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EXPANSION OF PINCHED HYPERSURFACES OF THE

EUCLIDEAN AND HYPERBOLIC SPACE BY HIGH POWERS

OF CURVATURE

HEIKO KRÖNER AND JULIAN SCHEUER

Abstract. We prove convergence results for expanding curvature flows in the
Euclidean and hyperbolic space. The flow speeds have the form F−p, where

p > 1 and F is a positive, strictly monotone and 1-homogeneous curvature
function. In particular this class includes the mean curvature F = H. We
prove that a certain initial pinching condition is preserved and the properly
rescaled hypersurfaces converge smoothly to the unit sphere. We show that
an example due to Andrews-McCoy-Zheng can be used to construct strictly
convex initial hypersurfaces, for which the inverse mean curvature flow to
the power p > 1 loses convexity, justifying the necessity to impose a certain

pinching condition on the initial hypersurface.

1. Introduction

We consider inverse curvature flows in either the Euclidean space N = R
n+1 or

the hyperbolic space N = H
n+1 with sectional curvature KN = −1, i.e. a family of

embeddings

x : [0, T )×M → N,

where M is a closed, connected and orientable manifold of dimension n, which
solves

(1.1) ẋ =
1

F p
ν, 1 < p <∞.

Here ν = ν(t, ξ) is the outward pointing normal to the flow hypersurface Mt =
x(t,M) and F is evaluated at the principal curvatures κi at the point x(t, ξ).

Let us first state our main theorem. Therefore we will use the following assump-
tions for the curvature function F and the initial hypersurface M0.

1.1. Assumption. Let n ≥ 2 and

Γ+ = {(κi) ∈ R
n : κi > 0, 1 ≤ i ≤ n}.

Let F ∈ C∞(Γ+) be a positive, strictly monotone and symmetric curvature function
which is homogeneous of degree one and normalized to F (1, ..., 1) = n.
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1.2. Assumption. Let F satisfy Assumption 1.1. Let

x0 :M →M0 ⊂ N

be the smooth embedding of a hypersurface M0 with F|M0
> 0, which can be

written as a graph over a geodesic sphere S
n,

M0 = {(u(0, y), y); y ∈ S
n}.

In the following statement of our main theorem, we let

H =
n
∑

i=1

κi

be the mean curvature, A the Weingarten operator, ‖A‖ be its norm with respect
to the induced metric and I the identity. The principal curvatures κi, 1 ≤ i ≤ n,
will always be labelled according to

κ1 ≤ · · · ≤ κn.

1.3. Theorem. Let n ≥ 2 and let N = Nn+1 be either the Euclidean space or the
hyperbolic space of constant sectional curvature KN = −1. Let p > 1 and let F , M0

satisfy Assumptions 1.1 and 1.2. Furthermore, we assume that in case KN = 0,
M0 satisfies the pinching condition

‖A‖2 − 1

n
H2 < c0H

2,

and in case KN = −1, that M0 satisfies the pinching condition

(1.2) ‖A− I‖2 − 1

n
(H − n)2 < c0(H − n)2,

where 0 < c0 = c0(F, n, p) <
1

n(n−1) is sufficiently small. Then:

(i) There exists a unique smooth solution on a maximal time interval

x : [0, T ∗)×M → N,

of the equation

(1.3)
ẋ =

1

F p
ν

x(0, ξ) =x0(ξ),

where T ∗ < ∞ in case KN = 0 and T ∗ = ∞ in case KN = −1, where
ν = ν(t, ξ) is the outward unit normal to Mt = x(t,M) at x(t, ξ) and F is
evaluated at the principal curvatures of Mt at x(t, ξ).

(ii) The flow hypersurfaces Mt can be written as graphs of a function u = u(t, ·)
over S

n so that
lim
t→T∗

inf
Sn
u(t, ·) = ∞

and properly rescaled flow hypersurfaces converge for all m ∈ N in Cm(Sn)
to a geodesic sphere.

(iii) In case KN = 0 there exists a point Q ∈ R
n+1 and a sphere S∗ = SR∗(Q)

around Q with radius R∗ such that the spherical solutions St with radii Rt
of (1.3) with M0 = SR∗ satisfy

dist(Mt, St) ≤ cR
− p

2

t ∀ t ∈ [0, T ∗),

c = c(p,M0, F ). Here dist denotes the Hausdorff distance of compact sets.
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1.4. Remark. (i) The rescalings, mentioned in (ii) of this theorem, are given by

ũ =
u

t

in case KN = −1 and by

ũ =
u

Θ
in case KN = 0, where Θ is the unique radius of a sphere which exists exactly as
long as the flow, i.e. for the time T ∗.

(ii) A result similar to Theorem 1.3 (iii) can not be deduced in the hyperbolic
space, cf. the nice counterexample in [22].

(iii) For flows by high powers of curvature, pinching conditions similar to (1.2)
and (1.3) have already appeared for contracting flows in [3] and [39]. Indeed we can
mimic a counterexample to preserved convexity for contracting flows by Andrews-
McCoy-Zheng [4, Thm. 3] and show that in general strict convexity (in particular
general pinching) will be lost if p > 1 and F = H.

