Because of their complex material responses in
the presence of external stimuli, liquid crystal
elastomers have many potential applications in
science, manufacturing, and medical research.
The modeling of these materials requires a
multiphysics approach, linking traditional
continuum mechanics with liquid crystal theory,
and has led to the discovery of intriguing
mechanical effects. An important problem
for both applications and our fundamental
understanding of nematic elastomers is their

instability under large strains, as this can be
harnessed for actuation, sensing, or patterning.
The goal is then to identify parameter values
at which a bifurcation emerges, and how these
values change with external stimuli, such as
temperature or loads. However, constitutive
parameters of real manufactured materials

have an inherent variation that should also be
taken info account, thus the need to quantify
uncertainties in physical responses, which
can be done by combining the classical field
theories with stochastic methods that enable the
propagation of uncertainties from input data to
output quantities of interest. The present study
demonstrates how to characterize instabilities
found in nematic liquid crystal elastomers
with probabilistic material parameters at the
macroscopic scale, and paves the way for a
systematic theoretical and experimental study of
these fascinating materials.
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Stability is an important and fruitful avenue of research for liquid crystal
elastomers. At constant temperature, upon stretching, the homogeneous state
of a nematic body becomes unstable, and alternating shear stripes develop at
very low stress. Moreover, these materials can experience classical mechanical
effects, such as necking, void nucleation and cavitation, and inflation instability,
which are inherited from their polymeric network. We investigate the following
two problems: First, how do instabilities in nematic bodies change from those
found in purely elastic solids? Second, how are these phenomena modified
if the material constants fluctuate? To answer these questions, we present a
systematic study of instabilities occurring in nematic liquid crystal elastomers,
and examine the contribution of the nematic component and of fluctuating model
parameters that follow probability laws. This combined analysis may lead to
more realistic estimations of subsequent mechanical damage in nematic solid

materials.

Introduction

Liquid crystal elastomers (LCEs) are
advanced multifunctional materials that
combine the flexibility of polymeric net-
works with the nematic structure of lig-
uid crystals."* Because of their complex
molecular architecture, they are capable
of exceptional responses, such as large
spontaneous deformations and phase tran-
sitions, which are reversible and repeatable
under certain external stimuli, namely heat,
light, solvents, electric, or magnetic fields.
These properties render them as promis-
ing candidates for future “animate materi-
als” and could be harnessed for a range of
technological applications, including soft
actuators and soft tissue engineering. Nev-
ertheless, a better understanding of these
materials is needed before they can be
exploited on an industrial scale.®'¢

Since the early discovery of liquid
crystalline solids, probing their intriguing
material properties has been the focus of
research laboratories around the world,
and the importance of such essential work
is hard to overstate. However, their accu-
rate description can only be useful if fully
integrated in a multiphysics framework
combining elasticity and liquid crystal
theories. Many nematic solids are synthe-
sized as polydomains, where the liquid
crystal mesogens are separated into differ-
ent domains, and in every domain, they are
aligned along a preferred direction, known
as the local director.'’** Depending on
the fabrication process, polydomains may
have very different material properties and
behaviors. Monodomains, where mesogen
molecules are uniformly aligned through-
out the material, can be formed from
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polydomains through mechanical stretching or by cooling an
isotropic material under an external stress field to reach the
nematic phase.

An ideal continuum model for monodomains is provided
by the neoclassical strain-energy function.?3"2° This is a
phenomenological model based on the molecular network
theory of rubber elasticity.”® The parameters appearing in
the neo-Hookean-type strain energy can be obtained through
statistical averaging at microscopic scale or derived from
macroscopic shape changes at small strain.?”-*® Since elastic
stresses dominate over Frank elasticity induced by the distor-
tion of mesogens alignment,?® ! Frank effects are generally
ignored.*?3? The neoclassical formulation has been extended
to polydomains by assuming that every domain has the same
strain-energy density as a monodomain.>**> These descrip-
tions have been generalized to include nematic strain-energy
densities based on phenomenological hyperelastic models
(e.g., Mooney—Rivlin, Gent, Ogden) that better capture the
non-linear elastic behavior at large strains**~® (molecular
interpretations of the Mooney—Rivlin and Gent constitutive
models for rubber are presented in References 39, 40). Further
generalizations are proposed in References 41, 42.

