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Abstract

In this paper, the important (but so far unrevealed) usefulness of the extended generalized partially
linear single-index (EGPLSI) model introduced by Xia et al. (1999) in its ability to model a
flexible shape-invariant specification is elaborated. More importantly, a control function approach
is proposed to address the potential endogeneity problems in the EGPLSI model in order to enhance
its applicability to empirical studies. In this process, it is shown that the attractive asymptotic
features of the single-index type of semiparametric model are still valid in our proposed estimation
procedure, given the intrinsic generated covariates. Our newly developed method is then applied
to address the endogeneity of expenditure in the semiparametric analysis of a system of empirical
Engel curves using the British data, which highlights the convenient applicability of our proposed
method.
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1. Introduction

Xia et al. (1999) introduced the extended generalized partially linear single-index
(EGPLSI) model of the form

Y; = X[ + 9(X]ap) + €, (1.1)

where (i) (X,Y) is a set of R? x R-valued observable random vectors; (ii) £y and ag
are vectors of unknown parameters such that gy L ag, showing the orthogonality of
Bo and o for identifiability, with ||ap|| = 1 and (iii) g(-) is an unknown structural
link function such that g(-) : R — R and ¢”(-) # 0. In addition, it is assumed
that E(e|X) = 0, a usual exogeneity assumption suggesting that E(e|Vy) = 0 where
Vo = X'agp. In fact, the EGPLSI model is an extended version of the generalized
partially linear single-index (GPLSI) model of Carroll et al. (1997) and Xia and
Hérdle (2006) and hence a number of non- and semiparametric models are special
cases of the EGPLSI model.

The current paper refines the usefulness of the EGPLSI model in modelling the
kind of flexible shape-invariant specification often considered in pooling nonpara-
metric regression curves (see Hardle and Marron (1990), and Robinson and Pinkse
(1995) for examples). Furthermore, the paper also aims to address a breakdown of
the exogeneity assumption in the EGPLSI model, particularly the endogeneity prob-
lems that cause unidentification of the structural link function, in order to enhance
the applicability of the EGPLSI model to empirical studies.

Recently, a number of methods have been discussed in the literature on how the
endogeneity problems can be best addressed in non- and semiparametric models.
Among these, two of the most popular alternatives are nonparametric instrumental
variable estimation (NPIV) and the control function (CF) approach (see Blundell
and Powell (2003) for an excellent review of endogeneity in non- and semiparamet-
ric models). The NPIV estimation relies on different stochastic assumptions from
the CF approach and is performed without estimating a first-stage reduced-form
equation. Nonetheless, there are a few well-known difficulties that are intrinsic to
the NPIV estimation, particularly the so-called ill-posed inverse problem (see Ai
and Chen (2003), and Blundell et al. (2007) for details). On the other hand, the

CF approach allows the specification of endogeneity, which is based on the intuitive



triangular structure of a model (see Blundell et al. (1998), and Blundell and Pow-
ell (2003) for details). This triangular structure of the CF approach also provides
an accessible way of addressing the weak instruments problem in a nonparametric
regression model by translating the weak instruments problem into a simpler one,
namely the multicollinearity problem (see Han (2012) for details). Hence, the de-
velopment of the CF approach in the EGPLSI model also provides a foundation for
addressing the presence of weak instruments in semiparametric regression models.

This paper also aims to develop the CF approach, mainly for the reasons given
above. Although the generated covariates issue is intrinsic in the development of the
CF approach, similar to the study of Mammen et al. (2016), the proposed method
maintains the attractive features of the single-index (SI) model with the relatively
mild conditions seen in the literature and shows an accessible extension to strictly
stationary and strongly mixing (a-mixing) process. In a SI model, Hérdle et al.
(1993) showed that the optimal bandwidth for estimating a structural link function
(in the sense of the integrated mean square error (IMSE)) can be used for the y/n-
consistent estimation of the index coefficients. Xia et al. (1999) then extended the
optimization technique and asymptotic results of Hardle et al. (1993) to estimation
of the EGPLSI model for a strictly stationary and strongly mixing process. The
current paper proceeds one step further by showing that under-smoothing for es-
timating a first-stage reduced-form equation is not required in the newly proposed
CF’s two-stage nonparametric/ EGPLSI estimation in order to achieve y/n-consistent
estimation of crg. These results are developed in details with the simplest data struc-
ture, namely an independently and identically distributed (i.i.d.) random sample,
then extended to a strictly stationary and strongly mixing case. Furthermore, the
convenient applicability of our newly developed CF approach to an empirical study
is explored by analyzing empirical Engel curves based on British data.

The structure of the rest of the paper is as follows. In Section 2, the useful-
ness of the EGPLSI model for modelling a flexible shape-invariant specification is
elaborated. In addition, the development of the CF approach in the EGPLSI model
and a Monte Carlo exercise assessing the finite-sample performance of the proposed
estimation procedure are also presented. In Section 3, the implementation of the

empirical study of the cross-sectional relationships between specific goods and the



level of total expenditure is investigated. Finally, Section 4 concludes the paper
with a summary of the main findings and further issues to be investigated. All
mathematical proofs of the main theoretical results of the paper are presented in

the Appendix.

2. EGPLSI Model, Shape-Invariant Specification and Endogeneity

In this section, the usefulness of the EGPLSI model introduced by Xia et al.
(1999) is firstly elaborated for specifying a flexible shape-invariant specification.
This section then introduces endogeneity into the EGPLSI model, establishes the
CF approach to address the endogeneity problems and presents the asymptotic
properties and finite sample performances of a Monte Carlo simulation exercise for

the proposed estimators.

2.1. Shape-Invariant Specification within EGPLSI Model Framework

A shape-invariant specification in modelling an aggregate structural relationship
incorporating individual heterogeneity is easily found in various areas of economics.
For instance, Blundell and Stoker (2007) suggested modelling consumption patterns
with the demographic differences of individual households, and Nagin and Odgers
(2010) and LaFree et al. (2009) proposed specifying group-based trajectories in,
respectively, clinical research with heterogeneous subject groups over time and in
cross-national politically motivated violence over time. The EGPLSI model allows
this type of shape-invariant specification with functional flexibility because both the
scale and shift parameters can be incorporated into the model. Below, we discuss
how to model a flexible shape-invariant specification within the EGPLSI model
framework in detail.

Let us consider a flexible shape-invariant specification within the EGPLSI model
framework by considering the two sets of observations below. The first set of obser-
vations (X1,Y7), ..., (X,,Y,), for example, is assumed to follow the data-generating

process (d.g.p.) below
Y;:ml(Xi)—I—ei, z':l,...,n, (21)

where ¢ is assumed to be independent with a mean of 0 and the common variance o2.

Suppose the second set of observations (X{,YY),...,(X],Y)) is from the following
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nonparametric regression model

Y! = mo(X]) + &, (2.2)

]

where €’ is independent from e but otherwise has the same stochastic structure as
¢ and has the common variance ¢’?. The main interest here is to model the curves

whose parametric nature is modelled by
ma(X') = Sg ! (mu (T, (X)), (2.3)

where Ty and Sy are invertible transformations, particularly scalings and shifts of
the axes indexed by the parameters # € © C R%, and 6, is the vector of the true
values of the parameters. A good estimate of 6 is provided by # for which the curve

m1(X) is closely approximated by
m(X,0) = Sp(ma(Th(X))). (2.4)
For the sake of illustration, the simple models are considered as follows
mi(X) = (X —0.4)* and my(X') = (X' —0.5)* - 0.2, (2.5)
which fit the framework described by (2.1) to (2.4) by defining the following

To(X) = WX 4+0?
ma(Ty(X)) = (0DX +6@ —05)" —0.2
Sp(ma(To(X))) = (6DX +6@ —0.5)" =02+ 00X 469,

where 6y — (93”,932>,953>,934>) — (1,0.1,0,0.2).

When a curve comparison problem with a similar parametric nature to (2.3)
needs to be considered, Hardle and Marron (1990) suggested an estimation proce-
dure by which separated kernel smoothers are used in order to compute the estimates
of my(+) and my(+). The estimator of y is then found by minimizing a L*norm ob-
jective function of the kernel estimates of m4(-) and ms(-), and the approximation
n (2.4). Alternatively, pooling the two sets of observations is more desirable. Mod-
elling the data within the EGPLSI model framework enables this type of pooling
nonparametric regression. The shift and scaling of the axes illustrated in the exam-

ple above fit in the EGPLSI framework, shown as below
mg(Xl, XQ) = [ﬁOle —I— 602X2] + {([O&Qle + Ozong] — 05)2 — 02} s (26)
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X 1 ifX;=X
where X; = and X, = . The model examples in (2.5) can

X' 0 if X;=X'
be obtained by defining
(5017502, 040170402) = (0702; 170-1)- (2-7)

Five hundred simulated observations of the model are represented by circles in Figure

2.1, where Xy; on the z-axis is a uniform random variable on [0, 1] for i = 1,. .., 500.

Figure 2.1. Five hundred simulated observations based on mg(-,-).
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The two sets of observations are determined by X5, which is a Bernoulli random
variable with the parameter p = 0.5. It should be noted, however, that the set of
values of the parameters in (2.7) does not satisfy the identification conditions which
require that Sy L ap with ||ag|| = 1. An approximate model that satisfies these
identification conditions is obtained by first setting Sp2 = 0.2 and age = 0.1, so that
Bor = —0.02 and ap; = 0.99 can be derived. five hundred simulated observations of
this type of model are represented by triangles in Figure 2.1. In practice, when there
is enough reason to believe (perhaps based on economic theory) that y; = 0 and
ap1 = 1, then such a model can be obtained by scaling and shifting, respectively, as
follows

« U
Xy =vp1 — Bp1 X1 and X7 + ﬁXQ - ﬂ’

Qo1 o1



where 501X1 + ﬁQQXQ = Vo1 and Oé01X1 + OéQQXQ = Vp2. This method is illustrated in

the empirical analysis in Section 3.

