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Using a theory of mind to find
best responses to memory-one
strategies

Nikoleta E. Glynatsi®?*“ & Vincent A. Knight*

Memory-one strategies are a set of Iterated Prisoner’s Dilemma strategies that have been praised

for their mathematical tractability and performance against single opponents. This manuscript
investigates best response memory-one strategies with a theory of mind for their opponents. The
results add to the literature that has shown that extortionate play is not always optimal by showing
that optimal play is often not extortionate. They also provide evidence that memory-one strategies
suffer from their limited memory in multi agent interactions and can be out performed by optimised
strategies with longer memory. We have developed a theory that has allowed to explore the entire
space of memory-one strategies. The framework presented is suitable to study memory-one strategies
in the Prisoner’s Dilemma, but also in evolutionary processes such as the Moran process. Furthermore,
results on the stability of defection in populations of memory-one strategies are also obtained.

The Prisoner’s Dilemma (PD) is a two player game used in understanding the evolution of cooperative behaviour,
formally introduced in'. Each player has two options, to cooperate (C) or to defect (D). The decisions are made
simultaneously and independently. The normal form representation of the game is given by:

RS RT
Sp = (T P) Sq= <s P) (1)

where S, represents the utilities of the row player and S the utilities of the column player. The payoffs, (R, P, S, T),
are constrained by T > R > P > Sand 2R > T + S, and the most common values used in the literature are
(R,P,S, T) = (3,1,0, 57 The numerical experiments of our manuscript are carried out using these payoff values.
The PD is a one shot game, however, it is commonly studied in a manner where the history of the interactions
matters. The repeated form of the game is called the Iterated Prisoner’s Dilemma (IPD).

Memory-one strategies are a set of IPD strategies that have been studied thoroughly in the literature®*, how-
ever, they have gained most of their attention when a certain subset of memory-one strategies was introduced
in®, the zero-determinant strategies (ZDs). In® it was stated that “Press and Dyson have fundamentally changed
the viewpoint on the Prisoner’s Dilemma”. A special case of ZDs are extortionate strategies that choose their
actions so that a linear relationship is forced between the players’ score ensuring that they will always receive at
least as much as their opponents. ZDs are indeed mathematically unique and are proven to be robust in pairwise
interactions, however, their true effectiveness in tournaments and evolutionary dynamics has been questioned”-'2.

The purpose of this work is to reinforce the literature on the limitations of extortionate strategies by consid-
ering a new approach. More specifically, by considering best response memory-one strategies with a theory of
mind of their opponents. There are several works in the literature that have considered strategies with a theory
of mind>%13-16, These works defined “theory of mind” as intention recognition'*~'¢ and as the ability of a strategy
to realise that their actions can influence opponents®. Compared to these works, theory of mind is defined here
as the ability of a strategy to know the behaviour of their opponents and alter their own behaviour in response
to that.

We present a closed form algebraic expression for the utility of a memory-one strategy against a given set of
opponents and a compact method of identifying it’s best response to that given set of opponents. The aim is to
evaluate whether a best response memory-one strategy behaves in a zero-determinant way which in turn indi-
cates whether it can be extortionate. We do this using a linear algebraic approach presented in'’. This is done in
tournaments with two opponents. Moreover, we introduce a framework that allows the comparison of an optimal
memory-one strategy and an optimised strategy which has a larger memory.
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To illustrate the analytical results obtained in this manuscript a number of numerical experiments are run.
The source code for these experiments has been written in a sustainable manner*®. It is open source (https://
github.com/Nikoleta-v3/Memory-size-in-the-prisoners-dilemma) and tested which ensures the validity of the
results. It has also been archived and can be found at".

