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ABSTRACT. We prove Harnack inequalities for hypersurfaces flowing on the
unit sphere by p-powers of a strictly monotone, 1-homogeneous, convex, cur-
vature function f, 0 < p < 1. If f is the mean curvature, we obtain stronger
Harnack inequalities.

1. INTRODUCTION
We consider the evolution of a family of embeddings
x:M"x[0,T) — M,
of a smooth, closed manifold M™ by
(1.1) Oyx = —Fu,

where M, is the simply connected space form of constant sectional curvature ¢ > 0
and F € C>®(T,) is a strictly monotone, symmetric function of the eigenvalues
of the Weingarten map W (principal curvatures) 1,- - , ky,. Strict monotonicity
ensures the flow is parabolic. We will need to make some further assumptions on
the speed to obtain Harnack inequalities, namely that

F=f" 0<p<l,

where f is 1-homogeneous and convex.

Under these assumptions, our principal results are Harnack inequalities for flows
of strictly convex hypersurfaces on the sphere. These results extend the Harnack
inequalities obtained in [6, 7] on the sphere to a broader class of flows, similar to,
though more restrictive than the class of flows in Euclidean space [2] for which
Harnack inequalities are known. We obtain the following theorem.

Theorem 1. Let f be a strictly monotone, 1-homogeneous and convexr curvature
function, 0 < p < 1, and let F = fP. Let x be a solution to (1.1) in a simply
connected space form of constant sectional curvature ¢ > 0, and such that My =
x(M,t) is strictly convex for all t. Then F satisfies

pF

HF —bVIV,FV.F+ ——— > 0.
! T (et

For f = H the following stronger estimates hold: If% + i <p<1, then

ij cp 2p—1 p H?
O HP — VIV, HPV,;H? — — g 14 L 2 50
¢ ViV, 2p—1 +p—|—1 T
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andif0<p§%+2in orp=1, then

p HE
p+1t

A number of authors have studied Harnack inequalities in Euclidean space. The
genesis of such study is [14] where Hamilton proves a Harnack inequality for the
mean curvature flow of convex hypersurfaces. Harnack inequalities for other flows
have been obtained in [8, 17, 18, 21, 24|, including flows by powers of Gauss cur-
vature, centro-affine normal flows, and flows by powers of inverse mean curvature.
The most general results, subsuming many other results, were obtained in [2] for
so-called a-convex and a-concave speeds.

The philosophy as espoused in [14] by Hamilton is that equality should be at-
tained by self-similar solutions, a.k.a. solitons, as originally motivated by the fact
that the equality case in the seminal work of Li-Yau [20] is attained on the heat
kernel, a self-similar solution of the heat equation. Such self-similarity leads one to
study the Harnack quantity,

(1.2) Q = 0,F —b7V,FV,F,

O H? — bV, HPV jH? — cnpH*~! +

where {b%/} is the inverse of the second fundamental form of a strictly convex hyper-
surface. This quantity also arises, seemingly magically when changing parametriza-
tion from the “Gauss map parametrization” (where the calculations are almost
trivial), to the “Standard parametrization” [2]. Several authors, beginning with [9]
have also investigated this quantity, relating it to the second fundamental form of
a degenerate metric on space-time [15, 19].

In the sphere, we do not have quite the same notion of self-similarity and the
Gauss map parametrization does not seem to have quite the same “magical” prop-
erties as in Euclidean space. Using the “Euclidean” Harnack quantity (1.2) on
the sphere, we immediately encounter new difficulties arising from the background
curvature introducing the “remainder term” R of Proposition 9. In addition to the
positivity required for Euclidean Harnack inequalities, on the sphere we also re-
quire positivity of R; therefore, our Harnack inequalities apply to a restricted class
of flows as compared with [2]. In the particular case when the speed is HP, the
computation becomes tractable (Lemma 10, Lemma 11), and suitably modifying
the Harnack quantity, we can cancel some bad terms to obtain the second Harnack
inequality in Theorem 1.

Let us remark in passing that our computations recover most of the Harnack
inequalities in Euclidean space mentioned above. In the case of space-forms of
negative curvature, we find that essentially all the terms have the wrong sign and
no Harnack inequality seems possible.

This paper is laid out as follows: in Section 2 we define our notational conventions
and recall some standard definitions and identities. In Section 3 we give some
standard evolution equations and commutators and carry out the tedious task of
computing the evolution of various quantities necessary for the main argument.
Section 4 combines these computations into evolution equations for the Harnack
quantities we study. Then, applying these calculations, we derive the Harnack
inequalities in Section 5. In this section, we present several variants depending on
the strength of our assumptions. To finish, we prove preservation of convexity in
Section 6 for various flows in order to show that the assumption of convexity is
reasonable.
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2. PRELIMINARIES

For a general Riemannian manifold (M", g) let V be the Levi-Civita connection
for g. Let (9;), 1 <4 < n, be a coordinate frame. We shall write V; = V, for
covariant derivatives in direction 9; and also use the notation V’ = ¢**V,. The
Christoffel symbols are defined by

Vo, 0; =¥ O

For a (k,!) tensor, (V; T);l1 ?; will be written V; Tl1 . Second covariant deriva-
tives will be written

V?j =Va, Vo, = Vv, 9,
and (V?)} = gikVij.
We use Hamilton’s convention [13, p. 258] for the Riemannian curvature tensor,
namely

B ) -
R'lekal <6 ZF - WF + FZT‘ ]k j'r‘ 1k> 61
(2'1) = ViVjak — Vjvlﬁk

= V30k — V3:0k,

where the whole relation (2.1) is also known as the Ricci identity. It follows that
for a function f € C*(M) we have

(2.2) Vil = Vit = Rijp'Vif,

where V f = df is the covariant derivative of f; see [13, p. 258].