2.2. Endogeneity and Newly Proposed Estimation Procedure

Despite its ability to model a flexible shape-invariant specification, the applica-
bility of the EGPLSI model in (1.1) to an empirical study is limited because of its
shortfalls in addressing endogeneity problems. There are two potential sources of
endogeneity in the model, namely endogeneity in the parametric and in the nonpara-
metric components. Hereafter, let us refer to these as “parametric-endogeneity” and
“nonparametric-endogeneity”, respectively. The simultaneous occurrence of these
two types of endogeneity is also possible. If it is present, parametric-endogeneity
can be dealt via parametric IV estimation in place of the usual least-squares (LS)
estimation method.? Because of the partialling-out process, as in the estimation pro-
cedure of the partially linear (PL) type of semiparametric model of Robinson (1988)
and Speckman (1988), the \/n-consistent LS estimator of [y is still obtainable even
in the presence of the nonparametric-endogeneity unless the parametric covariates
are endogenous. Hence, to simplify the argument, the parametric covariates are
assumed to belong to a subset X; C R? for ¢; < ¢ of X such that E(¢|X;) = 0,
namely the parametric covariates are exogenous, without loss of generality.

In this case, nonparametric-endogeneity exists when F(¢|X) # 0, which implies
that E(e|Vh) # 0. An unexpected property from the SI type of semiparametric
models is that estimators of the index coefficients are still \/n-consistent even with
the presence of nonparametric-endogeneity. The literature, particularly Ichimura
(1993), Hérdle et al. (1993), and Xia and Hérdle (2006), suggested estimating the
index coefficients by minimizing a L?-norm objective function measuring the dis-
tance between a structural link function and its approximation by the conditional
expectation relationship given a set of the initial values of the index coefficients.
The disturbance term in the minimizing objective function is then endogeneity-free
because of the partialling-out process of the estimation procedure of the SI type of

semiparametrics. Nonetheless, the structural link function in the EGPLSI model is

3A comprehensive discussion of parametric IV estimation of the PL type of semiparametric

models can be found in Li and Racine (2007).



unidentifiable by using the conditional expectation relationship in the presence of
nonparametric-endogeneity. As a result of this, the optimization procedure in Xia
et al. (1999) is no longer applicable.

In the following, let us present the development of the CF approach in the
EGPLSI model. For the sake of notational simplicity, the simplest case is considered,
namely the presence of an endogenous nonparametric covariate denoted by X,.4

Hereafter, let Z denote a vector of valid instruments for X5 as follows
Xoi = 92(Zi) + ms, (2.8)
where E(n|Z) =0, and
E(e|X2) = E(e|Z,n) = E(eln) = u(n), (2.9)

where (X3, Z) is a set of R x R%-valued observable random vectors, and g¢,(Z) and
t(n) are unknown real functions such that g,(-) : R — R and «(-) : R — R,
respectively. The stochastic assumption of (2.9) is standard in the CF literature,
suggesting the exogeneity condition of Z, particularly E(e|Z,n) = E(e|n) (see Newey
et al. (1999), Blundell and Powell (2004), and Su and Ullah (2008) for examples).
Furthermore, the necessary identification condition for the structural link function
(g(-) function) as discussed in Newey et al. (1999) is the non-existence of a linear
functional relationship between X, and 7.

By imposing the structure of (2.8) and (2.9), the EGPLSI model in (1.1) with

the presence of nonparametric-endogeneity is rewritten as
Y = X;Bo +m(Voi,n:) + e, (2.10)

where m(vg,n) = g(vo) + ¢(n) with ¢(n) # 0 being the endogeneity control function,
and E(e|]X) = 0. The conditional expectation relationship, based on (2.10), is

obtained as follows

my (v, 1) = m(vo,n) + m(ve,n)' Bo, (2.11)

where m,, (v, ) = E(y|Vo,n) and my(ve,n) = E(x|Vo,n).

4The generalized version (namely when there are more than one endogenous nonparametric

covariates) is available on request from the author.



In the following, the performance of the CF approach in the EGPLSI model
based on (2.8) to (2.11) is discussed. The identification issue is first presented as

follows. Given « and S, let
J(a,B) = E[Y = E(Y|V.n) — {X — E(X|V.n)}B)°
V=E({X - EX|V,n)H{X - E(X[V.n)})
W=E({X - EX|V.n)H{Y — EY|V,n)}),

where V' = X'a. Suppose that ¢(-) is twice differentiable and that X has a positive
density function on a union of a finite number of open convex subsets in R?. The min-
imum point of J(«, 8) with o L 3 is then unique at ag and S,, = {V(ag)} " W(ay),
where {V(ap)}T is the Moore-Penrose inverse.

Before we discuss the optimization procedure, the necessary notation is defined
for the sake of convenience. We assume that the random sample {(X/, Z/,Y;);i =
1,...,n}is iid. Let f,(z) and f,(2) denote the joint density functions of X’ and
7', respectively. Let us also denote f,(v) as the density function of V' = X'a. We
assume that A; C R” is the union of a finite number of open sets such that f;(s) > C
on A;, where k = g or ¢, and j = x or z for some constant C' > 0. Hereafter, this
region is considered to avoid the boundary points. Because the region is not known
in practice, Xia and Hérdle (2006) suggested using the weight function such that
L(s) =1if 23" | K;,(s) > C and 0 otherwise, where K is a corresponding kernel
function. In this paper, I,(s) is omitted for notational simplicity. In addition,
C, C" and C" denote generic constants varying from one place to another. The
conditional expectations, namely E(Y|V,n) and E(X|V,n), are then estimated with
the leave-one-out nonparametric estimation as follows
> ji Lion, (Vi = Vion; — mi)Y

> i Lhon, (Vi = Viymj — mi)
> i Loy (Vi = Vi, my — mi) X

> i Lon, (Vi = Vigmy —mi)
where Ly, is a product kernel function constructed from the product of the uni-

Ei(YQWQ,UQ = (2'12)

Ei(XiMWi) = (2-13)

variate kernel functions of &y, (-) X kp, (-) with the relevant bandwidth parameters,
h, and h,. Furthermore, the first-stage leave-one-out nonparametric estimation of

the reduced equation in (2.8) used to estimate 7; is as follows
i = Xi — 92.i(Zi), (2.14)
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i Ko (Z;-2:)X;
i Kn (25— 2Z5)

constructed from Ky, (-) X <=+ X Ky _(+), and hy, for j = 1,...,¢, is the relevant

where §,:(Z;) = with Kj,_(-) being the product kernel function
bandwidth parameter.
The LS estimates of the unknown parametric coefficients are then computed,

given the initial values of the index coefficients denoted by «, as follows

B=(S3,) St (2.15)
where Sap = =30 ABl, Sa = Saa, (Sa)” is a generalized inverse of (S4),
Wy = Y, — EZ»(Yi|Vi,ﬁi) and Uy = X; — E’i(Xi|Vi,f]i). These are estimated by
replacing 7; with 7); in (2.12) and (2.13), respectively. Next, based on g € B, &, B
and ﬁﬁ are computed by minimizing the objective function as follows

n

> (Wa; — U38), (2.16)

i=1

: 5 . 1
min  J(a, hy, hy) = min  —
OzEAn,hv,hﬁEHn OéEAn,hv,hﬁEHnn

where

An={a:|la—aoll <CnY?}, By = {818 = fol| < Cn™'%}
and Hy, = {h, by, hy : Cn7 V5 < by by, by < O~} (2.17)

for 0 < C < C" < oo. Finally, we re-estimate 3, by using &, hs and ]Alﬁ as follows
B=(Sg,) Seyi,: (2.18)

where ng = )/Z — EA‘Z(KHA/“??Z) and U3i = Xz — EA'Z(XZHA/;,??Z) with ‘z = X,L/CAY, and ng‘

and W, are estimated by replacing V; and #; with V; and #; in (2.12) and (2.13),

respectively.

Remark 2.1. The conditions for the finite-dimensional parameters in (2.17) seem to
be restrictive at first glance. However, they are not restrictive, given that & and B are
V/n-consistent. Furthermore, as shown in the mathematical proof, \/n-consistency
18 achieved without under-smoothing in the first-stage of the proposed estimation
procedure (i.e. estimation of the reduced-form equation in (2.8)). In general, under-
smoothing in the first-stage of the estimation procedure is not required when q, < 3

and ¢ — q1 < 3/2.
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The remaining task is then to identify the unknown structural link function.
It is plausible to apply the marginal integration technique of Linton and Nielsen
(1995), and Tjgstheim and Auestad (1994) to identify each of the functions because
of the additive specification of the conditional expectation relation (see (2.10) be-
low). As extensively discussed in the literature, a standard identification condition
is to assume that E(g(Vh)) = E(c(n)) = 0 (see Hastie and Tibshirani (1990), Gao
et al. (2006) and Gao (2007) for details). Hence, the marginal integration technique

identifies g(-) and ¢(-) functions up to some constant value as follows

(V) = / m(Vorn) dQ(n) = (Vo) +C and ma() = / (Vs ) dQ(V) = e()+C",

where C' = [ 1(n)dQ(n), C' = [ g(V5)dQ(V,) and Q is a probability measure in R
with [dQ(n) = [dQ(Vo) = 1. The estimate of the structural link function can
therefore be obtained by

i (V) =~ > (V) and (V) = my(V) = C, (2.19)
i=1

~

where 1 (V, %) = E(Y|V,i;) — E(X|V,%)'8, C = 137" 1 (V;), and 1 (V) is
estimated by keeping V; at V when taking an average over 7;.
Before discussing the main theoretical results of the estimators proposed above,
the estimation procedure is briefly summarized as follows.
Step 2.1: Estimate the endogeneity control covariate, 7, as in (2.14).
Step 2.2: Estimate § as in (2.15) with 7); from Step 2.1 and a.
Step 2.3: Estimate & and § as in (2.16) and (2.18), respectively.
Step 2.4: Estimate m(V;,7;) by using (2.11) with & and § from Step 2.3, then

perform the marginal integration technique to estimate g(V') as in (2.19).

2.3. Asymptotic Properties of Proposed Estimators

In this subsection, the asymptotic properties of the estimators proposed above
are discussed as follows. The required necessary conditions are presented first. Given
p, let .A;’, denote the set of all points in R¥, where k' = ¢ or 1, at a distance no
greater than p from Ay for j' = x,n. Let U = {(Vo,n) : X € AL and n € A7} and
f(Vo,m) denote the joint density function of (Vp,n) with random arguments of X’

and 7. The necessary regularity conditions are then as follows.
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Assumption 2.1. Suppose that there is a vector of instrumental variables {Z; : i >

1} such that Equations (2.8) and (2.9) hold.

Assumption 2.2. (i) The joint density function of f.(Z) is bounded and is bounded
away from zero with bounded and continuous second derivatives on A,. (ii) The joint
density function of f(V,n) is bounded and is bounded away from zero with bounded

and continuous second derivatives on U for all a € A,,.

Assumption 2.3. (i) Assume that g,(Z) has bounded and continuous second deriva-
tives on A,. (ii) Let m(V,n), my(V,n) and m,(V,n) have bounded and continuous

second derivatives on U for all values of a € A,,.

