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❜② ❛ s✐♥❣❧❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥✳ ▼♦r❡ ❞❡t❛✐❧s ❛♥❞ r❡❢❡r❡♥❝❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✵❪✳

▼✉❧t✐❢r❛❝t❛❧ str✉❝t✉r❡s ❛r❡ t②♣✐❝❛❧ ✐♥ ♥❛t✉r❡✳ ▼✉❧t✐❢r❛❝t❛❧ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥
❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ t❤❡ ✜❡❧❞s ♦❢ ❣❡♦♣❤②s✐❝s✱ ❣❡♥♦♠✐❝s✱ ✐♠❛❣❡ ♠♦❞❡❧❧✐♥❣✱ ✜♥❛♥❝❡✱
❤②❞r♦❞②♥❛♠✐❝ t✉r❜✉❧❡♥❝❡✱ ♠❡t❡♦r♦❧♦❣②✱ ✐♥t❡r♥❡t tr❛✣❝✱ ❡t❝✳✱ s❡❡ r❡❢❡r❡♥❝❡s
✐♥ ❬✷✱ ✼❪✳ ▼✉❧t✐❢r❛❝t❛❧ ❜❡❤❛✈✐♦✉r ❤❛s ❜❡❡♥ ❞✐s❝♦✈❡r❡❞ ✐♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s
❛s ✇❡❧❧✱ s❡❡ ❬✸✱ ✶✾❪✳ ▼✉❧t✐❢r❛❝t❛❧ ♣r♦❞✉❝ts ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❤❛✈❡ ❜❡❡♥ ✐♥✲
✈❡st✐❣❛t❡❞ ❜② ❬✸✸❪ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t✐♠❡ s❡r✐❡s ✐♥ ❡❝♦♥♦♠✐❝s ❛♥❞ t❡❧❡tr❛✣❝✳
◆❡✇ t❡❧❡tr❛✣❝ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❡①♣❧♦r❡❞ ❛♥❞ r❛♥❞♦♠ ♠✉❧t✐❢r❛❝t❛❧ ♠❡❛s✉r❡
❝♦♥str✉❝t✐♦♥s ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ st❛t✐♦♥❛r✐t② ♦❢ t❤❡ ♣r♦❝❡ss❡s✬ ✐♥❝r❡♠❡♥ts ✇❡r❡
♣r♦♣♦s❡❞✳ ❚❤✐s ♠❡t❤♦❞♦❧♦❣② ❤❛s ❜❡❡♥ ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❣r♦✉♥❞✇♦r❦ ❬✷✺❪
♦♥ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝❤❛♦s ❛♥❞ T ✲♠❛rt✐♥❣❛❧❡s ♦❢ ♣♦s✐t✐✈❡ t②♣❡✳ ❬✷✷❪ ❤❛s s❤♦✇♥
t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ♥❛t✉r❡ ♦❢ s♣❡❝✐✜❝ ▲é✈② ♣r♦❝❡ss❡s ❛♥❞ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡
♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ♦❢ s✉❝❤ ♣r♦❝❡ss❡s ❞❡♣✐❝ts ❛ ❧✐♥❡❛r ♣❛tt❡r♥ r❛t❤❡r t❤❛♥ ❛
❝♦♥❝❛✈❡ ♣❛tt❡r♥ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ♥♦t✐❝❡❞ ✐♥ t❤❡ ❛❝t✉❛❧ t❡❧❡tr❛✣❝ ❞❛t❛✳ ❬✸✼❪ ❤❛s
st✉❞✐❡❞ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s s✉❝❤ ❛s s❝❛❧✐♥❣ ❡①♣♦♥❡♥ts ♦❢ t❤❡ str✉❝t✉r❡
❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ r❛♥❞♦♠ ❝❛s❝❛❞❡ ♠❡❛s✉r❡s ✉♥❞❡r ✈❛r✐♦✉s
❝♦♥❞✐t✐♦♥s✳ ▼✉❧t✐❢r❛❝t❛❧ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ❛♥ ✐♠♣♦rt❛♥t t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ❡①✲
❛♠✐♥❛t✐♦♥ ♦❢ s✐♥❣✉❧❛r ♠❡❛s✉r❡s ❛♥❞ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr✉♠ ♦❢ t❤❡ r❛♥❞♦♠
♠❡❛s✉r❡s ❜❛s❡❞ ♦♥ s❡❧❢✲s✐♠✐❧❛r ♣r♦❝❡ss❡s ❬✶✹❪✳ ❚❤❡ ♠❛✐♥ ♠❡t❤♦❞s t♦ ❝♦♥str✉❝t
r❛♥❞♦♠ ♠✉❧t✐❢r❛❝t❛❧ str✉❝t✉r❡s ❛r❡ ❜❛s❡❞ ♦♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ ❜r❛♥❝❤✐♥❣
♣r♦❝❡ss❡s ❛♥❞ ❜✐♥♦♠✐❛❧ ❝❛s❝❛❞❡s ❬✹✸❪✳ ❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t
r♦❧❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ♠✉❧t✐❢r❛❝t❛❧ r❛♥❞♦♠ ✜❡❧❞s✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ s❝❡♥❛r✲
✐♦s ✇❤❡r❡ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✇❛s ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛♥❞
t✐♠❡✲s❡r✐❡s✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ✈❡r② ❢❡✇ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ✇❤❡r❡ ✐t ✐s
❣✐✈❡♥ ✐♥ ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✳ ❬✸✵❪ ❝♦♠♣✉t❡❞ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❢♦r t❤r❡❡ ❝❧❛ss❡s ♦❢



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✸

♠✉❧t✐❢r❛❝t❛❧ r❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡✳ ■t s❤♦✇❡❞ s♦♠❡ ♠❛❥♦r s❝❤❡♠❡s ✇✐t❤
r❡❣❛r❞ t♦ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ r❡✈❡❛❧ t❤❡ ♠✉❧t✐❢r❛❝t❛❧✐t② ♦❢ r❛♥❞♦♠ ✜❡❧❞s
t❤❛t ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝✳

❚❤❡ ❈♦s♠✐❝ ▼✐❝r♦✇❛✈❡ ❇❛❝❦❣r♦✉♥❞✭❈▼❇✮ ✐s t❤❡ r❛❞✐❛t✐♦♥ ❢r♦♠ t❤❡ ✉♥✐✲
✈❡rs❡ s✐♥❝❡ ✸✽✵✱✵✵✵ ②❡❛rs ❢r♦♠ t❤❡ ❇✐❣ ❇❛♥❣✳ ❚❤✐s ❡❧♦♥❣❛t❡❞ t✐♠❡ ♣❡r✐♦❞ ✐s
✈❡r② s❤♦rt ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❣❡ ♦❢ t❤❡ ✉♥✐✈❡rs❡ ✇❤✐❝❤ ✐s ♦❢ ✶✹ ❜✐❧❧✐♦♥ ②❡❛rs✳
❚❤❡ ❈▼❇ ✐s ❛♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ r❡s✐❞✉❡ ❢r♦♠ ✐t✬s ❡❛r❧✐❡st st❛❣❡✳ ❚❤❡
❈▼❇ ❞❡♣✐❝ts ✈❛r✐❛t✐♦♥s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❞✐✛❡r❡♥t r❡❣✐♦♥s ❛♥❞ r❡♣r❡s❡♥ts
t❤❡ r♦♦ts ❢♦r ❛❧❧ ❢✉t✉r❡ ❢♦r♠❛t✐♦♥ ✐♥❝❧✉❞✐♥❣ t❤❡ s♦❧❛r s②st❡♠✱ st❛rs ❛♥❞ ❣❛❧❛①✲
✐❡s✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣✱ t❤❡ ✉♥✐✈❡rs❡ ✇❛s ✈❡r② ❤♦t ❛♥❞ ❞❡♥s❡ ❛♥❞ ❢♦r♠❛t✐♦♥ ♦❢
❛t♦♠s ✇❛s ✐♠♣♦ss✐❜❧❡✳ ❚❤❡ ❛t♦♠s ✇❡r❡ s♣❧✐t ❛s ❡❧❡❝tr♦♥s ❛♥❞ ♣r♦t♦♥s✳ ❚❤❛t
t✐♠❡ t❤❡ ✉♥✐✈❡rs❡ ❝♦♥st✐t✉t❡❞ ♦❢ ❛ ♣❧❛s♠❛ ♦r ✐♦♥✐s❡❞ ❣❛s✳ ❚❤❡♥ t❤❡ ✉♥✐✈❡rs❡
st❛rt❡❞ t♦ ❡①♣❛♥❞ ❛♥❞ ❝♦♦❧ ❞♦✇♥✳ ❚❤✉s✱ ✐t ❤❛❞ ❜❡❡♥ ♣♦ss✐❜❧❡ ❢♦r t❤❡ ❛t♦♠s
t♦ r❡❝♦♥❝✐❧❡✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❦♥♦✇♥ ❛s ✏❊♣♦❝❤ ♦❢ ❝♦♠❜✐♥❛t✐♦♥✑ ❛♥❞ s✐♥❝❡
t❤❛t t✐♠❡ ♣❤♦t♦♥s ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ♠♦✈❡ ❢r❡❡❧② ❡s❝❛♣✐♥❣ ❢r♦♠ t❤❡ ♦♣❛q✉❡ ♦❢
t❤❡ ❡❛r❧② ✉♥✐✈❡rs❡✳ ❚❤❡ ✜rst ❧✐❣❤t ✇❤✐❝❤ ❡❧✐♠✐♥❛t❡❞ ❢r♦♠ t❤✐s ♣r♦❝❡ss ✐s t❡r♠❡❞
❛s t❤❡ ❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞✱ s❡❡ ❬✹✻❪✳

■♥ ✷✵✵✾✱ t❤❡ ❊✉r♦♣❡❛♥ ❙♣❛❝❡ ❆❣❡♥❝② ❧❛✉♥❝❤❡❞ t❤❡ ♠✐ss✐♦♥ P❧❛♥❝❦ t♦ st✉❞②
t❤❡ ❈▼❇✳ ❚❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ❝❛♣t✉r❡❞ ❜② t❤❡ P❧❛♥❝❦ ✐s ♠✉❝❤ ✇✐❞❡r ❛♥❞
✐ts r❡s♦❧✉t✐♦♥ ✐s ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ♣r❡✈✐♦✉s s♣❛❝❡ ♠✐ss✐♦♥ ❲▼❆P✳ ❚❤❡
❈▼❇✬s s❧✐❣❤t ✈❛r✐❛t✐♦♥s ✇❡r❡ ♠❡❛s✉r❡❞ ✇✐t❤ ❛ ❤✐❣❤ ♣r❡❝✐s✐♦♥✱ s❡❡ ❬✹✶❪✳ ❖♥❡ ♦❢
t❤❡ ❛✐♠s ♦❢ t❤❡ ♠✐ss✐♦♥ P❧❛♥❝❦ ✇❛s t♦ ✈❡r✐❢② t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ❝♦s♠♦❧♦❣②
✉s✐♥❣ t❤✐s ❛❝❤✐❡✈❡❞ ❣r❡❛t❡r r❡s♦❧✉t✐♦♥ ❛♥❞ t♦ ✜♥❞ ♦✉t ✢✉❝t✉❛t✐♦♥s ❢r♦♠ t❤❡
s♣❡❝✐✜❡❞ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ❝♦s♠♦❧♦❣②✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢
t❤❡ ❈▼❇✱ t❤❡ ❯♥✐✈❡rs❡ ✐s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛❧♠♦st
❡✈❡r② ♣❛rt ♦❢ t❤❡ ✉♥✐✈❡rs❡ ❤❛s ✈❡r② s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ❛♥❞ t❤❛t t❤❡② ❞♦ ♥♦t ❞✐✛❡r
❜❛s❡❞ ♦♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ s♣❛❝❡✳ ❍♦✇❡✈❡r✱ ✈❛r✐♦✉s r❡s❡❛r❝❤ ❛r❣✉❡ t❤❛t ✐t✬s
♥♦t t❤❡ ❝❛s❡ ❬✷✶✱ ✷✼✱ ✸✹✱ ✸✻✱ ✸✾✱ ✹✺❪✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❞❡✈❡❧♦♣
s❡✈❡r❛❧ ♠✉❧t✐❢r❛❝t❛❧ ♠♦❞❡❧s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t✐st✐❝❛❧ ♠❡t❤♦❞♦❧♦❣② ❛♥❞
✉s❡ t❤❡♠ ❛♥❞ ♦t❤❡r ❡①✐st✐♥❣ ♠♦❞❡❧s t♦ st✉❞② ✇❤❡t❤❡r t❤❡ ❈♦s♠✐❝ ▼✐❝r♦✇❛✈❡
❇❛❝❦❣r♦✉♥❞ ❘❛❞✐❛t✐♦♥ ❞❛t❛ ❤❛s ❛ ♠✉❧t✐❢r❛❝t❛❧ ❜❡❤❛✈✐♦✉r✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r❡s❡♥t ❛♥❞ st✉❞② t❤r❡❡ ❦♥♦✇♥ ♠✉❧t✐❢r❛❝t❛❧
♠♦❞❡❧s ❢♦r r❛♥❞♦♠ ✜❡❧❞s ❞❡✜♥❡❞ ♦♥ t❤❡ s♣❤❡r❡ ❛♥❞ s✉❣❣❡st s❡✈❡r❛❧ s✐♠♣❧❡r
♠♦❞❡❧s ❢♦r ✇❤✐❝❤ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡❞✳

❚❤❡ ✜rst ♥♦✈❡❧t② ♦❢ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ✐s t❤❛t ❢♦r ❛❧❧ t❤❡s❡ ♠♦❞❡❧s✱ ✇❡
❞❡r✐✈❡ s✐♥❣✉❧❛r✐t② s♣❡❝tr✉♠ ❛♥❞ st✉❞② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡✐r ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦♥
t❤❡ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r✳ ❲❡ ♣r♦✈✐❞❡ s❡✈❡r❛❧ ♣❧♦ts t❤❛t ✐❧❧✉str❛t❡ t②♣✐❝❛❧ ♠✉❧t✐✲
❢r❛❝t❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♠♦❞❡❧s✳ ◆♦t❡✱ t❤❛t ❡✈❡♥ ❢♦r t❤❡ t❤r❡❡ ❦♥♦✇♥ ♠♦❞❡❧s
t❤❡✐r s✐♥❣✉❧❛r✐t② s♣❡❝tr✉♠ ✇❛s ♥♦t ❝♦♠♣✉t❡❞ ❛♥❞ ❛♥❛❧②s❡❞ ❜❡❢♦r❡✳ ❙❡❝♦♥❞❧②✱
✐♥ ❙❡❝t✐♦♥ ✺ ❛♥❞ t❤❡ ❡①❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✼ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ❞✐r❡❝t ♣r♦❜❛❜✐❧✲
✐t② ❛♣♣r♦❛❝❤ t❤❛t ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ss✉♠♣t✐♦♥s ♦♥ ♠♦❞❡❧s✬
♣❛r❛♠❡t❡rs ❣✉❛r❛♥t❡❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❧❡ss
❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♦♥❡ t❤❛t ✐s ❜❛s❡❞ ♦♥ ♠❛rt✐♥❣❛❧❡s ❢♦r q ∈ [1, 2]✱ s❡❡ ❬✸✵✱ ✸✸❪✳
❚❤❡ ❛❞✈❛♥t❛❣❡ ✐s t❤❛t t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣② ✐s s✐♠♣❧❡ ❛♥❞ ❝❛♥ ❛❧s♦ ❜❡
✉s❡❞ ❢♦r q > 2. ❚❤✐r❞✱ ❙❡❝t✐♦♥ ✼ s✉❣❣❡sts ❢♦✉r s✐♠♣❧❡ ♥❡✇ ♠♦❞❡❧s✱ ❡①♣❧✐❝✲
✐t❧② ❝♦♠♣✉t❡s t❤❡✐r s✐♥❣✉❧❛r✐t② s♣❡❝tr✉♠ ❛♥❞ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❛♥❞ ✐♥✈❡st✐❣❛t❡s



✹ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

t❤❡✐r ♣r♦♣❡rt✐❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ❞✐s❝✉ss t❤❡ ♠❡t❤♦❞♦❧♦❣② ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ❘é♥②✐
❢✉♥❝t✐♦♥s ❛♥❞ ♣r♦✈✐❞❡ ✈❛r✐♦✉s ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ♦❢ t❤❡ ❛❝t✉❛❧ ❈▼❇ ❞❛t❛✳

❚❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧s ❛♥❞ ♠❡t❤♦❞♦❧♦❣② ❝❛♥ ✜♥❞ ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s t♦
♦t❤❡r s♣❤❡r✐❝❛❧ ❞❛t❛✳ ❚❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥ ✐♥ t❤❡ ♣❛♣❡r ♣r♦✈✐❞❡
❞❡t❛✐❧❡❞ ❣✉✐❞❛♥❝❡ ❤♦✇ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r
❣❡♥❡r❛❧ s♣❤❡r✐❝❛❧ ❞❛t❛✳ ■t ❝♦✉❧❞ ❜❡ ✈❡r② ✉s❡❢✉❧ ❢♦r ✈❛r✐♦✉s ❡❛rt❤✱ ❡♥✈✐r♦♥♠❡♥✲
t❛❧ ❛♥❞ ✐♠❛❣❡ ❛♥❛❧②s✐s ♣r♦❜❧❡♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡❝❡♥t ♣❛♣❡r ❬✶✻❪ ❞✐s❝✉ss❡s
♠❡t❤♦❞♦❧♦❣② ❛♥❞ ♣r♦✈✐❞❡s ❘ ❝♦❞❡ ❢♦r tr❛♥s❢♦r♠✐♥❣ ✈❛r✐♦✉s s♣❤❡r✐❝❛❧ ❛♥❞ ❞✐✲
r❡❝t✐♦♥❛❧ ❞❛t❛ t♦ t❤❡ ❍❊❆▲P✐① ❢♦r♠❛t ♦❢ t❤❡ ❈▼❇ ❞❛t❛✳ ❚❤❡♥✱ t❤❡ r❡s✉❧ts ♦❢
t❤✐s r❡s❡❛r❝❤ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞✳

❚❤❡ ♣❧❛♥ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r♦✈✐❞❡s ♠❛✐♥ ♥♦t❛t✐♦♥s ❛♥❞
❞❡✜♥✐t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ t❤❡♦r② ♦❢ r❛♥❞♦♠ ✜❡❧❞s✳ ❙❡❝t✐♦♥ ✸ ✐♥tr♦❞✉❝❡s s♣❤❡r✐✲
❝❛❧ r❛♥❞♦♠ ✜❡❧❞s✳ ❙❡❝t✐♦♥ ✹ ❣✐✈❡s r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ t❤❡♦r② ♦❢ ♠✉❧t✐❢r❛❝t❛❧✐t②
❛♥❞ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥✳ ❙❡❝t✐♦♥ ✺ ❞❡s❝r✐❜❡s t❤❡ ❞✐r❡❝t ♣r♦❜❛❜✐❧✐t② ❛♣♣r♦❛❝❤ t♦
❣❡t t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❧✐♠✐t r❛♥❞♦♠ ♠❡❛s✉r❡ µ✳ ❙❡❝t✐♦♥ ✻ ♣r♦✈✐❞❡s r❡s✉❧ts
❢♦r t❤r❡❡ ❦♥♦✇♥ ♠♦❞❡❧s ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❢♦r s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞s ♦❢
t❤❡ ❡①♣♦♥❡♥t✐❛❧ t②♣❡✳ ❙❡❝t✐♦♥ ✼ ♣r♦♣♦s❡s ♥❡✇ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ♣♦✇❡r tr❛♥s✲
❢♦r♠❛t✐♦♥s ♦❢ ●❛✉ss✐❛♥ ✜❡❧❞s✳ ❙❡❝t✐♦♥ ✽ ♣r❡s❡♥ts ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ✐♥❝❧✉❞✐♥❣
❝♦♠♣✉t✐♥❣ ❛♥❞ ✜tt✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❢♦r ❈▼❇ ❞❛t❛ ❢r♦♠ ❞✐❢✲
❢❡r❡♥t s❦② ✇✐♥❞♦✇s ❛♥❞ ♠♦❞❡❧s✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ s♦♠❡ ♥❡✇ ♣r♦❜❧❡♠s ❛r❡
❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✾✳ ❋✐♥❛❧❧②✱ ♣r♦♦❢s ♦❢ ❛❧❧ ❦❡② r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

✷ ▼❛✐♥ ♥♦t❛t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❜❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧s ✐♥ t❤❡ r❛♥❞♦♠ ✜❡❧❞s t❤❡♦r② ❛♥❞
♠✉❧t✐❢r❛❝t❛❧ ❛♥❛❧②s✐s ♠❡t❤♦❞♦❧♦❣②✳ ▼♦st ♦❢ t❤❡ ♠❛t❡r✐❛❧ ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s ❛♥❞
♥❡①t t✇♦ s❡❝t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ ❬✷✽✱ ✷✾✱ ✸✷✱ ✸✸✱ ✸✺❪✳

▲❡t S ⊂ R
n, n ∈ N, ❜❡ ❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s❡t✱ ‖ · ‖ ❞❡♥♦t❡ t❤❡ ❊✉❝❧✐❞❡❛♥

❞✐st❛♥❝❡ ✐♥ R
n, sn−1(1) = {u ∈ R

n : ‖u‖ = 1}, ❛♥❞ SO(n) ❜❡ t❤❡ ❣r♦✉♣
♦❢ r♦t❛t✐♦♥s ✐♥ R

n. ❚❤❡ ♥♦t❛t✐♦♥ | · | ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛✲

s✉r❡ ♦♥ R
n✳ {·} d

= {·} ✇✐❧❧ st❛♥❞ ❢♦r t❤❡ ❡q✉❛❧✐t② ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s✲
tr✐❜✉t✐♦♥s✳

❚❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛ ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s✿

δji =

{

0, ✐❢ i 6= j,

1, ✐❢ i = j.

