established in Section 3, the effects of the tube
geometric parameters on energy absorption properties are investigated in this section,
and a guideline for designing the ellipse-shaped tube is provided.
4.1 The key performance indicators

For a well-designed energy absorption element, large energy absorption capacity,
high efficiency and long effective stroke ratio are all in a great demand. To find an

optimal solution, the total energy absorption £A4, the mass specific energy absorption

26
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SEAm, the volume specific energy absorption SEAy, the normalized energy absorption

efficiency 77 and the effective stroke ratio ESR are adopted as basic energy
absorption performance indicators.
Here the total energy absorption £4 is calculated by
25“’\(‘)&
EA=| " Fdu (36)
0
where u is the displacement of the loading plate, and o_.  is the maximum half

max

displacement of the loading plate taken into consideration, taken as o, =0, [8, 24,
31]
The mass specific energy absorption SEAx is defined as the energy absorption

per unit mass [22, 32]

se4, 24 (37)
m

and the volume specific energy absorption SEAy is defined as [33]

EA
where m 1s the mass of the tube and given by
arctan (2]
m =2 pTLea’ [4max(e,1)+(27r—4)-min(e,l)]- l-—— "2 |+ e (39)
/4
and V is the space volume taken by the tube, expressed as
V =Lea’ [27r+eVI_/(§+7_“)J (40)

The normalized energy absorption efficiency 7 is defined as the ratio of the

mean loads F,,, = EA/26,,. to the maximum force Fmax, Which can be expressed as

mean max

[22, 32, 34]
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2 5"15)(

Fdu

__F .
— mean — 4 1
77 Fmax 251’1’13)( : Enax ( )

Here Fmax is defined as the maximum force during the compression process from
0=0 to d=0,. The normalized energy absorption efficiency 77 can reach the
maximum of 100% only when the reaction force F' is constant.

The effective stroke ratio ESR is defined as the ratio of the effective stroke to the
original height of the tube under compression. The concept of ESR is similar with the
densification strain for cellular materials. In this study, phase III is the densification
stage of the tube, therefore, the effective stroke is adopted as the total compressive
displacement at the end of phase II, and the effective stroke ratio ESR is expressed as
[22, 32]

ESR =6, (42)
4.2 Geometry effects on energy absorption properties
The geometry of tube cross-section is determined by the vertical semi-axis b, the

ovality e, the normalized thickness T , the normalized flat plate width W and the
normalized flat plate spacing S . To investigate the effects of these parameters on the
energy absorption performance indicators established above, a series of geometry data
are substituted into the theoretical model proposed in Section 3. The data range of
these geometric parameters are selected as 4mm<h<20mm , 0.5<e<2.5,
0.04<T7<02, 3<W<54 and 0.15<5<045. The theoretical results display
strong consistency, thus only the results with two groups of typical data are presented

in the following. Here the tube material is 201 stainless steel, and the tube length L is

50mm.
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1
2
3 . A
4 4.2.1 Effects of the vertical semi-axis b
5
6 The vertical semi-axis b describes the size of the tube. The force-displacement
7
9 curves of tubes with various vertical semi-axis b are shown in Fig. 10(a) and (c), and
10
11 the energy absorption properties are displayed in Fig. 10(b) and (d). From the results,
12
12 the tube with larger vertical semi-axis b has obviously larger energy absorption
1 5 . . .
16 capacity. However, the mass and the space volume of the tube with larger vertical
17
12 semi-axis b is also larger, thus apart from the total energy absorption £4, the vertical
20 . . . . . .
21 semi-axis b has a little effect on energy absorption properties. Therefore, in
22
23 engineering applications, the tube size can be selected according to storage space and
24
25 o
26 manufacturability.
27
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12 :
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55 Fig. 10. Effects of the vertical semi-axis b on force-displacement curves and energy
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absorption properties with (a) and (b) e=1.25, T =0.1, W =4.2, § =0.3; (c) and (d)

