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FIRST PASSAGE TIMES FOR SOME CLASSES OF
FRACTIONAL TIME-CHANGED DIFFUSIONS

ABSTRACT. We consider some time-changed diffusion processes obtained by
applying the Doob transformation rule to a time-changed Brownian motion.
The time-change is obtained via the inverse of an a-stable subordinator. These
processes are specified in terms of time-changed Gauss-Markov processes and
fractional time-changed diffusions. A fractional pseudo-Fokker-Planck equa-
tion for such processes is given. We investigate their first passage time densities
providing a generalized integral equation they satisfy and some transforma-
tion rules. First passage time densities for time-changed Brownian motion
and Ornstein-Uhlenbeck processes are provided in several forms. Connections
with closed form results and numerical evaluations through the level zero are
given.
KEYWORDSs: First passage time; Fractional diffusion; Time-changed diffusion;

Integral equation; Numerical evaluation
AMS Classification numbers: 60G22; 26A33

1. INTRODUCTION

In last two decades an increasing attention has been given to time-changed pro-
cesses, in order to construct new correlated processes and heavy-tailed processes
preserving a sort of memory and also to be able to manipulate the time-scales of
the consequent stochastic models ([3], [4], [6], [9], [28], [19], [21], [26]). The study
of these new kind of processes required the large use of mathematical tools such as
those of the fractional calculus, from which fractional processes and in particular
fractional diffusions were introduced ([5], [27], [34], [40]).

The first passage time (FPT) problem for such processes is really interesting to
be investigated because more realistic stochastic models can be constructed and
many fields of applications can fruitfully use them. Indeed, the first passage time
of fractional processes is actually the final goal of models embodying a sort of
memory.

With the aim to investigate some time-changed diffusions and their FPT, we
start with the time-changed Brownian motion and we consider those processes ob-
tained by applying the Doob transformation rule ([23], [30]). Generally, the use
of transformation rules between processes has a twofold purpose: from a mathe-
matical point of view this is a strategy to understand how and how much can be
enlarged a specific class of stochastic processes preserving known properties (see,
for instance, [17] and reference therein), from an applicative point of view this is
a way to construct ad hoc models satisfying specific requirements originated by
phenomenological evidences ([16], [30]). Stimulated by these needs, we follow this
strategy to construct the class of fractional time-changed diffusions on which we
focus this paper.
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Specifically, we start considering the classical Doob transform in order to identify
the Gauss-Markov (GM) processes {X (¢)} such as

(L1) X(t) = m(t) + n(t)W(r(t))

where {W (t),t > 0} is the standard Brownian motion, and m(t), n(t), r(t) suitable
functions ([17]). Our idea is to consider the same Doob transform by substituting
the standard Brownian motion with the time-changed Brownian motion {W,(t) =
W(Eq(t)),t € I} in such a way, for a parameter set I C R, we construct the
following time-changed process:

(1.2) Xa(t) = m(t) +n(t)Wa(r(t))

with n(t), m(t) € C*(I), r(t) positive monotone increasing C'*(I)—functions (gen-
erally with r(0) = 0). Furthermore, E,(t) is a non decreasing stochastic process,
independent of W (t); in particular we consider E,(t) = inf{s > 0 : o,(s) > t}
defined as the inverse of an a—stable subordinator process o,, with a € (0,1).
Substantially, starting from the time-changed process W, (r(t)) = W (E.(r(t))),
the process X (t) = m(t) +n(t)Wo(r(t)) is a time-changed Brownian motion, eval-
uated at a transformed time r(t), transformed in space by 7(t), having mean m(t).
Then, we consider a second type of time-changed process, i.e. the following one:

(1.3) Xao(t) = m(Ea(t)) + n(Ea(t)W (r(Eq(t)))

obtained as a time-changed GM process (1.1) by means of the same F,(t). Note that
in this last case we use the time-changed Brownian motion W (r(E,(t))) different
from the previous one W (E,(r(t))) in (1.2). This kind of processes will be useful
to obtain results also for the first kind ones.

The main difference between the two above processes X, (t) and X,(t) relies
essentially on the order of application of the time-change and the space-time trans-
formation. Indeed, for X,(t), at first we apply the time-change to the Brownian
motion W (t) obtaining Wy, (t) = W (E,(t)), then the latter is evaluated in the trans-
formed time r(¢), multiplied by n(¢) and then it is endowed with the mean m(t).
Instead, the process X, (t) is obtained by considering at first the process X (¢) con-
structed by means of the Doob transform (1.1), that is a Brownian motion evaluated
in the transformed time r(¢), multiplied by 7(¢) and endowed with the mean m(¢),
then the time-change is applied to X (¢) in such a way X, (t) = X (Eq(t)).

We used to call the processes (1.2) the first kind time-changed GM processes
and the processes in (1.3) the second kind of time-changed GM processes via the
inverse of an a—stable subordinator E,(t) (even if they are non-Gaussian and non-
Markov processes). We also use subordinated in place of time-changed with the
same meaning.

In this paper we firstly provide an introduction on the time-change strategy and
some basic facts related to time-changed processes. In Section 2 we define the time-
changed processes by Doob transform as those in (1.2) and in (1.3), we study them
by pointing differences and relationships between them. In Section 3 the pseudo
Fokker-Planck equation is proved to hold for a class of fractional time-changed
diffusions related to the above processes. In Section 4 the FPT topic is addressed:
an integral equation is provided following the Volterra integral approach ([17], [35])
specialized for the specified time-changed processes. Due its key rule, we focus on
FPT density of the time-changed Brownian motion. As example of application the
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FPT density for a time-changed Ornstein-Uhlenbeck (OU) process is provided by
means of several strategies and numerical evaluations are also provided.

1.1. The time-change. At first we recall some definitions and fundamental prop-
erties of the involved processes in the time-change.

Some basic facts: the a-stable subordinator and its inverse. Referring to [11] and
[32], we recall some essential definitions. For a € (0,1), we specifically consider an
a-stable subordinator o, (t), i.e. a strictly increasing (pure jumps) positive Lévy
process with the following Laplace transform, for A > 0,¢ > 0,

E[ef/\oa (t)] — eft)\“

)

with Laplace exponent A*. We also consider the inverse a-stable subordinator E, (t),
ie.

E.(t) :=inf{y > 0: oa(y) > t}.
We recall that in [32], it was proved that o, (t) and E,(t) are absolutely continuous
random variables for any ¢ > 0, but this feature can also be extended for ¢t < 0 to

suitable modifications of processes o, (t) and E,(t). It was proved ([12], [14]) that
the inverse stable subordinator F, (t) has the following Laplace-Stieltjes transform

—s Sta " «a
(1.4) Ea(t)] Z Plan 1) — Sel=51)

where €, (—st®) is the Mittag-Leffler function. More specifically, we recall that he
Mittag-Leffler function &,/(z) is defined as

z
I R .
Eal2) kZOF(lﬁLO‘k)’Z’aEC’ () >0

Moreover, keeping in mind that the notation 2 means the equality of finite
dimensional distributions (fdd), we recall the scaling property of o (¢) :

oalt) £ /%0, (1).

Furthermore, the inverse of a-stable subordinator E,(t) is a self-similar pro-
cesses, indeed for ¢ > 0

(1.5) ¢ Bo(ct) £ En(t) V> 0.
Furthermore, the mean is
tOé
1.6 E[E,(t)] =
(16) Ealt) = Frary

and the covariance for 0 < s < ¢ from [26]:

as?*B(a,a + 1) + F(a; s, t)]
(M +1))2

(1.7) cov[Ey (), Eo(t)] = [

where B(a,b) is the Beta function, and
F(a;s,t) = at**Bla, o + 15 8/t) — (st)*
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is the hypergeometric function (see, for instance, [20]) and B(a, b; x), with « € [0, 1],
is the incomplete beta function, i.e.