❋♦r ν > − 1
2 ✱ ✇❡ ✉s❡ t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ ♦❢ ♦r❞❡r ν

Jν(z) =

∞
∑

m=0

(−1)m
(z

2

)2m+ν

[m!Γ (m+ ν + 1)]−1, z > 0,

✇❤❡r❡ Γ (·) ✐s t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶ ❆ r❛♥❞♦♠ ✜❡❧❞ ✐s ❛ ❢✉♥❝t✐♦♥ ξ(ω, x) : Ω × S → R
m s✉❝❤ t❤❛t

ξ(ω, x) ✐s ❛ r❛♥❞♦♠ ✈❡❝t♦r ❢♦r ❡❛❝❤ x ∈ S✳ ❋♦r s✐♠♣❧✐❝✐t② ✐t ✇✐❧❧ ❛❧s♦ ❜❡ ❞❡♥♦t❡❞
❜② ξ(x), x ∈ S✳



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✺

❲❤❡♥ n = 1✱ ξ(x) ✐s ❛ r❛♥❞♦♠ ♣r♦❝❡ss✳ ❲❤❡♥ S ⊆ R
n, n > 1✱ t❤❡♥ ξ(x) ✐s

t❡r♠❡❞ ❛s ❛ r❛♥❞♦♠ ✜❡❧❞✳ ■t ✐s ❝❛❧❧❡❞ ❛ ✈❡❝t♦r r❛♥❞♦♠ ✜❡❧❞ ❢♦r m > 1✳ ■♥ t❤✐s
♣❛♣❡r✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ s❝❛❧❛r r❛♥❞♦♠ ✜❡❧❞s ξ(x), x ∈ S, n > 1 ❛♥❞ m = 1✳

■❢ {ξ(x1), ..., ξ(xN ), x1, ..., xN ∈ S} ✐s ❛ s❡t ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❜❡❧♦♥❣✐♥❣
t♦ ❛ ●❛✉ss✐❛♥ s②st❡♠ ❢♦r ❡❛❝❤ N ≥ 1✱ t❤❡♥ ξ(x), x ∈ S✱ ✐s ❝❛❧❧❡❞ ●❛✉ss✐❛♥✳

❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ξ(x) ❛r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ♣r♦❜❛✲
❜✐❧✐t② s♣❛❝❡ (Ω,A, P )✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ❆ s❡❝♦♥❞ ♦r❞❡r r❛♥❞♦♠ ✜❡❧❞ ✐s ❛ r❛♥❞♦♠ ❢✉♥❝t✐♦♥ ξ : S →
L2(Ω,A, P )✱ S ⊂ R

n✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ξ(x)✱ x ∈ S✱ s❛t✐s❢② E|ξ(x)|2 < +∞✳
❚❤✉s✱ ❛ s❡❝♦♥❞ ♦r❞❡r r❛♥❞♦♠ ✜❡❧❞ ♦✈❡r S ✐s ❛ ❢❛♠✐❧② {ξ(x), x ∈ S} ♦❢ sq✉❛r❡
✐♥t❡❣r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✸ ❆ s❡❝♦♥❞ ♦r❞❡r r❛♥❞♦♠ ✜❡❧❞ ξ(x), x ∈ R
n✱ ✐s ❤♦♠♦❣❡♥❡♦✉s ✭✐♥

t❤❡ ✇✐❞❡ s❡♥s❡✮ ✐❢ ✐ts ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥m(x) = E[ξ(x)] ❛♥❞ ❝♦✈❛r✐❛♥❝❡
❢✉♥❝t✐♦♥ B(x, y) = cov(ξ(x), ξ(y)) ❛r❡ ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❆❜❡❧✐❛♥
❣r♦✉♣ G = (Rn,+) ♦❢ s❤✐❢ts ✐♥ R

n✱ t❤❛t ✐s

m(x) = m(x+ τ), B(x, y) = B(x+ τ, y + τ),

❢♦r ❛♥② x, y, τ ∈ R
n✳

❚❤❛t ✐s✱ ❢♦r ❤♦♠♦❣❡♥❡♦✉s r❛♥❞♦♠ ✜❡❧❞s E[ξ(x)] = const✱ ❛♥❞ t❤❡ ❝♦✈❛r✐✲
❛♥❝❡ ❢✉♥❝t✐♦♥ B(x, y) = B(x− y) ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ x− y✳

❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ B(x− y) ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s r❛♥❞♦♠ ✜❡❧❞ ✐s ❛ ♥♦♥✲
♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ❦❡r♥❡❧ ♦♥ R

n ×R
n✱ t❤❛t ✐s✱ ❢♦r ❛♥② r ≥ 1✱ x(j) ∈ R

n✱ zj ∈ C✱
j = 1, ..., r✱

r
∑

i,j=1

B(x(i) − x(j))ziz̄j ≥ 0.

■❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ B(x) ✐s ❝♦♥t✐♥✉♦✉s ❛t x = 0✱ t❤❡♥ t❤❡ ✜❡❧❞ ✐s
♠❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉♦✉s ❢♦r ❡❛❝❤ x ∈ R

n ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

❉❡✜♥✐t✐♦♥ ✷✳✹ ❚❤❡ s❡❝♦♥❞ ♦r❞❡r r❛♥❞♦♠ ✜❡❧❞ ξ(x) ✐s ✐s♦tr♦♣✐❝ ✭✐♥ t❤❡ ✇✐❞❡
s❡♥s❡✮ ♦♥ R

n ✐❢ ✐ts ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛r❡ ✐♥✲
✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r♦✉♣ ♦❢ r♦t❛t✐♦♥s ♦♥ t❤❡ s♣❤❡r❡✱ ✐✳❡✳

m(x) = m(gx), B(x, y) = B(gx, gy),

❢♦r ❡✈❡r② x, y, τ ∈ R
n ❛♥❞ g ∈ SO(n).

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r✐♥❣ r❡❛❧✲✈❛❧✉❡❞ s❡❝♦♥❞ ♦r❞❡r r❛♥❞♦♠
✜❡❧❞s✳ ■t ✇✐❧❧ ❜❡ ❛❧s♦ ❛ss✉♠❡❞ t❤❛t E[ξ(x)] = 0 ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

■❢ ❛ r❡❛❧✲✈❛❧✉❡❞ s❡❝♦♥❞ ♦r❞❡r r❛♥❞♦♠ ✜❡❧❞ ξ(x), x ∈ R
n ✐s ❤♦♠♦❣❡♥❡♦✉s

❛♥❞ ✐s♦tr♦♣✐❝✱ t❤❡♥ ✐ts ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥
❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ρxy = ‖x−y‖ ❜❡t✇❡❡♥ x ❛♥❞ y✳ ■t ♠❡❛♥s
t❤❛t ✐ts ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥ m(x) ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ B(x, y) ❛r❡
✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ s❤✐❢ts✱ r♦t❛t✐♦♥s ❛♥❞ r❡✢❡❝t✐♦♥s ✐♥ R

n.



✻ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

❉❡✜♥✐t✐♦♥ ✷✳✺ ❆ st♦❝❤❛st✐❝ ♣r♦❝❡ss {X(t), t ≥ 0} ✐s s❡❧❢✲s✐♠✐❧❛r ✐❢ ❢♦r ❛♥②
♥♦♥✲r❛♥❞♦♠ ❝♦♥st❛♥t a > 0✱ t❤❡r❡ ❡①✐sts ♥♦♥✲r❛♥❞♦♠ ❝♦♥st❛♥t b > 0 s✉❝❤ t❤❛t

{X(at)} d
= {bX(t)}.

❋♦r s❡❧❢✲s✐♠✐❧❛r✱ ❝♦♥t✐♥✉♦✉s ❛t ✵ ❛♥❞ ♥♦♥✲tr✐✈✐❛❧ X(t)✱ t❤❡ ❝♦♥st❛♥t b ♠✉st

❜❡ ❡q✉❛❧ aH , a > 0, ✇❤❡r❡ H ≥ 0✳ ❚❤✉s✱ {X(at)} d
= {aHX(t)}. ❚❤❡ ❝♦♥st❛♥t

H ✐s ❦♥♦✇♥ ❛s t❤❡ ❍✉rst ♣❛r❛♠❡t❡r✳ ❚❤❡ ♣r♦❝❡ss {X(t), t ≥ 0} ✐s ❝❛❧❧❡❞ H✲ss
✭s❡❧❢✲s✐♠✐❧❛r✮ ♦r H✲sssi ✭s❡❧❢✲s✐♠✐❧❛r st❛t✐♦♥❛r② ✐♥❝r❡♠❡♥ts✮ ✐❢ ✐ts ✐♥❝r❡♠❡♥ts
❛r❡ st❛t✐♦♥❛r②✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ ♠✉❧t✐❢r❛❝t❛❧ ♣r♦❝❡ss❡s ✇❛s ♠♦t✐✈❛t❡❞ ❜② ❡st❛❜❧✐s❤✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ s❝❛❧✐♥❣ r✉❧❡ ♦❢ s❡❧❢✲s✐♠✐❧❛r ♣r♦❝❡ss❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✻ ❆ st♦❝❤❛st✐❝ ♣r♦❝❡ss X(t) ✐s ♠✉❧t✐❢r❛❝t❛❧ ✐❢ ✐t ❤♦❧❞s {X(ct)} d
=

{M(c)X(t)}, ✇❤❡r❡ M(c) ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ X(t) ❢♦r ❡✈❡r②
c > 0 ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ M(c) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✳

❚❤❡ ♣r♦❝❡ss ✐s s❡❧❢✲s✐♠✐❧❛r ✐❢ M(c) ✐s ♥♦♥✲r❛♥❞♦♠ ❢♦r ❡✈❡r② c > 0 ❛♥❞

M(c) = cH ✳ ❚❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r M(c) s❛t✐s✜❡s {M(ab)} d
= {M1(a)M2(b)} ❢♦r

❡✈❡r② s❡❧❡❝t✐♦♥ ♦❢ ❝♦♥st❛♥ts a ❛♥❞ b ❛♥❞ r❛♥❞♦♠ M1 ❛♥❞ M2 t❤❛t ❛r❡ ✐♥❞❡✲
♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ M ✳ ❚❤✐s ❡st❛❜❧✐s❤❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
❢❛❝t♦r H✲ss ♣r♦❝❡ss❡s (ab)H = aHbH .

❆♥♦t❤❡r ❞❡✜♥✐t✐♦♥ ♦❢ ♠✉❧t✐❢r❛❝t❛❧✐t② ✐s

❉❡✜♥✐t✐♦♥ ✷✳✼ ❆ st♦❝❤❛st✐❝ ♣r♦❝❡ss X(t) ✐s ♠✉❧t✐❢r❛❝t❛❧ ✐❢ t❤❡r❡ ❡①✐st ♥♦♥✲
r❛♥❞♦♠ ❢✉♥❝t✐♦♥s c(q) ❛♥❞ τ(q) s✉❝❤ t❤❛t ❢♦r ❛❧❧ t, s ∈ T , q ∈ Q,

E|X(t)−X(s)|q = c(q)|t− s|τ(q),

✇❤❡r❡ T ❛♥❞ Q ❛r❡ ✐♥t❡r✈❛❧s ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ ✇✐t❤ ♣♦s✐t✐✈❡ ❧❡♥❣t❤ ❛♥❞ 0 ∈ T ✳

❚❤❡ ❢✉♥❝t✐♦♥ τ(q) ✐s ❦♥♦✇♥ ❛s t❤❡ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✐♥t❡r✈❛❧ Q ♠❛②
✐♥❝❧✉❞❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ■♥st❡❛❞ ♦❢ t❤❡ ✐♥❝r❡♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss✱ t❤❡ ❞❡✜♥✐t✐♦♥
❝❛♥ ❛❧s♦ ❜❡ ❡st❛❜❧✐s❤❡❞ ♦♥ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss✳ ✐✳❡✳ E|X(t)|q = c(q)tτ(q)✳
❆❜♦✈❡ ❞❡✜♥✐t✐♦♥s ❝♦✐♥❝✐❞❡ ✐❢ t❤❡ ✐♥❝r❡♠❡♥ts ❛r❡ st❛t✐♦♥❛r②✳ ■❢ {X(t)} ✐s H✲sssi✱
t❤❡♥ ✐t ❤♦❧❞s t❤❛t τ(q) = Hq✳

✸ ❙♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞s

❚❤✐s s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s s♦♠❡ ❜❛s✐❝ ♥♦t❛t✐♦♥s ♦❢ t❤❡ t❤❡♦r② ♦❢ r❛♥❞♦♠ ✜❡❧❞s ♦♥
❛ s♣❤❡r❡✳ ❚❤❡ s♣❤❡r❡ ✐s ❛ s✐♠♣❧❡st ❝❛s❡ ♦❢ ❛ ♠❛♥✐❢♦❧❞ ✐♥ R

n✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡
❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ n = 3✳

▲❡t ✉s ❞❡♥♦t❡ t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧ ✉♥✐t ❜❛❧❧ ❛s B3 = {x ∈ R
3 : ‖x‖ ≤ 1}✳ ❚❤❡

s♣❤❡r✐❝❛❧ s✉r❢❛❝❡ ✐♥ R
3 ✇✐t❤ ❛ ❣✐✈❡♥ r❛❞✐✉s r > 0 ✐s s2(r) = {x ∈ R

3 : ‖x‖ = r}✱
✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ t❤❡ s♣❤❡r❡ σr(du) = σr(dθ·dϕ) =
r2 sin θdθdϕ✱ (θ, ϕ) ∈ s2(1). ❋♦r t✇♦ ♣♦✐♥ts ♦♥ s2(r) ✇❡ ✉s❡ Θ t♦ ❞❡♥♦t❡ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❛♥❣❧❡ ❢♦r♠❡❞ ❜❡t✇❡❡♥ t✇♦ r❛②s ♦r✐❣✐♥❛t✐♥❣ ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✼

♣♦✐♥t✐♥❣ ❛t t❤❡s❡ t✇♦ ♣♦✐♥ts✳ Θ ✐s ❝❛❧❧❡❞ t❤❡ ❛♥❣✉❧❛r ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡
t✇♦ ♣♦✐♥ts✳

❆ s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞ T = {T (r, θ, ϕ) : 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, r > 0}
✐s ❛ r❛♥❞♦♠ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ s♣❤❡r❡ s2(r)✳ ❲❡ ❞❡❛❧ ✇✐t❤ ❛
s♣❤❡r✐❝❛❧ r❡❛❧✲✈❛❧✉❡❞ ♠❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✜❡❧❞ T ✇✐t❤ ❛ ❝♦♥st❛♥t
♠❡❛♥ ❛♥❞ ✜♥✐t❡ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥ts✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ❆ r❡❛❧✲✈❛❧✉❡❞ s❡❝♦♥❞ ♦r❞❡r r❛♥❞♦♠ ✜❡❧❞ T (x), x ∈ s2(r), ✇✐t❤
E[T (x)] = 0 ✐s ✐s♦tr♦♣✐❝ ✐❢ E[T (x1)T (x2)] = B(cosΘ), x1, x2 ∈ s2(r)✱ ❞❡♣❡♥❞s
♦♥❧② ♦♥ t❤❡ ❛♥❣✉❧❛r ❞✐st❛♥❝❡ Θ ❜❡t✇❡❡♥ x1 ❛♥❞ x2✳

❋♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ♠❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉♦✉s ✐s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞s✱ t❤❡
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ B(cosΘ) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ [0, π)✳

❆♥ ✐s♦tr♦♣✐❝ s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞ ♦♥ s2(r) ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥ ❛ ▲❛♣❧❛❝❡
s❡r✐❡s ✐♥ t❤❡ ♠❡❛♥✲sq✉❛r❡ s❡♥s❡✳

T (r, θ, ϕ) =

∞
∑

l=0

l
∑

m=−l

Y m
l (θ, ϕ)aml (r), ✭✶✮

✇❤❡r❡ {Y m
l (θ, ϕ)} r❡♣r❡s❡♥ts t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❞❡✜♥❡❞ ❛s

Y m
l (θ, ϕ) = cml exp (imϕ)Pm

l (cos θ), l = 0, 1, ..., m = 0,±1, ...,±l,

✇✐t❤

cml = (−1)m
[

2l + 1

4π

(l −m)!

(l +m)!

]1/2

,

t❤❡ ❛ss♦❝✐❛t❡❞ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s Pm
l (·) ❤❛✈✐♥❣ ❞❡❣r❡❡ l ❛♥❞ ♦r❞❡r m

Pm
l (x) = (−1)m

(

1− x2
)m/2 dm

dxm
Pl(x),

❛♥❞ t❤❡ l✲t❤ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s✱ s❡❡ ❬✸✵❪✱

Pl(x) =
1

2ll!

dl

dxl
(

x2 − 1
)l
.

❚❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s
∫ π

0

∫ 2π

0

Y m
l (θ, ϕ)Y m′

l′ (θ, ϕ) sin θdϕdθ = δl
′

l δ
m′

m ,

Y m
l (θ, ϕ) = (−1)mY

(−m)
l (θ, ϕ).

❚❤❡ ♥♦t❛t✐♦♥ T̃ (x) = T (r, θ, ϕ), x ∈ R
3, ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❤✐❣❤❧✐❣❤t t❤❡ r❛♥✲

❞♦♠ ✜❡❧❞✬s ❞❡♣❡♥❞❡♥❝❡ ♦♥ ❊✉❝❧✐❞❡❛♥ ❝♦♦r❞✐♥❛t❡s✳
❚❤❡ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ▲❛♣❧❛❝❡ s❡r✐❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ ♠❡❛♥✲

sq✉❛r❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s ✈✐❛ t❤❡ ✐♥✈❡rs✐♦♥ ❛r❣✉♠❡♥ts ❛s

aml (r) =

∫ π

0

∫ 2π

0

T (r, θ, ϕ)Y m
l (θ, ϕ)r2 sin θdθdϕ =

∫

s2(1)

T̃ (ru)Y m
l (u)σ1(du),

✭✷✮



✽ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

✇❤❡r❡ u = x
‖x‖ ∈ s2(1), r = ‖x‖.

❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s E(T (r, θ, ϕ)T (r, θ
′

, ϕ
′

)) ♦❢ t❤❡ ✐s♦tr♦♣✐❝ r❛♥❞♦♠
✜❡❧❞s ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❛♥❣✉❧❛r ❞✐st❛♥❝❡ Θ = ΘPQ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥ts P =

(r, θ, ϕ) ❛♥❞ Q = (r, θ
′

, ϕ
′

). ❋♦r s♣❤❡r✐❝❛❧ ✐s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞s ✐t ♣♦ss❡ss❡s

Eaml (r)am
′

l′
(r) = δl

′

l δ
m

′

m Cl(r), E|aml (r)|2 = Cl(r), m = 0,±1, ...,±l. ✭✸✮

❚❤❡ ❛♥❣✉❧❛r ♣♦✇❡r s♣❡❝tr✉♠ ♦❢ t❤❡ ✐s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞ T (r, θ, ϕ) ✐s
❞❡✜♥❡❞ ❛s t❤❡ ❢✉♥❝t✐♦♥❛❧ s❡r✐❡s {C0(r), C1(r), ..., Cl(r), ...}.

❋r♦♠ ✭✶✮ ✲ ✭✸✮ ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥ t❤❡♦r❡♠ ❢♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s
✇❡ ♦❜t❛✐♥

Cov(T (r, θ, ϕ), T (r, θ
′

, ϕ
′

)) =
1

4π

∞
∑

l=0

(2l + 1)Cl(r)Pl(cosΘ),

✇❤❡r❡ ❢♦r ❡✈❡r② r > 0 ✐t ❤♦❧❞s
∑∞

l=0(2l + 1)Cl(r) <∞.
■❢ T (r, θ, ϕ) ✐s ❛♥ ✐s♦tr♦♣✐❝ ●❛✉ss✐❛♥ ✜❡❧❞ ❞❡✜♥❡❞ ♦♥ t❤❡ s♣❤❡r❡ s2(r), t❤❡♥

t❤❡ ❝♦❡✣❝✐❡♥ts aml (r) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❤❛t ❛r❡
❝♦♠♣❧❡①✲✈❛❧✉❡❞ ✇✐t❤ Eaml (r) = 0.

