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SPECTRAL INCLUSION AND POLLUTION FOR A CLASS OF
DISSIPATIVE PERTURBATIONS

ALEXEI STEPANENKO

Cardiff University, School of Mathematics, Senghennydd Road, Cardiff, UK,CF24
JAG

ABSTRACT. Spectral inclusion and spectral pollution results are proved for
sequences of linear operators of the form Ty + iysy, on a Hilbert space, where
sn is strongly convergent to the identity operator and v > 0. We work in
both an abstract setting and a more concrete Sturm-Liouville framework. The
results provide rigorous justification for a method of computing eigenvalues in
spectral gaps.

1. INTRODUCTION

In this paper, we study the eigenvalues of linear operators under a certain class
of perturbations with an emphasis on Schrodinger operators of the form,
2

dx?
where ¢ is a possibly complex-valued function and x is the characteristic function.
Specifically, we are concerned with how the eigenvalues of Tk approximate the
spectrum of the limit operator T = —dd—; + q + iy. As well as giving a precise
account for the case of Schrédinger operators T with the background potential q
either in L' or eventually real periodic, we give general results for abstract operators
of this form, utilising the notion of limiting essential spectrum recently introduced
by Bogli (2018) [3].

It is well known that the numerical approximation of the spectra of linear opera-
tors is often complicated by the possible presence of spectral pollution [2, 12, 23, 31].
The primary motivation for this paper is the justification of the dissipative barrier
method, designed to circumvent such issues.

The perturbations we consider belong to a class of operators which are often
referred to as complex absorbing potentials in the context of Schrodinger operators.
These arise in the study of the damped wave equation [10, 11, 18], in the computa-
tion of resonances in quantum chemistry [32, 33, 37] and in the study of resonances
in quantum chaos [29, 30].

Tr = +q +ivX[0,R) on L*(0, 00), (1.1)
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2 SPECTRAL INCLUSION AND POLLUTION FOR A CLASS OF PERTURBATIONS

1.1. Spectral Inclusion and Pollution. Suppose that we are interested in ap-
proximating the spectrum of a (linear) operator H on a Hilbert space H with
domain D(H). Let (H,) be a sequence of operators on H whose spectra o(H,,) we
hope will approximate the spectrum o(H) of H as n — oo. The limiting spectrum
of (H,,) is defined by

o((Hyp)) = {A € C:3I C N infinite, IN,, € 0(Hy),n € I with \,, = A}. (1.2)
(H,) is said to be spectrally inclusive for H in some Q C C if
oc(H)NQ C o((Hyp))- (1.3)
The set of spectral pollution for (H,,) with respect to H is defined by
opoll((Hn)) = {A € o((Hn)) : A ¢ o(H)}. (1.4)

In order to reliably approximate the spectrum of H in Q@ C C using (H,), we
require that there is no spectral pollution in Q, opon((H,)) NQ = 0, and that (H,,)
is spectrally inclusive for H in €. If this holds, we say that (H,,) is spectrally exact
for H in Q.

A typical scenario in which the set of spectral pollution may be non-empty is
one in which the essential spectrum o.(H) of H has a band-gap structure and the
operators H,, have compact resolvents (i.e. H, have purely discrete spectra). For
this reason, spectral pollution often causes issues for the numerical computation
of eigenvalues in spectral gaps. Various methods have been proposed to deal with
such issues, we mention for instance [6, 12, 21, 24, 25, 36]. We focus on one such
method, which involves perturbing the operator of interest such as to move the
spectrum, in a predictable way, away from the set of spectral pollution caused by
numerical discretisation [28].

1.2. Dissipative Barrier Method. Let us now describe this method. Let Tj be a
self-adjoint operator on a Hilbert space H; suppose we are interested in numerically
computing the spectrum of Ty. A dissipative barrier method for T} is defined by
a bounded sequence of self-adjoint, To-compact operators (s,) tending strongly to
the identity operator on H. If H = L?(0,0), for instance, a typical choice for s,
would be x[o,n- Define the perturbed operators by

Tp, =Ty + ivsn (n € N) (1.5)

where v > 0. The limit operator T is defined by T' = Ty + i7y. The spectrum of Tj
is exactly encoded in the spectrum of T since o(T') = o(Tp) + i7.

Under appropriate additional conditions on Tj and s,, it can be proved that
there exist spectrally inclusive numerical methods for the computation of o(7},) for
fixed n [1, 5, 26, 27, 28, 35]. Furthermore, any spectral pollution for these numerical
methods lies on R, away from ¢ (7T') uniformly in n. The recently introduced notion
of essential numerical range for unbounded operators can be used to prove general
results of this form (see Theorems 4.5, 6.1 and 7.1 in [4]). Thanks to such numerical
methods for o(T,,), if (T,,) can be shown to be spectrally exact for 7" in an open
neighbourhood in C of a closed subset iy + I C iy + R, then in principle one can
reliably numerically compute the spectrum of Tg in 1.
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1.3. Analysis of Expanding Barriers. The aim of this paper is to provide spec-
tral inclusion and spectral pollution results for sequences of operators of the form
(1.5).

In Section 2, we work in an abstract setting, utilising the limiting essential
spectrum o.((7,,)) [3], which is a set enclosing the regions in C where spectral
exactness for (7,,) with respect to 7" may fail. With additional assumptions on
the operators s,, for instance that they are projection operators, we prove new
types of non-convex enclosures for o.((7},)) and conclude for these cases that (7,,)
is spectrally exact for T in an open neighbourhood of any eigenvalue of T. The
paper [22] gives a similar spectral exactness conclusion for the case that (s,) are
projection operators. However, as well as including different classes of perturbations
(sn), both the statement and the proof of our results in Section 2 are far simpler
than those of [22], owing to the use of the limiting essential spectrum.

The remainder of the paper is devoted to a more precise analysis for the case of
Sturm-Liouville operators on the half-line. Our results in Sections 3 and 4 apply
to operators for which the solutions of the corresponding Sturm-Liouville equation
satisfy a certain decomposition. In particular, this decomposition is easily shown
to be satisfied by Schrodinger operators T of the form (1.1) with the background
potential ¢ either in L! or real eventually periodic. In Section 3, we show that any
eigenvalue of the limit operator T = Ty + iy = — d? /da? + q + iy for these cases
is approximated by the spectrum of Tk with exponentially small error as R — oo.
A similar result was proved in [28, Theorem 10|, but only for v sufficiently small.
In Section 4 we show that the essential spectrum of T is approximated by the
eigenvalues of Tr with an error of order O(1/R)'. The latter result is the first of
its type to be reported.

We also characterise the set of spectral pollution for the two cases of perturbed
Schrodinger operators Tgr. Let (R,) C Ry be any sequence such that R, — oc.
Since the dissipative barrier perturbations iyxo,r, are relatively compact, the es-
sential spectrum o.(7p) is contained in the spectral pollution opon((Tr,)) by Weyl’s
Theorem?. Note that this is in contrast to typical examples of spectral pollution,
due to numerical discretisation, which are caused by spurious eigenvalues. It is
shown in Section 3 that o.(7p) is the only possible source of spectral pollution
for the case ¢ € L'. We encourage the reader to inspect Figures 2 and 3 in Sec-
tion 5, which illustrate the eigenvalues of T for this case. For ¢ eventually real
periodic, the set of spectral pollution outside o.(Tp) is enclosed in the set of ze-
ros of a certain analytic function constructed from solutions of (time-independent)
Schrodinger equations. In fact, we prove that these zeros are contained inside the
limiting essential spectrum o.((Tg,)). Figure 4 in Section 5 shows how spectral
pollution may occur in this second case.

1.4. Summary of Results. The definitions of the essential spectrum o.(H) and
the discrete spectrum o4(H) for an operator H are given by equations (1.8) and
(1.9) below.

Limiting Essential Spectrum and Spectral Pollution. In Section 2, we consider a
self-adjoint operator Ty on Hilbert space H. It is assumed that the operators s,

(n € N) on H are self-adjoint, tend strongly to the identity operator as n — oo and

1Although band-ends and embedded resonances may have a different rate of convergence.
2With the possible exception of a few isolated points if Ty is non-self-adjoint.
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are bounded independently of n. For v > 0, we define the perturbed operators T;,
(n € N) by (1.5) and the limit operator by T' = T + .

The main tool in this section is the notion of limiting essential spectrum o.((T},))
(see Definition 2.1). The results of [3] show that (Corollary 2.7)

(T},) is spectrally exact for T in C\[o.((T),)) U ae((Ti)* Uoe(T)].