B(a,b;x) = / u* (1 —u)’du,
0

with B(a,b) = B(a,b;1).
From (1.7) we also obtain the variance

. 2 1
(1.8) var[Eq(t)] =t [I‘(Qa D T T D7)
We recall that ([26])
(1.9) cov[Bu(s), Bu(t)] '25° F(;Til)

Moreover, let us denote by 7, () the probability density function (pdf) of o4(1)
and by v, (z,t) the pdf of E, (). It holds ([32])

t
(1.10) Vo, t) = =27 e, (tzTw),  x>0,t>0.
(6%

This density is zero for < 0, whereas E,,(t) is positive for ¢t > 0 with a discontinuity
in z = 0. Additional details are provided in the Appendix.

In particular, we note that also F, is an increasing, continuous process with
constant values corresponding to the jumps of 0. Moreover, the Laplace transform
of vy (z,t) respect to t is

(1.11) Lia[va(z, )] = A" te™ ™",

1.2. Generalities on time-changed (or subordinated) processes. A time-
changed process is the composition of two independent processes: the outer process
and the inverse of an a-stable subordinator. It is characterized by the continuous
sample paths if the outer process has continuous paths. Here, the transformation
rule (1.2) will involve the Brownian motion as the outer process and the inverse of
an a—stable subordinator processes for the time-change.

However, in general, if f(z, s) is the probability density of the outer process, the
time-changed process has the following pdf:

+oo
(1.12) falz,t) = /0 f(z, s)va(s,t)ds YVt eI CR.

We remark that there exist an alternative expression of fq(x,t) by using (1.10) and
the change of variable ts—1/

(1.13) Fala,t) = /;OO f (:c <%>a> Na(w)dw V€T

The Eq. (1.12) can also be interpreted as the application of a subordination
operator in such a way fo(z,t) is the subordinated density of f(x,t) by means of
Vo ($,t). The subordination operator is originally due to Bochner in 1955 [13]. Then,
Bertoin [11] and Sato [38] studied Lévy subordinated processes. The fractional
diffusions obtained by subordinators, further mathematical aspects and possible
applications can be found in [26]-[30], [34], [40]. For more general subordinator,
basically studying the Laplace exponent as Bernstein function, and involving also
discrete subordinated processes see, for instance, Kochubei in [24].

= w, i.e.
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2. THE TIME-CHANGED PROCESSES BY DOOB TRANSFORM

About the first kind time-changed GM processes. In such a framework, we start
by focussing on the first kind of time-changed processes as in (1.2). Indeed, by
considering (1.12) and (1.13) for the case of X, (t) of (1.2), we specifically have the
following relation for its pdf:

1 [t x —m(t)
2.1 fax,t:—/ f (7,rs)uars),rt))drs,w€[
1) o) = = [ g (S0 vl (o) r0)are
with fw (z,t) the pdf of the standard Brownian motion W (t). After the change of
variable r(t)(r(s)) "'/ = w, we also have:

(2.2) fxo(z,t) = % /Oﬂo fw <xTZ;(t> <T1(U—t)>a) Yo(w)dw Vtel.

We have to emphasize about the subordinated processes, i.e. for processes having
the subordinated pdf as in (1.12) , that even for GM outer processes, the corre-
sponding subordinated is not Gaussian. The time-changed process is not Gaussian
anymore but we can give some specifications on its mean and covariance.

Indeed, the main moments of a such process are:

(2.3)
E[Xa(D)] = m(t),  cov(Xa(s), Xa(t)) = nt)n(s)cov(Wa (r(s)), Wa(r(t)))-

Furthermore, we can also specify specific forms for the covariance in terms of the
transforming functions 7(¢) and r(¢).

Proposition 2.1. By setting

(2.4) C(s,t) = n(s)cov(Wa(r(s)), Wa(r(t))),
the following factorized form holds

(2.5) cov(X o (s), Xa(t)) =n(t){(s,t).
Then, if

o — (e <<t,t>)1/“
(2.6) (t) = <F( +1) "0 )
the X, (t) covariance is, for s < t,

_ n(®)n(s)(r(s))*
(2.7) cov(X,(s), Xa(t)) = W.

Proof. From (2.4) and the second of (2.3), Eq. (2.5) immediately follows. Further-
more, we have (cf. [22]):

(min{r(s), r(t)})"
Ia+1)

cov(We (r(s)), Wa(r(t)) =

from which we derive, taking into account (2.4),

(min{r(s), r(t)})*

Clot) = (o) R
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Then, for s < ¢, taking into account (2.6), we obtain that

conlIWa () W r(0) = {7V = ) ),

Last equality implies

(r(s)”
) =
st =)o 3
that used in (2.5) leads to (2.7).
(]
Examples of transforming functions r(t) and n(t) are r(t) = €2/ or r(t) =

(€%t —1)/0 and n(t) = e~% with § > 0, that will be used in subsection 4.3.

We note that, even if the transformed process X, (t) is neither Gaussian nor
Markov, by adopting forms (2.7),(2.4) and (2.6), it preserves a factorized covariance
(2.5).

Finally, we specify, from (2.2), the pdf of the process X, (t) = m(t)+n(t)Wa (r(t)),
ie.

w

(2.8)
1 +oo o (177”7;(75))2
fx., (x,t) = W/o w*? exp W Yo (w)dw,Vt € I.

About the second kind time-changed GM processes. In order to highlight the differ-
ence between the second kind time-changed GM and the first kind one, we at first
consider the subordinated pdf of processes (1.3) that, from (1.12), is the following
one

<1 x —m(s)
(29) Feotet) = [T (S0 ) s,

o 7(s) n(s)
clearly different from (2.1). We remark that pdfs (2.1) and (2.9) are both derived
from (1.12), but the integrand function f(z,s) involved in (1.12) is different for

each calculation due the different definition of the processes in (1.2) and (1.3).
Furthermore, about the mean of these kind of processes we have:

(2.10) E[Xo(t)] = E[m(Ea(t))] + E[n(Ea(t))W (r(Ea(t)))] = E[m(Ea(t))].

It is easy to understand that, in case of the transforming function m(t) in (1.2) is
substituted by

(2.11) ma(t) = /;O m(s)va(s,t)ds = E[m(E.(t))]
in such a way we can consider
Xa(t) = ma(t) +n()Wa(r(t)),
the processes X, (t) and X, (t) have the same mean, i.e. E[X,(t)] = E[X,(t)].
Then, the covariance of X, (¢) can be evaluated as follows:
cov(Xa(s), Xa(t)) = cov(m(Eq(s)), m(Eqy(t))
(2.12) +  cov(n(Ea(s))W (r(Ea(s))) n(Ea ()W (r(Ea(t))))
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where
cov(n(Ea(8))W (r(Ea(s))), n(Ea ()W (r(Ea(t))))
= E[n(Ea(s))n(Ea(t))]cov(W(r(Ea(s))), W(r(Ea(t)))).

To specify completely this covariance the explicit forms of the functions 7(-) and
r() are finally required.

2.1. Some comparisons. In order to investigate relationships between special
cases of first and second kind processes, we consider the transforming functions in
(1.2) such that m(t) as in (2.11) and

Na(t) = /000 n(8)Va(s,t)ds

in such a way, we can consider

(2.13) Xa(t) = ma(t) + na(t)Wa(r(t)

that is a special case of (1.2). Furthermore, in order to do some comparisons, we
can also consider

Ya(t) = ma(t) + na Q)W (r(Ea(t))).
Both processes X, (t) and Y, (t) have the same mean of X,(t), i.e.
E[Xa (t)] = E[Ya (t)] = E[:{a (t)]a Vtel.
Instead, the pdf of X, (t) is
ity = [T (e N s
@10 fx, ()= o [ dw (S et vee 1

obtained from (2.1) substituting z in place of r(s), for r positive monotone increas-
ing function with 7(0) = 0 and lims— 4o r(t) = +00, whereas the pdf of Y, (t)
is

Foo T — My,
(2.15) fy. (2,1) = %L(t)/o fw <W)(t),r(z)> Valz, t)dz, Vi € I,

For m(t) = 0 and n(t) = 1, processes X,(t) and Y, (¢) reduce to W,(r(t)) and
W (r(Eqa(t))), respectively, and their pdf become

+oo
(2.16) fov (@, r(t)) = / fw (2, 2) vz r())dz
and

+oo
(217) fW(r(Ea))(-rvt) = /O fW (.Z',T(Z)) Voz(z’t)dz'

Hence, it appears clear that for (¢) = ¢, the two processes W, (r(t)) and W (r(E4(t)))
are the same process. Take in mind that, anyway, even if r(¢) = ¢, the processes
Xo(t) in (1.2) and X,(¢) in (1.3) differs. Obviously, for o = 1 the processes X (t)
as in (1.2) and X4(¢) as in (1.3) coincide.
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Remark 2.1. Relationships between X (t) in (1.2) and X, (t) in (1.3) can be de-
rived for specific choices of transforming functions m(t), n(t) and r(t) in equations
(1.2) and (1.3), respectively. Indeed, we can set differently functions in (1.2) and
in (1.3), such as

(2.18) Xa(t) =ma(t) + mE)Wa(ri(t))
and
(2.19) Xa(t) = ma(Eo(t)) +n2(Ea(t)W(ra(Ea(t))).