❋♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞ T̃ (x), x ∈ R
3, ✐t ❤♦❧❞s

Eaml (r)am
′

l′
(s) = δl

′

l δ
m

′

m Cl(r, s), r > 0, s > 0,

✇❤❡r❡

Cl(r, s) = 2π2

∫ ∞

0

Jl+ 1
2
(µr)Jl+ 1

2
(µs)

(µr)1/2(µs)1/2
G(dµ), l = 0, 1, 2, ...,

❛♥❞ G(·) ✐s ❛ ✜♥✐t❡ ♠❡❛s✉r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ ❇♦r❡❧ s❡ts ♦❢ [0,∞) s❛t✐s❢②✐♥❣

σ2 = V ar{T̃ (x)} =

∫ ∞

0

G(dµ) <∞, x ∈ R
3.

✹ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❛♥❞ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr✉♠

❚❤✐s s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s ❜❛s✐❝ ♥♦t❛t✐♦♥s ❛♥❞ ❝♦♥❝❡♣ts ♦❢ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ t❤❡♦r②
❛♥❞ ❘é♥②✐ ❢✉♥❝t✐♦♥s✳

❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ✐♥❞❡① ♦❢ ❞✐✈❡rs✐t② ✐s ✉s❡❞ ✐♥
♠✉❧t✐❢r❛❝t❛❧ ❛♥❛❧②s✐s t♦ ❛ss❡ss t❤❡ r❛♥❞♦♠♥❡ss ♦❢ ♠❛♥② ♥❛t✉r❛❧ ♣❤❡♥♦♠❡♥❛✳ ■t
❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡❝t t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ❣✐✈❡♥ r❛♥❞♦♠ ♣r♦❝❡ss✳
❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❝♦♠♣✉t❡s ❤♦✇ t❤❡ ♠❡❛s✉r❡✴♠❛ss✴✐♥t❡♥s✐t② ♦♥ ❛ s✉r❢❛❝❡
✈❛r✐❡s ✇✐t❤ t❤❡ r❡s♦❧✉t✐♦♥ ♦r t❤❡ ❜❧♦❝❦ s✐③❡ ♦❢ ❛♥ ✐♠❛❣❡✳ ❚❤❛t ✐s✱ ✐t ❝❛❧❝✉❧❛t❡s
t❤❡ ❝❤❛♥❣❡ ✐♥ ❞❡t❛✐❧ ♦❢ ❛ ♣❛tt❡r♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛♥❣❡ ✐♥ s❝❛❧❡✳ ❚❤❡ ❘é♥②✐
❢✉♥❝t✐♦♥ ❝❤❛r❛❝t❡r✐s❡s t❤❡ ❞✐st♦rt✐♦♥ ✐♥ t❤❡ ♠❡❛♥ ♦❢ ❛ ♣❛tt❡r♥✬s ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥ ♦❢ ♣✐①❡❧ ✈❛❧✉❡s✳ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ♥♦♥✲❢r❛❝t❛❧ ❛♥❞ ♠♦♥♦❢r❛❝t❛❧
♣r♦❝❡ss❡s ❡①❤✐❜✐t ❛ ✢❛tt❡r ❝✉r✈❡ t❤❛♥ ♦♥❡s ♦❢ ♠✉❧t✐❢r❛❝t❛❧ ♣r♦❝❡ss❡s✳ ❘é♥②✐



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✾

❢✉♥❝t✐♦♥s ♦❢ ♠✉❧t✐❢r❛❝t❛❧ ♣r♦❝❡ss❡s t②♣✐❝❛❧❧② ❤❛✈❡ q✉❛❞r❛t✐❝ s❤❛♣❡s t❤❛t s✉❣❣❡st
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞✐✛❡r❡♥t ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s✳

❈♦♥s✐❞❡r ❛ r❛♥❞♦♠ ✜❡❧❞ Λ(x, ω), x ∈ R
3, ω ∈ Ω, t❤❛t ✐s ♠❡❛s✉r❛❜❧❡✱

❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ ✭❍■❘❋✮ ♦♥ t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ R
3✳

■t ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ♠♦t❤❡r ✜❡❧❞✳ ❋♦r s✐♠♣❧✐❝✐t② ✐t ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s Λ(x) =
Λ(x, ω).

❈♦♥❞✐t✐♦♥ ✶ ▲❡t ❛ r❛♥❞♦♠ ✜❡❧❞ Λ(x), x ∈ R
3✱ s❛t✐s❢②

E[Λ(x)] = 1, Λ(x) > 0, Cov(Λ(x), Λ(y)) = RΛ(‖x− y‖) = σ2
ΛρΛ(‖x− y‖),

✇❤❡r❡ ρ(0) = 1 ❛♥❞ σ2
Λ <∞.

▲❡t Λ(i)(x), x ∈ R
3, i = 0, 1, 2, ..., ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢

t❤❡ r❛♥❞♦♠ ✜❡❧❞ Λ(·)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ r❡✲s❝❛❧✐♥❣ ♦❢ Λ(·) ❞❡✜♥❡❞ ❛s Λ(i)(bix),
✇❤❡r❡ b > 1 ✐s ❛ ❝♦♥st❛♥t ❝❛❧❧❡❞ ❛ s❝❛❧✐♥❣ ❢❛❝t♦r ❛♥❞ bix ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛
✈❡❝t♦r x ❜② ❛ s❝❛❧❛r bi✳

❆ ✜♥✐t❡✲♣r♦❞✉❝t ✜❡❧❞ ♦♥ B3 ✐s ❞❡✜♥❡❞ ❜②

Λk(x) =

k
∏

i=0

Λ(i)(bix), k = 1, 2, ....

❚❤❡♥ ♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µk(·) ♦♥ t❤❡ ❇♦r❡❧ σ✲❛❧❣❡❜r❛
B ♦❢ ❛ ✉♥✐t ❜❛❧❧ B3 ❜②

µk(A) =

∫

y∈A

Λk(y)dy, A ∈ B, k = 0, 1, 2, ....

❲❡ ❞❡♥♦t❡ ❜② µk
d−→ µ, k → ∞, t❤❡ ✇❡❛❦ ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡♥❝❡ ♦❢

t❤❡ ♠❡❛s✉r❡s µk t♦ s♦♠❡ ♠❡❛s✉r❡ µ. ■t ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
g(y), y ∈ B3, ✐t ❤♦❧❞s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶ t❤❛t

∫

B3

g(y)µk(dy) →
∫

B3

g(y)µ(dy), k → ∞.

❘❡♠❛r❦ ✹✳✶ ❚❤❡ ✇❡❛❦ ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡♥❝❡ ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡s ✐♠♣❧✐❡s
t❤❛t ❢♦r ❛ ✜♥✐t❡ ♦r ❝♦✉♥t❛❜❧❡ ❢❛♠✐❧② ♦❢ s❡ts Aj ❢r♦♠ B, ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱

µk(Aj) → µ(Aj), k → +∞,

❢♦r ❛❧❧ j, s❡❡ ❬✷✺✱ ✸✸❪✳ ▼♦r❡♦✈❡r✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ❬✶✶✱ ✸✵✱ ✸✸❪ t❤❛t ❢♦r ♠♦t❤❡r
r❛♥❞♦♠ ✜❡❧❞s ✇✐t❤ ρΛ(r) ♣♦ss❡ss✐♥❣ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝❛②✐♥❣ ❜♦✉♥❞✱ t❤❡ r❛♥✲
❞♦♠ ✈❛r✐❛❜❧❡s µk(B

3) ❝♦♥✈❡r❣❡ t♦ µ(B3) ✐♥ L2 ✭❛♥❞ ❤❡♥❝❡ ✐♥ Lq ❢♦r q ∈ (0, 2]✮
✇❤❡♥ k → +∞. ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦r ❛❧❧ ♠♦❞❡❧s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ✐t ✇✐❧❧
❜❡ ❛ss✉♠❡❞ t❤❛t |ρΛ(r)| ≤ Ce−γr ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C, ❛♥❞ γ✳



✶✵ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

❉❡✜♥✐t✐♦♥ ✹✳✶ ❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ✐s ❛ ♥♦♥✲r❛♥❞♦♠
❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜②

T (q) = lim inf
m→∞

log2E
∑

l µ(B
(m)
l )q

log2 |B
(m)
l |

,

✇❤❡r❡ {B(m)
l , l = 0, 1, ..., 2m − 1, m = 1, 2, ..., } ❞❡♥♦t❡s t❤❡ ♠❡s❤ ❢♦r♠❡❞ ❜②

t❤❡ mth ❧❡✈❡❧ ❞②❛❞✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✉♥✐t ❜❛❧❧ B3✳

❚❤❡ ❦❡② r❡s✉❧t ❛❜♦✉t t❤❡ ❢♦r♠ ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✶ ❬✸✵❪ ❙✉♣♣♦s❡ t❤❛t ❈♦♥❞✐t✐♦♥ ✶ ❤♦❧❞s✳

✭✐✮ ❆ss✉♠❡ t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ρΛ(‖x− y‖) = ρ(r) ♦❢ t❤❡ ✜❡❧❞ Λ(·)
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥

|ρΛ(r)| ≤ Ce−γr, r > 0, ✭✹✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C ❛♥❞ γ✳ ❚❤❡♥✱ ❢♦r t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r b >
3
√

1 + σ2
Λ, t❤❡ ♠❡❛s✉r❡s µk

d−→ µ, k → ∞, ♦♥ B3✳
✭✐✐✮ ■❢ ❢♦r s♦♠❡ r❛♥❣❡ q ∈ Q = [q−, q+], ❜♦t❤ EqΛ(0) <∞ ❛♥❞ Eµq(B3) <∞,

t❤❡♥ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ T (q) ♦❢ µ ✐s ❣✐✈❡♥ ❜②

T (q) = q − 1− 1

3
logbEΛ

q(x), q ∈ Q.

❙✐♠✐❧❛r❧②✱ ❢♦r s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞s ♦♥ s2(1)✱ ♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛♥ ❛♥❛❧✲
♦❣♦✉s ❛♣♣r♦❛❝❤✳

❈♦♥❞✐t✐♦♥ ✷ ▲❡t t❤❡ r❛♥❞♦♠ ✜❡❧❞ Λ̃(x), x ∈ s2(1), s❛t✐s❢②

EΛ̃(x) = 1, V arΛ̃(x) = σ2
Λ̃
<∞, Λ̃(x) > 0,

Cov(Λ̃(θ, ϕ), Λ̃(θ
′

, ϕ
′

)) =
1

4π

∞
∑

l=0

(2l + 1)ClPl(cos θ),

∞
∑

l=0

(2l + 1)Cl <∞.

▲❡t Λ̃(i)(x), x ∈ s2(1)✱ i = 0, 1, 2, ...✱ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s
♦❢ t❤❡ ✜❡❧❞ Λ̃(·)✳ ▲❡t ✉s ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡ ♥♦t❛t✐♦♥s ❢♦r
♣♦✐♥ts ♦♥ s2(1) : x = (1, θ, ϕ) ∈ s2(1). ❈♦♥s✐❞❡r Λ̃

(i)(bi × x), ✇❤❡r❡ b > 1 ✐s ❛
s❝❛❧✐♥❣ ❢❛❝t♦r✱ bi × x := (1, bi ×

π
θ, bi ×

2π
ϕ) ∈ s2(1), ❛♥❞ t❤❡ ♠♦❞✉❧✉s ❛❧❣❡❜r❛ ✐s

✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❞✉❝ts bi ×
π
θ ❛♥❞ bi ×

2π
ϕ.

❉❡✜♥❡ t❤❡ ✜♥✐t❡ ♣r♦❞✉❝t ✜❡❧❞s ♦♥ s2(1) ❜②

Λ̃k(x) =

k
∏

i=0

Λ̃(i)(bi × x), k = 1, 2, ....

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µk(·) ♦♥ t❤❡ ❇♦r❡❧ σ✲❛❧❣❡❜r❛ B ♦❢
s2(1) ❛s

µk(A) =

∫

A

Λ̃k(y)dy, k = 0, 1, 2, ..., A ∈ B. ✭✺✮



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✶✶

❲❡ ❞❡♥♦t❡ ❜② µk
d−→ µ, k → ∞, t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡s µk

t♦ s♦♠❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ♠❡❛s✉r❡ µ✳ ■t ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
g(y), y ∈ s2(1),

∫

s2(1)

g(y)µk(dy) →
∫

s2(1)

g(y)µ(dy), k → ∞.

❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ❞❡✜♥❡❞ ♦♥ s2(1) ✐s ❞❡✜♥❡❞ ❛s

T (q) = lim inf
m→∞

log2E
∑

l µ(S
(m)
l )q

log2 |S
(m)
l |

, ✭✻✮

✇❤❡r❡ {S(m)
l , l = 0, 1, ..., 2m − 1} ✐s t❤❡ ♠❡s❤ ❝♦♥str✉❝t❡❞ ❜② mth ❧❡✈❡❧ ❞②❛❞✐❝

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♣❤❡r✐❝❛❧ s✉r❢❛❝❡ ♦❢ s2(1)✳

❚❤❡♦r❡♠ ✹✳✷ ❬✸✵❪ ❙✉♣♣♦s❡ t❤❛t ❈♦♥❞✐t✐♦♥ ✷ ❤♦❧❞s ❛♥❞ t❤❡ ✐s♦tr♦♣✐❝ r❛♥❞♦♠
✜❡❧❞ Λ̃(·) ✐s t❤❡ r❡str✐❝t✐♦♥ t♦ t❤❡ s♣❤❡r❡ s2(1) ♦❢ t❤❡ ❍■❘❋ Λ(x), x ∈ R

3,
✇✐t❤ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ρΛ(‖x − y‖) = ρ(r)✳ ❯♥❞❡r s✐♠✐❧❛r ❛ss✉♠♣t✐♦♥s
t♦ ❚❤❡♦r❡♠ ✹✳✶✱ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ T (q) ♦❢ t❤❡ ❧✐♠✐t ♠❡❛s✉r❡ µ ♦♥ s2(1) ✐s
❣✐✈❡♥ ❜②

T (q) = q − 1− 1

2
logbEΛ

q(t), q ∈ Q.

❘❡♠❛r❦ ✹✳✷ ■❢ x ❛♥❞ y ❛r❡ t✇♦ ❧♦❝❛t✐♦♥s ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ s2(1) ❛♥❞ Θ ✐s
t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡♠✱ t❤❡♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♣♦✐♥ts ✐s
2 sin(Θ/2)✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ❞✐r❡❝t ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥
ρΛ(‖x − y‖) ✐♥ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ρ(cosΘ) =
ρΛ(2 sinΘ/2) ♦♥ t❤❡ s♣❤❡r❡✳ ❚❤✉s✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❍■❘❋ Λ(x) t♦ s2(1)
✐s ❛♥ ✐s♦tr♦♣✐❝ s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞✳

❚❤❡ ♠✉❧t✐❢r❛❝t❛❧ ♦r s✐♥❣✉❧❛r✐t② s♣❡❝tr✉♠ ✐s ❞❡✜♥❡❞ ✈✐❛ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s✲
❢♦r♠ ❛s

f(h) = inf
q
(hq − T (q)). ✭✼✮

❛♥❞ ✐s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ❧♦❝❛❧ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s ♦❢ r❛♥❞♦♠ ✜❡❧❞s✳

✺ ❈♦♥❞✐t✐♦♥s ♦♥ ♠❡❛s✉r❡ µ

❚❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❛s ❞❡✜♥❡❞ ❛s ❛ ✇❡❛❦ ❧✐♠✐t ♦❢
t❤❡ ♠❡❛s✉r❡s µk✳ ❚❤❡r❡❢♦r❡✱ ✐t ✇♦✉❧❞ ❜❡ ❞✐✣❝✉❧t t♦ ❝❤❡❝❦ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♦♥
µ ❛s ✐ts ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t ❡①♣❧✐❝✐t❧② ❦♥♦✇♥✳ ❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s
s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r b ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ σ2

Λ t❤❛t ❣✉❛r❛♥t❡❡
Eµq(B3) <∞✳ ❚❤❡ ❣❡♥❡r❛❧ ♠❡t❤♦❞ t♦ ♦❜t❛✐♥ s✉❝❤ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ r❛♥❣❡ q ∈
[1, 2] ✉s❡s ♠❛rt✐♥❣❛❧❡ L2 ❝♦♥✈❡r❣❡♥❝❡✱ s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✸✸❪✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡
♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐♥ ❆♣♣❡♥❞✐① ❆ ❞❡♠♦♥str❛t❡s t❤❡ ❞✐r❡❝t ♣r♦❜❛❜✐❧✐t②
❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ✐s ♠♦r❡ ❡❧❡♠❡♥t❛r②✳



✶✷ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

❚❤❡♦r❡♠ ✺✳✶ ▲❡t t❤❡ ♠♦t❤❡r ✜❡❧❞ Λ(x) > 0, x ∈ R
3, s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s

EΛ(x) = 1, V arΛ(x) = σ2
Λ < +∞, Cov(Λ(x), Λ(y)) = σ2

ΛρΛ(‖x− y‖),

|ρΛ(τ)| ≤ Ce−γτ , τ > 0,

❛♥❞ t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r b > max( 3
√

1 + σ2
Λ, e

σ2
ΛC

3 ).

❚❤❡♥ t❤❡ ♠❡❛s✉r❡s µk
d−→ µ, k → ∞, ❛♥❞ Eµq(B3) < +∞, ❢♦r q ∈ [1, 2].

❘❡♠❛r❦ ✺✳✶ ❚❤❡ ❞✐r❡❝t ♣r♦❜❛❜✐❧✐t② ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ ❝♦♥❞✐t✐♦♥s
♦♥ t❤❡ ♠♦t❤❡r ✜❡❧❞ t❤❛t ❣✉❛r❛♥t❡❡ Eµq

k(B
3) < +∞, ❢♦r q ✐♥ t❤❡ r❛♥❣❡ [1, Q],

✇❤❡r❡ Q > 2.
❋♦r ❡①❛♠♣❧❡✱ ✉s✐♥❣ t❤❡ ▲②❛♣✉♥♦✈✬s ✐♥❡q✉❛❧✐t② ❢♦r q ∈ [1, 4], s❡❡ ❬✸✶✱ ♣✳✶✻✷❪✱

Eµq
k(B

3) ≤ (Eµ4
k(B

3))q/4,

t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ b ❛♥❞ σ2
λ t❤❛t ❣✉❛r❛♥t❡❡ Eµ4

k(B
3) < +∞ ❛r❡ ❛❧s♦ s✉✣❝✐❡♥t

❢♦r Eµq(B3) < +∞, q ∈ [1, 4]✳ ❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠

Eµ4
k(B

3) =

∫

B3

∫

B3

∫

B3

∫

B3

k
∏

i=0

E





4
∏

j=1

Λ(i)(yib
i)





4
∏

j=1

dyi,

t❤❛t ♦♥❡ ❝❛♥ ✐♠♣♦s❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❢♦✉rt❤ ♦r❞❡r ♠♦♠❡♥ts
E(
∏4

j=1 Λ(yjb
i)) ♦r ❝✉♠✉❧❛♥ts ♦❢ t❤❡ ♠♦t❤❡r ✜❡❧❞ Λ(·)✳ ❲❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❛♥

❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❝♦♥❞✐t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✼ ❢♦r ▼♦❞❡❧ ✹✳

✻ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ❡①♣♦♥❡♥t✐❛❧ ♠♦❞❡❧s

❋♦r t❤❡ r❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡✱ t❤❡r❡ ❛r❡ t❤r❡❡ ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ❘é♥②✐
❢✉♥❝t✐♦♥ ✐s ❦♥♦✇♥ ❡①♣❧✐❝✐t❧②✱ s❡❡ ❬✸✵❪✳ ❚❤❡s❡ ♠♦❞❡❧s ✇❡r❡ ♦❜t❛✐♥❡❞ ❢♦r ❡①♣♦✲
♥❡♥t✐❛❧ t②♣❡ s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞s✳ ❚❤✐s s❡❝t✐♦♥s ✐♥tr♦❞✉❝❡s t❤❡s❡ ♠♦❞❡❧s✱
❞❡r✐✈❡s t❤❡✐r s✐♥❣✉❧❛r✐t② s♣❡❝tr✉♠ ❛♥❞ st✉❞✐❡s ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡✐r ❘é♥②✐ ❢✉♥❝✲
t✐♦♥s ♦♥ t❤❡ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r✳

▼♦❞❡❧ ✶ ▲❡t t❤❡ r❛♥❞♦♠ ✜❡❧❞ Λ(x) ❜❡ ❣✐✈❡♥ ❛s

Λ(x) = exp

{

Y (x)− 1

2
σ2
Y

}

,

✇❤❡r❡ Y (x), x ∈ R
3, ✐s ❛ ③❡r♦✲♠❡❛♥ ●❛✉ss✐❛♥✱ ♠❡❛s✉r❛❜❧❡✱ s❡♣❛r❛❜❧❡ r❛♥❞♦♠

✜❡❧❞ ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ σ2
Y ρY (r), ρY (0) = 1.

