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solutions of such difference-differential equations by means of a stable time-changed

immigration-death process and we use this stochastic representation to show
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Sta?{ble subordinator boundedness and then uniqueness of these strong solutions. Finally, we study the
Caputo fractional derivative limit distribution of the time-changed process.

Time-changed process © 2020 Elsevier Inc. All rights reserved.

Birth-death process

1. Introduction

Birth-death processes constitute an important class of continuous time Markov chain (CTMC). They

are widely used, for instance, in population and evolutionary dynamics (see [35,36]), queueing theory (see
[43]) and in epidemiology (see [3]). A complete classification and characterization of birth-death processes is
due to Karlin and McGregor, whose papers [18,19] are the starting point of the study of family of classical
orthogonal polynomials linked to such processes.
Classical orthogonal polynomials are widely used to study the solutions of Kolmogorov equations as in the
case in which the state space of the process is continuous, as well as in the discrete one. In the continuous
case, the families of classical orthogonal polynomials are used to give a spectral decomposition of Kolmogorov
equations induced by the generators of Pearson diffusions [14]. In the discrete case, the discrete analogue of
Pearson diffusions is given by a certain class of solvable birth-death processes. Moreover one can associate
to any family of classical orthogonal polynomials of discrete variable another particular family, called the
dual family [34]. In some cases, a family of classical orthogonal polynomials of discrete variable could be in
duality with itself: in this case it is called self-dual family [42]. Among self-dual families, the simplest one
is the family of Charlier polynomials, whose self-duality is induced by the following formula
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Cn(JU,Oé) = Cx(naa)7 n,x S NO;

called duality formula for Charlier polynomials (see Section 3 for the definition of Charlier polynomials).
Charler polynomials are really useful in the study of immigration-death processes (or M /M /oo queues) [42]
and in their general version on 1-dimensional lattice, called Charlier processes [1]. Indeed, one can give a
spectral decomposition of the strong solutions of Kolmogorov equations induced by the generator of the
immigration-death processes in terms of such polynomials.

For Pearson diffusions, the classical orthogonal polynomials are powerful tools to study strong solutions
of fractional Kolmogorov equations and characterize a stochastic representation of such solutions via time-
changed (through the inverse of a Lévy subordinator) Markov processes [15,25-27]. In the discrete case,
fractional (time-changed) processes have been widely considered via different approaches. First of all, a
fractional version of the Poisson process has been introduced using Mittag-Leffler distributed inter-jump
times instead of exponential ones [2,23,24,29,30] (this approach has been also applied to general counting
processes [12]). Such process can be also obtained using a fractional differential-difference equations ap-
proach [7,8] and by means of a time-change [31].

With the same approach, some classes of fractional birth-death processes have been introduced and studied
[37-39]: in these papers, properties of these processes are deduced from a fractional version of their Kol-
mogorov forward equation. Let us recall that fractional processes are shown to be interesting in different
application contexts, as, for instance, queueing theory ([4,5,11]).

Here, following the approach of [25], we show the existence of strong solutions for the time-fractional coun-
terpart of the Kolmogorov backward and forward equations of immigration-death processes with the aid of
Charlier polynomials and link them to a time-changed immigration-death process.

In particular:

e in Section 2 we give some basics on birth-death processes;

e in Section 3 we give some notions on the classical immigration-death process, defining its generator and
its forward operator;

e in Section 4 we show the existence of strong solutions of the time-fractional Kolmogorov backward and
forward equations under suitable assumptions on the initial data;

e in Section 5 we introduce a fractional immigration-death process and show how the strong solutions
of the time-fractional Kolmogorov backward and forward equations can be interpreted by using such
process;

¢ in Section 6, we show the uniqueness of such strong solutions by using the aforementioned stochastic rep-
resentation and a uniqueness criterion for uniformly bounded solutions [4], under suitable assumptions
on the initial data;

« finally, in Section 7 we give the limit distribution of the constructed fractional immigration-death process
and we discuss its autocovariance function.

2. Birth-death processes

Let us give some information about general birth-death processes, following the lines of [18,19]. We say
that a time-homogeneous continuous time Markov chain N(t) defined on Ng = {0,1,2,...} is a birth-death
process if and only if, denoting with

pt,z;y) =P(N({t+s) =z|N(s) =y), z,y=0,1,2,...; t,s >0,

the transition probability function and P(t) = (p(t, x;y))s,y>0 the transition probability matrix, it is solution
of the following two differential equations

Please cite this article in press as: G. Ascione et al., Fractional immigration-death processes, J. Math. Anal. Appl. (2021),

https://doi.org/10.1016/j.jmaa.2020.124768

© 0 N o b~ W N =

A A D DA D D D D DWW W WWWWWWWN DN DNDNDNDNDNDNDNDDN R e
o N o o0 b~ W N EH O © 00 N O g b~ W NN H O VW oo N o 0 B W NN H O YW oo N o N W NN = O



© 0 N o aa b~ W N =

A A B D D D D D DWW W W WWWWWWNNDNDNDNNDNDNDNNDN AR R 2 2 2O
o N o o b~ W N H O © 00 N OO g P W N FH O VW 0O N G P W N H O VU o N O WN = O

JID:YJMAA AID:124768 /FLA Doctopic: Real Analysis [m3L; v1.297] P.3(1-27)
G. Ascione et al. / J. Math. Anal. Appl. ess (sess) seesee 3

P'(t)=AP(t), P'(t)=P(t)A, (1)
with initial condition P(0) = I and the infinite matrix A = (A(x,y)),y>0 is such that:

A(x,x+1)=B(z) x>0, A(z,z) = —=(B(z) + D(z)) x>0,

A,z —1) = D(z) = >1, Afz,y) =0 |z —y[>1,

where B(x) > 0 for any « > 0, D(x) > 0 for any > 1 and D(0) > 0. Equations (1) are called respectively
backward and forward Kolmogorov equation. In order to obtain P(t) we need to impose other two properties:

—+oo
Pj(t)>0, Y Py(t)<1.
j=0

In particular it is possible to show that N (t) is a birth-death process if and only if its generator is given by:

for £ =0,1,2,... and f(—1) = 0, where the difference-type operators V* and A are defined as

V*Hf(x) = flz+1) - f(z) Vo € Ny
V7 f(z)=f(z) = f(x —1) Vo € Ny
Af(z) = flz+1) = 2f(z) + f(z — 1) Vo € Ny,

and we consider (P(t)):>0 as a co-semigroup acting on a suitable Banach sequence space (b, ||-||). In particular
the generator G can be represented in terms of the infinite matrix A, whenever f € Dom(G), € N¢ and
f(z) is considered as a column vector, as G f(x) = (A f)(z), where (A f)(z) is the z-th term of the sequence
Af.