If the above transforming functions are chosen as ma(t) =0, n2(t) =1 and ro(t) =t
in (2.19) in such a way X, (t) = W(E4(t)) = Wo(t), consequently we have that
(2.18) becomes

(2.20) Xa(ﬁ) =m (t) +m (t)%a(rl (ﬁ))
Hence, in the special case X4 (t) = Wy (t), from (2.20), we derive

(2.21) Fe(2,1) = n%(t)fxa <x:717n(;1)(t),r1(t)) .

On the other hand, by setting the transforming functions mi(t) = ma(t) = m,
m(t) =n2(t) =n and r2(t) =t in (2.18) and (2.19), one has

(2.22) Xo(ri(t)) = Xo(t) = m+nWa(ri(t)).

Transformations between X, (t) processes. Consider a GM process

(2.23) Xp(t) =mp(t) +npt)W(r(t))

and the transformed time-changed process obtained from it as follows
(2.24) Xp,a(t) = ma(t) +1a(t) - Wa(r(t))

with

(2.25) me(t) = /0'00 mp(s)ve(s,t)ds, na(t) = /0'00 o ($)va(s,t)ds.

The process Xp (t) is a particular case of (1.2) when the transforming functions
m(t),n(t) in (1.2) are set in such a way m(t) = mq(t) and n(t) = n,(t), respectively.
Then, it is also a particular case of X, (¢) in (2.13) when functions m, (t) and 7, (t)
are defined for m(t) = mp(t) and n(t) = np(t). Note that Xp o(t) is different
from Y, (t), even if E[Xp o(t)] = E[Y,(¢)] = E[X.(t).] We recall that for o = 1 the
two above processes coincide, i.e. Xp1(t) = Xp(t). Now, we want to prove how
it is possible to put in relation the two processes X, (¢) in (1.2), characterized by
any transforming functions m(t) and 7(t), and Xp o(t) in (2.24), characterized by
transforming functions m, (t) and 7,(t) as in (2.25).

Proposition 2.2. We have that there are functions m(t) and 7(t) such that
(2.26) Xa(t) = m(t) + () Xp.a(t).

Moreover, X, (t) = Xp.o(t) if and only if in (1.2) the transforming functions are
specified as m(t) = mq(t) and n(t) = na(t).
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Proof. From (1.2) and (2.24), we can see that in both equations the time-changed
standard Brownian motion W, (r(¢)) is involved. From this we can write explicitly
the relationships between processes Xp o(t) and X, (¢), that is

(2.27) X o(t) = ma(t) + 1a() {M}

n(t)

and vice versa

(2.28) Xao(t) = m(t) +n(t) |:XD,<x(t) - ma(t)] -

Mo (t)

From the last one we recognize that:

(2.29) Xa(t) = m(t) +7(t) X p.a(t)
with
) =) @) sy ()
(t) = m(t) = 2malt) and (o) = 20
Finally, if and only if m(t) = mq(t) and n(t) = n4(t), (2.29) implies that X, (¢t) =
XD,(x(t)- O

From the above proposition we put in evidence the link between the first kind
time-change process with a specific GM process and we highlight how we can ex-
tend results valid for X, (¢) to the process Xp o (t) by means of (2.27) for which the
transformed functions are specified as above; on the other hand, we can also inves-
tigate specific properties of Xp ,(t) and by means of (2.28) to specialize these for
the process X, (t). Furthermore, even if in special cases, relationships between pro-
cesses of X, (t) of first kind and X, () of second kind can be reciprocally exploited
to investigate this classes of time-changed processes.

For such processes we aim to provide some specific results about a Fokker-Planck
equation and first passage times just starting from some known results valid for GM
processes. Indeed, for the general GM processes X p(t), under the assumption of
differentiability of the involved transforming functions mp(t), np(t) and r(t), they
are also diffusions ([16], [17]). Then, if random time is adopted, as the case of the
inverse of a subordinator o, (t) is (with infinite mean [34]), the corresponding time-
changed processes, among them X, (t) and X,(t), belong to the class of anomalous
diffusions, also called fractional diffusions because their pdfs are solutions of special
fractional differential equations.

Consequently, about the processes X, (t), here constructed by means of the outer
process GM process Xp(t), i.e. Xo(t) = Xp(Eqs(t)), we refer them as a-stable
subordinated GM processes. If all transforming functions are C'(I) these processes
are included in the class of subdiffusions, for a € (0,1). Here, we also refer to
X, (t) processes as fractional diffusions. Then, we will show that the results can be
extended also to X, (¢).

In what follows we first recall the Fokker-Planck equation satisfied by the tran-
sition pdf of a GM process, and then we specialize it for X, (t) processes.
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3. THE FRACTIONAL PSEUDO-FOKKER-PLANCK EQUATION

The classical GM case. Referring to the GM process Xp(t) asin (2.23), let fp (=, tly, 7)
denote the normal transition pdf of X p; more specifically,

(3.1)
_ 1 ox _(z—E[Xp(t)|Xn(r) =y])*
fole,ty,T) = /2r var X o (01X (7)] p{ 2var[Xp (8)| X p (7)] }
where
ELXp(01Xo(r) = 3] = mp(0) + L2y — ()],

var[Xp ()| Xp (1)) = np (t)[r(t) — r(7)].

The transition pdf of a GM process Xp(t), i.e. fp(x,t|y, ), satisfies the following
Fokker-Planck equation [17]:

afD(:Cat'yaT) _ 9 1o
o) YLD O ) ooty )]+ g (A0 (e, 7]
with the point source initial condition:
(3.3) lim £z, ly. 7) = 3z — y)
where §(-) is the delta function and
/
t
B e =m0+ - mp@I20 a0 = () (1)

are the infinitesimal moments.

About the time-changed Brownian motion W, (t) and the Caputo derivative. Con-
sider now the a-stable time changed Brownian motion W, (t). We know ([21], [32],
[40]) that its transition pdf fyw, (x,t|y,7) satisfies the following fractional Fokker-
Planck equation, with the initial condition (3.3),

107
2022
where the operator CDtO‘ is the Caputo fractional derivative respect to t. The

Caputo derivative of a function f(x,t) can be defined by recalling the definition of
the following fractional derivative:

(35) CD?fWa (‘Tat'yaT) fWa(‘rvtl:%T)

*f _ %(m,t), ifo=1
ot | Cpag(z,t),  ifac(01)
where
1 a [ ,0
“Def(x,t) = Ti—a) {a/o flz,7)(t —7)"%dr — % , t>0,

is the regularized Riemann-Liouville fractional derivative, that for a C! function
f(t) is as in [32]:

D10 = ey | £ =)
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Recall also that if f and D& , f(t) are Laplace transformable function, then it holds:

(3.6) Lo [CDg f(1)] = AN Lima f(t) — A*7LF(0).

Furthermore, the fractional Caputo derivative “D§* can also be defined as the inverse
Laplace transform of \*L;_\ f(t) — A>~1£(0) ([10]).

Then, considering the case of a subordinated probability density such as f,(x,t) =
fooo f(x, 8)va (s, t)ds, setting for short f(m, A) = Linf(z,t), we have

AOL Z',A = Et—) a\T, = OoeiAt h £, S)Vals, dsd
Falw ) = Loonfuwt) = [ e [ s tydsa
= ) 7/\tVoz ,t)dtd

/Of(xs)/oe (s,t)dtds
:/ f(z,s)v(s, \)ds

0

(3.7) et / £, $)e=" ds = 201 F(z, A%,
0
where we used (1.11).