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♣r♦✈✐❞❡s t❤❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤❡
❘é♥②✐ ❢✉♥❝t✐♦♥ ❢♦r ▼♦❞❡❧ ✶✳



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✶✸

❚❤❡♦r❡♠ ✻✳✶ ❬✸✵❪ ▲❡t ❢♦r ▼♦❞❡❧ ✶ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ s❛t✐s❢②

0 < |ρY (r)| ≤ Ce−γr, r > 0,

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ C ❛♥❞ γ ❛♥❞ b > exp{σ2
Y

3 }.
■❢ Y (x), x ∈ s2(1), ✐s ❛ s♣❤❡r✐❝❛❧ ✐s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞ t❤❛t ✐s ❛ r❡str✐❝t✐♦♥

♦❢ Y (x), x ∈ R
3✱ ♦♥ t❤❡ s♣❤❡r❡ s2(1), t❤❡♥ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡s ✭✺✮ ❣❡♥❡r❛t❡❞

❜② t❤❡ s♣❤❡r✐❝❛❧ ✜❡❧❞s Λ̃(x) = exp
{

Y (x)− 1
2σ

2
Y

}

, x ∈ s2(1), ❝♦♥✈❡r❣❡ ✇❡❛❦❧②
t♦ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µ. ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✐s

T (q) = q

(

1 +
σ2
Y

4 ln b

)

− q2
(

σ2
Y

4 ln b

)

− 1, q ∈ [1, 2]. ✭✽✮

▼♦❞❡❧ ✷ ▲❡t t❤❡ r❛♥❞♦♠ ✜❡❧❞ Λ(x) ❜❡ ♦❢ t❤❡ ❢♦r♠

Λ(x) = exp {Z(x)− cZ} , cZ = − ln

(

1− 1

λ

)β

,

✇❤❡r❡ Z(x), x ∈ R
3, ✐s ❛ ❣❛♠♠❛✲❝♦rr❡❧❛t❡❞ ❍■❘❋ ✇✐t❤ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝✲

t✐♦♥ ρZ(r).

❚❤❡ ✜❡❧❞ Z(x) ❤❛s t❤❡ ♠❛r❣✐♥❛❧ ❞❡♥s✐t②

p(u) =
λβ

Γ (β)
uβ−1e−λu, u, λ, β ∈ (0,+∞), ✭✾✮

❛♥❞ t❤❡ ❜✐✈❛r✐❛t❡ ❞❡♥s✐t②

p0(u1, u2;α) =
(u1u2/α)

β−1
2

Γ (β)(1− α)
exp

{

−u1 + u2
1− α

}

Iβ−1

(

2

√
u1 · u2 · α
1− α

)

, ✭✶✵✮

✇❤❡r❡ Iv(z) =
∑∞

k=0

(

z
2

)2k+v
(k!Γ (k + v + 1))

−1
✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝✲

t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞✱ α ∈ [0, 1], λ, β, ❛♥❞ γ ❛r❡ ❝♦♥st❛♥t ♣❛r❛♠❡t❡rs✳
❚❤❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠♦t❤❡r r❛♥❞♦♠ ✜❡❧❞ ✐s

ρΛ(r) =

(

e−2cz

(

1− 2
λ + 2

λ2 (1− ρZ(τ))
)β

− 1

)(

e−2cz

(

1− 1
λ

)β
− 1

)−1

.

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✲
❞✐t✐♦♥s ❢♦r ▼♦❞❡❧ ✷✳

❚❤❡♦r❡♠ ✻✳✷ ❬✸✵❪ ❙✉♣♣♦s❡ t❤❛t ❢♦r ▼♦❞❡❧ ✷ t❤❡ ♣❛r❛♠❡t❡r λ > 2 ❛♥❞ t❤❡
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s

0 < |ρZ(r)| ≤ Ce−γr, r > 0,

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C ❛♥❞ γ. ❚❤❡♥✱ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs (β, λ) ❢r♦♠ t❤❡ s❡t

Lβ,λ =







(β, λ) : b >

(

1 +
1
λ2

1− 2
λ

)

β
2

, λ > 2, β > 0







,



✶✹ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

t❤❡ ♠❡❛s✉r❡s µk
d−→ µ, k → ∞✳ ❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ µ ✐s ❣✐✈❡♥ ❜②

T (q) = q

(

1− β

2
logb

(

1− 1

λ

))

+

(

β

2

)

logb

(

1− q

λ

)

− 1. ✭✶✶✮

✇❤❡r❡ q ∈ Q = {0 < q < λ} ∩ [1, 2] ∩ Lβ,λ.

▼♦❞❡❧ ✸ ▲❡t t❤❡ ♠♦t❤❡r r❛♥❞♦♠ ✜❡❧❞ ❜❡

Λ(x) = exp {U(x)− cU} , x ∈ R
3,

✇❤❡r❡ U(x) = −Z−1(x), ❛♥❞ Z(x), x ∈ R
3, ✐s ❛ ❣❛♠♠❛✲❝♦rr❡❧❛t❡❞ ❍■❘❋ ✇✐t❤

t❤❡ ❞❡♥s✐t✐❡s ❣✐✈❡♥ ❜② ✭✾✮ ❛♥❞ ✭✶✵✮ ❛♥❞ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ρZ(r).

❚❤❡♦r❡♠ ✻✳✸ ❬✸✵❪ ❙✉♣♣♦s❡ t❤❛t ❢♦r ▼♦❞❡❧ ✸ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s

0 < |ρZ(r)| ≤ Ce−γr, r > 0,

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C ❛♥❞ γ. ❚❤❡♥✱ ❢♦r ❛♥② (β, λ) ∈ Lβ,λ ❛♥❞ b >
(

Γ (β)2
β
2

−1Kβ(2
√
2λ)

λβ/2[Kβ(2
√
λ)]2

)
1
2

t❤❡ ♠❡❛s✉r❡s µk
d−→ µ ✇❤❡♥ k → ∞. ❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥

♦❢ ♠❡❛s✉r❡ µ ✐s

T (q) = q
(

1 +
cU
2 ln b

)

− 1

2
logb

(

qβ/2Kβ(2
√

qλ)
)

−
(

1 +
1

2
logb

(

2λβ/2

Γ (β)

))

,

✭✶✷✮
✇❤❡r❡ q ∈ Q = [1, 2] ∩ Lβ,λ, Kλ(x) ✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t❤✐r❞
❦✐♥❞ ❛♥❞

cU = ln

(

2λβ/2Kβ(2
√
λ)

Γ (β)

)

.

▲❡t α(q) ❞❡♥♦t❡ t❤❡ qth ♦r❞❡r s✐♥❣✉❧❛r✐t② ❡①♣♦♥❡♥t ❛♥❞ ❜❡ ❞❡✜♥❡❞ ❜②

α(q) =
d

dq
T (q). ✭✶✸✮

❚❤❡♥ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr✉♠ ❞❡✜♥❡❞ ❜② ✭✼✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ α ❜②

f(α(q)) = q · α(q)− T (q). ✭✶✹✮

❋♦r ▼♦❞❡❧ ✶ ✐t ✐s ❡❛s② t♦ s❡❡ ❢r♦♠ ✭✽✮ t❤❛t

α(q) = 1 +
σ2
Y

4 ln(b)
− σ2

Y

2 ln(b)
q,

f(α(q)) = 1− σ2
Y

4 ln(b)
q2, q ∈ [1, 2]. ✭✶✺✮



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✶✺

❇② ✭✶✶✮ ✇❡ ♦❜t❛✐♥ ❢♦r ▼♦❞❡❧ ✷

α(q) = 1− β

2
logb

(

1− 1

λ

)

+
β

2 ln(b)(q − λ)
,

f(α(q)) = 1 +
β

2

(

q

ln(b)(q − λ)
− logb

(

1− q

λ

)

)

. ✭✶✻✮

❋♦r ▼♦❞❡❧ ✸ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✶✷✮ ❛♥❞ Kβ

′

(q) = − 1
2 (Kβ−1(q) +Kβ+1(q))✱

s❡❡ ✾✳✻✳✷✻ ✐♥ ❬✶❪✱ t❤❛t

α(q) = 1 +
cU

2 ln(b)
− β

4 ln(b)q
+

√
λ(Kβ−1(2

√
qλ) +Kβ+1(2

√
qλ))

2 ln(b)Kβ(2
√
qλ)

√
q

,

f(α(q)) = 1 +
β

2
logb

(

2λβ/2

Γ (β)

)

− β

4 ln(b)
+

1

2
logb(q

β/2Kβ(2
√

qλ))

+

√
qλ(Kβ−1(2

√
qλ) +Kβ+1(2

√
qλ))

2 ln(b)Kβ(2
√
qλ)

. ✭✶✼✮

❙✉♠♠❛r✐s✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉❧ts ✇❡ ♦❜t❛✐♥

❚❤❡♦r❡♠ ✻✳✹ ▲❡t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠s ✻✳✶✱ ✻✳✷ ❛♥❞ ✻✳✸
❛r❡ s❛t✐s✜❡❞ ❢♦r ▼♦❞❡❧s ✶✱ ✷ ❛♥❞ ✸✳ ❚❤❡♥ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ♦❢ t❤❡s❡
♠♦❞❡❧s ❛r❡ ❣✐✈❡♥ ❜② ✭✶✺✮✱ ✭✶✻✮ ❛♥❞ ✭✶✼✮ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♣❧♦ts s❤♦✇♥ ✐♥ ❋✐❣✳ ✶ ✐❧❧✉str❛t❡ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❛♥❞
♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ❢♦r ▼♦❞❡❧s ✶✱ ✷ ❛♥❞ ✸✳ ❋♦r t❤❡s❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✱ ✇❡
✉s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✿ b = 2, σY = 1, λ = 3, ❛♥❞ β = 2.
◆♦t✐❝❡ t❤❛t t❤❡s❡ ✈❛❧✉❡s ♦❢ b, λ ❛♥❞ β s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ Lβ,λ✳ ❲❡ ❛❧s♦
s❡❧❡❝t❡❞ (0, 3) ❛s t❤❡ r❛♥❣❡ ♦❢ q ✈❛❧✉❡s✳ ■t ✐s s❧✐❣❤t❧② ✇✐❞❡r t❤❛♥ t❤❡ r❛♥❣❡
[1, 2] ✐♥ t❤❡ t❤❡♦r❡♠s ❛♥❞ ❛❧❧♦✇s ❜❡tt❡r ✈✐s✉❛❧✐s❛t✐♦♥ ♦❢ T (q) ❛♥❞ f(α)✱ s❡❡
❙❡❝t✐♦♥ ✽✳✶ ♦♥ t❤❡ ✇❛② t♦ ❝❤❡❝❦ ✐ts ✈❛❧✐❞✐t②✳

❋✐❣✳ ✶ s❤♦✇s t❤❛t t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▼♦❞❡❧s ✶ ❛♥❞ ✷ ❤❛✈❡ ♣❛r❛❜♦❧✐❝
s❤❛♣❡s ✇❤✐❧❡ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ▼♦❞❡❧ ✸ ✐s ❝❧♦s❡r t♦ ❛ ❧✐♥❡❛r s❤❛♣❡ ♦♥
t❤❡ ✐♥t❡r✈❛❧ (0, 3)✳ ❆❧s♦✱ ❝♦♠♣❛r✐♥❣ t❤❡ ♣❧♦ts ❢♦r ▼♦❞❡❧s ✶✱ ✷ ❛♥❞ ✸✱ ✇❡ ❝❛♥ s❡❡
t❤❛t t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ▼♦❞❡❧ ✶ ❛♥❞ ✷ ❡①❤✐❜✐t ❛ ❝♦♥❝❛✈❡ ❞♦✇♥ ✐♥❝r❡❛s✐♥❣
❛♥❞ ❞❡❝r❡❛s✐♥❣ ❜❡❤❛✈✐♦✉r ✇✐t❤✐♥ q ∈ (0, 3), ✇❤❡r❡❛s ❢♦r ▼♦❞❡❧ ✸ ✐t ✐♥❝r❡❛s❡s✳
❚❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ♦❢ ▼♦❞❡❧s ✶✱ ✷ ❛♥❞ ✸ s❤♦✇ ❛ ❝♦♥❝❛✈❡ ❞♦✇♥ ✐♥❝r❡❛s✐♥❣
❜❡❤❛✈✐♦✉r ✇✐t❤✐♥ q ∈ (0, 3).

✼ ▼♦❞❡❧s ❜❛s❡❞ ♦♥ ♣♦✇❡r tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ●❛✉ss✐❛♥ ✜❡❧❞s

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤r❡❡ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ❛♥ ❡①♣♦♥❡♥t✐❛❧
tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ●❛✉ss✐❛♥ ♦r ❣❛♠♠❛✲❝♦rr❡❧❛t❡❞ ❍■❘❋✳ ❚❤✐s s❡❝t✐♦♥ ♣r♦♣♦s❡s
❢❡✇ ♠✉❝❤ s✐♠♣❧❡r s❝❡♥❛r✐♦s ✇❤❡r❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠s ❢r♦♠ ❙❡❝t✐♦♥ ✹
❛r❡ s❛t✐s✜❡❞✳



✶✻ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

✭❛✮ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ ▼♦❞❡❧ ✶ ✭❜✮ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ ▼♦❞❡❧ ✷ ✭❝✮ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ ▼♦❞❡❧ ✸

✭❞✮ ❙♣❡❝tr✉♠ ♦❢ ▼♦❞❡❧ ✶ ✭❡✮ ❙♣❡❝tr✉♠ ♦❢ ▼♦❞❡❧ ✷ ✭❢✮ ❙♣❡❝tr✉♠ ♦❢ ▼♦❞❡❧ ✸

❋✐❣✳ ✶ ❊①❛♠♣❧❡s ♦❢ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❛♥❞ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ❢♦r ▼♦❞❡❧s ✶✱ ✷ ❛♥❞ ✸

❋✐rst✱ ♥♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ Λ(x) > 0 ✐♥ ❬✸✵❪ ❝❛♥ ❜❡ r❡❧❛①❡❞ t♦ Λ(x) > 0
❛❧♠♦st s✉r❡✳

▼♦❞❡❧ ✹ ▲❡t Λ(x) = Y 2(x)✱ ✇❤❡r❡ Y (x), x ∈ R
3, ✐s ❛ ③❡r♦✲♠❡❛♥ ✉♥✐t ✈❛r✐❛♥❝❡

●❛✉ss✐❛♥ ❍■❘❋ ✇✐t❤ ❛ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ρY (τ), τ ≥ 0.

❋♦r t❤✐s ♠♦❞❡❧ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ s❡❡ t❤❡ ♣r♦♦❢ ✐♥ ❆♣♣❡♥❞✐① ❆✳

❚❤❡♦r❡♠ ✼✳✶ ❙✉♣♣♦s❡ t❤❛t ❢♦r ▼♦❞❡❧ ✹✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ Y (x) s❛t✲

✐s✜❡s |ρY (r)| ≤ Ce−γr, r > 0, γ > 0, ❛♥❞ b > max( 3
√

1 + σ2
λ, e

σ2
ΛC/3).

❚❤❡♥ t❤❡ ♠❡❛s✉r❡s µk
d−→ µ, k → ∞, ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❘é♥②✐ ❢✉♥❝t✐♦♥

✐s ❡q✉❛❧ t♦

T (q) = q − 1− 1

2
logb

(

2qΓ (q + 1
2 )√

π

)

, q ∈ [1, 2]. ✭✶✽✮

❊①❛♠♣❧❡ ✼✳✶ ❚❤❡ ❛♣♣r♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✺ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡
♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r q ∈ [1, 4] ✐♥ t❤❡ ❝❛s❡ ♦❢ ▼♦❞❡❧ ✹✳ ❆s ✐t ✐s s❤♦✇♥ ✐♥

❆♣♣❡♥❞✐① ❆ ✐t ✐s ❡♥♦✉❣❤ t♦ r❡q✉✐r❡ t❤❛t b > e
σ(max(σΛC,1))4

3 .



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✶✼

◆♦✇ ✇❡ s❤♦✇ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ Λ(x) > 0 ❛❧♠♦st s✉r❡❧② ✐s ✐♥❞❡❡❞ ♥♦t r❡✲
str✐❝t✐✈❡ ❛♥❞ ✐t ✐s ❡❛s② t♦ ❝♦♥str✉❝t ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ▼♦❞❡❧ ✹ ✇✐t❤ Λ(x) > 0.

▼♦❞❡❧ ✹✬ ▲❡t

Λ(x) = Y 2(x) · (1− ε) + ε, ε ∈ (0, 1),

✇❤❡r❡ Y (x), x ∈ R
n, ✐s ❛ ③❡r♦✲♠❡❛♥ ✉♥✐t ✈❛r✐❛♥❝❡ ●❛✉ss✐❛♥ ❍■❘❋ ✇✐t❤ ❛ ❝♦✲

✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ρY (τ), τ ≥ 0.

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t

EΛ(x) = (1− ε)EY 2(x) + ǫ = 1, σ2
Λ = V arΛ(x) = 2(1− ε)2 < +∞,

Cov(Λ(x), Λ(y)) = 2(1− ε)2ρ2Y (‖x− y‖).

❍❡♥❝❡✱ ▼♦❞❡❧ ✹✬ s❛t✐s✜❡s ❈♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷ ❛♥❞ |ρ(r)| ≤ Ce−γr, r > 0,

γ > 0, ✐❢ |ρY (r)| ≤ C ′e−γ
′
r, r > 0, γ

′

> 0.

❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥

Tε(q) = q − 1− 1

2
logbE((1− ε)Y 2(x) + ε)q

= q − 1− q

2
logb(1− ε)− 1

2
logbE

(

Y 2(x) +
ε

1− ε

)q

❛♥❞

lim
ε→0

Tε(q) = q − 1− 1

2
logbE(Y 2q(x)),

✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ ✭✶✽✮✳

❚❤❡ ♥❡①t ♠♦❞❡❧ ❣❡♥❡r❛❧✐③❡s ▼♦❞❡❧ ✹ t♦ ❛♥ ❛r❜✐tr❛r② ❡✈❡♥ ♣♦✇❡r ♦❢ ❛ ●❛✉s✲
s✐❛♥ r❛♥❞♦♠ ✜❡❧❞✳

▼♦❞❡❧ ✺ ▲❡t Λ(x) = Y 2k(x)✱ k ∈ N, ✇❤❡r❡ Y (x), x ∈ R
3, ✐s ❛ ③❡r♦✲♠❡❛♥ ●❛✉s✲

s✐❛♥ ❍■❘❋ ✇✐t❤ t❤❡ ✈❛r✐❛♥❝❡ σ2 =
( √

π
2kΓ (k+ 1

2 )

)− 1
k

❛♥❞ ❛ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥

ρY (r), r ≥ 0.

❚❤❡♦r❡♠ ✼✳✷ ❙✉♣♣♦s❡ t❤❛t ❢♦r ▼♦❞❡❧ ✺ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ Y (x) s❛t✲

✐s✜❡s |ρY (r)| ≤ Ce−γr, r > 0, γ > 0, ❛♥❞ b > max

(

3
√

1 + σ2
Λ, e

σ2
ΛC

3

)

.

❚❤❡♥ t❤❡ ♠❡❛s✉r❡s µk
d−→ µ, k → ∞, ❛♥❞ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

T (q) = q − 1− 1

2
logbEY

2kq(x) = q − 1− 1

2
logb

(

2kqΓ (kq + 1
2 )√

π

)

. ✭✶✾✮

❢♦r q ∈ [1, 2]✳



✶✽ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ s❤♦✇s ❤♦✇ ✈❡❝t♦r✲✈❛❧✉❡❞ r❛♥❞♦♠ ✜❡❧❞s ❝❛♥ ❜❡ ✉s❡❞
t♦ ❝♦♥str✉❝t ♠♦t❤❡r ✜❡❧❞s✳

▼♦❞❡❧ ✻ ▲❡t Λ(x) = 2
kY (x)✱ k ∈ N, ✇❤❡r❡ Y (x) ∼ χ2(k), ❛♥❞ t❤❡ ❍■❘❋ ✜❡❧❞

Y (x), x ∈ R
3, ❤❛s ❛ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ρY (r), r ≥ 0.

