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ABSTRACT
We discuss surface roughness effects on the conduction of electrons in metals us-
ing both the quantal Kubo-Greenwood formalism and the semi-classical Fuchs-
Sondheimer method. The main purpose here is to compare these methods and clarify
a few subtle and widely misunderstood conceptual issues. One of such issues is con-
cerned with the conditions under which the broken translation symmetry along a
rough surface may be restored. This symmetry has often been presumed in existing
work but not always with proper justifications. Another one relates to the physical
meaning of a phenomenological parameter (denoted by p) intuitively introduced in
the semi-classical theory. This parameter, called the specularity parameter or some-
times the Fuchs parameter, plays an important role in the experimental studies of
surface roughness but has so far lacked a rigorous microscopic definition. The third
issue arises as to the domain of validity for the electrical conductivity obtained in
those methods. A misplacement of the domain may have resulted in erroneous anal-
ysis of surface effects in a variety of electrodynamic phenomena including surface
plasma waves.

KEYWORDS
Electrical conductivity; Surface roughness; Kubo-Greenwood formalism;
Boltzmann transport equation.

1. Introduction

Surface roughness can strongly affect electronic conduction in metals [1, 2]. Two gen-
eral analytically amenable approaches have been used for dealing with surface rough-
ness effects. The first is based on the semi-classical Boltzmann transport equation,
proposed by Fuchs [3] for analyzing the electrical conductivity of metal films and em-
ployed in Sondheimer’s work [4, 5] on anomalous skin effect [6]. While remaining a
standard reference for sorting out experimental observations [7–9] and benchmarking
ab initio calculations on the conductivity of metallic films [10, 11] and wires [12], this
Fuchs-Sondheimer method has also been employed in the study of giant magneto-
resistance in layered structures [13–15], surface energy absorption profile [16], surface
plasmon oscillations [17–22], dynamical responses [23], and graphene plasmonic struc-
tures [24].

The second approach builds upon the quantal Kubo-Greenwood formalism [25, 26].
This approach, though not widely utilized for handling surface roughness, is arguably
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exact within the regime of linear responses. It has also been used in the analysis of
giant magneto-resistance observed in layered structures [27] and for accounting for
quantum size effects of surface scattering in very thin films [28–30]. One should also
mention some additional approaches that have appeared in the literature [31–37].
These, however, may be looked upon as certain limits of the general approaches [38].

In the present work, we raise and clarify a few important conceptual issues that
have not been paid sufficient attention in the literature on these approaches, in or-
der to improve our current understanding of them. We are primarily concerned with
three issues: one about the loss of translational symmetry, another about the physical
meaning of the specularity parameter [3], and the third about the domain of validity
of the electrical conductivity calculated by the approaches. They are described with
more details in what follows.

Restoration of translational symmetry along a rough surface. The presence of a
rough surface not only breaks the translational symmetry along the normal of the sur-
face, but also the symmetry along the surface. Nevertheless, in the Fuchs-Sondheimer
method, the planar symmetry is explicitly presumed in their solutions to Boltzmann’s
transport equation. In the Kubo-Greenwood method, the view is split: some authors
simply presume such symmetry without justifications [38] while other authors restore
the symmetry by an averaging procedure over the surface profile [27, 28]. The lat-
ter is reasonable in the calculation of the conductivity to a uniform electric field but
needs further justifications otherwise. In particular, it needs to be understood how
the explicit preservation of the planar symmetry in the Fuchs-Sondheimer method is
consistent with the Kubo-Greenwood method.

Microscopic definition of the specularity parameter. In the Fuchs-Sondheimer
method, the planar translational symmetry is retained and the conductivity is uniquely
determined up to a single parameter p, which is envisaged to characterize surface
roughness effects. According to Fuchs and his followers, p gives the fraction of electrons
impinging on a surface gets specularly reflected back. While intuitively appealing, this
specularity parameter has never been given a microscopic definition. However, such a
definition is important, because the parameter is often the quantity that is extracted
in experimental [7–9] and ab initio computational studies [10, 11]. So far as we are
concerned, no existing work has established a connection between p and quantum
mechanical properties of electrons.

Domain of validity. One reason that the planar translational symmetry seems ob-
vious in the Fuchs-Sondheimer method is because Boltzmann’s equation used in this
method does not include anything explicit of a surface. In particular, it does not in-
clude the potential that confines the electrons to the metal. The conductivity obtained
by this method therefore cannot be valid for the surface region where the confining
potential varies significantly. As far as we are concerned, few existing work based on
this method has warded off this fallacy. Ignorance of this might have led to erroneous
results that have permeated widely [19].

The main purpose of this work is to address the aforementioned issues. Firstly, we
clarify the circumstances for the restoration of translational symmetry along a rough
surface from both the quantum mechanical and semi-classical point of view. Secondly,
we provide two related microscopic definitions of the specularity parameter p, one
based on the Kubo-Greenwood formalism while the other on a more complete Boltz-
mann’s equation. Unlike existing work with quantum theory [29, 30], we make
no explicit assumptions regarding the microscopic nature of a surface (e.g.
hard-wall). Instead, surface roughness effects are described by a general
surface scattering matrix, which reduces to a set of specularity parameters
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Figure 1. Schematic of the system: a semi-infinite metal bounded by a rough surface. The surface layer has a

thickness of zs and is characterized by a potential Vs(x) that confines the electrons to the metal. The resulting

force Fs(x) = −∂xVs(x) is significant only in the surface region. A “macroscopically flat” surface is defined
as one for which the Fourier components, denoted by V k

s (z) of Vs(x) are negligible except for k = |k| being

zero or comparable to the inverse of a lattice constant, which is of the order of the electronic Fermi wavelength

kF . An electron wave incident on the surface is reflected either specularly (due to components with k ≈ 0) or
diffusively (due to components with k ∼ kF ).

in the semiclassical limit. Finally, we demarcate the domain of validity for the
conductivity obtained with the Fuchs-Sondheimer method, and prescribe a formula to
extend its validity to the entire system. We also discuss some confusions in existing
work in light of the results.