Some notes about the pdf of time-changed processes under a start conditioning. We
consider the GM process X p(t) conditioned to start from y at initial time 7 and we
denote with fp(z,tly, 7) its pdf. Now, we specifically refer to X, (t) = Xp(Fu(t)),
for t > 7, whose pdf is obtained from (1.12) as follows

(3.8) Fe (o tly.7) = / Fo (@, sly, T)va (s, £)ds

with fp(z,s|y,7) = 0 for s < 7. We remark that the function fp(z,t|y,r) for
Gauss-Diffusion processes ([16]) is specifically the transition Markov density. On
the contrary, the X,(t) processes are non Markov processes, (they can be semi-
Markov, [7], [8]) nor (classical) diffusions. The following theorem is devoted to the
above functions.

Furthermore, take into account that all involved functions in the following theo-
rem have to be such that they belong not only to the domain of fractional Caputo
derivative, i.e. C''(I) respect to the time variable t and C*(R) respect to space vari-
able z, but also to the set of (time-)Laplace transformable functions and having
finite inverse Laplace transforms.

Theorem 3.1. Consider a time-changed GM process Xp(t) as in (2.23) and the
fractional diffusion X4(t) for which (3.8) holds. The conditional density fx_ (z,t|y,T)
of the process Xo(t) satisfies the following fractional pseudo-Fokker-Planck equa-
tion:

(3.9) Dy fala, tly, 7) = Palf(2,tly,T))
where fo(x,tly, ) stands for fx_ (x,tly,7), f(z,tly,7) stands for fp(z,tly,T), the

operator ®., is such as:

0 1 0%
(3'10) (I)a(f(xa t|ya T)) = |:(_£Il,af($a t|ya T) + 5@12,af(‘r’t|ya7)):|
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with

(3.11) Il,af(x,t|y,7'):/ Aq(z,8) f(x, 8|y, T)va (s, t)ds
0

(3.12) Toof(x, tly,7) = /OO As(s) f(x, sly, T)va(s, t)ds
0

and the initial condition:

(3.13) lim fo(z,tly, 7) = 6(z — y).

Proof. Consider the Fokker-Planck equation (3.2) satisfied by the f(x,t|y,7) and
apply the Laplace transform (respect to t) to both sides of (3.2). We obtain:

(3.14)
. ) 102
M (@, Aly, 7) = Lo | =5 [Ar(@, 0 (@, tly, )] + 5575 [A2(0) f (2, tly, 7)] ) -
Then, from (3.6) and by using the initial condition for  # y, one has
LI°D} falw, tly, 7)) = X falw, My, 7) = X fla, Ay, 7).

Now, by using (3.14) in the above equation, we have:

LI°Dg fo(,tly, )]

=N L e (2 [Ar(z, 1) f(,tly, )] +

2 (Aa(0)f ot 7)])

l\DI»—l NJI»—A

H?
pre
= X0 (= L A )t ) V) + 5 £ 420t )] )

= (2 e 0o, ) + 5 a0, )

ox 2 0x?

Finally, by applying the inverse of Laplace transform to both sides, the thesis
holds. O

= (—E‘Ct—w\ Il,af(-T,tlyaT)()\) + = = a £t—>A IQ af(x tlya )( )) :

Remark 3.1. We remark that many authors dealt with fractional FP equations for
time-changed processes (see, for instance, [21], [22], [28], [34], [40] and references
therein). Specifically, FP-type equations was established in [21] for time-changed
fractional Brownian motion, in [22] for time-changed Brownian motion with con-
stant drift, in [34] and [40] for time-changed diffusions with non time-dependent
infinitesimal moments. Note that the provided pseudo-Fokker-Planck equation (3.9)
agrees with that in [28] established for an a-stable subordinated Brownian motion
with a time-depending drift F(t); in particular, the agreement is obtained in the
specific case of the operator (3.11) is such that I o f (z,tly, 7) = F(t) fo(x, tly, T).

We can say that the pseudo-Fokker-Planck equation (3.9) is a version of the
fractional-type Fokker-Planck equations devoted to the case of more general time-
dependent infinitesimal moments and, in particular, Theorem 3.1 shows how the
infinitesimal moments of the outer GM process are involved in the operator of a
such equation.
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In the following we specialize the result of Theorem 3.1 in specific cases.

Remark 3.2. We remark that for the case in which X4 (t) (or Xo(t)) is the a-
stable subordinated Brownian motion W, (t), Eq. (3.9) is the same of (3.5), i.e. the
fractional pseudo-Fokker-Planck (FP) is exactly the fractional FP equation. Indeed,
we specifically, have: Ay(x,t) =0, As(t) =1, Z1 4 =0, Ioof = fa, such as

2 92
10% ~
_ya—1 [ =2~ o
-4 <2agc2fW(‘””’A |y’T)>
_ )\2&71}‘\W(x’)\a|y,7’) = AafWa (I,>\|y,7')
= LD i (.t 7)]

where we also used (3.5) for a = 1, and its corresponding Laplace transformed
equation, i.e.

2 o~
LOulfiv(atly,r) = (1 9 fWa(x,Aly,T)>

—~ 1 02 ~
Mw (@, tly, T)(A) = 5 5 fw (@, tly, T)(V).

For this specific case, i.e. when we refer to Xo(t) = W (E,(t)), we denote by @Y

the above corresponding operator.

Corollary 3.1. (About the first kind time-changed processes) For the process X, (t)
as in Eq. (2.20) of Remark 2.1, i.e. Xo(t) = m(t) +m()Wa(r1(t)), and from
(2.21) and Theorem 3.1 we have that the conditional pdf fx. (x,tly,T) satisfies the
following fractional pseudo-Fokker-Planck equation:

(3.15) D2 o (fx. (@, tly, 7)) = B (f(,tly, 7))

where f(x,tly, 7)) is the conditioned pdf of the GM process Xp(t) = mq(t) +
mE)W(ri(t)), ®Y is specified in Remark 3.2 and with the corresponding initial
delta condition.

Proof. Under the assumptions for Eq. (2.20) in Remark 2.1, we have that X, (t) =
ma(t) +n1(t) X (r1(t)) with X,(t) = W(E,(t)), hence

1 x —maq(t) y—ma(t)
Pty ) = o e (S O ST )

L - x_ml(t) S y_ml(t) T\T ValS, T S
m(t)/o fW( m ;71( )) (5, 71(t))ds.

m(t)
From Theorem 3.1 we have that

Cra x_ml(t) r y_ml(t) (T
Dm(t)f%a( 771(t) ) 1(t) nl(t) ) 1( ))

(3.16) =% <fW (%T;)(”,n(t) %’%“),nm)) .

Furthermore, we recall that

7x_m1(t> r 7y_m1(t) (T = X T
s (0 0 ) =m0 ot )
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where f(x,t|y,7) is the conditioned pdf of Xp(t) = my(t) +m (&)W (r1(¢)). From
all above identities, we obtain that

Ca x —ma(t) , y —my(t) (o
D7y fx. (7771@) ,11(t) RO 1( ))

Dgl(t)nl(t)fxa(zaﬂya )*771() 71(t)fX (‘T t|ya )a

w z —m(t) y —mi(t) _ Wiy -
ot (w (om0 ) ) =m0 (e t)

and the (3.15) follows. O

Corollary 3.2. (Particular case of the previous corollary). For the process X, (t)
as in Eq. (2.22) of Remark 2.1, from Theorem 3.1 the conditional pdf fx_(x,t|ly,T)
satisfies the following fractional pseudo-Fokker-Planck equation:

(3.17) “Df fx, (w,tly, 7) = ®F (f(x,tly, 7))

where @, s that in Remark 3.2 and with the initial delta condition.

Proof. Tt is sufficient to realize that, under the assumptions for Eq. (2.22) in
Remark 2.1, X,(t) = W(E(t)), then

Pt = [ L () sl s

n n
1 r—m y—m
_f}:a( T t’ T 7').

p ; 1(t) ; 1(7)
From Theorem 3.1 we have that
(3.18)

1 r—m y—m 1 r—m y—m
Cra w
D7-1 —fxa( ,Tlt ,7‘17’) :(I)a (—fw( ,Tlt‘ , 1 T)))
O p (t) p (1) ; ; (t) ; (

and, taking into account that

L (Z 0] ) ) = st

where f(x,t|y,7) is the conditioned pdf of Xp(t) = m 4+ nW(ri(t)), the (3.18)
follows. .