Methods
One specific advantage of memory-one strategies is their mathematical tractability. They can be represented
completely as an element of ]R40’1]. This originates from?® where it is stated that if a strategy is concerned with only
the outcome of a single turn then there are four possible ‘states’ the strategy could be in; both players cooperated
(CC), the first player cooperated whilst the second player defected (CD), the first player defected whilst the second
player cooperated (DC) and both players defected (DD). Therefore, a memory-one strategy can be denoted by
the probability vector of cooperating after each of these states; p = (p1, p2, p3,p4) € Rflo, 1T

In* it was shown that it is not necessary to simulate the play of a strategy p against a memory-one opponent
gq. Rather this exact behaviour can be modeled as a stochastic process, and more specifically as a Markov chain
whose corresponding transition matrix M is given by Eq. (2). The long run steady state probability vector v, which
is the solution to vM = v, can be combined with the payoff matrices of Eq. (1) to give the expected payoffs for
each player. More specifically, the utility for a memory-one strategy p against an opponent g, denoted as ug(p),
is given by Eq. (3).

piq1 pr(—aq1+1) qu(—-p1+1) (=p1+1)(—q1 +1

M = |P293 P2 —g3+1) qg3(—p2+1) (—p2+1)(—gq3+1 @
p3q2 p3(—q2+1) @a(—p3+1) (—p3+1)(—q2+1
paqs pa(—qa+1) qa(—ps+1) (—pa+1)(—qa+1

ug(p) =v- (R,S, T, P). 3)

This manuscript has explored the form of u4(p), to the best of the authors knowledge no previous work has done
this, and Theorem 1 states that u4(p) is given by a ratio of two quadratic forms®'.

Theorem 1 The expected utf'lity ofa mermory-one strategy p & R‘ﬁo’” against a memory-one opponent q € R‘[‘O)H,
denoted as uy(p), can be written as a ratio of two quadratic forms:

5pQpT +cpta

ugp)=4+—=——-—"-» 4
1P 1pQpT +ip+a )
where Q, Qe R¥**are square matrices defined by the transition probabilities of the opponent q1, q2, 3, 44 as follows:
0 — (91— 43) (Pq2 — P — Tqq) (91 — 92) (Pgs — Sq4) (91 — 94) (Sq2 — S — Tq3)
_| (a1 —a3) (P2 — P — Tqy) 0 (42 —a3)(Pqy —P —Ras) — (q3 —44) (Ra2 —R—Tqy +T)
(91 — 92) (Pg3 — Sq4) (92— 43) (Pq1 — P — Rqy) 0 (92 — 94) (Rq3 — Sq1 +9)
(91— q4)(S2 =S —Tq3) = (43 —q4)(Rg2 —R—Tq1 + T) (q2 — qa) (Rg3 — Sq1 +9) 0
(5)
0 —m-a)(@-au-1) (@-a)(a-9a) (0@-49u)(@-49¢-1)
g=|"(@—4)(@2—a 1) 0 (@-a)(@-a-1)  (6-a)(9-a)
(@ —a)(s-a) (©2-9)(@—qa-1) 0 —(2-a)(@—9:-1)
(91— 44) (a2 — 5 = 1) (91— 42) (g5 — 94) —(@2—a) (g1 —a5—1) 0
(6)

c and ¢ € R*! are similarly defined by:

q1(Pq2 — P — Tqa)
c= —(q3 — l) (qu —P— Tq4) (7)
—Pq192 + Pq2q3 + Pq2 — Pg3 + Rq2q4 — Sq2q4 + Sqa
—Rq2qs + Rqs + Sq2q4 — Sq2 — Sqa + S+ Tq194 — Tq3q94 + Tqs — Tqa

(g —qa—1)
c = _(%—1)(42—%—1) , (8)
192+ 993+ 92— g3+ g4
Ngs — Q2 — @34 + 93 — qa + 1

and the constant terms a, a are defined asa = —Pqy + P+ Tquanda = —q2 + q4 + L.

The proof of Theorem 1 is given in the Supplementary Information. Theorem 1 can be extended to consider
multiple opponents. The IPD is commonly studied in tournaments and/or Moran Processes where a strategy
interacts with a number of opponents. The payoff of a player in such interactions is given by the average payoff
the player received against each opponent. More specifically the expected utility of a memory-one strategy
against N opponents is given by:
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Equation (9) is the average score (using Eq. (4)) against the set of opponents.

Estimating the utility of a memory-one strategy against any number of opponents without simulating the
interactions is the main result used in the rest of this manuscript. It will be used to obtain best response memory-
one strategies in tournaments in order to explore the limitations of extortion and restricted memory.