Another important characteristic of most materials is that
physical properties are subject to random variations. Typically,
average properties are used, and any variations around the
mean are neglected when computing the response of a mate-
rial. However, as we show here, one can employ information
theory® and the maximum entropy principle**° to include
some stochastic variations of the material parameters, then
propagate their uncertainty to output physical responses. Com-
prehensive reviews on the information-theoretic approach in
elasticity can be found in References 47—49.

Our main focus is on large strain instabilities of LCE bod-
ies acted upon by external loads. In addition to the recurring
phenomenon of soft elasticity, where alternating shear stripes
develop at very low stress if a nematic body is stretched, we
explore theoretically a set of classical instabilities inherited
from parent polymeric networks, namely necking under tensile
load, cavitation of a nematic sphere where a void nucleates at
its center when uniform tensile traction is imposed, and infla-
tion instability of an internally pressurized shell, where the
pressure increases, decreases, and then increases again. The
aim is to determine conditions for the onset of instability and
show how nematic materials perform compared to their purely
elastic analog. Moreover, for these problems, the propagation
of stochastic variation from input material parameters to out-
put mechanical behavior is mathematically traceable, making
our stochastic approach both mathematically and mechanically
transparent. The main effect of random variations is to replace
a well-defined bifurcation point by a probability that a mate-
rial will undergo an instability as a function of the bifurcation
parameter. Such fundamental problems are important in their
own right and may stimulate related mechanical testing of
nematic materials.
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General set-up
Following the classical work of Flory® on polymer elasticity,
we use the stress-free state of a virtual isotropic phase at high
temperature as the reference configuration,?*%>1->* rather than
the nematic phase in which the cross-linking might have been
produced.?3-23:41:42:35.56 Within this theoretical framework, the
material deformation due to the interaction between external
stimuli and mechanical loads can be expressed as a compos-
ite deformation from a reference configuration to the current
configuration via an elastic deformation followed by a natural
(stress-free) shape change. The multiplicative decomposition
of the associated gradient tensor is similar in some respects
to those found in the constitutive theories of thermoelastic-
ity, elastoplasticity, and growth3”® (see also References 59
and 60) but is different on one major aspect: the stress-free
geometrical change is superposed on the elastic deformation,
which is applied directly to the reference state. This differ-
ence is important because although the elastic configuration
obtained by this deformation may not be observed in prac-
tice, it still may be possible for the nematic body to assume
such a configuration under suitable external stimuli. The
resulting elastic stresses then can be used to analyze the final
deformation, where the particular geometry also plays a role
(Figure 1).61:92

To describe an incompressible nematic material, we com-
bine isotropic hyperelastic and neoclassical strain-energy den-

sity functions as follows:®?

W () = W(FGal) + WO (F, m), (1)

where, on the right-hand side, the first term is the energy of the
“parent” elastic matrix, and the second term is the neoclassi-
cal-type function. Specifically, n is a unit vector for the local-
ized direction of uniaxial nematic alignment in the present
configuration; F = GA is the deformation gradient tensor with
respect to the reference isotropic state (see Figure 1 and also
Figure 1 of Reference 38), with G =¢”’n® n+a " (I—n
® n) as the “spontaneous” (or “natural”) deformation tensor
and A the (local) elastic deformation tensor; G, = a'’ny, ® n,
+a " (I - ny ® ny) is the spontaneous deformation tensor
with n,, the director orientation at cross-linking, which may
be spatially varying; and a > 0 is a temperature-dependent
shape parameter, which we assume to be spatially independent
(i.e., no differential swelling). We denote by ® the usual ten-
sor product of two vectors, and by I = diag(1,1,1) the identity
second-order tensor.