Proposition 3.1. (Time-depending drift case) For the case in which Xp(t) =
mp(t) + W (t) and Xo(t) = mp(Ea(t)) + Wa(t) with mp(t) (linear function of t),
the (3.9) can be specialized in

o 0 1 82
(319) DC,tfa(zvﬂva)] = _m/[)(t)afa(zvﬂva) §6$2 (:Z? /\|yv )
Proof. Starting from (3.9) with A;(z,t) = m/,(t), Asx(t) =
Ty f(otlyr) = [ iy (s) sl s 0

IQ,af(zvﬂva) = /(; f(zv 5|y77-)l/0¢(37t)d5 = fot(zvﬂva)'
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we obtain
L0 (f (2, t]y, 7)) = (—icmzl Tty ) + 2L Ay, r>)
or ’ 2 Ox2
_ et (—ﬁcw (mlp () (o, tl DO + 22 Fa mym))
oz 2 Ox2
= A2 F (2, Ay, 7) = A fa(2, Aly, )
(320) = LI°DE fula, ty, 7)

where we also used (3.2) valid for the GM process Xp(t) and its corresponding
Laplace transformed equation, i.e.

2

o~ o~

ATl Ay, ) = — 5 Lo mly (0, tly PO 52 i, Xy, 7).
Finally, if mp(t) is a linear function of ¢, we can specify that (3.20) leads to the
case of (3.19). 0

4. FIRST PASSAGE TIMES

About the FPT of a GM process ([17]) Xp(t) = mp(t)+np(t)W (r(t)), we recall
the following formula:

(a.1) 930 (S(0) 0. 10) = T gy (57 (r(1)) (D), (1)
where gx,, (S(t),t|zo,to) is the pdf of the FPT
(4.2) T =inf{0 >0: Xp(0) > S(0)},

with S(t) a C'(I)-boundary, and gw (S*(r(t)), r(t)|z§, r(to)) is the pdf of the FPT
of the standard Brownian motion W, i.e. the FPT pdf of
Tw =inf{6 > 0: W(r(0)) > S*(r(9))}
with
S(t) — mp(t) x0 —mp(to)
mo(t) np(to)

In order to investigate this problem, here, we first consider the subordinated FPT
T, defined as the random variable having with pdf g, (S(t), t|zo,to) such that

(4.3) S*(r(t) =

*
SCO—

(4.4) G (S(t), t]z0, t0) = /OOO 9(S(0), 010, to e (0, £)d0

where g = gx,, is the FPT of Xp process. T, is the subordinated FPT of the
process X, (t) = Xp(Fa(t)) to the boundary S(t).

Note that, in (4.4), g(S(0),0|xo,to) is equal to zero for § < tg, henceforth the
evaluation of the integral at the RHS of (4.4) is on the domain (g, +00), even if
we leave it as in (4.4) due to tg € (0, +00).

Hence, in order to investigate the first passage times of X, (t) processes, we at
first focus on main subordinated processes W, (t) and Xp(E,(t)); we specialize
some FPT results, such as those in [16], [17], and we recall those already known
and then we give specific results about the subordinated first passage times.
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4.1. An integral equation for the subordinated first passage time. We
recall the following result holding for FPT of GM processes ([17]). Consider a GM
process with the Doob representation, i.e. Xp(t) = mp(t)+np(t)W (r(t)). For this
process, we also consider a function (p(t) such that that (p(t) = r(t)np(t). Let
flz,tly, 7] be its normal transition pdf as in (3.1) and

gIS(0), thro, o] = - P(T < 1)

be the pdf of the FPT defined in (4.2). Let S(t),mp(t),np(t),Cp(t),r(t) be CH(I)
functions. Then, g[S(¢),t|xo,to] satisfies the following nonsingular second-kind
Volterra integral equation

glS(t), tlzo, to] = —2W[S(t), t|zo, to] + 2/ glS(7), Tlzo, to] W[S(¢), t[S(7), 7] dT

(45) (z0 < S(to))
where
WISt {S’(t) —Qm’D(t) 0 2mD( ) ¢ (tinz(:) E ;gg:;
y—mp(7) npt)Cp(t) —
(4.6) T2 () = } F150), 7]

Theorem 4.1. For the X,(t) process, consider the a-stable subordinated pdf

(4.7) gJS@mem)AWQWW%ﬂme%WJM9

where g[S(t), t|xo,to] is the FPT pdf of a GM Xp process. Let T, be the subordi-
nated FPT with pdf go(S(t),t|xo,t0). Then, go(S(t),t|xo,to) satisfies the following
equation

(4.8)  galS(1), tlwo, to] = —2Wa[S(2), two, to] + 235 g[S (2), t]zo, to]

where the integral operator is defined as follows

(4.9) ﬁto’ g[S (), t|xo, to] :/ glS(7), T|zo, to]¥a[S(t), t|S(7), T]dT

to

and
(4.10) U, [S(t),ty, 7] = /000 U[S(0),0\|y, T|va(0,t)do.

Proof. By inserting in the right hand side of (4.7) the expression of g as at the
right hand side of (4.5), we have

(4.11) 9a(S(t), tlzo, to) = =2V, [S(t), t]y, 7]
(4.12) +2/ / ), 7|0, o] U[S(0), 01S (), Tldrve (6, £)d0

Under assumption that all involved functions are L' on their domains, Fubini the-
orem can be applied to the integral term at the right hand side, in such a way one
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has

S
(4.13) /0 /tg[S(T),T|x0,t0]\I/[S(9),9|S(T),T]d7‘l/a(9,t)d9
(4.14) /t0 g[S(T),T|:E0,t0]/O U[S(0),0|S(7), T|va(0,t)d0dT
(4.15) = jff,’::g[S(T), 7|20, to)

where we used (4.10) and also that

/OO U[S(0),0|S(1), Tlva(0,£)d0 =0, T >t,
0
O

Note that the equation (4.8) allows to obtain numerical approximations of g, for
general C'(0,+0c0) boundary S(t), for which no closed form results are available.
This can be done by using numerical procedure for coupled integral equations (4.5)
and (4.8). Indeed, in cases in which ¢ is unknown, the main advantage respect
to the direct numerical quadrature of (4.7) is that generally both functions ¥ and
U, involved in (4.5) and (4.8) can be analytically evaluated, and in addition the
integration intervals for the numerical quadrature in (4.5) and (4.8) are limited.

Corollary 4.1. Under the assumptions of Theorem 4.1, if the boundary S(t) is
such that

(4.16) S(t) =mp(t) +alp(t) + byp(t)  Vtel, a,beR.
the subordinated FPT pdf go[S(t), t|zo, to], for o < S(to), can be written as follows

(417) gulS(O)than,to] = S0t [ IBOUOL f15(6), bt (0,110

where f[S(0),0|xo,to] is the normal transition pdf of the corresponding GM process
Xp as given in (3.1), and r(t) = (p(t)/np(t).!

Proof. From Theorem 3.2 of [17], we recall that, specifically referring to W (r(t)),
Uy [S(r(t)),r()|S(r(r)),r(r)] =0, Vrtel <t
iff
S(r(t)) =ar(t)+b Vtel, a,beR.
This result implies that
US(t),t|S(r), 7] =0, Vrtel <t

iff
S(t) = mp(t) +np(t)S(r(t)) = mp(t) +np(t)(ar(t) +b)
= mp(t) +np(t) (a%er) =mp(t) + alp(t) + bnp(t).