❚❤❡♦r❡♠ ✼✳✸ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ▼♦❞❡❧ ✻ s❛t✐s✜❡s t❤❡

✐♥❡q✉❛❧✐t② |ρY (r)| ≤ Ce−γr, r > 0, γ > 0, ❛♥❞ b > max

(

3
√

1 + σ2
Λ, e

σ2
ΛC

3

)

.

❚❤❡♥ t❤❡ ♠❡❛s✉r❡s µk
d−→ µ, k → ∞, ❛♥❞ ❢♦r q ∈ [1, 2] t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥

✐s ❡q✉❛❧ t♦

T (q) = q

(

1− 1

2
logb

(

2

k

))

− 1− 1

2
logb

(

2q
Γ (q + k

2 )

Γ (k2 )

)

. ✭✷✵✮

◆♦t❡ t❤❛t Γ
′

(x) = ψ(x)Γ (x), ✇❤❡r❡ ψ(x) ✐s t❤❡ ❞✐❣❛♠♠❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞
❜②

ψ(x) =

∫ ∞

0

(

e−t

t
− e−xt

1− e−t

)

dt.

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✶✸✮✱ ✭✶✹✮ ❛♥❞ ✭✶✽✮ t❤❛t ❢♦r ▼♦❞❡❧ ✹

α(q) = 1− 1

2
logb 2−

ψ(q + 1
2 )

2 ln 2
,

f(α(q)) = 1 +
1

2
logb

(

Γ (q + 1
2 )√

π

)

− qψ(q + 1
2 )

2 ln 2
. ✭✷✶✮

❆♥❛❧♦❣♦✉s❧②✱ ❢♦r ▼♦❞❡❧ ✺ ♦♥❡ ❣❡ts ❢r♦♠ ✭✶✾✮

α(q) = 1− k

2
logb 2−

kψ(kq + 1
2 )

2 ln 2
,

f(α(q)) = 1 +
1

2
logb

(

Γ (kq + 1
2 )√

π

)

− kqψ(kq + 1
2 )

2 ln 2
. ✭✷✷✮

❋✐♥❛❧❧②✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✵✮ t❤❛t ❢♦r ▼♦❞❡❧ ✻

α(q) = 1− 1

2
logb

(

2

k

)

− 1

2
logb 2−

ψ(q + k
2 )

2 ln 2
,

f(α(q)) = 1 +
1

2
logb

(

Γ (q + k
2 )

Γ (k2 )

)

− qψ(q + k
2 )

2 ln 2
. ✭✷✸✮

❙✉♠♠❛r✐s✐♥❣✱ ✇❡ ♦❜t❛✐♥

❚❤❡♦r❡♠ ✼✳✹ ▲❡t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠s ✼✳✶✱ ✼✳✷ ❛♥❞ ✼✳✸
❛r❡ s❛t✐s✜❡❞ ❢♦r ▼♦❞❡❧s ✹✱ ✺ ❛♥❞ ✻✳ ❚❤❡♥ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ♦❢ t❤❡s❡ ♠♦❞❡❧s
❛r❡ ❣✐✈❡♥ ❜② ✭✷✶✮✱ ✭✷✷✮ ❛♥❞ ✭✷✸✮ r❡s♣❡❝t✐✈❡❧②✳



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✶✾

✭❛✮ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ ▼♦❞❡❧ ✹ ✭❜✮ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ ▼♦❞❡❧ ✺ ✭❝✮ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ ▼♦❞❡❧ ✻

✭❞✮ ❙♣❡❝tr✉♠ ♦❢ ▼♦❞❡❧ ✹ ✭❡✮ ❙♣❡❝tr✉♠ ♦❢ ▼♦❞❡❧ ✺ ✭❢✮ ❙♣❡❝tr✉♠ ♦❢ ▼♦❞❡❧ ✻

❋✐❣✳ ✷ ❊①❛♠♣❧❡s ♦❢ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❛♥❞ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ❢♦r ▼♦❞❡❧s ✹✱ ✺ ❛♥❞ ✻

❚❤❡ ♣❧♦ts ✐♥ ❋✐❣✳ ✷ ❞❡♠♦♥str❛t❡ t❤❡ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s
❛♥❞ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ♦❢ ▼♦❞❡❧s ✹✱ ✺ ❛♥❞ ✻✳ ❚♦ ♣❧♦t ❋✐❣✳ ✷ ✇❡ ✉s❡❞ s✐♠✐❧❛r
s❡tt✐♥❣s ❛♥❞ ❝♦♦r❞✐♥❛t❡ r❛♥❣❡s ❛s ✐♥ ❋✐❣✳ ✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs
✇❡r❡ ❝❤♦s❡♥ t♦ ♣r♦❞✉❝❡ t❤❡ ♣❧♦ts✿ b = 2, k = 2 ❛♥❞ σY = 1✳

❋✐❣✳ ✷ s❤♦✇s t❤❛t s✐♠✐❧❛r t♦ ▼♦❞❡❧s ✶ ❛♥❞ ✷✱ ▼♦❞❡❧s ✹✱ ✺ ❛♥❞ ✻ ❡①❤✐❜✐t ❛
♣❛r❛❜♦❧✐❝✲t②♣❡ ❜❡❤❛✈✐♦✉r✳ ❚❤❡ s♣r❡❛❞ ♦❢ T (q) ✈❛❧✉❡s ✐s ✇✐❞❡r ❢♦r ▼♦❞❡❧ ✺ ✇❤❡♥
❝♦♠♣❛r❡❞ t♦ ▼♦❞❡❧s ✹ ❛♥❞ ✻ ✇✐t❤✐♥ q ∈ (0, 3)✳ ❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ▼♦❞❡❧s ✹✱
✺ ❛♥❞ ✻ ♠❛♥✐❢❡st ❛ ❝♦♥❝❛✈❡ ❞♦✇♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ❜❡❤❛✈✐♦✉r ✇✐t❤✐♥
q ∈ (0, 3)✳ ❙✐♠✐❧❛r t♦ ▼♦❞❡❧s ✶✱ ✷ ❛♥❞ ✸✱ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛ ♦❢ ▼♦❞❡❧s ✹✱
✺ ❛♥❞ ✻ s❤♦✇ ❛ ❝♦♥❝❛✈❡ ❞♦✇♥ ✐♥❝r❡❛s✐♥❣ ❜❡❤❛✈✐♦✉r ✇✐t❤✐♥ q ∈ (0, 3)✳

❋✐♥❛❧❧②✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ✐♠♣❛❝t ♦❢ ♣❛r❛♠❡t❡r b ♦♥ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✉s✐♥❣
▼♦❞❡❧s ✶✱ ✷✱ ✸✱ ✹✱ ✺ ❛♥❞ ✻✳ ❋♦r ▼♦❞❡❧ ✶✱ σY = 1 ✇❛s s❡❧❡❝t❡❞✳ ❚❤❡♥✱ ❢♦r ▼♦❞❡❧s ✷
❛♥❞ ✸✱ t❤❡ ♣❛r❛♠❡t❡rs λ = 3 ❛♥❞ β = 2 ✇❡r❡ ✉s❡❞✳ ❚❤❡ ♣❛r❛♠❡t❡r k = 2 ✇❛s
❝❤♦s❡♥ ❢♦r ▼♦❞❡❧s ✺ ❛♥❞ ✻✳ ❋✐❣✳ ✸ s✉❣❣❡sts t❤❛t t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❢♦r ❛❧❧
t❤❡ ♠♦❞❡❧s ❡①❤✐❜✐t ❛ s✐♠✐❧❛r ♣❛tt❡r♥✳ ■t s✉❣❣❡sts t❤❛t t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❢♦r
▼♦❞❡❧s ✶✱ ✸ ❛♥❞ ✹ ❛r❡ ♠♦r❡ ❝♦♥❝❛✈❡ t❤❛♥ ❢♦r ♦t❤❡r ♠♦❞❡❧s ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ b✳
❚❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ T (q) ✈❛❧✉❡s ♦♥ t❤❡ ✐♥t❡r✈❛❧ (0, 3) ✐s s♠❛❧❧❡st ❢♦r ▼♦❞❡❧ ✸ ❛♥❞
❧❛r❣❡st ❢♦r ▼♦❞❡❧ ✺✳ ❈♦♥❝❛✈✐t✐❡s ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❜❡❝♦♠❡ s♠❛❧❧❡r ✇❤❡♥
b ✐♥❝r❡❛s❡s ❛♥❞ t❤❡ ♦t❤❡r ❢✉♥❝t✐♦♥s ❤❛✈❡ ❛❧♠♦st ❧✐♥❡❛r ❜❡❤❛✈✐♦rs ❢♦r q ∈ (0, 3)
❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ b✳



✷✵ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

✭❛✮ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ▼♦❞❡❧ ✶ ✭❜✮ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ▼♦❞❡❧ ✷ ✭❝✮ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ▼♦❞❡❧ ✸

✭❞✮ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ▼♦❞❡❧ ✹ ✭❡✮ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ▼♦❞❡❧ ✺ ✭❢✮ ❘é♥②✐ ❢✉♥❝t✐♦♥s ♦❢ ▼♦❞❡❧ ✻

❋✐❣✳ ✸ ❉❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ♣❛r❛♠❡t❡r ❜

✽ ◆✉♠❡r✐❝❛❧ st✉❞✐❡s

✽✳✶ ❙✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣②

❚❤❡r❡ ❛r❡ ♥✉♠❡r♦✉s ♠♦❞❡❧s ❢♦r ✇❤✐❝❤ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❘é♥②✐ ❢✉♥❝✲
t✐♦♥ ✐♥ t❡r♠s ♦❢ ❡❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s ♦r ❡✈❡♥ s❡r✐❡s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡✳ ❆❧s♦✱
✐♥ t❤❡ ♠❛❥♦r✐t② ♦❢ ❝❛s❡s ♦❜t❛✐♥✐♥❣ ❡①♣❧✐❝✐t ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛❡ ❢♦r ❘é♥②✐
❢✉♥❝t✐♦♥s ✐s ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ❛♥❞ r✐❣♦r♦✉s r❡s✉❧ts ✇❡r❡ ❞❡r✐✈❡❞ ♦♥❧② ❢♦r s♦♠❡
r❛♥❣❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡r q✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❛❧❧ ♠♦❞❡❧s ✐♥ ❬✸✵❪ ❛♥❞ t❤✐s ♣❛♣❡r✱
T (q) ✇❛s ❞❡r✐✈❡❞ ❢♦r q ∈ [1, 2] ♦♥❧②✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❛❧s♦ ❧✐❦❡❧② t♦ ❜❡ tr✉❡ ❢♦r
✇✐❞❡r r❛♥❣❡s ♦❢ q✱ ❜✉t s❤♦✇✐♥❣ ✐t r❡q✉✐r❡s ♥❡✇ ♣r♦♦❢ str❛t❡❣✐❡s✱ s❡❡ ❙❡❝t✐♦♥ ✺
❛♥❞ t❤❡ ❡①❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✼✳ ❋♦r s✉❝❤ ❞✐✣❝✉❧t ❝❛s❡s✱ r❛♥❞♦♠ ✜❡❧❞ s✐♠✉❧❛t✐♦♥s
❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ r❡❛❧✐③❛t✐♦♥s ♦❢ r❛♥❞♦♠ ✜❡❧❞s ❢r♦♠ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ❛♥❞
❝♦♠♣✉t❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥s✳ ❚❤❡s❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡
✉s❡❞ ❛s ❛ s✉❜st✐t✉t❡ ♦❢ ❡①❛❝t ♠❛t❤❡♠❛t✐❝❛❧ ❢✉♥❝t✐♦♥s ❢♦r ✈❡r✐✜❝❛t✐♦♥s ✇❤❡t❤❡r
r❡❛❧ ❞❛t❛ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❝♦♥s✐❞❡r❡❞ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s✳

❚❤❡ ❘ ♣❛❝❦❛❣❡ ❘❛♥❞♦♠❋✐❡❧❞s ♣r♦✈✐❞❡s ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s✐♠✉❧❛t✐♦♥ t❡❝❤✲
♥✐q✉❡s ❛♥❞ ❛❧❣♦r✐t❤♠s ❢♦r r❛♥❞♦♠ ✜❡❧❞s✱ s❡❡ ❬✹✹❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧✳ ❚❤❡ ❢✉♥❝✲
t✐♦♥ ❘❋❙✐♠✉❧❛t❡ s✐♠✉❧❛t❡s ●❛✉ss✐❛♥ r❛♥❞♦♠ ✜❡❧❞s ❢♦r ❛ ❣✐✈❡♥ ❝♦✈❛r✐❛♥❝❡ ♦r
✈❛r✐♦❣r❛♠ ♠♦❞❡❧ ❛♥❞ ♣❛r❛♠❡t❡rs ❞❡✜♥❡❞ ❜② t❤❡ ❛r❣✉♠❡♥ts ❘▼♥✉❣❣❡t ❛♥❞
▼❚r❡♥❞✳

❚♦ ❝♦♠♣✉t❡ ❛ s❛♠♣❧❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ t❤❡ r❛t✐♦
log2 E

∑

l µ(S
(m)
l

)q

log2 |S
(m)
l

|
❢r♦♠ ✭✻✮

❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ m ✇❛s ✉s❡❞✳ ❚❤✐s r❛t✐♦ ✇❛s r❡♣❧❛❝❡❞ ❜② ❛♥ ❡♠♣✐r✐❝❛❧ ❡s✲



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✷✶

t✐♠❛t♦r t❤❛t ❡♠♣❧♦②s t❤❡ ❍❊❆▲P✐① str✉❝t✉r❡✳ ❋♦r t❤❡ ❍❊❆▲P✐① r❡s♦❧✉t✐♦♥
n = ✶✵✷✹ ✇✐t❤ ✶✷✺✽✷✾✶✷ ♣✐①❡❧s ✭✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♥♦t❡❞ ❜② i✮✱ ✶✾✻✻✵✽ s❡ts

S
(m)
l ✇✐t❤ ✻✹ ♣✐①❡❧s ♣❡r s❡t ✇❡r❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ r❛t✐♦✳ ❆s ❈▼❇ ♠❡❛s✉r❡✲

♠❡♥ts M(i) ❝❛♥ t❛❦❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s t❤❡② ✇❡r❡ tr❛♥s❢♦r♠❡❞ t♦ ♥♦♥✲♥❡❣❛t✐✈❡
♦♥❡s ❜② s✉❜tr❛❝t✐♥❣ t❤❡✐r ♠✐♥✐♠✉♠ ✈❛❧✉❡✿ M̃(i)❂M(i) − min (M(i))✳ ❚❤❡♥✱

t❤❡ t❡r♠s E(µ(S
(m)
l ))q ✇❡r❡ ❡st✐♠❛t❡❞ ❜② µ̂l

q❂
(

∑

i∈S
(m)
l

M̃(i) /
∑

M̃(i)
)q

✳

❋✐♥❛❧❧②✱ t❤❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✇❛s ❝♦♠♣✉t❡❞ ❛s

T̂ (q) =
log2(

∑

l µ̂l
q)

log2 |S
(m)
l |

.

❚❤❡ ❡♠♣✐r✐❝❛❧ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr✉♠ ✇❛s ❡st✐♠❛t❡❞ ❜②

f̂(α) = q · α̂(q)− T̂ (q), α̂(q) =

∑

l ((µ̂l
q /
∑

µ̂l
q) · ln(µ̂l))

log2 |S
(m)
l |

.

❋♦r t❤❡ s❡❧❡❝t❡❞ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣✐①❡❧s T̂ (q) ❛♥❞ f̂(q) ♣r♦✈✐❞❡ r❡❧✐❛❜❧❡ ❡s✲
t✐♠❛t✐♦♥s ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ✇✐❞❡r ✐♥t❡r✈❛❧s ♦❢ q ✈❛❧✉❡s t❤❛♥ [1, 2]✳ ■♥ t❤✐s
♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r❡❞ ✐♥t❡r✈❛❧s (0.5, 3) ❛♥❞ (−10, 10) ✇❤❡♥ ✐t ✇❛s r❡q✉✐r❡❞✳

❋✐❣✳ ✹❛ s❤♦✇s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ♠✉❧t✐❢r❛❝t❛❧ r❛♥❞♦♠ ✜❡❧❞ ✐♥ ❛ ❧❛r❣❡ s♣❤❡r✐✲
❝❛❧ ✇✐♥❞♦✇✳ ❚❤❡ ✜❡❧❞ ✇❛s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ●❛✉ss✐❛♥ ♠♦t❤❡r r❛♥❞♦♠ ✜❡❧❞ Y (x)
✇✐t❤ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦✈❛r✐❛♥❝❡ ♠♦❞❡❧ ❛♥❞ ✐ts ✈❛r✐❛♥❝❡ ❡q✉❛❧s ✷✳ ❚❤✐s ❝♦✈❛r✐✲
❛♥❝❡ ❢✉♥❝t✐♦♥ ❤❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❢♦r♠ ❛♥❞ ♦❜✈✐♦✉s❧② s❛t✐s✜❡s t❤❡ ✐♥❡q✉❛❧✐t②
✐♥ ✭✹✮✳ ❆s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t ✜❡❧❞ ❛ ✜♥✐t❡ ♣r♦❞✉❝t ✜❡❧❞ Λ40(x) ✇✐t❤
b = 3 ✇❛s ✉s❡❞✳

✭❛✮ ❘❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ♠✉❧t✐❢r❛❝✲
t❛❧ r❛♥❞♦♠ ✜❡❧❞

0.5 1.0 1.5 2.0 2.5 3.0

✁

0.
5

0.
0

0.
5

1.
0

1.
5

q

T
(q
)

✭❜✮ ❙❛♠♣❧❡ ❘é♥②✐ ❢✉♥❝t✐♦♥
✇✐t❤ t❤❡ ✜tt❡❞ ▲♦❣✲◆♦r♠❛❧
♠♦❞❡❧

0.8 1.0 1.2 1.4 1.6 1.8

0
.2

0
.4

0
.6

0
.8

1
.0

α

f(
α
)

✭❝✮ f(α) ✈❡rs✉s α

❋✐❣✳ ✹ ❆♥❛❧②s✐s ♦❢ ❛ s✐♠✉❧❛t❡❞ ♠✉❧t✐❢r❛❝t❛❧ r❛♥❞♦♠ ✜❡❧❞

❋✐rst ✹✵ r❡❛❧✐③❛t✐♦♥s Yi(b
ix), i = 1, ..., 40, ✇❡r❡ s✐♠✉❧❛t❡❞ ♦♥ ❛ s♣❤❡r❡ ❜② t❤❡

♣❛❝❦❛❣❡ ❘❛♥❞♦♠❋✐❡❧❞s✳ ❚❤❡♥ t❤❡ ✜♥✐t❡✲♣r♦❞✉❝t ✜❡❧❞ Λ40(x) ✇❛s ❝♦♠♣✉t❡❞ ❜②

tr❛♥s❢♦r♠✐♥❣ t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦r♠✉❧❛ exp(
∑40

i=1 Yi(b
ix)−

40)✳ ❚❤❡ ❞♦t ♣❧♦t ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹❜✳ ❚❤❡ s♦❧✐❞
str❛✐❣❤t ❧✐♥❡ ✐s ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡ t♦ s❡❡ ❞❡♣❛rt✉r❡s ❢r♦♠ t❤❡ ✜tt❡❞ ▼♦❞❡❧ ✶✳
■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ t❤❡♦r❡t✐❝❛❧ ♦♥❡ ❢r♦♠ ✭✽✮



✷✷ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

❛r❡ ✈❡r② ❝❧♦s❡ ♦♥ ❛♥ ✐♥t❡r✈❛❧ t❤❛t ✐s ✇✐❞❡r t❤❛♥ [1, 2] ✳❋✐❣✳ ✹❝ s❤♦✇s t❤❡ s♣r❡❛❞
♦❢ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr✉♠✳

❚❤❡ s✐♠✉❧❛t✐♦♥ st✉❞✐❡s s✉❣❣❡st t❤❛t t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❢r♦♠ ♣r❡✈✐♦✉s
s❡❝t✐♦♥s ❛❧s♦ ❤♦❧❞ ❢♦r ✐♥t❡r✈❛❧s ✇✐❞❡r t❤❛♥ ✐♥ t❤❡ t❤❡♦r❡♠s✳

✽✳✷ ❈♦♠♣✉t✐♥❣ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❢♦r ❈▼❇ ❞❛t❛

■♥ t❤✐s s❡❝t✐♦♥✱ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r r❡❛❧ ❝♦s♠♦❧♦❣✐❝❛❧
❞❛t❛ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ◆❆❙❆✴■P❆❈ ■♥❢r❛r❡❞ ❙❝✐❡♥❝❡ ❆r❝❤✐✈❡ ❬✸✽❪✳ ❋✐❣✳ ✺ ❣✐✈❡s
❡①❛♠♣❧❡s ♦❢ s❦② ✇✐♥❞♦✇s ❈▼❇ ❞❛t❛ ❢r♦♠ ✇❤✐❝❤ ✇❡r❡ ✉s❡❞ t♦ ❣❡t ❡♠♣✐r✐❝❛❧
❘é♥②✐ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s✳