The following discrete versions of the Leibnitz rule will be useful

VT (fg)(x) = flz + YV Tg(2) + g(2)V" f(x) (2)
V= (f9)(@) = f(2)V g(z) + g(z = )V f(z) (3)
A(fg)(z) = flz + YV g(x) = f(z — 1)V g(2) + g(2)Af (). (4)

The backward Kolmogorov equation becomes, for fixed z € Ny

{p’(t, zyy) = Gp(t, ;)
p(O,x; y) = 5:8,3/7

where G works on y and

1 z=y9y
Oz,y = .
0 otherwise,

is Kronecker symbol.
Moreover we can find a forward operator
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Lf(z) ==V=((B() = D) f)(x) + AD()f)(x)

so that for fixed y € Ny the forward Kolmogorov equation becomes

{p’(t,x;y) = Lp(t,z;y)
p(O,x; y) = 67;,1/7

where £ works on . As for G, if we consider f € Dom(L), y € Ng and f(y) as a row vector, we can represent
L in terms of the infinite matrix A as £ f(y) = (f A)(y) where (f A)(y) is the y-th term of the sequence
[ A

We will focus on the case in which the generator is in the form:
G =p1(z)VT +pa(2)A,

where p;(x) and pa(z) are polynomials such that degp;(x) < 1 and degps(x) < 2. Then we can find the
classical orthogonal polynomials of discrete variable as solution of the equation

G f(x) = =Af(x),

for some A, which is an hypergeometric type difference equation. The values that these polynomials assume
on a lattice {Dy,Dy + 1,..., Dy} for some Dy, Dy fully characterize the transition probability and the
solutions of the backward and forward Kolmogorov equations. Moreover, these polynomials respect an
orthogonality relation in #2(m) for some measure m called the spectral measure, which is an atomic measure
on the lattice. In this case, the spectral measure coincides with the invariant measure of the process N(t)
and its mass function m(x) = m({z}) is solution of a discrete analogue of the Pearson equation

V¥ (p2(z) m(z)) = p1(z) m(z).
For p1(x) = a — bz, we can recognize the following three class of solvable birth-death processes:

o For pa(x) = bxr we have the Immigration-Death process;
o For pa(x) = %0’233 where %02 = b we have a negative binomial process;

o For py(x) = 30%z(A — ) we have a hypergeometric process.
However, we will focus only on the first case for the choice of the polynomials p; and ps.
3. Immigration-death processes

Fix a,b > 0 the operator
G =(a—bx)V™ +al,

which is a discrete version of the Ornstein-Uhlenbeck generator on Nj.
A continuous time Markov chain N(t) defined on Ny that admits G as generator will be called immigration-
death process (or also M /M /oo queue: see, for instance, [42]). This process can be generalized to a particular

birth-death process with values on a 1-dimensional lattice called Charlier process (see [1]), but we will focus
on the Ny-valued one. For such process, the backward Kolmogorov equations are in the form
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du

E(t,x) = Gu(t,x).

Moreover, from G we can recognize the birth and death parameters as
B(x) = a, D(z) = bz,
and thus the forward operator as

Lf(x)=-VT((a—0b2)f(2)(x) +alf(z),

where with V*((a — bz2) f(2))(x) we intend the operator VT applied to the function z — (a — bz)f(z) and
then evaluated in z.

The operators G and £ can be represented as infinite matrices. In particular we have G = (G(z,¥))z,y>0
where, for z > 0

G(z,x — 1) =bx G(z,z) = —(a + bx) Gz,z+1)=a
G(0,0) = —a G(0,1) =a
and £ = (L(x,y))s,y>0 where, for z > 0
L(z,z—1)=a L(z,z) = —(a + bx) L(z,z+1)=bz+1)
L(0,0) = —a  L(0,1) =b.

The stationary measure of the process N (t) is the Poisson distribution of parameter a = ¢, given by:

x

m({z}) = e*aa—P x=0,1,2,....
x!

Now let us introduce the main Banach sequence spaces we will use through this paper:
e Let us denote with £*° the Banach space of bounded functions f : Ng — R equipped with the norm

[fllgee = sup [f()];

€N

o Let us denote with ¢y the subspace of £°° of bounded functions f : Ng — R such that lim,_, 4 f(z) = 0;
o Let us denote with ¢! the Banach space of the functions f : Ny — R such that

+oo

[ £l = Z |f(z)] < +oo.

=0

« Let us denote with 2 the Hilbert space of functions f : Ny — R such that

+o00
117 =" £2(x) < +o0
x=0

equipped with the scalar product

“+o0
(f.9)ee =Y f2)g(x)
=0
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« Let us denote with #2(m) the Hilbert space of functions f : Ny — R such that

“+o00
112y = D m{a}) f2(@) < +00
x=0

equipped with the scalar product
+oo
(f, 9>52(m) = Z m({z})f(z)g(z).
=0
Remark 3.1. Let us observe that ¢2 is continuously included in ¢?(m). Consider a function f € ¢2. Then

“+oo +oo a®
Som@) P w) = e Y L),
=0 z=0 "'

Now, let us observe that the sequence = ﬁ converges to 0 as x — +o00, hence there exists a constant

C(a) such that O;—T < C(a). Thus

+oo o

3 C ) < e 0l 1

=0

Moreover, since ¢! is continuously included in ¢? (see [45]), we have that ¢! is also continuously included in
¢2(m). Finally, let us observe that, being m a probability measure, also /> (and then cy) is continuously
embedded in ¢?(m), with embedding of norm 1.

Concerning the semigroup (P(t))¢>0, we consider it acting on £2(m) and then Dom(G) = Dom(£) = ¢*>(m).
From the matrix representation of the generator G and the forward operator £ one can prove the following
Lemma.

Lemma 3.2. The operators G : ?(m) — (?>(m) and L : ¢*(m) — ¢?(m) are continuous.

