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A UNIFIED FLOW APPROACH TO SMOOTH, EVEN
L,-MINKOWSKI PROBLEMS

PAUL BRYAN, MOHAMMAD N. IVAKI, AND JULIAN SCHEUER

ABSTRACT. We study long-time existence and asymptotic behavior for a class
of anisotropic, expanding curvature flows. For this we adapt new curvature
estimates, which were developed by Guan, Ren and Wang to treat some sta-
tionary prescribed curvature problems. As an application we give a unified flow
approach to the existence of smooth, even Lp-Minkowski problems in Rn+1
forp > —n—1.

1. INTRODUCTION

Consider a smooth, closed, strictly convex hypersurface My in Euclidean space
R, n > 2, given by a smooth embedding Fy : M — R™t!. Suppose the origin
is in the interior of the region enclosed by My. We study the long-time behavior
of a family of hypersurfaces {M;} given by smooth maps F : M x [0,T) — R"*+!
satisfying the initial value problem

(F(x,t)-v(z,t))*7P
K(z,t)

(1.1) 6tF(.’17,t) =<P(V(337t)> Z/(LL',t>7 F(,O) :FO(')'

Here K(-,t) and v(+,t) are the Gauss curvature and the outer unit normal vector of
M; = F(M,t) and ¢ is a positive, smooth function on S”. Furthermore, T is the
maximal time for which the solution exists.

Forp=2, ¢ =1, flow ( ) was studied by Schniirer [ ] in R3 and by Gerhardt
[ ] in higher dimensions. Both works rely on the reflection principle of Chow and
Gulliver [ ] and McCoy [ ]. Their result is as follows: the volume-normalized flow
evolves any My in the C*°-topology to an origin-centered sphere. For p > 2 and
¢ =1 it follows from Chow-Gulliver [ , Theorem 3.1] (see also Tsai [ , Example
1]) that () evolves My, after rescaling to fixed volume, in the C'-topology to
an origin-centered sphere. We refer the reader to the paper [ | regarding a rather
comprehensive list of previous works on this curvature flow. In particular, in either
case p #lorp=1,—n—1 < p < 2, we are not aware of any result in the literature
on the asymptotic behavior of the flow. The following theorem was proved in [ ]
regarding the case p = —n — 1, ¢ = 1 (in this case the flow belongs to a family of
centro-affine normal flows introduced by Stancu in [ ).

Let us set write B for the unit ball of R**! and put

K, := (V(B)/V (i)Y "tV K,

where K; denotes the convex body enclosed by M; and V(+) is the (n+1)-dimensional
Lebesgue measure.
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Theorem ([ ]). Letn>2,p=—n—1, ¢ =1 and suppose Ky has its Santalé
point at the origin, i.e.,
u
sn Ty (u)"F?
Then there exists a unique solution {M,} of flow (), such that M, converges in
C™ to an origin-centered ellipsoid.

do(u) =0.

Here hg, is the support function of Ky. A closed, convex hypersurface My can
be described in terms of its support function hg, : S® — R defined by

hi,(u) =sup{u-x:x € My}
If My is smooth and strictly convex, then hy, (u) = u - Fo(v=1(u)).
From the evolution equation of F(-,t) it follows that
h(-t) :=hg, () :S"x[0,T) > R
evolves by
(1.2) Oth(u,t) = o(u)(h®7PS,,)(u,t),
where S, (u,t) = 1/K(v=*(u,t),t). A homothetic self-similar solution of this flow

satisfies
(1.3) WP det(V2h + 1d ) = <,
¢

for some positive constant c. Here V is the covariant derivative on S™. Note that
S, = det(V2h +1d h).

We list the main results of the paper extending the previous mentioned results.
Theorem 1. Let —n—1 < p < 0o and ¢ be a positive, smooth even function on S™
i.e., p(u) = p(—u). Suppose Ky is origin-symmetric. There exists a unique origin-
symmetric solution {M,} of () such that {M,} converges for a subsequence of
times in C to a smooth, origin-symmetric, strictly convex solution of (). Also,
when p < n + 1 the convergence is in C*°, and if p > 1 the convergence holds for
the full sequence.

If -n — 1 < p < —n, we can extend the result of the previous theorem by
dropping the assumption that ¢ is even.

Theorem 2. Let —n — 1 < p < —n and Ky satisfy

/n A he@irdow =0.

There exists a unique solution {M,} of flow () such that {M;} converges for a
subsequence of times in C™ to a positive, smooth, strictly convex solution of ().

Given any convex body Ky, there exists a vector ¢ such that Ky 4+ ¢/ has the
origin in its interior and it satisfies the assumption of the second theorem.
For ¢ =1 we prove the following theorem.

Theorem 3. Let 1 #p>-—-n—1, p =1 and Ky satisfy

/S" %da(u) =0.