Let g and R denote, respectively, the metric and the curvature tensor of M.,.
In the situation where M; := x(M",t), g = x;g denote the time-dependent in-
duced metric on M with V the corresponding time dependent Levi-Civita con-
nection. Write v for the outer unit normal to M;, which gives rise to a frame
{00 = v, (x4)x01, -, (x4)+0n} on M, in a neighborhood of M;.

Let Greek indices range from 0 to n and Latin indices range from 1 to n. The
Riemann curvature tensor of M, satisfies Rag,yg = ¢(Jar 985 — Gasgsy). We may
write the metric g = {g;;}, the second fundamental form A = {h;;}, the Weingarten
map W = {h%} = {g™ hjm} and the Riemann curvature tensor { Ry;i} with respect
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to the given frame. The relations between A, R, and R are given by the Gauss and
Codazzi equations:

Rijr = (x*R)ijkl + highji — hahjg
= c(9ik9j1 — gugjx) + hikhji — hahji,
Vihji = Vihij,
valid for space forms.
The mean curvature of M™ is the trace of the Weingarten map (equivalently the

trace of the second fundamental form with respect to g), H = hi = g“h;;. We also
use the following standard notation

(hz)z = gmjgrshirhsma
(h?)ij = 91 (B*)F = hihug,
|A]? = g7 g" hirhuy = hijh".
Here, {g%} is the inverse matrix of {g;;}. For a strictly convex hypersurface, 4 is
strictly positive-definite and hence has a strictly positive-definite inverse, which we
denote by
b= {b"}.
We will need some notation for derivatives of the speed F. Let us write
i OF
7 ohl
for the first partial derivatives of F'. We may also think of F' as a function of the
metric and second fundamental form

F(g,h) = F(gikhkj).
From this point of view, for the first and second partial derivatives, let us write
Fii — OF Fidkl _ *F )
oh;j’ OhyOh;j
The trace of {F*} with respect to the metric will be written
tr(F) = 9i; FY.

Let us define the operator 00 = FYVZ,, ie., for a (k,I)-tensor T, OT reads in
coordinates

1.9k __ TS 2 91...%
(2.3) Ot = Frs(V2,T)i

1010
The [ operator satisfies a product rule: for smooth functions ¢ and v we have
(2.4) O(¢y) = ¢0¢ + p0¢ + 2F IV ¢V ;0.

We frequently make use, without comment, of the formula for differentiating an
inverse

dg" s
Gk
First derivatives of F' from the two perspectives are related by
_OF OhY

(2.5) FY

_ :Fl Zk(sj: ’Lk‘FJ
onf ony; M9 LTI Tk
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and
oF Ohk o o

2.6 — =F,—L =—Flg"g" h,, = —F"h].
( ) agw k agz] k9 9 l 1
We will also need the mixed second derivatives,

OF" bl o 4 , o

— sIE) — kj lez — ¢SI(F? mk:hl

as = Bon (97 F)) = =g g° F§ — g*7 (F5)™"hy,

(2.7)

_ _gkjFil _ gsjgnsFin,mkh{m
— _gkjFil _ Fij,mkhl

m?

where we applied (2.6) to F! in the first line.
Covariant derivatives of F' satisfy

(2.8) ViF = FI¥hi;
and the covariant derivative of the trace satisfies
(2.9) Vi tr(EF) = gij F97 NV hys.

3. BAsic EVOLUTION EQUATIONS

The evolution equations derived in this section hold for a general curvature
function F'. Throughout the paper we only consider flows of strictly convex hyper-
surfaces.

Following [2, 8, 14, 24], in this section we collect basic evolution equations that
are needed to calculate the evolution of the quantities

X1 = t(OF — bijViFVjF) +0F

and
X2 = L(OF — bV, FV;F — cF tx(F)) + 0F,
where ¢ # 0 is an arbitrary, non-zero constant. The evolution equation for y; will
be used to obtain Harnack estimates for powers of convex 1-homogeneous curvature
speeds F' while the evolution equation for yo will be employed to obtain stronger
Harnack estimates for flows by powers of the mean curvature F(H) = HP with
p € (0,1]. Note that in Euclidean space x1 = xa.
Let us make a few definitions to keep the calculations more manageable. Let

aij = VEF + F(W?)i, v = V'VeFVihig,  nij = o — i
and define
B=FYq;; =0F+ FF9(h?%),;, 0=0V,FV,F,
so that from the evolution of F below (Lemma 2, item 9) we may write our main
Harnack quantities as

X1 =t(0:F —0)+0F and x2=1(8—-0)+JF.

We begin by recalling some standard evolution equations and commutators and
then break the calculation into several lemmas.