Proof. The proof is a straightforward consequence of Schur’s test (see [17]). O

Moreover, another interesting property that follows from the matrix representation of G is given by the
following Lemma.

Lemma 3.3. The process N(t) is a Feller process, i.e. the semigroup (P(t))i>0 is strongly continuous, con-
tractive and positive on ¢y and P(t)1 =1 for any t > 0, where 1(x) =1 for any x € Ny.

Proof. The proof is a straightforward consequence of [13, Corollary 3.2, Chapter 8]. O

Let us also observe that the spectrum of G is given by the sequence A\, = —bn, while the eigenfunctions
a

are defined as » — C,(z,a) where a = § and C,, are the Charlier polynomials (see [34,42]), which are
defined by the generating function

+oo m " x
ZC’n(az,a) ' =et <1+—> , teR
n=0 @

or via the three terms recurrence relations:
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—2Cy(z,a) = aChii(z, ) — (n+ a)Cp(z, @) + nCp_1(z, ), n >0,

where Cy(z, ) =1 and C_1(z, ) =0, or

1
Cryi(z,a) = - [2Ch(x — 1,a) — Cp(z,a)].
The first few Charlier polynomials are
Co(z,a) =1 C’(ma)—f—l C(ma)—w—2£+1
0\Ly — 4 14y - o 3 2\4y - o2 o PR

The orthogonality relation between the polynomials C), is given by

+oo
3 Cu(r.0)Con( ) m{x}) = ",
=0

where §,, ., is the Kronecker delta symbol. Thus, posing d2 = a"—fz,, we have that

”Cn('aa)He?(m) = dy.
Let us then define an orthonormal system of polynomials given by

Cn(:ma).

Qn(z) = d,

()

Let us also recall that we can exploit the decomposition of a function g € £2(m) by means of the orthonor-
mal basis {Qn}nen,. Indeed for any g € ¢*(m), given the decomposition g(z) = ;Z% 9n@n(z) where

gn = (9, @n)e2(m), the sequence {g, }nen, € £
By using such orthonormal system of polynomials, it is well known (see [18,19]) that the transition proba-
bility function of the immigration-death process is given by

o0

pt,wi5w0) = m(z1) Y e "™ Qu(0)Qn (1),

n=0

where m(z) = m({z}) and is the fundamental solution of the backward Kolmogorov equation, that is to
say that the Cauchy problems

{%(m) = Gult,z)
u(0,z) = g(x),

and

{g—g(t,x) = Lo(t,z)
v(0,2) = f(x),

with g, f/m € £2(m) admit strong solutions v given by

+oo +oo
u(t,2) = > pty;2)g(y) =Y gue "™ Qu(w), (6)
n=0

y=0
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and

Zp (t,x5y) f an Jth (z),

where g(z) = Zn 0 9n@n(x) and f(z)/m(x) = +°° nQn(z) and the convergence is uniform. With strong
solutions, we intend here that both the functions t G [0, +00) = u(t,-) € £2(m) and t € [0, +00) > v(t,-) €
¢%(m) belong to C([0, +00); £2(m)) N C*((0,400); £*(m)) and the equations hold pointwise.

In particular from (6) one easily obtains that

E[N(#)|N(0) = 2] = ze " + a(1 — 7). (7)
4. Strong solutions in the fractional case

Let us introduce the fractional derivative operator (see [28]). Fix v € (0,1) and consider the Caputo
fractional derivative given by

t
%(t,x): T =) /t—T -V Tx)dT—@ , (8)
0
that, if u is differentiable in ¢, can be written also as
¢
(g;g (t,x) 1 7 / 7‘7 x)dr,

0

and set, for v =1, ‘gti‘ = %—“Z. Note that the classes of functions for which the Caputo fractional derivative
is well defined are discussed in [32, Section 2.2 and 2.3] (in particular one can use the class of absolutely
continuous functions).

Denote with

“+ o0

u(s,x) = / “Stu(t,z)dt, s >0

0

the one-sided Laplace transform of u with respect to ¢. Thus we have that the Laplace transform of 2 Bt,, is

given by
s"u(s, r) — s* " tu(0T, 2).

We want to find strong solutions for fractional Cauchy problems in the form:

{%13 (t.2) = Gult,2); )

u(0,z) = g(),

for g € ¢2(m) with the decomposition g(z) = %% g,Q,(2). A strong solution of the fractional Cauchy

problem (9) will be a function w : [0, +00) x Ng — R such that ¢ — u(t,-) belongs to C([0,+00), £2(m)),
dtu Y(t,x) exists for any ¢t > 0 and « € Ny, t — ‘ZT},‘( ,-) belongs to C((0,+00);#*(m)) and the equation

holds pointwise.
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The main idea is to find a solution via separation of variables. Indeed, we can suppose that u(t, x) = T'(¢)@(x)
and then observing that, if u is solution of the first equation of (9), then

arT
dt?

p(e)——(t) =T(t) G p(x),

that leads, if ¢ and T" do not vanish, to the two coupled equations:

{g p(x) = =Ap(),

CL(t) = —\T(t),

which are two eigenvalue problems. In particular we have observed that the first one admits a non zero
solution if and only if A = —bn for some n € Ny and in that case we can consider ¢(x) = @, (z). Moreover,
the second problem admits a solution in the form

where F, is the Mittag-Leffler function defined as

z):;m,ze(j (10)

(see, for instance, [21]). Thus the idea is to find a solution in the form

+oo
2) =Y un B, (~bnt")Qu(x).
n=0

Moreover, the initial condition suggests that

Z UnQn ZgnQn

n=0

so we have u,, = g, and then we expect the solution to be

+oo
x) = ZgnE,,(—bnt”)Qn(x). (11)
n=0

These heuristic arguments have shown us how should the solution look like, hence we have to prove that
such function u is the solution we are searching for.
With the following Lemma, we will first exhibit the fundamental solution of the fractional Cauchy problem

in Eq. (9).
Lemma 4.1. Consider the series

(@, t;y) ZE —bnt")Qn(7)Qn (y), (12)

where @, and E,, are the functions defined in Equations (5) and (10) and m(x) = m({z}). Then such series
converges for fivedt > 0 and x,y € Ny.
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Proof. To show the convergence of p,(z,t;y), we need the following self-duality property of the Charlier
polynomials (see [34, Equation 2.7.10a]):

Ch(z, ) = Cy(n,a), Yn,z € Ny. (13)

From this relation we have

po(z, t;y) ZE —bnt”)Qn () Qn (y)

400

= m(@) Y 5 Bu(~bnt*)Co(r,0)Ca(y, )

n=0 "

Z —E,(—bnt")Cy(n, a)Cy(n, a),

nO”

hence we need to show the convergence of the series

Z — E,(—btnt")Cy(n, a)Cy(n, o).

nO"

Now, let us observe that equation (13) made us fix the degrees of the polynomials involved in the series.
Thus, let us denote with z, and z, the last real zeroes of C,(-,a) and Cy(-, ) and then let us consider
no > max{zg, zy }.