In the next section, we define our system and recapitulate the Fuchs-Sondheimer
method in order to see the issues in formal terms and introduce some notations. In
Sec. 3, we calculate the conductivity by an extended Boltzmann’s equation that explic-
itly includes surface effects (Sec. 3.1) and by the Kubo-Greenwood formula (Sec. 3.2).
We discuss the results and summarize the paper in Sec. 4.

2. Review of the Fuchs-Sondheimer method

The system studied throughout this paper is a semi-infinite metal shown in Fig. 1,
modeled as an electron gas moving in a background of uniformly distributed positive
charges (i.e. the jellium model). The electrons are confined to the metal by a potential
Vs(x), where x = (r, z) denotes the vector of a point in space with r = (x, y) being
projection onto the surface. The confining potential varies significantly only within a
narrow layer z ∈ [−zs/2, zs/2], which defines the surface region with a thickness of
zs > 0. In other words, the force Fs(x) = −∂xVs(x) is negligible outside the surface
region. The bulk of the metal then corresponds to z ∈ (zs/2,∞) while the vacuum to
z ∈ (−∞,−zs/2). It is to be understood that zs is very small in comparison with a
scale Λ that is macroscopic in comparison with the lattice constant of the metal which
we denote by a. Typically, zs is only a few lattice constants whereas Λ exceeds a few
nanometers, so that zs/Λ � 1. Semi-classical methods are supposed to work only on
the scale of Λ.

In the Fuchs-Sondhermier method, the surface serves as a geometric confining plane
(i.e. zs → 0) located at z = 0 and the starting point is the following linearized
Boltzmann equation within the relaxation-time approximation,

(Dt + v · ∂x) g(x,v, t) = −eE(x, t)

m
· ∂vf0 (ε(v)) , (1)

where Dt = ∂t + 1/τ with τ being the relaxation time, E is the electric field felt by
the electrons [39], ε(v) = mv2/2 is the kinetic energy of an electron with m, e and
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v = (v‖, vz) being its mass, charge and velocity, respectively, and g and f0 are the
non-equilibrium and equilibrium distribution (i.e. the Fermi-Dirac function) of the
electrons, respectively. For later use, we also introduce v‖ = (vx, vy) as the planar
projection of v.

Note that in Eq. (1) contains nothing explicitly about the surface properties signified
by Fs. This means that g(x,v, t) at best gives the electronic distribution for the bulk
of the metal. It does not apply to the surface layer. In particular, in contrast to what
one would usually think [17, 18], the distribution should not be used to compute the
charge density in the surface layer according to the following formula,

ρ̃(x, t) =
( m

2π~

)2
∫
d3v eg(x,v, t),

where ~ is the reduced Planck constant. This point should also be clear in the absence
of Vs from f0 (ε(v)), which implies again that Eq. (1) holds only in the bulk. We shall
discuss this point further in the next section, where a more complete semi-classical
method is presented to explicitly take care of the surface effects.

As Fs is not present, Eq. (1) is translationally invariant along the surface and one
can do a Fourier transform with respect to r and t to find(

∂z − i
ω̃

vz

)
gkω(z,v) = −ev ·Ekω(z)

vz
f ′0 (ε) , (2)

where f ′0 = ∂εf0, ω̃ = ω̄ − k · v‖ with ω̄ = ω + i/τ , k and ω are the planar wave
vector and the frequency respectively, gkω is the corresponding Fourier component of
g and so is Ekω for E. As a first-order linear differential equation, Eq. (2) admits of
the following general solution

gkω(z,v) = ei
ω̃z

vz

(
C(v)− ef ′0v

vz
·
∫ z

0
dz′ e−i

ω̃z′
vz Ekω(z′)

)
(3)

where C(v) = gkω(0,v) comes as a parameter independent of z to be determined by
boundary conditions. Now requiring that gkω vanish far away from the surface, z →∞,
one obtains

gkω(z,v) =
ef ′0v

vz
·
∫ ∞
z

dz′ ei
ω̃(z−z′)
vz Ekω(z′), for vz < 0. (4)

Following Fuchs [1–6], one assumes that at z = 0 a fraction p of incident electrons are
specularly reflected back, namely

gkω(0,v) = pgkω(0,v−), for vz ≥ 0,

where v− = (v‖,−vz). This leads to

gkω(z,v) = −pef
′
0v−
vz

·
∫ ∞

0
dz′ ei

ω̃(z+z′)
vz Ekω(z′) (5)

−ef
′
0v

vz
·
∫ z

0
dz′ ei

ω̃(z−z′)
vz Ekω(z′), for vz ≥ 0.
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Equations (4) and (5) constitute the basis of the Fuchs-Sondheimer method. One
should see that, although it is usually taken as a simple constant, p is allowed to vary
with k and ω as well as v. While people usually interpret p after Fuchs, its exact
physical meaning is not clear in the method. We shall show in Sec. 3.2 that the Fuchs
interpretation is to a large extent consistent with the Kubo-Greenwood formula but
with some interesting discrepancies.

The Fourier components of the current density are given by

Jkω(z) =
( m

2π~

)2
∫
d3v evgkω(z,v).

We emphasize again that the as-obtained current density J applies only to the bulk of
the metal. It does not apply to the surface region. As a notice of notation, we hereafter
always use J for the bulk while reserving j for the entire system. Now the conductivity
tensor is obtained as

σµνkω(z, z′) = e2
( m

2π~

)2
∫
>
d3v

(
−f ′0(ε)

) vµΓµνkω(z, z′)vν

vz
, (6)

where the integral is restricted to vz ≥ 0 as indicated by the symbol “>”, and the
matrix Γ can be obtained by direct substitution, given by

Γµνkω(z, z′) =


αΘ(z − z′)e−i

ω̃

vz
(z′−z) + Θ(z′ − z)ei

ω̃

vz
(z′−z) + pei

ω̃

vz
(z′+z), if µ = x, y; ν = x, y

αΘ(z − z′)e−i
ω̃

vz
(z′−z) + Θ(z′ − z)ei

ω̃

vz
(z′−z) − pei

ω̃

vz
(z′+z), if µ = z; ν = z

αΘ(z − z′)e−i
ω̃

vz
(z′−z) −Θ(z′ − z)ei

ω̃

vz
(z′−z) − pei

ω̃

vz
(z′+z), if µ = x, y; ν = z

αΘ(z − z′)e−i
ω̃

vz
(z′−z) −Θ(z′ − z)ei

ω̃

vz
(z′−z) + pei

ω̃

vz
(z′+z), if µ = z; ν = x, y.