Then there exists a unique solution {M,} of () such that {M,} converges in C
to the unit sphere. In addition, for 1 #p <n+ 1 the convergence holds in C°.
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For p # n + 1, self-similar solutions to () are solutions of the L,-Minkowski
problem (), and for p = n+ 1, a self-similar solution to () is a solution to the
normalized L, 41-Minkowski problem (), which we shall introduce them now.

The Minkowski problem deals with existence, uniqueness, regularity, and sta-
bility of closed convex hypersurfaces whose Gauss curvature (as a function of the
outer normals) is preassigned. Major contributions to this problem were made
by Minkowski [ , |, Aleksandrov [ — ], Fenchel and Jessen [ |, Lewy [ , |,
Nirenberg [ |, Calabi[ ], Pogorelov|[ , ], Chengand Yau| |, Caffarelli, Niren-
berg, and Spruck [ ], and others. A generalization of the Minkowski problem
known as the L,-Minkowski problem was introduced by Lutwak in [ ], where for
any 1 < p # n+ 1 and a preassigned even Borel measure on S"™ whose support
does not lie in a great sphere of S™ the existence and uniqueness of the solu-
tion were proved. This generalization for 1 < p # n + 1 was further studied
by Lutwak and Oliker in [ ], where they obtained the C** regularity of the
solution. Solutions to many cases of these generalized problems followed later
M,y s s s s sy =y =]

For p # n + 1, in the smooth category, the L,-Minkowski problem asks, given a
smooth, positive function ¢ : S* — R, does there exist a smooth, closed, strictly
convex hypersurface My C R"*! such that
) Pr) 1

K(z) o(v(z))
where x € My, h denotes the support function, I the Gauss curvature and v the
Gauss map My — S™. The even L,-Minkowski problem requires in addition, that
© is an even function. The case p =1 is the original Minkowski problem.

The special case of p =n + 1 is troubling since () might not have a solution.
To remedy this, Lutwak, Yang and Zhang introduced a normalized formulation of
the L,1-Minkowski problem in [ ] and they proved the existence and uniqueness
of the solution for any prescribed even Borel measure on S™ whose support is
not contained in a great sphere of S™. In the smooth category, the normalized
L,,+1-Minkowski problem asks for the existence of a smooth, closed, strictly convex
hypersurface My C R**! that solves

hr(v(e)K(z)  o(v(z))
where K is the convex body with the boundary Mjy. In the rest of the paper,
the L,-Minkowski problem refers to either () or (), and we avoid the word
“normalized”.

The existence and regularity of solutions to the L,-Minkowski problem are rather
comprehensively discussed in [ | for p > —n—1. Our study on () provides an al-
ternative variational treatment (based on curvature flow) of the even L,-Minkowski
problem. For p = 1, Chou-Wang | | treated the classical L;-Minkowski problem
in the smooth category by a logarithmic Gauss curvature flow. For n = 1, and
1 # p > —3, the existence of solutions to the L,-Minkowski problems follows from
Andrews’ results [ ] on the asymptotic behavior of a family of contracting and ex-
panding flows of curves. Also, in higher dimensions, the existence of solutions to
the L,-Minkowski problems follows from [ | when —n—1 <p < —n + 1 (a short
proof of this is also given in [ |) or when ¢ is even (e.q., p(u) = p(—u)) and
—n+l<p<l.Seealso|, , , |,
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Using our results for the flows above, it is now a simple matter to give a new,
unified proof of the smooth, even L,-Minkowski problem for all ranges of p > —n—1.

Corollary 4. Let —n —1 < p < o0 and ¢ be a positive, smooth even function
on S™ i.e., p(u) = p(—u). Then for p # n+ 1 there exists an origin-symmetric,
smooth, strictly convex body such that () is satisfied. For p=n+ 1, there exists
an origin-symmetric, smooth, strictly convex body such that () is satisfied.

Proof. By the first part of Theorem (only the convergence for a subsequence of
times is needed), there exists a smooth, strictly convex body K with the volume of
the unit ball and a constant ¢ > 0 such that

h chP

K ¢
Hence c¢ [, %dcr = (n+ 1)V(B™). Thus there is a solution to

W) <(n+1)V(B)> 1

K(x) Jor Zdo ) olu@)

Now let us define

oo Mdo \ TP
<<n+1>v<3>> PRl
A= 1
(v " _
<V<K)fgn ’L";“da) o p=ntl
Therefore, AK solves the smooth, even L,-Minkowski problem. O