We will equivalently prove that the series

—+oo

Z dizEl,(—bnt”)Cz(ma)Cy(n,a) (14)

n=ng 't

converges. To do this, we need to recall another property of the Charlier polynomials. In particular it is
known (see [34, Table 2.3]) that the director coefficient of C,,(-, ) is given by

In particular, recalling that a = ¢, o > 0 since a,b > 0 and then ¢, > 0 if n is even and ¢, < 0 if n is odd.
By using this observation, we can distinguish two cases:

i If x +y is even, then, since cyc, > 0, for any n > ng Cy(n,a)Cy(n,«) > 0 and then the series (14)
admits only positive summands. Recalling that E, (—bnt”) < 1 we obtain

+oo “+oo

> d%El,(fbnt”)C’z(n,a)Cy(n,a) <> d%cz(n,a)Cy(n,a)

n=ng " n=ng "

where the RHS series converges since

+oo

Z d2 Cy(n,a) = e Z %efo‘C’w(n, Q)Cy(n,a) = e*d25, . (15)

n=0 " n=0
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ii If z 4+ y is odd, then, since c,c, < 0, for any n > ny Cy(n,a)Cy(n,a) < 0 and then the series (14)
admits only negative summands. As before, we obtain

+oo too

1 . 1
> T B (=bnt")Cr (n, @) Cy (n, ) > > = Cr(n,0)Cy(n, )
n=ng " n=ng "

where the RHS series converges for equation (15). O

With Lemma 4.1, we have exploited the fundamental solution of the equation in (9). Now we have to
show that a function in the form (11) is a solution for such fractional Cauchy problem. To do this, let us
first show a technical lemma.

Lemma 4.2. For any to > 0, there exists a constant K (to,v) such that
bnE,(—bnt") < K(tg,v), t € [tg, +00).

Proof. Let us use the uniform estimate for the Mittag-Leffler function given in [44, Theorem 4]:

b
L+ w10
Consider the function
x tY
= C= .
f(@) 1+Cz’ I(1+v)
Thus we have
F(@) = g > 0
- (1+Cx)?
hence the function f is strictly increasing. So we have
. 1 I(1+v)
< 1 === —"
flo) = lim flz) =5 7
and then
b ra ra
bnE, (—bnt”) < T < (U+v) Tl+y) K(to,v). O
1+ w5 v to
Now let us exhibit a strong solution for our fractional Cauchy problem.
Theorem 4.3. Let g € ¢*(m) with decomposition g(z) = ::6 9nQn(x). Then the fractional difference-
differential Cauchy problem
" —
{an(t,x) = Gu(t,x) (16)
u(0,z) = g(),
admits a strong solution u in the form
“+ o0 [ee]
U(t, $) = Zpu(t7 Y; x)g(y) = Z Eu<_bntV)Qn(x)gn~ (17)
y=0 n=0
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Proof. First let us observe that obviously if u is in the form (17), then u(0, z) = g(x).
Now, let us notice that

" B, (—bnt")

gEV(_bntV)Qn(m>gn = Eu(_bntu)gnan(m> = _bnEV(_bnty)gnQn<x) = gnQn(37> dtv

Hence we need to show that the series in (17) is convergent at least uniformly in ¢ and that we can change
the series with the operators.
Starting from the convergence of the series, by using Cauchy-Schwartz inequality we have

+00 +o0
DB (=bnt")Qn(2)gnl < D |Qu(@)gnl
n=0 n=0

+oo am % +oo %
< —Ca(z,0) 9n
(nz—;) n! ) <n—0 (18)

+oo an 2
= ||9||z2(m) (Z mci(ma))
n=0
= ||9||z2(m) e2dy,

hence the series in (17) totally converges.
To show that the series converges in £?(m) for any ¢ > 0, let us recall that g, € ¢2 by definition. Let us
consider N € N and define

N

un(t,z) = Z B, (=bnt")Qn ().

n=0

Then we have, for any N, M € N with N < M, by also using Lemma 4.2

M 2
un (£, ) = s (6 ) oy = || D Eov(—bnt”)Qn(-)gn
n=N £2(m)

M
=D El(-bnt")g;
n=N

M
<Y g
n=N

that implies the convergence in £2(m) of the sequence uy (t,-) by Cauchy’s criterion.
Now we need to show that one can exchange the operators with the series. To do that, let us first observe
that

and since (t — 7)'7 is strictly decreasing in [0,¢] we can use [40, Theorem 7.16] with the total convergence

of the series (17) to obtain
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t

+oo
/t—T ZE —n7")Qn(x )gndT—Z/t—T “VE, (=bnT")Qp(x)gndrT.
0

Now we want to use the following relation:

t

t

d d v v

o[ t=7) Z B, (=bn7")Qn(2) gndr = — ZO/(t — 7)Y By (—bnt”)Qn () gndT
0 =0

t
di/ (t—7)"VE,(—=bnt")Qn(x)gndr,
0

I
ﬁMg

but to do this, by using [40, Theorem 7.17], we need to show the uniform convergence of

+o0 d ¢
> o [ =0 B s )Qu@)gar,
n=0 0

in any compact interval included in (0, +00). Hence, by definition of Caputo fractional derivative, as given
in (8), we actually need to show the uniform convergence of

Z Bt} Qu(0)g (19)

in any interval of the form [tg, +00). To do this, let us recall that iu E,(—bnt") = —bnE,(—bnt") and thus

we need to show the uniform convergence of

+oo
Z _bnEu(_bntlj)Qn (x)gn

Thus, fix tg > 0 and observe that

+oo
> (B (bt )Qn (#)gu] < K (to, v Z Qn(a
< K(to,v) 19l g2 () e2d,, t€ [to,+o0),

where the first inequality follows from Lemma 4.2 and the second inequality from Cauchy-Schwartz inequal-
ity as done before in (18). Hence we have shown the total convergence of (19) in any interval of the form
[to, —|—OO)

We have already shown that Z+°° L (—=bnt”)Qp () g, totally converges with respect to ¢: in the same way
we have that also Z:O% L (=bnt”)Qn(z — 1)g, and Z E,(—nt")Qn(x + 1)g, totally converge with
respect to t.