Theorem 1.3 shows the following: If we remove the assumptions Γ = Γ+, F|∂Γ = 0
as well as the concavity of F in [17, Theorem 1.2] and [34, Theorem 1.2] and replace
them by a certain pinching condition for the initial hypersurface then the resulting
theorems are true. This allows us e.g. to consider the interesting case F = H and
more generally

F = H
1

k

k ,

where Hk is the k-th elementary symmetric polynomial.
Expanding curvature flows of the form (1.1) with p = 1 have attracted a lot of

attention, since they have proven to be useful in the deduction and generalization
of several geometric inequalities, like the Riemannian Penrose inequality, [21], some
Minkowski type inequalities, [5] and [20], and Alexandrov-Fenchel type inequalities
as in [12]. The case p = 1 has been treated in broad generality, cf. [13] and [40, 41]
for the Euclidean case, [16] for the hyperbolic case and [6, 11, 18, 23, 25, 28, 29,
36, 43] for other ambient spaces. For the case p 6= 1 there are fewer results. In the
Euclidean case there is [17, 26, 38] and in the hyperbolic case there is [34]. All of
these papers share the fact that only curvature functions F are considered which
vanish on the boundary of Γ+, a property which forces preservation of convexity
by definition. The goal of the present paper is the generalisation of both of these
works. The second author already obtained an improvement of [34] in [33], where
he could drop the pinching assumption on the initial hypersurface for some powers
p > 1 of the inverse Gauss curvature flow. But in particular for powers p > 1 of
the inverse mean curvature flow there are no results, up to the authors’ knowledge.
In the recent preprint [24] Li, Wang and Wei proved convergence results for the
case p < 1 in R

3 and H
3. The novelty in this paper is that they could also treat

non-concave curvature functions, since for parabolic equations in two variables one
can replace the Krylov-Safonov estimates by a regularity result due to Andrews [1].
Wei provided some new pinching estimates in the cases p < 1 for a broad class of
curvature functions in [42]. Some non-homogeneous flow speeds are considered in
[8] and [9].

The paper is organised as follows. In sections 2 and 3 we collect some notation
and evolution equations. In section 4 we give the counterexample. In section 5
we prove the crucial preservation of a specific pinching of the initial hypersurface,
whereafter in sections 6 and 7 we give an outline on how to finish the proof of
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Theorem 1.3. Here one could basically follow the lines of [17] and [34], but due to
the pinching estimates several aspects of the proofs in these references simplify so
we present these simplified arguments for convenience.

2. Notation and preliminaries

Let n ≥ 2 and N = Nn+1 be either the Euclidean space or the hyperbolic space
with constant sectional curvature KN = −1 of dimension n + 1. Let M = Mn be
a compact, connected, smooth manifold and

x : M →֒ N

be an embedding with unit outward normal vector field ν, (compare the nice note
[32]). Let g = (gij) be the induced metric on M , where gij are the components
of g with respect to the basis xi = ∂ix, 1 ≤ i ≤ n. In tensor expressions latin
indices always range between 1 and n and greek indices range from 0 to n indicat-
ing components of tensors of the ambient space. The coordinate expression of a
covariant derivative with respect to the Levi-Civita connection of g of a tensor field
T ∈ T k,lM are indicated by a semi-colon,

∇rT =
(

T i1...ikj1...jl;m1...mr

)

.

The second fundamental form h = (hij) is given by the Gaussian formula

x;ij = −hijν
and the Weingarten map is denoted by A = (hij).

For any q ∈ N the pointed Euclidean as well as the hyperbolic space N\{q} is
diffeomorphic to (0,∞) × S

n and is covered by geodesic polar coordinates. The
metric is given by

ḡαβ = dr2 + ϑ2(r)σij ≡ dr2 + ḡij ,

where r is the geodesic distance to q, σ is the round metric on S
n and

ϑ(r) =

{

r, N = R
n+1

sinh r, N = H
n+1.

The principal curvatures κ̄i of the coordinates slices {r = const} are given by

κ̄i =
ϑ′(r)

ϑ(r)
.

Since our hypersurfaces will all be convex, they can be written as graphs in geodesic
polar coordinates over Sn,

M = {(u(y), y) : y ∈ S
n},

where u is a smooth function on S
n. Define

v =
√

1 + |Du|2 =
√

1 + ḡiju;iu;j .

In terms of a graph, the second fundamental form of M can be expressed as

hijv
−1 = −u;ij + h̄ij ,

cf. [15, Rem. 1.5.1].
Let us also make some comments on the speed functions under which the family

of embeddings evolve. By Assumption 1.1 these are given by smooth, symmetric
functions F on an open, symmetric and convex cone Γ ⊂ R

n. It is well known, that
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such a function can be written as a smooth function of the elementary symmetric
polynomials sk,

F = ρ(s1, . . . , sn),

compare [19]. The associated functions to sk, which are defined on endomorphisms
of the tangent space, are traditionally denoted by Hk and given by

Hk(A) =
1

k!

d

dt
det(I + tA)|t=0

for all A ∈ T 1,1(M), cf. [15, equ. (2.1.31)]. Hence also F can be viewed as a
function defined on the endomorphism bundle T 1,1(M), i.e.

F = F (A) = F (hij).