Recognizing that some uncertainties may arise in the
mechanical responses of liquid crystal elastomers, and inspired
by recent developments in stochastic finite elasticity,**”” we
assume that the model parameters are defined as random vari-
ables drawn from given probability distributions. In practice,
material parameters take on different values, corresponding
to possible outcomes of experimental tests. The maximum
entropy principle then allows us to explicitly construct prior
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Figure 1. Multiplicative decomposition of the deformation
gradient for a nematic elastomer. Unlike traditional theories of
anelasticity, the elastic deformation is applied first to the reference
configuration and then followed by an anelastic strain deforma-
tion. F = GA is the deformation gradient tensor with respect to the
reference isotropic state.

probability laws for the model parameters, given the avail-
able information. Explicit derivations of probability distribu-
tions for the elastic parameters of stochastic homogeneous
isotropic hyperelastic models calibrated to experimental
data for rubber-like material and soft tissues were previously
presented.®*%%75 Intuitively, such a stochastic body can be
regarded as an ensemble (or population) of bodies that are
equal in size and have the same geometry, and each body in the
ensemble is made from a single homogeneous material with
uncertain parameters but distributed according to probability
density functions that are calibrated to macroscopic experi-
mental measurements. These models reduce to the usual deter-
ministic ones when the parameters are single-valued constants.

Soft elasticity and stress plateaus

Many macroscopic deformations of nematic liquid crys-
tal elastomers induce a re-orientation of the director with a
general tendency for the director to become parallel to the
direction of the largest principal stretch. This re-orientation is
typically uniform across the material. However, non-uniform
behaviors are also possible. In particular, under appropriate
uniaxial tension or biaxial stretch, bifurcation to a pattern of
stripe domains is generated, where adjacent stripes deform
by the same shear but in opposite directions. Early experi-
mental investigations of this phenomenon, known as soft
elasticity,’®"%7° were reported.’%83 Its theoretical explana-
tion for these materials is that the energy is minimized by
passing through a state exhibiting a microstructure of many
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homogeneously deformed parts.>33381:8487 A natural ques-
tion is then: How does soft elasticity depend on the material
parameters? For simplicity, we selected an incompressible
neo-Hookean-type strain-energy function,

,u,(l) T
WA = —- [tr(AAT) — 3], @)

where the superscript “T” represents the transpose opera-
r, “tr” denotes the trace operator, and u(! > 0 is constant,
together with the neoclassical strain-energy function®*!-3

W) (F,n) = @{alﬁ [tr(FFT) —(—a . FFTn] - 3},
3
with p® > 0 constant. For the composite model function
defined by Equation 1, the shear modulus at infinitesimal strain
is p=p®+ p® > 03 However, our results can be easily
extended to other choices of strain-energy density functions.®
We analyzed shear striping under biaxial stretch, and
assumed that the nematic director can only rotate in the
biaxial plane. To achieve this, we set n, = [0,0,1] and n =
[0,5in0,cos0], where 8 € [0,1/2], in a Cartesian system of
reference, and examined small shear perturbations of biaxial
extensions, with gradient tensor®®

a0 0
F=| 0 /. ¢ , 4)
0 0470371

where a > 1 is the nematic shape parameter, A > 0 is the stretch
ratio, and e > 0 is the small perturbation. Denoting w(A,e,0) =
W (F,n), for sufficiently small values of e and 6, we found
that when p" > 0 and p® = 0 (purely elastic case), the equi-
librium state with parameters € = 0 (Figures 2 and 3), and 6 =
0 is stable. If p® > 0, then this equilibrium state is unstable for

1/4
416 5611/12(”"" 1) <) <all 5)
n+a

where the elasto-nematic ratio n = pV/u® gives the relative
magnitude of the elastic and neoclassical contributions. There
is also an equilibrium state with e = 0 and © = 7/2, where the
nematic director is fully rotated so that it aligns uniformly
with the direction of macroscopic extension. By symmetry
arguments, this state is unstable for

1/4
a1/12</l<a1/12(7n+a) <a'l. ©)
n+1
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When A satisfies Equations 5 or 6, we obtain

In addition, when the model parameters are random vari-

Ma — 1) sin(26p) a/o/m+DHm+a n+1 )
&0 = t——————=, 09 = L arccos — .
2Jm+1D(n+a) Ma-1) a—1