The evolution equations in the following lemma are standard and can be found
in many places [2, 8, 14, 16, 24]. The necessary tools are commuting derivatives,
using the definition of the curvature tensor for space forms, the Gauss equation,
and the Codazzi equation as described in the previous section. Compare also [11,
p. 94-95] and the formula [10, eq. (6.17)].
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Lemma 2. The following evolution equations hold

(1) 9igij = —2F hij,
(2) Dug") = 2F I,
(3) Othij = VEF — F(h?)i; + cFgij, ,
(4) 9uh] = (V2YF + F(h?)] + cFd] = o] + cFd],
(5)
(r“)thij = Dhij + Fkl(h2)klhij - (Fklhkl + F)(hQ)Z]
+ Fkl7rsvihklvjh'rs
+ c{(F + F¥hy)gi; — tr(F)hi},
(6)
Ouh? = Ohd + FF(h2)uh? — (F*hyy — F)(h?%)!
+ F’“”Svihklvjhrs
+ c{(F 4 F*hy)6? — tr(F)hI},
(7)

0yb" = 00" — F"(h?)b" + (F*hyy + F)g"
— (20"  FMP) b0V, b V shpg
— c{(F + FFhy )b bl — tr(F)bV},
(8) 0u(h?)ij = KEVEF + WiV F + 2cFhyj,

] .

(9) O,F =0OF + FF9(h?);; + cFFg;; = 8+ cF tr(F).
Lemma 3. The Christoffel symbols evolve according to
(31) at]-—‘fj = nglelhij — gklhliVjF — gklhleiF + gklhileF.

Proof. In local coordinates, we have

1
It = §gkl (99u + Oigji — Ougij) -

Since atrfj is a tensor, we may calculate using normal coordinates at any given
point, at which Ffj = 0. Then we have

1
§8tgkl(ajgil + 0igj1 — 01945) = QFQkThrstj =0

from Lemma 2, item 2. Now commuting derivatives [0;,9;] = 0, and using the
Codazzi equations we obtain

5trfj = %gkl (0;0vgi1t + 0i0¢gj1 — D101gij)
= —g" (9;(Fha) + 0;(Fhy) — 9i(Fhi;))
= —Fg"9ihi; — ¢"hud; F — g*hi;0,F + g*'hi; O, F.
The result follows since in normal coordinates, V; = 0; at our given point. (]

We require the commutators [V,0] and [0, ). Without further comment we
will also use the fact that [0, V]f = 0 for any smooth function f.
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Lemma 4. For every smooth function f, the commutation relation holds
(Iv,00f): = V,0f — (BVf);
= FM75% b, Vi f + FM (W hi — high) Vi f.
+ cF* gV f — cte(F)V, f
Proof. From the Ricci identity (2.2) we get

V?sz - Vihf = Rif"" Vi f
and thus we obtain
Vi(EMVRS) = (FM VRV )i = FRNihe Vi f A+ FH R ™V f.
From the Gauss equation we obtain
RtV f = (c(d"" gagkp — 9" " 9pigri) + 67" Rithip — ¢P " hithpi) Vi f
=c(9iVif — guVif) + (R i — hiahi®) Vi f.

Lemma 5. The following commutation relation holds
[0, OF = (0,0 — 00, F = FPHVE F(ag + cFgr)
+ 2FYRE(FVF + Vi FVF) + (F — F7hy)|[VF|.
Proof. First, let us calculate the evolution of F*/, which will also prove useful later.
From the mixed derivative equation (2.7), the evolution of the metric (Lemma 2,

item 1), and the evolution of the second fundamental form (Lemma 2, item 3) we
compute

iJ

. . OF%
O F = FUM g hy + l Ot gni

gk
(3.2) = FPR (VL F — F(h?)p + cFgi) + 2FF7 by BT+ 2F F7% gV by,
= FM (Vi F + F(h*)u + cFgu) + 2FF7%hj,
= Fikl (gt + cFgrr) + QFijhZ.

Next, the commutator of 0; and ij is given by,
(0:V3; = V30)) F = 8¢ (ViV;F = Vy,0,F) — ViV;0.F + Vv,0,0,F
(3.3) = =0, (T},V,F) + I}V, 0 F
We obtain from (3.2), (3.3), and the evolution of the Christoffel symbols Lemma 3,
(0,0 —00) F = (0,F7) V},F — FIV,Fo,T};
= (F9" (g + cFgu) + 2FF7*hi) Vi F
+ FINF (FgMVihij + hiVF + WV F — ¥ h;V F)
= Fu’kleQ]F (akl + Cngl)
+ 2P R PN F + Wi FIN FVF + S FIN FV F
+ Fg¥'N FFV h;; — F'ih;;g"'V . FV,F.
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The result now follows from |VF|? = ¢k'V, FV,F and V,F = F¥V,h;; by the
chain rule. ([l

The next ingredient is the evolution of the covariant derivative, VF = dF'.
Lemma 6. There holds
(0 — O)VF), = F*"V,hysap + 2FM0™ F(h?),1V ihis
+ F* (W) ViF + (FM 0" hi — F*hyh") V., F
te (FklgkiVlF +FV, tr(F)) .

Proof. Using the evolution of F (Lemma 2, item 9) and the commutator [V,]
from Lemma 4, we compute

oV, F — (OVF), = V,;0.F — V,0F + ([V,0F);

=V, (DF + FM(02) 0 F + CtY(F)F) - Vi(OF)
+ F¥rs b, V3 F + cF* g Vi F — ctr(F)V F
+ (FM R by — F* hyg h") VY F

= FF(h?)yV,F + F*7 sV, hy g (B F
+ FFM(hV s + hVihe) + cFV, tr(EF)
+ FMrsY b, V2 F + cFM gV F
+ (FH R hygg = FE high )V o F

= FM7V by (P F + Vi F) + 2FFH RV by
+ FM (W) Vi + (FNR by = FR i) Vi F
+c (FVi tr(F) + FklgkiVlF) ’

where in the third equality we used V;(h?)g = Vi(g° hrshr) = hiVihgs+hiVihy,.
We obtain the result, since b™*(h?), = 0" hymh™ = 65,h]" = hj. 0