The limiting essential numerical range Wo((T,)) of (T},) (see Definition 2.5), intro-
duced by Bogli, Marletta and Tretter (2020), is a convex set which in our set-up
satisfies (Propositions 2.6 and 2.9)

0 (T) Uoe(T))" € Wel(T)) € [eonv(s. (To))\ {200} x iy[s_, 5],

where 6.(Ty) denotes the extended essential spectrum of T (see Definition 2.8) and
st € R (defined by (2.5)) satisfy s_ —e < s, < s4 + ¢ for any € > 0 and large
enough n.
The main results of Section 2 are non-convex enclosures for o.((7,)) comple-
menting the enclosure provided by W, ((T,)).
(A) (Theorem 2.11) If s,, is a projection operator for all n, that is s2 = s,,, then
0(Tr)Uo((TF))* €Ty =Tu(0e(To), ), where

T, = {/\ e C: 3N €[0,7], dist(R(N), 0e(To)) < VSN (y — 3@))}. (1.6)

If for any sequence (u,) C D(Tp) bounded in H with (Tpu,) bounded in H
we have

(8ntn, Totn) — (Totn, Snt,) = 0 as n — 00
(Assumption 1) then o.((T3)) Uo((T7))* C Ty = Ty(0e(To),, s+ ), where
Ty := 0(Tp) X iy[s—, s4].
In particular, if s,, are projection operators or if Assumption 1 is satisfied then
(T},) is spectrally exact for T in some open neighbourhood of any A € o4(T).

We clarify that by open neighbourhood we mean open neighbourhood in C. The
enclosures I'; and I’y are illustrated in Figure 1. Assumption 1 is verified for a class
of perturbations for Schrédinger operators on Euclidean domains in Example 2.13.

Second Order Operators on the Half-Line. In Section 3, we consider the case in
which Ty is a Sturm-Liouville operator on L?(0,00) and provide a more precise
analysis compared to Section 2. The Sturm-Liouville operator Tj is allowed to have
complex coefficients and is endowed with a complex mixed boundary condition at
0.

We assume that for any A € C\o.(Tp), the solution space of the equation
Tou = Au (here, Tg is the differential expression corresponding to Tp) is spanned
by solutions t4 (-, A) admitting the decomposition

Vu(z, N) = eFFNTY L (2 N).

Here, k and ¢4 (z,-) are analytic functions on C\o.(Tp) with Sk > 0 and with
&i(-, A) bounded. A similar decomposition is required for ¢/, - see Assumption 2
for the precise statement.

The perturbed operators in Section 3 are defined by

Tr =To + 17X0,R)] (ReRy) (L.7)
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where v € C\{0}. The limit operator is defined by T = Ty + iy. Under these
assumptions, for any (R,) with R, — oo , we construct a set Sy((R,)) (equation
(3.20)) and prove the following:

(B) (Theorems 3.8 and 3.9) For any eigenvalue A of T' with A ¢ S,((R,,)) and
A ¢ o.(Tp), there exists eigenvalues A, of T, (n € N) such that

A= An| = O(e™PPn) as n — oo

for some 8 > 0 independent of n. Furthermore, the set of spectral pollution
for (Tg, ) with respect to T satisfies

Tpoll((Tr,,)) C 0e(To) U Sp((Rn)).

The proofs utilise Rouché’s theorem applied to an analytic function (Lemma 3.4)
whose zeros are the eigenvalues of Tr. (B) implies that

(Tr,,) is spectrally exact for T in C\(oe(Tp) Uoe(T) U Sy ((Rx)))-

Assumption 2 is verified in two cases:

e (Examples 3.2 and 3.10) Tj is a Schrodinger operator with an L' potential.
In this case, Sp((R,)) = 0.

e (Examples 3.3 and 3.11) T is a Schrédinger operator with an eventually
real a-periodic potential, v > 0 and R,, — R,,—1 = a for all n. In this case,
Sp((Rr)) is expressed as the zeros of a certain analytic function (equation
(3.29)). It is also proved that S, ((R»)) C 0c((T3)).

Inclusion for the Essential Spectrum. In Section 4, we let T be a Sturm-Liouville
operator satisfying Assumption 2, as described above. In addition, we require that
o.(To) C R and that & and Yy (x,-), hence ¥y (x,-), admit analytic continuations
into an open neighbourhood of any point in the interior of o.(Tp). See Assumption
3 for the precise statement.

The perturbed operators Tr and the limit operator in Section 4 are defined by
(1.7) and T' = Tp + iy respectively, as in Section 3. We construct a set S, C iy + R
(equation (4.9)) and prove that:

(C) (Theorem 4.6) For any p in the interior of o.(Tp) with u + iy ¢ S, there
exists eigenvalues Ar of T (R € R, ) such that

1
AR — (p+17)] :O<R) as R — oo.

The proof utilises Rouché’s theorem applied to an analytic function (Lemma 4.3)
whose zeros are the eigenvalues of Tr. In the case that

e (Examples 4.1 and 4.9) Ty is a Schrodinger operator with an L! potential
satisfying the Naimark condition or a dilation analyticity condition, or,

e (Examples 4.2 and 4.10) v > 0 and T} is a Schrodinger operator with a
real, eventually periodic potential, endowed with a real mixed boundary
condition at 0,

it is proven that Assumption 3 is satisfied and that

w+ iy € Sy if and only if p is a resonance of Ty embedded in o, (7).
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See equation (4.23) for the precise definition of a resonance used here. For these
cases, since resonances in the interior of o.(7p) are isolated, we can combine The-
orem 4.6 with Theorem 3.9 and the characterisation of S,((R,)) to conclude that

(T),) is spectrally exact for T in some open neighbourhood of any u € int(o.(T)).

Notation and Conventions. Let H be a separable Hilbert space with corre-
sponding inner product (-,-) and norm |-||. Let B,, = B as n — oo denote strong
convergence in H for bounded operators B,, and B on H. Let f, — f asn — oo
denote weak convergence in H for f,, f € H. In this paper, we define the essential
spectrum of an operator H on ‘H by

(un) C D(H) with |luy| = 1,}

tn — 0, | (H = Ntn|| — 0 (1.8)

ae(H):{/\eC:H
which corresponds to oo in [16]. The sequence (u,) appearing in (1.8) is referred
to as a singular sequence. The discrete spectrum is defined by

oalH) = o(H)\oo(H). (L9)

The convention we take with regards to the square-root function is to make the
branch-cut along the positive semi-axis, so that $y/z > 0 for all z € C. We let
B,.(z) denote an open ball of radius 7 > 0 around a point z € C. In Sections 3 and

4,9 (z,2) = oz, 2).

2. LIMITING ESSENTIAL SPECTRUM AND SPECTRAL POLLUTION

In this section, we study spectral exactness for sequences of abstract operators
(T},) of the form (1.5). In Section 2.1, we briefly review the notions of limiting
essential spectrum and essential numerical range. We refer the reader to [3] and [4]
for a more detailed exposition. In Section 2.2, we discuss the application of limiting
essential spectrum and essential numerical range to (7},). In Section 2.3, we prove
enclosures for the limiting essential spectrum of (T5,).

2.1. Limiting Essential Spectrum and Numerical Range. Let H,, C H (n €
N) be closed subspaces and let P, : H — H, be the corresponding orthogonal
projections. Assume that P, = I. Let H and H,, (n € N) be closed, densely-
defined operators acting on ‘H and H,, respectively.

Definition 2.1. The limiting essential spectrum of (H,,) is defined by

37 C N infinite, Ju,, € D(H,),n € I with }

oo ((IL,) = {A €Ol = 1wy — 0, | (Hy — At — 0 21)

Definition 2.2. (H,) converges to H in the generalised strong resolvent sense,
denoted by H,, =% H, if
Ing €N:3Ng € (1) p(Hn) Np(H) : (Hy — Xo) ™ Py = (H = Xo) ™"
nz=ng
In the case that H, = H for all n, generalised strong resolvent convergence is
equivalent to strong resolvent convergence and denoted by H,, — H.

gsr

Theorem 2.3 ([3, Theorem 2.3]). If H, =% H and H} 5 H* then
opon((Hn)) C oe((Hn)) Uoe((H,)) (2.2)
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and every isolated A € o(H) outside o.((Hy,))Uo.((H}))* is approzimated by (Hy),
that is,

{Aeo(H): Xisolated, A ¢ 0c((Hy))Uoe((H),))"} Co((Hp)).
Definition 2.4. The essential numerical range of H is defined by
We(H)={A € C: I(u,) C D(H) with ||un|| =1, up, = 0, (Hun,un) — A}
Definition 2.5. The limiting essential numerical range of (H,) is defined by

3I C N infinite, Ju,, € D(H,),n € I with }

”u"” =1, up =0, <(Hn - )‘)unaun> —0 (23)

We((H,)) = {)\ eC:
Proposition 2.6 ([4, Proposition 5.6]). The limiting essential numerical range of
(H,) is closed and convezr with

conv(oe((Hn))) C We((Hn)).
Furthermore, if D(H,) N D(H}) is a core of H}: for all n then
conv(a.((Hy) U ((HE)*) © We((Hn)).