Assumption 2.4. Suppose that a univariate kernel function k(-) and its first deriva-
tive kW (-) are supported on the interval (—1,1) and k(-) is a symmetric density

function. Furthermore, both k(-) and k™ (-) satisfy the Lipschitz conditions.

Assumption 2.5. Let E(n|Z) = 0 and E(m?*|Z) = 02(Z), E(e|X,n) = 0 and
E(e?|X,n) = c*(X,n), E(u|X,n) =0 and E(u*|X,n) = 05(X,n) almost surely, and

2

the functions o2, o and o3 are bounded and continuous. In addition,

supF|| X;||' < oo, supE|Y;|! < 0o and supE||Z;||' < oo for some large enough | > 2.
ipE|X; ; sSupElY; pE||Z; g g

Assumption 2.2 permits us to estimate the functions in the regions of A, and
U, and to avoid the random denominator problem. In practice, the weight function
of Xia and Hardle (2006) discussed above can be used. Assumptions 2.2 and 2.3
ensure that the kernel function in Assumption 2.4 leads to second-order bias in
kernel smoothing. Higher-order bias can be achieved by imposing more restrictive
conditions on the smoothness of the functions (see Robinson (1988) for details). The
condition on the first derivative of the kernel function in Assumption 2.4 permits
the use of the Taylor expansion argument to address the generated covariate, 7); (a
similar condition on the derivatives of the kernel function can be found in Hansen
(2008)). The Lipschitz conditions for both the kernel function and its derivative are
convenient for the proof of the uniform convergence. Finally, Assumption 2.5 allows
us the use of the Chebyshev inequality.

Now let us introduce some necessary notations used in the main theoretical re-

sults below. Let K. o = [ 22K, (2)dz, Ky2 = [ 0%k, (n)dnand K, o = [ v§kn, (vo)duo.

12



Furthermore, let K, = | kh z)%dz and K = K,K,, where IC, = [ ky, (vo)*dvy and

fkhn (n)%dn. Let f be the r*" derivatives of f,(z) with respect to Z;, for
j=1,-,q, and let £ (vo,m) and f,, (vo, n) be the rt partial derivatives of
f(vo,m) with respect to V and 7, respectively. Moreover, let ggc ( ) be the r** par-
tial derivatives of g,(z) with respect to Z;, and let m)(Vo,n) and mi’ (ve, 1) be

that of m(vg,n) with respect to V; and 7, respectively. Then, let

B.(z) = Q’E( >{2f(”( (=) + (26}
By(vo,n) = z5—— 2f o {2 £ (v, m )(7107 )‘i‘f(voaﬁ)mq(;?(?)o,??)}
Bn(UOa 77) = 2fl(cv—n {2f 1) Vo 77) (1)(UOv 77) + f(UO777)m7(72)<UO’ 77)} :

In addition, let

IMSE;(h,) = iB (2)h2 2+ S TR
SR s T e £0)
- 2 212 ’C 02(%777)
]MSEQ(hvahn)A\/\ [BU(U0777>hv+B77(UOa"7)h?7} +nhvhn f(UOaT]) f(xan)dxdna

where < means that the quotient of the two sides tends to 1 as n — oo.

Theorem 2.1. Under Assumptions 2.1 to 2.5, the minimizing objective function in

(2.16) is rewritten as follows

J(@, hy, hy) = J(@) + Ty (h.) + To(hu, ) + Ry (v, hu, by) + Ra(ct, hy, by, ), (2.20)

where
__Z{g;tz 7 _gac )}2:]MSE1(hz)+R3(hz)
hmh Z{mz ‘/017771 —m(Vomm)}Q - IMSE2<hvahn)+R4(hwhn>
sup ]Rl(a, o, hy)| = 0,(n71?), sup | Ro(c, hy, B, h2)| = 0, (n™1?)
OCEAn7hv7hne’Hn aeAnvhv,hnathHvL
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with m;(+) and §,;(-) being the leave-one-out local constant estimators of m(-) and

9z(+), respectively. More importantly
N 1 <& )
(@)= 2 0% )

where W; = Y;—E(Y:|Vi,n;) and U; = X;—E(X;|Vi, n;). Furthermore, sup |Rs(h,)| =
h.€Hn
0,(n*?) and sup |Ry(hy, hy)| = 0,(n/?) because they do not depend on a.

v hn €Hn,

The results of Theorem 2.1 show the attractive properties of our proposed CF
approach. Similar to the results of Hérdle et al. (1993) and Xia et al. (1999), The-
orem 2.1 shows that the properties of the bandwidth parameter estimators can be
studied while assuming «g is known. Moreover, the asymptotically optimal band-
width parameters for estimating the m(-) function are assumed to be used for the
\/n-consistent estimation of ag. In addition, under-smoothing is not required in es-
timating the first-stage reduced-form equation, as already stated in Remark 2.1. In
particular, Theorem 2.1 suggests that minimizing J (e, hy, hyy) simultaneously with
respect to «, h, and h;, is asymptotically equivalent to separately minimizing J ()
with respect to a, T3 (h,) with respect to h., and T5(h,, hy,)) with respect to h, and
hy, assuming that o and 7 are known. This is because the remainder terms, namely
Ri(a, hy, hy) and Ro(o, hy, hy, hy), are shown to be asymptotically negligible.

Next, the asymptotic properties of & and B are shown as a corollary of Theorem

2.1, given that ®¢, = [{X — E(X|Vy, n) HX — B(X|Vo,n)}].

Corollary 2.1. Under the assumptions of Theorem 2.1, the asymptotic properties

of & and B are as follows

V(B = Bo) —p N(0, Vary), (2.21)
where Var, = o {CI)(}O - (mél)(I)U())i Dy, {m(()l)}2 <m(()1)¢)UO>} , and

Vn(a — ag) —p N(0, Vary), (2.22)

2 - _ _
where Vary = o® [{ <m(()1)> (IDUO} - { él)(I)UO} Dy, {m(()l)@UO} ]

Finally, the asymptotic properties of §(v) are presented in Theorem 2.2 below.
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Theorem 2.2. Under the assumptions of Theorem 2.1, and inf f,(z) > 0 and

Zez

mfuf(vo, n) > 0, the asymptotic results of §g(0) are as follows
ne

)

V/nhy (§(0) = g(ve) — Bias) —p N(0, Var),

where Bias = h2By(vo,n) 4+ h2B,(vo,n) and Var = fo(ve)K, f%d@(n),

with fu(vo) and f,(n) denoting the density functions of Vi and n, respectively.

The mathematical proofs of Theorems 2.1 and 2.2 and Corollary 2.1 are given

in the Appendix.

Remark 2.2. In these results, it is clear the first-stage nonparametric estimation
does not contribute to the asymptotic variance of the estimators in the final-stage
because the contribution of first-stage nonparametric estimation is asymptotically
negligible. This characteristic is common among multi-stage nonparametric estima-
tion procedures (see Su and Ullah (2008) for an example). However, this differs
from the work of Li and Wooldridge (2002), which considers parametrically gener-

ated covariates in a PL semiparametric regression model.

Remark 2.3. It is also interesting to explore the case of performing the CF ap-
proach without the presence of nonparametric-endogeneity. The essential stochastic
assumption of the CF approach ((2.9)) implies no existence of any endogeneity con-
trol function and, hence there is no identification problem in estimating the struc-
tural link function. Therefore, performing the CF approach without the presence
of endogeneity causes an unnecessary multi-stage nonparametric estimation and the
presence of redundant covariates in estimating the structural link function. However,
the theoretical results of the proposed estimators particularly Theorems 2.1 and 2.2
and Corollary 2.1, are still valid with minor modifications, especially in terms of
IMSE5(hy, hy), Vary and Vary, and the bias and the variance of §(0). The minor

modifications of the theoretical results are as follows

K o*%(Vy,n)
IMSEy(hy, hy)* = B (vo, n)h2h2]? ’ z,n)dzd
*2 V
Bias® = h2B(vg,n) and Var* = fo(v)K, Ufz((vo) ;dQ( n),
0,7

15



* Ko
where By (vg,n) = W;n) {quo (vo,m)g™ (vo) + £ (vo, 77)91(13)(1]07 77)}
and 0** = E(2|X,n) = E(e&2|X), and Var: and Var, are obtained by replacing m\"
with g(()l) in (2.19) and (2.20) with g(()l) being the first derivative of g(vy) with respect
to V.

Remark 2.4. Our results can also be extended to a more general data structure
where a random sample {(X[,Z,,Y;); t = 1,...,n} is a strictly stationary and
strongly mizing process under Assumptions 2.6 and 2.7 below in addition to 2.1

to 2.5 above.

In the rest of this section, we discuss about how to extend these established
theoretical results to stationary time series data as in Remark 2.4. First, let & =
(X}, m:) and fe(€) denote the joint density function of X'aq and 7. The necessary

regularity conditions for the strictly stationary and a-mixing case are then as follows.

Assumption 2.6. (i) The conditional densities satisfy the following conditions:

Jenaxix (§,&6) < C <00; feamyi(6,&) < C' < oo Jzi,z0x0,x, (20, Z1) < C" < o0

for some constants C,C",C" > 0 and for all l > 1. (ii) The mizing and moment

conditions are as follows:

> 1la(D)] ' < oo, Bl X' < 0o and fe,x,(£]X) < C < oo

1 a) ™ < 0o, E[Yo|' < 00 and fe v (€]Y) < € < oo;

D 1 a)] ! < 0o, E||Zol|' < 00 and fz,x,(2|X) < C" < o0,

where | > 2 and a,a’,a” > 1 —2/1. (iii) There is a sequence of positive integer sr,
which satisfies sp — oo and s = o0 {(nhZfT)l/Q}, such that (n/hsz)l/Qoz(sT) — 0 as

T — oo.

