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Abstract

A numerical and theoretical framework to address poromechanical e�ect of capillary

stress in complex mesoporous materials is proposed and exempli�ed for water sorption

in cement. We �rst predict the capillary condensation/evaporation isotherm using

lattice-gas simulations in a realistic nano-granular cement model. A phase-�eld model

to calculate moisture-induced capillary stress is then introduced and applied to cement
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at di�erent water content. We show that capillary stress is an e�ective mechanism for

eigenstress relaxation in granular heterogeneous porous media, which contributes to the

durability of cement.

Keywords

capillary condensation, wet granular materials, stress relaxation, cement paste, porome-

chanics

Introduction

Capillary condensation is a ubiquitous process of vapor-liquid phase transition in porous

media, such as sand piles, plaster, paints, silica gels, cementitious materials, which has an

important yet poorly understood e�ect on mechanical behavior. The con�ned �uid can

generate enormous local stresses, as observed in granular material aging1, wet �oor fric-

tion2, nano-tribology3, multi-phase immiscible �ows4,5, cement drying shrinkage6,7 and in

everyday life experiences such as hardening of a drying sponge or building a sand castle on

the beach8. Capillary condensation and evaporation potentially bring undesirable fracture

processes, as in drying cracking of colloidal �lms9,10 and paints11, but capillary stress can

also can be exploited in nano-materials fabrication by capillary force lithography12, capillary

rise in�ltration,13,14 evaporation-driven assembly and self-organization15�18 and composite

imbibition19 and even used to evaluate the atmosphere of planets20.

Despite the broad importance of capillary forces, they remain challenging to predict in

complex porous materials over the full range of liquid saturation, either in equilibrium or dur-

ing a dynamical process of drainage/imbibition. For granular or colloidal materials, existing

models addressing partial saturations are oversimpli�ed and only apply either to low hu-

midity (so called pendular/funicular regimes)21�23 or to idealized geometries (slit/cylindrical

independent pores or single sphere against a wall)24�27. At higher saturation, models based
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on geometrical analysis of Young-Laplace equation for smaller clusters28,29 are proposed

but restricted to only equilibrium liquid distributions inside monodisperse packings. A full

molecular treatment here is beyond current computational capability, since that will require

considering hundreds of millions of water molecules for our system.

Structural changes due to adsorption/desorption in porous media are known as �sorption

induced deformation�. We refer the reader to Gor et al30 for a review on the topic. We

also refer the readers to the recent work of Schappert et al31 reporting the poromechanics

of Vycor, a porous silica glass, upon argon sorption. In this work, an unexpected sharp

contraction followed by re-expansion was observed upon desorption. Notice that here we are

concerned with capillary stress induced deformation only, therefore surface e�ects (Bangham

e�ect32) that might occur at low relative humidity are beyond the scope of this work.

In this Article, we propose a numerical and theoretical framework to quantitatively pre-

dict capillary condensation/evaporation33,34, compute associated capillary forces and struc-

tural relaxation in a 3D realistic nano-granular cement paste model35 using lattice-gas sim-

ulations of adsorbed water36 parametrized from atomistic simulations37. In particular, this

allowed us to access the adsorption/desorption mechanism and assess the role of (metastable)

cavitation38. In addition, we present for the �rst time to our knowledge a phase-�eld model

of the liquid-vapor mixture spatial distribution, whose inhomogeneous stress tensor is inte-

grated over Voronoi polyhedra in order to calculate forces between each pair of neighboring

grains. The capillary forces applied to the cement hydrate nano-grains in molecular dynamics

(MD) simulations, together with the cohesive interactions between these nano-grains predict

the overall stress relaxation. As an important application, we calculate drying shrinkage of

cement paste6,39�41, where the heterogeneous and multi-scale, fully connected porous network

induces signi�cant mechanical irreversibilities during drying-wetting cycles42, disqualifying

simple models based on macroscopic homogenized poromechanics concepts, hence ignoring

local heterogeneities in the pore voids and solid-�uid interactions.
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Methods

Capillary condensation/evaporation isotherm� We simulated capillary conden-

sation and evaporation processes in our previously developed realistic mesoscale model of

cement paste35, using a discrete lattice gas density functional theory (DFT) with interaction

parameters imported from water/cement atomistic simulations37. This DFT approach was

�rst derived by Kierlik et al36,43 for adsorption/desorption of a �uid in a quenched random

porous solid. This method has been further applied to Vycor44, controlled porous silica

glasses and aerogels45,46 to infer qualitatively adsorption/desorption isotherms through the

minimization of the grand potential:

Ω =− wff
∑
<i,j>

ρiρj − wsf
∑
i,j

ρiηj − µ
∑
i

ρi

+ kBT
∑
i

[ρi ln ρi + (1− ρi) ln(1− ρi)]
(1)

where ρi, the normalized density of �uid on site i, can continuously vary from 0 to 1,

ηi = 0 or ηi = 1 indicating site i is occupied by solid or not. wff and wsf are the �uid-

�uid interaction and �uid-solid interaction respectively that are imported from atomistic

simulation data 37. The cement paste porous structures used here comes from the out-of-

equilibrium precipitation of cohesive interactions of calcium silicate hydrate (C-S-H) nano-

grains and has a realistic pore size distribution (gel pores and capillary pores below and

above 3 nm respectively) and connectivity35 (see SI). They have volume fraction 0.52 that

corresponds to cement paste made with water to cement ratio (w/c) 0.4547. The lattice

spacing a of our DFT simulation is estimated from the surface tension that is energy per area

γ ∼ wff/2a
2 for nitrogen at T = 77 K, γ ∼ 8.94 mN/m which gives a ∼ 0.345 nm; for water

at T = 300 K, γ ∼ 72 mN/m which gives a ∼ 0.24 nm. Based on these estimates, we choose

a �ne grid cell size of a = 0.3 nm i.e close to molecular size. The �uid-�uid interaction wff

is determined by the bulk critical point kBTc = −νwff/2 where ν (ν = 6) is the number of

nearest neighbors on the cubic lattice. The �uid-solid interaction wsf = 2.5 wff is estimated
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from molecular simulations of the isosteric heat of adsorption in the limit of zero coverage

for water in cement paste37.

Adopting the relation between chemical potential and relative saturating pressure h (or

relative humidity in the case of water) µ = kBT ln(h), we show in Fig. 1a that the lat-

tice DFT method with appropriate grid �neness is able to quantitatively predict the room

temperature hysteretic water adsorption/desorption isotherm in cement paste in agreement

with experiments6,33,48,49 with no adjustable parameter. In particular the closure point of

the hysteresis loop (h ∼ 30%) in the simulated isotherms is that observed in many water

adsorption experiments at room temperature in disordered mesoporous materials50.

There are many studies on water sorption in hardened cement paste reporting low pressure

hysteresis loop in the adsorption/desorption isotherm39,49. This feature has been attributed

to the exchange of water molecules from the interlayer void inside cement hydrates nano-

grains and gel pores51 similar to what is happening in clay that also exhibits low pressure

hysteresis52�54. Speci�cally, calcium clay exhibits smaller residual swelling than sodium clay

due to stronger ion-ion correlation forces (ICF)55. Calcium hydrate layers inside the nano-

grains are 4-5 times more charged than these in clay montmorillonite56. This corresponds

to very large attractive electrostatic ICFs that probably do not allow swelling by contrast

to clay. There is a long standing debate in the literature that started sixty years ago with

the seminal works of Feldman et al39 and Hagymassy et al48 showing opposite conclusions

on the existence on the low pressure water adsorption/desorption isotherm at room tem-

perature. More recently Saeidpour et al33 using dynamic vapor sorption have shown the

presence of a low pressure hysteresis. Along the same line, Baroghel-Bouny showed that

water adsorption/desorption at 44 ◦C does not exhibit low pressure hysteresis, indicating

that this is likely a kinetic issue due to de�cient equilibrium conditions49. In this work, we

are focusing only on the high pressure capillary e�ect (h > 30%) and its poromechanical

consequences and therefore not considering the water exchange between the inside of cement

hydrates nano-grains and gel or capillary pores that is said to occur at relative humidity
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lower than 30%. We assume no volume change of the cement hydrates nano-grains33,57.

The reversible part of the simulated adsorption/desorption isotherm curve shown in

Fig. 1a corresponds to the build up of a molecular nanometric �lm of various thicknesses

depending on the local surface curvature. We found that meta-stable ink-bottleneck (cavita-

tion) states44 are at the origin of sorption hysteresis in cement paste as shown in Fig. 1b. The

high connectivity of the cement paste pore network and the resulting percolating liquid dis-

tribution is naturally obtained in our numerical framework without any ad hoc assumption

on water distribution in contrast to the aforementioned pendular/funicular ring models.

Capillary stress� Next, we analyze the �uid distribution in the pore network (Fig. 1b)

and calculate the mechanical e�ect of capillary stress in such a complex porous structure.