(7)
Here α = 1. As to be shown in Sec. 3.2, the same conductivity tensor as Eq. (6)
obtains in the semi-classical limit of the Kubo-Greenwood formula, together with the
matrix Γ, the main differences being that, by Kubo-Greenwood method α should be
smaller than unity except for perfectly smooth surfaces, and in general one needs two
specularity parameters to fully specify the surface effects.

For the sake of completeness, we note down the following obvious relation

Jµkω(z) =
∑

ν=x,y,z

∫ ∞
0

dz′ σµνkω(z, z′)Eνkω(z′).

Conforming to the translational symmetry inherent in the method, this relation shows
that a component Ek can only induce a current with the same wave vector k.

3. Conductivity of metals bounded by a rough surface

As explained in the preceding section, the translational symmetry along an arbitrary
surface is inherently built in the Fuchs-Sondheimer method. This is because the method
does not explicitly include the confining surface potential Vs. In this section, we present
calculations to fill this gap. We do this in two complementary approaches, the first
(Sec. 3.1) based on a sort of generalized Fuchs-Sondheimer method with Vs explicitly
included in Boltzmann’s equation, and the second (Sec. (3.2)) based on the quantal
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Kubo-Greenwood formula. We show that for a macroscopically flat surface, transla-
tional symmetry is indeed respected.

As Vs is fully considered in both approaches, we naturally arrive at two microscopic
definitions, a semi-classical one by Eq. (15) and a quantum mechanical one by Eq. (44)
for the specularity parameter. So far as we can see, the semi-classical definition (15)
does not lend itself to support the Fuchs interpretation. Indeed, there does not seem
to exist any straightforward way to interpret (15) as a fraction of specularly reflected
electrons. On the other hand, the quantum mechanical definition (44) does support
Fuchs interpretation to a certain extent but with important differences. Firstly, ac-
cording to Eq. (44), the specularity parameter counts more than specularly electrons:
diffusively scattered electrons can also contribute. Secondly, instead of one parame-
ter, two parameters are needed to fully specify the surface effects, as a result of the
anisotropy in the system: the presence of a surface makes the planar direction distinct
from the normal one. In spite of this, we find that in response to a uniform electric field
the Fuchs interpretation is fully vindicated. In such cases, the two parameters become
equal and do give the fraction of specularly reflected electrons, as Fuchs originally
proposed.

We shall also propose an extrapolation for obtaining the current density j valid
for the entire system from that for the bulk region, the latter denoted by J. While
the extrapolation itself is simple, its generality has not been always recognized in the
literature.

3.1. Calculations by generalized Fuchs-Sondheimer method

The basic equation used in the Fuchs-Sondheimer method, i.e. Eq. (1) does not in-
clude the surface confining potential Vs(x) as the origin of surface roughness. Here we
generalize it by including the latter explicitly. Again the electronic distribution splits
into an equilibrium part f0 (ε(x,v)), which is the Dirac-Fermi function as before, and
a non-equilibrium part g(x,v, t) that is induced by an electric field E(x, t). Note that
f0 depends on both v and x via ε(x,v) = Vs(x) + mv2/2. As a consequence of the
profile of Vs, f0 is the same as that in the Fuchs-Sondheimer method in the bulk region
but diminishes in the surface region and eventually vanishes in the vacuum.

The generalized Boltzmann equation reads [40](
Dt + v · ∂x +

Fs(x)

m
· ∂v
)
g(x,v, t) = −eE(x, t)

m
· ∂vf0 (ε(x,v)) .

As this equation includes surface effects in totality, the resulting distribution g(x,v, t)
applies to the entire system and can be used to calculate both the charge density
ρ(x, t) and the current density j(x, t) everywhere including the surface region.

After a Fourier transform to the above equation, we find(
∂z − i

ω̃

vz

)
gkω(z,v) = − 1

mvz

∑
k′

Fk−k′
s (z)·∂vgk′ω(z,v)−ev

vz
·
∑
k′

Ek−k′ω(z)f ′0,k′ (z,v) ,

(8)
where f ′0,k(z,v) is the Fourier transform of f ′0 (ε(x,v)) with respect to r. Equation (8)

6



reduces to Eq. (1) in the bulk region. It can be rewritten in an integral form,

gk(z,v) = g
(0)
k (z,v)− 1

mvz

∑
k′

∫ ∞
−∞

dz′Gkv(z − z′)Fk−k′
s (z′) · ∂vgk′(z′,v)

−ev
vz
·
∑
k′

∫ ∞
−∞

dz′Gkv(z − z′)Ek−k′(z
′)f ′0,k′(z

′,v). (9)

Here we have omitted the subscript ω to simplify the notation, and g(0) and G are
defined by(

∂z − i
ω̃

vz

)
g

(0)
k (z,v) = 0,

(
∂z − i

ω̃

vz

)
Gkv(z − z′) = δ(z − z′), (10)

where δ(z) is the Dirac delta function. These equations are easily solved to yield

g
(0)
k = Ak(v)ei

ω̃z

vz , Gkv(z − z′) =
(
Θ(z − z′)ak(v) + Θ(z′ − z)bk(v)

)
ei
ω̃(z−z′)
vz ,

where Ak(v), ak(v) and bk(v) = ak(v)− 1 are parameters. By requiring that gk(z,v)
vanish for z → ±∞, these parameters can be uniquely determined and we arrive at

gk(z,v) =
1

vz

∫ ∞
−∞

dz′
(
Θ(−vz)Θ(z′ − z)−Θ(vz)Θ(z − z′)

)
ei
ω̃(z−z′)
vz

×
∑
k′

(
ev ·Ek−k′(z

′)f ′0,k′(z
′,v) +

Fk−k′
s (z′)

m
· ∂vgk′(z′,v)

)
. (11)

The full solution to this equation can in principle be obtained by means of iteration,
though we do not really need it for the current purpose. The planar translational sym-
metry is broken due to the terms in the sum, which allows a given Fourier component
Eq to generate a spectrum of gk with k differing from q, that is, the current density
has non-vanishing components with wave vectors other than those of the electric field.
Note that Eq. (11) puts the distribution for electrons with vz ≥ 0 and those with
vz < 0 on formally equal footing, unlike in the Fuchs-Sondheimer method.