Let us close this section with a brief outline of this paper. The main difficulty
in proving convergence of the normalized solutions is in obtaining long-time exis-
tence. The issue arises from the time-dependent anisotropic factor (the support
function). We believe in such generality, ( ) serves as the first example where
a time-dependent anisotropic factor is allowed. To prove long-time existence, we
first obtain bounds on the Gauss curvature in Section . Using the well-known
standard technique of Tso [ ] we obtain upper bounds. We obtain lower bounds by
applying the same technique to the evolution of the polar body as in [ ]. Control-
ling the principal curvatures requires estimates of higher derivatives of the speed
which is generally quite difficult due to the non-linearity of the flow. In Section

we obtain these crucial estimates by adapting the remarkable C? estimates of
Guan-Ren-Wang for the prescribed curvature problem see [ , (4.2)]. Long time
existence then follows readily by standard arguments. Once it is proved that solu-
tions to the flow exist until they expand to infinity uniformly in all directions, the
method of [ , Section 8] applies and yields convergence of the volume-normalized
solutions in C' to self-similar solutions provided p # 1. Further work is required
to establish convergence of normalized solutions if p = 1, and to prove convergence
in C*° for p < n + 1; this is accomplished in Section ; see also Remark
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2. BASIC EVOLUTION EQUATIONS

Let g = {gi;}, and W = {w;;} denote, in order, the induced metric and the
second fundamental form of M. At every point in the hypersurface M choose a
local orthonormal frame {eg,...,e,}.

We use the following standard notation

J _— mj
w; =g jwima

(w2)j = QMjgrswirwsmy
‘W|2 = g g w kWi = Wi W J

Here, {g"} is the inverse matrix of {g;;}.
We use semicolons to denote covariant derivatives. The following geometric
formulas are well-known:

k
V;i = wi €L,

kl l
Vij = 9 Wil — W;Wiv,
h. i = W; (F Gk)
h;ij = Wij — hwiwlj + F- V’LUZ]

Note that in above we considered the support function as a function on the boundary
of the hypersurface; that is, at the point x € M we have

h(z) = F(x) - v(x).

For convenience, let ¢)(x) = h?7P(x)p(v(z)). The following evolution can be
deduced in a standard manner; see for example |

Lemma 5. The following evolution equations hold:

8,51/ =-V (;ﬁ) 5

dyw! = — <¢> g — <¢> whw!
! K) . K F

Ickl . Kkl .
- wﬁwf;kl + wﬁwkrwfwg —(n+ l)lléwkwk

ICk:l,rs ) 9
+'¢} 12 gjmwkl;iwrs;m_ w jm,C ’C

Oih = 1/) h1]+1/1h wwljf(nfl)
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3. LONG-TIME EXISTENCE

3.1. Lower and upper bounds on Gauss curvature. The proofs of the follow-
ing two lemmas are similar to the proofs of [ |, Lemmas 4.1, 4.2]. For completeness,
we give the proofs here. In this section we use V to denote covariant derivatives on
the sphere with respect to the standard metric.

The matrix of the radii of the curvature of a smooth, closed, strictly convex
hypersurface is denoted by t = [v;;] and the entries of v are considered as functions
on the unit sphere. They can be expressed in terms of the support function as
Ty = V 0+ Gijh, where [gi;] is the standard metric on S”. Additionally, we recall
that S, = det[t;;]/ det[g;;].

Lemma 6. Let {M;} be a solution of () on [0,t1]. If c2 < hg, < ¢1 on [0,11],
then K < ¢4 on [0,t1]. Here ¢y depends on Ky, c1,¢2,p, ¢ and t.

Proof. We apply the maximum principle to the following auxiliary function defined
on the unit sphere
¢5n _ 6th

0= = .
261—h 261—h

At any minimum of © we have

Sy,
201 h

0=V.0= v( ) and V3,0 > 0.

Therefore, we get ~ -
Vi(¥Sn) ~ YS.Vih
261 —h B (201 — h)2

and
_ — S, i + 218, Gi
(3.1) Vf(wsn) + Gij1hSp > YSntij + 2c19) ng,j.
! 201 —h
Differentiating © with respect to time yields
,(/}2 52

at@ = wsz (

(WSn) + 3i10Sn) + (14 (2=p)h ' (2¢; — b)),

(201 — h)Z
where Sflj is the derivative of S, with respect to the entry v;;. By applying inequality
() to the preceding identity we deduce
(3.2) 010 >0%*(1 —n+2c1H) — cO?,
where
H =555
Therefore, we arrive at
h27P
1 1
G > =
ct+1/m1n ST (O u) ct1—|—1/ mm £

21 — = (0,u)

C1

O

Lemma 7. Let {M;} be a solution of () on [0,t1]. If c1 < hk, < ca on [0,t1],

then IC > m on (0,t1], where a and b depend only on ¢y, c2, p, ¢. In particular,

K > ¢3 on [0,t1] for a positive number cs that depends on Ky, c1,c2,p,¢ and is
independent of ty.
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Proof. Suppose K is the polar body of K; with respect to the origin. We furnish
quantities associated with polar bodies with *. The polar bodies evolve by

8th* = _1/)*57*;717 h*(at) = th*()a

where
ntlip

hrntl W2 + |Vh*2 )’
see Lemma  for the proof. In addition, we have ¢j = 1/ca < h* < 1/¢; = ¢},. We
will show that the function

v =

* Qx—1
o_ U5
h* — ¢\ /2
remains bounded. At any maximal point of © :
_ B w*S*—l Yy
\Y \Y (h*cﬁ/? and Vi