For the resulting strip pattern, the gradient tensors of alter-
nating shear deformations in two adjacent stripe domains are
F, with e = + g, respectively. The two deformations are geo-
metrically compatible in the sense that there are two non-zero
vectors q and p, such that the Hadamard jump condition F,
—F_ =q ® p is satisfied, where p is the normal vector to the
interface between the two phases corresponding to the defor-
mation gradients F, and F_.°"% In other words, F, and F_ are
rank-one connected (i.e., rank(F, —F_)=1). If n =0, then the
above equilibrium states are unstable for A € (a=1%, a2y and
L€ (@/12,473, respectively. Thus, soft elasticity is always
presented by the purely neoclassical model.**%* When 1 — oo,
there is no shear striping since the material is practically elastic.

The strain-energy function w(A,e,0) is illustrated in Fig-
ure 2a and b. Note that for A, with values between the lower
and upper bounds given by Equations 5 and 6, respectively,
the minimum energy is attained for (&,0) = (gy,0,). Assum-
ing that loading is applied in the second direction, the first
Piola—Kirchhoff axial stress in this direction is equal to
P = dw(h, &,6)/d). Figure 2b then suggests that when p”
=0 (i.e., for the purely neoclassical form), the director rotates
and alternating shear stripes develop for A € (a=10,al73), at
zero load, since the slope of the curve is equal to zero within
this interval. In contrast, if u“) > 0, then from Figure 2a, we
infer that the applied load increases with deformation and is
almost constant but non-zero while the director rotates.

Because of the geometric compatibility, and since the inter-
vals for stretch ratios A, where shear striping occurs are at
a maximum length when n, = [0,0,1]7, the bounds in Equa-
tions 5 and 6 also provide the maximum interval for shear
striping when n, is not uniformly aligned. The minimum
length of those intervals is attained for monodomains with
n, = [0,1,0]". Experimental results for monodomains, where
the tensile load forms different angles with the initial nematic
director were also reported.”**> If G, = I,>* then the solution
with e =0 and © = 0 is unstable for

—2/3\ /4
o <am(TEY

and that with ¢ = 0 and 8 = 7/2 is unstable for

1/3 \ 1/4
a'l? <\ < q'/1? ntar <a'3 )
n+a2/3 - '

For example, when a = 2, the bounds given by Equations 5
and 6 and by Equations 8 and 9, respectively, are plotted as
functions of the parameter ratio 1) in Figure 2¢ and d.
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ables, characterized by probability distributions, we are inter-
ested in the probability where shear striping occurs under a
given stretch. Here, we show the effects of fluctuations in the
shear modulus p and the shape parameter a separately (i.e.,
we first set 1 as a random variable, while «a is a single-valued
constant), then keep p constant and let @ fluctuate. In Figure 3a
and b, the stochastic shear parameter e, and director angle 6,,,
given in Equation 7, are represented when the stochastic mate-
rial parameters were chosen such that their mean values are
the same as the deterministic values in Figure 2a. For both sto-
chastic versions, to increase the probability of homogeneous
deformation, one must increase the value of 1, whereas shear
striping is certain only if the model reduces to the neoclassical
one (i.e., when = 0). However, while 1 > 0, the inherent vari-
ability in the probabilistic system means that there will always
be competition between the homogeneous and inhomogeneous
deformations.