To gain some insight into gk(z,v), let us have a look at its behaviors in the vacuum
side, where z < −zs/2. Note that for vz ≥ 0 the integral runs over z′ ∈ (−∞, z].
Physically, this is because electrons with vz ≥ 0 travel toward z from z′ < z and
thus only feel the impact of the field in that interval. In this interval, however, f0

vanishes and so does Fs. As a result, the integral in Eq. (11) also vanishes, returning
gk(z,v) = 0 for vz ≥ 0 in the vacuum. This is, of course, consistent with the fact that
electrons are confined to the metal. For vz < 0, the integral runs over z′ ∈ [z,∞) as
this involves electrons traveling from z′ > z. Considering that Fs is discernible only
in the surface region, we may take∫ ∞

z<− zs
2

dz′ Fk−k′
s (z′) · ∂vgk′(z′,v) ≈ zsFk−k′

s (0) · ∂vgk′(0,v).

On the other hand, as electrons are confined to the metal, gk(z,v) has to vanish in
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the vacuum also for vz < 0. To conform to this fact, we are left to conclude that

zs
m

∑
k′

Fk−k′
s (0)·∂vgk′(0,v) ≈ −

∑
k′

∫ ∞
−zs/2

dz′ e−i
ω̃z′
vz ev·Ek−k′(z

′)f ′0,k′(z
′,v), vz < 0.

(12)
Here the integral over [z < −zs/2,∞) has been replaced with one over [−zs/2,∞),
because f0 is negligible in the vacuum.

We proceed to look at gk(z,v) in the bulk of the metal, where z > zs/2. By a similar
line of reasoning, one obtains

gk

(
z >

zs
2
,v
)

= g
(b)
k (z,v) =


ef ′0(ε(v))v

vz
·
∫∞
z dz′ ei

ω̃(z−z′)
vz Ek(z′), for vz < 0

− ev
vz
·
∑

k′
∫ z
− zs

2

dz′ ei
ω̃(z−z′)
vz Ek−k′(z

′)f ′0,k′(z
′,v)

−ei
ω̃z

vz

[
zs
mvz

∑
k′ F

k−k′
s (0) · ∂vgk′(0,v)

]
, for vz ≥ 0

(13)

Here in the upper line for vz < 0, we have considered that f0 (ε(x,v)) reduces to
f0 (ε(v)) in the bulk, and thus f ′0,k = δk,0f

′
0 (ε(v)). It is clear that the surface does

not affect the distribution of electrons with vz < 0 in the bulk, as these electrons have
not reached the surface yet in the regime of linear response, and thus g retains the
planar translational symmetry for them regardless of surface roughness. For electrons
with vz ≥ 0, the distribution is inevitably affected by the surface and the planar
translational symmetry is lost. Both terms in the lower line of Eq. (13) break the

symmetry. In the first term, the integral can be split as
∫ z
−zs/2 =

∫ z
zs/2

+
∫ zs/2
−zs/2. Only

the surface contribution from
∫ zs/2
−zs/2 breaks the symmetry.

However, if the surface is macroscopically flat, the symmetry can be restored. By
“macroscopic flatness”, we mean that V k

s (z) (the Fourier components of Vs(x)) is
negligible unless k ≈ 0 or k is comparable to the inverse of a lattice constant a−1 ∼
kF , where k = |k| and kF is the electronic Fermi wavelength. We further restrict
ourselves to considering electric field that does not vary significantly over the scale
1/kF . Under such circumstances, we have

∑
k′ Ek−k′(z

′)f ′0,k′(z
′) ≈ Ek(z′)f ′0,0(z′,v) for

k with k much smaller than kF , as is indeed the case for coarse-grained quantities [41].
Substituting this into the lower line of Eq. (13), the distribution for vz ≥ 0 in the bulk
becomes [42]

g
(b)
k (z,v) = −ef

′
0 (ε(v)) v

vz
·
∫ z

−zs/2
dz′ ei

ω̃(z−z′)
vz Ek(z′)

− ei
ω̃z

vz

[
zs
mvz

∑
k′

Fk−k′
s (0) · ∂vgk′(0,v)

]
. (14)

Here the first term obviously respects the symmetry, as expected. Now the second term
also respects the symmetry. To show this, let us observe that, under “macroscopic
flatness”, the components gk′ in the sum over k′ in this term have either k′ ∼ k
(specular reflection) or k′ ∼ kF (diffusive reflection), provided k is small as is so for
coarse-grained quantities. The specular reflection part preserves the symmerty, while
the diffusive part involves only short-wavelength components and does not mix with
long-wavelength components of g. As such, Eq. (14) can be solved for gk with small
k separately from those with large k. The components gk with large k are irrelevant
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after coarse-graining. We can thus define the following parameter,

pk =
1
vz

∑
k′ F

k−k′
s (0) · ∂vgk′(0,v)

1
−vz

∑
k′ F

k−k′
s (0) · ∂v−gk′(0,v−)

, vz ≥ 0. (15)

Now, combined with Eq. (12), this relation ensures that the second term in Eq. (14)
also respects the symmetry. In this way, the translational symmetry along a rough
surface is restored for coarse-grained quantities. Indeed, if pk is identified with the
specularity parameter introduced in the Fuchs-Sondheimer method, Eq. (14) becomes
the same as the distribution Eq. (5) in the macroscopic limit zs/Λ� 1.

Equation (15) may then serve as a microscopic definition for the specularity param-
eter. Obviously, the expression reflects the way the surface impacts discriminately the
distribution of incoming and departing electrons. If the surface is perfectly smooth,
i.e. in the absence of diffusive scattering so that Fk−k′

s (z) = δk,k′ (0, 0, Fs(z)), then

pk = ∂vzgk(0,v)
∂vzgk(0,v−) may well be unity provided that gk is symmetric about incoming and

reflected back electrons. However, it is unclear to us how pk can be simply identified
with the fraction of electrons that are specularly reflected at the surface. Additionally,
its dependence on v disadvantages it as a proper intrinsic characterization of surface
roughness, as remarked before.