Hence, we obtain

3.3 Vi S _ STV
' W —cj2 (b -, /22

and consequently,

1/’*5;71@} — G S gy
h* — ¢y /2 '

(3.4) V3 ST + gt syt <

Differentiating © with respect to time yields

1}&*5*72 P 1 B .
t h*—Cll/Q n ( z](d) n )+gww n )
St
—n 9t 4 0%
s — /2 T+
On the other hand, in view of
* * Qrk— — * — * Qk— 1/)*5271 vh* —7 1. %
o =wrsi™t, ot = Vs = Lo VL g < o
- /2
where for the second equation we used (), we have
527718 Y* < e(n,p,ci,ca, )02
h*_c,l/z t = yPy C1,C2,¥ :

Employing this last inequality and inequality () we infer that, at any point where
the maximum of © is reached, we have

/
(3.5) 8,0 < 02 (d - 0217{) :

IThe polar body of a convex body K with the origin of R”*! in its interior is the convex body
defined by

K*={zcR" . z.y<lforallye K}.
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o (2T \TE
>
weo () (et

1
" -
1 C "
>nOn [ ———— .
- (0’1 0’1/2>

Therefore, we can rewrite the inequality () as follows

8,0 < 2 (c— c'@%),

Moreover, we have

for positive constants ¢ and ¢’ depending only on p, ¢, ca, . Hence,
(3.6) O <c+dtm

for some positive constants depending only on p,cq,c2, 9. The inequality ()
implies that

(3.8) Sl <o/ 4yt

for some a’ and &’ depending only on p,c1,co, . Now we can use the argument
given in [ , Lemma 2.3] to obtain the desired lower bound: For every u € S",
there exists a unique u* € S™ such that

(Sah™2) (u) (S3h"2) (") = 1,
see [ ]. In view of this identity and ( ) we conclude that on (0,¢;] we have
1
“abtwn
for some a and b depending only on p, ¢1, c2, ¢. The lower bound for K on [0, 6] for

a small enough § > 0 follows from the short-time existence of the flow. The lower

bound for K on [4,¢;] follows from the inequality I > ﬁ. O

2

Claim. Suppose f is a positive smooth function of t on [0,¢1] that satisfies
d
(3.7 Ef§00+01f+02f2*03f2+p7

where c3,p are positive. There exist constant c,c’ > 0 independent of the solution and depending
only on co,c1,c2,c3,p, such that f < c+ 't/ @+ on (0,t1].

Proof. Note that there exists g > 0 such that co + c1@ + cox? — c3x? TP < —03/2m2+p for x > xg.
If f(0) < zo, then f may increase forward in time, but when f reaches zg, then f must start
decreasing (since the right-hand side of () becomes negative). Thus we may assume, without
loss of generality, that f(0) > xo. Therefore, f > zo on a maximal time interval [0,¢g). On [0, to)
we can solve 4
2
af < —c3/2f%FP

to obtain

< (eslp+1)/26) 7/ HD,
At to we have co + c1f + cof? — caf1TP = —c3/2f2TP and f = x¢; therefore the right-hand side
of () is still negative. So f < f(to) on [to,t1]. In conclusion,

f < max{(ea(p+1)/26) "/ P 20 = f(to)} < e+ e/ IR,

where ¢, ¢/ do not depend on solutions. O



3.2. Upper and lower bounds on principal curvatures. To obtain upper and
lower bounds on the principal curvatures, denoted by {x;}?_;, we will consider the
auxiliary function used by Guan—Ren—Wang for a prescribed curvature problem;
see [, (4.2)].

Lemma 8. Let {M;} be a solution of () on [0,t1]. If c1 < hk, < co on [0,11],
then c5 < k; < ¢g on [0,t1], where c5 and cg depend on Ky, c1,co,p, ¢ and t;.

Proof. In view of Lemmas and , it suffices to show that ||| remains bounded
on [0,¢;]. Consider the auxiliary function

1
0= 510g(||W||2) —alogh.

Assume without loss of generality that ¢; > 1, for otherwise we replace h by 2h/c;,
which does not effect the evolution equation of ©. Using the parabolic maximum
principle we show that for some « large enough ©(-, ¢) is always negative on [0, ¢1].
If the conclusion of the theorem is false, we may choose (zo,%y) with ¢y > 0 and
such that ©(zo,t0) = 0, O(xz,t9) <0, and O(z,t) < 0 for t < to. Then,

Kl
0< @ d)lc @kl
w K:kl . N Qw K:kl .,
— 711) ’LU U) we,.
WP K7 ik e g
ol (w?) wi
=gl — D2t 3
—H/J,CQ wirw] — (n 4 )wKHWHQ
ww; JCkLrs gjp’C;i’C;p
' 7 (S sy ~2552)
+ g“’% lgj%-i Y
K2 K7 ) w2
w 04¢ JCK! JCKL .
+(n_1)R+R( V) — 7z I@hkhl awﬁwkrwl'