We will, however, mostly use a different description of F , namely as being defined
on two variables (g, h) by setting

F(g, h) = F

(

1

2
gik(hjk + hkj)

)

,

where (gik) is the inverse of the positive definite (0, 2)-tensor g and h ∈ T 0,2(M).
We denote by F ij and F ij,kl the first and second derivatives of F with respect to
h, i.e.

F ij =
∂F
∂hij

, F ij,kl =
∂2F

∂hij∂hkl
.

Due to the monotonicity assumption on F as a function of the principal curvatures,
the tensor (F ij) is positive definite at all pairs (g, h), such that (gik(hkj+hjk)) has
eigenvalues in Γ. Compare [2], [15, Ch. 2] and [37] for more details.

We also note that we will in the sequel use the same symbol F for both functions
F and F . This will not cause confusion, since in expressions like F ijhikh

k
j it only

makes sense to think of F .
We always assume that p > 1, set Φ(r) = −r−p for r > 0 and write

Φ′(r) =
d

dr
Φ(r), Φ̇ =

d(Φ ◦ F )
dt

.

3. Evolution equations

The proof of the following evolution equations is given in [15, Lemma 2.3.4], [15,
Lemma 3.3.2] and [14, Lemma 5.8].

3.1. Lemma. Under the flow (1.3) the geometric quantities

Φ = −F−p, χ =
v

ϑ(u)

and u evolve as follows

(3.1) Φ̇− Φ′F ijΦ;ij =Φ′F ijhikh
k
jΦ+KNΦ′F ijgijΦ,

χ̇− Φ′F ijχ;ij =− Φ′F ijhikh
k
jχ− 2χ−1Φ′F ijχ;iχ;j + {Φ′F +Φ}H̄

n
vχ,

and

u̇− Φ′F iju;ij =v
−1(1 + p)F−p − Φ′F ij h̄ij ,

where H̄ denotes the mean curvature of the coordinate slice {r = u}.
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3.2. Lemma. Under the flow (1.3) the Weingarten map form evolves by

(3.2)
ḣij − Φ′F klhij;kl = Φ′F klhrkh

r
l h
i
j − (Φ′F − Φ)hikh

k
j +KN (Φ + Φ′F )δij

−KNΦ′F klgklh
i
j +Φkl,rshkl;jhrs;

i.

For KN = −1 the tensor

bij = hij − δij

evolves by

(3.3)
ḃij − Φ′F klbij;kl = Φ′F klbrkb

r
l b
i
j +Φ′F klbrkb

r
l δ
i
j + 2Φbij

− (Φ′F − Φ) bikb
k
j +Φkl,rsbkl;jbrs;

i

and hence B = bii evolves by

Ḃ − Φ′F klBkl = Φ′F klbrkb
r
lB + nΦ′F klbrkb

r
l + 2ΦB

− (Φ′F − Φ) bikb
k
i +Φkl,rsbkl;ibrs;

i.

Proof. (3.2) is given in [15, Lemma 2.4.3], hence we only prove (3.3).

ḃij − Φ′F klbij;kl = Φ′F klhrkh
r
l h
i
j − (Φ′F − Φ)hikh

k
j − (Φ + Φ′F )δij

+Φ′F klgklh
i
j +Φkl,rshkl;jhrs;

i

= Φ′F kl (hrkh
r
l − 2hkl + gkl)h

i
j + 2Φ′Fhij

− (Φ′F − Φ)
(

hik − δik
) (

hkj − δkj
)

− 2 (Φ′F − Φ)
(

hij − δij
)

− (Φ′F − Φ) δij − (Φ′F +Φ) δij +Φkl,rshkl;jhrs;
i.

Rearranging gives the result. �

4. A counterexample to preserved convexity

For contracting flows, i.e. flows of the form

ẋ = −Φν

with positive Φ, Andrews-McCoy-Zheng [4] gave an example of a (weakly) convex
hypersurface in R

n+1 which develops a negative principal curvature instantly for a
certain class of speeds Φ. By continuity with respect to initial values this shows
that for these Φ one can also find strictly convex initial hypersurfaces which develop
negative principal curvatures quickly.

In this section we briefly sketch that we generally face the same phenomenon
in our case of expanding flows. Precisely we will see that for powers p > 1 of the
inverse mean curvature flow convexity might be lost, indicating that a stronger
pinching condition as for example in Theorem 1.3 is needed.

We will show that the loss of convexity can occur along the flow

(4.1) ẋ =
1

Hp
ν, p > 1,

for simplicity in R
3. Contrary to the contracting case, where a more sophisticated

speed is needed, here we can make use of the strong concavity of the function
Φ = −H−p, which gives an additional negative term in

Φkl,rs =
p

Hp+1
Hkl,rs − p(p+ 1)

Hp+2
HklHrs = −p(p+ 1)

Hp+2
gklgrs.
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Let us briefly recall the method in [4, Thm. 3] how to construct such a convex
initial hypersurface. First they construct a local graph using the function

u(ξ) =
c1
24
ξ41 +

1

2

(

a2 + b2ξ1 +
1

2
c2ξ

2
1

)

ξ22 ,

where a2, b2 are arbitrary positive numbers and

c1 =
1

4
, c2 =

2b22
a2

+
1

4

There holds u(0) = Du(0) = 0 and hence at ξ = 0, compare [4, equ. (16),(17),(18)],

hij = u,ij ,

hij;k = u,ijk

and
hij;kl = u,ijkl − u,iju,kmu,l

m − u,kiu,jmu,l
m − u,kju,imu,l

m,

where indices appearing after a comma denote usual partial derivatives. In the
proof of [4, Thm. 2] it is shown that the graph of u over a small ball Br(0) is a
convex hypersurface, which is strictly convex in ξ 6= 0, and that this graph can be
closed up to a convex hypersurface, respecting the strict convexity in ξ 6= 0. Due
to H(0) = a2 > 0, the hypersurface is strictly mean convex and (4.1) is defined for
short time.