While it acquires a simple form in terms of the specularity parameter without ex-

plicitly referring to the particulars of the surface confining potential Vs, g
(b)
k is valid

only in the bulk region. On the other hand, the global distribution gk, as given by
Eq. (11), is valid in the entire system, but it explicitly involves Vs. Because of this,
the global current density j, which is calculated with g in the usual way and applies to
the entire system, may prove inconvenient for use since Vs is almost impossible to be
experimentally studied. It is therefore desirable to relate j to its bulk form, J based
on g(b) and only valid in the bulk. To this end, one may introduce a phenomenological
function wµ(z) to relate jµ and Jµ. Namely, we write jµ,k(z) = wµ(z)Jµ,k(z). By defi-
nition, wµ(z) must approach unity for z > zs/2 and zero for z < −zs/2. In addition, it
should be a smooth function across the surface region. Its microscopic profile certainly
depends on Vs and can in principle be determined from Eq. (11) but is not interesting
to us. Instead, we observe that, on the macroscopic scale of Λ � zs, the details of
wµ(z) are irrelevant and this function degenerates with the step function Θ(z) and
therefore becomes independent of k, v and Vs. This allows one to obtain jk(z) from
Jk(z) as follows,

jk(z) = Θ(z)Jk(z). (16)

Here it is implicitly understood that both j and J are coarse-grained on the scale of
Λ. Further, by means of the equation of continuity, the global charge density ρ, which
is valid for the entire system and can certainly be calculated with g [c.f. Eq. (11)] [43],
can be calculated from Eq. (16), as recently demonstrated in Refs. [19, 23].

The Fuchs-Sondheimer method allows one to calculate J but not j. Though this is
a simple observation, some existing work have failed to distinguish them and drawn
incorrect conclusions, see Sec. 4.
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3.2. Calculations by Kubo-Greenwood method

We proceed to examine the conductivity on the basis of the Kubo-Greenwood formula
and further clarify the physical meaning of the parameter p. It will be shown that,
in this formalism the conductivity can also be obtained in closed form even if the
microscopic details of the surface profile are unknown, as much as with the Fuchs-
Sondheimer method. The role of p now has to be played by a surface scattering matrix,
which in the semi-classical limit reduces to a pair of parameters denoted by p‖ and pz,
respectively.

The unperturbed single-particle Hamiltonian of the electron gas is given by

H = −
(
~2/2m

)
∂2
x + Vs(x).

We shall assume that Vs is purely repulsive and no bound states can form of H. The
entire system is put in an imaginary huge cubic box with linear dimension L, face
area A = L2 and volume V = L3, for the convenience of normalization. Thus, any
stationary state of H can be written as a scattering state |ψkq〉 with the following
wave function [44],

ψkq(x) =
ei(k·r−qz)√
V

+ ψskq(x), q ≥ 0, (17)

where the first term represents a wave incident on the surface with wave vector K =
(k,−q) of magnitude K =

√
k2 + q2, and ψskq represents the scattered waves, which

can be obtained using Lippman-Schwinger formula as

ψskq(x) =
∑
ks

eiks·r√
V

∫ ∞
−∞

dz′ GK(z − z′; ks)〈ks, z′|T̂ |k, q〉. (18)

Here GK(z − z′; k) is the Green’s function solving(
∂2
z +K2 − k2

)
GK(z − z′; k) = δ(z − z′),

T̂ = Ṽs

(
1−GK Ṽs

)−1
= Ṽs + ṼsGK Ṽs + ... denotes the transition matrix with Ṽs =

2mVs/~2, and |k, z〉 = |k〉 ⊗ |z〉. The energy of |ψkq〉 is written as εkq = ~2K2/2m.
The domain of integral in Eq. (18) can practically be restricted to the surface region,

as T̂ acts in this region only.
Let us reorganize the waves in ψkq according to

ψkq = Ψkq + ψdkq, (19)

where Ψ includes the incident wave and the specularly reflected wave with ks = k, i.e.

Ψkq(x) =
eik·r√
V

Φkq(z), Φkq(z) = e−iqz +Rkq(z), (20)

and ψdkq collects all the diffusively scattered waves with ks 6= k, which may be written
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as

ψdkq(x) =
eik·r√
V
φkq(r, z). (21)

In the above, Rkq(z) and φkq(r, z) are defined via Eq. (18) in a straightforward manner,
the expressions of which we do not bother to write down. Nevertheless, we wish to
point out that

φkq(r, z) =
∑
kd

φkdkq(z)e
ikd·r, (22)

where kd = ks − k. Under the condition of “macroscopic flatness”, kd = |kd| is of
the order of 1/a ∼ kF , which means that φkq(r, z) varies rapidly with r. We shall
show that, due to this rapid variation, the interference between ψd and Ψ does not
contribute to the electrical responses to an electric field that varies insignificantly over
a planar distance ∼ 1/kd.

Physical causality requires that

GK(z − z′; k) =
1

2i
√
K2 − k2

ei
√
K2−k2|z−z′|, (23)

so that in the bulk of the metal only the incident and reflected waves exist while in
the vacuum only transmitted waves exist, the latter assumed to be negligible in accord
with the fact that the electrons are confined to the metal by Vs. Considering that the
impact of T̂ is limited to the surface region, we obtain in the bulk region that

ψskq(x) =
∑
ks

SK(k,ks)
ei(ks·r+qsz)

√
V

, for z >
zs
2
, (24)

where qs =
√
K2 − k2

s and SK is the scattering matrix,

SK(k,ks) =

∫
surface region

dz
e−iqsz

2iqs
〈ks, z|T̂ |k, q〉. (25)

It follows that, in the bulk region

Rkq(z) = Rkqe
iqz, φkdkq(z) = SK(k,k + kd)e

iqsz. (26)

Here Rkq is the specular reflection amplitude. We see that the surface effects in the
bulk region can be completely specified by the matrix SK , which is reminiscent of
the specularity parameter p that is introduced to specify surface effects in the Fuchs-
Sondheimer method.