✭❛✮ ▲❛r❣❡ ✇✐♥❞♦✇ ✭❜✮ ▼❡❞✐✉♠ ✇✐♥❞♦✇ ✭❝✮ ❙♠❛❧❧ ❛♥❞ ✈❡r② s♠❛❧❧ ✇✐♥✲
❞♦✇s

❋✐❣✳ ✺ ❉✐✛❡r❡♥t s❦② ✇✐♥❞♦✇s ♦❢ ❈▼❇ ❞❛t❛

❊①t❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ✇❡r❡ ❝♦♥❞✉❝t❡❞ ❢♦r ❞✐✛❡r❡♥t ✇✐♥❞♦✇s ✐♥ ✈❛r✐✲
♦✉s s❦② ❧♦❝❛t✐♦♥s✳ ❆s ✐♥ ❛❧❧ ❝❛s❡s ✇❡ ♦❜t❛✐♥❡❞ r❛t❤❡r s✐♠✐❧❛r r❡s✉❧ts✱ ✇❡ r❡str✐❝t
♦✉r ♣r❡s❡♥t❛t✐♦♥ ♦♥❧② t♦ ❢❡✇ t②♣✐❝❛❧ ❡①❛♠♣❧❡s✳ ❚❤❡ ❘ ♣❛❝❦❛❣❡ r❝♦s♠♦ ✇❛s
✉s❡❞ ❢♦r ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✈✐s✉❛❧✐③❛t✐♦♥s✱ s❡❡ ❬✶✺✱ ✶✼❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ❋♦r
s♠❛❧❧ ✇✐♥❞♦✇s t❤❡ ❢✉♥❝t✐♦♥ ❢❘❡♥ ✇❛s s❧✐❣❤t❧② ♠♦❞✐✜❡❞ t♦ ❝❤❛♥❣❡ t❤❡ s✉♣♣♦rt
♦❢ t❤❡ ♠❡❛s✉r❡ µ ❢r♦♠ t❤❡ ✇❤♦❧❡ s❦② t♦ t❤❡ s❡❧❡❝t❡❞ ✇✐♥❞♦✇✳

❋✐rst t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✇❛s ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ✇❤♦❧❡ s❦②✳ ❚❤❡ ♦❜t❛✐♥❡❞
s❛♠♣❧❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻❛ ❜② ❞♦ts✳ ❚❤❡ str❛✐❣❤t ❧✐♥❡ ✐♥ t❤❡
❋✐❣✳ ✻❛ ✇❛s ❞r❛✇♥ t♦ ❛ss❡ss ❞❡♣❛rt✉r❡s ♦❢ t❤❡ s❛♠♣❧❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❢r♦♠ ❛
❧✐♥❡❛r ❜❡❤❛✈✐♦✉r✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ s❛♠♣❧❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❧✐♥❡❛r
❢✉♥❝t✐♦♥ t❤❛t ❝♦♥♥❡❝ts t❤❡ ♣♦✐♥ts ✭✶✱✵✮ ❛♥❞ ✭✷✱✶✮ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻❜✳ ■t ✐s
❝❧❡❛r t❤❛t t❤❡ ❞❡♣❛rt✉r❡ ❢r♦♠ ❛ ❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ✐s ♥♦t s✉❜st❛♥t✐❛❧✳ ❋✐❣✳ ✻❝
s❤♦✇s t❤❡ ❢✉♥❝t✐♦♥ α(q) ❛♥❞ ❋✐❣✳ ✻❞ ♣❧♦ts t❤❡ ❢✉♥❝t✐♦♥ f(α(q)) ✈❡rs✉s α(q)✳
❆s ✐t ✇❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✶ t♦ ❝♦♠♣✉t❡ α(q) ❛♥❞ f(α(q))✱ ✇❡ ✉s❡❞ t❤❡
❢♦r♠✉❧❛ ❢♦r ❘é♥②✐ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ r❛♥❣❡ (−10, 10) ❛s s✐♠✉❧❛t✐♦♥ st✉❞✐❡s ❛♥❞
❛♥❛❧②s✐s ✐♥ ❬✶✾❪ s✉❣❣❡st t❤❡ s❛♠❡ ❛♥❛❧②t✐❝❛❧ ❢♦r♠ ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❛s ❢♦r
t❤❡ r❛♥❣❡ [1, 2]✳ ❆❧❧ t❤❡s❡ ♣❧♦ts ❝♦♥✜r♠ ♦♥❧② ✈❡r② s♠❛❧❧ ♠✉❧t✐❢r❛❝t❛❧✐t② ♦❢ t❤❡
❈▼❇ ❞❛t❛✳ ❙✐♠✐❧❛r r❡s✉❧ts ✇❡r❡ ❛❧s♦ ♦❜t❛✐♥❡❞ ❢♦r ❞✐✛❡r❡♥t s❦② ✇✐♥❞♦✇s✱ s❡❡✱
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❋✐❣✳ ✻ ❲❤♦❧❡ s❦② ❞❛t❛ ❛♥❛❧②s✐s

❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s✱ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr❛✱ s✐♠✐❧❛r ❛♥❛❧②s✐s ❛♥❞ ♣❧♦ts ✇❡r❡
♣r♦❞✉❝❡❞ ❢♦r ❞✐✛❡r❡♥t ✇✐♥❞♦✇ s✐③❡s ♦❢ t❤❡ ❈▼❇ ✉♥✐t s♣❤❡r❡✳ ▲❛r❣❡✱ ♠❡❞✐✉♠✱
s♠❛❧❧ ❛♥❞ ✈❡r② s♠❛❧❧ ✇✐♥❞♦✇ s✐③❡s ✇✐t❤ ❛r❡❛s ✶✳✷✸✶✱ ✵✳✹✵✺✻✱ ✵✳✵✺✾✻ ❛♥❞ ✵✳✵✵✶✼
✇❡r❡ s❡❧❡❝t❡❞✱ s❡❡ ❋✐❣✳ ✺✳ ❚❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✇❛s ❝♦♠♣✉t❡❞ ❢♦r s♠❛❧❧ ✇✐♥❞♦✇s
❧♦❝❛t❡❞ ❛t ❞✐✛❡r❡♥t ♣❧❛❝❡s ♦❢ t❤❡ s❦② s♣❤❡r❡ s✉❝❤ ❛s ♥❡❛r t❤❡ ♣♦❧❡✱ ♥❡❛r t❤❡
❡q✉❛t♦r ❛♥❞ ♦t❤❡r ♣❧❛❝❡s ♦❢ t❤❡ s♣❤❡r❡✳ ❆❧t❤♦✉❣❤ ❞✐✛❡r❡♥t ✇✐♥❞♦✇ s✐③❡s ♦❢ t❤❡
s♣❤❡r❡ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞✱ t❤❡r❡✬s ♥♦t t❤❛t ♠✉❝❤ ♦❢ ❡✈✐❞❡♥❝❡ t♦ s✉❣❣❡st t❤❛t ✇❡
❤❛✈❡ s✉❜st❛♥t✐❛❧ ♠✉❧t✐❢r❛❝t❛❧✐t②✳ ❚❤❡ r❛♥❣❡s ♦❢ y s❝❛❧❡ ✐♥ ❋✐❣✳ ✻❜✱ ❋✐❣✳ ✼❜ ❛♥❞
❋✐❣✳ ✼❡ s✉❣❣❡st t❤❛t t❤✐s ♠✉❧t✐❢r❛❝t❛❧✐t② ✐s ✈❡r② s♠❛❧❧✳ ❚❤❡s❡ r❡s✉❧ts ❛♥❞ t❤❡
✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ T̂ (q) ❜❡t✇❡❡♥ ✇✐♥❞♦✇s s✉❣❣❡st t❤❛t ❝♦❧❧❡❝t✐♥❣ ❞❛t❛
❛t ✈❡r② ✜♥❡ s❝❛❧❡s ❛♥❞ ❢✉rt❤❡r t❡sts ♦❢ ❤②♣♦t❤❡s✐s ❛r❡ r❡q✉✐r❡❞✳ ❲❡ ♣❧❛♥ t♦
❞❡✈❡❧♦♣ t❡sts ♦❢ ❤②♣♦t❤❡s✐s ❛❜♦✉t ❘é♥②✐ ❢✉♥❝t✐♦♥s ✐♥ ❢✉t✉r❡ ♣✉❜❧✐❝❛t✐♦♥s ❛♥❞
✉s❡ t❤❡♠ ❢♦r ♥❡✇ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❞❛t❛ t❤❛t ✇✐❧❧ ❜❡ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ♥❡①t
❣❡♥❡r❛t✐♦♥ ❈▼❇ ❡①♣❡r✐♠❡♥ts ❈▼❇✲❙✹ ❬✷✻❪✳ ❆s t❤❡ ♦❜t❛✐♥❡❞ ♣❧♦ts ❛r❡ r❛t❤❡r
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s♠❛❧❧ ✇✐♥❞♦✇

❋✐❣✳ ✼ ❆♥❛❧②s✐s ♦❢ ❧❛r❣❡ ❛♥❞ s♠❛❧❧ s❦② ✇✐♥❞♦✇s ❞❛t❛

❢✉♥❝t✐♦♥s s❡✈❡r❛❧ ♠❡t❤♦❞s ✇❡r❡ ❡♠♣❧♦②❡❞✳ ❋♦r t❤❡ ❧♦❣✲♥♦r♠❛❧ ♠♦❞❡❧ t❤❡ s✐♠♣❧❡
❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❛♣♣r♦❛❝❤ ✇❛s ✉s❡❞ ✇❤❡r❡❛s ❢♦r t❤❡ ♦t❤❡r ♠♦❞❡❧s t❤❡ ♥♦♥✲
❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❛♣♣r♦❛❝❤ ✇❛s ❛♣♣❧✐❡❞✳

❆s t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧♦❣✲♥♦r♠❛❧ ♠♦❞❡❧ ✐s s♣❡❝✐✜❡❞ ❜② ✭✽✮✱ s✉❜st✐✲

t✉t✐♥❣ a =
σ2
Y

4 ln b ✱ r❡s✉❧ts ✐♥ t❤❡ ❢♦r♠ T (q) = a(−q2 + q) + q − 1✳ ❚❤❡♥ t❤❡ ❘
❢✉♥❝t✐♦♥ ✏❧♠✑ ✇❛s ✉s❡❞ ❢♦r ❛ s✐♠♣❧❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✜t ✇✐t❤ t❤❡ ✐♥t❡r❝❡♣t ✵ t♦
T (q)−q+1✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡r a ❛♥❞ t❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡ ❡rr♦r ❢♦r
❞❡✈✐❛t✐♦♥s ♦❢ ▼♦❞❡❧ ✶ ❢r♦♠ t❤❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳

❚❛❜❧❡ ✶ ❆♥❛❧②s✐s ♦❢ ❞✐✛❡r❡♥t s❦② ✇✐♥❞♦✇s ❞❛t❛ ✇✐t❤ ▼♦❞❡❧ ✶

❖❜s❡r✈❛t✐♦♥
✇✐♥❞♦✇

❬αmin✱ αmax❪ αmax ✲ αmin ❛ ❘▼❙❊

❲❤♦❧❡ ❙❦② ❬✵✳✾✾✶✻✱ ✶✳✵✶✻✺❪ ✵✳✵✷✹✾✶✼ ✵✳✵✵✵✺✶✸ 1.3602 · 10−6

▲❛r❣❡ ❬✵✳✾✾✵✽✱ ✶✳✵✶✻✼❪ ✵✳✵✷✺✽✹✻ ✵✳✵✵✵✺✺✺ 1.3590 · 10−6

▼❡❞✐✉♠ ❬✵✳✾✽✾✸✱ ✶✳✵✶✺✾❪ ✵✳✵✷✻✻✷✵ ✵✳✵✵✵✻✷✾ 1.1033 · 10−6

❙♠❛❧❧ ❬✵✳✾✽✻✼✱ ✶✳✵✶✼✵❪ ✵✳✵✸✵✷✶✾ ✵✳✵✵✵✼✹✺ 7.9095 · 10−7

❱❡r② ❙♠❛❧❧ ❬✵✳✾✽✹✷✱ ✶✳✵✺✹✸❪ ✵✳✵✼✵✶✺✵ ✵✳✵✵✶✺✵✵ 1.3949 · 10−5
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❋✐❣✳ ✽ ❉✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ s❛♠♣❧❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ✜tt❡❞ ♠♦❞❡❧

❆s t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡ ♦❢ a ✐s ❝❧♦s❡ t♦ ③❡r♦✱ t❤❡ ✜t ♦❢ ▼♦❞❡❧ ✶ ❣✐✈❡s ❛♥
❛❧♠♦st ❞❡❣❡♥❡r❛t❡❞ ❝❛s❡✱ ✇❤❡♥ ❡✐t❤❡r σ2

Y ✐s ✈❡r② s♠❛❧❧ ♦r b ✐s ✈❡r② ❧❛r❣❡✱ ✇❤✐❝❤
✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣❧♦t ✐♥ ❋✐❣✳ ✸✳ ❚❤❡ r❡s✉❧ts ✐♥ ❚❛❜❧❡ ✶ ❛❧s♦ ❝♦♥✜r♠ t❤❛t
♠✉❧t✐❢r❛❝t❛❧✐t② ✐s ✈❡r② s♠❛❧❧ ❛s ❢♦r ❛❧❧ ♦❜s❡r✈❛t✐♦♥ ✇✐♥❞♦✇s a ✐s ❛❧♠♦st ③❡r♦
❛♥❞ αmax − αmin ✐s ✈❡r② s♠❛❧❧✳

◆❡①t✱ ❢♦r t❤❡ ❧♦❣✲❣❛♠♠❛ ♠♦❞❡❧ s♣❡❝✐✜❡❞ ❜② ✭✶✶✮ ✇❡ ✉s❡❞ t❤❡ r❡♣❛r❛♠❡t❡r✐✲
s❛t✐♦♥ A = 2

β ln(b)✱ B = λ−1 ❛♥❞ ❝♦♥s✐❞❡r❡❞ t❤❡ ♥♦♥✲❧✐♥❡❛r ♠♦❞❡❧ T (q)−q+1 =

A−1(ln(1−Bx)−x ln(1−B))✳ ❚❤❡ ❝♦♠♠❛♥❞ ✏♥❧s▲▼✑ ❢r♦♠ t❤❡ ❘ ♣❛❝❦❛❣❡ ♠✐♥✲
♣❛❝❦✳❧♠ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ✇❛s ✉s❡❞ t♦ ✜t t❤❡ ♠♦❞❡❧ t♦ t❤❡ s❛♠♣❧❡
✈❛❧✉❡s ♦❢ T̂ (q)− q+1✳ ❚❤❡ ✈❛❧✉❡s ♦❢ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ✇❡r❡ Â = 0.029407
❛♥❞ B̂ = 0.005469 ✇✐t❤ RMSE = 1.7198× 10−6✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ♦❢
b✱ λ ❛♥❞ β s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✻✳✷✳

❋♦r t❤❡ ❧♦❣✲♥❡❣❛t✐✈❡✲✐♥✈❡rs❡✲❣❛♠♠❛ ♠♦❞❡❧ ❣✐✈❡♥ ❜② ✭✶✷✮ t❤❡ r❡♣❛r❛♠❡t❡r✲
✐s❛t✐♦♥ A = 1

2 ln(b) ✱ B = β✱ C =
√
λ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✏♥❧s▲▼✑ r❡s✉❧t❡❞ ✐♥



✷✻ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

Â = 0.254719✱ B̂ = 5.695755✱ Ĉ = 0.386207 ❛♥❞ RMSE = 2.6201 × 10−10✳
◆♦t❡✱ t❤❛t t❤❡ ♦❜t❛✐♥❡❞ Ĉ ❝♦rr❡s♣♦♥❞s t♦ λ t❤❛t ✐s ♦✉ts✐❞❡ ♦❢ Lβ,λ ✐♥ ❚❤❡✲
♦r❡♠ ✻✳✸✳ ❋♦r ♣❛r❛♠❡t❡rs s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ❘▼❙❊ ✐s
s✉❜st❛♥t✐❛❧❧② ❧❛r❣❡r✳ ❆s t❤❡ r❡s✉❧ts ✐♥ ❚❤❡♦r❡♠ ✻✳✸ ♠✐❣❤t ❜❡ ❛❧s♦ tr✉❡ ❢♦r ♦t❤❡r
♣❛r❛♠❡t❡rs✭s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✽✳✶ ✇❡ ✉s❡❞ t❤❡ ♦❜t❛✐♥❡❞ ✈❛❧✉❡ ♦❢ Ĉ✳

▼♦❞❡❧ ✹ ✇❛s ✜t ❜② ✉s✐♥❣ ❛ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r
A = − 1

2 log2 b . ❚❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡r Â ✇❛s −0.000667 ❛♥❞ RMSE =

2.56533 × 10−5✳ ❋♦r ▼♦❞❡❧s ✺ ❛♥❞ ✻ t❤❡ ♥♦♥✲❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❛♣♣r♦❛❝❤ ❛♥❞
t❤❡ ❘ ❢✉♥❝t✐♦♥ ✏♥❧s✑ ✇❡r❡ ✉s❡❞✳ ❋♦r ▼♦❞❡❧ ✺ t❤❡ ❡st✐♠❛t❡s ✇❡r❡ ❢♦✉♥❞ ❛s
Â = −0.000762✱ k̂ ≈ 1 ❛♥❞ RMSE = 1.6347× 10−5✳ ❋✐♥❛❧❧②✱ ❢♦r ▼♦❞❡❧ ✻ t❤❡
❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ✇❡r❡ Â = 0.000269✱ k̂ = 1 ❛♥❞ RMSE = 1.8393×10−4✳

❋✐❣✳ ✼❝ ❛♥❞ ❋✐❣✳ ✽ ❞❡♠♦♥str❛t❡ t❤❛t ❞❡♣❛rt✉r❡s ♦❢ t❤❡ ✜tt❡❞ ♠♦❞❡❧s ❢r♦♠
t❤❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❛r❡ ✈❡r② s♠❛❧❧✱ ❜✉t ❤❛✈❡ ❞✐✛❡r❡♥t ♣❛tt❡rs✳ ❚❤❡
♥✉♠❡r✐❝❛❧ st✉❞✐❡s s✉❣❣❡st❡❞ t❤❛t ▼♦❞❡❧s ✷ ❛♥❞ ✸ ❛r❡ ♠♦r❡ ✢❡①✐❜❧❡ t❤❛♥ t❤❡
♦t❤❡r ♠♦❞❡❧s✳ ❍♦✇❡✈❡r✱ t♦ ✜t t❤❡s❡ ♠♦❞❡❧s ♦♥❡ ❤❛s t♦ ✈❡r② ❝❛r❡❢✉❧❧② ❝❤♦♦s❡
✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ♥❧s ❡st✐♠❛t✐♦♥✳ ❉✐✛❡r❡♥t ✐♥✐t✐❛❧ ✈❛❧✉❡s
❝❛♥ ❧❡❛❞ t♦ ❞✐✛❡r❡♥t r❡s✉❧ts ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ ♣♦t❡♥t✐❛❧ ✐ss✉❡ ❢♦r ❞❛t❛ ✇❤✐❝❤
❛r❡ s✐♠✐❧❛r❧② t♦ ❈▼❇ s❤♦✇ ♠✐♥♦r ♠✉❧t✐❢r❛❝t❛❧✐t②✳ ❆❧s♦✱ ♥❧s ♠❡t❤♦❞✬s r❛t❡s ♦❢
❝♦♥✈❡r❣❡♥❝❡ ❢♦r ▼♦❞❡❧s ✷ ❛♥❞ ✸ ❛r❡ ✈❡r② s❧♦✇✳ ▼♦❞❡❧s ✶✱ ✹✱ ✺ ❛♥❞ ✻ ❤❛✈❡ ❧❡ss
♣❛r❛♠❡t❡rs ❛♥❞ ❛r❡ ❧❡ss ✢❡①✐❜❧❡ t❤❛♥ ▼♦❞❡❧s ✷ ❛♥❞ ✸✳ ❍♦✇❡✈❡r✱ ✐♥ ♠❛♥② ❝❛s❡s
t❤❡② ❣✐✈❡ ❛ r❡❛s♦♥❛❜❧❡ ✜t ✈❡r② q✉✐❝❦❧②✱ ❛r❡ r♦❜✉st t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ✐♥✐t✐❛❧ ✈❛❧✉❡s
❛♥❞ ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t✳