It remains to show that under the flow (4.1), the entry h11(t, 0) of the second
fundamental form, which equals zero at t = 0, drops below zero instantly. According
to (3.2) we have at (t, ξ) = (0, 0):

ḣ11 =
p

ap+1
2

(h11;11 + h11;22)−
p(p+ 1)

ap+2
2

(h11;1 + h22;1)
2

=
p

ap+1
2

(c1 + c2)−
p(p+ 1)

ap+2
2

b22

=
p

ap+2
2

(a2
2

+ 2b22 − (p+ 1)b22

)

=
p

ap+2
2

(a2
2

+ (1− p)b22

)

< 0

for a suitable arrangement of a2 and b2, due to p > 1. Hence h11 drops below zero
instantly and the example is complete.

5. The pinching estimates

We define bij = hij +KNgij where KN = −1 or KN = 0. We set B = bii and

‖b‖2 = bijb
j
i in both cases.

5.1. Lemma. Let T ∗ > 0 and let x be a solution of (1.3) on [0, T ∗). If M0 satisfies
the pinching condition

(5.1) ‖b‖2 − 1

n
B2 < c0B

2,

where 0 < c0 = c0(F, n, p) <
1

n(n−1) is sufficiently small, then (5.1) remains valid

for all t ∈ [0, T ∗).
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Proof. While in the Euclidean case the proof is similar to the proof of [35, Prop. 3.4]
we need further arguments in the hyperbolic case. We begin with some facts which
hold in both cases. Let γ = 1

n
+ c0 and define the quantity

z = ‖b‖2 − γB2.

Then, due to Lemma 3.2, z satisfies the evolution equation

(5.2)

ż − Φ′F klz;kl =2Φ′F klbrkb
r
l z − 2(Φ′F − Φ)

(

bikb
k
j b
j
i − γB‖b‖2

)

+ 2Φkl,rsbkl;ib
j

rs;

(

bij − γBδij
)

− 2Φ′F kl
(

bij;kb
j
i;l − γBkBl

)

−KN

{

4Φz − 2nc0Φ
′F klbrkb

r
lB

}

and due to [3, Lemma 2.1] we have

(5.3)

gkl
(

bij;kb
j
i;l −

1

n
BkBl

)

=

∥

∥

∥

∥

∇
(

A− 1

n
H id

)
∥

∥

∥

∥

2

≥ 2(n− 1)

3n
‖∇A‖2

≥ 2(n− 1)

n(n+ 2)
‖∇H‖2 =

2(n− 1)

n(n+ 2)
‖∇B‖2.

(i) Let us now assume that KN = 0. In view of (5.1) we have z(0, ·) < 0. We
want to show that z(t, ·) < 0 for all 0 ≤ t < T ∗. For this we assume that there is a
minimal 0 < t < T ∗ and x ∈ Mt so that z(t, x) = sup z(t, ·) = 0. From [3, Lemma
2.3] we deduce that

bikb
k
j b
j
i − γB‖b‖2 ≥ c0γ

(

1−
√

n(n− 1)c0

)

B3

= c0

(

1−
√

n(n− 1)c0

)

‖b‖2B > 0

in (t, x).
Using (5.2) we conclude that

(5.4)

0 ≤− 2c0(Φ
′F − Φ)

(

1−
√

n(n− 1)c0

)

‖b‖2B

+ 2BΦkl,rsbkl;ib
j

rs;

(

B−1bij − γδij
)

− 2(n− 1)

n(n+ 2)
Φ′‖∇B‖2 − 2(n− 1)

3n
Φ′‖∇b‖2

− 2Φ′
(

F kl − gkl
)

(

bij;kb
j
i;l −

1

n
BkBl

)

+ 2c0Φ
′‖∇B‖2 + 2c0Φ

′
(

F kl − gkl
)

BkBl

in (t, x). Due to [3, equ. (4.3)],

‖F kl − gkl‖ ≤ µ
√
c0

for a constant µ only depending on n and F , so the terms in the second, fourth and
fifth line of (5.4) can be absorbed by the terms in the third line of (5.4). Then the
right-hand side of (5.4) is negative, a contradiction. Note, to estimate the term in
the second line of (5.4) we used the homogeneity of F ,

Φkl,rs = Φ′F kl,rs +Φ′′F klF rs

and

c1 ≤ F

H
≤ c2
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in (t, x) where ci are positive constants depending only on c0. For further details
we refer to [3, equ. (4.2), (4.3)].