2.2. Enclosures for the Limiting Essential Spectrum. Throughout the re-
mainder of the section, let Ty and s,, (n € N) be self-adjoint operators on H. Let
~v > 0 and define the perturbed operators, as in the introduction, by

T, =Ty + iysn. (neN) (2.4)

Assume that s, - I and that ||s,|| < C for some C' > 0 independent of n. Define
the limit operator by T = Ty + ¢y as in the introduction. T, converges to T in
the strong sense, and in fact, as we shall show in the following proof, in the strong
resolvent sense.

Corollary 2.7. (T),) is spectrally exact for T in C\[o((T)) U o ((T7))* Uo(T)]

Proof. The fact that T), = T and Ty =Ty —iysp = Ty — iy = T follows from
an application of the resolvent identity, using s, — I, the self-adjointness of Tp

and the uniform boundedness of the sequence of operators (s, ). By Theorem 2.3,
Upoll((Tn)) Coc((Tn)) Uoe((T);))* and

(N € o(T) : Aisolated, A & 0o ((Th)) Uae(T)*} € o((Th)).

The corollary follows from the fact that every element of 04(T) = 04(Tp) + i is
isolated since Ty is self-adjoint [16]. O

Since D(T,,) = D(T;}) = D(1y), Proposition 2.6 implies that the set o.((T,)) U
o.((T))* is contained in the limiting essential numerical range W,.((T},)) and so
(T,,) is spectrally exact for T' in C\[W.((T},)) U 0e(T)]. The limiting essential
numerical range is typically easier to study than the limiting essential spectrum.
For sequences of operators of the form (2.4), the limiting essential numerical range
We.((T},)) is contained in a strip. To state this fact, we shall require the notion of
extended essential spectrum.

Definition 2.8. The extended essential spectrum 6.(H) C o.(H) U {£oc} of a
self-adjoint operator H on H is defined as the union of o.(H) with +oo and/or
—oo if H is unbounded from above and/or below respectively.
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—0.(To) Ua(T)

’)/_
W,
0
Y-
Lol ) C )
0
™
[y
0

FIGURE 1. Illustration of various enclosures for the limiting es-
sential spectrum: the limiting essential numerical range W, =
W.((T3)), the enclosure T’y = T'y(0.(Tp),v) of Theorem 2.11 (a)
and the enclosure Ty, = T'y(0.(Tp),7,s+) of Theorem 2.11 (b).
The illustration assumes that Ty is unbounded only from above,
(s—,s4+) = (0,1) and that the plotted region shows the smallest
two spectral bands.

Throughout the remainder of the section, let

s—:=liminf inf (spu,u) and s;:=limsup sup (s,u,u). (2.5)
n—00 ueH:||u||=1 n—00  ueH:||ul|=1

Then, for any € > 0 and sufficiently large n, s —e < s, < sy +e.
Proposition 2.9. W,((T},)) C [conv(G.(Tp))\{£oo}] X iy[s—, s]

Proof. Let A € W,((T},)). Then there exist I C N infinite and (un)ner € D(Tp)
such that ||u,|| =1 for all n € I, u, — 0 and (T, — N)un, u,) — 0. Taking the
real part of the inner product, we have ((Tp — R(A))up, u,) — 0 which implies that

R(A) € We(Tp) = conv(de(To))\{=oo}

where we used [4, Theorem 3.8] in the equality. Finally, S{((T;, — A)tp, un) — 0
implies that S(A) = Y(sntn, un) + 0(1) € y[s—, s4]. O

2.3. Main Abstract Results. In the main result of this section, Theorem 2.11, we
shall prove non-convex enclosures for the limiting essential spectrum o.((7,)) that
complement the enclosure provided by the limiting essential numerical range. We
shall require additional assumptions on the perturbing operators (s,). In part (a)
of the theorem, we simply require that s, are projection operators. An interesting
feature of the enclosure of part (a) is that it is independent of the perturbing
operators (s,), depending only on o.(Tp) and . The hypothesis for part (b) of the
theorem, Assumption 1, is given below. An example of a class of perturbations for
Schrédinger operators satisfying this assumption is provided in Example 2.13. The
enclosures are illustrated in Figure 1.

Lemma 2.10. Let H be a self-adjoint operator on H. If for some n € R and
€ > 0 there exists a sequence (up,) C D(H) with ||u,|| = 1 for all n, u, — 0 and
I(H — n)uy|| — € then

dist(n, 0. (H)) < €.
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Proof. For any 6 > 0 there exists N5 € N such that [|[(H — n)u,| < (¢ + §)||un]]
for all n > Ns. (un)n>n; is a non-compact, bounded sequence so by [19, Chapter
I, Theorem 10] the interval (n — (¢ 4+ §),n + (¢ 4+ §)) contains an infinite number
of points in o(H). Taking the limit 6 — 0 shows that the interval [n — &,n + €]
contains an infinite number of points in o(H). Finally, [ — €, + €] must contain
a point of o.(H) because any limit point of o4(H) is in o.(H). O

Assumption 1. If (u,) C D(Tp) is bounded in H with (Tpu,) bounded in H then
(Sntn, Totn) — (ToUn, Sntn) — 0 as n — oo.

Theorem 2.11. (a) If s, is a projection operator, that is s2 = s,, for all n then

0 (Tn))Uo((T7)* € Ty =Ta(0e(To),y) where Ty is defined by (1.6).

(b) If Assumption 1 holds then oo((T},))Uoc((T;))* C Ty =Ty(0e(Tv), v, S+) where
Ty := 0.(Tp) X iy[s—, s4]. (2.6)

Proof. We will only prove that o.((7,)) C 'y or I'y - the proof that o.((T;))* C

'y or I'y is similar since T,y = Ty — ¢y5y,.

Let A € 0.((T),)). Then there exist I C N infinite and (un)ner € D(Tp) with
lun|| =1 for all n € I, u, — 0 and ||(T}, — A)uy,|| = o(1). By Cauchy-Schwarz, we
have (T, — N, un) = o(1), whose real and imaginary parts imply that

(Totn, un) = R(A) +0(1) and  Y(Spun, un) = F(A) + o(1). (2.7)

Since both (T,uy) and (spuy) are bounded in H, (Tou,) must be bounded in

‘H. Hence by Cauchy-Schwarz we have ((T;, — A)up, Toun) = o(1) whose real part
implies that

[ Tounll* = RON(Town, un) — ¥ (sntin, Toun) = o(1). (2.8)
The first equation in (2.7) gives
1(To = RON))unl? = | Toun||* = RO (Totn, un) + o(1),
which, combined with (2.8), yields,
1(To — RO un | = v (sntn, Tot,) + o(1). (2.9)

(a) In this case, o(s,) = {0,1} so 0 < s, < 1 for all n, and so by the second
equation in (2.7),

Vn € I: (spun,uy) €[0,1] = S(A) €[0,7]. (2.10)

Focusing now on R(\), Cauchy-Schwarz gives us (T, — A)un, Spun) = o(1), whose
imaginary part combined with the hypothesis s2 = s, and the second equation in
(2.7) gives,

S{sptin, Totn) = Y|sntn | — S(A) (Sptn, un) + o(1)
= (7%(A))\(\S7) +o(1). (2.11)

Combining (2.9) and (2.11), we have
1(To = ROYuall = /(7 = SONSON) + o(1) (2.12)
which by Lemma 2.10 implies that
dist(R(N), 0.(Th)) < /&7 — SONSO).
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(b) In this case, by the definitions of si in (2.5), a similar reasoning as in (2.10)
yields $(A) € y[s—, s4+]. Assumption 1 implies that

S(snun, Toun) = o(1) = [[(To = R(A))ual = o(1)

so (uy,) is a singular sequence proving that R(\) € o.(Tp).
(]

Remark 2.12. Tt is interesting to note that Lemma 2.10 is not required in case (b)
of Theorem 2.11. This is because Assumption 1 ensures that the following holds:

(un) C D(Ty) = D(To), llunl =1, un =0, [(Tn = Nun| =0
= (un) C D(T0), [[un] =1, up = 0, [|(To = R(A)un|| = 0,

that is, if (u,) is a singular-type sequence for a point A in the limiting essential
spectrum then (u,,) is also a singular sequence for R(\) € o.(Tp).

Example 2.13. Suppose that g € L], () is real-valued and bounded from below.

Suppose that Ty = —A+q on L?(2) is endowed with Dirichlet boundary conditions
(see, for example, [16, Chapter VII, Theorem 1.4]). Then, Tj is self-adjoint.

Let ¢ € W1°°(0,00) be real-valued and such that ¢(0) = 1. Let (R,) C Ry be
any sequence such that R,, — oco. For any n € N, define multiplication operator s,,
on L?(Q) by

(spu)(z) = w(%ﬁ)u(m) (u € L*(Q), 2 € Q) (2.13)

where (z) := (1 + |z|?)2.
Then s,, is uniformly bounded, s,, = I and Assumption 1 is satisfied.