|

e=2,T=02 W=585=02.
4.2.2 Effects of the ovality e

The ovality e determines the shape of the ellipses of the tube. The
force-displacement curves of tubes with various ovality e are shown in Fig. 11(a) and
(c), and the energy absorption properties are displayed in Fig. 11(b) and (d). From the
results, the tube with larger ovality e has obviously larger energy absorption capacity,
because the ellipse with larger ovality e has larger stiffness along the compressive
direction. As shown in Fig. 11(b) and (d), £4, SEAm and SEAy of the tube all increase
with ovality e obviously. However, the effective stroke ratio ESR is much limited
when e is large. For energy absorption efficiency, as shown in Fig. 11(b) and (d), the
tube efficiency # reaches the maximum of about 80% when 1.5<e<2. Taking

both energy absorption capacity and efficiency into consideration, eop:=2 is adopted as

the optimal design for the tube ovality.
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Fig. 11. Effects of the ovality e on force-displacement curves and energy absorption

properties with (a) and (b) =10, T =0.1, W =4.2, § =0.3; (c) and (d)

4.2.3 Effects of the normalized thickness 7

The effects of the normalized thickness 7 on force-displacement curves and
energy absorption properties are provided in Fig. 12. The tube with larger normalized
thickness 7 has obviously larger energy absorption capacity, and EA4, SEAn and
SEAy all increase with the increase of normalized thickness 7 . However, the
maximum force increases more significantly with T , which leads to the decrease in
normalized energy absorption efficiency 77. In addition, the effects of the normalized
thickness 7 on the effective stroke ratio ESR can be neglected. Therefore, in most
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engineering fields, the thickness 7 should be selected according to specific protection

requirements. Thin-walled tubes are often used for high efficiency, and thick-walled

tubes are used for high energy absorption and high specific energy absorption.

Force F (kN)

Force F (kN)

50 T T T T T T

40

6 O8SEA (Jlg)

m

ESR (%) -
o),

—o—T=0.04

T=0.06
——T=0.08
——T=0.10
: : ‘ ——T=0.12
00 01 02 03 04 05 06 0.7 _ 81 ——1T1=0.14
1 (%) SEA, (Jlem’) —+—T=0.16

Normalized displacement

(@)

b=20,e=2, W=58=02

L8 SEA (I/g)

(=}

——T=0.04

7=0.06
——T=0.08
——T=0.10
: / ——T=0.12
0.5 06 07 _ 8 ‘ ——TI-0.14
17 (%) SEA, (J/em’) —+—T=0.16

S

00 01 02 03 04

Normalized displacement

© (d)

Fig. 12. Effects of the normalized thickness 7 on force-displacement curves and

energy absorption properties with (a) and (b) »=10, e=1.25, W =42, §=0.3;(c)

and (d) b=20, e=2, W =5 8§=0.2.

4.2.4 Effects of the normalized flat plate width

The flat plates of the tube are mainly used to inter-lock the neighboring tubes,

and they can hardly affect the force response. However, large normalized flat plate

width W leads to the early termination of phase Il and accordingly small ESR, as

shown in Fig. 13. Therefore, as shown in Fig. 13(b) and (d), all energy absorption
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properties increase when decreasing the normalized flat plate width 78 According to

the requirement of self-lockeding effect, the flat plate width W should satisfy

W >2(2a+T) [26]. Therefore, the optimal normalized flat plate width W, , can be

opt

expressed as

7o=dior 43)

opt
e

=2+2T is adopted in

According to the optimal ovality eq:=2 in Section 4.2.2, W

opt

the optimal design.

. b=10, e=1.25 T=0.1, S =0.3

T 6 ESR (%) 6 w /g
2 Ty
5 4t W=34
= —— =38
2 e —— W =42
—— W =46
%0 01 02 03 04 05 06 07 — o \ : %Zg 4
Normalized displacement (%) SEA, (em) .
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20 p —_— E/:442
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TR Be Bl Ba e Bh T 7(%) SEA, (Jem®) —— W=54
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(c) (d)
Fig. 13. Effects of the normalized flat plate width 7 on force-displacement curves
and energy absorption properties with (a) and (b) 5=10, e=1.25, T =0.1, § =0.3;

(c)and (d) h=20,e=2,T=02,5=02.
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4.2.5 Effects of the normalized flat plate spacing S

According to the analysis on the deformation process in Section 3.2, the plate
spacing S dominates the maximum displacement in Phase 1. Tubes with larger
normalized flat plate spacing S have larger é_}, as shown in Fig. 14(a) and (c).
However, S can hardly affect 5_'1[ or force response. As shown in Fig. 14(b) and (d),
the effects of S on ESR can be ignored, but FA, SEAm, SEAy and 77 all increase
when decreasing S due to the decreasing &,. Therefore, the flat plate spacing S

should be selected as small as possible if the manufacturability difficulty does not

increase significantly.