Cavitation
Cavitation in solids is the formation of a void within a solid
under tensile loads through analogy to the similar phenomenon
observed in fluids. For rubber-like materials, following early
studies of damage under loads,’®°” this phenomenon was first
reported by Gent (1959)°® who showed experiments where
rubber cylinders ruptured under relatively small tensile-dead
loads by opening an internal cavity. The non-linear elastic
analysis by Ball (1982)° provided the first systematic the-
ory for the formation of a spherical cavity at the center of a
sphere of isotropic incompressible hyperelastic material under
a radially symmetric tensile load. Mathematically, cavitation
was treated as a bifurcation from the trivial state at a critical
value of the surface traction or displacement, at which the
trivial solution became unstable. This work paved the way
for numerous applied and theoretical studies devoted to this
inherently non-linear mechanical effect, which is not captured
by the linear elasticity theory. In addition to the well-known
stable cavitation post-bifurcation at the critical dead load, such
that the cavity radius monotonically increases with the applied
load, it was shown®® that unstable (snap) cavitation is also pos-
sible for some homogeneous isotropic incompressible hyper-
elastic materials, where Backer—Ericksen inequalities' %!
hold. Static and dynamic cavitation in radially inhomogene-
ous spheres with stochastic parameters were also analyzed.”?
To study the cavitation of a nematic sphere, we consider
an initially unit sphere described by the neoclassical model
given by Equation 3 where either the shear modulus p or
the nematic parameter « is a random variable. Expressing
all tensors in the spherical coordinates (R,®,®) in the refer-
ence configuration, we assume that the sphere is deformed
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- o Shell inflation
— e 0-0.0 FIY —e =00 | , Internally pressurized h(.)llow spheres
L5 — (5,0) = (&, 6,) —(s, g) = (g e/n) / and tubes are relevant in many bio-
— (e, 0)=(0, n/2 —(6,0)=(0, 12 . o
€8=0 w2 ! " =&9=0r2) , logical and engineering structures.®’
&, 508 \\ ! For rubber spherical and tubular bal-
g ; 06 N , N loons, the first experimental observa-
8 s \ ’ tions of inflation instabilities under
4 .
05 N internal pressure were reported by
02 . RS Mallock (1891).!% Cylindrical tubes
0 0 - == of homogeneous isotropic incom-
0.8 0.9573 11725 13 0.8 0.8909 1259 1.35 . . .
A A pressible hyperelastic material sub-
(4] - ject to finite symmetric inflation
1.2599 1.2599 —i=a (i) and stretching were theoretically
- : Z' o (1) analyzed for the first time by Rivlin
L we s | (1949).'% Finite radially symmetric
< 10595 < 0595 —————=————<-<-<-<-==x inflation of elastic spherical shells
was initially initially investigated by
Green & Shield (1950)!* and then
0.8909 0.8909 later by Adkins & Rivlin (1952) and
: 105,106 :
0 5 10 0 5 10 Shield (1972). . For both (?lastlc
n n tubular and spherical shells, it was
shown'?” that depending on the mate-
Figure 2. (a) and (b) The strain-energy function w(,e,6) for (¢,6) = (0,0) and (e,6) = (e0,0¢), rial model, the internal pressure may
with e, and 6, shown in Equation 7, and (e,8) = (0,1/2) when a = 2 and (a) u™ = 4.05 or (o) p" increase monotonically; increase and
= 0, while p® = 4.05. The two vertical lines correspond to the lower and upper bounds on A, then decrease; or increase, decrease,
given by Equations 5 and 6, respectively. Between these bounds, the second solution, with and then increase again. These clas-
(e,8) = (0,80), minimizes the energy. The lower and upper bounds on A, given in (c) (Equa- . gan. )
tions 5 and 6) and (d) (Equations 8 and 9), respectively, are functions of the parameter ratio sical results were extended to elastic
1 = U@ when a = 2. For ) — «, the model approaches a purely elastic form where the materials with stochastic parame-
homogeneous deformation is always stable. For n = 0, the bounds are the same, and cor- 65-67 . . I
. ters. Theoretical investigations of
respond to the neoclassical form. . . R
inflated nematic cylindrical balloons

by radially symmetric inflation with deformation gradient F
= diag (A2, A, A), while the natural deformation tensor is G
= diag (¢~ "3, a", a'®), and A > ¢"® > 1. When this defor-
mation is caused by a radial dead-load traction applied uni-
formly on the sphere surface in the reference configuration,
we are interested in the critical load that will cause a spheri-
cal cavity to open at its center. The radial traction at the outer
surface is necessary for an inner cavity of radius ¢ to form
(see Figure 4). For the onset of cavitation, the critical load is
found by letting ¢ — 0. Since the bifurcation is supercritical,
cavitation is stable (i.e., the cavity radius increases as the
applied dead load increases). A comparison’? shows that for
the nematic sphere, cavitation nucleates at a larger critical
load, P{", than the corresponding load, Py, for the elastic
sphere with the same shear modulus, and P{"” = a'/3Py. For
the neo-Hookean sphere, Py = 5u/2.