To calculate the capillary stress at a given µ (or h value), the mean-�eld lattice gas DFT36

is written in its continuum limit, which is equivalent to the Cahn-Hilliard phase-�eld model

(see e.g. Eqn 3.18 from Cahn et al58, Eqn 59 from Bazant59)

Ω =

∫
(kBT [ρ ln(ρ) + (1− ρ) ln(1− ρ)]− µρ) dv

+

∫ [wff
2
a2(~∇ρ)2 − wff

2
νρ2
]
dv

+

∫∫
∂V

d~S ·
(
wsfρ~n−

wff
2
a2ρ~∇ρ

) (2)

where the order parameter 0 < ρ < 1 here is the normalized liquid density, ∂V represents

the liquid-solid boundary, and all symbols are explained after Eqn 1.

Once we have a suitable free energy, we de�ne the capillary stress tensor, �rst derived by

Korteweg60,61 (see Eqn.4 from Anderson et al61),

↔
σ =

(
p0(ρ)− a2wff

2
(~∇ρ)2

)
↔

I + a2wff ~∇ρ⊗ ~∇ρ+
↔
σ0 (3)

and use it to express the stress in terms of only the density pro�le from the DFT simulations

in the porous structure. Here
↔

I is the identity tensor,
↔
σ0 an arbitrary tensor constant,

6



(a)

(b)

Figure 1: (a) Simulated water adsorption/desorption isotherm of a mesoscale cement paste
model of volume fraction η = 0.5235 compared to experimental data.6,33,48,49 The isotherm
is renormalized with respect to the closure point. (b) Cross section of the pore network
showing water upon adsorption/desorption. Black�colloidal nano-particles of CSH. Blue�
water. Grey�vapor. Ink-bottleneck e�ect is exempli�ed by the red-circled areas.
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p0(ρ) = µρ +
νwff

2
ρ2 − kBT [ρ ln(ρ) + (1− ρ) ln(1− ρ)] the asymptotic bulk value of the

hydrostatic pressure, and other symbols the same as in Eqn.2 (see derivation for Eqn.3 in

SI). In principle, surface forces can be calculated by integrating the normal stress over the

solid pore walls, but we �nd that this procedure leads to large errors for complex geometries.

We thus introduce the second step of our method, which uses Stokes' theorem62 to deform

the contour away from the solid surface and integrate the normal stress over a space-�lling

tessellation of the microstructure. In this way, equal and opposite forces are applied at

each face of the tessellation, perfectly satisfying Newton's third law in the �uid, despite

adsorbed �uid density �uctuations on the complex surface geometry. For colloidal or granular

systems of convex particles, the most natural choice is the Voronoi tessellation, for which

fast algorithms are available, such as the package Voro++63 used below.

Using the lattice-gas DFT model for water, we �rst apply the method to the simplest case

of two nano-grains at short distance. Fig. 2a shows a stable capillary bridge at appropriate

relative humidity. Analytical results are available to describe the capillary force21,27,64, and

most models for wet granular materials rely on this picture of a capillary bridge65�70. The

simulated capillary force versus humidity is shown in Fig. 2b, in agreement with the solu-

tion of Kelvin-Laplace equation71�73, assuming bulk water surface tension. The forces are

simulated on the adsorption branch and thus compared with the analytical solution that has

the smaller Kelvin radius (in general the Kelvin equation for a capillary bridge between 2

spheres admits 2 solutions, see SI), augmented by a wetting layer of thickness 0.25 nm.

Fig. 2c shows three spheres nearly in contact to illustrate the challenges posed by any

other geometry. At low humidity, the capillary bridge theory still holds and accurately

predicts simulation results. However, at high humidity, these bridges coalesce to �ll the

region between the particles and drastically alters the forces, in a way that only a molecular

based approach can capture such as the DFT simulation used here. This is due in part to

the liquid-vapor interface that takes a non-convex shape in three dimensions.

Fig. 3 shows the Voronoi tessellation63 on the 3D heterogeneous porous packing of polydis-
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(a) (b) (c)

Figure 2: Capillary stress� (a) Simulation of local stresses in the capillary bridge between
two spherical colloidal particles of diameter D = 6 nm at h = 30%. (b) The total capillary
force F on each particle (positive sign for pointing towards the other particle) versus humidity
h, compared with the two analytical solutions of Kelvin-Laplace equation (due to the 3D
geometry, see SI Eqn. 13) for sphere-center separation d = 0.9 D (spherical particle diameter
D = 6 nm) including the surface adsorbed layer. (c) Cross-sectional view of the liquid density
ρ �lling the region between three touching spherical particles, simulated at h = 35%.

perse cement nano-grains35 from which stresses can be e�ciently and accurately computed.

This example demonstrates the capability to predict the stress and deformation of porous

materials for any spatial distribution of con�ned �uid as in the case of equilibrium capillary

condensation during drying and wetting processes or in out-of-equilibrium multi-phase �ow.