❆❧❧ ♠♦❞❡❧s ❣❛✈❡ ❛ ❣♦♦❞ ✜t t♦ t❤❡ ❡♠♣✐r✐❝❛❧ ❘é♥②✐ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❛♥❛❧②s✐s
✐♥ t❤✐s s❡❝t✐♦♥ s✉❣❣❡sts ♥♦ s✐❣♥✐✜❝❛♥t ♦r ✈❡r② s♠❛❧❧ ♠✉❧t✐❢r❛❝t❛❧✐t② ❢♦r t❤❡ ❝✉r✲
r❡♥t❧② ❛✈❛✐❧❛❜❧❡ r❡s♦❧✉t✐♦♥ ♦❢ ❈▼❇ ♠❡❛s✉r❡♠❡♥ts✳

✾ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ✐♥✈❡st✐❣❛t❡s t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❜❡❤❛✈✐♦✉r ♦❢ s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞s
❛♥❞ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❝♦s♠♦❧♦❣✐❝❛❧ ❞❛t❛ ❢r♦♠ t❤❡ ♠✐ss✐♦♥ P❧❛♥❝❦✳ ❚❤❡ ❛✐♠
♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ✐♥tr♦❞✉❝❡ s❡✈❡r❛❧ ♠✉❧t✐❢r❛❝t❛❧ ♠♦❞❡❧s ❢♦r r❛♥❞♦♠ ✜❡❧❞s
♦♥ ❛ s♣❤❡r❡ ❛♥❞ t♦ ♣r♦♣♦s❡ s✐♠♣❧❡r ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥ ❝❛♥
❜❡ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧②✳ ❆❧❧ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ s♣❡❝✐✜❡❞ ♠♦❞❡❧s ❡①❤✐❜✐t
❡✐t❤❡r ♣❛r❛❜♦❧✐❝ ♦r ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ❜❡❤❛✈✐♦✉rs✳ ❲❡ ♣r❡s❡♥t t❤❡ ❘é♥②✐
❢✉♥❝t✐♦♥ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ❈▼❇ s❦② ✇✐♥❞♦✇s ❧♦❝❛t❡❞ ❛t ❞✐✛❡r❡♥t
♣❧❛❝❡s ♦❢ t❤❡ s♣❤❡r❡✳ ❋✐♥❛❧❧② ✇❡ ✜t t❤❡ s♣❡❝✐✜❡❞ ♠♦❞❡❧s t♦ ❛❝t✉❛❧ ❈▼❇ ❞❛t❛✳
❆❧❧ ♠♦❞❡❧s ✜t t♦ t❤❡ ❞❛t❛✳ ❚❤❡ ❛♥❛❧②s✐s s✉❣❣❡sts t❤❛t t❤❡r❡ ♠❛② ❡①✐st ❛ ✈❡r②
♠✐♥♦r ♠✉❧t✐❢r❛❝t❛❧✐t② ♦❢ t❤❡ ❞❛t❛✳

❙♦♠❡ r❡❧❛t❡❞ ♣r♦❜❧❡♠s ❛♥❞ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ❝✉rr❡♥t r❡s❡❛r❝❤ t❤❛t ✇♦✉❧❞
❜❡ ✐♥t❡r❡st✐♥❣ ❢♦r ❢✉t✉r❡ st✉❞✐❡s✿

✕ ❉❡✈❡❧♦♣ st❛t✐st✐❝❛❧ t❡sts ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❘é♥②✐ ❢✉♥❝t✐♦♥s❀
✕ Pr♦✈❡ t❤❛t t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ t❤❡ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s

❛r❡ ❛❧s♦ ✈❛❧✐❞ ❢♦r t❤❡ ✈❛❧✉❡s ♦❢ q ♦✉ts✐❞❡ t❤❡ ✐♥t❡r✈❛❧ [1, 2]✱ s❡❡ ❬✶✶❪❀
✕ ❙t✉❞② ♦t❤❡r ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ✈❡❝t♦r r❛♥❞♦♠ ✜❡❧❞s ✭s✐♠✐❧❛r t♦ ▼♦❞❡❧ ✻✮✱

✇❤❡r❡ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧②❀



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✷✼

✕ ❉❡✈❡❧♦♣ s♦♠❡ ❛♣♣r♦❛❝❤❡s t♦ st✉❞② r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ♦❜t❛✐♥❡❞
❛s②♠♣t♦t✐❝s✱ t❤❛t ✇♦✉❧❞ s❡r✈❡ ❛s ❛♥❛❧♦❣♦✉s ♦❢ ❝❧❛ss✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s
✐♥ ❝❡♥tr❛❧ ❛♥❞ ♥♦♥✲❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠s✱ s❡❡ ❬✹✱ ✺❪❀

✕ ■♥✈❡st✐❣❛t❡ ❝❤❛♥❣❡s ♦❢ t❤❡ ❘é♥②✐ ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ ❡✈♦❧✉t✐♦♥s ♦❢ r❛♥✲
❞♦♠ ✜❡❧❞s ❞r✐✈❡♥ ❜② ❙P❉❊s ♦♥ t❤❡ s♣❤❡r❡✱ s❡❡ ❬✻✱ ✽✱ ✾❪❀

✕ ❆♣♣❧② t❤❡ ❞❡✈❡❧♦♣❡❞ ♠♦❞❡❧s ❛♥❞ ♠❡t❤♦❞♦❧♦❣② t♦ ♦t❤❡r s♣❤❡r✐❝❛❧ ❞❛t❛✱ ✐♥
♣❛rt✐❝✉❧❛r✱ t♦ ♥❡✇ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❈▼❇ ❞❛t❛ ❢r♦♠ ❢✉t✉r❡ ❈▼❇✲❙✹ s✉r✲
✈❡②s ❬✷✻❪ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝♦❧❧❡❝t✐♥❣ 3D ♦❜s❡r✈❛t✐♦♥s✳

❚❤✐s ♣❛♣❡r st✉❞✐❡s ❞❛t❛ t❤❛t ❛r❡ ♠♦❞❡❧❧❡❞ ❛s r❡str✐❝t✐♦♥s ♦❢ 3D r❛♥❞♦♠ ✜❡❧❞s
t♦ t❤❡ ✉♥✐t s♣❤❡r❡✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ❛✈❛✐❧❛❜❧❡ ❧✐t❡r❛t✉r❡ t❤✐s ❛♣♣r♦❛❝❤ ✐s ♠♦r❡
❝♦♥s✐st❡♥t ✇✐t❤ r❡❛❧ ❈▼❇ ♦❜s❡r✈❛t✐♦♥s t❤❛t ❡①✐st ✐♥ R

3 ❜✉t ❛r❡ ♠❡❛s✉r❡❞ ♦♥❧②
♦♥ s2(1), s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥s ✐♥ ❬✻✱ ✽✱ ✾❪✳ ❋♦r ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s ✐t ✇♦✉❧❞ ❜❡
✐♠♣♦rt❛♥t t♦ ❞❡✈❡❧♦♣ s✐♠✐❧❛r r❡s✉❧ts ❢♦r t❤❡ ❝❛s❡ ♦❢ ✐♥tr✐♥s✐❝ s♣❤❡r✐❝❛❧ r❛♥❞♦♠
✜❡❧❞s✱ ✐✳❡✳✱ r❛♥❞♦♠ ✜❡❧❞s ❞✐r❡❝t❧② ❞❡✜♥❡❞ ♦♥ s2(1), s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t
❞✐✛❡r❡♥❝❡s ♦❢ ❝♦✈❛r✐❛♥❝❡ ♠♦❞❡❧s ♦❢ r❛♥❞♦♠ ✜❡❧❞s ✇✐t❤ s✉♣♣♦rts ✐♥ R

3 ❛♥❞
s2(1) ✐♥ ❬✶✽❪✳

❉❡❝❧❛r❛t✐♦♥s

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ❚❤✐s r❡s❡❛r❝❤ ✇❛s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ✉♥❞❡r t❤❡ ❆✉s✲
tr❛❧✐❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧✬s ❉✐s❝♦✈❡r② Pr♦❥❡❝ts ❢✉♥❞✐♥❣ s❝❤❡♠❡ ✭♣r♦❥❡❝t ♥✉♠❜❡r
❉P✶✻✵✶✵✶✸✻✻✮✳ ❚❤❡ ❛✉t❤♦rs ❛r❡ ❛❧s♦ ❣r❛t❡❢✉❧ t♦ t❤❡ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡s ❢♦r
t❤❡✐r s✉❣❣❡st✐♦♥s t❤❛t ❤❡❧♣❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ st②❧❡ ♦❢ t❤❡ ♣❛♣❡r✳
❈♦♥✢✐❝ts ♦❢ ✐♥t❡r❡st✴❈♦♠♣❡t✐♥❣ ✐♥t❡r❡sts ❚❤❡ ❛✉t❤♦rs ❞❡❝❧❛r❡ t❤❛t t❤❡②
❤❛✈❡ ♥♦ ❦♥♦✇♥ ❝♦♠♣❡t✐♥❣ ✐♥t❡r❡sts ❢♦r t❤❡ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ t❤✐s ♣❛♣❡r✳
❆✈❛✐❧❛❜✐❧✐t② ♦❢ ❞❛t❛ ❛♥❞ ♠❛t❡r✐❛❧ ❈▼❇ ❞❛t❛ ❢r♦♠ t❤❡ ♠✐ss✐♦♥ P❧❛♥❝❦ ✇❤✐❝❤
✇❡r❡ ✉s❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s ♣✉r♣♦s❡s ❛r❡ ❢r❡❡❧② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ◆❆❙❆✴■P❆❈
■♥❢r❛r❡❞ ❙❝✐❡♥❝❡ ❆r❝❤✐✈❡✱ s❡❡ ❬✸✽❪✳
❈♦❞❡ ❛✈❛✐❧❛❜✐❧✐t② ❆❧❧ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ✇❡r❡ ❝♦♥❞✉❝t❡❞ ❜② ✉s✐♥❣ ▼❛♣❧❡
✷✵✶✾✳✵ ❛♥❞ ❘ ✸✳✻✳✸ s♦❢t✇❛r❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❘ ♣❛❝❦❛❣❡s ❵r❝♦s♠♦✬ ❬✶✺✱ ✶✼❪
❛♥❞ ❵❘❛♥❞♦♠❋✐❡❧❞s✬ ❬✹✹❪✳ ❆ r❡♣r♦❞✉❝✐❜❧❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡ ✐♥ t❤✐s ♣❛♣❡r ✐s
❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❢♦❧❞❡r ✏❘❡s❡❛r❝❤ ♠❛t❡r✐❛❧s✑ ❢r♦♠ t❤❡ ✇❡❜s✐t❡ ❤tt♣s✿✴✴s✐t❡s✳
❣♦♦❣❧❡✳❝♦♠✴s✐t❡✴♦❧❡♥❦♦❛♥❞r✐②✴✳
❆✉t❤♦rs✬ ❝♦♥tr✐❜✉t✐♦♥s ❆❧❧ t❤❡ ❛✉t❤♦rs ❡q✉❛❧❧② ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ♣❛♣❡r✳

❘❡❢❡r❡♥❝❡s

✶✳ ❆❜r❛♠♦✇✐t③✱ ▼✳✱ ❙t❡❣✉♥✱ ■✳❆✳✿ ❍❛♥❞❜♦♦❦ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❋✉♥❝t✐♦♥s ✇✐t❤
❋♦r♠✉❧❛s✱ ●r❛♣❤s✱ ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❚❛❜❧❡s✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ◆❡✇
❨♦r❦ ✭✶✾✹✽✮

✷✳ ❆♥❣✉❧♦✱ ❏✳✱ ❆♥❤✱ ❱✳✱ ❘✉✐③✲▼❡❞✐♥❛✱ ▼✳✿ ▼✉❧t✐❢r❛❝t❛❧✐t② ✐♥ s♣❛❝❡ ✲ t✐♠❡
st❛t✐st✐❝❛❧ ♠♦❞❡❧s✳ ❙t♦❝❤ ❊♥✈✐r♦♥ ❘❡s ❘✐s❦ ❆ss❡ss ✷✷✱ ✽✶✕✽✻ ✭✷✵✵✽✮

✸✳ ❆♥❣✉❧♦✱ ❏✳✱ ❊sq✉✐✈❡❧✱ ❋✳❏✳✿ ▼✉❧t✐❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❛ss❡ss✲
♠❡♥t ❜❛s❡❞ ♦♥ ❚s❛❧❧✐s ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ❊♥tr♦♣② ✶✼✱ ✺✸✽✷✕✺✹✵✶ ✭✷✵✶✺✮



✷✽ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

✹✳ ❆♥❤✱ ❱✳✱ ▲❡♦♥❡♥❦♦✱ ◆✳✱ ❖❧❡♥❦♦✱ ❆✳✿ ❖♥ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦
❘♦s❡♥❜❧❛tt✲t②♣❡ ❞✐str✐❜✉t✐♦♥✳ ❏ ▼❛t❤ ❆♥❛❧ ❆♣♣❧ ✹✷✺✭✶✮✱ ✶✶✶ ✕ ✶✸✷ ✭✷✵✶✺✮

✺✳ ❆♥❤✱ ❱✳✱ ▲❡♦♥❡♥❦♦✱ ◆✳✱ ❖❧❡♥❦♦✱ ❆✳✱ ❱❛s❦♦✈②❝❤✱ ❱✳✿ ❖♥ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡
✐♥ ♥♦♥✲❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠s✳ ❇❡r♥♦✉❧❧✐ ✷✺✭✹❆✮✱ ✷✾✷✵✕✷✾✹✽ ✭✷✵✶✾✮

✻✳ ❆♥❤✱ ❱✳❱✳✱ ❇r♦❛❞❜r✐❞❣❡✱ P✳✱ ❖❧❡♥❦♦✱ ❆✳✱ ❲❛♥❣✱ ❨✳●✳✿ ❖♥ ❛♣♣r♦①✐♠❛t✐♦♥
❢♦r ❢r❛❝t✐♦♥❛❧ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦♥ t❤❡ s♣❤❡r❡✳ ❙t♦❝❤
❊♥✈✐r♦♥ ❘❡s ❘✐s❦ ❆ss❡ss ✸✷✭✾✮✱ ✷✺✽✺✕✷✻✵✸ ✭✷✵✶✽✮

✼✳ ❆♥❤✱ ❱✳❱✳✱ ▲❡♦♥❡♥❦♦✱ ◆✳◆✳✱ ❙❤✐❡❤✱ ◆✳❘✳✿ ▼✉❧t✐❢r❛❝t❛❧✐t② ♦❢ ♣r♦❞✉❝ts ♦❢
❣❡♦♠❡tr✐❝ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦✲t②♣❡ ♣r♦❝❡ss❡s✳ ❆❞✈ ❆♣♣❧ Pr♦❜❛❜ ✹✵✭✹✮✱
✶✶✷✾✕✶✶✺✻ ✭✷✵✵✽✮

✽✳ ❇r♦❛❞❜r✐❞❣❡✱ P✳✱ ❑♦❧❡s♥✐❦✱ ❆✳❉✳✱ ▲❡♦♥❡♥❦♦✱ ◆✳✱ ❖❧❡♥❦♦✱ ❆✳✿ ❘❛♥❞♦♠ s♣❤❡r✲
✐❝❛❧ ❤②♣❡r❜♦❧✐❝ ❞✐✛✉s✐♦♥✳ ❏ ❙t❛t P❤②s ✶✼✼✭✺✮✱ ✽✽✾✕✾✶✻ ✭✷✵✶✾✮

✾✳ ❇r♦❛❞❜r✐❞❣❡✱ P✳✱ ❑♦❧❡s♥✐❦✱ ❆✳❉✳✱ ▲❡♦♥❡♥❦♦✱ ◆✳✱ ❖❧❡♥❦♦✱ ❆✳✱ ❖♠❛r✐✱ ❉✳✿
❙♣❤❡r✐❝❛❧❧② r❡str✐❝t❡❞ r❛♥❞♦♠ ❤②♣❡r❜♦❧✐❝ ❞✐✛✉s✐♦♥✳ ❊♥tr♦♣② ✷✷✭✷✮✱ ✷✶✼
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Pr❡ss✱ ◆❡✇ ❨♦r❦ ✭✷✵✶✶✮

✸✻✳ ▼✐♥❦♦✈✱ ▼✳✱ P✐♥❦✇❛rt✱ ▼✳✱ ❙❝❤✉♣♣✱ P✳✿ ❊♥tr♦♣② ♠❡t❤♦❞s ❢♦r ❈▼❇ ❛♥❛❧②s✐s
♦❢ ❛♥✐s♦tr♦♣② ❛♥❞ ♥♦♥✲●❛✉ss✐❛♥✐t②✳ P❤②s ❘❡✈ ❉ ✾✾✭✶✵✮✱ ✶✵✸✺✵✶ ✭✷✵✶✾✮

✸✼✳ ▼♦❧❝❤❛♥✱ ●✳✿ ❙❝❛❧✐♥❣ ❡①♣♦♥❡♥ts ❛♥❞ ♠✉❧t✐❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥s ❢♦r ✐♥❞❡♣❡♥✲
❞❡♥t r❛♥❞♦♠ ❝❛s❝❛❞❡s✳ ❈♦♠♠✉♥ ▼❛t❤ P❤②s ✶✼✾✭✸✮✱ ✻✽✶✕✼✵✷ ✭✶✾✾✻✮

✸✽✳ ◆❆❙❆✴■P❆❈ ✐♥❢r❛r❡❞ s❝✐❡♥❝❡ ❛r❝❤✐✈❡✿ ❤tt♣s✿✴✴✐rs❛✳✐♣❛❝✳❝❛❧t❡❝❤✳❡❞
✉✴❞❛t❛✴P❧❛♥❝❦✴r❡❧❡❛s❡❴✷✴❛❧❧✲s❦②✲♠❛♣s✴♠❛♣s✴❝♦♠♣♦♥❡♥t✲♠❛♣s✴❝♠

❜✴ ✭✷✵✶✾✮✳ ❆❝❝❡ss❡❞ ✷ ❖❝t♦❜❡r ✷✵✷✵
✸✾✳ ◆♦✈✐❦♦✈✱ ❉✳✱ ❙❝❤♠❛❧③✐♥❣✱ ❏✳✱ ▼✉❦❤❛♥♦✈✱ ❱✳✿ ❖♥ ♥♦♥✲❣❛✉ss✐❛♥✐t② ✐♥ t❤❡

❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞✳ ❆str♦♥ ❆str♦♣❤②s ✸✻✹✭✶✮ ✭✷✵✵✵✮
✹✵✳ P❡❝❝❛t✐✱ ●✳✱ ❚❛qq✉✱ ▼✳❙✳✿ ❲✐❡♥❡r ❈❤❛♦s✿ ▼♦♠❡♥ts✱ ❈✉♠✉❧❛♥ts ❛♥❞ ❉✐❛✲

❣r❛♠s✿ ❆ ❙✉r✈❡② ✇✐t❤ ❈♦♠♣✉t❡r ■♠♣❧❡♠❡♥t❛t✐♦♥✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ▼❛✐✲
❧❛♥❞ ✭✷✵✶✶✮

✹✶✳ P❧❛♥❝❦ ❛♥❞ t❤❡ ❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞✿ ❤tt♣s✿✴✴✇✇✇✳❡s❛✳✐♥t✴
❙❝✐❡♥❝❡❴❊①♣❧♦r❛t✐♦♥✴❙♣❛❝❡❴❙❝✐❡♥❝❡✴P❧❛♥❝❦✴P❧❛♥❝❦❴❛♥❞❴t❤❡❴❝♦s♠✐

❝❴♠✐❝r♦✇❛✈❡❴❜❛❝❦❣r♦✉♥❞ ✭✷✵✷✵✮✳ ❆❝❝❡ss❡❞ ✷ ❖❝t♦❜❡r ✷✵✷✵



✸✵ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

✹✷✳ P♦r❝✉✱ ❊✳✱ ❆❧❡❣r✐❛✱ ❆✳✱ ❋✉rr❡r✱ ❘✳✿ ▼♦❞❡❧✐♥❣ t❡♠♣♦r❛❧❧② ❡✈♦❧✈✐♥❣ ❛♥❞ s♣❛✲
t✐❛❧❧② ❣❧♦❜❛❧❧② ❞❡♣❡♥❞❡♥t ❞❛t❛✳ ■♥t ❙t❛t ❘❡✈ ✽✻✭✷✮✱ ✸✹✹✕✸✼✼ ✭✷✵✶✽✮

✹✸✳ ❘✐❡❞✐✱ ❘✳❍✳✿ ▼✉❧t✐❢r❛❝t❛❧ ♣r♦❝❡ss❡s✳ ■♥✿ P✳ ❉♦✉❦❤❛♥✱ ●✳ ❖♣♣❡♥❤❡✐♠✱
▼✳ ❚❛qq✉ ✭❡❞s✳✮ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ▲♦♥❣✲❘❛♥❣❡ ❉❡♣❡♥❞❡♥❝❡✱
♣♣✳ ✻✷✺✕✼✶✻✳ ❇✐r❦❤ä✉s❡r✱ ❇❛s❡❧ ✭✷✵✵✷✮

✹✹✳ ❙❝❤❧❛t❤❡r✱ ▼✳✱ ▼❛❧✐♥♦✇s❦✐✱ ❆✳✱ ❖❡st✐♥❣✱ ▼✳✱ ❇♦❡❝❦❡r✱ ❉✳✱ ❙tr♦❦♦r❜✱ ❑✳✱
❊♥❣❡❧❦❡✱ ❙✳✱ ❡t ❛❧✳✿ ❘❛♥❞♦♠❋✐❡❧❞s✿ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ❆♥❛❧②s✐s ♦❢ ❘❛♥❞♦♠
❋✐❡❧❞s ✭✷✵✶✾✮✳ ❯❘▲ ❤tt♣s✿✴✴❝r❛♥✳r✲♣r♦❥❡❝t✳♦r❣✴♣❛❝❦❛❣❡❂❘❛♥❞♦♠❋✐❡

❧❞s✳ ❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥ ✸✳✸✳✻
✹✺✳ ❙t❛r❝❦✱ ❏✳▲✳✱ ❆❣❤❛♥✐♠✱ ◆✳✱ ❋♦r♥✐✱ ❖✳✿ ❉❡t❡❝t✐♦♥ ❛♥❞ ❞✐s❝r✐♠✐♥❛t✐♦♥ ♦❢ ❝♦s✲

♠♦❧♦❣✐❝❛❧ ♥♦♥✲❣❛✉ss✐❛♥ s✐❣♥❛t✉r❡s ❜② ♠✉❧t✐✲s❝❛❧❡ ♠❡t❤♦❞s✳ ❆str♦♥ ❆str♦✲
♣❤②s ✹✶✻✭✶✮✱ ✾✕✶✼ ✭✷✵✵✹✮

✹✻✳ ❚❤❡ ❈♦s♠✐❝ ▼✐❝r♦✇❛✈❡ ❇❛❝❦❣r♦✉♥❞✿ ❤tt♣✿✴✴♣❧❛♥❝❦✳❝❢✳❛❝✳✉❦✴s❝✐❡♥❝
❡✴❝♠❜ ✭✷✵✷✵✮✳ ❆❝❝❡ss❡❞ ✷ ❖❝t♦❜❡r ✷✵✷✵

❆♣♣❡♥❞✐① ❆ Pr♦♦❢s

Pr♦♦❢ ✭❚❤❡♦r❡♠ ✺✳✶✮
❇② ❘❡♠❛r❦ ✹✳✶✱ ❢r♦♠ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡s µk t♦ µ ❛♥❞

t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
♠♦t❤❡r ✜❡❧❞✱ ✐t ❢♦❧❧♦✇s t❤❛t

Eµq
k(B

3) → Eµq(B3), k → ∞.