Proof. Define ¢, : Q@ — R by

o) =o(2). wen)

Step 1 (Uniform boundedness). The uniform boundedness of the sequence of oper-
ators (s,) follows from the fact that, for all u € L?(Q2) and all n € N,

essinf o(t)||ul|* < (spu,u) < esssup o(t)]|ul?.
t€(0,00)

) t€(0,00)

Step 2 (s, > I). Let u € L?(Q) and let (X,) C R, be any sequence such that
X, — oo and X,, = o(R,,). For any n € N,

[(sn=D)ull < [l(()/ Bn) =1l L @B, (op [[ull+([[3n ]| + Dlull 2@\ Bx,, 0))- (2:14)

By Morrey’s inequality, ¢ is continuous, so, since ¢(0) = 1, the first term on the
right hand side of (2.14) tends to zero as n — oo. The second term tends to zero
because u € L*(Q) and (||s,]|) is bounded.

Step 3 (Assumption 1). Let (u,,) C D(Tp) be any sequence which is bounded in H
such that (Tou, ) is bounded in H. Then,

<5nunaT0Un> - <T0Una Snun> = _/ QanunA(ﬂn) +/ @nﬂnA(un)
Q Q

:/QunV(gon)~V(ﬂn)*/ﬂﬂnv(§0n)'v(un)'
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The second equality above holds by integration by parts and the product rule since
Ty is endowed with Dirichlet boundary conditions. Hence we have,

[(8ntin, Totn) — (Totn, Spttn)| < 2Hv§0nHL°°(Q)”vun”Hun”' (2.15)

By the chain rule and the fact that ¢ € W>°(0,00), |V =) — 0 as n — oco.
(un) is bounded in H by hypothesis. (Vu,) can be seen to be bounded in H by
applying integration by parts to (Tyu,, un), using the hypotheses that (||Toun||) is
bounded and that ¢ is bounded below. The right hand side of (2.15) tends to zero
as n — oo hence Assumption 1 is satisfied. O

3. SECOND ORDER OPERATORS ON THE HALF-LINE

Consider the differential expression
~ 1
Tou = —(—(pu') +qu) on [0,00)
r

where p, ¢ and r are functions on [0, c0) satisfying the minimal hypotheses: p and ¢
are complex in general, r > 0, p # 0 and ¢,1/p,r € L [0,00). These assumptions
on p, ¢ and r ensure that for any A, ui,ue € C there exists a unique solution u to
the initial value problem

Tou=Mu on [0,00), u(0) = uy, pu'(0) = uy

such that u,pu’ € AC)oc[0,00). The solution space of Tou = Au on [0,00) is
therefore a two-dimensional complex vector space.

Consider a Sturm-Liouville operator T, on the weighted Lebesgue space L2(0, oc),
endowed with a complex mixed boundary condition at 0,

BCu] := cos(n)u(0) — sin(n)pu’(0) =0 (3.1)
for some 1 € C. Ty is defined by
Tou = T()U
) . ) (3.2)
D(Ty) = {u € L:(0,00) : u,pu’ € AC)oc[0,00), Tou € L2(0,00), BC[u] = 0}.
Fix v € C\{0}. Define the perturbed operators by
Tru = Tou + ’L")/X[O’R]u, D(TR) = D(To) (R S R+) (33)

and define the limit operator by T' = Ty + 7.

Next, we introduce the main hypotheses of this section, which we will later
assume holds throughout the section. The assumption ensures that for any A €
C\o.(Tp), one solution of Tou = Au is exponentially decaying and the other is
exponentially growing.

Assumption 2. There exists k : C\o.(Tp) — C, Yt : [0,00) x C\oe(Th) = C and
Y? 1 [0,00) x C\oe(Tp) — C such that:
(i) k is analytic and satisfies Sk > 0.
(ii) 4 (x,-) and ¥4 (z,-) are analytic for all z and satisfy
194 (220,000 < 005 I9L( 2)l| o0 0,00) < 00 (3-4)

for all z.
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(iii) The solution space of Thu = zu is spanned by 14 (-, z), where,
Yy(x,z) = eiik(z)’”ii(:ﬁ, 2)
W (@, 2) 1= =YL (2, 7).

Remark 3.1 (See [8]). The conditions of Assumption 2 do not exclude a situation
in which o(Ty) = 0.(Tp) = C. A sufficient condition to ensure that this does not
occur is that

q(z)

of 853+ i) s € .00 | 2 €

where co denotes the closed convex hull, and that Ty is in Sims case 1.

(3.5)

Example 3.2 (Schrodinger operators with L' potentials). Consider the case p =
r =1 with ¢ € L'(0,0). Then,
oe(Ty) = [0, 0).

By the Levinson asymptotic theorem [15, Theorem 1.3.1], for any z € C\{0}, the
solution space of Tou = zu is spanned by 4 (+, z), where

Vi (x,2) = eFV3(1 + By (2, 2)) (3.6)

Yy (z,2) = Fiy/zeVE (14 E{(z,2)) (3.7
and

|Ex(x,2)|, |EL (2, 2)| — 0 as x — oo.

(i) k(z) := V/z is analytic and satisfies Sk > 0 on C\oe(Tp) = C\[0, 00).
(ii) 4 (x,2) :== 14+ Ex(z,2) and ¥4 (z, 2) := +i/z(1 + E(x, 2)) are bounded in x
for any fixed z € C\{0}. For any z, ¥+ (z,-) and ¥ (z,-) are analytic on C\[0, 00)
s0 b+ (x,-) and ¢% (x,-) are analytic on C\[0, c0).
Consequently, Assumption 2 is satisfied in this case.
Example 3.3 (Eventually periodic Schrédinger operators). Consider the case p =
r = 1 with ¢ eventually real periodic, that is, there exists a > 0 and X > 0 such
that ¢g|[x,) is real-valued and a-periodic. Below, we briefly review some Floquet
theory and show that the conditions of Assumption 2 are met in this case. See, for
example, [14] for a detailed exposition of Floquet theory.

For any z € C, let ¢1(+, 2) and ¢2(-, z) be the solutions of the Schrédinger equa-
tion —¢"” + q¢ = z¢ on [0, 00), subject to the boundary conditions

01(X,2) =1, ¢ (X,2) =0 and ¢o(X,2) =0, ¢5(X,2) = 1. (3.8)
The discriminant is defined by
D(2) = ¢1(X +a,2) + ¢h(X +a,2). (3.9)
The essential spectrum of T} is
0u(Ty) = {z € R: [D(2)| < 2J. (3.10)
The Flogquet multipliers p+ are defined by

1

pe(2) =5 (D(z) +iy/4— D(z)2). (3.11)
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Note that py have branch cuts along o.(Tp), |p+(2)| < 1 for all z € C\o.(Tp) and
p+(2)p—(z) = 1. Define k by

K=) =~ Inps (2)) (3.12)

In this setting, k is referred to as the Floquet exponent. k is analytic and satisfies
Sk > 0 on C\o.(Tp) hence satisfies Assumption (i).
Define the Floquet solutions 11 by

V(2 2) = =2(X +a,2)91(2, 2) + (91(X + @, 2) — p£(2))a(2,2)  (3.13)

for any 2 € [0,00) and z € C. 11 (-,2) span the solution space of Tyu = zu and
satisfy

Y1 (xo +na,z) = eiik(z)"“wi (z0, 2)
Pl (w0 + na, z) = e=FEOMY, (24, 2)

for any zg € [X, X 4 a) and n € N. For any z, the Floquet solutions ¢4 (x,-) and
Yy (z,-) are analytic on C\o.(Tp). Define the band-ends Bends by

Benas = {\ € C: [D(V)| = 2}. (3.15)

(3.14)

For any zyp € 0¢(T0)\Bends, p+ and k can be analytically continued into an open
neighbourhood of zy in C, hence for any z € [0,00), ¥4 (z,-) and ¢/ (x,-) can be
analytically continued into an open neighbourhood of zj.

Finally, Assumption 2 can be satisfied by setting

~ e:':ik(z)xlﬁi(af Z) ifxe [0 X)
,2) = ) ’ ’ 3.16
1/&@ Z) {e$zk(z)mo(m)wi(x0(x)’ Z) ifx € [X, OO) ( )
and
. Tk (a,2) ifo € [0, X)
_ ‘ 3.17
v {eﬂsz(zwo@w;(%(x), 2) e e [X,o0) o

where zo(z) := X + (z — X)mod a.
Throughout the remainder of the section, let
S = 0e(Tp) U (iy + 0.(Tp)) (3.18)

and suppose that the conditions of Assumption 2 are satisfied. Also, let (R,,) C Ry
be any sequence such that R, — oo as n — oo. Recall that BC denotes the
boundary condition functional defined by equation (3.1).

Lemma 3.4. A € C\S is an eigenvalue of Tr if and only if
Fr(A) = ap (R, \)eRO—iME o (R A)e~kO—iME —
where
a4 (R,A) = BOR- (A = )] ($4 (R — i) (R, \) — 94 (B, — )8 (R, )
and
Q- (R, A) = BOW (A = )] (V4 (R AL (R, A = i9) = PL(R A (R A = i9)).