Results

Applying the capillary force on each nano-grain in structural relaxation MD simulations

we compute the drying shrinkage of cement paste in quantitative agreement with the exper-

imentally observed volume shrinkage (see Fig. 4). Our �ndings indicate that capillary forces

facilitate macroscopic stress relaxation in granular or colloidal cohesive media with rough

and glassy potential energy landscapes and having an abundance of meta-stable states.

Reactive heterogeneous materials such as cement contain residual stresses due to the

out-of-equilibrium solidi�cation process74�76. The cement paste structure analyzed here has

accumulated tensile eigen-stresses of -47 MPa due to the out-of-equilibrium precipitation of

nano-grains47,77. We refer to this structure as "hardened� cement paste. Then the eigenstress
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Figure 3: Slice of a polydisperse heterogeneous sphere packing, showing the Voronoi tessel-
lation used to calculate capillary stresses, in the colloidal cement paste35. The inset shows
adsorbed �uid density pro�le (blue) on the faces of the Voronoi cell for a single grain at
h = 30%.
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was relaxed (less than 10 kPa) using energy minimization in NPT conditions (see SI). The

relaxed cement paste structure is named "aged�.

Figure 4a shows how capillary forces in�uence the shrinkage strain of �hardened� and

�aged� cement paste. In a series of MD structural relaxation simulations, capillary forces

calculated at corresponding relative humidities h were applied on the nano-grains as force

vectors in addition to the cohesive interactions of cement hydrates nano-grains (see SI). The

�aged� model exhibits shrinkage only due to capillary e�ect whereas the �hardened� sample

shrinks under the combined action of tensile eigen-stresses and capillary forces. In the �aged�

sample, the pure capillary e�ect decreases with increasing humidity, and the predicted strain

is in agreement with experiment39 for h > 30% on the �rst drying cycle. In contrast, the

�hardened� sample shrinks more than the �aged� one and with the opposite trend: the amount

of shrinkage strain increases upon increasing humidity. This counter-intuitive behaviour was

also observed in short-term cycling h cement experiments after long-term curing of the cement

paste samples under a series of constant relative humidities42. Our relaxation scheme with

capillary forces at constant h coupled to nano-grains cohesive interactions would correspond

to the long-term curing conditions of the experiments in Ref.42. It is interesting to note

that our relative strain results are in surprisingly good agreement with the total strain

measurement of Fig. 4 in Ref.42.

In Fig. 4b, we investigated stress relaxation under constant volume constraint. Minimal

residual stresses are observed in the �aged� paste for all humidities. Residual stresses in the

�hardened� paste were relaxed to -30 MPa at h = 30% (closure point of the hysteresis loop),

signi�cantly di�erent than that obtained in dry condition (-44 MPa). Overall, capillary forces

help relaxing eigen-stresses with the lowest volume shrinkage. It is remarkable to notice the

synergistic e�ect of capillaries and eigen-stresses, reducing the shrinkage compared to dry or

fully saturated conditions.

These results demonstrate that capillary stress at intermediate humidity is an e�ective

mechanism of eigen-stress relaxation developed during setting and therefore bene�cial to
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(a)

(b)

Figure 4: Stress relaxation of �hardened� and �aged� cement pastes con�gurations in (a)
constant pressure (NPT) and (b) constant volume (NVT) MD simulations under the action
of capillary forces. The experimental data are from Ref. 39,51 for cement paste of w/c=0.5
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cement durability. Although the magnitude of capillary forces on each nano-grain is small

(∼1 nN) compared to the grain-grain interactions (∼10 nN), these forces still have an observ-

able e�ect at the mesoscale. For materials that are �softer" than cement paste (e.g. wood78,

biopolymers79), capillary forces are expected to have even larger aging e�ects.

Conclusion

In conclusion, we have demonstrated that a mean �eld lattice DFT approach with suit-

able molecular scale energy parameters and lattice discretization �neness is able to predict

the hysteretic adsorption/desorption isotherm of water in a realistic mesoscale cement paste

model further validating this colloidal description of cement hydrates. We further extended

this DFT approach to calculate capillary stress from the con�ned �uid distribution and for-

mulated a general framework to calculate capillary stress in complex porous media, without

any assumptions on the pore morphology or topology, across the full range of liquid satu-

ration. Interestingly enough, we found that when combined to the cohesive interactions of

the nano-grains, the capillary stress at h 30% actually helps removing the eigen-stress of the

cement paste that results from the out-of-equilibrium setting conditions. Our approach is

for the �rst time predicting capillary stress and structural relaxation in cement paste based

on statistical physics combined with a realistic mesoscale texture, taking into account �uid-

solid coupling explicitly. This is of both theoretical and practical importance due to cement's

multi-scale challenging texture and its wide usage in everyday life.
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2. Numerical simulations: 1) microstructure of cement paste. 2) simulation of adsorp-
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