Now we may proceed to the calculations of 9,5 and 0,0.
Lemma 7. The quantity 3 satisfies
(0, —0)B = (Fiﬂ'(h2)ij + ctr(F)) B+ (F = F7hij)|VF|* + F9* a0

+ 2F W FVF + 26" FIR(2VE FF(h?) + F(h?) 3 F (h*)i1)
+ cRg,

where Rg = FOtr(F) + 2FV tr(F)V, F + FF9* g 055 + 2F2Fiihy;.
Proof. Let us break up the calculation of

0y —0)8 = 0,0F + 0,(FFY (h?);;) — OOF — O(FF% (h?);;)
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into smaller pieces. First, we have lots of nice cancellation. Using the evolution of
F from Lemma 2, item 9 and the commutator relation from Lemma 5 we have,

8,0F — OOF — O(FFY(h?),)

= 00, F — OOF — O(FFY(h?);) + [0, O] F

= O(0OF + FF9(h?);; + cF tx(F)) — OOF — O(FFY(h?);)
+ FIRNZF(ap + cFgr) + 2F7 R} (FVE,F + V. FV,F)

+ (F = Fh)|VF|?

c(tr(F)OF 4 FOtx(F) 4 2F*V,, tr(F)V,F)

+ FORNZF(ap + cFgr) + 2F70" F(h?)y Vi, F

+ 2F 9V FVF 4 (F — Fihy)|VF[?

ctr(F)OF + (F — F9h)|VF|> + F7MV2 Fay,

+ 2F9OM F(h?)y Vi, F + 2P hiN FV; F

+c(FOt(F) + 2FV t0(F)V, F + FF7 M g, V2 F)

—
©
=

S—

\ \

using, in the third equality, the product rule (2.4) for O and h¥ = h"b*h,,, =
bF(h?); since b is the inverse of A.
Next from (3.2) and Lemma 2, item 8 we obtain

O (FY (h%)i) = 0,(F7)(h?)ij + FY 0, (h?);
= (FM (agy + cFgi) + 2FFI*RL) (h2)y
+ F (WYY F + hEV3F + 2cFhy;)
= FPM(B2)i5 (ant + cFgr) + 2F F (B?) 1 (R?) 5
+ 2F90 (W) V3 F + 2cFFY hyj,

again using hf = b*(h?);; in the last equality.
The remaining term we need to compute is thus

Ou(FF(h?)i;) = (0,F)F (h?);; + Foy(F (h?);;)
= (B+ cF tr(F)FY (h?)
+ F (F9R(0?) 55 (a + cFgi) + 2F F750" (B2)11.(h?) 5
(3.5) F2FIR (h?)y V2L F + 2cFFY hyj) .
= (B + cFtr(F))F9(h?)y; + FO*F(h?) 0
+ 2FFIR (h2), V2 F + 2FR 6 (h2) F(h?)
+e(FFP gy F(h?)ij + 2F*F7hyj) .

Now we add (3.4) and (3.5) together line by line to complete the proof. O
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Lemma 8. The quantity 6 evolves according to

(0 — D)0 = (F9(h%);; + ctr(F))0
+ (F — F9h))|VF* 4 2F9nkv, . FV, F
— F (v = 2005v) — 26“F7% (yijym — 20650 + Vi, FV L F)
+ cRy,

where Ry = —(F¥*hyy 4+ F)b"bINFV;F 4 20, FMN FVF + 2F FUF gy

Proof. Again using the product rule for O, (2.4), we have

(0, —0)0 = (9,0 — O )V, FV,;F + b7 ((0; — O)(VF ® VF));;

— 2FMVb9 (V) (VF @ VF));

= (040" — OBV, FV;F + 20 ((0, — O)(VF));V; F
— W MV FVEF — AFMY bV FVF

= (OpbY — DY)V, FV,;F + 2bY ((0; — O)(VF));V; F
— 269 FH 3 PV F + AFM Y PYIN by, V3 FV F

= (b — OVY)ViFVF + 267 (0, — O)(VF));V; F
— 2 MV PV F + AP 0P, V3 F,

(3.6)

where in the second to last equality we used the formula for the derivative of the in-
verse b% of h;; and the Codazzi equation in the last line, producing b IVihpgV; F =
VIV yhpkV;F = 7. The first term in the final line appears on the second to last
line of the statement of the lemma (with indices relabelled). The second term is
part of 4b* F jkaijfykl in the second to last line. So we must deal with the first two
terms and show they add to the remainder of the statement. For the first term, we
use the evolution of % from Lemma 2, item 7 to calculate

(0" — OV, FV;F = V;FV;F (—F"*(h?),sb" + (F*hyy + F)g"

— (26M 1R + FFP9) BITYON iy V shyg
= o{(F + F*hy)b"b] — tr(F)7} )