Furthermore, fr is analytic on C\S.
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Proof. Let A € C\S and R > 0. A is an eigenvalue of T if and only if there exists
a solution to the problem

(To + ivX[0,r))u = Au, BC[u] =0, u € L2(0, 00) (3.19)

on [0,00). Any solution to (3.19) on [0, R] must be of the form Ciuy(-, A), where
uy is defined by

ur(z, A) = BO[— (-, A — i)|[Y4(z, A — iy) — BC[Yp4 (-, A — iy)]yp—(z, A — i)

and C; € C is independent of z. Any solution to (3.19) on [R,00) must be of the
form Catp4(x,\), where Cy € C is independent of x. Hence A is an eigenvalue if
and only if there exists Cq,Cy € C\{0} independent of x such that the function

{C’lul (x,\) ifzel0,R)
Cotpy(x,N\) if z € [R,00)
is absolutely continuous. This holds if and only if

ur (R, MY (R, A) = ui (R, Ay (R, A) =0
which holds if and only if the following quantity is zero

(BCW— (A = im)eo (R A — i) = BOWoy (4 A = im)Jo— (R, A — i) )P (R, A)
— (BCIp— (-, A = i)/ (R, A — i) — BC[ypp (-, A — iy)]f"_ (R, A — i) )by (R, A)
which in turn is equivalent to fr()\) = 0. The analyticity claim follows from

Assumptions 2 (i) and (ii). O

In the regions of the complex plane for which «_(R,-) becomes small for large
R, we are unable to prove the spectral pollution and spectral inclusion results of
Theorems 3.8 and 3.9. We now define a subset of the complex plane capturing such
regions.

Definition 3.5. Define subset S, ((R,,)) of C by
So((Ry)) = {z €C\S : liminf |A(Ry, 2)| = o} (3.20)
where the function A : [0,00) x C\S — C is defined by
A(RA) = O (R AL (RN — i) = Y4 (RN (B — 7). (3.21)
Note that with the above definition of A, we have
a_ (R, ) = BC[p4 (-, A —i7)]A(R, A)

and that the zeros of A — BC[i4 (-, A — i7)] are exactly the eigenvalues of the limit
operator T' = Ty + 7.

The set SUS,((Ry)) plays a similar role in this section as the limiting essential
spectrum did in Section 2. We shall show in Theorems 3.8 and 3.9 that there is
no spectral pollution for (Tg, ) with respect to T' outside of S U S, ((R,)) and that
eigenvalues of T lying outside of SUS, ((Ry,)) are approximated (with exponentially
small error) by the eigenvalues of Tk, .

Proposition 3.6. SUS,((R,)) is a closed subset of C.
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Proof. By Assumption 2 (ii), A(R,,-) is analytic for all n and A(-, z) is bounded
for all z. Let A be a limit point of S U S,((R,)). The desired lemma holds if and
only if A lies in either S or in S, ((Ry)). If A is a limit point of S then A € S since
S is closed. In the only other case, A is a limit point of S,((R,)) so there exists
(Ak) C Sp((Ry)) such that Ay — A as k — oo. Since liminf, o [A(Rp, A\g)| = 0
for all k, there exists a subsequence (R, ) such that |A(R,,,\r)] — 0 as k — oc.

Let € > 0 be small enough so that B.(A) C C\S. Since the magnitude of A(R, z)

is bounded above uniformly for all R > 0 and all z € B.()), by Cauchy’s formula,

1 M — A
A —A = — — A 29
(Rn,, N) (Rny s k) 97 ]{935()\) NG =) (Rp,,2)dz — 0 (3.22)

as k — oo. Finally,
[A(Rnys M| < JA(Rnys M) + AR, A) — A(Rn,, Ak)] = 0 as b — oo
so X € Sy((Ry)), completing the proof. O

Corollary 3.7. For any A € C\(SUS,((Ry,))) there exists a bounded, open neigh-
bourhood U of A with U C C\S and |A(R,,2)| > C for all z € U and n > Ny,
where C, Ny > 0 are some constants independent of n and z.

Proof. Let A € C\(SUS,((R,,))). C\(SUS,((Ry))) is an open subset of C so there
exists a bounded open neighbourhood U of A such that U C C\(S U Sy((R,)))-
Suppose that the desired result does not hold with this choice for U. Then there
exists a subsequence (R, ) and a sequence (z;) C U such that |A(R,,,z;)| — 0
as k — oo. Since U is compact, there exists z € C\(S U Sp((R,))) such that
2, — z. By the arguments in (a), liminf,, o |A(Rn, 2)| = 0, which is the desired
contradiction. O

Next, we prove the main results of this section, regarding spectral inclusion
and pollution for the operators T defined by equation (3.3) such that Tj satisfies
Assumption 2. Recall, also, that S is defined by equation (3.18), S, ((R,)) is defined
by (3.20) and (R,,) C Ry is an arbitrary sequence such that R,, — oo.

Theorem 3.8. Let uu be an eigenvalue of Ty and assume that p+iy ¢ SUS,((R,,)).
Then there exists eigenvalues A, of Tr, (n € N) and constants Cy = Co(To,y, ) >
0 and 8 = B(To, 7y, 1) > 0 such that

Pn — (1 + )] < CoeFn (3.23)
for all large enough n.
Proof. Let C,Cy,C5,C35, Ny > 0 denote constants independent of A and n, where

C may change from line to line.
Since p is an eigenvalue of Ty, p + i7y is a zero of the analytic function

A f(A) = BO[4 (A — i),
Since it is assumed that p+iy ¢ SUS,((Ry,)), Corollary 3.7 guarantees the existence
of an open neighbourhood U of y + iy such that U C C\S and |A(R,,)\)| > C

(M€ U, n = Ny) for some sufficiently large Ny € N. For n > Ny, A € U is an
eigenvalue of T, if and only if

P ) o pikO—in R RN
n(3) =e AR
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Since U € C\S, Assumption 2 guarantees that |ay (R,,\)| < C (A € U,n € N) and
Sk(N—iy) = C (A € U). Combined with the bound below for A, this implies that

n 3 R, OZJ,.(Rn, A)

B _ | 2ik(A—iv) < —C3R, S '
Fa0) = F)] = e SR | <O (e Uin>No) (324

for some Cy, Cy > 0. Since f is analytic at 1+ iy, there exists € > 0 such that
[FN = CslA = (u+inl” (A€ Be(p+iv)) (3.25)

for some C3 > 0. Here, v is the algebraic multiplicity of the eigenvalue p of Tp,
that is, the multiplicity of the zero p of the analytic function z — BC[¢4 (-, 2)].
Let Cy = (201/C3)'/" and B = Cy/v. Make Ny € N large enough such that
Coe Plin < ¢ (n > Ny). Combining (3.24) and (3.25), for all n > Ny and all A € C
with

A= (+ )] = Coe™Min

we have

N |

[FaQ) = FOOT< SIFO < [FOV]-

f
By Rouché’s theorem, for all n > Ny there exists a zero A\, € U of f, satisfying
inequality (3.23). O

The next result concerns spectral pollution - the set of spectral pollution is
defined by equation (1.4).

Theorem 3.9. The set of spectral pollution of the sequence of operators (Tg, ) with
respect to the limit operator T = Ty + iy satisfies

UPOU((TRn)) - Ue(TO) U SP((Rn))

Proof. Let C' > 0 denote an arbitrary constant independent of A and n.

Let oo € C\(SUSy((Rr))) and assume that p is not an eigenvalue of 7. Then
p is an arbitrary element of p(T)\(oe(To) U Sp((Ry))). We aim to show that p ¢
opoll(T'r,,)), for which it suffices to show that there exists a neighbourhood U of p
such that fr, has no zeros in U for large enough n.

Since 4 ¢ Sp((Ry)) and BO[y (- u— i7)] £ 0,
(= (Ruy )] = |BCRp (s 1t — )] A (R, 1) > C (3.26)

for large enough n. Let ¢ > 0 be small enough so that B.(u) C C\S. Then by
Assumption 2 we have

lax (Ry, A)| < C and SE(A —ivy) > C (A € Be(p),n €N) (3.27)

Using Cauchy’s integral formula as in (3.22), and making € > 0 small enough, we
have

|lat(Rn, A) —ax(Bp, p)| SCIA—p| (A€ Be(p),n €N). (3.28)
Define approximation £\ to fr, by
FIO) = g (B ) E O DR 1 0 (R, )M,
By (3.28) we have

[, (A) = £ (V)] < CA — plePFA= (X € Be(p),n € N).
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Using (3.26) and (3.27) we have
AT LU ()] 2 || (Bas )] = |evs (R, )] e 23—
_ o= (.10
2
for large enough n. Finally, making € > 0 small enough if necessary, we have

R, () = S < ISP (A € Be(u)

for large enough n. fg, therefore has no zeros in U := B.(u) for large enough n,
completing the proof.