We are now ready to calculate the electrical conductivity. According to the Kubo-
Greenwood formula, it is given by [45]

σµνω (x,x′) = i~
∑

kq,k′q′

f0(ε′)− f0(ε)

ε− ε′
ĵµkq,k′q′(x)ĵνk′q′,kq(x

′)

~ω̄ + ε− ε′
, (27)
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where ε = εkq and ε′ = εk′q′ are shorthands, and ĵµa,b(x) are the matrix elements of

the µ-th component of the current density operator ĵµ(x), i.e.

ĵµa,b(x) =
e~

2mi
[ψ∗a(x)∂µψb(x)− (∂µψ

∗
a(x))ψb(x)] . (28)

Physically, Eq. (27) describes the response at x to a field at x′ via an electron-hole
pair created at x′ by the field and thence propagating to x. The current density jω(x)
is related to the electric field Eω(x) by

jµω(x) =
∑
ν

∫
d3x′ σµνω (x,x′)Eνω(x′). (29)

It should be noted that σ(x,x′) – hereafter the subscript ω is dropped – is negligible
if either x or x′ or both lie in the vacuum with z < −zs/2, since the wave functions
and hence the matrix elements (28) are assumed negligible in the vacuum. As such,
the domain of integral in (29) can practically be restricted to the metal.

3.2.1. Restoration of planar translational symmetry

The conductivity (27) does not possess translational symmetry along the surface due
to diffusively scattered waves. We now discuss how this symmetry might be restored.
To this end, we observe that, at low temperatures, the dominant contributions in (27)
come from terms with ε and ε′ close to each other. Let us write for these terms that
k′ = k + δk and q′ = q + δq, where δk = |δk| and δq are small. Further, we notice
that σ in Eq. (29) can be replaced with its coarse-grained version, if the electric field
varies appreciably only over a distance much larger than Λ > 1/kd and only coarse-
grained current densities are concerned. We thus coarse-grain σ(x,x′) over both planar
coordinates r and r′ on the scale of Λ. As is clear from Eq. (27), this coarse-graining
boils down to a separate coarse-graining of the matrix elements ĵµkq,k′q′(x) over r and

ĵνk′q′,kq(x
′) over r′. Substituting ψ [c.f. Eq. (19)] into Eq. (28), one sees that these

matrix elements generally each consist of three types of terms: one involving only Ψ,
another involving only ψd and the interference term involving both Ψ and ψd. The
Fourier components of the interference term have wave vectors kd+δk and are all fast
varying: they vanish upon coarse-graining. In this way, we arrive at

ĵkq,k′q′(x) =
ei(k

′−k)·r

V
jkq,k′q′(z), (30)

where the over-line in O does the coarse-graining of O and

jkq,k′q′(z) = jΨ
kq,k′q′(z) + jdkq,k′q′(z),

with jΨ and jd stemming from Ψ and ψd, respectively. Direct substitution gives

jΨ
kq,k′q′(z) =

e~
2m

 (kx + k′x)Φ∗kq(z)Φk′q′(z)

(ky + k′y)Φ
∗
kq(z)Φk′q′(z)

Φ∗kq(z)
∂z
i Φk′q′(z)− ∂z

i Φ∗kq(z)Φk′q′(z)

 . (31)
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Before we give the expression of jdkq,k′q′(z), let us show that

φ∗kq(r, z)(−i∂r)φk′q′(r, z) = 0.

Indeed, upon substituting Eq. (22) for φkq and using

ei(kd−k
′
d)·r ≈ δkd,k′d ,

the expression in question becomes
∑

kd
|φkdkq(z)|

2kd, which vanishes if |φkdkq(z)|
2 de-

pends only on the magnitude of kd as is reasonable for a rough surface, thus completing
the proof. Now we obtain

jdkq,k′q′(z) =
e~
2m

(kx + k′x)P‖kq,k′q′(z)
(ky + k′y)P

‖
kq,k′q′(z)

(q + q′)Pzkq,k′q′(z)

 , (32)

with P‖kq,k′q′(z) = φ∗kq(r, z)φk′q′(r, z) ≈
∑

kd
φkd∗kq (z)φkdk′q′(z) and

Pzkq,k′q′(z) =
1

q + q′

(
φ∗kq(r, z)

∂z
i
φk′q′(r, z)−

∂z
i
φ∗kq(r, z)φk′q′(r, z)

)
≈ 1

q + q′

∑
kd

(
φkd∗kq (z)

∂z
i
φkdk′q′(z)−

∂z
i
φkd∗kq (z)φkdk′q′(z)

)
. (33)

The coarse-grained conductivity, which is still to be called σµν(x,x′), can be ob-
tained from Eq. (27) by replacing ĵµkq,k′q′(x) and ĵνk′q′,kq(x

′) with their respective

coarse-grained counterparts [c.f. Eq. (30)]. It now only depends on r − r′ not on
r and r′ separately any more, i.e. σµν(x,x′) = σµν(r − r′, z, z′). The translational
symmetry along a rough surface has thus been restored. Writing σµν(r − r′, z, z′) =∑

δk σ
µν
δk (z, z′) e

iδk·(r−r′)

A , we find the Fourier components as

σµνδk (z, z′) =
i~
V
∑
kq

1

L

∑
δq

f0(εk+δkq+δq)− f0(εkq)

εkq − εk+δkq+δq

jµkq,k+δkq+δq(z)j
ν
k+δkq+δq,kq(z

′)

~ω̄ + εkq − εk+δkq+δq
,

jµδk(z) =
∑
ν

∫
dz′ σµνδk (z, z′)Eνδk(z′). (34)

This expression applies to the entire system, including both the bulk and the surface
regions of the metal. As in the semi-classical method, for z lying in the vacuum it
vanishes.