When the LCE strain-energy function includes an addi-
tional elastic component, as in Equation 1, so that the elasto-
nematic ratio is n > 0 while the shear modulus p remains
the same, the critical dead load decreases toward P,. For
example, if G, = I, then the critical applied load is equal to
13(()”6) =[a'? 4+ 1 —a'P)u®/uPy, and Py < T’gle) < P(()nc)(see
Figure 4).

were presented recently as well.'%%!%

To compare inflation instabili-

ties in nematic and in purely elastic spheres, we consider the
hyperelastic Mooney—Rivlin model'*!"! given by

W(A) = SHr(AAT) -3+ 2 u{CofAAT) =31}, (10)

where p = p, + u, > 0 is the shear modulus at infinitesimal
strain. A Mooney—Rivlin-type neoclassical strain-energy func-
tion for the nematic material then takes the form

W) (F,n) = W(G™'F). (11)

Taking a spherical coordinates system with coordinates
(R,0,D) in the reference configuration, we assume that the
sphere is deformed by radially symmetric inflation with defor-
mation gradient F = diag (7L_2, A, A), while the natural defor-
mation tensor is G = diag (¢~ '3, a"%, a"®) and A > "¢ > 1. We
denote WU(An) = W")(F,n) and further assume that the shell
is thin (i.e., 0 <€ = (B — 4)/4 << 1), where 4 and B represent the
inner and outer radii of the reference shell, respectively (Fig-
ure 5). When the deformation is due to a radial pressure applied
uniformly on the inner surface in the present configuration, the
corresponding radial Cauchy stress at the inner surface can be
approximated as T = eq!/22=2dW®) /dL. The relation
between the Cauchy stress at the inner surface in the nematic
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Figure 3. The stochastic shear parameter e, and director angle 6, given in Equation 7, when
(@) and (b) @ = 2, while the shear modulus p follows a Gamma distribution with shape and
scale parameters p; = 405 and p, = 0.01, respectively, and R = u™/u is drawn from a Beta
distribution with hyperparameters £, = 100 and &, = 100. (c) and (d) p = 4.05 and R" = p/u
= 0.5, while the shape parameter a follows a Gamma distribution with p; = 200, p, = 0.01. In
(a) and (b), the dashed black lines correspond to the deterministic solutions based only on the
mean values p = pyp, = 4.05 and Ry = §,/(§ + &,) = 0.5, whereas the red versions show the
arithmetic mean value solutions. In (c)—(d), the dashed black lines correspond to the deter-
ministic solutions based only on the mean value a = p;p, = 2, whereas the red versions show
the arithmetic mean value solutions. In this case, there is a significant difference between the
mean value solutions and the deterministic solutions.
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Figure 4. Probability distribution of the applied dead-load traction causing cavitation of
radius c at the center of an initially unit sphere of neoclassical liquid crystal elastomers mate-
rial when (a) a = 2, while the shear modulus p follows a Gamma distribution with hyperpa-
rameters p; = 405, p, = 0.01, and (b) p = 4.05, while the shape parameter a follows a Gamma
distribution with p; = 200, p, = 0.01. The dashed black lines correspond to the deterministic
solutions based only on the mean values of the parameters, whereas the red versions show
the arithmetic mean value solutions. The probabilistic interval for the critical load at which the
cavity nucleates is found when ¢ — 0. As the bifurcation from trivial solution is supercritical,
cavitation is stable (i.e., the cavity radius increases as the applied dead load increases).
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and purely elastic shell with the
same shear modulus is 7 = T.
Figure 5a and b shows that if the
parameter ratio p,/u is sufficiently
small, the required stress changes
from increasing to decreasing (i.e.,
the material displays inflation insta-
bility), and for the nematic model,
instability is expected at larger
deformation than for the hyperelas-
tic model. However, this value will
decrease if the model is modified to
include an additional elastic energy,
as in Equation 1, so that the elasto-
nematic ratio is 1 > 0, while the
shear modulus p remains the same.
For the nematic shell in Figure 5c
and d, either the shear modulus p =
W, + u, or the shape parameter a is a
random variable. In both cases, the
critical load for instability resides
in a probabilistic interval where the
stable and unstable states compete.
To decrease the chance of stable
deformation, one must increase the
value of p,/u, and only when p, =
W is unstable is deformation certain.