Pick normal coordinates around zo such that in (z,tg) there holds
Gij = 035, Wi5 = wy0y;.
At (zo,tp) we may write
KRS0 10,00 = K Mg g — /Ckk’llw;%l;i7

due to the relation

ICklﬂ‘S ij _ %K
Wkl Wrs;j W = Wi wap;iwqq;i
i pg P

(3.9) 9K oK

Blip Okyq 2
+ Z Wpgsi ) >

— K
prg P a
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see for example [ , Lemma 2.1.14]. We obtain after multiplication by K? that
2

Y Y w2 29
0<— — K i 2P g Wy 0550
W2 Z Y T W % P W z]: e

+ K w0 — (n+ YK

N (’C;i)2>

(4 PP,qq PP;q4,,,2
HE ;w“ KPP wgqss — KPP 1wy, o — 2 K

Wi

+ Z(Q'(/);ilc;i - ’CT/J;u')W

K K .
+(n— 1)% + %(F V) — zflc’”h;kh;l — apKiw?
At (zg,to) we have
Wi Wis: k h.i;
(3.10) 0=06,;= LAY
zi: W2 h

We may assume at z that wy; = max{w;; : 1 <14 < n}. Therefore,
CQ
(311) @(Io,to) =0= ﬁ <wip < Cg.
On the other hand, since 9 is bounded above and below in view of the hypotheses
of the lemma, we obtain

2
Y < Cowy = 29,K,; < %(/C;i)Q + C;f;o w}

(3.12) < z/J( i) + C(e, Ko, o, t1)pwy;,

where ¢4 (depending on t1) is from Lemma , and

(3.13) w,n > —C — Cw“ — Cwi + Z’wii;kdl,’(ﬂ(ak).

k
Using ( )in( ) we obtain

K
- W ;wmﬁm‘
K
‘ k
K alkC
(3.14) Sszii(C—FCwii—FCw%) — Tzh;kdu¢(3k)

alkl
:||W||22w” C + Cwy; + Cw?) — Zw” (0; - F)dy,(0;)

§W an(c + Cw?) — T Zw“(al - F)dy ().

For the last inequality, we used that X is bounded above and 1 is bounded below
(so the constant C' depends on Ky, ¢, 11).
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Combining (), ( ) and ( ) implies that

P
0<— K . K
H ||2 Z llﬁz || ||2 ngéq pql

2

Kt Zw”wj“ + Y2 — (n—i—lwlCz

‘WH4 IIWII2
(K;l)
+ W Zwu (Kpp,qupp;lwqq;l - ;Cpp,quiq;l —(2- E)T

S (€ + Cut —fzw”a F)dy ()

HWII2
az/}IC all
(3.15) + (- )T+ 5 (85 - F)dpt)(0s +Tzi:wii(8i.F)dyw(ai)
_%’C”wi(@ F)? — apK"wy,

1/’ 11
SW > wy (C+ Cwf) —nK Y wih + Kwl |2
l l

nk i o K'wi(0i- F)? K
e (h Ktk - = gy 200 PYrv(d)

awlC
—wZAJrB +Ci+D; — E;) — WCZ”WHQ,
where C depends on g, Ky, p,t1, and
2—¢ Wi
A= ||w‘||*2/cw“(’c*i)2 = T 2 st
Pq
2 -
,u 2 R ] 2
B; = HWHz ZwMK” Wi Ci = GAE ZK”“’JJ;N
Jj#i

2
2 y
i 2 _ 2 T
b= wa’C ZJ N Zj ot

The terms B; and C; deserve some explanation. C; comes from the second term

in (), which reads
T S v < e D~ e K

which is exactly C; due to the Codazzi equation.

The third line of () arises from (). Since the second term in the bracket
of () is negative and the hypersurface is convex, we can proceed in the same way
as we derived C; and just throw away all indices ¢ which are neither p nor ¢. This
gives term B;. The first term in the big bracket goes into A;.

In Corollary  of the appendix we will present an adaption of the method de-
veloped in [ ] to deal with the curvature derivative terms A;, B;, C;, D;, E;. There
we prove that we obtain the following alternative: There exist positive numbers
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d2,.-.,0, which only depend on the dimension and bounds on the Gauss curva-
ture, such that either

wi; > 0wy V2<i<n
or
Ai+B,+Ci+D;—FE; >0 V1<i<n.
By taking « large in ( ), in the first case we get a contradiction to the bound

on the Gauss curvature. In the second case, using also Kw? = K>, wi, ()
yields

_||WH2 (Zw” C + Cw}) —nlCZw”> (a—1) IC’(/JZU)”

+ aap ((n 1)% — 3 Zw” (0; - F)? +o Z F)dpy 31))

Consequently we obtain
C(&, KOa L) tl)wilgl
0< —(a
w2
where we discarded —(a — 1)K¢ 37, ,; wi; < 0 and used the bounds on h,¢ and K

to bound wy; in terms of w¥;.
Now take a such that (a — 1)Ky > C(e, Ko, p,t1) + 1. Therefore, in view of