❇② t❤❡ ▲②❛♣✉♥♦✈✬s ✐♥❡q✉❛❧✐t②✱ s❡❡ ❬✸✶✱ ♣✳✶✻✷❪✱

Eµq
k(B

3) ≤ (Eµ2
k(B

3))q/2, ❢♦r q ∈ [1, 2].

❚❤❡r❡❢♦r❡✱ t♦ ❣✉❛r❛♥t❡❡ Eµq(B3) < +∞, q ∈ [1, 2], ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈✐❞❡
s✉❝❤ b ❛♥❞ σ2

Λ t❤❛t

sup
k∈N

Eµ2
k(B

3) < +∞.

❇② ✭✹✮✱ t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t② ♦❢ Λk(y) ❛♥❞ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ Λ(i) ✐t ❤♦❧❞s

Eµ2
k(B

3) = E

∫

B3

∫

B3

Λk(y)Λk(ỹ)dỹdy =

∫

B3

∫

B3

E[Λk(y)Λk(ỹ)]dỹdy

=

∫

B3

∫

B3

E

k
∏

i=0

Λ(i)(ybi)Λ(i)(ỹbi)dỹdy =

∫

B3

∫

B3

k
∏

i=0

EΛ(i)(ybi)Λ(i)(ỹbi)dỹdy

=

∫

B3

∫

B3

k
∏

i=0

(

E(Λ(i)(ybi)−1)(Λ(i)(ỹbi)−1)+EΛ(i)(ybi)+EΛ(i)(ỹbi)−1

)

dỹdy

=

∫

B3

∫

B3

k
∏

i=0

(Cov(Λ(ybi), Λ(ỹbi)) + 1)dỹdy =

∫

B3

∫

B3

k
∏

i=0

(

1 + σ2
ΛρΛ(‖y − ỹ‖bi)

)

dỹdy



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✸✶

≤
∫

B3

∫

B3

k
∏

i=0

(1+σ2
ΛCe

−γ‖y−ỹ‖bi)dỹdy ≤
∫

B3

∫

B3

∞
∏

i=0

(1+σ2
ΛCe

−γ‖y−ỹ‖bi)dỹdy.

❋r♦♠ t❤❡ ✐♥❡q✉❛❧✐t② 1 + a ≤ ea✱ ✐t ❢♦❧❧♦✇s t❤❛t

Eµ2
k(B

3) ≤
∫

B3

∫

B3

∞
∏

i=0

eσ
2
ΛCe−γ‖y−ỹ‖bi

dỹdy.

■♥tr♦❞✉❝✐♥❣ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s z = y✱ z̃ = y − ỹ, ♦♥❡ ♦❜t❛✐♥s

Eµ2
k(B

3) ≤
∫

B3

dz

∫

B3−B3

∞
∏

i=0

eσ
2
ΛCe−γ‖z̃‖bi

dz̃,

✇❤❡r❡ B3 −B3 = {z̃ : z̃ = y − ỹ, y, ỹ ∈ B3}.
❍❡♥❝❡✱ ❜② ✉s✐♥❣ t❤❡ s♣❤❡r✐❝❛❧ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

Eµ2
k(B

3) ≤ |B3|
∫ diam(B3)

0

r2
∞
∏

i=0

eσ
2
ΛCe−γrbi

dr

=
|B3|
γ3

∫ γdiam(B3)

0

r2
∞
∏

i=0

eσ
2
ΛCe−rbi

dτ.

❆s t❤❡ ❡①♣♦♥❡♥t eσ
2
ΛCe−rbi

✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ r✱ s❡❧❡❝t✐♥❣ n(r) =
max(0,−[logb(r)]), r > 0, ✇❡ ♦❜t❛✐♥

∞
∏

i=0

eσ
2
ΛCe−rbi ≤

n(r)−1
∏

i=0

eσ
2
ΛCe−rbi

∞
∏

i=n(r)

eσ
2
ΛCe−rbi

≤ eσ
2
ΛCn(r)

∞
∏

i=0

eσ
2
ΛCe−rbi+n(r)

≤ eσ
2
ΛCn(r)

∞
∏

i=0

eσ
2
ΛCe−bi

.

◆♦t✐❝❡ t❤❛t
∞
∏

i=0

eσ
2
ΛCe−bi

= eσ
2
ΛC

∑∞
i=0 e−bi ≤ eσ

2
ΛC

∑∞
i=0 e−(1+(b−1)i)

= e
σ2
ΛC

e

∑∞
i=0 e−(b−1)i

= e
σ2
ΛC

e
1

1−e−(b−1) < +∞.

❚❤❡r❡❢♦r❡✱

Eµ2
k(B

3) ≤ |B3|
γ3

e
σ2
ΛC

e(1−e−(b−1))

∫ γdiam(B3)

0

z2eσ
2
ΛCn(z)dz

=
|B3|
γ3

e
σ2
ΛC

e(1−e−(b−1))

∫ γdiam(B3)

0

z2 max

(

1, z−
σ2
Λ

ln (b)

)

dz.

❚❤❡ ✐♥t❡❣r❛❧ ✐s ✜♥✐t❡ ✐❢ 2− σ2
ΛC

ln (b) > −1, ✐✳❡✳ b > e
σ2
ΛC

3 . �



✸✷ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

Pr♦♦❢ ✭❚❤❡♦r❡♠ ✼✳✶✮
❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ▼♦❞❡❧ ✹ ✐t ❢♦❧❧♦✇s t❤❛t

EΛ(x) = E(Y 2(x)) = ρY (0) = 1, σ2
Λ = V arΛ(x) = E(Y 4(x))− 1 = 2,

Cov(Λ(x), Λ(y)) = E(Y 2(x)− 1)(Y 2(y)− 1) = 2ρ2Y (‖x− y‖).
❚♦ ❝♦♠♣✉t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡✱ ✇❡ ✉s❡❞ t❤❡ ♣r♦♣❡rt②

E(Hk(Y (x))Hl(Y (y))) = δlkk!ρ
k
Y (‖x− y‖), x, y ∈ R

3, ✭✷✹✮

✇❤❡r❡ Hk(u), k ≥ 0, u ∈ R, ❛r❡ t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s✱ s❡❡ ❬✹✵❪✳ ❋♦r k = 2✱
t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ♦r❞❡r 2 ✐s H2(u) = u2 − 1.

❚❤✉s✱ ▼♦❞❡❧ ✹ s❛t✐s✜❡s ❈♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷✳
◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ |ρΛ(r)| ≤ Ce−γr, r > 0, γ > 0, ✐s ❡q✉✐✈❛❧❡♥t t♦

|ρY (r)| ≤ C
′

e−γ
′
r, r > 0, γ

′

> 0. ✭✷✺✮

❙♦✱ ✐❢ ✭✷✺✮ ✐s s❛t✐s✜❡❞✱ t❤❡♥ ♦♥❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠s ✹✳✶ ❛♥❞ ✹✳✷ ❛♥❞ t❤❡
❘é♥②✐ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t ♠❡❛s✉r❡ ❡q✉❛❧s t♦

T (q) = q − 1− 1

2
logbEY

2q(x).

❋✐♥❛❧❧②✱ ♥♦t✐♥❣ t❤❛t ❢♦r p > −1 ❛♥❞ Z ∼ N(µ, σ2)

E|Z − µ|p = σp 2
p/2Γ (p+1

2 )√
π

✭✷✻✮

✜♥❛❧✐s❡s t❤❡ ♣r♦♦❢✳ �

Pr♦♦❢ ✭❊①❛♠♣❧❡ ✼✳✶✮
❇② ❘❡♠❛r❦ ✺✳✶✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤❡❝❦ t❤❛t

sup
k∈N

Eµ4
k(B

3) = sup
k∈N

∫

B3

∫

B3

∫

B3

∫

B3

k
∏

i=0

E





4
∏

j=1

Y 2(yjb
i)





4
∏

j=1

dyj < +∞.

◆♦t✐❝❡✱ t❤❛t ❜② ❲✐❝❦✬s t❤❡♦r❡♠

E





4
∏

j=1

Y 2(yjb
i)



 =
∑

p∈P 2
4

∏

(j,j̃)∈p

Cov(Y (yjb
i), Y (yj̃b

i)), ✭✷✼✮

✇❤❡r❡ t❤❡ s✉♠ ✐s ♦✈❡r ❛❧❧ ♣❛r✐♥❣s p ♦❢ {1, 1, 2, 2, 3, 3, 4, 4}, ✇❤✐❝❤ ❛r❡ ❞✐st✐♥❝t
✇❛②s ♦❢ ♣❛rt✐t✐♦♥✐♥❣ {1, 1, 2, 2, 3, 3, 4, 4} ✐♥t♦ ♣❛✐rs (i, j)✳ ❚❤❡ ♣r♦❞✉❝t ✐♥ ✭✷✼✮
✐s ♦✈❡r ❛❧❧ ♣❛✐rs ❝♦♥t❛✐♥❡❞ ✐♥ p✱ s❡❡ ❬✷✸❪✳

◆♦t✐❝❡ t❤❛t ❢♦r t❤❡ ♣❛✐r✐♥❣ p∗ = {(1, 1), (2, 2), (3, 3), (4, 4)}.

∏

(j,j̃)∈p∗

Cov(Y (yjb
i), Y (yj̃b

i)) =

4
∏

j=1

EY 2(yjb
i) = 1.



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✸✸

■♥ ❛❧❧ ♦t❤❡r ❝❛s❡s ♦❢ ♣❛✐r✐♥❣ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♣❛✐r (j, j̃) s✉❝❤ t❤❛t j 6= j̃✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ E(
∏4

j=1 Y
2(yjb

i)) ❡q✉❛❧s

1 +
∑

p∈P 2
4

p 6=p∗

∏

(j,j̃)∈p

Cov(Y (yjb
i), Y (yj̃b

i)).

❆s✱ 1 + a < ea✱ ✐t ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜②

exp











∑

p∈P 2
4

p 6=p∗

∏

(j,j̃)∈p

Cov(Y (yjb
i), Y (yj̃b

i))











.

❆s ❛t ❧❡❛st ❢♦r ♦♥❡ ♣❛✐r✐♥❣ (j, j̃) ∈ p 6= p∗ ✐t ❤♦❧❞s t❤❛t j 6= j̃, t❤❡♥ ♦♥❡ ❝❛♥ ✉s❡
t❤❡ ✉♣♣❡r ❜♦✉♥❞

|Cov(Y (yjb
i), Y (yj̃b

i))| ≤ σ2
Y Ce

−γ‖yj−yj̃‖bi ,

❛♥❞ t❤❡ ❛♣♣r♦❛❝❤ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳
◆❛♠❡❧②✱

E





4
∏

j=1

Y 2(yjb
i)



 ≤ e
∑

p∈p24

∏
(j,j̃)∈p σ2

Y Ce
−γ‖yj−y

j̃
‖bi

≤ e(max(σ2
ΛC,1))4

∑
1≤j≤j̃≤4 e

−γ‖yj−y
j̃
‖bi

.

❍❡♥❝❡✱

sup
k∈N

∫

B3

∫

B3

∫

B3

∫

B3

k
∏

i=0

E





4
∏

j=1

Y 2(yjb
i)





4
∏

j=1

dyj

≤
∫

B3

∫

B3

∫

B3

∫

B3

∞
∏

i=0

e(max(σ2
ΛC,1))4

∑
1≤j≤j̃≤4 e

−γ‖yj−y
j̃
‖bi

≤





∫

B3

∫

B3

∫

B3

∫

B3

∞
∏

i=0

e6(max(σ2
ΛC,1))4

∑
1≤j≤j̃≤4 e

−γ‖yj−y
j̃
‖bi

4
∏

j=1

dyj



 ,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②
∥

∥

∥

∥

∥

K
∏

k=1

fk

∥

∥

∥

∥

∥

1

≤
K
∏

k=1

‖fk‖pk
,

✇✐t❤
∑K

k=1 pk
−1 = 1✳ ■♥ ♦✉r ❝❛s❡ K = 6 ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t j ❛♥❞ j̃

s❛t✐s❢②✐♥❣ 1 ≤ j ≤ j̃ ≤ 4.
❋✐♥❛❧❧②✱ s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✶✽✮ ✇❡ ♦❜t❛✐♥

t❤❡ ❝♦♥❞✐t✐♦♥ b > e
σ(max(σΛC,1))4

3 . �



✸✹ ◆✐❦♦❧❛✐ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳

Pr♦♦❢ ✭❚❤❡♦r❡♠ ✼✳✷✮
■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✻✮ t❤❛t

EΛ(x) = EY 2k(x) = σ2k 2
kΓ (k + 1

2 )√
π

= 1,

σ2
Λ = V arΛ(x) = E(Y 4k)− 1 =

( √
π

2kΓ (k + 1
2 )

)2 22kΓ (2k + 1
2 )

π
− 1

=

√
πΓ (2k + 1

2 )

Γ 2(k + 1
2 )

− 1 < +∞.

❚♦ ❝♦♠♣✉t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✇❡ ✉s❡ ✭✷✹✮ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❡r♠✐t❡
❡①♣❛♥s✐♦♥ ❬✶✱ ♣❛❣❡ ✼✼✺❪

z2k = (2k)!

k
∑

i=0

H2k−2i(z)

2ii!(2k − 2i)!
.

❚❤❡r❡❢♦r❡✱

Cov(Λ(x), Λ(y)) = E(Y 2k(x)− 1)(Y 2k(y)− 1) =
πE(Ỹ 2k(x)Ỹ 2k(y))

22kΓ 2(k + 1
2 )

− 1

= ((2k)!)2
π

22kΓ 2(k + 1
2 )

k
∑

i=0

E[H2k−2i(Ỹ (x))H2k−2i(Ỹ (y))]

22i(i!)2((2k − 2i)!)2
− 1

= ((2k)!)2
π

22kΓ 2(k + 1
2 )

k
∑

i=0

ρ̃2k−2i(‖x− y‖)
22i(i!)2(2k − 2i)!

− 1, ✭✷✽✮

✇❤❡r❡ Ỹ (x) = Y (x)/
( √

π
2kΓ (k+ 1

2 )

)1/2k

✐s ❛ ③❡r♦✲♠❡❛♥ ✉♥✐t ✈❛r✐❛♥❝❡ ●❛✉ss✐❛♥

❍■❘❋ ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥

ρ̃(‖x− y‖) =
(

2kΓ (k + 1
2 )√

π

)1/k

ρY (‖x− y‖).

◆♦t✐❝❡✱ t❤❛t ❢♦r i = k ✐♥ ✭✷✽✮ ❜② t❤❡ ▲❡❣❡♥❞r❡ ❞✉♣❧✐❝❛t✐♦♥ ❢♦r♠✉❧❛

((2k)!)2π

22kΓ 2(k + 1
2 )2

2k(k!)2
=

Γ 2(2k + 1)π

24kΓ 2(k + 1
2 )k

2Γ 2(k)
=

(2k)2Γ 2(2k)π

24kk222−4kπΓ 2(2k)
= 1.

❍❡♥❝❡✱

Cov(Λ(x), Λ(y)) =
((2k)!)2π

22kΓ 2(k + 1
2 )

k−1
∑

i=0

(2kΓ (k + 1
2 ))

2+ 2i
k

22i(i!)2(2k − 2i)!π1/2k
ρ̃2k−2i(‖x− y‖).



❆♥❛❧②s✐s ♦❢ ❙♣❤❡r✐❝❛❧ ▼♦♥♦❢r❛❝t❛❧ ❛♥❞ ▼✉❧t✐❢r❛❝t❛❧ ❘❛♥❞♦♠ ❋✐❡❧❞s ✸✺

❚❤❡r❡❢♦r❡✱ ✐❢ |ρ̃(r)| ≤ C
′

e−γ
′
r, r > 0, γ

′

> 0, t❤❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥
♦❢ ▼♦❞❡❧ ✺ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ |ρΛ(r)| ≤ Ce−γr, r > 0, γ > 0, ❛♥❞ t❤❡ ❘é♥②✐
❢✉♥❝t✐♦♥ ❡q✉❛❧s

T (q) = q − 1− 1

2
logbEY

2kq(x) = q − 1− 1

2
logb

(

2kqΓ (kq + 1
2 )√

π

)

.

�

Pr♦♦❢ ✭❚❤❡♦r❡♠ ✼✳✸✮
❇② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❤✐✲sq✉❛r❡ ❞✐str✐❜✉t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t

EΛ(x) =
2

k
EY (x) = 1, V arΛ(x) =

4

k2
V arY (x) =

2

k
< +∞,

Cov(Λ(x), Λ(y)) =
4

k2
ρY (‖x− y‖).

◆♦t✐❝❡ t❤❛t ✐❢ Y (x) = 1
2 (Z

2
1 (x) + ... + Z2

k(x)), x ∈ R
3, ✇❤❡r❡ Zi(x), i =

1, ..., k, ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ③❡r♦✲♠❡❛♥ ✉♥✐t ✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥ts ♦❢ k✲❞✐♠❡♥s✐♦♥❛❧
✈❡❝t♦r ●❛✉ss✐❛♥ ❍■❘❋ ✇✐t❤ ❛ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ρZ(r), r ≥ 0 ♦❢ ❡❛❝❤ ❝♦♠✲
♣♦♥❡♥t✱ t❤❡♥

Cov(Λ(x), Λ(y)) =
4

k2
· k
2
ρ2Z(‖x− y‖) = 2

k
ρ2Z(‖x− y‖).

❚❤❡r❡❢♦r❡✱ ▼♦❞❡❧ ✻ s❛t✐s✜❡s ❈♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷ ❛♥❞ |ρΛ(r)| ≤ Ce−γr, r > 0✱

γ > 0✱ ✐❢ |ρY (r)| ≤ C ′e−γ
′
r ♦r |ρZ(r)| ≤ C ′e−γ

′
r, r ≥ 0, γ

′

> 0.
❚❤❡♥✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❘é♥②✐ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② ✭✷✵✮✳ �
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