Hence, recalling (4.10), we have that if the boundary is (4.16), we have
ValS(t),tS(7), 7] =0, vrtel

INote that Cp(t) = ((t,t) of Proposition 2.1.
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Consequently, the operator 3$f (4.9), involved in (4.8), is identically zero. For the
boundary (4.16), making use of Theorem 4.1, the integral equation (4.8) reduces to
the following one

(418) Ja [S(t), t|l‘0, t(]] = -2 \IJQ[S(t), t|l‘0, t(]]
where U, is defined in (4.10) with ¥ as in (4.6). Now, by substituting (4.16) in

U[S(t), t|xo, to], specialized from (4.6) with y = x¢, 7 = to, we obtain (cf. Corol-
lary 3.1 of [17])

71 S(t()) — Xo 77D(t) 7., .
27(t) —r(to) np(to) (O15(), thao, to]

that substituted in (4.10), written for y = zg, 7 = to, leads to U, [S(t), t|zo, to],

)

and finally (4.17) follows from (4.18). O

\I/[S(t), t|ZL'(], t(]] =

An advanced investigation about other possible transformed closed forms such
as those related with one-side and two-side Daniels-type boundaries ([17], [35]), but
also additional asymptotic results ([7], [18]) will be the object of a future work.

4.2. FPT density for time-changed Brownian motion. Due its central rule in
this class of the fractional diffusions, now we point out some specific results about
the FPT density of the time-changed Brownian motion Wy, (t) = W (E,(1)).

Proposition 4.1. For the time-changed Brownian motion W,(t) in presence of a
linear boundary S(t) = at + b, with b > xo, and YVt > to, the FPT density is

Jalat + b, t|zo, o] =
= —afufat + b, t|zo, to) +/ (
0

(4.19)
where fqlat + b, t|xo, 1] is as in (1.12) with

ab +b— xq

) flab + b, 0|z, to]va (0, t)do
09— 1,

2
Flad + b, 0|xo, o] = M}

1
- expld—
270 — to) p{ 200 — to)
that is (3.1) specialized for the standard Brownian motion W (t).
Proof. For the time-changed Brownian motion W, (t) = W(E,(t)) in presence of a

linear boundary S(t) = at + b, with b > xg, (4.17) can be re-written with r(t) =
t,n(t) = 1, to obtain

galat + b, t[xo, to] = —2Valat + b, t|zo, to] =

72/ UWab + b, t|zo, to]va (6,t)do
0

- —/ (a— m) Flab + b, 0]z, to]va (0, 1)d6.
0 0 —to

from which Eq. (4.19) follows.
0

Note that (4.19) for a = 1 coincides with the well-known formula due to Bachelier-
Lévy (see, for instance, [1]), i.e. the Wald density

lato + b — xo] at +b— xg
4.20 t+0b,t to| =
(4.20) glat + b, [z, to] (t —t0)72 Vi i, )’
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i — 1 v/
with ¢(y) N :

Remark 4.1. We note that in the case of the linear boundary it is also possible
to proceed as follows. At first, we remark that we can use (4.20) in (4.7). Indeed,
Just for the FPT of the time-changed Brownian motion W (E.(t)) for the linear
boundary S(t) = at + b, (a,b € R), we have that

(4.21)

9a(S(t), t|zo, to) =

° |at0+b—x0| (af + b — x0)?
\/% 3/2 —W l/a(e,t)de

equivalent to (4.19).

In particular, from (4.21), referring to the zero-boundary (i.e. for 0 = S(¢) =
at + b with a = b = 0), we can write the FPT pdf of the time-changed Brownian
motion (for zy > 0, top = 0), as the following

T > 1 2
(4.22) ga((),t|x0,0):\/—20_ﬂ_ i mexp{ 29}%(9 t)do.

Moreover, by using (1.10) and the suitable change of variable as used in (1.13)

(4.23)  ¢a(0,t|x0,0) = % 000 (%)%ﬂ exp {%3 (%)a} Yo (w)dw

with 74, (w) the density of the a-stable subordinator.

For 0 < a < 1, the function ~,(-) in (4.23) can be numerically evaluated by
means of R library routines. Specifically, this library allows to call the function
dstable to evaluate the density v, (w) of a stable subordinator (see, [31]). For this
case we implemented our R codes providing some numerical approximations plotted
in Fig.1. Alternatively, it is possible to obtain further numerical approximations
by using a series expansion for v, (w) such as (cf. [39])

too —1 n—1 I'(an +1 —an—1
(4.24) Yal(w) = Zl ( n)y r(an()l“(l —zln)w

or by using its asymptotic behaviors that can be found, for instance, in [32]. In a
preliminary numerical investigation, we can say that the use of the serie expansion
(4.24) can be well exploited with the first n = 100 summands because this is a
right balance between very short running times and order of accuracy of results.
Furthermore, we remark that the numerical resolution of (4.8) constitutes a valid
and general strategy to evaluate the FPT density for this process but also for
the general case. A more detailed and comparative investigation about different
approximation strategies will be done in a future work.

Finally, we stress the importance of the provided FPT results for time-changed
Brownian process because this process is directly involved in the construction of
fractional diffusions here constructed by the Doob transform (1.2). In addition, the
above FPT results can be exploited for the class of time-changed processes X, of
the first kind as the following way.

Proposition 4.2. The FPT density through a boundary S(t) of the X (t) = m(t)+
n(t)Wea(r(t)) process can be derived in the following way:

(13)  ax (SOt to) = D gy (57 (1)) 1D 7(00)
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FIGURE 1. Numerical evaluations of FPT pdf ¢,(0,¢|xo,0) as
in (4.23) of the time-changed Brownian motion through zero-
boundary for some values of a. For all plots we set xo = 1.

with

xo — m(to)
n(to)

with gw., (S*(r(t)),r(t)|zg, r(to)) is the FPT pdf of Wy (t).

(4.26) S*(r(t)) =

*
Ty =

Proof. Following the strategy of derivation of (4.1) and (4.3) for the classical case
(see [17]), also in this case (4.25) and (4.26) are obtained.

Note that the FPT pdf gw, (S*(r(t)), r(t)|z§, r(to)), if it is not known in closed
form, can be evaluated by means of numerical quadrature strategies applied to the
integral equation (4.8) such as those in [16] or [17]. O

On the other hand, the already known results for the FPT of the time-changed
Brownian motion through a specified boundary can be extended to the process X,
for a corresponding boundary as specified in the following proposition.

Proposition 4.3. When the FPT pdf gw. (S(9),9|xg, o) for W, (t) through the
boundary S(9) is available, the following transformation formulae are useful to
specify FPT pdf for the process X, (t):

(4.27) g5 (S 1)), 77 (9) |70, 7 (1)) = L2 (Slf—);ztxo’%)

dd

with
(4.28) S(r= () = m(r~ (@) +n(r~' ())S(®), Fo =m(r~" (9o))+n(r~" (¥o))o.
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Proof. These formulae are derived by inverting (4.25) and (4.26). O

In the next subsection we give appication examples of (4.25)-(4.26) and (4.27)-
(4.28).

4.3. FPT density for time-changed OU-type processes. At first, we specify a
consequence of the previous FPT results on a time-changed OU process. Consider,
at first, the stationary OU process such that can be written as the following GM
process, for t € R,

(4.29) U(t) = m(t) + e~ "W ()
and its of second kind time-changed version U, () = U(Eq(t)).

Corollary 4.2. For the stationary time-changed OU process U(Eq(t)) the FPT
pdf through the boundary S(t) = m(t) + ae® + be=% is for t > t,
(4.30)

0o %3
gu., [S(t), t|u0’t0] = eeto(S(ﬁQ) — UQ)/O 6205297% f[S(f),€|UQ, tO]Va(ga t)d§
where
1
fIS(8), Eluo, to] = \/27T[1 — efﬁ(ffto)]
[S(&) = m(&) — e &1 (ug — mto)]>
(4.31) X €Xp { 201 — 679(5*750)]0 - } ’

the latter obtained from (3.1) adapted to the case of the considered OU process.

Proof. Applying the Corollary 4.1 to the process U(E,(t)), we recall that it is the
time-changed version of the GM process X p as in (2.23) with transforming functions
r(t) = €2 and np(t) = e~ %, and normal transition density f[s,t|y, 7] as in (3.1).
Hence, the corresponding boundary is just the hyperbolic-type boundary S(t) =
m(t) + ae® + be=%, being (p(t) = €. Finally, from (4.17), we have (4.30). O

Furthermore, it is also possible to consider a non-stationary time-changed OU
process {Uy(t),t > 0} solution of the following stochastic differential equation, for
t >0, and ug € R,

(4.32) dUo(t) = —HUo(t)dt + dW(t), Uo(O) = Ug.