Assumption 2.7. (i) Let the density functions f.(z) and f(vo,n) satisfy iI}f fa(2) >
ZEA,

0 and infuf(vo, n) > 0. (it) In addition, we require the following moment conditions:
x,ne

Bl|X|P° < oo, sup/nxu f(e,€)dz, EY]* < oo, sup/m 1y, €)dy; sup/HXH f(z,2)

Zez
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for some s > 2. (uii) The bandwidth sequences, h,, h, and h,, tend to zero as

n — oo and satisfy the following, for some § > 0
F I e N e el (/120 95 Ry

In the proof of the y/n-consistency of & and B in the case of Remark 2.4, Propo-
sitions A.1 to A.15 in the Appendix encompass the extra covariance terms caused by
the serial dependences in the sample. Under Assumptions 2.1 to 2.5 and 2.6(i)(ii),
the covariance terms can be shown to be 0,(n~!/2). For instance, the extra covariance
term in Proposition A.1 might be derived as 37 (1 —t/n)Cov(¢1, Pry1) = o(hyhy).
However, the consistency of §(v) requires stronger conditions than the case of & and
B , namely the uniform convergence of f (vo,n), which requires the uniform conver-
gence of ();, where j =1,--- .5 in (B.1) in the Appendix. Under Assumptions 2.1
to 2.5, 2.6(1)-(ii) and 2.7, Q; is shown to be 0,(1) as follows

(Inn)?
n2h% R, b3

feU,zeA, feU,zeA,

1/2

sup  |Qul = sup  |Qsi| = O, ( > + h2(hi + h2)

Furthermore, the asymptotic normality of §(v) is then obtained by applying As-
sumption 2.6 (iii) for the standard nonparametric small-block and large-block ar-
guments. Nonetheless, the asymptotic normalities of & and B are obtained by ap-
plying parts of Assumption 2.6 (i), namely >, 1%[a(])]'"*! < oo, E||X,||' < oo,
S 19 (D] < 00 and E|Yp|' < 0o, to (A.6) and (A.10) in the Appendix for the
small-block and large-block arguments of a standard strictly stationary and strongly

mixing process.

2.4. Simulation Studies

In this section®, the finite-sample performances of the estimation procedure pro-
posed above are investigated by making a comparison between the performances of
the estimation method introduced in Xia et al. (1999), referred to the XTL proce-
dure, and the CF approach established in Section 2.2 as the KS procedure in the

presence of nonparametric-endogeneity. Throughout this section, optimization is

5The results of extensive simulation exercises for GPLSI model are available on request from

the author.
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implemented by using a limited-memory Broyden-Fletcher-Goldfarb-Shanno algo-
rithm for the bound-constrained optimization of Byrd et al. (1995). All simulation
exercises are conducted in R with the Gaussian kernel function and the number of
replications () = 200. To compare and evaluate the finite sample performances of the
procedures, the mean and mean absolute errors of the estimates of both coefficients,
ag and By, across () replications are computed in Tables 2.1 and 2.2. The averaged
absolute error of the estimates of the unknown structural function is also computed

as follows

f](f/z) —9(Voi) |,

n
1
ac; = — E
g n 4
=1

where n is the number of samples.

In the analysis that follows, an example model of the following form is considered
Y = Bor X1 + Bo2Xoi + Loz Xz + 9(Voi) + &, (2.23)

where Vp = an X1 + apeXs + a3 X3, g(Vo) = exp {—2(01 X1 + e Xz + a3 X3)},
and X; is independently and uniformly distributed on [—1,1] for j = 1,2. It is
necessary that By L ap with || o ||= 1. In order for these conditions to be satisfied,

define By = 0.4, Boz = 0, agr = 0.7, age = —0.6, then [y; and a3 are defined as

_ 2 2 _ 6020502
ap3 = /1 —ag —ag and fo = — .

Qo1

follows

In this example, nonparametric-endogeneity is introduced by letting X5 = Z+n,
where Z and 7 are independently and uniformly distributed on [—0.5,0.5] and [—1, 1],
respectively, and € = n+ e and e is independent and standard normally distributed.
Tables 2.1 and 2.2 present the estimation results from the XTL and KS procedures,
respectively.

The simulation results in Table 2.1 show strong evidence against the use of the
XTL procedure in the presence of endogeneity. This evidence is clear when the
averaged absolute errors, ae; in Table 2.1 are considered. On the other hand, the
simulation results in Table 2.2 suggest that the KS procedure is able to identify the

structural link function, namely the g(-) function, in the presence of endogeneity.
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Table 2.1. EGPLSI model with nonparametric-endogeneity and the XTL’s procedure.

n B1 B2 O Gro a3

50 0.3130 0.4332 0.8884 -0.7748 0.5597
150 0.3088 0.4340 0.8993 -0.7671 0.5279
300 0.3142 0.4264 0.8988 -0.7674 0.5225
500 0.3135 0.4288 0.8960 -0.7653 0.5179

n B —Boil B2 —Boa| |é1—ap| |d2 —ao| |as — ags aeg
50 0.0656 0.0714 0.1691 0.1253 0.1586 0.0905
150 0.0428 0.04572 0.0859 0.0559 0.0910 0.0891
300 0.0331 0.03377 0.0629 0.0548 0.0426 0.0895
500 0.0306 0.0319 0.0229 0.0156 0.0181 0.0906

Table 2.2. EGPLSI model with nonparametric-endogeneity and the KS procedure.

n B1 B2 o Gro a3

50  0.2645 0.4652 0.9638 -0.8249 0.5483
150 0.3260 0.4135 0.8975 -0.7852 0.4756
300 0.3486 0.3945 0.8090 -0.6997 0.4382
500  0.3555 0.3891 0.7353 -0.6295 0.3992

n B —Boil B2 —Boa| |é1—ap| |2 —ao| |as — ags aeg
50 0.0816 0.0684 0.1678 0.1389 0.1195 0.0632
150 0.0307 0.0264 0.1244 0.0962 0.0769 0.0265
300 0.0213 0.0183 0.0446 0.0327 0.0285 0.0160
500 0.0189 0.0159 0.0416 0.0319 0.0263 0.0124

3. Semiparametric CF approach to Shape-Invariant Empirical Engel Curves

In this section, a flexible shape-invariant Engel curve system is analyzed within
the framework of the EGPLSI model with the newly developed CF approach above.
The consumer optimization theory in the empirical demand study literature sug-
gests including a scale and shift parameters within a flexible shape-invariant em-
pirical Engel curve in order to incorporate the individual household heterogeneity
(see Pendakur (1999), Blundell and Powell (2003) and Blundell et al. (2007) for
examples). In addition, it is also well-known that modelling a shape-invariant Engel
curve system involves a critical difficulty, which resides in the endogeneity of total
expenditure caused by the two-stage budgeting model (see Blundell et al. (1998) and
Blundell et al. (2007) for details). Hence, it is natural to study a shape-invariant
Engel curve system within the framework of the EGPLSI model with the newly
developed CF approach.
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3.1. The Empirical Model and Estimation

Hereafter, let {Y;;, X1;, X} | represent an i.i.d. sequence of n household obser-
vations on the budget share Yj; of good I =1,..., L > 1 for each household 7 facing
the same relative prices, the log of total expenditure Xy;, and a vector of household
composition variables Xs;. For each commodity [, budget shares and total outlay
are related by a general stochastic Engel curve, namely Y, = G;(X;) + ¢, where
Gy(+) is an unknown function that can be estimated by using a standard nonpara-
metric regression method under the exogeneity assumption of total expenditure (i.e.
E(e|X1) = 0). Nonetheless, a number of previous studies have reported that house-
hold expenditures typically display great variation with demographic composition.
A simple approach for estimating the model is to stratify the data by each dis-
tinct discrete outcome of X5 and then carry out our estimation with nonparametric
smoothing within each cell. At some point, however, it may be useful to pool the
Engel curves across different household demographic types and to allow X; to enter

each Engel curve semiparametrically. This idea leads to the specification below

Yi= 6(/)1X2i + g1( Xy — ¢(76X2i)) + €, (3.1)

where g;(+) is an unknown function and ¢(~;Xs;) is a known function up to a finite set
of unknown parameters vy, which can be interpreted as the log of general equivalence
scales for household ¢. In the current paper, ¢(v{Xa;) = 7(Xa; is chosen so that (3.1)

is specified as follows
Vi = By X2 + gi( X1 — 79 X2i) + €a. (3.2)

In this application, total expenditure is allowed to be endogenous and a measure of
earning of the head of each household is used as an instrument.
Following the CF approach discussed above, the empirical model to be estimated

is of the form below

Vi = Bora X1 + By Xai + g1 X1i + gy Xai) + € (3.3)
X1 = mx1(Z;) + mi, where E(n|Z) =0 (3.4)
E(e|Z,n) = E(e|n) # 0, (3.5)

where mx1(Z) = E(X1|Z) and {Z;}!._ represents an i.i.d. sequence of the measure

of earning of n heads of households and (3.3) is a semiparametric model that satisfies
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all the identification conditions required in the construction of the EGPLSI model.
The theoretically consistent model in (3.1) can then be solved based on (3.3). For
this end, a similar scaling transformation to that explained in Section 2.1 is used. In
the remainder of this section, some specific details about the estimation procedure
are discussed. Rather than basing our discussion on (3.3) to (3.5), it is statistically

more equivalent to do so based on the following

Yi = ﬁ()zX% + gi( Xy — '7(/)X2i> + € (3.6)
E(e|Z,m) = E(aln) # 0. (3.8)

These models suggest the conditional expectation relationship shown below

EY|[(X1 —10X2),m) — Bk (Xo| (X1 — 7 X2),m) = au(X1 — % Xa) +uln), (3.9)
where E (¢|(X1 — v X2),n) = E (a|n) = u(n) # 0, which immediately leads to

Yy = 56;X2i + gi(Xy; — 76X2i) + u(m) + e, (3.10)
X = mx1(Z;) + ni, (3.11)

where E(e| X1, Xo,m) = 0. Let my ({X1; — v Xai},mi) = g( X1 — v Xa:) + u(n). In

order to use (3.10), it is important to note that

mualXs = 24Xe) = [ (X~ 2 Xad o) d
(X1 —Xa2) = my (X1 —X2) - C, (3.12)

where C' = [ «(n)dQ(n) and E(g,(-)) = 0.

If a linear specification is imposed on ¢(-), (3.10) would be similar to the ex-
tended partially linear model discussed in Blundell et al. (1998). In this case, Blun-
dell et al. (1998) showed that a test of the endogeneity null can be constructed by
testing Hy : ¢; = 0, where ¢; is an unknown parameter. To allow for more flexibility
in the functional form between total expenditure and its instrument, as an alterna-
tive, one may apply an existing test of a parametric mean-regression model against
a nonparametric alternative (see Horowitz and Spokoiny (2001), for example). How-

ever, the current paper suggests that it is more convenient to simply construct the
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variability bands for ¢;(-) since its estimate is readily available. To do so, the follow-
ing procedure is used.

Step 3.1.1: Obtain an empirical estimate of ¢;(X; —7(X2) in (3.12).