()

1)1wa11 + C(KOa @, tl)a7

0< C(Ev K07 P tl)w%l

— (o — 1)Kypwi1 + C(Ko, o, t1)cx

- Wi
wiy
(3.16) < Cl(e, Ko, o, t1) <||W||2 — 1> w11 — w1 + C(Ko, ¢, t1)a
S + O(KO7 ' tl)
f
Taking « large enough yields a contradiction. O

Proposition 9. The solution to () satisfies tlirr% max hyg, = oo.
—

Proof. First, let p > n+ 1. In this case, by comparing with suitable outer balls, the
flow exists on [0,00). For p > n + 1, consider an origin centered ball B,., such that
Ko 2 B;.. Then Ky 2 B, ), where

r(t) = ((minhg, )" "' +t(p — n — 1) min ) T

and B,.;) expands to infinity as ¢ approaches co. For p =n + 1, Ky 2 B, with
r(t) = ™" min hy, and B,.(+) expands to infinity as ¢ approaches oo.

Second, if p < n + 1, then the flow exists only on a finite time interval. If
max hg, < 00, then by Lemmas , and , the evolution equation ( ) is uniformly
parabolic on [0,7). Thus, the result of Krylov and Safonov [ | and standard
parabolic theory allow us to extend the solution smoothly past time 7', contradicting
its maximality. [



13

4. CONVERGENCE OF NORMALIZED SOLUTIONS

4.1. Convergence in C!';1 # p > —n — 1. By the proof of [ , Corollary 7.5],
there exist r, R such that

(4.1) 0<r<hg <R<oo.

Therefore, a subsequence of {f(tk} converges in the Hausdorff distance to a limiting
shape K, with the origin in its interior. The argument of [ , Section 8.1] implies

(ph}(:ffkoc =g,

where fz is the positive continuous curvature function of K, and c is some

positive constant. By [ , Proposition 1.2], K is smooth and strictly convex.
The C'-convergence follows, which is purely geometric and does not depend on the
evolution equation, from [ , Lemma 13].

Remark 10. Section completes the discussion on the existence of solutions to
the smooth, even L,-Minkowski problems in R"*! for 1 # p > —n — 1. The next
section discusses the C'*° convergence when 1 # p < n+1, and also when p = 1 and
solutions are origin-symmetric. We mention that in the latter case, by the proof
of [ , Corollary 7.5], the estimate () still holds.

4.2. Convergence in C*. By [ , Lemma 9.2], there is a uniform upper bound
on the Gauss curvature of the normalized solution when p < n+ 1. In the following,
we first obtain a uniform lower bound on the Gauss curvature of the normalized
solution Kj.

Let h:S™ x [0,T) — R™! be a solution of equation (). Then for each A\ > 0,
h defined by

1+

B S x [(LT/A ni?”) R

h(u,t) = A= h (u, xtfﬁ"t)

is also a solution of evolution equation () but with the initial data AT R (+,0).
For each fized time ¢ € [0,T), define h a solution of () as follows

1 14n—p
; Vi ) (L)
h(u,7) = h|ut+ T|.
= (715 V(&)
Note that h(-,0) is the support function of (V(B)/V(Kt))%“ K;; therefore,
r< i_L(u, 0) <R.
Write K, for the convex body associated with A(:,7) and let B, denote the ball
of radius ¢ centered at the origin. Since Bp encloses Ky, the comparison principle
implies that Bsg will enclose K, for 7 € [0, 4] , where ¢ depends only on p, R, 1.
By the first statement of Lemma applied to h, there is a uniform lower bound
(depending only on r, R, p, @) on the Gauss curvature of K%.
On the other hand, the volume of K s is bounded above by V(Bag); therefore,
V(B) _ V(Ky)

s S 6=

V(Bar)

<1

VIK 14n—p
V(B 5
()
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for all ¢ € [0,T). Consequently,

_1_
n+1

V(B) h <u,t+ G’((If))) - g) _ ( g)
' (Kt+< >>

V(B)
V(K)

has Gauss curvature bounded below for all ¢ € [0, 7).

1

Now we show that for every ¢ € [(V(B)/V(KO)) Gan %,T), we can find ¢ €

[0,T) such that
V(B)\ "8
+ 2.
VI(Ky) 2

E:

~

14n—

Define f(t) =t + (&/((53)) m ¢ —ton [0,T). f is continuous, and

f(T)=T—-1t>0, p<n+1
f(o0) = o0, p=n+1
f0)y<o p<n+l.

The claim follows.
Next we obtain uniform lower and upper bounds on the principal curvatures of

the normalized solution.