Results
The formulation as presented in Theorem 1 can be used to define memory-one best response strategies as a multi
dimensional optimisation problem given by:

N
. ()

max : ug" (p)

» ; 1 (10)

such that : p € Rjo,1

Optimising this particular ratio of quadratic forms is not trivial. It can be verified empirically for the case of a
single opponent that there exists at least one point for which the definition of concavity does not hold. The non
concavity of u(p) indicates multiple local optimal points. This is also intuitive. The best response against a coop-
erator,q = (1, 1,1, 1), is a defector p* = (0,0, 0, 0). The strategies p = (%, 0,0, 0) and p = (5, 0,0, E)are also best
responses. The approach taken here is to introduce a compact way of constructing the discrete candidate set of
all local optimal points, and evaluating the objective function Eq. (9). This gives the best response memory-one
strategy. The approach is given in Theorem 2.

Th(%ore(g; 2 Ihe(ﬁfutimal(ib)ehaviour.ofg memory-one strategy player p* € R‘[‘O’H against a set of N opponents
{g",9',....q" } for gV € Ry q,is given by:
N

pr= argmaxz ug(p), p € S4.

i=1

The set Sy is defined as all the possible combinations of:

N
e pjef{0,1} and (j;(;u;i)(p)zo
Sg=1{peR forall jeJ & keK forall J,K : (11)
where JNK=¢ and JUK ={1,2,3,4}.
e peio1}t

N
Note that there is no immediate way to find the zeros of% > uq(p) where,
i=1

d <L Y (pQD + D) (1pQ0pT +2Dp+a®D)  (pQD + D) (1pQWpT + Dp + )
(i) _ 2 2
E :”q () = E
dp i=1

S QU0 ra®)  (5pQipT +e0p+a0)
(12)

N
For % Z uq(p) to equal zero then:

i=

N
> (¥ +c0) (%mepT +ep a“')) ~ (p@" +2) GPQ(DPT byt a(i)) — 0. while
i=1

(13)
N 1 - . .
Z EpQ(z)pT +&Pp4+a® £o0. (14)
i=1

The proof of Theorem 2 is given in the Supplementary Information. Finding best response memory-one
strategies is analytically feasible using the formulation of Theorem 2 and resultant theory®?. However, for large
systems building the resultant becomes intractable. As a result, best responses will be estimated heuristically
using a numerical method, suitable for problems with local optima, called Bayesian optimisation?.

Limitations of extortionate behaviour. In multi opponent settings, where the payoffs matter, strategies
trying to exploit their opponents will suffer. Compared to ZDs, best response memory-one strategies, which
have a theory of mind of their opponents, utilise their behaviour in order to gain the most from their interac-
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Figure 1. SEE distribution for best response in tournaments with N = 2.

Mean Std 5% 50% 95% Max Median Skew Kurt
0.34 0.40 0.028 0.17 1.05 2.47 0.17 1.87 3.60

Table 1. SSE of best response memory-one when N = 2.

tions. The question that arises then is whether best response strategies are optimal because they behave in an
extortionate way.

The results of this section use Bayesian optimisation to generate a data set of best response memory-one strat-
egies for N = 2 opponents. The data set is available at**. It contains a total of 1000 trials corresponding to 1000
different instances of a best response strategy in tournaments with N = 2. For each trial a set of 2 opponents is
randomly generated and the memory-one best response against them is found. In order to investigate whether
best responses behave in an extortionate matter the SSE method described in'” is used. More specifically, in'”
the point x*, in the space of memory-one strategies, that is the nearest extortionate strategy to a given strategy
pis given by,

~1
Xt = (cTc) c’p (15)
where p = (p1 — 1,p2 — 1, p3, pa) and
R—PR-P
N - P
C=|r-ps-p (16)

el e

o |

0

Once this closest ZDs is found, the squared norm of the remaining error is referred to as sum of squared errors
of prediction (SSE):

-1
ssE=p"p—pC(CTC) CTp=p"p—pCx’ (17)

Thus, SSE is defined as how far a strategy is from behaving as a ZD. A high SSE implies a non extortionate
behaviour. The distribution of SSE for the best response in tournaments (N = 2) is given in Fig. 1. Moreover, a
statistical summary of the SSE distribution is given in Table 1.

For the best response in tournaments with N = 2 the distribution of SSE is skewed to the left, indicating that
the best response does exhibit ZDs behaviour and so could be extortionate, however, the best response is not
uniformly a ZDs. A positive measure of skewness and kurtosis, and a mean of 0.34 indicate a heavy tail to the
right. Therefore, in several cases the strategy is not trying to extort its opponents. This highlights the importance
of adaptability since the best response strategy against an opponent is rarely (if ever) a unique ZDs.