(ii) We assume that KN = −1. The quantity

z̃ = z + αe−Λt,

where a small α > 0 and a large Λ > 0 will be specified later, satisfies the evolution
equation

(5.5)

˙̃z − Φ′F klz̃;kl =− Λαe−Λt + ż − Φ̇F klzkl

=− Λαe−Λt + 2Φ′F klbrkb
r
l (z̃ − αe−Λt)

− 2(Φ′F − Φ)
(

bikb
k
j b
j
i − γB‖b‖2

)

+ 2Φkl,rsbkl;ib
j

rs;

(

bij − γBδij
)

− 2Φ′F kl
(

bij;kb
j
i;l − γBkBl

)

−KN

{

4Φ(z̃ − αe−Λt)− 2nc0Φ
′F klbrkb

r
lB

}

.

Assuming that α is small we have z̃(0, ·) < 0 in view of (5.1). We want to show
that z̃(t, ·) < 0 for all 0 ≤ t < T ∗. For this we assume that there is a minimal
0 < t < T ∗ and x ∈ Mt so that z̃(t, x) = sup z̃(t, ·) = 0. Due to minimality of t we
conclude B(t′, ·) > 0 for all 0 ≤ t′ ≤ t. Especially,

‖b‖2 − 1

n
B2 < c0B

2 = c0(H − n)2 ≤ c0H
2

and Mt′ is strictly horospherically convex for all 0 ≤ t′ ≤ t due to [3, Lemma 2.2].
We deduce that

0 < n < F in [0, t].

There holds

‖b‖2 − 1

n
B2 = c̃0B

2 in (t, x)

with

c̃0 = c0 −
αe−Λt

B2(t, x)
.

Note, that 0 ≤ c̃0 < c0. From [3, Lemma 2.3] we deduce that

bikb
k
j b
j
i−

(

1

n
+ c̃0

)

B‖b‖2 > 0

in (t, x) if c̃0 > 0. If c̃0 = 0 then x is umbilical point of Mt, so let us write κ = κi.
Then we have

c0n
2(κ− 1)2 = c0B

2 = αe−Λt

and

bikb
k
j b
j
i−

(

1

n
+ c0

)

B‖b‖2 = −c0n2(κ− 1)3 = −αe−Λt(κ− 1)
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in (t, x). Using (5.5), the maximum principle, (5.3) and the fact that B(t, x) > 0
we conclude that

(5.6)

0 ≤− Λαe−Λt − 2αe−ΛtΦ′F klbrkb
r
l + I1

+ 2BΦkl,rsbkl;ib
j

rs;

(

B−1bij − γδij
)

− 2(n− 1)

n(n+ 2)
Φ′‖∇B‖2 − 2(n− 1)

3n
Φ′‖∇b‖2

− 2Φ′
(

F kl − gkl
)

(

bij;kb
j
i;l −

1

n
BkBl

)

+ 2c0Φ
′‖∇B‖2 + 2c0Φ

′
(

F kl − gkl
)

BkBl − 4αΦe−Λt

in (t, x) where

I1 =

{

2(c0 − c̃0)(Φ
′F − Φ)B‖b‖2 if c̃0 > 0,

2(Φ′F − Φ)αe−Λt(κ− 1) if c̃0 = 0.

For c0 sufficiently small, the term

‖F kl − gkl‖
is small and the terms in the second, fourth and fifth line of (5.6) can be absorbed
by the terms in the third line of (5.6). Then the right-hand side of (5.6) is negative
if Λ is large, a contradiction. �

6. The Euclidean case

The aim of this section is to prove Theorem 1.3 for the case KN = 0. Due
to the pinching estimates of the previous section we are in the situation that the
proof in [17] basically carries over literally. For convenience of the reader, and since
several elements of the proof simplify due to our pinching estimates, we give an
outline of the arguments involved. Throughout this section it is understood that
the assumptions of Theorem 1.3 hold.

We recall some simple observations. If the initial hypersurface M0 is a sphere of
radius r0 > 0, i.e. u(0, ·) = r0, then the flow hypersurfaces of the flow (1.3) remain
spheres and for their radii Θ(t) at time t we obtain the ODE

(6.1) Θ̇ =
Θp

np
, r(0) = r0,

with solution

Θ(t) =

(

1− p

np
t+ r1−p0

)
1

1−p

on [0, T ∗(r0)) where

(6.2) T ∗(r0) =
np

p− 1
r1−p0 .

Hence the spherical flow blows up at time T ∗(r0). The existence of a smooth
solution to (1.3) up to a maximal time is well known, cf. [15, Sec. 2.5, Sec. 2.6].

From the avoidance principle we conclude the following corollary.

6.1. Corollary. If r1, r2 are positive constants so that

r1 < |x(0, ·)| < r2
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where x is the solution of (1.3) then we have

(6.3) Θ(t, r1) < |x(t, ·)| < Θ(t, r2) ∀ 0 ≤ t < min{T ∗, T ∗(r1), T
∗(r2)}.

The next aim is to show that max |x(t, ·)| blows up, when the time approaches
T ∗.

6.2. Lemma. The flow (1.3) only exists in a finite time interval [0, T ∗) and there
holds

lim sup
t→T∗

max
M

|x(t, ·)| = ∞.