Necking
Similar to other rubber-like materi-
als, LCEs may suffer from necking
instability under stretch.''® When
homogeneous isotropic incompress-
ible hyperelastic materials are sub-
ject to large tension, necking occurs
if there is a maximum load or if a
critical extension ratio exists, such
that the force required to extend
the material beyond this critical
value changes from increasing to
decreasing.!'?!'8 The relationship
between the onset of necking and
the maximum load was originally
analyzed for ductile materials.'"”
For a class of hyperelastic materials,
where the load—displacement curve
does not possess a maximum,'? it
was proven that the homogeneous
deformation is the only absolute
minimizer of the elastic energy.
In particular, incompressible neo-
Hookean or Mooney—Rivlin hyper-
elastic models do not exhibit neck-
ing, and this property is inherited by
the associated nematic LCE models.
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W) (F,n) = W(G™'F).  (13)

We take F = diag (7t_”2, A,
k_l/z), while G = diag (a_1/6, a3,
aVand A >a">1.

In this case, denoting
W)(h,n) = W"(F,n), the uni-
axial tensile load is given by
the first Piola—Kirchhoff stress
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Figure 5. The normalized internal pressure for an inflated spherical shell of (a) Mooney-Riv-
lin hyperelastic material, defined by Equation 10, when A = diag (a2, a, a), with a > 1. (b)
Mooney-Rivlin liquid crystal elastomer (LCE) material, defined by Equation 11, when F = diag
(N2, A, N) and G = diag (a "%, a'8, a'’®), with a = 2 and A > a"/® ~ 1.1225. (c) Mooney-Rivlin
LCE material with a = 2, while the shear modulus p follows a Gamma distribution with p; =

P(()"C) =dw®™)/dx, and neck-
N ing occurs when the ratio p,/p is
sufficiently small. The relation
between the first Piola—Kirchhoff
tensile stress in the nematic and
0.6 purely elastic case with the same
shear modulus is Pé"c) =a13p,.
As shown in Figure 6a and b, for
02 the nematic model, necking is
expected at larger deformation and
lower maximum dead load than for
the hyperelastic model. However,
the maximum load will increase if
the model is modified to include
an additional elastic energy, as
in Equation 1, so that the elasto-
nematic ratio is 1 > 0, while the

6
A

405, p, = 0.01, and R, = p4/p is drawn from a Beta distribution with &, = 900 and §, = 100. (d)
Mooney-Rivlin LCE material with p = 4.05 and Ry = p4/p = 0.9, while the shape parameter a
follows a Gamma distribution with p; = 200, and p, = 0.01. (a) and (b) When the parameter
ratio p4/p is sufficiently small, the required stress changes from increasing to decreasing (i.e.,
the material displays inflation instability). For the nematic model, instability is expected at
larger deformation than for the underlying hyperelastic model. (c) and (d) The dashed black
lines correspond to the deterministic solutions based only on the mean values of the param-
eters, whereas the red versions show the arithmetic mean value solutions. When the material

shear modulus p remains the same.
Figure 6¢ and d illustrates the sto-
chastic tensile load in the deformed
LCE.

Conclusion

parameters are stochastic, the critical load for instability is found in a probabilistic interval,
where both stable and unstable states are observed with a given probability.

Instabilities in liquid crystalline
solids can be of potential interest

For example, a necking instability observed experimentally under
uniaxial tension could not be captured by the neoclassical LCE
model based on the neo-Hookean strain-energy function alone.'?!
In that case, since necking was initiated during director rotation, a
composite model consisting of a purely neoclassical form and an
additional elastic form, as presented previously, should be used to
predict the non-zero stress plateau associated with the neck for-
mation. Necking instability during director rotation in stretched
monodomain nematic elastomers was previously reported.'??