For 6 > 0, the case we consider, the process is recurrent and hence its FPT for any
constant level b > ug is finite with probability one. It is interesting to recall that
for this process a closed form of FPT pdf through the level b = 0 is available (see
formula (2.8) in [2]), i.e.

|uo] 260 5/2 20u3 ot
(4.33) 9u, (0, tlug, 0) = m 0t — o—0t exXp T e20t _ T 9

due originally to Breiman [15], and Pitman and Yor [36].
In addition, Uy(t) is the GM process with the following representation by the
Brownian motion:

620t71
(430) Uo(t) = muy (0) + (O (¢(0) = r0) = e~ 4 0w (2 )

with r(t) = 20¢/(20).
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We note that the formula (2.8) of [2] was determined starting from the well-
known formula of FPT pdf of the Brownian motion {W(7),7 > 0} through a

constant level —ug > 0 (see (4.20) with @ = 0 and b = —uy), taking into account
(4.34), the inverse of transform (4.34), i.e

log (26 1
(4.35) W(r) = V201 + 1 [UO (%)] — up,

and the analogous of relation (4.1), i.e

(4.36) (5. 110, 0) = U guy (5 (p(1)). (D). 00)
with

* _ S - muy, (t) o — Lo — My, (0)
(4.57) SHeld) = noe(t) 0 nu, (0)

and p(t) = r(t)— (0) For the specific case of (4.33), in (4.37) with S = 0, my, (t) =
0e~ % nu, (t) = =%, we have

(4.38) S*(p(t)) = —uo, x5 = 0> up.
Note that a first kind time-changed version of such a process is
et —1
(439) U07(X(t) == mu, (t) + Nu, (t)W(y (T) .

It can obtain another version, possibly connected to the previous one according to
Proposition 2.2, as follows

£20t _
Goal) = malt) + oo (S5 )
(4.40) — wB(—0) + E(—0t)W (Ea(p(1))

where &(-) is the Mittag-Leffler function and p(t) = <55—.
Regarding the second kind time-changed version g o(t) = Ug(Eqn(t)), the re-
lated FPT pdf gy (S, t|uo, 0), we know that it can be determined by its definition:

(4.41) Gt (S, 1], 0) = / 900 (S, E[uto, 0)va (€, £)de.
0

Indeed, we can write the following formula for the case S = 0, by inserting (4.33)
n (4.41), i.e

(4.42)
N 20 3/2 202 95
9s10,0(0; tfuo, 0) = . Vo \ee—ooe ) P Tame_ gt Vo (&, )dE.

By using the form of v,(&,t), as in (1.10), and the suitable change of variable
w = (&), as used in (1.13) , we finally have that (4.42) can also be alternatively
written as follows:

(4.43)
oo /2 2 t \a
[ ol 20 ’ 20u? 0(L)
guo.0(0:tuo, 0= 22\ e — o )P\ Ty Ty ) he(wde

where 7, (w) is the density of the a-stable subordinator.
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FIGURE 2. Numerical evaluations of FPT pdf gy «(0,¢ug,0)
(4.43) of the time-changed OU process Uy(F,(t)) through zero-
boundary for some values of . For all plots we set ug = 1 and
6 =1 (on the left) and = 1.2 (on the right).

In Fig. 2 we plot numerical evaluations of FPT pdf (4.43) of the time-changed
OU process Uy(FEq(t)) through zero-boundary for some values of o and 6. These
evaluations are obtained by ad hoc R-codes we devised.

Before to give the following corollary, we remark that (4.42), due to (4.36), has
been obtained by the following integration

ge.el

(449)  guya(S,tluo,0) = / Ap(E)gw (S* (plE)). plE) |5 p(0)) v (€. 1).

0
Instead, for the first kind time-changed process Up o(t), from Proposition 4.2, we
have

d
(145) gu,a(S.tlu0.0) = P g (o0, o)1 0(0))
d o]
(4.46) = DO [ (5% 0(0)- €l p0) (6, 0
0
In particular, for a constant boundary S*(p(t)) = S* and p(0) = 0, one has

@41 aoalSuthun,0) = G [ (5", el 0 €. pl0)

Hence, for this specific case, we give the following corollary.

Corollary 4.3. For the FPT pdf of Uy, (t) process we have the following expression
20t oo 2 20t _
= Lol oep L0V, (e =1 e
Vor Jo €32 2¢ 20
Proof. Indeed, by applying Proposition 4.2, if the FPT pdf for the time-changed
Brownian motion through the corresponding boundary S*(p(¢)) in (4.37) was known,

(448) gUo,a(O;t|u070)
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also the FPT pdf for the first kind time-changed OU process Uy(FE,(t)) can be ob-
tained by using (4.25). For this specific case, we have S = 0, S*(p(t)) = —uo,
xh =0, p(t) = (2% — 1)/(20) and p(0) = 0, in such a way

20t _ 1
0, O)

(&
(4.49) 900, (0, tug, 0) = e*** gy, (Um ST

where, from (4.21),
20t 1

&
—upn, ————
IWa 05 20

L[ Juo ug X —1
4.50 = [ v I I gy
(4.50 Var /0 E eXp{ 2 e \& g )
and finally (4.48) follows by inserting (4.50) in (4.49). O

Note that (4.48) is an example of application of the transforming formulae (4.25)
and (4.26) of Proposition 4.2 between FPT densities. Finally, referring to (4.34),
we can also give an example of application of the formulae (4.27) and (4.28) of
Proposition 4.3 by which the FPT density of time changed OU process is derived
from that of time-changed Brownian motion through zero-boundary as in (4.22);
the FPT obtained is related to a different boundary. Specifically, we have:

ug log(1 + 26t)
4.51 N ,
(451 gus, (\/1 T 20t 20

x0,0> as in (4.22) in (4.51), we immediately have the

Uo

available FPT of the time-changed OU process through the boundary Tiro0t in
log(1+26t)
20 °

)uo + aco,O) = ewtgwa (0,75)%0, 0) .

Hence, by using gw,, (O,t

the logarithmic time

An advanced study of the numerical approximations of all above equations, fo-
cussing on those derived from a numerical resolution of (4.8) and simulations will
be the object of a future work.

APPENDIX

We give some additional details about the subordinator and its inverse process
considered in the subsection 1.1. In particular, we can specify the density of o, (t)
involved in (1.10) as follows (([37]))

1 t
(T, t) = ———— Mo | —
Va (1) atxlta <x0‘>

where the M-Wright function Mga(z) is defined as

My (z) = i (=2)* = 1 i wl"(ak) sin(rak),z€ C,0< a <1
¢ — ET(—ak+(1—«) = (k—1)! ’ ' '

Instead of (1.10), the density of E, (t) can also be given in the following form
1 T
« ;t = _Ma <_) .
Vo (2, 1) o o

Furthermore, we also note that there is a Mikusinski’s representation [33] for
density
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o 1 g

Ya(2,1) = Yalt) = 7/ — ; u(p) exp{—u(p)}dep,

where

sin[(1 — a)e] sin(ap) | o
sin ¢ rsin g

The following asymptotics are known

u(p) =

exp{—Ciz" T}
Ya(x) ~ Cs 2(2—a)/(2—2a) Z =0,

and o
Yo () 1fa,:13 — 00
where
1 .
Cr= (1—a)a®/0-o) ¢y = 07" o Sma) g
27(1 — «) @

Coming back to (1.10), for example, for ¢ = 1, we have

Vao(2,1) ~ %:C(Qo‘_l)/@_%‘) exp{—Ciz/1=} 2 = oo,
a

and
sin(ma)

vo(z,1) — I'l+a), z—0.

Then, using self-similarity and setting z = ;%, we have:

C
Va(z,t) =t Va(z,1) ~ t @ 225207 1)/2=20) gyt 0y 21/ 0= 5y o0
a

or
00550 g0y Cy
(452) l/a(l', t) ~ 02 . fﬂCQ*ZO‘ eXp{*mI

YVA=al - oo

for any fixed ¢, and

sin(ma)

(4.53) Vo(t,x) =t I'l+a), z — 0.