Proof. In view of Lemma 5.1 the hypersurfaces are convex and from (6.3) we deduce
that the maximal time T ∗ has to be finite. Due to the convexity we may write the
flow hypersurfaces Mt as radial graphs over the sphere,

Mt = {u(t, x)x : x ∈ S
n}

for some u ∈ C∞([0, T ∗)× S
n). Then u satisfies the scalar flow equation

u̇ =
1

vF p

where the dot indicates the total time derivative, or

(6.4)
∂u

∂t
=

v

F p

when we consider the partial time derivative, cf. [15, p. 98-99]. Under the as-
sumption that |x| is bounded, which is equivalent to u ≤ c, we also obtain the
C1(Sn)-estimate

v ≤ c

due to the convexity of Mt and [15, Thm. 2.7.10]. To obtain a C2(Sn)-estimate, we
need some curvature estimates. The proof is similar to the one for [17, Lemma 3.10,
Lemma. 4.4]: Define the auxiliary function

w = log(−Φ) + logχ+ γu,

which, due to Lemma 3.1, satisfies the evolution equation

(6.5)

ẇ − Φ′F ijw;ij = Φ′F ij(log(−Φ));i(log(−Φ));j − Φ′F ij(logχ);i(logχ);j

+ (Φ′F +Φ)
H̄

n
v + γ(Φ′F − Φ)v−1 − γΦ′F ij h̄ij .

At spatial maxima of w there holds (recall χ = v
u
,)

(6.6)

Φ′F ij(log(−Φ));i(log(−Φ));j − Φ′F ij(logχ);i(logχ);j

= 2γΦ′F ij(logχ);iu;j + γ2Φ′F iju;iu;j

= − 2γvΦ′F ijhki u;ku;j + γ2Φ′F iju;iu;j ,

where we used

v;i = −v2hki u;k + v
H̄

n
u;i,

cf. [14, equ. (5.29)]. Since

F ij h̄ij =
H̄

n
F ij ḡij ≥ cF ijgij ≥ cn,
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due to the pinching estimate, we have

γ2Φ′F iju;iu;j −
γ

2
Φ′F ij h̄ij ≤ γΦ′F ij

(

γu;iu;j −
c

2
gij

)

< 0

for small γ and the other half of the term F ij h̄ij can be used to absorb the other
positive terms in (6.5), since the negatively signed term has the highest order in
1
F
. We obtain that w is a priori bounded. It is immediate from Lemma 3.1 and

the maximum principle that F is bounded as well. Due to the pinching estimates
Lemma 5.1 we have

κ1 ≥ cκn,

also compare [3, Lemma 2.2]. Hence κn must be bounded and κ1 ≥ c > 0 as long as
u is bounded. Thus as long as the flow ranges in compact subsets of Rn+1 we have
uniform C2(Sn)-estimates. Note that we can not use the Krylov-Safonov theory
to deduce C2,α(Sn) estimates, since we did not assume any sign on the second
derivatives of F .

However, due to the pinching estimates we are in the situation that F ij is as close
to gij as we want and hence we can use a parabolic version of the C1,α-estimates
originally proved by Cordes [10] and Nirenberg [31] for linear elliptic equations, cf.
[27, Lemma 12.13]. This theorem is also stated in [3, Thm. 7.3], where in addition
the reader may find the detailed procedure, how one can get Hölder estimates
on the second derivatives of solutions to the curvature flow equation. Higher order
estimates then follow from Schauder theory. Hence at the maximal time of existence
u must blow up. �

Let r0 > 0 be so that T ∗(r0) = T ∗, where T ∗(r0) is given by (6.2), then for all
0 ≤ t < T ∗ there is a ξt ∈ S

n such that

u(t, ξt) = Θ(t, r0)

in view of Corollary 6.1. The spherical flow with existence time T ∗(r0) provides the
correct scaling factor. In particular, applying the evolution equation for the support
function ū = χ−1, as deduced in [41, Section 2] and the oscillation estimates from
[7, Theorem 3.1], also compare [30, Theorem 3.1], we conclude that the following
lemma holds for

ũ = uΘ−1.

6.3. Lemma. Let u be the solution of the scalar flow equation (6.4). Then there
exists a positive constant c such that

u(t, x)− c ≤ Θ(t, r0) ≤ u(t, x) + c ∀x ∈ S
n,

hence
lim
t→T∗

ũ(t, x) = 1 ∀x ∈ S
n.

We also have
v − 1 ≤ cΘ−1.

Proof. Literally as in [17, Lemma 3.5, Lemma 3.7]. �

We need the following bounds for the rescaled principal curvatures.

6.4. Lemma. Under the flow (1.3), the rescaled principal curvatures κ̃i = Θκi
satisfy

0 < c1 ≤ κ̃i ≤ c2

for suitable constants ci = ci(M0).
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Proof. Due to the pinching estimates, as in the proof of Lemma 6.2 it suffices to
prove the existence of constants ci such that

0 < c1 ≤ ΘF = F̃ = F (h̃ij) ≤ c2.

We begin with the upper bound. For λ > 0 define the function

z = log F̃ p + λũ ≡ − log(−Φ̃) + λũ.