3.2.2. Semi-classical limit and definition of Fuchs parameter

We proceed to examine σµνδk (z, z′) in the semi-classical limit so as to shed some light
on the meaning of the specularity parameter p introduced in the Fuchs-Sondheimer
method. To this end, we make two conventional approximations, namely,(

f(ε′)− f(ε)
)
/(ε′ − ε) ≈ f ′0(ε), ~ω̄ + εkq − εk+δkq+δq ≈ ~ω̃ − ~δqvz, (35)
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where ω̃ = ω̄ − δk · v‖, with v‖ = ~k/m and vz = ~q/m. With these approximations,
Eq. (34) can be recast as

σµνδk (z, z′) ≈ 1

iV
∑
kq

f ′0(εkq)Lµνδk(z, z′; kq),

Lµνδk(z, z′; kq) =

∫ ∞
−∞

dδq

2π

jµkq,k+δkq+δq(z)j
ν
k+δkq+δq,kq(z

′)

ω̃ − vzδq
. (36)

where the sum in (34) over δq has been converted into an integration as usual.
To make progress, let us confine ourselves to the bulk region of the metal. Inserting

Eq. (26) in (31), we find

jΨ
kq,k+δkq+δq(z) = e


(vx + δvx/2)

(
e−iδqz +R∗kqRk+δkq+δqe

iδqz
)

(vy + δvy/2)
(
e−iδqz +R∗kqRk+δkq+δqe

iδqz
)

(vz + δvz/2)
(
−e−iδqz +R∗kqRk+δkq+δqe

iδqz
)


+eR∗kq

vx + δvx/2
vy + δvy/2
−δvz/2

 e−i(2q+δq)z + eRk+δkq+δq

vx + δvx/2
vy + δvy/2
δvz/2

 ei(2q+δq)z

≈ e

 vx
(
e−iδqz + |Rkq|2eiδqz

)
vy
(
e−iδqz + |Rkq|2eiδqz

)
vz
(
−e−iδqz + |Rkq|2eiδqz

)
+ eR∗kq

 vx
vy
− δvz

2

 e−i(2q+δq)z + eRkq

 vx
vy
δvz
2

 ei(2q+δq)z.

(37)

Here δv = (~/m)(δk, δq) and in the second line we have assumed that Rk+δkq+δq ≈
Rkq. The last two terms, which are linear in the reflection amplitude, signify inter-
ference between the incident wave and the specularly reflected wave. These terms
are typically ignored in the semi-classical limit, see below. In addition, by inserting
Eq. (26) in (33), we find(

P‖kq,k+δkq+δq(z)

Pzkq,k+δkq+δq(z)

)
=
∑
kd

S∗K(k,k + kd)SK′(k + δk,k + δk + kd)e
iδqsz

(
1

qs+q′s
q+q′

)

≈
∑
kd

|SK(k,k + kd)|2eiδqsz
(

1
qs
q

)
, (38)

where K ′ =
√

(k + δk)2 + (q + δq)2 and δqs = q′s − qs with qs =
√
K2 − (k + kd)2

and q′s =
√
K ′2 − (k + δk + kd)2. The quantity |SK(k,k + kd)|2(qs/q) has a simple

physical content: it is the ratio of the flux through a plane parallel to the surface
carried by the reflected wave with wave vector k + kd to that carried by the incident
wave. Obviously, one must have∑

kd

|SK(k,k + kd)|2(qs/q) = 1− |Rkq|2. (39)

Note that δqs = 2(qδq−kd · δk)/(qs + q′s) ≈ δq− δk ·kd/q. With this, Eq. (38) can be
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rewritten as(
P‖kq,k+δkq+δq(z)

Pzkq,k+δkq+δq(z)

)
≈ eiδqz

(
P‖kq(z)
Pzkq(z)

)
,

(
P‖kq(z)
Pzkq(z)

)
=
∑
kd

|SK(k,k+kd)|2e−i(δk·kd/q)z
(

1
qs
q

)
.

(40)

Using Eq. (39), one can infer that P‖kq and Pzkq, which are real if SK depends only

on the magnitude of kd as assumed before, are always less than 1 − |Rkq|2 due to
the oscillatory factors exp (−i(δk · kd)z). Substituting the expression in Eq. (32), we
immediately get jdkq,k+δkq+δq(z), which combines with Eq. (37) to yield

jkq,k+δkq+δq(z) ≈ e

vxΓxkq(z; δq)

vyΓ
y
kq(z; δq)

vzΓ
z
kq(z; δq)

+eR∗kq

 vx
vy
−δvz

2

 e−i(2q+δq)z+eRkq

 vx
vy
δvz
2

 ei(2q+δq)z.

(41)

where Γxkq(z; δq) = Γykq(z; δq) = e−iδqz + eiδqz
(
|Rkq|2 + P‖kq(z)

)
and Γzkq(z; δq) =

−e−iδqz + eiδqz
(
|Rkq|2 + Pzkq(z)

)
. As aforementioned, the last two terms in Eq. (41),

which stand for the interference between the specularly reflected wave and the incident
wave, are usually ignored in the semi-classical limit. This can be achieved by perform-
ing a further coarse-graining of jkq,k+δkq+δq(z) over z. In other words, one approximates

e±i(2q+δq)z ≈ 0. To see this, it suffices to notice that q = mvz/~ and the integral in
(36), which can be carried out by the technique of contour integration, virtually sets

δq = ω̃/vz and hence exp (±i(2q + δq)z) oscillates faster than exp
(√

2mω/~
)

, which

oscillates faster than exp(ikF z) for ω as small as a millionth electron volt. As such,
we obtain the coarse-grained conductivity in Eq. (36), still to be called σµνδk (z, z′), as
follows,

σµνδk (z, z′) = e2
( m

2π~

)2
∫
>
d3v

(
−f ′0(ε)

) vµΓµνδk(v; z, z′)vν

vz
,

Γµνδk(v; z, z′) =
1

2πi

∫ ∞
−∞

dδq
Γµkq(z; δq)Γ

ν∗
kq(z

′; δq)

ω̃/vz − δq
, (42)

where we have converted the sum over kq into an integral over v with vz ≥ 0 (indicated
by the symbol “>”), noting that v = (~/m)(k, q) and q ≥ 0. Performing the integration
in the second line,

Γµνδk(v; z, z′) =


α‖Θ(z − z′)e−i

ω̃

vz
(z′−z) + Θ(z′ − z)ei

ω̃

vz
(z′−z) + p‖e

i ω̃
vz

(z′+z), if µ = x, y; ν = x, y

αzΘ(z − z′)e−i
ω̃

vz
(z′−z) + Θ(z′ − z)ei

ω̃

vz
(z′−z) − pzei

ω̃

vz
(z′+z), if µ = z; ν = z

α‖zΘ(z − z′)e−i
ω̃

vz
(z′−z) −Θ(z′ − z)ei

ω̃

vz
(z′−z) − p‖e

i ω̃
vz

(z′+z), if µ = x, y; ν = z

αz‖Θ(z − z′)e−i
ω̃

vz
(z′−z) −Θ(z′ − z)ei

ω̃

vz
(z′−z) + pze

i ω̃
vz

(z′+z), if µ = z; ν = x, y.