Now, observe that
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A ZE —bnt”) Q. (x ZE —bnt”)Qp (x ZE —bnt”)Qu(z — 1)gn
= Nl_lfiloo Z E,(—bnt")Qn(x) gy — NETOO Z E,(—bnt")Qn(x — 1)g,
= NLHEOO (Z E,(=bnt")Qn(x Z E,(—=bnt")Qn(x — )gn> (20)
N
:NHIEN :OEV(—bnt W~ Qn(x)gn

= Z E,(—nt")V~Qn(x)gn,

and in the same way one can show that

AZE —bnt")Qn(x ZE —bnt” ) AQn () gn.
By using these last two relations, it is easy to show that
QZE —bnt")Qn(z ZE —bnt") G Q. (x)gn.
n=0
Finally we have that
v XX
i 2 E,(—bnt") Z 1 B (= bnt”)Qn (2)gn

—ZgE —bnt”) Q. () gn

=g Z E,(—nt”")Qn(x)gn,

and we have shown the pointwise relations.
Moreover, %:f,‘ (t,z) belongs to ¢?(m) by deﬁnition of G. By continuity of the operator G, if we show that
(t = u(t,-)) € C([0,+00); £2(m)), then also (¢t — Z4(t,-)) € C((0,+00); £2(m)). Let us show the continuity

of t — u(t,-) at 0, since for any point ¢ € (0,+00) the proof is analogous. To do this, let us observe that,

since all the series involved are uniformly convergent

+o0

Z(Eu<_bnty) - 1)Qn()gn

n=1

[ult, ) = 9C) 2 m) =

£2(m)

= Z (1— E,(—bnt"))?g2.

Now let us fix € > 0 and consider n. > 1 such that Z < ¢e. Then we have

’ﬂ’ﬂgn
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lalt, ) = 9O ey < (1= Eu(=bet”))? gl g2 amy + &,

thus, sending ¢t — 0% and € — 0T we conclude the proof. O

15

The same strategy can be used to exhibit a strong solution to the fractional forward Kolmogorov equation.

Theorem 4.4. Let f be a function such that f/m € (?(m) with decomposition f(x)/m(z) =
Then the fractional difference-differential Cauchy problem

{‘?;;ff (t,z) = Lu(t,x)
U(O,.’E) = f(x)a

admits a strong solution uw = u(t,x) given by

Zpl, (t,z;y)f ZE —bnt")Qn () fr.

220 fnQn(2).

(21)

Proof. Since {f,}nen € 2, then, from the previous theorem, we already know that we can exchange

operators and series. We only need to prove that the single summand of the series is a solution of the

equation and that u(0,z) = f(x).
Let us first notice that

“+oo
7)Y Qu() fn = m() = f(z),
n=0

thus the function u satisfies the given initial condition.
To show that the single summand is solution of the equation, let us write £ as

Lh(z) =~V ((a - b2)h(2)) (&) + Abzh(2)) (@),

for a generic function h.
Moreover, let us observe that

Gh(z) = (a—bx)V~h(z)+ aAh(x)
= ah(z) — ah(x — 1) — bV~ h(z) + ah(z + 1) — 2ah(z) + ah(x — 1)
= ah(z + 1) — ah(z) — bV~ h(x)
=aVth(z) — bxV~ h(z).

Let us also recall that m solves a discrete Pearson equation:
VT (b-m(2))(z) = (a — br)m(z).
Now, let us observe that
L(m(2)Qn(2) By, (=bnt”) fn)(x) = fu By (=bnt”) L(m(2)Qn(2)) (),
hence we will only study £(m(-)@Q,(-)). In particular we have

L(m(2)Qn(2))(x) = =V~ ((a = b2)m(2)Qn(2))(x) + A(bzm(2)@n(2))(2),

https://doi.org/10.1016/j.jmaa.2020.124768
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hence, by using the Discrete Leibnitz Rule ((3) and (4)), we obtain
L(m(2)Qn(2))(z) = =[@n(2)V™ ((a = bz)m(2))(2) + (a = b(z — 1))m(z = 1)V~ Qn(z)]
+ Qn()A(bzm(2))(z) + b(z + Dm(z + 1)V Q(x)+
—b(z —1)m(x — 1)V~ Qn(x)
= Qn(@)[=V~((a = bz)m(2))(x) + A(bzm(2))(x)]+
—am(x — 1)V~ Qun(x) + b(z + )m(z + 1)VTQ, ().
First let us observe that A = V™V, then
—V~((a — b2)m(2)) + A(bzm(z)) = =V~ ((a — b2)m(2)) + V-V (bzm(z))
=V~ (VT (bzm(2))(z) — (a — br)m(x)) = 0,

since m satisfies equation (22). Moreover

am(z —1) = (f_ i)!ea = Zam(z) = bem(a)
while
ot
b+ Dmle +1) = bla + 1) e = bam(e) = am(@),
thus

L(m(2)Qn(2))(z) = —brm(z)V ™ Qn(z) + am(z)VTQ,(z)
= m(z)[VFQu(x) — baV~Qn ()]
=m(z) G Qn(z).