= (cte(B) = F™*(0)2,) 0+ (F*hyy + F)|VF|

(3.7) — (261 FFP 4 FRLPO) YRS, FN  FV  hig Vshyg

— c(F¥hyy + F)O'"0IV,FV,; F

_ (ctr(F) - F"s(h)fs) 0+ (FFlhy + F)|VF?
- Fklmq'Ykl’qu - lequp'Vkl'qu
— ¢(F*hy + F)b" bV, FV, F.
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For the second term, from the evolution of VF in Lemma 6, we have
267 ((0; — O)VF);V,;F
= 26"V F (F* 5V, hpsag + 2FM0 F(h?) 1 Vihis
+ F* (W) ViF + (FM 0" hi; — F*hyh") V., F
+ ¢ (FguViP + PV tr(F) ) )
= 209V, FF* (W), V, F
(3.8) — 209V ;FF* hyy "V, F + 269V ; FFF R hy N  F
+ 26V ;FFM5N by sy + 467V FFR T F(h?),0V ihys
+ ¢ (269 V;FFM g1V F + 269V j FF g F* 75V i)
= 2F*(h?) 10 — 2F* by |VF|? 4+ 2FF BV FV,, F
+ 2FRbT Sy g 4 40T FR ey F(h?)
+ ¢ (2P VPV + 2P g, ) |

using the definitions of 6, a;; and v;; as well as b hy,; V; F = 5']1VjF = V. F, and
bR = b7 g"Phy; = 01g™P = g™ in the last equality.

The proof is now completed by adding (3.7) and (3.8) line by line and adding
also the final line from (3.6). O

4. MAIN EVOLUTION EQUATIONS

We start this section by calculating the evolution equations of x2 and a slight
modification 3, which will be employed to obtain the stronger Harnack estimates
for flows by powers of the mean curvature. We will then focus on the evolution
equation of y; which will enable us to deduce Harnack estimates for powers of
1-homogeneous convex speeds.

Proposition 9. Let § # 0. For a general curvature function F under flow (1.1)
the quantity xo = t(8 — 0) + 0F satisfies

Orx2 —Ox2 = (ﬂdFG + FY7(h?)i; + th(F)) X2

(4.0 g
i (Fw,kl 4 opil ik _ F(sF ) Mij Mkl + tCR,
where
N = aij — vij = Vi F + (W) F — bV, hijV F

and

R=Rsg— Ry
w2 = FOtr(F) + 2FMV tr(F)V, F + FF7k g (V2 F 4+ F(h?),5)

— 2F FM g b7 hi iV F + 2F?F' Dy
+ (F*hyy + F)Y" 0V, FV,;F — 2b) F¥'Y, FV F.
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Proof. We have (0; —O)x2 = —0+t(0; —O)(8 —6) + §(0: F — OF). First of all,
the evolution equation for F'; Lemma 2, item 9 gives us

§(,F —OF) = (Fij(hQ)ij + ctr(F)) SF.

Next, we note that F/n;; = 3—6 since V,.F' = FV,h;;. Putting the two equations
above together gives

B—0+3(0,F —OF)

_ (B=0 iy : (B-0)* | (F9niy)?
(4.3) = ( a + FY(h*);; +ctr(F) ) 0F +t iF t 57
-0 g . i pkl
= 55F X2 + <F”(h2)¢j +Ct1"(F)) 5F7t67F7]ijT]kl.

The remaining term ¢(9; — O)(8 — 0) is now just bookkeeping. Recall, Lemma 7
states that

(0 = D)8 = (F7(02)y + ctr(F)) B (4)
+ (F — F9h))|VE* + 2F9nkv, FV, F (B)
+ Fij’klaijakl (@)
+ 26" FIF 2V, FF(h?) + F(h?)i; F(h*) ) (D)
+cRg (E)
while Lemma 8 states that
(0 — D)8 = (F7(h?);; + ctr(F))0 (4"
+ (F — F9h)|VFE* + 2F9nkv, . FV, F (B')
— FFY (3510 — 2005i1) (c"
— 26" FI¥ (yijom — 2005 + Vi FV L F) (D)
+ cRy. (El)
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Subtracting line by line, we have
(4) = (&) = (F9(h2)i5 + ctx(F)) B — (F(h2);; + ctx(F)) 0
= (FY02)s5 + cta(B)) (8- 0),
(B) — (B') = (F — F7h;)|VF|? + 2F"9hEVFV,; F
— (F — Fh;;)|VF|? — 2F9pV,FV,; F
=0,
(C) = (C") = F7" g auy + FF9 (3900 — 20071
= FP* (i —vig) (@ — )
= Fij’klm‘jﬁk;la
(D) = (D) = 26" F7*2F (h*)u V3, F + F(h?)i; F(h*)r1)
+ 26" F7* (v — 200570 + V3 FVLF)
= 20" FIN (VL PV F + 2F (W) Vi F + F(h?)i; F(h* )
— 205VkL + YijVhl)
= 20" FI* (aujagg — 2009k + Yij kL)

= 26" F7 g
(E) = (E') = c(Rs — Ry)
=cR.
Multiplying everything by ¢ and adding the result to (4.3) yields the claim. O

We need two more lemmas to obtain a Harnack inequality for HP-flow with
0 < p < 1. We start by rewriting the term R in the evolution of x2 when the speed
is a function of the mean curvature.

In the sequel, we denote F’ = % and similarly for higher derivatives.

Lemma 10. Suppose that F' = F(H). Then the term R in the evolution equation
of x2 takes the form

F//F FI/F2

R=2n— (OF + FFY(h?);; — b9V, FV;F) —n

T 7 (0?)s
F// F/IZF F///F
B3 + 2

+ (F'H + F)b"bIV,FV,;F — 2F'b7V,FV,F.

(4.4)

+2F%F'H +n (2 ) F'9V,FV;F

Proof. We calculate the crucial terms in (4.2):
Otr(F) = FFV2(FYg;) = nF¥V3,F
= nFMF"V HV, H + nF*F'V2, H

U

F// F//2
(4.5) — nﬁF’”kavlF + 1= OF —n FRYNFV F
F,/ F/// F//2 il
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Furthermore

- . F//
(4.6) Fikg V2 F = nF" gV F = n—OF
and

. . F//
(4.7) 2FMN e (F)V, F = 2F g, F9" sV b,V F = 2nFFlekFVlF.