>2C (A€ B:(n)

O

In the case of Schrodinger operators on L?(0,00) with L! potentials, described
in Example 3.2, S, ((R,)) can be easily computed to be the empty set.

Example 3.10 (Schrodinger operators with L' potentials, continued). Consider
again the case p = r = 1 with ¢ € L'(0,00). Then, using expression (3.21) for A
and the expressions for ¢+, ¥4 in Example 3.2 (ii), A satisfies

A(R,\) — —i(\/)\ —i+ fA) as R — 0o
for any X\ € C\S. Since /XA — iy # —V/A for all A € C we have
Sp((Rn)) =0
for any (R,) C Ry with R,, — 0o as n — 0.

For Schrodinger operators with eventually real periodic potentials, described in
Example 3.3, the computation of S,((R,,)) is more involved.

Example 3.11 (Eventually periodic Schréodinger operators, continued). Consider
again the case p = r = 1 with ¢|[x ) real-valued and a-periodic for some X > 0
and ¢ > 0. Assume that v > 0 and let R, = 2o + na (n € N) for any fixed
xo € [X, X+ a).

Using the expressions (3.16) and (3.17) for ¢+ and ¢% as well as the definition
of Sp((R,)) in equation (3.20), we infer that A € S,((R,,)) if and only if

Yy (zo, NV (z0, X — iy) — ¥ (w0, A\)Y— (20, A — i7) = 0. (3.29)
Py (xo,-) and ¥ (zg,-) are analytic on C\o.(Tp) and can be analytically contin-
ued into an open neighbourhood in C of any point in 0.(Tp)\Bends (recall that
Bends denotes the set of band-ends for the essential spectrum of Tp). Consequently,
Sp((Ry)) consists of isolated points in the complex plane that can only accumulate
to the band-ends of either Ty or T, that is, to the set Bengs U (#7 + Bends)-
Recall that o.((Tg,)) denotes the limiting essential spectrum of the sequence of
operators (Tr, ). Sp((Ry)) satisfies the inclusion

Sp((Rn)) C 0e((Tr,))- (3.30)

Proof of inclusion (3.30). Throughout the proof, C' > 0 denotes an arbitrary con-
stant independent of n .

By [||lz> and |||z, we mean [|-||£2(0,00) @nd [|-|| o (0,00) T€SPeCtively.

Let A € Sp((Ry)). Then, using the property (3.14) of the Floquet solutions,
(3.29) implies that,

Ui (R, VUL (R, A = iy) — @y (R, Y- (R, A — i) = 0 (3.31)
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for all n. (3.31) ensures that there exists C 5, Ca,, € C\{0} independent of = such
that

Up(x) = (3.32)

Cypp—(x, A —iy) ifz €[0,Ry,)
Conts(x, A) if x € [Ry,,00)

is absolutely continuous and solves the Schrodinger equation TRnu = Au, where
Tg, denotes the differential expression on [0, 00) corresponding to Tg, . Define
_ Xnln

[ XntinllL2
where X, (z) := x(x/R,) and X : [0,00) — [0,1] is any smooth function such that
X =0on[0,7] and X = 1 on [§,00). Then v, € D(Ty) = D(Tg,), ||lvallrz = 1
and, since (vp, )2 = 0 for any ¢ € C2°[0,00) and any large enough n, v, — 0 in
L?(0,00).

By unique continuation,

VLA = i) L2y < Cllb- (A — i)l L2y

for I = [0, X], [X,X + a] or [X,x0] so, using the property (3.14) of the Floquet
solutions

Un

192 oA = N Z20,,) < Cllv— (A =N Z2(0,R,) (3.33)
for all n. Also, noting that [[¢_ (-, A —7)||12(0,») is exponentially growing in x, we
deduce that,

[unllze < Cllunllrz(1r, 00) S CllXnunllz2. (3.34)
for all large enough n.
By the product rule,

(Tr, = Nenlzz < (150 (T, = Aunllz2 + 2Kt + %aunll 2]

[Xntn] L2

The first term in the square brackets above vanishes and )Z,(lk) are supported in

[0, R,,] with |¥$]| = < C/RE so
l[unll L2 [1 Y2 (A = i) llz2(0,R,) N 1} 0 as s o
IXnUnllz2 [ Bo V- (X = iY)ll2200,r,)  RZ

Here, we used estimates (3.33) and (3.34). Consequently, by the definition of lim-
iting essential spectrum (see Definition 2.1), we have A € 0.((Tg,)).

I(Tr, =A)vnllee < C

]

4. INCLUSION FOR THE ESSENTIAL SPECTRUM

Consider the Sturm-Liouville operator Ty introduced in Section 3. Suppose that
the conditions of Assumption 2 are met. As before, fix v € C\{0}, define the
perturbed operators by

Tru = Tou +ivxpo,ru, D(Tr) = D(Tp) (R €Ry)

and define the limit operator by T' = Ty + 7.

In this section, we prove that the essential spectrum of the limit operator T is
approximated by the eigenvalues of T as R — oco. To achieve this, we require an
additional assumption which ensures that the solution 94 of Tou = \u introduced in
Assumption 2 can be analytically continued, with respect to the spectral parameter
A, into an open neighbourhood in C of any point in the interior of o.(Ty). The
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interior of the essential spectrum is denoted by int(o.(7p)) and defined with respect
to the subspace topology.

Assumption 3. Tj is such that o.(Tp) C R. For any u € int(c.(Tp)), there exists
an open neighbourhood V), of u such that:
(i) k admits analytic continuations k., (k;) from the half-planes C; (C_) re-
spectively into V),, with
>0 ifzeCLnV,
Sku(2), =Ski(2) =0 ifzeRNV, . (4.1)
<0 ifzeC_nNV,

(ii) For any R > 0, ¢, (R,-) admits analytic continuations ¢, (R,) (¢1(R,))
from C; (C_) respectively into V,, and ¢¢(R,-) admits analytic continu-
ations @%(R,-) (pH(R,")) from C (C_) respectively into V. @; and gb;-l
satisfy

195 (2122 0,000, 15 (5 2z (0,00) <00 (j=worl) (4.2)

for all z € V,,.
(iii) For each z € V), the functions ¢, (-, 2) and ¢;(-, z), defined by

pi(a,2) =gz, 2),  (j=uorl), (4.3)
solve the equation Togo = zp and satisfy
(2, 2) = eI TGz 7). (j=wuorl) (4.4)

In the following two examples, by analytic continuations we mean analytic con-
tinuations from C; and C_ into V,.

Example 4.1 (Schrodinger operators with L' potentials, continued). Consider
again the case p = r = 1 with ¢ € L*(0,00), introduced in Example 3.2. Recall
that k(\) = VA so Assumption 3 (i) is satisfied in this case. Recall that

’l/;i(l', Z) =1+ Ei(xa Z) and 1;1(37? Z) = il\/}(l + E:dt(xa Z))
In order to show that Assumption 3 (ii) and (iii) hold in this case it suffices to show
that for any p € int(o.(Tp)) and any x € [0,00), E{(z,-) and B4 (z,-) admit ana-
Iytic continuations E(z,-) and E%(x,-) (respectively) into an open neighbourhood
V,, of u independent of z, such that the function ¢(-, z) defined by

o(x, 2) := V(1 + E(z, 2)) (4.5)
satisfies
¢ (z,2) = iv/zeV** (1 + B4(z, 2)), (4.6)
solves the Schrodinger equation —¢” + g = z¢ and satisfies
|Ex(z,2)|,|EL (2, 2)| = 0 as x — oo

for any fixed z € V,,. Note that 1/ is understood to have been analytically continued
into V}, in (4.5) and (4.6). Additional conditions on the potential ¢ are required to
ensure that this holds. Two such conditions are:

(a) (Naimark condition [34, Lemma 1]) There exists a > 0 such that

/OO e |q(z)| dx < oo. (4.7)
0
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(b) (Dilation analyticity [7]) ¢ is real-valued and can be analytically continued into
some open, convex region U C C containing a sector {z € C : arg(z) € [0, 0]} for
some 6 € (0, 5]. Furthermore, there exists Cy > 0 and § > 1 independent of z such
that

lg(z)] < Colz|? (4.8)
for all z € U.

Example 4.2 (Eventually periodic Schrodinger operators, continued). Consider
again the case p = r = 1 with ¢ eventually real periodic, introduced in Example
3.3. As mentioned in Example 3.3, for any p € int(c.(Tp)) = 0¢(T0)\ Bends and any
x € [0,00), the functions &, ¢ (z,-) and ¢/, (z,-) admit analytic continuations into
an open neighbourhood V,, of .

(i) By the expression (3.11) for p,, the analytic continuations g, for p,, from Cy
into V), satisfies

<1 ifZE(CiOVu
o+ 4 =1 ifZERﬂVH
>1 ifzeCxnV,

Hence, the analytic continuations of k satisfy equation (4.1).