10 T T T

h=10, e=1.25, T =0.1, W =42 PN
~ 8 k| ar
2 !
f ol 4 ESR (%)4~' “ . (/2)
3 ) ——5=0.15
g 4f F::( > 1 ; 5=0.2
- | & ——5=0.25
2 b ——5=03
——5-0.35
0 L L L L L L *5:04
_ 9 =
0.0 0.1 02 .0.3 .0.4 05 06 0.7 = %) SEA, (Ve T=0.45
Normalized displacement
(a)
100 —
b=20,e=2,T=02W=5
— 80F
= 60f ESR (%)3~" 0. SEA, (J/g)
3 ——S5=0.15
5 4o0f 5=0.2
= J ——8§=0.25
20 bt ——S5=03
——5=0.35
0 e —— 5 =0.4
0 01 02 03 04 05 06 0. =20 3
0.0 01 02 03 04 05 06 0.7 7 %) SEA, (Jem') ——S =045
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(©) (d)

Fig. 14. Effects of the normalized flat plate spacing S on force-displacement curves

and energy absorption properties with (a) and (b) 5=10, e=1.25, T=0.1, W =4.2;
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(c)and (d) b=20, e=2, T =02, W =5.

4.3 Multiple-tube system

For multiple-tube systems, the deformation of tube flat plates can be limited by
adjacent tubes, as shown in Fig. 1(a). Although the constraints of adjacent tubes is
ignored in the theoretical analysis in order to achieve an analytical solution, the total
energy absorption of the system can be roughly estimated by the single tube energy
absorption obtained from the proposed model. To present the applicability of the
theoretical model for multiple-tube system, we carried out the FEM simulations of
various multiple-tube systems with various tube parameters and total tube number
nwotal here. The FEM simulation is conducted by ABAQUS/Explicit, with crushing
velocity of 1m/s. The material is adopted as 201 stainless steel, with mechanical
parameters provided in Table 3. The geometric parameters are adopted as 0.5<e<2,
005<7<02, 21<W<84, §=02, b=10mm and L=50mm. The total tube
number of the systems ntotal is ranging from 15 to 45. The tube model is modeled
using shell element S4R, and the other simulation details are the same as that of
Section 2.3. For each system, the total energy absorption at 70% normalized
displacement EAtotal is obtained from FEM simulation. In addition, the theoretical
energy absorption of single tube EAsingle With same parameters at 70% normalized

displacement is calculated based on Eq. (35). The relationship between EAtota and

EA

ingle Mo 18 depicted in Fig. 15. From the results, the energy absorption of the

total

system EAtwrtal 1s approximately proportional to EA4

ingle Mot » INdicating the geometry

effects in Section 4.2 obtained from theoretical model are also instructive and
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meaningful to multiple-tube system design. The value of EAtwta is extensively higher

than EA4

ingle * Mot » DECAUSE the deformation of tube flat plates is limited by adjacent

tubes in multiple-tube system, and accordingly, the crushing force increases.

@ 15 T T T T T T T /;
‘Q‘g ”tolal: 15 A, -’
K 12k ntotal=30 ot |
E =, l”
8 4 ntotali45 P
< . . . ,r
> oL =77 Linear fitting line . :
] .
= L
2 <O N
S 6f A< Linear fitting line
= R
o .
3 3L R -
<
> ,"
5 .=
[-5 0 I~ - 1 . 1 . 1 A 1 .
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Energy absorption E4,

single : ntotal

(kJ)

Fig. 15. The relationship between the energy absorption of the system EAtotal and the

energy absorption EA, in various multiple-tube systems.

ingle " Thiotal
4.4 Design of the system
From the above discussion, a guideline on the design of the ellipse-shaped
self-locked tube system is provided as below.
(1) Select the metal with a low prime cost, easy manufacturability and high specific
energy absorption as tube material, such as stainless steel or aluminum alloy.
(2) Estimate the crushing velocity v and the mass M of the striking object, and
calculate the total energy absorption of the system EAtotal required in applications.
(3) Select suitable tube length L, vertical semi-axis b and total tube number #total

according to the storage space for the energy absorption system.
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(4) Calculate the horizontal semi-axis a according to eopr =2.