Step 3.1.2: Regress (3.10) by using the estimates in Step 3.1.1 to obtain the non-
parametric estimates of ¢(+).

Step 3.1.3: Compute the bias-corrected confidence bands for the nonparametric
smoothing using the procedure introduced by Xia (1998). Finally, the Bonferroni-
type variability bands are obtained by using a similar procedure to that discussed
by Eubank and Speckman (1993).

To perform Step 3.1.1, the estimation procedure introduced in Section 2 is used.
However, some modifications are required to take the vector of index coefficient, o,
a general equivalence scale for household i, into account. In this case, the objec-
tive function (2.16) is only used for a particular commodity [. The new objective

A

function, min J(V, By, hiy), is the summation of these individual functions
'YEAnzhv,lzhﬁ,ZEHn

that is minimized with respect to v and 14 smoothing parameters, particularly two

for each commodity. Finally, the estimation procedure is completed by using 4 as

well as ]th[)J and fzﬁyl.

In addition, the model in (3.10) can also be re-stated as

Vi = a(Xu — 7Xa:) + ea, (3.13)

K2

where Y* =Y, — 65, X2 — u(n). The use of (3.13) relies on

mz,z(n) = /ml(va n) dv = u(n) + C" and u(n) = mz,z(n) -, (3.14)

where V = X; — v X5, C" = [ g(v)dQ(v) and E(y(-)) = 0, which corresponds to
(3.12) above. Hence, the model in (3.13) suggests that the estimates of the shape-
invariant Engel curves and the related confidence bands are obtained as follows.
Step 3.2.1: Obtain empirical estimates of ¢(n) in (3.14).

Step 3.2.2: Regress (3.13) using the estimates in Step 3.2.1 to obtain the nonpara-
metric estimates of g;(-).

Step 3.2.3: Compute the bias-corrected confidence bands about the nonparametric

estimator in Step 3.2.2 by using the procedure introduced by Xia (1998).
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3.2. The Engel Curve Data

In our application, the data set is drawn from the British Family Expenditure
Survey (FES) 1995-96. Seven broad categories of goods are considered as follows: (1)
fuel, light and power (fuel hereafter); (2) fares, other travel costs and running motor
vehicles (fares); (3) food; (4) alcoholic drink and tobacco (alcohol); (5) leisure goods
and services (leisure goods); (6) clothing and footwear (clothing) and (7) personal

goods and services (personal goods).

Table 3.1. Descriptive statistics.

Couples with 1 or 2 children Couples without children

Mean Std. Dev Mean Std. Dev

Budget shares:

Fuel 0.0692 0.0011 0.0618 0.0012

Fares 0.1537 0.0025 0.1715 0.0031

Food 0.3235 0.0028 0.2768 0.0031

Alcohol 0.0844 0.0022 0.1144 0.0031

Leisure goods 0.2155 0.0038 0.2298 0.0045

Clothing 0.0926 0.0024 0.0872 0.0029

Personal goods 0.0606 0.0016 0.0581 0.0019
Expenditure and income:

log (total expenditure) 5.4374 0.0130 5.4524 0.0161

log (income) 5.9205 0.0153 6.0397 0.0166
Sample size 1072 1278

To maintain some demographic homogeneity, a subset of married or cohabiting
couples are selected from the FES, particularly categories 1 and 3 of the variable ms
in the table adult. In addition, those where the head of household is aged between
20 and 55 (i.e. the variable age in the table adult) and in work (i.e. excluding the
category 1 of the variable fted in the table adult and category 6 of the variable 093 in
the table set8) are considered. Finally, all households with three or more children are
excluded. Our demographic variable, X5, is a binary dummy variable that reflects
whether a couple has 1 or 2 children (where Xy = 1) or no children (where X5 = 0).
Overall, there are 2350 observations, 1278 are couples with one or two children.
Table 3.1 shows larger expenditure shares for fuel, food, clothing and personal goods
for the households with children as expected. Also as expected, households without
children are able to spend higher proportions of their total expenditure on alcohol
and leisure goods. Overall, there are clear differences in the consumption patterns
between the two demographic groups. The estimates of the scale and the shift

coefficients are expected to reflect these differences.
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Furthermore, the log of total expenditure on the nondurables and services is our
measure of the continuous endogenous explanatory variable, X;. In our analysis that
follows, the log of normal weekly disposable head of household income, specifically
the variable p389 of the table set3, is used as an instrument. The two variables show
a strongly-positive correlation with correlation coefficients of 0.5660 and 0.5954 for
couples with and without children, respectively. Figures 3.1 and 3.2 present plots of
the kernel estimates of the joint density for these variables. Finally, in the empirical

application the instrument variable Z = ®(log earnings) is taken, similar to Blundell

et al. (2007).

Figure 3.1. Kernel joint density estimates for the log of total expenditure and the log of weekly

income for couples with 1 or 2 children.

Figure 3.2. Kernel joint density estimates for the log of total expenditure and the log of weekly

income for couples without ch

3.3. Empirical Findings

The important empirical findings are now presented and summarized in Table
3.2. Although exact definitions of the data are not given in Blundell et al. (1998),

Blundell et al. (1998) estimated the shape-invariant Engel curves for four broad
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categories of nondurables and services by using the FES data, namely fuel, fares,
alcohol and leisure, similar to this paper. The empirical estimate, 4, of 0.36355
reported in the first column is very close to 0.3698 as found in Blundell et al. (1998).
Furthermore, the signs of the parameter estimates, Bl, for the four broad categories
are all consistent with those of Blundell et al. (1998); specifically they are positive

for food and leisure, but negative for alcohol, fares and fuel.

Table 3.2. Empirical results

4 Categories of goods Bl iLvtl IA"L;]J
0.36355  Fuel, light and power -0.01401  0.14021 0.93631
Fares, other travel costs and running of motor vehicles -0.02027 0.19545 0.26831
Food 0.00537 0.15120 0.25826
Alcoholic drink and tobacco -0.05205 0.30802 0.22569
Leisure goods and services 0.05077  0.14663 0.40277
Clothing and footwear 0.02079  0.14846 0.27234
Personal goods and services 0.00738  0.49331 0.49335

The first columns of Figures 3.3 to 3.6 present the empirical estimates of the
Engel curves for seven of the goods in our system based on the CF approach discussed
in Section 3.1. For these plots, the smoothing parameters presented in the fourth
and fifth columns of Table 3.2 are used. Furthermore, the third columns of these
figures show the empirical estimates of the Engel curves computed from the Xia
et al. (1999)’s procedure by which the exogeneity assumption is imposed on the
total expenditure. Together with the estimated Engel curves, their 90% point-wise
confidence bands are also reported. The bands are obtained by using the procedure
discussed in Section 3.1. Let us now concentrate on the first columns. For fuel, food
and alcohol, the Engel curves appear to demonstrate that the Working-Leser linear
logarithmic formulation may provide a reasonable approximation. Nonetheless, for
other shares, especially for fares, a nonlinear relationship between the shares and
the log of expenditure is evident. A detailed investigation of the data shows that on
average, up to 70% of fares belongs to running motor vehicles. Hence, motor vehicles
seemed to be a necessity good for a household for which the log of total expenditure
is more than around 5.3 for those with children, for those without children, it is up
to around 4.8. It seemed that motor vehicles are a superior good for households
where the log of total expenditure, is below these levels. The estimated shares for

the couples with children are higher than those for couples without children, except
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for extreme lower quantile of the log of total expenditure. This could lead to the

nonlinear relationship witnessed in Figure 3.3.

Figure 3.3. Fuel and fares (90% confidence bands are drawn for households with children)
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As expected, the estimated shares of fuel and food for households with children
are consistently above those for households without children. Couples without chil-
dren spend around 3% more of their budget on fuel and food than couples with
children. In addition, the estimated shares of alcohol, leisure, clothing and per-
sonal goods for households with children are consistently below those for households
without children. Couples with children spend around 3%, 8% and 2% more of their
budget on leisure, clothing and personal goods than couples with children at the
same level of expenditure. In all but one case (i.e. fares), there seem to be a broadly
parallel shift in the Engel curves from one demographic group to another. Our re-
sults suggest that fuel, food and alcohol may be categorized as necessity goods in the
sense that the demand for these goods increases proportionally less than the increase
in total expenditure. These goods whose demand increases with total expenditure

are leisure, clothing and personal goods.
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Figure 3.4. Food and alcohol (90% confidence bands are drawn for households with children)
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The second column presents the nonparametric estimates of the control func-
tions, ¢(+). With the estimated control functions, the two sets of bands, namely
the 90% bias-corrected confidence bands for the nonparametric smoothing of Xia
(1998) (blue) and the 90% Bonferroni-type variability bands of Eubank and Speck-
man (1993) (red) are also reported. Regarding fuel and personal goods, ¢(-) for
these cases do not seem statistically significant. However, the opposite is found for
fares, food, leisure and clothing. Hence, neglecting potential endogeneity in the esti-
mation can lead to incorrect estimates of the shape of Engel curves for these goods.
This can be seen by comparing the first and the third columns of the figures. For
these goods it is clear that the curvature changes significantly as the presence of the

endogeneity is allowed.

4. Conclusion

In this paper, the usefulness of the EGPLSI model in its ability to model a
flexible shape-invariant specification is elaborated. A shape-invariant specification
is beneficial for analyzing an aggregate structural relationship, taking individual
heterogeneity into account. A flexible shape-invariant specification is easily studied

within the EGPLSI framework because both the scale and shift parameters are easily
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Figure 3.5. Leisure and clothing (90% confidence bands are drawn for households with children)
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incorporated in the EGPLSI model. Despite the benefits mentioned above, the
applicability of the EGPLSI model to an empirical study is limited because of its
shortfalls in addressing endogeneity problems. Hence, the current paper develops the
CF approach to address the endogeneity problem in the EGPLSI model to enhance
its applicability to an empirical study.

The proposed CF approach inherits a few intrinsic features. Firstly, it resem-
bles existing multi-stage nonparametric estimation procedures in the sense that the
endogeneity control covariates must be estimated from the first-stage reduced-form
equation. Furthermore, the involvement of the nonparametrically generated covari-
ates means that establishment of the CF approach is not straightforward. The
optimization technique of Xia et al. (1999) needs to be extended one step further to
ensure its theoretical validity. The current paper shows that under-smoothing is not
required in the first-stage of our proposed estimation procedure under the relatively
mild conditions seen in the literature. The first-stage nonparametric estimation is
shown to be statistically negligible. The paper then closes the theoretical discussion
by providing an outline of the straightforward extension of the results based on an
i.i.d. random sample to a strictly stationary and strongly mixing process. The paper
also presents the satisfactory finite sample performance of identifying the structural

link function in the EGPLSI model in the presence of nonparametric-endogeneity
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from a Monte Carlo simulation exercise.