Finally, we obtain:

L(m(2)Qn(2) By (=bnt") fn) = [, (=bnt”) L(m(2)Qn(2))
= fuE,(=bnt")m(x) G Qn(x)
= —bnfnE, (—bnt")m(z)Qy(x)

d v
dt”(fn m(z)Qn(z)E,(—bnt”)). O

Remark 4.5. Tt is easy to see that p, (¢, z;y) is strong solution of the fractional backward equation

{ - (tay) =Gpu(t,z;y)
pu(07x§y> = 5z,y7

where G operates on y, and is also strong solution of the fractional forward equation

{d;—%,x;w = Lp,(t,z3y)
pu(oax;y) = 5ar,ya

(23)

(24)

https://doi.org/10.1016/j.jmaa.2020.124768

Please cite this article in press as: G. Ascione et al., Fractional immigration-death processes, J. Math. Anal. Appl. (2021),

© 0 N o b~ W N =

A A D DA D D D D DWW W WWWWWWWN DN DNDNDNDNDNDNDNDDN R e
o N o o0 b~ W N EH O © 00 N O g b~ W NN H O VW oo N o 0 B W NN H O YW oo N o N W NN = O



© 0 N o aa b~ W N =

A A B D D D D D DWW W W WWWWWWNNDNDNDNNDNDNDNNDN AR R 2 2 2O
o N o o b~ W N H O © 00 N OO g P W N FH O VW 0O N G P W N H O VU o N O WN = O

JID:YJMAA AID:124768 /FLA Doctopic: Real Analysis [m3L; v1.297] P.17 (1-27)
G. Ascione et al. / J. Math. Anal. Appl. ess (sess) seesee 17

where L operates on z. In particular, as shown by Theorems 4.3 and 4.4, it is the fundamental solution of
such equations.

5. Stochastic representation of the solutions

Now we want to exhibit a process whose “transition probability” is the fundamental solution p, (¢, z;y)
we have described previously.
To do this, let us consider a classical immigration-death process Ni(t) (as defined before). Let us also
consider a v-stable subordinator o, (t) with Laplace transform

E[e™*7* W] =" s> 0, v e (0,1)
and its inverse process (or first passage time process) L, (t) defined as
L,(t):=inf{s >0: o,(s) > t}.
The latter admits density (see [2,33])
P(LAO) € ) = £y = S () dyy =040
where g, () is the density of o,(1) given by

+oo
1 Fvk+1) 1
gola) =2 2 (VTS s 220
k=1 '

Alternatives for f,(y,t) are given in [20,22].

Thus, let us define the fractional immigration-death process as N, (t) := N1(L,(t)). This is a semi-Markov
process as defined in [16]. However, we say that such process admits a transition probability mass p, (¢, z; y)
if for any B C Ny:

P(Nl/(t) € B| NV(O) = y) = va(tvx;y)'
zeB

Hence, we can use such process to characterize the fundamental solution we found in the previous section.
Theorem 5.1. The process N, (t) admits a transition probability mass p,(t,x;y) in the form (12).

Proof. Let us first recall that (see, for instance, [33]) the process L, () admits a density f;(7) = P(L,(t) €
dr). Moreover, let us recall (see [9]) that

“+o0

/ e fi(r)dr = E,(—st”), s > 0.

0

Now, observe that for any B C Ny, since N;(t) admits a transition probability mass, we have
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+o00
P(N,(t) € BIN,(0) = y) = / P(Ni(7) € B|N1(0) = y) fo(T)dr
0
= / Zpl T, z;y) fi(T)dr
x€EB

Now, if B is a finite set, we have

+o00 oo
/ > pi(nmy) fi(r)dr = /p1(7,w;y)ft(7)d7
0 zeB zeB 0
If B is infinite, let us consider the sets I,,, :== {x € Ny : 2 < m} and B,, := BN I,,,. Thus, B,, is finite and
then
400 +o00
/ > i) fi(r)dr = ) / pi(r,x3y) fo(T)dT
0 r€B,, r€EB,, 0

Since p1 (7, z;y) f+(7) is non-negative, we can use the monotone convergence theorem to obtain, taking the

limit as m — 400

—+oo
/ > pilmay) fe(r)dr =) /pl(T,:r;y)ft(T)dT
zeB z€B
Now let us only consider
—+oo
[ mirmpnirn,
0
and recall that (see [18,19])
pi(7,23y) Ze*b’”Qn Qn(y)-
Hence we have
“+oo +°o+oo
[ rtrsfirr = / 3T )

0

Now we have to show that we can exchange integral and series. To do this, let us first observe that

+oo X o
S et Qu(@)Qu) felr) = Y %e*bmcn(x, a)Cn(y, @) fi(7)
n=0 n=0 "

400
= Z %eibm—cw(n’ a)Cy(n, a) fi(7).
n=0 "
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Let us consider z, and z, the last real zeros of Cy(n,«) and Cy(n,a) and consider a ny € N such that

© 0 N o aa b~ W N =
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o N o o b~ W N H O © 00 N OO g P W N FH O VW 0O N G P W N H O VU o N O WN = O

no > max{z,, 7, }. Thus we have

+oo "0
D e O )Cy(ms ) fulr) = 3 re T Cu(n, ) Cy (s ) fulr)
n=0 n=0

+00 n
O _bnr
+ Z We b Cm(nv a)Cy(na a)ft(T)a

n=ng+1

and

/Z ; 7bnTC (TL OZ) (n a)ft( dT— / Z ; 717717'0 (TL Q)C (’/L,Ol)ft(T)dT

+oo +o0 "

+ [ X e Cna)Cy(n, ) fulr)dr

0 n=no+1

+oo

= Z Z—TCm(n,a)Cy(n,a) / e fy(1)dr
n=0 '

0

+oo +o0 n

+ / Z %eibnTCm(naa)Cy(n’Oé)ft(T)dT'

0 n=no+1

Now, fix 79 > 0 and observe that for 7 > 79 and n > ng + 1 the function

(rm) 1> e, (n, 0)C () ()

does not change sign, by Fubini’s theorem (see [41, Theorem 8.8]) we have that

+oo +oo n +oo n

Z a—'efb”TCx(n,a)C'y(n,a)ft(T)dT: Z %C’x(n,a)C’y(n,a)/efb"Tft(T)dT

n!
To n=ng+1 n=ng+1

Now we have to pass to the limit as 79 — 0. To do this, let us observe that

—+o0 —+o0
/ e~ £, (T)dr < / e~ f,(1)dr = E,(—bnt"),
T0 0

and let us distinguish two cases.

1) If x + y is even,

+o00
oG a)Cy(ma) [ e pr)dr =0

70

and in particular we have
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+oo
%C’w(n,a)cy(n,a) / e_b"Tft(T)dTS

70

a’I’L

HCx(n,a)C' (n,a)E, (—bnt")

a’I’L

S Fca:(’nﬂ a)Cy(na Oé),

where
+oo a™
Z —'Cx(n,oz)C’y(n,a) < 400,
n=ng+1 n:

as we observed before. Then we can use dominated convergence theorem to take the limit as 79 — 0

and obtain
+o0 +oo
Z Cy(n,a)Cy(n, a)e™7 f,(1 Z Cx(n,a)Cy(n, o) / e £, (1)dr
0o n= no+1 n=ng+1 0

1) If x +y is odd, then

+oo
a—|Cm(n,a)Cy(n, @) / e_bant(T)dT <0,
n!