Thus
F//F F///F FII2F " Kl
(4.8) P2 F'F

+n

Fi9(h?);; —2n VIV, FV,;F 4+ 2F*F'H

F F’
+ (FMhyy + F)Y"0IV,FV;F — 2, F¥'V, FV, F

and a little rearrangement gives the result.

]

To obtain a Harnack estimate for HP-flow, we will have to handle the middle
term in (4.4); this term does not always have a favorable positive sign. To this

end, it is useful to add an auxiliary function of the speed. Using Proposition

9

and Lemma 10 it is straightforward to obtain the following evolution equation for

X3 = X2 + ct¢, where ¢ = ((F) is a function of F.

Lemma 11. Let F = F(H). Then under flow (1.1) the quantity x3 = x2 + ct¢

evolves according to

.y - .
Orxs —Uxs = (iF + F(h%)i; + Ctr(F)) X2 + ¢

B . . FijFIcl
+1 (F”’kl + 20 Ik a > Nij Ml

U

+ ct{mE (OF + FFY(h*);; — bV, FV;F)

(4.9) F o
+ (c' — N ) FU9(h?);F +cC' tr(F)F + 2F?F'H
F// F//ZF F///F .
+ (F'H + F) by V,FV,F — 2F'b viijF}.
Proof.

Orx3 —Oxa = (0r — O)xa + c¢ + ct(0; — O)¢.
Adding (4.1) to
(410) e +ct(0p —O)¢ = e +ct (¢'(8y — O)F — ("F¥V L FV,F)
’ =c( +ct ((FF9(h?);; + c('FF"g;; — ("FMV,FV,F)

gives the result.

O

Proposition 9, and Lemmas 10, 11 enable us to get a strong Harnack estimate

for HP-flows; see Section 5 and Theorem 16. Due to the presence of Cltr(F) in

R

given in Proposition 9, it is not clear to us whether x2 would result in stronger
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Harnack estimates for curvature flows other than HP-flows. As it will be shown, by

weakening 2 to x1 = x2+tcF tr(F), we can obtain Harnack estimates for p-powers
of 1-homogeneous convex speeds, 0 < p < 1.

Proposition 12. For a general curvature function F under flow (1.1) the quantity
X1 =t(0:F — 0) + O F satisfies the evolution equation

-0 . 0—1 .
Ox1 —0Ox1 = (65}7 + FY(h%)i; + c—5 tr(F)) X1

tr(F)F
4 crF
)
+ FM (i + cFgij) (ne + cFgr)
) ) Fiijl
2 7.le1< _ -
+t< b o )mﬂm
+tc{2F*Fh;; + ((Fhiyj + F) b — 2F") bIV,FV,F}.

(tetr(F) + 26)
(4.11)

Proof. We simply use the evolution of xs, cf. (4.1), and add to it the evolution of
tetr(F)F. We have

9, —0) (tc tr(F)F) = tc( tr(F)FF(h2);; + cte(F)2F + Fo, tr(F)
(4.12) . y . .

— FOt(F) — 2F9V,FV, tr(F)) + etr(F)F.
Note that by (3.2) there holds

875 tI‘(F) = 875 (szg”) = (Fij’kl (Oékl + Cng:l) + QFFth;C) 9ij — QFUFI’LU

(4.13) B
= F9 (a4 cFgry) gis-
Hence
B—0 o )
8tX1—|:|X1: F_FFJ(}I )ij—FCtI‘(F) X2
. ) ) iijl
+t | FiOk 4 opit pik NijMkl + tcR
oF
+ tC( tI‘(F)FFlJ(hQ)U + CtI‘(F)QF + FFij’klOéklgij
+ eF2FkLg 0 FOw(E) — 2F9V,FV, tr(F))
+ ctr(F)F
(4.14) p—0

— <§F + F9(h%); + ctr(F)) X2

. ) ) Fiijl
+t (F””“ + 2P - ) i Mkt

+ tC( tI‘(F)FF”(h2)” + CtI‘(F)QF + ZFFij’kl’I]klgij
+ CFQFij’klgklgij + 2F2Fijhij
+ (FMhy + F)b bV, FV,F — 2b§;F“vvajF.)

+ ctr(F)F,
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where we have combined the terms attached to the factor ¢tc and used (4.2) and
Mij = ouj — ;- Thus, collecting all terms containing 7;; and Fiik in (4.14) we get,
after some rearranging, that

—9 . . .
dix1 —Oxy = (ﬁaF + F7(h%);; + ctr(F)> (x1 — tcFtr(F))
+ tetr(F)FFY(h?);; + te® tr(F)2F + ctr(F)F
(4.15) + tFR (5 + cFgiz) (i + cFgi)
; ) Fiijl
t <2b Lpik _ 5F ) Nig Mkl

+te (2F2Fh;j + ((F7hy; + F) b — 2F") bV, FV,F).