1
Consider the convex bodies f(T = <%) e K, where

Let us furnish all geometric quantities associated with K, by an over-tilde. The
evolution equation of h, is given by

~ ~ ~ h2=PS2do -
O.-h, = ph*>PS, — fS“‘O—”
4 (n+ 1)V (B)

fs” @Ezfpgida
(W TV (D) i
to © = 1 log(||W||?) — alog h, and arguing as in the proof of Lemma , we see that

Since is uniformly bounded above, applying the maximum principle

[W]| has a uniform upper bound. This in turn, in view of our lower and upper
bounds on the Gauss curvature of K., implies that we have uniform lower and
upper bounds on the principal curvatures of K. Higher order regularity estimates
and convergence in C* for a subsequence of { K} follow from Krylov-Safonov [ |,
standard parabolic theory and the Arzela-Ascoli theorem. The convergence for the

3Suppose p <mn+ 1. For each ¢t € [0,T) by the comparison principle we have

(maxhye )Py o (minhie )P
(n+1—p)maxep (n+1—p)mineg

maxhKf

< § (see (1)), we get

Therefore, since —
minhg, —

T 1
<maxhg, <co(T —t)p—n-1.

1
c1 (T —t)p—n—1 <minhg, < (

Thus limy_,7 7(t) = oo.
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full sequence when p > 1 follows from the uniqueness of the self-similar solutions
to( );see| , ]. Moreover, note that when p =1 and —n — 1 < p < 1, by the
result of [ ], the limit is the unit sphere.

5. APPENDIX

Evolution of polar bodies. Let K be a smooth, strictly convex body with the
origin in its interior. Suppose 0K, the boundary of K, is parameterized by the radial
function r = r(u) : S” — R. The metric [g;;], unit normal v, support function h,
and the second fundamental form [w;;] of 0K can be written in terms of r and its
partial derivatives as follows:

a: gi; = TQ_(]Z']';’- vﬂ’vj’l",

b' — ru—Vr

V2| vrl2’

2

c: h= ——C_—

Ve
d: wy; = —erjr+2VirY_7r+r2gi_j

J \/7‘2+||Vr|\2
Since % is the support function of K* (see, e.g., [ , page 57]), we can calculate the

entries of [t};]:

. 62 1 17” _ fr?ferrQ?ir?erergij
i = Vi + 9= 3 .
Thus, using (d) we get
. 2+ |[Vr|?
tij = T’U)U

Lemma 11. As K; evolve by (), their polars K evolve as follows:

ntl+tp

. h*u+ vh* h*2 + vh* 2 5
W™ = —p = ( |*n+1| *)
Vh*2 + |Vh*|? hrn+1Sx

Proof. To obtain the evolution equation of hkx, we first need to parameterize M;
over the unit sphere

; hE(st) == hier (0.

F =r(u(-t),t)u(-,t) : S* — R
where r(u(-,t),t) is the radial function of M; in the direction u(-,t). Note that

2—p 2 |2
Oyr = h?=P /12 + || V7| 7

(plC r

and
- det Wy 1 . det gij det gij 1

©detry;” detgy  r22(r2 4| Vr|2)’

B detgij ’ S

n

1

VRO
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Now we calculate

1
3th* :at*
7_h2 V2 + || Vr|2 )
o K 73 S
o VT2 —|—HV7‘|2 det g;; )
det w;;

Vi HVT |2 det g;; det g;; dettj;

det;; det g;; det w;
_ +1
VPV r2 2 (e 4+ | Vr|?) e(v)
& (b2 + [V S
Replacing r by 1/h* and taking into account (b) finishes the proof. O

Estimates for curvature derivatives. For convenience we present some of the
main ideas, how one can prove the alternative in Lemma about balancing the cur-
vature derivatives. This method was used in [ ] for a similar stationary prescribed
curvature equation. Recall that

2—¢ Wi
A= iR )"~ g 2K et

2 i 9
Bi:WZwa‘jW’”wm Ci = \WIIQZICM 1
J J#i
2

2 y
% 2 _ 2 Sy
Di= [k D i PO

Note that the term A; looks slightly different from the term A; in [ , p. 1309],
where the K is not present in the denominator. We have to define A; in the way
we did, because due to the inverse nature of the curvature flow equation we obtain
an extra good derivative term. This allows us to choose the constant in A; as 2 —¢,
whereas a large constant was required in [ ] (denoted by K there). Fortunately
the proofs of [ , Lemma 4.2, Lemma 4.3] also work for sufficiently small €. The
remaining terms B;, C;, D;, E; are all identical to those in [ ].

In the following o) denotes the k-th elementary symmetric function of principal
curvatures. We begin by recalling the following special case (k = n) of inequality
(2.4) from [ , Lemma 2.2], which can be deduced easily by differentiating

o-(2)"
ol

twice, using the concavity of G and applying the Schwarz inequality. For any é > 0,
1<i<nand1 <[ <n we have

1 1 (K;i)?
_KPPAdy, - - =
KPP H wppsitwgq;i + (1 n—1I + (n— l)(5> K-
(1 + 1- 5) K((01),:)? B ngp,qq

n—1 o? oy

Wpp;iWqg;i-
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In particular, by taking § = 31—, we have

(K:Z)Q DP,qq l1—¢ K((Ul>‘i)2
) _ ) s . > )
K Wpp;iWqg;i = L+ (TL _ 1)(2 _ E) o,lz

PP,aq _ _
_ Ko™ wpp;iwgg;i

(2—¢)
(5.1)

)
oy

provided (2 —¢) > 1,ie. 0 <e <1

Lemma 12. For eachi # 1, if V3K < K1, we have

A;+B;,+C;+D; — E; > 0.