Figure 3.6. Engel curves for personal (90% confidence bands are drawn for households with chil-

dren)
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Finally, the semiparametric analysis of a system of shape-invariant empirical
Engel curves using the FES (1995-96) data-set within the framework of the EGPLSI
model with our proposed CF approach is conducted. Not only are the findings
interesting empirically but the accessible applicability of our proposed CF approach
is also explored.

Additionally, the development of the CF approach in this paper also provides a
foundation for addressing the presence of weak instruments in the EGPLSI model.
Han (2012) discussed how the intuitive triangular structure of the CF approach in a
simple nonparametric regression model translates the difficult problem (namely the
presence of weak instruments in the first-stage reduced-form equation) into a much
simpler one, particularly the multicollinearity problem in the second-stage structural
equation. Hence it is plausible to develop the current paper further to the case of the
presence of weak instruments in the EGPLSI model. However, a thorough investi-
gation is required to examine a number of important issues, particularly examining
the y/n-consistent estimation of the finite-dimensional parameters, namely o and
Bo, and the properties of the smoothing parameters in each stage of the proposed
estimation procedure and, most importantly, how to address the presence of weak

instruments in the relatively general semiparametric model, the EGPLSI model.
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Appendix

In this Appendix, the mathematical proofs of the main theoretical results of the paper
are presented. Note that the proofs in this section are the generalized version, namely the
case where more than one endogeneous nonparametric covariates (ga > 1). The proofs of
Theorem 2.1 and Corollary 2.1 are first discussed in two main steps, then the proofs of
Theorem 2.2. follow.

For the sake of notational simplicity, let us first introduce the following terms; m =
m(vo,n), ma = E(Xa,lv0,m), 0 = E(mlv,n), e = B(Xa,l0,0), Logj = Ly, (Vo —
Vo0 —15)s Lij = Liyn, (Vi=Vi.ni =), L1,i5 = Ly, (Vi = Vjymi =), Lai; = Lin, (Vi—

Vj, i —n;) and L3 ;; = thhn(Vi - Vj, i —1);). Let us also assume that hy 1 = -+ = hy g, =
hyand h,; =---=h,4 = h, for the sake of simplicity.

Proofs of Theorem 2.1 and Corollary 2.1

Step 1. Proofs of Theorem 2.1: The proofs of Theorem 2.1 are based on the
decomposition of (2.16) in a few interesting terms and by showing the uniform convergence
of the remainder terms, namely R; and Ry. Let us first denote 8y — 8 = B in this step of
the proofs. Given «, § and 7), the minimizing objective function in (2.20) is decomposed

as shown below

~ 1 n ~ ~ “ " / 2
J(asho hy) = nz@—m—én—{xi—xi—am} ﬂ)
=1
= J*(, hy, hy) + T1(hs) + Ra(e, by, hy, he), (A1)

O Sor S 5O N N A 2 D i WiLa ij
where 0y; = Yo, — Yy Oxy = Xoj — X3 Yo, = my(Vi, 1) + Wayy Way = ﬁ
Ve s

. . . Ao L UjLoij ¢ . A L WL o

Xoij = e (Vi, ;) + Usi; Uz = 7%:11_22;]; Y = my(Vi,ni) + Wis W; = Lﬁi#iiij]; X; =
S i2; UjLij . . .

my(Vi,mi) + Uy Up = % To obtain the asymptotic equivalence between (2.16) and

i i
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(2.20), J*(av, hy, hy) in (A.1) is further expanded as follows

T (0 hy, hy) = ii(n—ﬁ—{&-—&}%)
i=1

= J(@) + To(hu, hy) + Ra(t, by, hy). (A.2)

2

The two remainder terms, R; and Ry in (A.2) and (A.1l), are composed of a num-
ber of elementary terms. Firstly, R; is decomposed with the following terms: B'Sy,_ . B,

B'SyB, B' S,y i, B: B'S, i B, B'Si,—in,uB. B'S,, B, B'Sy B, S,

m z—Mg,U
! ! ! !
Sm—iivn—ins Seés Sy B' Sy —rngm—> B'Sgr s B'Smy =i in—rns By —ring gin—rn> B'SuUm—mn,
! / / / / / /
B'St s B Sinve—ine,es B'Styer B'Sues B Sy —iing 3 B Siing—ing 5 B'Sves BSgrg: Sin—rin,e
2 my Lo
2 Loij

namely sup |Ri (v, hy, hyy)| = op(n_l/z), is followed by Propositions A.1-A.3, A.6,
aeAn,hv,hneHn

A7, A9 and A.12-A.14, with 8 = fy + O(n~'/?) as defined in (2.17) and S, s, =

Sr—riner Si—m,e and Sy _my, Where 1hg = . The uniform consistency of Ry,

Op(n=thy thy )+ O, ((h2 + h%)Q) by nonparametric analysis. The second remainder term,
Ry, is decomposed as follows: B/SSXB,SSM,S&,B’S’A B'S: :,8: : B'S; . B,

5)(87"’ 5)(5@’ 5m8e7 Ox, Mg —"My
B'Ss s, B:B'S5, B, B'Ss_sB,B'S; . B'S; B'Ss ., B'S; .. B'S;
B'S; .S;

dx,m—m’ oxe’ dxé’ Om Mg —mMy’
/
BS e’ B'S om U’ = 0m,m—m’ S(Smfn—m’ )

/
S vz — 5 U Sme? Ssmé7 BSSE,mw—my B S&,mz—mxv
/
BS; ;. B'S; 5,8
namely sup |Ra(cv, hyy oy, hyy)| = op(n*1/2), is followed by Propositions A.4,
Q€A hoy b bz €Hn

A5, A8, A.10, A.11 and A.15, with 8 = Bo+O(n"/2) and Sy, 5, = Op(n " hz ¥)+0, (%)

5. m—rm Sgeﬁ_m, Séee and SSeé — S¢,—g.- The uniform consistency of Ra,

by nonparametric analysis. Note that the stated orders of the remainder terms are made
available by using Chebyshev inequality.

Step 2. Proofs of Corollary 2.1: The proofs of the asymptotic properties of & and
3 are now ready to be discussed. Firstly, by using the condition in (2.17), particularly
An, = {a : |Ja — ap|| < C1n~Y/?}, and given the bounded values of X, the conditional

expectation relationships are written as follows
mun,n) = mv,n) = X'(a - ao)ml) +O(nY) (A3)
m(vo,nlo,m) = m(v,m) = ia(2V.n) (o = ag)mg” + O(n ™). (A4)

The asymptotic properties of & by obtained using (A.3) and (A.4) with the expansion

of J(a) are then considered as follows

- 1< 2 22
J(@) = (ag—a) (n > {mf} Um%) (00 =)+ 3 my Uil — e,

i=1

=1

+2(Bo — B)' (:L > mél)UOiUéi) (ag — @) + 0p(1) + Op(n~Y?), (A.5)
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where Uy; = {X; — E(X;|Voi, i) }. Given ag and 7, Bo—f3 is (% Sory UOZ-Uéi)_ % oy Uniei
and hence

2
J(@) = (ag—a) {m(()l)} St (o — o) + 2m(()1)SeUO (g — @)

~2{(Su) ™ Setn} {mfSui (a0 — @)} + 0,(1). (A.6)

The asymptotic properties of B are obtained by considering the linear reduced form

(see Robinson (1988) for details), given 7 and &, as follows

Y; — Yai = (X; — X3;)'Bo + (mq — 1hisi) + (€5 — é3:), (A7)
N R N ~ ~ L Wils i 5 . N ~ ~ L UsiLa i
where Y3; = 1y, (Vj, ;) +Wai, Wa; = %, X3i = me(Vi, 1) +Usi, Ui = %,
X izimiL3 i o iz €5L3ij . .
Mmai = %, é3i = % By using (A.7), we obtain
3 -1
B=80=55" ¢ (Sx_stymrms + Sx_soess) - (A.8)
Further decomposition of (A.7) is required as shown below
Y, =Y+ Y- Yy —0yi = (Xi—Xi+X;— Xy —0x3)Bo + (mi — m; + 1t — ma; — Omi)
+(€i — éli — Sei), (AQ)

v

where dy; = Y3; — Y14, 0x3 = X3; — X143, O = M3i — 1M1y, Oei = €35 — €14, Y14 = 1y (Vi mi) +

5 Ti 22 Wiltis Y T 22 Uil . 2 ML i
) J— > X = - . — k) ) b ) n
W127 Wi Zj;ﬁi i 17 mx(‘/z; 772) + U117 Ui Zj# L1 mi; Zj# L1, and
oy = 2 €ilais
li Zj;ti Lij -

The terms in (A.8) is decomposed further by using (A.9) as follows: Sy, —m,, S, —ina, » SU,

S, 98 5+ St =i i —iay s Sma—ne,Us S i 010 S —ring S0 e =10 Us Sy g 010 O —ring

SUU1 ) Sija Sﬁlgx ) Sm—fn,ea Sm—ﬁuép Sm_ﬁ—b7se7 Srh—fnl,ea Srh—m1,é1 ) Sﬁl_ml,ge» Sjmea S(smély Sm—ins

an—ﬁlly nga Sm—'fn,'fn—ﬁna S an_mh&n? Sgesmy Sea Séla 5567 Seé1 ’ Sese’ S, Ser Smm—mm,ea

m—ﬁz,gm’ €1
Sma—1iz,81> O, iy Ser Dtita =ty e O =1y 15 Otitg =iy » OUes SUe1» S5, St er Styerr Ptrs.r Obyer
Ssyerr O5x5er Smu—iivem—ns Smg—iivg -1y Sy 55 Siivg g, m—iivs Orivg =i, 11> S5,

sz—mml Om? Sm—in,Us Sti—in,Us S5, » Sm—ﬁz,Ul ) Sﬁz—ml,fh’ Sm—fn,sxv Sm—ml,éx and SSXSM'
Note that the two kernel functions are approximated such that L3 ;; = Lo ;; —|—Op(n*1/ 2h; 1)
and Ly ;; = L;j + Op(nfl/thl) uniformly in 4. Hence, Lo ;; and L;; are used instead of
L3 ;; and L1 ;;, respectively, for the case of B in Propositions A.1 to A.15. By Propositions
A.1-A.15, and (A.3) and (A.4), (A.8) becomes

B = bBo
1 n - 1 n 1 n ) B
= (nZ;UOiU(SZ) {nZ;UoZ-einz;mé)UOiUéi(aoa)} +0,(n12) + 0,(1).
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Given fy and by using (A.5), (A.8) is further simplified as shown below
3 B = (Si ) (1) ORGP (D
5 - 60 - (SU()) Ser — my SU() {mo } SUO mg SeU() + Op(l). (AlO)

Given both B and &, the variance of e is

6% = Se—ey+ Smms + (B —B0)'Sy_1,(B—B0) —2(B—Bo)Sx_ 1, e ey
—2(8 = B0)Sx_ xymsivg T 2Sm s c—es (A.11)

= S.+0,(1) 5 o2

by Propositions A.1-A.15 below, the law of large numbers and the i.i.d. assumption of e; .