Due to Lemma 3.1 and (6.1), z satisfies

ż − Φ′F ijz;ij ≤ −Φ′F ijhikh
k
j +

p

np
Θp−1 + λv−1(p+ 1)F̃−pΘp−1

− λpF̃−(p+1)F ij ḡij ũ
−1Θp−1 − λn−pũΘp−1

≤ Θp−1

np

(

p− λ

2
ũ

)

+ λΘp−1

(

v−1(p+ 1)F̃−p − n−p

2
ũ

)

,

which is negative if λ and F̃ are large enough, due to Lemma 6.3.
To prove the lower bound we proceed as in [17, Lemma 3.10]. We consider the

function

w = log(−Φ̃) + log χ̃+ ũ,

where χ̃ = Θχ. Let 0 < T < T ∗ be arbitrary and assume that supQT
w, where

QT = [0, T ]× S
n,

is attained in (t0, x0) with large t0 > 0. The maximum principle implies in (t0, x0)

(6.7)
0 ≤Φ′F ij(log(−Φ̃))i(log(−Φ̃))j − Φ′F ij(log χ̃)i(log χ̃)j

+ cF̃−pΘp−1 − pF̃−(p+1)F ij ḡij ũ
−1Θp−1

where we assume w.l.o.g. that F̃ is small. The fourth term on the right-hand side
of (6.7) is dominating the third term. From wi = 0 we conclude

Φ′F ij(log(−Φ̃))i(log(−Φ̃))j − Φ′F ij(log χ̃)i(log χ̃)j

= Φ′F ij ũiũj + 2Φ′F ij(log χ̃)iũj .

Here the first term on the right-hand side is of order F̃−(p+1) but ‖Du‖ vanishes if
t tends to T ∗ while the second term is nonpositive for the same reason as in (6.6).
Hence w is a priori bounded from above. �

The proofs of Theorem 1.3 (i) and Theorem 1.3 (ii) in the Euclidean case can be
completed literally as in [17, Lemma 5.1], up to replacing Krylov-Safonov by the
Cordes-Nirenberg type result as above.

The proof of Theorem 1.3 (iii) follows exactly the arguments in [35] by using
Theorem 1.3 (i) and Theorem 1.3 (ii) instead of [17] as it is used in [35].

7. The hyperbolic case

Due to the pinching estimates in the hyperbolic case, [3, Lemma 2.2] implies
that the flow hypersurfaces remain strictly horospherically convex. Hence several
aspects of the proofs in [34] simplify. We can easily prove the following lemma with
the help of a shortcut compared to [34, Thm. 4.4].
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7.1. Theorem. The flow (1.1) exists for all times, remains strictly horospherically
convex and the principal curvatures of the flow hypersurfaces of (1.1) converge to
1 exponentially fast,

|κi − 1| ≤ ce−
2

np t ∀0 ≤ t <∞,

where c = c(n, p,M0).

Proof. From the evolution of the flow speed

−Φ =
1

F p
,

(7.1) Φ̇− Φ′F ijΦ;ij = Φ′F ij
(

hikh
k
j − gij

)

Φ,

cf. Lemma 3.1, we obtain that maxF is strictly decreasing. Hence by the pinching
estimates all principal curvatures are bounded and due to the convexity of the
flow hypersurfaces we also have uniform gradient estimates using [15, Thm. 2.7.10].
Since in finite time the flow remains in a compact subset of Hn+1, we obtain the
long time existence similarly as in the Euclidean case. We can estimate (7.1) with
the help of the pinching estimate:

d

dt
(−Φ)− Φ′F ij(−Φ);ij = Φ′F ij

(

hikh
k
j − gij

)

(−Φ)

≥ c

(

1

n
H2 − n

)

≥ c(H − n).

Hence maxF must converge to n, for otherwise there existed δ > 0 with

F (t, ξt) = max
Mt

F ≥ n+ δ

for all t > 0 and hence
κn(t, ξt) ≥ 1 + δ̃

for some δ̃ > 0. But then

cδ̃ ≤ d

dt

(

min
Mt

F−p

)

for almost every t > 0 and minF−p would converge to infinity, which is impossible.
But this implies maxκ1 → 1 and due to the pinching estimates Lemma 5.1 we have

maxκn → 1.

Set
w =

(

Φ+ n−p
)

e
α
np t,

where 0 < α < 2. From (3.1) we deduce

(7.2) ẇ − Φ′F klwkl = Φ′F ij
(

hikh
k
j − gij

)

Φe
α
np t +

α

np
e

α
np t

(

Φ+ n−p
)

.

Writing κi = 1+δi with appropriate small δi ≥ 0 we obtain the following first order
expansions

|A|2 − n = 2

n
∑

i=1

δi +O(δ2n)

and

Φ + n−p =
p

np+1

n
∑

i=1

δi +O(δ2n).
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Furthermore, we have Φ′Φ = −pF−2p−1 so that the leading term in (7.2) for large
t is

(7.3) e
α
np t

p

n2p+1

n
∑

i=1

δi(−2 + α).

Hence w is bounded for any α < 2 and thus

δn ≤ ce−
αt
np .