(5) Determine the flat plate width # according to W =2(2a+T).

(6) Select a smallest possible flat plate spacing S according to the manufacturability
difficulty.

(7) Calculate the energy absorption requirement of each tube EAecach in requirement by
EA

=EA,,/n and investigate the maximum allowable force of the

each total

protected objects.

(8) Select a suitable tube thickness 7, of which the upper bound should meet the
requirement of the maximum allowable force and the lower bound should satisfy
the lowest energy absorption requirement of each tube.

5. Conclusion

A plastic hinge model is established to predict the energy absorption performance
of the ellipse-shaped self-locked tube under compression, and the theoretical model is
validated by compression experiments and FEM simulations. The following
conclusions are drawn from this work.

(1) The deformation of the tube during the crushing process can be divided into three
phases. Phase II dominates the energy absorption, and phase III is the densifying
phase.

(2) The plastic hinge model established in this paper is able to estimate the crushing
force and energy absorption properties. The relative error of the tube total energy
absorption £4 between the theoretical model and the FEM simulation result is less
than 4.2%.
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(3) Increasing the vertical semi-axis b, the ovality e and the normalized thickness T
can all promote the energy absorption capacity significantly. However, the mass,
space volume and the maximum force Fmax of the tube may also increase. The
vertical semi-axis b should be determined according to storage space and
manufacturability. eopr=2 is adopted as the optimal design for the tube ovality, and
the optimal thickness Topr should be selected according to the maximum allowable
force and the lowest requirements of energy absorption properties.

(4) The flat plat width W and spacing S display minor effect on energy absorption
properties. The flat plate width W should be determined by Wop; =2+2T taking
the self-lockeding effect requirements into consideration, and the flat plate spacing
S should be set as small as possible provided no manufacturability difficulty is
increased.
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Al. Tensile test for mechanical properties of white photopolymer resin

To obtain the mechanical properties of white photopolymer resin, the standard

oNOYTULT D WN =

9 tensile test was conducted according to the test standard ISO 527-1: 1993. The tensile
12 specimen was manufactured by 3D printing made of white photopolymer resin, with
thickness of 4mm and cross-sectional view provided in Fig. A.1(a). The tensile test was
17 conducted by test machine MTS 880, and the engineering stress-strain curve is depicted
20 as blue solid curve in Fig. A.1(b). The Young’s modulus, initial yield stress and
hardening modulus of white photopolymer resin are obtained according to the tension
25 test curve, and listed in Table 1. The bilinear elastic-plastic constitutive model in FEM
simulation using these parameters are displayed as red dashed curve in Fig. A.1, which

30 coincides well with the tensile test.

30 T T T T T T

25+

20 -

15

Stress (MPa)

10

sl Experiment -
------ Bilinear model in FEM

0 1 1 1 1 1 1
0.00 0.05 0.10 0.15 020 0.25 0.30 0.35
Strain

46 () (b)

48 Fig. A.1. Tensile test for mechanical properties of white photopolymer resin: (a)

experimental specimen and (b) stress-strain curve obtained.

56 A2. Theoretical model for the rotation of ellipse arc

http://phys.scichina.com/english



oNOYTULT D WN =

SCIENCE CHINA Physics, Mechanics & Astronomy

Fig. A.2. Theoretical model for the rotation of a quarter of an ellipse arc.

The diagram of a quarter of the ellipse tube with horizontal semi-axis a and
vertical semi-axis b in Cartesian coordinate system x-y is depicted as bold dashed line
in Fig. A.2. A new Cartesian coordinate system x'—)' is established by rotating the
original system x-y anti-clockwise around point O by angle ¥ and then translating it

with a distance A(l//) = (b siny,—asin l//). After rotating and before translating the

—

original system, the equation of the rotated ellipse arc DC in terms of original

Cartesian coordinate system x-y is

. 2 . 2
Xcosy + ysin COSl —xsin
(veosy +ysing) | (yeosy—xsiny) | A
a b
Substituting the ovality e=b/a into Eq. (A.1), we obtain that

(e2 sin” i + cos’ g//)y2 +2(e2 —l)sing//cos g//xy+(e2 cos’ y +sin’ gy)x2 -e’a’ =0
(A2)