It remains to rearrange the first two lines of the previous equation. We have

<ﬂ6F0 + F7(h%)s; + ctr(F)) (x1 — teFte(F))

+tetr(F)FEY(h?);; + t tr(F)?F + ctr(F)F
(ﬁéFH + I (R2),, + ctr(F)) i — <66F9 + P (h2)s ) teFtr(F)
(4.16) +tetr(F)FEY(h?);; + ctr(F)F

0
(ﬁéF + F9(h?);; + ctr(F)> X1 — (5F 1+ tF”(hQ)U) cFtr(F)
+tetr(F)FEFY(h?);; + ctr(F)F

.y - -1 . tc? . .
= <ﬁ(5F + FY (hZ)ij + C(ST tI"(F)> X1+ %Ftr(F)z + 2CF1JI‘(F),

which is precisely the first two lines in (4.11).

5. HARNACK INEQUALITIES

In Euclidean space we recover differential Harnack inequalities for various speeds
already discussed in [2, Corollary 5.11 (1)], as can be seen by evaluating the evolu-
tion equation (4.1) with ¢ = 0.

Remark 13. Let x be a strictly convex solution of (1.1) in Euclidean space, i.e.
¢ = 0. Note that the evolution of x; simplifies tremendously now:

0
dx1—x1 = <iF + FY(h?%); > X1

(5.1)

t Fij,k:l 2bZlek _ FU K »
+ + SF Nij Nt -

For curvature functions F' and suitable § so that the second term is non-negative,
we obtain a Harnack inequality. For example, let f be a 1-homogeneous, inverse
concave curvature function; that is, the curvature function

(5.2) fOV) = o5
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is concave. In [25, p. 112] it is shown that in this case f satisfies
(5-3) (SR 426 g = 2 71 g
for all symmetric matrices (1;;). For o # 0, setting

o

(5.4) F ="y
Q@
we obtain
(5.5) Fi — |a\fa_1fij, Fikl — (o — 1)\a|f‘)‘_2fijfkl + |a|fa—1fij,kl

and hence, in the sense of bilinear forms,

- o Fi gkl - a—1 ..
Fz],kl 2bZlek?7 _ a71< ij,kl ij rkl
+ —p =l +~7fff
opil pik _ Y rij kl)
(56) P
Z |a|fa—2 <a+ 1— %) fijfkl
>0,
if we chose § > QL_H when @ > 0 and § < aL—H when a < 0. However, in order

to apply this estimate in a maximum principle argument for xi, we need x; to
be positive initially and hence F' and 6 must have the same sign. Thus the only
allowed pairs (F,d) are

o
F(fy=f% 0 §> ——0
(=7 O<a<oo, 62—,
for contracting flows. For expanding flows we can allow the cases

In those situations we obtain

y oF
% = OF = bIViFV;F + — > 0.
Compare with [2, Theorem 5.6, Corollary 5.11]. To the best of our knowledge, this
is the first time these Harnack inequalities (even in Euclidean space) have been
proved in such generality in the parametric setting.

Now we move on to the spherical case. Before we can prove the main theorem,
for convenience we provide the proof of an inequality for curvature functions, the
idea of which can be found in [3, Theorem 2.3].

Lemma 14. Let f = f(hi;, 9i;) be a monotone, 1-homogeneous curvature function
defined on I'y.. Then

ij ekl
(5.7) (fikbjl S ]Zf ) NijMet > 0

for all symmetric matrices n;;.
Proof. Take a coordinate system, such that

hij = /{iéij .
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Then we also have

. of of .. o
1) — — oW = frou
f 8hij 8/@' f
Thus the left hand side of (5.7) becomes
iﬁz‘ Pt o I o T ng
Ky fo TR £

where we have just thrown away all non-diagonal entries of 7;; (Note that this is
not a waste, since we have to prove the inequality for all matrices anyway.). From
now on we denote (7;;) simply by n;. Thus we have to prove

i i fim.
vneanim?_mZo
Ki f

Define the (n — 1) dimensional linear subspace
S ={(&) eR: fi& =0}
Since fir; = f = f(k) > 0, we have
R™ =S @ (k).

Thus
n=~&+ar, £€85, a€eR,

and we may assume a = 1, for if a = 0 there is nothing to prove and if a # 0 take

77 = 2. The desired inequality becomes, due to the homogeneity,

Lesmp-r=Lerolen-Leso
i K Ki Ki

K

O

Theorem 15. Let f be a strictly monotone, 1-homogeneous, convexr curvature
function, 0 < p < 1, and let F = fP. Then under flow (1.1) with ¢ > 0, x1
satisfies

pF
(p+ 1)t
Proof. In view of the maximum principle and that x; is manifestly positive at ¢t = 0,

it suffices to show that the right-hand side of (4.11) is positive whenever at some
point in space-time x; = 0. Due to Lemma 14 there holds

% = 0,F —bIV,FV,F + >0 Vte (0,T).

(5.8) FE i = £ (i)
for all symmetric matrices 17 and hence

1

(5.9) FRu e = pfP = FR0 gm > pfP 2 (fni)? > ];F Y (Fmi)”.
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Hence for 6 = £~ we have
p+1

; ) Fiijl 1 —p i
(leF]k - 5F )77117‘771@1 > TF YFYI M
L—p 1,

= F'FIFM (nij + cFgi;) (i + cFgi)

1—p .. 1—
- 2c7pF”ijklgkl S S
p

i' 2

F (F"gi;)

(5.10)
1= ij ikl

= TF FYE™(nij + cFgij) (e + cFgrr)

2cl—p

t

20c1 —
Xlelgkl + TTpFFklgkl

+021P%pF(F”9ij)27

where in the last equality we have used

. —O0F
(5.11) Fiin, = -0 = %

- CFFijgij .
The first term in the last equality of (5.10) when added to the term involving F/-*
in (4.11) produces a positive term:

» 1 — g y
(5.12) piskl 4 2P pipispht _ g go=1 piskl >

p
as bilinear forms due to the convexity of f. The other terms in (5.10) do no harm
in applying the maximum principle. On the other hand, note that any strictly
monotone, 1-homogeneous curvature function f satisfies fb% > f¥. Therefore
(5.13)

((F”hij + F) b — QFW) biszij = fp71 ((p + 1) - 2])) f"baniFVjF Z 0.
d

Employing the evolution equation (4.9), we can obtain a stronger Harnack in-
equality for the speed F' = H? with p € (0,1); case p = 1 was considered in [6].