Limitations of memory size. The other main finding presented in® was that short memory of the strate-
gies was all that was needed. We argue that the second limitation of ZDs in multi opponent interactions is that
of their restricted memory. To demonstrate the effectiveness of memory in the IPD we explore a best response
longer-memory strategy against a given set of memory-one opponents, and compare it’s performance to that of
a memory-one best response.

In?, a strategy called Gambler which makes probabilistic decisions based on the opponent’s n; first moves,
the opponent’s m; last moves and the player’s m; last moves was introduced. In this manuscript Gambler with
parameters: n; = 2,m; = landmy = lis used as a longer-memory strategy. By considering the opponent’s first
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Figure 2. The ratio between the utilities of Gambler and best response memory-one strategy for 152 different
pair of opponents.

two moves, the opponents last move and the player’s last move, there are only 16 (4 x 2 x 2) possible outcomes
that can occur, furthermore, Gambler also makes a probabilistic decision of cooperating in the 06pening move.
Thus, Gambler is a function f : {C, D} — [0, 1]r. This can be hard coded as an element of [0, 1]]%% *1 one prob-
ability for each outcome plus the opening move. Hence, compared to Eq. (10), finding an optimal Gambler is a

17 dimensional problem given by:

N
max : Z Uq(i)(f)
- (18)
such that: f ]R[lg)l]

Note that Eq. (9) can not be used here for the utility of Gambler, and actual simulated players are used. This
is done using? with 500 turns and 200 repetitions, moreover, Eq. (18) is solved numerically using Bayesian
optimisation.

Similarly to the previous section, a large data set has been generated with instances of an optimal Gambler
and a memory-one best response, available at*. Estimating a best response Gambler (17 dimensions) is compu-
tational more expensive compared to a best response memory-one (4 dimensions). As a result, the analysis of
this section is based on a total of 152 trials. As before, for each trial N = 2 random opponents have been selected.

The ratio between Gambler’s utility and the best response memory-one strategy’s utility has been calculated
and its distribution in given in Fig. 2. It is evident from Fig. 2 that Gambler always performs as well as the best
response memory-one strategy and often performs better. There are no points where the ratio value is less than
1, thus Gambler never performed less than the best response memory-one strategy and in places outperforms it.
However, against two memory-one opponents Gambler’s performance is better than the optimal memory-one
strategy. This is evidence that in the case of multiple opponents, having a shorter memory is limiting.

Dynamic best response player. In several evolutionary settings such as Moran Processes self interactions
are key. Previous work has identified interesting results such as the appearance of self recognition mechanisms
when training strategies using evolutionary algorithms in Moran processes'’. This aspect of reinforcement learn-
ing can be done for best response memory-one strategies, as presented in this manuscript, by incorporating the
strategy itself in the objective function as shown in Eq. (10). Where K is the number of self interactions that will
take place.

N
1 .
. (i)
max.—g ug "’ (p) + Kup(p)
ax 1 - q (P p (P (19)
such that : p € Ryq1

For determining the memory-one best response with self interactions, an algorithmic approach called best
response dynamics is proposed. The best response dynamics approach used in this manuscript is given by
Algorithm 1.
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Algorithm 1: Best response dynamics Algorithm
P (1,11, 1):
while p() £ p(t=1) do

N .
P+ = argmaxy ¥ ug " (p") + Ko (p):

end

To investigate the effectiveness of this approach, more formally a Moran process will be considered. If a
population of n total individuals of two types is considered, with K individuals of the first type and n — K of
the second type. The probability that the individuals of the first type will take over the population (the fixation
probability) is denoted by xk and is known to be?’:

K—1 17/
1+ [y
XK = 1 n—1 171/ )
+ Zj:l i=1 Vi
where:
_ PrKk-1
' PK.K+1 '

To evaluate the formulation proposed here the best response player (taken to be the first type of individual in
our population) will be allowed to act dynamically: adjusting their probability vector at every generation. In
essence using the theory of mind to find the best response to not only the opponent but also the distribution of
the population. Thus for every value of K there is a different best response player.