The positive root of y can be calculated as follows:
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2

(l—ez)sinl//cosl// e\/a2 (62 sinzl//+c0szz//)—x

= X+ A3
4 e’sin’ y +cos’ e’sin’ y +cos’ (A-3)
The horizontal coordinate of the critical point D X, satisfies
g (A4)

Substituting Eq. (A.3) into Eq. (A.4), the horizontal coordinate of the critical

point D X, is calculated as

e’ sin’ y + cos’ i

Xp, :a(l—ez)sinl//cosy/ (A.5)

(e2 —1)2 sin” y cos” i + ¢’
Substituting Eq. (A.5) into Eq. (A.3), we obtain the vertical coordinate of the

critical point Dy,

2 2. 2 2

e —1) sin“wcos v +e

yD1:a\/( 2). 2 v ZV/ (A.6)
e sin”y +cos” ¥

After translating the rotated Cartesian coordinate system with a distance

A(w) =(bsiny,—asiny ), the coordinate of the critical point D become

e’ sin’ y +cos”

Xps =a(1—e2)sint//cosy/ +bsiny (A.7)

(e2 —1)2 sin® y cos’ y + &’

and

e’ -1 ZSinzl//COSZI//+62
Vpy =4 ( 2)_ 5 5 —asiny (A.8)
e’sin’ w +cos’ w

According to Fig. A.2, the vertical displacement of the loading plate o satisfies

& =b—y,,, and accordingly, the normalized displacement & can be expressed as

S(W)zl—ygz =1+ =—F -

: ¢* —1) sin? y cos? i + ¢
smw_l\/( ) .4 .4 (A.9)

e’sin’ y +cos’ i
The horizontal displacement between points D and C p can be calculated by

p=bsiny+acosy —x,, (A.10)

http://phys.scichina.com/english



oNOYTULT D WN =

SCIENCE CHINA Physics, Mechanics & Astronomy

Substituting Eq. (A.7) into Eq. (A.10), we obtain that

e’ sin” y +cos”

p(t//)—acosyf+a(e2—l)sint//cosy/\/ (A.11)

(e2 —1)2 sin’ iy cos’ iy + ¢’
A3. Linear elastic analysis for small deformation

In elastic stage, the compression process of the tube can be studied with the linear
elastic beam model, as shown in Fig. A.3. Due to symmetry and continuity conditions,
an axial force and a moment are acting on points O and C, respectively. Based on global
equilibrium, the axial force acting at point O vanishes. The moment acting at point O is
defined as Mo, and the external compressive force locating at point B is defined as Feia.

The elastic strain energy of the model in bending can be expressed as

2 T v 2
U= Mog, Iz(Mo Fiyacost) a\fl+(e*~1)cos’ 040 (A.12)
GRBQE[ 0 2E1

where E is the Young’s modulus, 7=LT?/12 is the moment of inertia, and the

length of arc OAB can be approximated as

I = 5 +max(a,b)+ﬁT_2-min(a,b) (A.13)

OAB

According to the Castigliano theorem and symmetry, the rotation angle at point O

satisfies

CLUTS (A.14)
dM,,

From Egs. (A.12)-(A.14), we obtain that

ela

M, = (A.15)
3| W—S+2max(a,b)+ (7 —2)min(a,b)+

(2e2 + 4)a2F

The compression displacement ¢ of the loading plate with respect to the horizontal
5
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symmetry plane satisfies

5=% (A.16)

ela

From Egs. (A.12)-(A.16), the external force acting on this model can be expressed as
-
Fo ELTeaé‘2 : (A17)
9¢> +15 8(e”+2)

i 3 e(VI_/—§)+2max(l,e)+(7r—2)min(1,e)+7Z(82Jr3)

Based on Eq. (A.17), the force-displacement curves of the tubes obtained from linear
elastic solution are presented in Fig. 9, with mechanical properties listed in Table 3 and
geometric parameters provided in Table 4. From the results, the elastic solution in Eq.
(A.17) coincides well with the simulation results at the beginning of the crushing
process. With the development of the compression, the crushing is no longer dominated
by the elastic deformation, and accordingly, the elastic solution is no longer proper for

this problem and a plastic analysis is in great demand.

Fig. A.3. Linear elastic beam model of the tube at small deformation.
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