Theorem 16. Consider a solution of (1.1) with F = HP and ¢ > 0. If% + % <
p <1, then

cp 2p—1 p H?
O H? — b9V, HPV,;H? — —— g2~ T 2 5
‘ ViV 2p—1 +p+1 T

If0<p§%+ﬁ orp=1, then

g p HP
O H? — bV, HPV ;H? — cnpH* ™' + ——— > 0.
p+1 1t
Proof. In order to prove Theorem 16, we need to show that for
F=mr, §=-L_,
p+1

the quantity x3 preserves its positivity at all ¢ > 0. Here ( is chosen to be

1 2—-1 9 1
C(F)={p(n_2P1)F SEERETRN A
0, 0<p<i4sgtorp=1
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However, to avoid confusion, we will keep the general form as long as possible. At
time ¢ = 0, x3 is positive. Thus suppose there exists a first time ¢y and a point xg
in My,, such that x3(to,zo) = 0. Then we also obtain

oF
X2:—CtC:>5—9:—T—CC~
Thus, using (4.9) and OF +FF% (h?);; —b"V,;FV;F = 3—0, we obtain at (o, z¢):

0> Orxs — Oxa

"2 . ) ) Fiijl
= 2CC — 2¢nd i 4+t (Fl]Jcl + 2blejk _ 5 ) gkl
2 F'F g
—l—ct{%—%n I C+2F2F,H+C(<IF—C)F”9U
"2
i <</F N T C) FY(h%)ij+ (F'H + F) b b}V FV;F
F// F//QF F///F .y
+ <n (2FV - Fl73 + 7F/2 ) - CN> F jszij
(5.14) o
— 2F'VIV,FV,F |
F'F? iy o pipk
> 2¢( — QCWST +1 <F”’kl + 26" IR — oF ) Mij Mkl
? F'F
+Ct{§% +2F2F’H7 2cn Vi C+Cn(C,F7 C)F/
i <C,F SR T <> F(h)is

F// F//2F F///F F 1 y
* <” <2p - m*m) ~t EE H) FIVIEVE

where we used the estimate
(F'H + F)V"bIV,FV;F — 2F'b9V,FV;F
>(p+ 1)gbijViFVjF — 2p§bijViFVjF
(5.15) —(1 —p)%bijviFVjF

FiN,FV,F.

Z(]‘ - p) F/HZ
To finish the proof, we need to show that the right-hand side is positive. If ( = 0,
this is straightforward:

F/I F//QF F///F F 1
1
F <O7 n<2_F/_ F/S + F/2>+F,H2_HZO
and S
Iy - FvF P
Fiakl 4 opil pik e >0 for 6= ——.
( + oF NigMkl = or Pl
For the second case that ¢ # 0, note that
F'F? 1
2¢¢ — 2cnd >0 for p> nt

F — 2n -’
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FijFlcl
OF

p
it >0 for 6= ——,
>77]77kl_ P

(Fij,kl + 2bllek _

cC? F'"F +1 5 P

Sy 'F_O)F' >0 f > -

S5F o F C+en(C QOF > or p=z o’ P+ 1
FV'R? 1
CF—ni———¢>0 for 22 <p<,

F' 2n

=0.

F// F//2F FII/F F 1
Fr R8T F? F'H?  H

6. PRESERVING CONVEXITY

In the derivation of the Harnack inequalities we have assumed strict convexity
of the flow hypersurfaces. In this section, we show that this assumption is justified
by proving strict convexity is preserved for all flows in the sphere for which we
could prove the Harnack inequality. In Euclidean space, the question of preserved
convexity has been addressed more thoroughly. It is also known that there is a
variety of examples where convexity is lost for contracting flows [5]; the authors
also discuss necessary and sufficient conditions for preserving convexity. In other
special situations preserved convexity was proved, e.g., see [1, 3, 4, 23].

Proposition 17. Let My C S"! be a closed and strictly convex hypersurface.
Suppose that f € C=(T'y) N C°T ) is a strictly monotone, 1-homogeneous and
conver curvature function and let 0 < p < co. Let x be the solution to (1.1) with
F = [P and with initial hypersurface My. Then all flow hypersurfaces My = x(M, t)
are strictly convez.

Proof. Let T be the first time, where the strict convexity is lost. Then on the time
interval [0,T) the dual flow defined via the Gauss map is well defined and reads

(6.1) T = ﬁu,

where f is the inverse curvature function defined in (5.2) and f is now evaluated
at Ry = K; L see [12] for the derivation of the dual flow. Due to the properties of
f, f is 1-homogeneous, strictly monotone, concave and vanishes on the boundary
of T'y; see [11, Lemma 2.2.12, Lemma 2.2.14]. For flows of the kind (6.1) uniform
curvature estimates were deduced in [22, Lemma 4.7], implying that the R; are
bounded. This means that up to time 7T uniform convexity is preserved for the

original flow, which contradicts the definition of T', if T" is not the collapsing time.
O
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