(ii) The analytic continuations of ¥, (z,-) and 1[)1(17, -) satisfy the L estimates
(4.2) by their definitions (3.16) and (3.17).

(iii) The analytic continuations with respect to z of ¢4 (-, z) solve the Schrédinger
equation —i)"'+q1) = z1) since by (3.13) they are linear combinations of the solutions
¢1(+,2) and ¢o(-, z). Expressions (4.3) and (4.4) for the analytic continuations of
¢4 and ¢/, hold by the definition of (the analytic continuations of) @Jr and 1/;1
respectively.

Throughout the remainder of the section, let p € int(o¢(7p)) and suppose that
the conditions of Assumption 3 are satisfied. Also, assume without loss of generality
that (iy+V,)NR = 0.

Lemma 4.3. A € iy + V), is an eigenvalue of Tr if and only if
gr(N) 1= Bu(R, e 4 (R, Nt A= = 0
where
BulR.N) = BClo(, A = )] (@u(R A = )0 (R, \) = @R A — i)y (R, V)
and
BiR,A) = BClpu (A = i7)) (s (R NGB, = i) = B4R NGB A = i9)).
Furthermore, ggr is analytic on iy +V,.

Proof. The proof is similar to the proof of Lemma 3.4.
Let A € iy 4+ V.. Any solution of the boundary value problem

(To +ivX[0,r))u = Au on [0, R], BC[u] =0
must lie in spang{u (-, \)}, where u; is defined by

ui(z,\) = BC[pi(-; A —iy)]pu(2, A — i) — BC[@u (-, A — iy)]pi(z, A — i7).
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Since (iy 4+ V,,) NR = @, any L? solution of (Tp + ivX[0,r])u = Au on [R,o0) must
lie in spanc{®4(-,A)}. A is an eigenvalue if and only if

U (R7 )\)wﬁr(ﬁ )‘) - u/l(Ra )\)¢+ (Ra )‘) =0
which holds if and only if gr(\) = 0. O

We proceed on to the proof of inclusion for the essential spectrum of 7', which
consists in proving that there exists eigenvalues of Tr accumulating to pu + iy as
R — 0o. We can only achieve this with the additional assumption that u 4+ iy does
not lie in a region of the complex plane in which either 8, (R, -) or §;(R,-) become
small as R — oo. We now define a subset of the complex plane capturing such
regions.

Definition 4.4. Define a subset S, C C by
S, = {)\ € iy + Vi R : liminf [ 3;(R, )| = 0, j = u or l}. (4.9)

The strategy of the proof is to first introduce an approximation g% () to gr(A)
which is valid for A near p 4 ¢7. It is then shown that there exists zeros Ay of g%
converging to u+iy as R — oco. A family of simple closed contours /i surrounding
A% are constructed such that dist(¢g, p +iy) — 0 as R — co. We estimate [g3|
from below and |gr — g3 | from above on £ to conclude, using Rouché’s Theorem,
that there exists a zero Ag of gg inside ¢ for all large enough R. Such (Ag) would
be eigenvalues of Tr and would converge to p + iy as R — oo, giving the result.

Lemma 4.5. The function k,—k; has an analytic inverse (k,—r;) "' : Bs(wg) — C
for some small enough 6 > 0, where wg := (ky, — K1)(11),

Proof. Let h = Kk, — k1 —wg. Let € > 0 be small enough so that |h| > 0 on 0B (p).
Assumption 3 (i) implies that any z € 0B.(u) satisfies

b (0,m) ifzeCyinV,
arg(m(z)) =arg(h(z)) € ¢ {0,7} ifzeRNV, . (4.10)
(m,2m) ifzeC_nNV,

Note that arg is set so that arg(z) = 0 if z € R;. The topological degree (i.e. the
winding number) of the map h/|h| : 9B.(0) — 9B;(0) is equal to the number of
zeros for h in B.(0), counted with multiplicity [20, pg. 110]. (4.10) implies that
the topological degree of h/|h| can only be 1, hence p is a simple zero of &, — £;.
The lemma now follows from the inverse function theorem.

O

Theorem 4.6. Assume that p € int(o.(Ty)) is such that p+ivy ¢ S;. There exists
eigenvalues Ag of Tr (R € Ry) and a constant Cy = Cy(Tp, 7y, 1) > 0 such that

) C
e (p i) < 2
for all large enough R.

Proof. Let C' > 0 be an arbitrary constant independent of R and 6.
Define approximation g% to gr by

gr(\) = ﬂu,Remu(Aim)R - ﬁz,Rei"‘l()‘*W)R
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where 8y, r := Bu(R, p+1ivy) and 5. g :== —5i(R, p+1i7). By the definition of S, the
L estimates (3.4) of Assumption 2 (ii) and the L estimates (4.2) of Assumption
3 (ii), there exists C1,Cy > 0 independent of R such that 5, r and ;g satisfy

Cl < |ﬁj7R| < 02 (j = Uu or l) (4.11)
for all large enough R. g% (A) = 0 holds if and only if

(Ku — K1) (A — i) = f% (m( gi’; ) + 27rin> =: &(n) (4.12)

for some n € Z.
Let wo := (ky — 1) (@) and n(R) := | Rwo/(27)]. Note that n(R) is well-defined
since p € R and Swg = 0 by Assumption 3. Using (4.11),

17(n(R)) — w| <;‘1n<§lz;>‘+ 2m;%(R) o

for large enough R. By Lemma 4.5, there exists an analytic inverse (k, — #;) 7! :
Bss(wg) — C for some small enough § > 0. Let Ry > 0 be large enough such that
R(n(R)) lies in Bs(wp) for all R > Ry. Define

¢

<
R

(4.13)

# = (ku — )" (R(n(R))) +iv (R > Ro). (4.14)
Then g% (A%) = 0 and, by the analyticity of (k, — ;) ™! as well as (4.13),
. . C
AR = (e + )| < ClR((R)) —wol < 7 (4.15)

for large enough R. For R > Ry, define family ¢r = {¢r(0) : 6 € [0,27)} of simple
closed contours around A% by

(r(0) = (ku — k1)~ (R(n(R)) + %e”) + . (4.16)
By the analyticity of (k, — #;) ! and estimate (4.15), we have that
[r(0) = (n+ )| < [lr(O) = AR+ AR — (u+i7)] < % (4.17)
for large enough R.
By a direct computation, we have
eitu(Er(0)—inR _ &ieiéemeim(ég(e)fi'y)l%' (4.18)

u,R

By Assumption 3 (ii), 8, (R, -) and 5;(R, -) are analytic and bounded in R uniformly
in a small enough neighbourhood of i + 7, so, using the Cauchy integral formula
as in (3.22) and using (4.17),

|8 (R, £r(0)) — B; (R, p+ i) < CUR(0) — (u+ )] <
for large enough R. Using (4.11), (4.18) and (4.19),
l9r(Cr(0)) — g7 (Cr(0))]

< (ﬂu(R (5(6)) — Purl

= Q

(j=worl) (4.19)

ghieiéew‘ + |ﬂl(R, KR(H)) + ﬂl7R|)e$Nz(4R(9)i7)R

< ge—gm(ZR(f))—i’Y)R
R
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for large enough R. Similarly,
9% (£r(0))] = |B1.Rl

For each large enough R, Rouché’s condition
l9r(r(9)) — 9% (Lr(0))] < |97 (Lr(0))]

is satisfied so there exists a zero Ar of gr in the interior of £i such that

gioe’® _ 1‘(3'”“1*(9)’”)3 > Ce=Smr(®)=inE,

i = (i) < r = AT+ PF — (nt i) < 5
for some Cjy > 0 independent of R. g

We finish this section with a characterisation of the set S, in the case that Ty is
a Schrodinger operator with an L! or an eventually real periodic potential.

Definition 4.7. Define function A, : [0,00) x (iy+ V,) — C by

Au(R,N) = Gu(R, N — i) L (R, N) — @2(R, A — 7)1y (R, \) (4.20)
and define function A; : [0, 00) x (iy+ V,) = C by
AR A) = Ui (RONGHR N — i7y) — 0L (RN @1(R N — i), (4.21)

By the definition of £, and S; in Theorem 4.3,
Bu(R, A) = BCloi(+; A — i7)]Au(R, A) and Bi(R, A) = BClpu(, A — i) Ai(R, A)
hence we have the following characterisation of S,:

Corollary 4.8. S, can be decomposed as

St = (’L"}/ + Sr,O) U Snu U Snl (4.22)
where
Seo:={2€V,NR: BC[py(-,2)] =0 or BC[¢(-,2)] =0} (4.23)
and
Se; = {/\ € iy + Vi NR : liminf [, (R, \)| = o} G=uorl).  (4.24)

The elements of S; o are precisely the resonances of Ty in V,, N R, by definition.