The other nine terms, (6—f0)'Sin, i, (8—50); (8= 50) S~ (B—Fo); (B— o) Su (B~
B0); Sm—r; Smae—rnem—mn; Sm—inU; Sme—iig.e; SUe; Sm—m,e, are op(n_l/Q). Therefore, by
using the central limit theorem and the law of large numbers, the asymptotic normalities

of & and B are as follows
. 2 -
ViB=Bo) = v (Su)” {saoe—mé”sao <{mé”} SUO) mé”seuo} +0p(1)

oo ¥ (00 [ () o ) o))

.
Vi@ —ap) = Jﬁ({mé”} SUO) {m§Seui, = mSu, (Sug) ™ Searg } + 0p(1)

Sp N (o,UQ [({mgw}%%) ~{mMau,) e, {mgn@%}‘]) .

Next, the proofs of Propositions A.1 to A.15, are shown.

Proposition A.1. \/nSy, ., and \/nSs_m are
Op(n~ Y20y iy ®) + Oy (n1/2(h2 + B2)?).

Proof: Let o(-) and ¢(-) denote m(-) and my(-), and m(-) and my(-), respectively.
Then, uniformly in i, (A.3) and (A.4) are used to deduce the following

o) S e e Ul a0l L [ fvi - (Vi)
Oi — Qi = Vo) (1— ) +o(1),

where 4,0(()1) = 0p(Vp,n)/0Vy. Note that (f(V, n) — f(V, 77)) = Op(nh,hi2)~12 + O, (h2 +

h%) so that (1 — W) can be dropped and, hence, only the numerator term is

35



considered in the rest of this section. By identical distribution, E(Sz—s) = E {(¢i — ¢i)?},
where E(¢; — i) = O(h? 4+ h%) and Var(¢; — ¢;) = O(nhyhi?) ™', Because

1 . 1 1

1 - 1
=+ 2COV h th Z(@z — SOJ)LZJ, W Z UJ/(CM —_ ao) ( )LZ] ,
i U G

where
1 (1) 2 -1
Var | Sy 2 Vil = c0des Ly | = O huli)

1

Cov nhyh®2 Z(SO i) Lij, nhy th Z U/ (o — OZO)QD(() )Lij = O(n3/2hvhg]2)_1
v J# G
Hence E(Sg_3) = O(nh,hi#?)~' + O((h2 + h%)Q), .

Proposition A.2. /1S, s, m—m i Op(n™Y2h; hy®) + Op(n'/?(h2 + h2)?).
Proof: By using Proposition A.1 (i)-(ii), and the Cauchy inequality. |

Proposition A.3. \/nS; and \/nSe are Op(n=Y/2h;1hy ).
Proof: Let ¢ denote U and e. By using the assumptions of E(o|L) = 0 almost surely,
where £ = (X,n) and the i.i.d. property of o, we obtain the results ofF(S;) = E(¢?) and

B(&) = 2h2h2q2 > 0L | =Onhoh)™!
J#i

Proposition A.4. \/ESSX,\/HSSm and \/ES& are
0, (n‘3/2h;qzh;1h;(q2+2)> +0, (n_l/th‘h;lh;(QQ+2)) + 0, (n32hA(h2 + h%)Q).

& s o2 Sz 0ilaii 2z 0iLig
Proof: Let § denote x, 6, and ., and §; = do; —01; = ijj;z JLQi-jJ — X]:j;z JLi]_J. By us-

2
)+L( )( ) (%) , where Lg) is the " deriva-
tive of Li; with respect to n withr =1 or 2, Nij = {92(Z;) — 92(Z;)} —{92(Zs) — 9.(Zs)}

ing Taylor expansion, Lo ;; = Lij+L(1) (

and 7 1s between the segment line of n; —n; and 7); —7;. Hence, the denominator of ba; is

1
7’Lh hq2 Z 2,ij — hqz ZLZ + h hq2+1 ZL A1] + RU’
j#i J#i
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where R;; is the remainder term and the second term on the right-hand side is op(n_l/g),

because
2
(1)
( h hQ2+1 Z A )
J#u
2
1
- 5 S Clusm - €
z 2 1 (l7] K) l Z K
n4hzq h%hn(qQJr ) (];ﬁz {l;ﬁ] I#i } )
+ 2 E Cajix)— »_C
. 2 1 (L,5;K) (,i;K)
n4hzq h%hﬂ(q2+ ) ]7&1 I#j I#1

m##j,l m##i,l

fgoe w»

+ 4h2qz h2h2(q2+l (Z Z L {Z C(l’j§K) - Z C(l,i;K) }

JFU kg I#5 I#
xq 2 Clmkry = D Clmi)
m#£k,l m#£i,l
—27 —q.—1p —(q2+2 —1347 -1 —(g2+2 40p2 | 12)2
-0 (n hy % hy ot >> 1O (n Wy by @t >) +0 (B(h2+12)%),
X hiy v 6L Ay
where C(y j.x) = {gj,;(Zl) —9:(Zj)} K. anAce 0; = — XJIZiJLijJ ..
E(S;)=L1y" E(6H+2Y0, > i=1.4i £(0:05). Using a similar argument to the above,
the two terms on the right-hand side of E(S;) are

2
E (53> - 4h2qzh2h2(q2+1 (Z o (L ( ) {ZC (L.5;K) ZCW;K)} )

Next, consider

J#i I#j I#i

2
4h2q2h2h2(Q2+1) (Z % (L ( ) {Z Cugsre) = Z C(lﬂ'%K)}

I#£3 1+
> Comiszy = D Comisr
m%£j,l m£i,l

= 0 (n_2h;qz h;lh;(Q2+2)> +0 (n—lhﬁhqjlh;(qw—?))

A a 1
E( ¢ j) - n4th2h%h727(q2+1)

T { S - Swn | { i~ et}

I#£i 1#] k£l ki m#l mj
=0 (hi(hy +13)?) .
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Proposition A.5. \/nS; s ,/nS; 5 and \/nS; ; are
Op (320 iy ) 0, (072 iy ) 4 Oy (0 2hA(2 + 12)?).
Proof: By using Proposition A.4 (i)-(iii), and the Cauchy inequality. |
Proposition A.6. \/iiS,;, /iiSp,, v/iSes and \/nSye are Op(n=2hy 0y /%),
Proof: Since E(p|L) = 0 almost surely and ¢ is i.i.d., we have

1 n
E (\/ESQ@)Q - - ZE (93@12) , where E(Q?@ZQ) — 2h2h2‘12 ( ZQ2L2> = O(nh hqz)

i=1 j#i
|

PI‘OpOSitiOIl A.7. \/ﬁSmw_mw7U, \/ﬁSﬁl_m7U, \/’I;Sﬁh_mw’e and \/ﬁSﬁl_fn7€ are
Op(n= 121y PRy 212 4 0, (R2 + h2).

Proof: Because E(o|L) =0 almost surely and o is i.i.d., we have

1< .
E(VnSs-¢,)" = - ZE {(@i —@:)%ai},
i=1

where
B{@i— ¢ = B (X (Chun) @) + B (X

©i SDZ Ql - ’[’L2h2 h2q2 (’L,],L) ‘Q’L 2h2 h2q2 (’L,l,L) ],Z,L

vl i n I#i 11,
= O(n 'hy'hy®) + O((h3 + h)?)

with C’(*l LL) = {(/31- — o1+ Uj(a — 040)90(()1)} L. [ |

Proposition A.8. \FSUS VNS5 /Sy ,fSeS VNS and \/nS s are
O ( —lh qZ/Qh_l/2h (q2+2)/2> +Op< —1/2h2h_1/2h (Q2+2)/2)

Proof: Because E(p|L) =0 almost surely and o is i.i.d., we have
242
B(v/nS 5)? = ZE (0252).

where

E(026%)

1 2
B n4h2qz h2h q2+1 Z 5 (LS)) Z C(ZJ;K) - Z C(l,i;K)

J#i I#j I#1

2
+ {
24 2(q2+1
n4hzq h%hn(qQ )

2
B (LS)> > Cugiry = D Cuiry {2 Comagsr) = D Cmaisk

J#i 1] i m#jl mi,l
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and hence
E(g}37) = O (n™2hzhy by ) + O (n~ hidhy i )
using similar arguments to those in Proposition A.4. -

Proposition A.9. \/ﬁsmzfmz,if’\/ﬁsmfmﬁ’ VNS, —in, e and /nSpm_mc are
Opnh )+ Op(n/2(h2 4 2)2).

Proof:
1< ~
E(VnSp_gs)” = - S E{(@i— @)+ = Z Z E{(@i — ¢i)(@j — ¢5)0i05} »
=1 i=1 j=1,7#1¢
where
E{(%_“.)?“?}—# Z(C ) ZL
AR n4hﬁhf]‘12 l#z (4,1:L) o ij QJ

+ 4h4h4QQ (Z Z Cz,l,L)Csz) ZLUQJ>

l#1 k#i,l j#i
_ 2,2, -2 1313 —qa(}2 2\2
= O(n™%hy2hy %) + O(n'h; hn‘n(hv—khn) )

E{(i — 0i) (@5 — ¢5)0i0;} = W (ZZC(sz ]mL ZZL”LJWZ)

k#i m#£j l#1 1#7
= O((hi +h2)").