Proof. Note that from () with [ = 1, it follows that 4; > 0 since o}”"%? = 0. The
proof of that B; + C; + D; — E; > 0 can literally be taken from | , Lemma 4.2],
starting with [, Equ. (4.10)]. O

In the following proof we will write ¢,, = K for a better comparability with [ |
Lemma 4.3]. Also denote by oy (x|i) the k-th elementary symmetric polynomial in
the variables K1, ..., Ki—1,Kit1,- .., kn and og(k|ij) accordingly.

Lemma 13. For A = 1,...,n — 1 suppose there exists some 6 < 1 such that
kx/k1 > 0. There exists a sufficiently small positive constant 6’ depending on ¢, €
and the bounds for IC, such that if kx11/k1 < ¢, we have

Ai+B;+Ci+D;—E; >0 fori=1,... A

Proof. This corresponds to [ , Lemma 4.3]. We highlight the main estimates in
this proof. First of all, from [ , Equ. (4.16), (4.17)] one can extract the following
estimate:

IWI*(B; + Ci + Dy = Ei) = [W? Y (0n-1(5l7) = 200-1(klif)) w}y

J#i
(5.2) - w%ﬂgwi‘;i
= HVV”2 Z Un—l(’f‘j)w?‘j;i - wzziajziwzgi;ia
J#i

since op,—1(klij) = 0.
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Now we show the right hand side of () is dominated by |[W||*A;. From ( )
we get for all 1 < A <nand forall 1 <i<mn:

(2 — e)wy; Wi;
A= —2—((on) ;i PP, Wagsi
WiPo, R 2t
> Wi 14 1-¢ Un((ak);i)2
W (n—1)(2-¢) o3
_ Wi On Zp q NP W Wagsi
W2 o
— Y n 1 - aa wani 2
s (0 a=pe=a) 2 (8" )
1—¢
+— (TL—]. ZO',\ 0')\ Waa;i Whbsi
+ Z (aiaaf’\b -0 ag\m bb) waa;iwbb;i:|'
a#b

For sufficiently small 6" and A = 1 the simple estimates [ , Equ. (4.19), (4.20)]
give
(5.4) W |*4; > wiffﬁfwi;i — Cew;; sz%a i
a#1
Combining this with () for ¢ = 1 yields,

IW|?(A1 + Bi + C1 + Dy — Ey) > Zanfl(ﬁ;\j)
J#1

On C. 2
(5.5) ; (wjj wu) 3331

> w2,
Z(5'11111 wll) o

J#1

which is non-negative for ¢’ sufficiently small. Hence the lemma is true in the case
A=1.
For A > 1 the series of elementary estimates [ , Equ. (4.22)-(4.27)] gives

wj
HWH4A > ’U)“U,ZL nga;i “ Zwaa Al

a<\ a>A

FETNNL S
(R > wiia

11 4
J#1

after having adapted e if necessary and having chosen §’ sufficiently small again.
Combining this last inequality with () for 1 < i < A yields

IWI[(Ai + B + Ci + D; — Ei) > Y o1 (klj)w
J#i

2
1 6
(5.6) >y (on 1 (k) -

2
Wyjsi
_7>)\

On Ce 2
2 Z <w115/ - w,.52> Wijsio
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which is non-negative for small §’ for the same reason as in (). This completes

the proof. (Il
Corollary 14. There exist positive numbers 0s,...,0,, depending only on the di-
mension, on € and on the bounds for the Gauss curvature, such that either

(5.7) Ki > 061 V2<i<nm

or

(5.8) A;+B;+C;+D;,—FE; >0 V1<i<n.

Proof. Choosing A =1 and § =1 in Lemma  yields the existence of ¢’ with the
following property: if ko/k1 < ¢, then

A1+Bl+01+D1*E120.

Note that #; < kg for i > 2. Choose d; = min{d’,1/v/3}. Therefore, in view of
Lemma , ko/k1 < 02 implies that

A;+B;+Ci+D; — FE; >0 Vi>2.

We now apply induction, assuming we have constructed do,...,d;. We may
assume k; > 0;k1 for 2 < ¢ < j otherwise A; + B; + C; + D; — E; > 0 is already
true for 2 < ¢ < n. Choose § = §; and A = j in Lemma  to get a ¢’ so that if
Kjt1 < 8k, then A; + B; + C; + D; — E; > 0 holds for 1 < ¢ < j. Now in view
of Lemma , taking ¢;41 = min{d’, 1/4/3} gives A; + B; + C; + D; — E; > 0 for
j<i<n. |
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