To
and in particular we have

+oo
,%C’x(n,a)Cy(n,a) / e*bnfrft(T)dT < *%Cx(n’a)cy(n a) ( bntu)

70

n

[0
S 7HC£C(”’ O‘)Oy(nv OZ),

where
00 a
- Z _|Cz(naa)cy(nva) < +00,
n=nop+1 n

as we observed before. Then we can use dominated convergence theorem to take the limit as 79 — 0

and obtain
—+o0 +o0 —+oo
Z Cr(n,)Cy(n,a)e™"" fi(1 Z Cy(n,a)Cy(n,a) / e T £y (r)dr
0 n=ng+1 n=ng+1 0

Hence in general we have for any z,y € Ny

+oo T
Z Cr(n,@)Cy(n,a)e™" fi(1 Z Cy(n, a)Cy(n,a) / e £y (1) dr
0 n=no+l n=no+1 0

and then
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+oo
n

+oo +o00
[ mranfinir = [ m@) 3" S Cutn,a)Cyn. o) fulr)dr
0

0 n=0
no n +OC
=m(x) Z %C’I(n, a)Cy(n, a) / e £y (T)dr
n=0 0

+oo oo "

+m(x) Z %e*bmcl,(n, a)Cy(n, a) fi(r)dr

0 n=ng+1

—+o0
no n

=m(x) Z %C’x(n, a)Cy(n, a) / e £y ()dr

n=0 0

+oo n +o

+ m(x) Z %C’m(n,a)Cy(n,a)/efb”Tft(T)dT

n=ng+1 : 0
—+oo
n

+oo o
=m(z) Z FC’x(n, a)Cy(n, a) / e £y (T)dr
n=0

0

+oo 5
=m(x) Z %C’z(n, a)Cy(n,a)E, (—bnt").
n=0

Finally we have

Thus p, (¢, z;y) exists and

Now we are ready to prove the following Theorem.
Theorem 5.2. Let g € ¢y such that g(z) = 3. ¢,Qn(x). Then the function
u(t;x) = Elg(Ny ()N (0) = z]

is a solution of (16).
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Proof. First of all observe that

Zm ) < llgllze »

hence g € £?(m) and we are under the hypotheses of Theorem 4.3.
Consider a generic f € ¢y and define the family of operators

Tof(z) = EF (M )N (0) =a] = 3 pit s 2)f (y).

y€Np

In particular, by Lemma 3.3, we know that N;(t) is a Feller process, hence (T3):>¢ is a Feller semigroup.
Moreover, strong continuity of (1});>¢ follows from [10, Lemma 1.4]. Then, by using [6, Theorem 3.1], we
know that, since G is the generator of T}, the function

+oo

u(t; x) := /T(é) 9(x) gy (s)ds,

0

where g, (s) is the density of o, (1), is a solution of (16). But if we use the change of variables 7 = (£)”,
and the fact that f,(7) = L7=1=v g, (t7—+) for 7 > 0 (see, for instance, [33]), we obtain

v

t
u(t;x) = —
v

0
=E[g(N1(Ly(1)))IN1(0) = 2] = E[g(N,(¢))[N,(0) =], t 20, z € N. O
Finally, we can provide the stochastic representation of solutions of (21).

Corollary 5.3. Let p,(t,x;y) be the transition density of N,(t). Then, for any f such that % € (?(m) with
decomposition f(z)/m(z) = S0 f,Qu(x). Thus

x) = Z po(t, 25 y) f(y)

y€Np

is a solution of (21).
Proof. This easily follows from Theorems 5.1 and 4.4. O

We can use the last Corollary to exploit the asymptotic behaviour of the density of the process N, (t).
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6. Uniqueness of strong solutions

In this section, we aim to show that the strong solutions of (16) and (21) are unique under some hy-
potheses.

Proposition 6.1. The function p,(t,x;y) given in (12) is the unique global solution of (23) (for fized x) and
(24) (for fized y).

Proof. Let us first notice that, by Theorem 5.1 we know that 0 < p, (¢,z;y) < 1 and

+o0 T
doputay) =1, > pltay) <1,
=0 y=0

hence ||p, (¢, y)|l,, = 1 and ||p,(t,z;-)||,, < 1. Thus p,(t,2;y) is bounded in ¢! uniformly with respect
to t > 0 for fixed = or y. Since ¢! is continuously embedded in ¢?(m) (see Remark 3.1), then p, (¢, x;y) is
uniformly bounded also in #2(m). Moreover, we have shown in Lemma 3.2 that the operators G and L are
continuous. Hence by [4, Corollary 2] we can conclude that p, (¢, z;y) is the unique global solution of (23)
and (24). O

Now let us show the uniqueness of the solutions of the backward equation (16).

Proposition 6.2. Let g € £>° such that g(x) = ;Z% 9n@n(x). Then the strong solution u(t,z) of (16) is in
0>, hence also in £?(m), for any t > 0 and it is the unique global solution in ¢*(m).

Proof. First of all, let us observe that if g € £°°, then g € £2(m) too, so we are under the hypotheses of
Theorem 4.3. Moreover we have, by using Theorem 5.1 and Jensen inequality:

) 2
x) = (Zpy(t,y; m)g(y)>

< Zpl/ t yYs T ) < ||g||200a

and then

Zm 2(t.2) < gl

obtaining the uniform bound for = + wu(t,z). Hence u(t,-) € ¢£*>(m) for any ¢t > 0. Moreover, since G is a
continuous operator, by [4, Corollary 2], it is the unique global solution of (16). O

Remark 6.3. We can actually show uniqueness as g € £2(m). Indeed, since u(t,z) is a strong solution of
(16), then it belongs to £?(m) and

—+oo
2 v 2
[t M2y = D E2(=0nt")gn < ll91[72 (m
n=0

for any ¢ > 0, hence it is uniformly bounded in ¢?(m), concluding uniqueness by [4, Corollary 2].