Proposition A.10. \/ﬁSUSX, \/ﬁSUgm, \/ﬁsﬁée’ \/ﬁSéSX’ \/ﬁségm and \/ﬁsége are
Oy (n32h2 = h 1y D) 4 0y (= 02y iy ) 4 O, (/20202 + 12))
Proof:

n

i (éi@jgigj) ;

j=1,#

3\1\9

E (\/ﬁség) Z B (o362) +
where

E (036?)
2
1
_nﬁhzqzh% (2q2+1) (Z@L?ngsz{ il } {Z (k1K) ZC(sz)})

jF#i l#1 k#l k#i

2 2
i {n6h2qzh4h 2(2q2+1) (Z QJZL%QJ Z o (Lill)> {Z Clh i) = Z C(kaiﬁK)}

J#i I#4 k#l k#i

X { Z C(m,l;K) - Z C(m,z,K)})}
m#lLk m#ik
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and hence
E (@?83) =0 <n_3hz_qz hu_2h;(2q2+2)> + 0 (n_zhghEQh;(QQQ-l-Z)) ’

. -1
and the cross-product term, B (@i@j@-éj), 18 (nGthz hﬁh%@%H)) times

; (zz 2L S Y L {ZCM S >}

i s ey ey poy
x Z Clm k) — Z Clm,i ) :
m#lLk m#i,k
Hence the cross-product term is O (hi(h2 + h2)?). [ ]

Proposition A.11. /nS; . s V/nS; . s VNSg e s VS s sV SE s
and\/iiS,, 5. areO, (n*3/2h;qz/ 2p et 1)>+op (nflhghglh; (a2t 1))+0p (nY/2h2(h2 + h2))
Proof:

(85 )' - L () 255 55 (o)

=1 =1 j=1,

where

E ((951‘ - @i)231'2>

2
1 2
- n6h2th4h2(2q2+1)E (Z ( (4,5;L ) Zél ( 1l ) {Z C(kJ:K) - ZC(]“’ZVK)} )
z v''n

j#i 1#£j k£l ki
2 2
+ GhQQz h4h2(2q2+1) b (Z ( i,J; L)) Z 5l ( il ) {Z C(kvl:K) B Z C(k,i;K) }
noNz Nyl i £ k£l ki

ST

m#lk m#i.k
=0 (n—?’h;% h;Qh;@qz“)) +0 (n—Qhﬁh;Qh;(Qqﬁ?)) ,

- ‘ —1
and the cross-product term, FE ((gbz — ¢i)(pj — gbj)&iéj), is (n(’hzqzhﬁh%@qzﬂ)) times

(chmm 0o 2SIy LY {chkm > Ca JK)}

SH#L 8F£],1 1#£1 1#£7,1 k#l k#j

X { D Clmury— Y C(m,i;m}) :

m#lLk m#ik

Hence the cross-product term is O (hi(h2 + h2)*). [ ]
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Proposition A.12. \/nSp, is Op(nhohi?) ™' + Op(n'/2(h2 + h2)?).

Proof:
E(\/ﬁSm)zzlzn:E{Uzéz}—i—Q 3 znj E{UUjéié; }
ve n 4 ) e £
=1 ’L:l]:l’;éz
where
2 52 172 2 — O(n=2h-2h-2
B {02} = i By UL S A ¢ = Ol )

J#i l#i

o | !
B{00je;} = i E | 2L 2 UUILaLy 3 ) eiLiLye ¢ = O((hy+h3)").
" I£i 1£] ki ki

Proposition A.13. \/ﬁsmw_m%ﬁ-bz_mx, \/ﬁsm_m7m_m, \/’I;sz_ﬁlmm_m and \/ﬁsm—ﬁz,ﬁzw—ﬁzw
are Op (n_lhv_lmh;qzﬂ) .
Proof: By (A.3) and (A.4}) we deduce that, uniformly in i, we have

i — i = Ul(an — )l (Voi, i) + O(n ). (A.12)

. SN~ » L 1
By using (A.12), we have (p;i—@;)(pi—$i) = W > jziti {(pi — @i+ Uj(a - ao)tpé )} Li;,
(1)

where t; = Uj(ag — @)y . For the rest of proofs, we use similar arguments to those in

Proposition A.7 because E(U|L) =0 almost surely and U is i.i.d.. Hence we have

1< .
E(VnSepp5)" = ~Y E(H(@i— 1)),
=1

E(t5(zi —¢i)?) = thQthg t7 Z (C(z,] L)) + n2h2h2‘” t7 Z Z Ch.iinCline)
J# J#I#i
= O(n?hy'hy®) +0 (n ' (k2 + h2)?).
|

Proposition A.14. \/ﬁSmx_ﬁ% 0 VS —ig,es VIS, 7 and /NSy i e are Oy < 1h_l/Qh q2/2> )
Proof: By (A.12), E(U|L) = 0 almost surely and because of the i.i.d. assumption of

U, similar arguments to those in Proposition A.6 are used for the rest of the proof.

E(VnSy—¢,0)° = ZEt“
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where

E (t367) = 12 Z 3L | =0 (n2hy h, ) .

n2 h2 h2q2 o

[
Proposition A.15. \/ﬁszimz’gx, \/ﬁSmfthm, \/ﬁsmfmzjy \/ﬁsm_m,éxv \/ﬁsmfm,ém
and \/ﬁsmim 3 are Op (n_3/2h;qz/2h;1/2h5(q2+2)/2> '
Proof: By (A.12), E(U|L) = 0 almost surely and because of the i.i.d. assumptions,
the rest of the proofs is similar to that of Proposition A.8.

1 & .
E(VnS, ;5% = - ;E (tzzd?) ;

where
2
A 1
282 _ 2 2 4
£ (t“si) a n4h2%h2h2(qz+1 29 { } 2_ Cagir) ZC(I’“K)
z v jF#i l#7 1#£1
+ : 238 (L)Y G~ X Cl
n4h2qzh2h Q2+1) (433 K) . (15K)
J#i I#j I#i
x D Cugir) = D Clwisroy
k4l kil
_ —37—q. 7 —17 —(qa+2 —27 47 —17 —(g2+2
= O(n3h; % hy thy 2 T2)) 4 O(n2h2hy thy (1),
|
Proof of Theorem 2.2
Given B and &, fix the observation V{y; at vg, then at the observation vg and 7;
(0, 7;) — m(vo, i) = {Myss(0, i) — Mysu(0, i) }
+ {Qu + Qai — (Q3i + Qui + Qs:) (B — 50)} : (B.1)

where Y;** = Y; — X!B80; My (0,1m3) = E(myes|0,m:); Ma(0,m5) = E(mg|0,m:); Smres =

y

~

Tty s (@aﬁZ) — Ty (0,mi); 5mx,i = mr(@ 77) mm(” 771) Qi = Myex (0,m;) — Ty (vo, mi);
QQi = vm;*,i% Q?)i = mz(ﬁanz) mm(U 771) Q4i = mr(”ﬂh) mz(”07771> Q5z = 5mx,z As
the results of a standard nonparametric analysis (see Hansen (2008) for example), the

last five terms on the right-hand-side of (B.1) are o,(1) uniformly in ¢. In particular,

nn)2 1/2 .
sup |Qu| = sup |Qsi| = O, { (mle) ™ 4+ B33 + hg)}. Hence (B.1) is
z Nwly

ZGAZ ZGAZ

100, 7i) = m(vo, 0i) = ity (0,0i) = My== (0,0:) +0p(1) = (0, ni) —m(0,13) +0p(1), (B.2)
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S jzi {m(vo, nz) — m(vo,mi)} { Loij + Op(n="2h; 1)}
> i Logij + op(1)

(0, ;) — m(0, ;) +0,(n71?).
Hence (B.2) is
m({)v ’flz) - m(UOa 771) = m(U07 77z) - m(UOa 771) + Op(l)- (B3)
Let us define m(vo, 1;) = m(vo, ni) f(vo, ;). We can then rewrite the first term on the
right-hand side of (B.3) as follows

i (vo, m:) — m(vo, ) f (v, 1) (1  flwo,m) — f(vo,m)

m(vo, ;) — m(vo, 1;)

f(vo,mi) £ (vo, m:)
A Inn 1/2 2 2 : i
where Supu fvo,mi) — f(vo,mi)| = Op (nh h?) + (hy + hy) ¢ First, we consider the
z,me v
bias term as follows
R Erin(vo, mi) — m(vo, 1) E(f (vo, mi))
Emvﬂh' — mvo,Ni)) = )
( ( 0 ) ( )) f(v0777i)
where
. 1 ‘/0 Vo Ny — M *ok
Em(v(]ani) = F E’”Oﬂ?z h hqz Z k < ]h ) Kn ( Jh Y;
=1,#i v n
1 = Voj — vo n; — N
= F nhvf#f,z‘kv( hy )Kn< Iy m(vo, ;)
j=1,%#1
g2
= f(vo, m)m(vo, mi) + h2Bu(vo,n:) + Y _ h2 By (v, mi) + o(1).
=1

In the expression above, E,,, denotes the conditional expectation at the observation v
and 7;. Hence it is as follows

E(m(vo, ni) —m(vo, i) = {hti(vo, m) + > iy Baa(vo, m)} +o(1). (B.4)

=1
The single sum of (B.4) converges to its population mean by Chebyshev’s law of large

numbers (see Linton and Hardle (1996) for details).
Now let us consider the variance term. Note that f(vo,7:) = f(vo,n) + Op(n~/2) and
m(vo,n;) = m(vo,n) +Op(n~1/2) by the law of large numbers, since both functions satisfy

the bounded moment conditions. We then have

n

( Zm v, 7i > f(vol nE Var <,r1l > {m(v()vni) - m(voﬂli)f(vo,ﬁi)})

=1
f(vol,n) {Var (:L Zm (vo, 1) ) + m(vo, 1) Var( Zf (vo, M) )
e (z S )}
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where

1 « 1
Var (n ;m(vo,m)> =F (Varvo’m {n
2
= 0y (1) E (nz > (o 0)) + y()?Var (nZ > () m(%jmj))
j: v

Jj=1

_ a2fa(2(]>l)fn(n)2,cv N m(vo,n)2£2(vo)fn(n)2lcv LomY),
Var (i Zf(%ﬂh‘)) = fa(vo)gz(n)Qle +0(n™)
i=1 v
and
Cov (1 i fn(vo, 77@)7 l Y f(?)(), 771))
nia e
= E{le m(voym)Zf(voam)} - E{izm(vo,m)} E {;Zf(vo,m)}
i—1 i=1 i—1 i—1
_ m(U0777)fan(ZO)fn(77)2Kv 4 O(n_l)

with Var,, ,, denoting the conditional variance at vy and 7;. Hence we have
nhy(m(0) —m(vy) — Bias) —p N(0,Var).

The consistency of §(9) and its asymptotic normality are argued in a similar way to the

above because m(vy) = g(vo) + C. [ |

44