T
Finally, a further expression of v, (z,t) can be found in [25], i.e. V& >0

1 [* o
(4.54) Vo(z,t) = — / utemtummut cosam) gin (roy — zu® sin(wav)) du.
™ Jo

REFERENCES

[1] ABuNDO, M. (2001). Some results about boundary crossing for Brownian motion. Ricerche
di Matematica. vol. L, (2), 283-301.

[2] Avriui, L. , PaTiE, P., PEDERSEN J. L. (2005). Representations of the First Hitting Time
Density of an Ornstein-Uhlenbeck Process. Stochastic Models. 21:4, 967-980.

(3] ANH, V, AND INOUE, A. (2005). Financial markets with memory i: Dynamic models. Sto-
chastic Analysis and Applications. 23(2), 275-300.

[4] AscioNE, G., MISHURA, Y. AND Pirozzi, E. (2019). Fractional Ornstein-Uhlenbeck process

with stochastic forcing, and its applications. Methodology and Computing in Applied Proba-

bility. 1-32.

ASCIONE, G., MISHURA, Y. AND Pirozzi, E. (2020). Time-changed fractional Ornstein-

Uhlenbeck process. Fractional Calculus and Applied Analysis. 23(2), 450-483.

ASCIONE, G. AND PIrozzI, E. (2019). On a stochastic neuronal model integrating correlated

inputs. Math. Biosci. Eng. 16, 5206—5225.

=

[6



PERST PASSAGE TIMES FOR SOME CLASSES OF FRACTIONAL TIME-CHANGED DIFFUSIONS

[7) AscIONE, G., PIroZzI, E. AND TOALDO B. (2019). On the exit time from open sets of some
semi-Markov processes. Annals of Applied Probability. 30, 3, 1130-1163.

[8] AscIONE, G. AND ToALDO B. (2019). A semi-markov leaky integrate-and-fire model. Mathe-
matics, 7(11):1022.

[9] AscioNE, G., D’ONOFRIO, G., KosTAL, L., AND PIrozzI, E. (2020). An optimal Gauss-
Markov approximation for a process with stochastic drift and applications. Stochastic Pro-
cesses and their Applications, 130(11), 6481-6514.

[10] BAEUMER, B., MEERSCHAERT, M.M., AND NANE, E. (2009). Brownian subordinators and
fractional Cauchy problems. Transactions of the American Mathematical Society. 361, 7,
3915-3930.

[11] BERTOIN, J. (1996). Lévy processes. 121. Cambridge University Press.

[12] BincHAM, N. H. (1971). Limit theorems for occupation times of Markov processes. Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete. 17. 1-22.

[13] BOCHNER, S. (1955). Harmonic Analysis and the Theory of Probability. University of Califor-
nia Press, Berkeley.

[14] BonDESSON, L., KRISTIANSEN, G. K. AND STEUTEL, F. W. (1996). Infinite divisibility of
random variables and their integer parts, Statistics and Probability Letters. 28, 271-278.

[15] BREIMAN, L. (1967). First exit times from a square root boundary. Fifth Berkeley Symposium.
2, 9-16.

[16] BUONOCORE, A.; CapuTO, L.; Pirozzl, E.; RicciarDI, L.M. (2011). The first passage
time problem for Gauss-diffusion processes: Algorithmic approaches and applications to LIF
neuronal model. Methodol. Comput. Appl. Probab. 13, 29-57.

[17] D1 NarpO, E., NoBILE, A.G., Pirozz1, E., Ricciarpi, L.M. (2001). A computational ap-
proach to first-passage-time problems for Gauss-Markov processes. Advances in Applied Prob-
ability 33(2), 453-482.

[18] D’ONoOFRIO, G. AND PI1ROZzI, E. (2019). Asymptotics of Two-boundary First-exit-time Den-
sities for Gauss-Markov Processes. Methodol. Comput. Appl. Probab. 21, 735-752.

[19] GAJDA, J. AND WYLOMAKSKA, A. (2015). Time-changed Ornstein—Uhlenbeck process. Journal
of Physics A. 48(13),135004.

[20] GRADSHTEYN, I. AND RyzHIK, I. (2007). Table of integrals, series, and products. Else-
vier/Academic Press, Amsterdam, Seventh edition.

[21] HAHN, M., RYVKINA, J., KoBAYASHI, K. AND UMAROV, S. (2011). On time-changed Gauss-
ian processes and their associated Fokker-Planck-Kolmogorov equations. Electron. Commun.
Probab. 16, 15, 150—164.

[22] JANCzZURA, J., WYLOMANSKA, A. (2009). Subdynamics of financial data from fractional
Fokker-Planck equation. Acta Physica Polonica B. 40(5), 1341-1351.

[23] KAARAKKA, T. AND SALMINEN, P. (2011). On fractional Ornstein-Uhlenbeck processes. Com-
munications on Stochastic Analysis, 5(1), 121-133.

[24] KocHUBEL, A. N. (2011). General Fractional Calculus, Evolution Equations, and Renewal
Processes. Integr. Equ. Oper. Theory 71, 583-600.

[25] KaTARiA, K. K. AND VELLAISAMY, P. (2018). On densities of the product, quotient and power
of independent subordinators. Journal of Mathematical Analysis and Applications 462(2),
1627-1643.

[26] LEONENKO, N., MEERSCHAERT, M. M., SCHILLING, R.L. AND SIKORSKII A. (2014). Correla-
tion Structure of Time-Changed Lévy Processes. Communications in Applied and Industrial
Mathematics , e-483, ISSN 2038-0909.

[27] LEONENKO, N., MEERSCHAERT, M. M. AND SIKORSKII A. (2013). Fractional Pearson diffu-
sions. Journal of Mathematical Analysis and Applications. 403(2), 532-546.

[28] MacDzIARZ M., (2009). Stochastic representation of subdiffusion processes with time-
dependent drift. Stochastic Processes and their Applications.119, 3238-3252.

[29] MAINARDI, F., LUCHKO, Y. AND PAGNINI, G. (2001) The fundamental solution of the space-
time fractional diffusion equation. Fractional Calculus Appl. Anal. 4, 153-192.

[30] MAINARDI, F., PAGNINI, G. AND GORENFLO, R. (2003). Mellin transform and subordination
laws in fractional diffusion processes. Fractional Calculus Appl. Anal. 6, 441-459.

[31] MEERSCHAERT, M. M. AND SIKORSKII A. (2019). Stochastic Models for Fractional Calculus.
DeGruyter Studies in Mathematics. 43. Berlin.

[32] MEERSCHAERT, M. M. AND STRAKA, P. (2013). Inverse stable subordinators. Mathematical
Modelling of Natural Phenomena, 8(2), 1-16.



FIRST PASSAGE TIMES FOR SOME CLASSES OF FRACTIONAL TIME-CHANGED DIFFUSIONS

[33] MIKUSINSKI J. (1959). On the function whose Laplace-transform is e=%. Studia Mathematica.
18(2),191-198.

[34] PIRYATINSKA, A., SAICHEV, A.I. AND WOYCZYNSKIA, W.A. (2005). Models of anomalous
diffusion: the subdiffusive case. Physica A. 349, 375-420.

[35] Pirozzl, E. (2020). A Symmetry-Based Approach for First-Passage-Times of Gauss-Markov
Processes through Daniels-Type Boundaries. Symmetry. 12(2), 279.

[36] PITMAN, J. AND YOR, M. (1981). Bessel processes and infinitely divisible laws. Lecture Notes
in Math. 851, 285-370.

[37] SaA, A. AND VENEGEROLES, R. (2011). Alternative numerical computation of one-sided Levy
and Mittag-Lefller distributions. Phys. Rev. E 84, 026702.

[38] SaTo, H. (1999). Levy Processes and Infinitely Divisible Distributions. Cambridge University
Press.

[39] UCHAIKIN, V.V. AND ZOLOTAREV, V.M. (1999). Chance and Stability. Stable Distributions
and Their Applications. VSP, Utrecht.

[40] UmAROV, S. (2015). Introduction to Fractional and Pseudo-Differential Equations with Sin-
gular Symbols. Developments in Mathematics, 41, Springer.