Considering the dynamic best response player as a vector p € R?O,l] and the opponent as a vector g € R?O,l]’
the transition probabilities depend on the payoff matrix A where:

. Agll() = up(p) is the long run utility of the best response player against itself.

° Ag) = u4(p) is the long run utility of the best response player against the opponent.
. AEIIO = up(q) is the long run utility of the opponent against the best response player.
. Agll() = u4(q) is the long run utility of the opponent against itself.

The matrix A% is calculated using Eq. (4). For every value of K the best response dynamics algorithm (Algo-
rithm 1) is used to calculate the best response player.
The total utilities/fitnesses for each player can be written down:

K K K
O =k —1A® + n—x)a®
K K K
£ =AY +(n— K~ DAg

where f1<K) is the fitness of the best response player, and fz(K) is the fitness of the opponent.

Using this:
- K
P T G -0
and:
PKK+1 = Kfl(K) =K

KA + (-0 n

which are all that are required to calculate xk.

Figure 3 shows the results of an analysis of xx for dynamically updating players. This is obtained over 182
Moran process against 122 randomly selected opponents. For each Moran process the fixation probabilities for
K € {1,2,3} are collected. As well as recording xk, Xk is measured where Xk represents the fixation probability
of the best response player calculated for a given K but not allowing it to dynamically update as the population
changes. The ratio X is included in the Figure. This is done to be able to compare to a high performing strategy
that has a theory of mind of the opponent but not of the population density. The ratio shows a relatively high
performance compared to a non dynamic best response strategy. The mean ratio over all values of K and all
experiments is 1.044. In some cases this dynamic updating results in a 25% increase in the absorption probability.

As denoted before it is clear that the best response strategy in general does not have a low SSE (only 25% of
the data is below 0.923 and the average is 0.454) this is further compounded by the ratio being above one show-
ing that in many cases the dynamic strategy benefits from its ability to adapt. This indicates that memory-one
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Figure 3. Results for the best response player in a dynamic Moran process. The ratio is taken as the ratio of xj
of the dynamically updating player to the fixation probability of a best response player that does not update as
the population density changes.

strategies that perform well in Moran processes need to more adaptable than a ZDs, and aim for mutual coopera-
tion as well as exploitation which is in line with the results of*® where their strategy was designed to adapt and
was shown to be evolutionary stable. The findings of this work show that an optimal strategy acts in the same way.

Discussion
This manuscript has considered best response strategies in the IPD game, and more specifically, memory-one best
responses. It has proven that:

® The utility of a memory-one strategy against a set of memory-one opponents can be written as a sum of ratios
of quadratic forms (Theorem 1).

e There is a compact way of identifying a memory-one best response to a group of opponents through a search
over a discrete set (Theorem 2).

There is one further theoretical result that can be obtained from Theorem 1, which allows the identification of
environments for which cooperation cannot occur (Details are in the Supplementary Information). Moreover,
Theorem 2 does not only have game theoretic novelty, but also the mathematical novelty of solving quadratic
ratio optimisation problems where the quadratics are non concave.

The empirical results of the manuscript investigated the behaviour of memory-one strategies and their limita-
tions. The empirical results have shown that the performance of memory-one strategies rely on adaptability and
not on extortion, and that memory-one strategies’ performance is limited by their memory in cases where they
interact with multiple opponents. These relied on two bespoke data sets of 1000 and 152 pairs of memory-one
opponents equivalently, archived at*.

A further set of results for Moran processes with a dynamically updating best response player was generated
and is archived in?. This confirmed the previous results which is that high performance requires adaptability
and not extortion. It also provides a framework for future stability of optimal behaviour in evolutionary settings.

In the interactions we have considered here the players do not make mistakes; their actions were executed
with perfect accuracy. Mistakes, however, are relevant in the reasearch of repeated games***-*2. In future work we
would consider interactions with “noise”. Noise can be incoroporated into our formulation and it can be shown
that the utility remains a ratio of quadratic forms (Details see the Supplementary Information). Another avenue of
investigation would be to understand if and/or when an evolutionary trajectory leads to a best response strategy.

By specifically exploring the entire space of memory-one strategies to identify the best strategy for a variety
of situations, this work adds to the literature casting doubt on the effectiveness of ZDs, highlights the importance
of adaptability and provides a framework for the continued understanding of these important questions.
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