(43)
Here a few coefficients have been introduced, which are defined by [46, 47]

p‖ = |Rkq|2 +P‖kq, pz = |Rkq|2 +Pzkq, α‖ = p2
‖, αz = p2

z, α‖z = αz‖ =
√
α‖αz = pzp‖.

(44)
These quantities generally depend on kq.
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Equations (42) - (44) constitute the semi-classical limit of the quantal conductivity
for the bulk of a semi-infinite metal bounded by a rough surface. They are struc-
turally the same as the results attained by the Fuchs-Sondheimer method, Eqs. (6)
and (7). One sees that pz and p‖ may be defined as the quantum-mechanical version
of the specularity parameter. They play a similar role here as the Fuchs parameter p
in the semi-classical method. Nevertheless, there are a few basic differences. Firstly,
two parameters – instead of one – are needed in the quantum theory, one of them (pz)
characterizing the electrical responses to a field normal to the surface while the other
(p‖) to field along the surface. This reflects on the intrinsic anisotropy associated with
the presence of a surface, which is not captured in the semi-classical theory. Secondly,
the parameters pz and p‖ do not generally measure the fraction of specularly reflected
electrons: they include contributions from both specularly and diffusively reflected
electrons, in contrast to the interpretation of Fuchs and others. However, the contri-
butions from diffusively reflected electrons are strongly suppressed by the oscillatory
factor exp (−i(δk · kd/q)z) [c.f. Eq. (40) and Ref. [47]], which vanishes upon coarse-
graining if Λδk ·kd/q > 1. It is clear that the larger Λ is, the stronger the suppression
shall become. In the study of anomalous skin effect and other phenomena that uses
a uniform electric field, one can take Λ to be very large and then the contribution
from diffusively reflected electrons can be reduced to a negligible level. In such cases,
both pz and p‖ become equal to |R|2 and thus indeed give the fraction of specularly
reflected electrons. Thirdly, the α coefficients are generally less than unity,
unlike in Fuchs-Sondheimer theory. Nevertheless, for electrons with large
vz, they are close to unity provided δk is not so big so that Λδk · kd/q � 1.
Finally, it should be seen that the reasoning that brings about Eq. (16) applies here
as well.

4. Discussions and summary

Clarifying surface effects on electronic conduction in metals is of persistent interest,
as such effects inevitably affect a plethora of fundamental physical processes under-
lying common experimental techniques employed for probing materials, examples in-
cluding light scattering (e.g. ellipsometry) and particle scattering (e.g. energy loss
spectroscopy) techniques. An adequate understanding of these effects constitutes a
prerequisite for reliably interpreting empirical observations and extracting material
properties.

The semi-classical Fuchs-Sondheimer theory has been the first and remains the most
convenient approach to enlightening experimental data involving surface effects. This
is largely due to its simplicity: the theory builds in apparent translation symmetry
– even for rough surfaces – in its basic equation and hence requires a single param-
eter p, which supposedly possesses an intuitive physical meaning, to capture surface
scattering effects. Nevertheless, despite the long history on this subject dated back to
the 1930s and extensive use of this method in a wide context, a quantum mechanical
version of this theory has hitherto not been derived. The present work fills this gap of
understanding. Starting from the quantal Kubo-Greenwood formalism, we show that
the conductivity of a semi-infinite metal can be reduced to the same structure as ob-
tained in the Fuchs-Sondheimer theory, the main difference being that, instead of a
single parameter p, two parameters, p‖ and pz, are required to capture the scattering
effects [c.f. Eqs. (7) and (43)]. These parameters are further expressed in terms of
the fundamental quantum mechanical scattering matrix [c.f. Eq. (25)] for an arbitrary
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surface, and thus their physical meanings become clear. It turns out that, p‖ and pz
are contributed from both specularly reflected electrons and diffusely reflected one. In-
deed, the discrepancy between them is entirely due to the diffusely reflected electrons.
However, contribution from the diffusely reflected electrons is strongly suppressed on
a scale much larger than the lattice constant a, as is so in for example optical and
transport experiments. In such case, p‖ and pz approach p. By fitting p‖ and pz with
empirical data, one may experimentally gauge the importance of the diffusely reflected
electrons.

Our results also vindicate the apparent translation symmetry preserved in the Fuchs-
Sondheimer method, which is valid as long as the surface is macroscopically flat, that
is, the roughness is perceived only on the scale of a. With macroscopic flatness, the
interference between diffusely reflected electrons and incident as well as specularly
reflected electrons vanishes on a scale larger than a, thence restoring the symmetry.
This feature has also been confirmed by a generalized semi-classical method.

The most important message conveyed by the present work, however, is the realiza-
tion that the distribution function obtained in the Fuchs-Sondheimer theory applies
only to the bulk of a metal, not in the surface region. It particular, it should not be
used for calculating the charge density in the surface region. This observation calls
into question many existing work [16–18, 24] on dynamical charge phenomena hosted
on the surface, including surface plasma waves (SPWs) as a notable example. As far
as we are concerned, virtually every work, dated back to the 1970s, employing the
Fuchs-Sondheimer method for studying SPWs has wrongly assumed that the charge
density in the entire metal can be calculated using the Fuchs-Sondheimer distribution
function [c.f. Eqs. (4) and (5)]. Our recent work [19–22] demonstrated that, by care-
fully warding off the historical fallacy, the properties of these waves can be critically
modified by surface scattering. One interesting consequence is that, in the collision-
less limit, SPWs may become unstable as long as the surface does not possess perfect
translation symmetry.
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