Example 4.9 (Schrodinger operators with L' potentials, continued). Consider
again the case p = r = 1 with ¢ € L'(0,00) satisfying the necessary conditions
ensuring that Assumption 3 holds, as discussed in Example 4.1. In this case, since
the functions E4 (R, \) and E4 (R, \) tend to zero as R — oo for any A, A, and A,
satisfy

|Aj(R,)\)|%‘\/)\fi’yf\5‘ as R — oo (j=worl)

for all A € iy + V), where the square-root is understood to have been analytically
continued from C; (C_) into V,, in the case j = w (j = ) respectively. Since
VA =iy # VA for all A € iy + V,,, regardless of which branch-cut for the square-
root is chosen, we have

Sew = Se;=0.
Consequently,

Sy =iy + Sl’,O;
that is, p + iy € S, if and only if p is a resonance of Tj
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Example 4.10 (Eventually periodic Schrodinger operators, continued). Consider
the case p = r = 1 with ¢ real-valued and ¢|[x o) a-periodic for some X > 0 and
a > 0. Assume that 7 € [0,7), so that Tj is equipped with a real mixed boundary
condition at 0. Note that T} is self-adjoint in this case. ¢ is eventually real periodic
so by Example 4.2, Assumption 3 is satisfied. The sets S, and S, satisfy

St,u = St,l - @ (425)
Consequently,

St = 2’7 + St,o;
that is, p + iy € S, if and only if p is a resonance of Tj
Proof of (4.25). We will only prove (4.25) for j = u, the proof for j = [ is similar.

Assume for contradiction that S ,, is non-empty and let A € S, ,,. By unique con-

tinuation, expressions analogous to (3.16) and (3.17) hold for ¢, and ¢%. By these
expressions, there exists a sequence (zg,,) C [X,X + a) such that A, (zgn,A) = 0

as n — oo. Let xy be any accumulation point of (xo,). Then, since A,(-,A) is
absolutely continuous, it holds that A, (xg, A) = 0, so,

ul@o, A — 7)Y (20, \) — @y (0, A — i)Yy (20, A) = 0. (4.26)

Noting that the solutions ¢1(-, A — iy) and ¢2(-, A — i) defined by (3.8) are real
since A — iy € R and that the analytic continuations p,(p;) for p; from C(C_)
respectively satisfy p, (A —iv) = p;(A — i), the expression analogous to (3.13) for
the Floquet solution ¢, implies that

@(1’, Z) = _¢2(X +a, Z)¢1(£E, Z) + (¢1(X +a, Z) - PT(Z))¢2($7 Z) = @l(xv Z)
where z := X\ — iy. Consequently we have,
i(zo, A — )Py (x0, A) — @i (w0, X = i7)¥ (w0, A) = 0. (4.27)
By (4.26) and (4.27), there exists C1 4, Cay,C1,Co; € C\{0} independent of
such that the functions
(1, 0) = Crupu(T, A\ —i7) ?f x € [0, xzp)
Co o4 (z, ) if z € [x9, 0)

and

i, A) = Crupi(z, A —ivy) if z €[0,20)
e Coy(x,N) if x € [xg,00)

are absolutely continuous and solve the Schrodinger equation Tzou = A\u. Note that
14 solves the Schrodinger equation T, u = Au on [xg, 00) because ¢ is real-valued.
By orthogonality, there exists (a,,a;) € C*\{(0,0)} such that

BClayuy (-, A) + aiu (-, A)] = a,C1 uBCou(, A — iy)] + a;C1 1 BClpi (-, A — i) = 0

This implies that A is an eigenvalue of T, with corresponding eigenfunction u :=
au Uy, + aju;. By a standard integration by parts,

which is the desired contradiction. O
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F1cURE 2. Plot of the eigenvalues and resonances of the operator
TR defined by (5.1).

5. NUMERICAL EXAMPLES

In this section, we illustrate the results from Sections 3 and 4 with numerical
examples.

Example 5.1. Consider perturbed operators of the form

2
Tr = T2 +ix[0,r] (%) (ReRy) (5.1)

endowed with Dirichlet boundary conditions at 0. This corresponds to the case
p=r=1,¢q=0,7=0and v=1 in Sections 3 and 4.
By an explicit computation, A € C\[0, 00) is an eigenvalue of Tg if and only if

frON) = iV Asin(vV/ A —iR) — VA —icos(VA —iR) = 0. (5.2)

Note that our convention is that the branch cut of the square-root is along [0, c0).
By suitably analytically continuing the square root function in (5.2), any X in
the lower right quadrant of the complex plane is a resonance of Tg if and only if

fr(A) =0.
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FIGURE 3. Plot of eigenvalues and resonances of the operators T
and T = Ty + iy defined by (5.3), with Ry = 4.7.

To numerically compute the zeros of fr, hence the eigenvalues and resonances
of Tk, in a fixed bounded region, we use a Python implementation of an algorithm
utilising the argument principle [13]. The results are illustrated in Figure 2.

For small enough R > 0, T has no eigenvalues [17]. As R increased, we observe
resonances in the lower half plane emerging out of o.(Tg) = [0,00), to become
eigenvalues in the numerical range

F’y = Ue(TO) X i[oa’}/] = [07 OO) X i[OaV]
of Ty accumulating to o.(T") = iy + [0, 00), as expected by Theorem 4.6.

Example 5.2. Consider perturbed operator of the form
2

) +iX[0, o] (%) + iX[0,r] () (RER,) (5.3)

endowed with Dirichlet boundary conditions at 0. This corresponds to the case
p=r=1,n=0, q=1ix[,R, for some Ry >0 and v =1 in Sections 3 and 4.

Tr = To + ixpo,r)(z) =
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By an explicit computation, A € C\[0,c0) is an eigenvalue of Tx if and only if
v VA —i—VX
N =ivVA—i|e BVATUR-R) _ Y2~ 72| sin(vA—2iR

—VA—=2i [6_2“/7(}% Ro) 4 \/% \\?] cos(VA —2iRg) =0 (5.4)

As before, by suitably analytically continuing the square root function in (5.4), any
A in the lower right quadrant of the complex plane is a resonance of T if and only
if fr(A) =0.

A numerical computation of the zeros of fr, hence the eigenvalues and resonances
of Tg is shown in Figure 3. We observe that there are eigenvalues of Tr converging
rapidly to the eigenvalues of T" and that eigenvalues of T accumulate to o.(T) =
iy + [0,00), as expected by Theorems 3.8 and 4.6.

Recall that Example 4.10 guarantees that the rate of convergence of eigenvalues
of Tr to p € int(o.(T)) = iy + (0,00) is O(1/R), unless p is a resonance of T
The limit operator T for our choice of parameters has a resonance embedded in
c.(T). We seem to observe a distinction between the way the eigenvalues of Tg
accumulate to the resonance compared to other points in the interior of o.(T'). It
seems reasonable to conjecture that the rate of convergence to embedded resonances
is indeed slower that O(1/R).

Example 5.3. Consider perturbed operators of the form
2

) )
Tr =1Tp+ ZX0.R] (z) = +sin(z) + —x(0,r)(2) (ReRy) (5.5)

- da? 4
endowed with a Dirichlet boundary condition at 0. This corresponds to the case
p=r=11n=0, g(r) = sin(z) and v = 7 in Section 3 and 4. The essential

spectrum of Ty has a band gap structure - the first spectral band, which we denote
by B, is approximately [—0.3785, —0.3477] [28, Example 15].

To numerically compute the eigenvalues of T, we first perform a domain trunca-
tion onto an interval [0, X], imposing a Dirichlet boundary condition at X. Apply-
ing a finite difference method with step-size h, we obtain a finite matrix T x 5. For
fixed R, the eigenvalues of T x j accumulate to every point in o(Tg) as X — oo
and h — 0. Moreover, any point of accumulation that does not lie in o(Tg) must
lie on the real-line (see [9] and [28]).

For a fixed small value of h, a fixed large value of X — R, the eigenvalues of
Tr,x,n for increasing R are plotted in Figure 4. We first observe an accumulation
of eigenvalues of T x  to the interval B in R. These eigenvalues of Tx x j are
due to the domain truncation method approximating o.(Tx) and should not be
interpreted as approximations of the eigenvalues of Tg. All other points in the
plots are approximations of the eigenvalues of Tx.

In Figure 4, we observe that as R increases, eigenvalues of Tr emerge out of the
spectral band B and tend to the shifted spectral band iy + B, which is a subset
of g.(T). For large R, we observe an accumulation of eigenvalues to iy + B. The
eigenvalues of Tr accumulating to iy + B seem to be contained in B x 4(0,7). If
this is indeed the case then by Bolzano-Weiestrass we expect that there is spectral
pollution in B x i(0,7)
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FIGURE 4. Plot of eigenvalues of the domain truncation and
finite difference approximation T x5 of the operator Tr defined
by (5.5). h =0.05 and X — R = 300 are fixed. The region B x iR
is shaded in light blue.
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