In the second step set

w̃ =
(

Φ+ n−p
)

e
2

np t

and deduce
˙̃w − Φ′F klw̃;kl ≤ cδ2ne

2

np t ≤ ce
2−2α
np t,

where we used that the corresponding first order terms in the evolution equation
for w̃, compare (7.3), now vanish. The result follows from the maximum principle
since 2− 2α < 0, e.g. for α = 3/2. �

In order to show that also the gradient of the graph functions u converges to zero
exponentially fast, we use the conformally flat parametrization of the hyperbolic
space.

7.2. Lemma. Let the Mt be expressed as graphs in geodesic polar coordinates,

Mt = graphSn u(t, ·),
then the quantity

v =
√

1 + ḡijuiuj

satisfies

|Du|2 = v2 − 1 ≤ ce−
2

np t.

Proof. Defining the radial coordinate ρ by

r = log(2 + ρ)− log(2− ρ),

the hyperbolic space can be parametrised over the ball B2(0) to yield

ḡ =
1

(

1− 1
4ρ

2
)2

(

dρ2 + ρ2σijdx
idxj

)

= e2ψ
(

dρ2 + ρ2σijdx
idxj

)

.

Viewing the flow hypersurfaces Mt ⊂ H
n+1 as hypersurfaces M̃t ⊂ B2(0) of the

Euclidean space, the second fundamental forms are related by

(7.4) eψhij = h̃ij + ψβ ν̃
βδij ,

cf. [15, Prop. 1.1.11]. Hence

‖Ã‖2 − 1

n
H̃2 = e2ψ

(

‖A‖2 − 1

n
H2

)

≤ ce−
2

np t,

due to Theorem 7.1 and since

eψ =
4

(2 + ũ)(2− ũ)
≤ ce

t
np ,

where we also used the existence of a constant c such that

−c < u− t

np
< c,
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cf. [34, Cor. 3.3, Lemma 3.5]. Hence the conformal hypersurfaces M̃t become

eventually strictly convex (also note H̃ > 0 using (7.4)) and they converge uniformly
to ∂B2(0). Using

ṽ ≤ ceκ̄·osc(ũ)

again, [15, Thm. 2.7.10], we obtain ṽ → 1. But

|Dũ|2 = ũ−2σij ũiũj = |Du|2,
as a simple calculation reveals, and hence v → 1 for the Mt. From the proof of [34,
Thm. 4.1] and especially equ. (4.6) in this proof we obtain

v − 1 ≤ ce−λt

for suitable λ > 0. Furthermore, using the proof of [34, Thm. 4.5] literally, we
obtain the claim. �

The proof of Theorem 1.3 can now be finished as in [34]. Let us shortly sketch
the strategy. Define a rescaling of u,

ϕ =

ˆ u

r0

1

ϑ(s)
ds,

where r0 < infM u(0, ·) and ϑ = sinh. There holds

|Du|2 = σijϕiϕj = |Dϕ|2 ≤ ce−
2

np t.

Due to

hij = v−1ϑ−1
(

ϑ′δij −
(

σik − v−2ϕiϕk
)

ϕkj
)

,

where index raising and covariant differentiation are performed with respect to σij ,
cf. [16, (3.26)], we also obtain

|D2ϕ| ≤ ce−
t

np ,

also compare [34, Thm. 4.6]. Now Sections 5 and 6 of [34] finish the proof verbatim,
where Section 5 gives higher order estimates of the form

|Dmϕ| ≤ ce−
t

np

by differentiating the equation satisfied by Dϕ and Section 6 relates this back to
the original function u and its rescaled versions.

References

1. Ben Andrews, Fully nonlinear parabolic equations in two space variables, arxiv:0402235, 2004.
2. , Pinching estimates and motion of hypersurfaces by curvature functions, J. Reine

Angew. Math. 608 (2007), 17–33.
3. Ben Andrews and James McCoy, Convex hypersurfaces with pinched principal curvatures and

flow of convex hypersurfaces by high powers of curvature, Trans. Am. Math. Soc. 364 (2012),
no. 7, 3427–3447.

4. Ben Andrews, James McCoy, and Yu Zheng, Contracting convex hypersurfaces by curvature,
Calc. Var. Partial Differ. Equ. 47 (2013), no. 3–4, 611–665.

5. Simon Brendle, Pei-Ken Hung, and Mu Tao Wang, A Minkowski inequality for hypersurfaces

in the anti-de Sitter-Schwarzschild manifold, Commun. Pure Appl. Math. 69 (2016), no. 1,
124–144.

6. Li Chen and Jing Mao, Non-parametric inverse curvature flows in the AdS-Schwarzschild

manifold, J. Geom. Anal. 28 (2018), no. 2, 921–949.
7. Bennett Chow and Robert Gulliver, Aleksandrov reflection and nonlinear evolution equations,

I: The n-sphere and n-ball, Calc. Var. Partial Differ. Equ. 4 (1996), no. 3, 249–264.



PINCHED FLOWS IN EUCLIDEAN AND HYPERBOLIC SPACE 17

8. Bennett Chow and Dong-Ho Tsai, Expansion of convex hypersurfaces by nonhomogeneous

functions of curvature, Asian J. Math. 1 (1997), no. 4, 769–784.
9. , Nonhomogeneous Gauss curvature flows, Indiana Univ. Math. J. 47 (1998), no. 3,

965–994.
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