Please cite this article in press as: G. Ascione et al., Fractional immigration-death processes, J. Math. Anal. Appl. (2021),
https://doi.org/10.1016/j.jmaa.2020.124768

© 0 N o a b~ W N =

A DA D S B DB DB DSBS WOWW W W W W W W WNNDNDNDNDNDNDNDNDDN R ER s R s R s s
o N o a0 b~ W N B O © 00 N o g P~ W N FEHF O LV 0O N P W N H O VY 0 N s WN +H o



© 0 N o aa b~ W N =

£ A B B D DB B DB B WOWWWW W W W WWNNDNDNNDNDNDNDNDNE 2R R R e R
o N o o b~ W N H O © 00 N OO g P W N FH O VW 0O N G P W N H O vV o N N WN +H O

JID:YJMAA AID:124768 /FLA Doctopic: Real Analysis [m3L; v1.297] P.24 (1-27)
24 G. Ascione et al. / J. Math. Anal. Appl. es (sees) eesese

We can also obtain the uniqueness of solutions of (21).

Proposition 6.4. Let f : Ng — R be a function such that € (?(m) and f((I)) = nQn(z). Then the

strong solution u(t,x) of (21) is in £°°, hence in ¢*>(m), and it is the unique global solution in (*(m).

Proof. Let us observe that

=2 T @)\
= (Zpy(t,x;y)f(y)> = (Zm(y)pu(t,ar;y)m(y>
y=0 y=0

Thus, by Jensen inequality, we have

— ()
u?(tx) <> my)plt o) 5
= m?(y)

Now, from Theorem 5.1, we know that p, (¢, z;y) < 1, then

y
*(t, @) <Zm 2(y) —||f/m||ez

Finally, we have

Zm t:v<||f/mHe2(m>Zm ) = 1£/mll7 )

thus, since £ is a continuous operator, from [4, Corollary 2] we have that u(¢, z) is the unique global solution
of (21). O

Remark 6.5. The condition f/m € ¢*(m) is stronger than f € ¢% for any probability measure m on Nj.
Indeed we can show that the following two properties

a) fel?
b) f/v/m € (*(m);

are equivalent: this can be done simply observing that
00 400 2
f(z)
fx) =) m(x) ( :
2SO0\ U

Moreover, if we consider the property

¢) f/m € (*(m);

we can see that ¢) = a). Indeed we have, since m(x) <1

5= S () < S (1)’

=0 z=0

However, if we consider f(x) = y/m(x), it is easy to verify that f € £2 but f/m ¢ ¢2(m).
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7. Limit distribution of IV, (%)
In this section we want to give some results on the limit distribution of N, (t). In particular we have

Theorem 7.1. Let p,(t,x;y) be the transition probability mass of N, (t). Then, given any initial probability
mass f such that f/m € ¢*(m) and f(z)/m(zx) = 3, cn, fnQn(x), the probability mass of N, (t) asymptot-
ically converges towards a Poisson measure, that is to say if p,(t,x) = 3° cn, Pv(t, 2;y) f(y), then

Jm py (8, 2) = m(z).

Proof. By Corollary 5.3 we know that p,(¢,) is solution of (21). Moreover, since f/m € ¢?>(m), we know
that this solution is unique from Proposition 6.4. Finally, from Theorem 4.4, we have that

Pt ) > Ey(=bnt") f,Qn(x).
neNp
In particular we have
pult, z) = m(z) foQu(x) + m(x) Y Ey(~bnt") fnQn().
neN

But Qo(x) =1 and fo =) cn, f(z) = 1 since f is a probability mass. Thus we have
pult,x) = () > Ey(—bnt") f,Qun(x).
neN
Now, by Cauchy-Schwartz inequality, the fact that E,(—bnt”) < 1 and the duality formula for C,(z, a), we

obtain

> B (—bnt”) fnQu(2)] < D [ £2Qu(z)

neN neN

< 1l (Z %cﬁum)

neN
<eF (|f/mll 2oy 42

hence the second series totally converges. Thus we can take the limit inside the series and, since
limy_y 4 oo B, (—bnt”) = 0, we have

Jm py (8, 2) = m(z) +m(z) >, Jim E (=bnt”) fQu () = m(z). O
neN

From Theorem 7.1 we know that whatever is the distribution of NV, (0), the limit distribution of N, (¢) is
always m. Moreover, we can show that m is an invariant one-dimensional distribution for N, (¢), that is to
say that if N, (0) has distribution m, then N, (t) admits m as distribution for any ¢ > 0.

Proposition 7.2. Suppose N, (0) has distribution m. Then for any t > 0, N,(t) has distribution m.

Proof. Let us observe that the density of N, (t) is given by

x) = Zpu<ta xZ; y)m(y)

y>0
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From Theorem 5.1 we have that

pu(t, 25 y) Z E,(—bnt")Q,(x)Qn(y)

then we have

pu(t,z) = Z( ZE —bnt”)Qn (x )Qn(y)> m(y)
+oo

x) Z E, (—bnt")Q(x <Z Qn(y > .
n=0

Recalling that Qo(y) = 1 we have that

+oo +o00
> Quy)m(y) = Quy)Qn(y)m(y) = o

hence

ZE —bnt”)Qn(@)dn0 = m(z). O

However, since N, (t) is not Markovian, this Proposition does not guarantee the stationarity of the process
when N, (0) admits m as distribution. However, it is still possible to compute the autocovariance function
of the process N, (t).

Proposition 7.3. Suppose N, (t) admits m as initial distribution. Then, for any t > s > 0, it holds

Cov(N,(t),N,(s)) =a | E,(—bt") byt” /EU bt (1 — z)” )dz

le/

(25)
0

We omit the proof of this Proposition since it is identical to the one in [26], after observing that if Ny (t)
admits m as initial distribution, then Ni(t) is stationary and, from (7),

Cov(N;(t), N1(0)) = ae™ ",

Remark 3.2 and 3.3 of [26] easily apply also to our process N,(t). Indeed, since in this case N,(t) is
distributed as N, (0), then the variance D[N, (¢)] = D[N, (0)] = «, which can be obtained from (25) when
t = s with the same calculations as in [26, Remark 3.2]. Moreover, Np(t) exhibits short-range dependence,
while, with the same calculations of [26, Remark 3.3], one can show that Cov(N,(t), N,(s)) decays as a
power of ¢, hence it exhibits long-range dependence.
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