To further explore necking instability that may occur when
the director is parallel to the applied tensile force, and compare
that with the same behavior in a purely elastic material, we
consider the hyperelastic Gent—Thomas model'?* defined by

WA = “LrAAT) — 3+ M2 7tr[C°f(AAT)],
2 2 3
(12)

where u = p; + u, > 0 is the shear modulus at small strain. A
Gent—Thomas-type neoclassical strain-energy function for the
nematic material then reads

in a range of applications. Here, we

present various situations to under-
stand some new possibilities offered by LCEs. Specifically, we
combine for the first time non-linear elastic instabilities with
nematic elastomer theory, within a stochastic setting where the
material parameters are probabilistic, and compare the results
with those from classical non-linear elasticity. While shear
striping instabilities are specific to LCEs, as they do not occur
in rubber, instabilities such as cavitation, shell inflation, and
necking have been widely studied in the context of purely
hyperelastic materials. In recent years, we have reviewed such
results and extended them to a stochastic elasticity framework
by building directly on the deterministic non-linear theory. For
LCEs, similar interesting phenomena can occur, and we offer
a perspective on the general methodology to analyze them.
Moreover, each of these instability problems could be further
formulated and treated under slightly different hypotheses,
where the external forces or the type of nematic material might
change to reflect different experimental setups and observa-
tions. Our scope is to present some key theoretical ingredients
to study this class of problems.
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significant insight into the macro-
scopic mechanical properties of
these materials, it is imperative
that they are analyzed and tested
under more complex multiaxial
deformations and loads before
they can be incorporated into real

industrial systems. Therefore, we
hope that the general field of insta-

u follows a Gamma distribution with p; = 405, p, = 0.01, and Ry =

and unstable states are presented with a given probability.

1
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Figure 6. The effect of changing the value of parameter ratio p;/p on the normalized tensile-
first Piola—Kirchhoff stress for (a) the Gent-Thomas model, defined in Equation 12, where A
=diag (@ "3, a, a~"?) with a > 1. (b) The Gent-Thomas-type liquid crystal elastomers (LCE)
model, defined in Equation 13, where F = diag (A2, A, A""?) and G = diag (a "%, &', a %),
witha=2and A >a'® ~ 1.2599. (c) The LCE model, where a = 2, while the shear modulus
y4/u is drawn from a Beta
distribution with €; = 12 and €, = 100. (b) The LCE model where p = 4.05 and R =
0.11, while the shape parameter a follows a Gamma distribution with p; =
In (c) and (d), the dashed black lines correspond to the deterministic solutions based only on
the mean values of the parameters, whereas the red versions show the arithmetic mean value
solutions. In all cases, when the parameter ratio is sufficiently small, the required dead load
changes from increasing to decreasing, and the material displays necking instability. For the
nematic model, necking is expected at larger deformation and lower maximum load than for
the underlying hyperelastic model. When the material parameters are stochastic, both stable

Iz' 3 |=—p/n=05 E‘ 2 —u/u=05
1.5
<
g 1
<
0.5
0
1 2 3 4 5 1.2599 2
(04
Probabili
| N
0.8
i 0.6 i 0.6
o 04 <0
0.2
0
1.2599 2 3 4 5 1 2599 2

bilities for LCE materials may
serve as an inspiration for new
devices or for systematic testing.
For example, inflation instabili-
ties were reported'?* for elongated
nematic balloons. The inflation of
cylindrical elastic balloons is often
accompanied by different types of
instabilities, such as bulging and
necking. These phenomena have
been analyzed theoretically for
hyperelastic balloons,'?"'?7 but
remain new territory for LCEs.
The possibility of activation of
LCEs may finally fulfill the early
promises of the rational mechanics
pioneers who first demonstrated
the existence of non-linear elastic
instabilities and understood that
they could be used to design new
devices.

3 4 5

Probability

Hi/U =
200 and p, = 0.01.
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