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Abstract

Entropy is one of the most basic and significant descriptors of a probability distribu-
tion. It is still a commonly used measure of uncertainty and randomness in informa-
tion theory and mathematical statistics. We study statistical inference for Shannon
and Rényi’s entropy-related functionals of multivariate Gaussian and Student-t dis-
tributions. This thesis investigates three themes. First, we provide a non-parametric
test of goodness-of-fit for a class of multivariate generalized Gaussian distributions
based on maximum entropy principle via using the k-th nearest neighbour (NN) dis-
tance estimator of the Shannon entropy. Its asymptotic unbiasedness and consistency
are demonstrated. Second, we show a class of estimators of the Rényi entropy based
on an independent identical distribution sample drawn from an unknown distribu-
tion f on R™. We focus on the maximum Rényi entropy principle for multivariate
Student-t and Pearson type II distributions. We also consider the entropy-based test
for multivariate Student-t distribution using the k-th NN distances estimator of en-
tropy and employ the properties of entropy estimators derived from NN distances.
Third, we introduce a new classes of unimodal rotational invariant directional distri-
butions, which generalize von Mises-Fisher distribution. We propose three types of
distributions in which one of them represents the axial data. We provide all of the
formula together with a short computational study of parameter estimators for each
new type via the method of moments and method of maximum likelihood. We also
offer the goodness-of-fit test to detect that the sample entries follow one of the in-
troduced generalized von Mises-Fisher distribution based on the maximum entropy
principle using the k-th NN distances estimator of Shannon entropy and to prove its
L2-consistence.






“Begin at the beginning,” the King said gravely, “and go
on till you come to the end: then stop.”
— Lewis Carroll, Alice in Wonderland

“To visualise 43-dimensional space | simply visualise
n-dimensional space and let n be 43”
— Unknown
“I don't believe it. Prove it to me and I still won't believe
it.”
— Douglas Adams
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— Chapter 1—

Introduction

The concept of entropy plays a central role in information theory, and has found
a wide array of uses in other disciplines, including statistics, probability and com-
binatorics. The differential entropy or Shannon (or Bolzmann-Gibbs) entropy of a
random vector X 2 R™ with probability density function (pdf) f is de ned as

Z
H=H;=H(X)= H(f)= Eflogf(X)g= f(x)log f (x)dx, (1.1)
RmM

where log is the natural logarithm. It is assumed that (1.1) is well de ned and
nite. It is formally set 0 =0 = 0, 0log0 = 0. For the probability density f it is
dened S= S(f)= fx 2 R™: f(x) > Ogas its support. Clearly, the integral (1.1) is
taken over S(f). Introduced by the highly in uential Shannon [110], it represents
the average information content of an observation, and it is usually thought of as a
measure of unpredictability.

More generally, Rényi entropy for a random vector X 2 R™ with pdf f is de ned
as

z

Hq = Hq(X) = Hqy(f) = ﬁlog E[f9 Y(X)]= l—lqlog F{qu(x)dx, (1.2)
whereq 6 1,q> 0, see[103]. The Rényi entropy satis esHq(X)  Hgo(X) for g > q°,
and asq! 1, the Rényi entropy converges to the Shannon entropyHq(X) ! Hq(X).

Beside the Shannon and Rényi entropies, other entropy de nitions (e.g. [119],
[53], etc.) are studied in the mathematical literature, but the Shannon and Rényi
entropies are the only ones possessing all the desired properties of an information
measure, including subadditivity;

H(X,Y) H(X)+ H(Y) (1.3)
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with equality if and only if X and Y are independent, where

Z
H(X,Y) = f(x,y)log f(x,y)dxdy,

RM1+ My
and f (x, y) is the joint probability density of random vectors X 2 R™, m; 1 and
Y2R™ m, 1.

The entropies are of interest in the work of non-linear Fokker-Planck equations
[41], [123], as well as non-linear Markor processeq 69].

Differential entropy (1.1) can be both positive or negative and can even be minus
innity (H(f)= 1 ,if f(x)=(r=x)( logx) “*Yon0 x i m=10<r 1,
see Appendix A. For an overview of the properties of entropies (1.1) and (1.2) see,
for example, [26] or [61].

Importantly, given the constraints on certain moments and the support set, one
can nd the distribution that maximises the Shannon or Rényi entropies [67]. This
leads to the principle of maximum entropy, which has been applied in physics and
Bayesian statistics, etc.

In statistical contexts, it is often the estimation of entropy that is of primary inter-
est, for instance in goodness-of- t tests of normality [ 122] or uniformity [27], tests
of independence[49], etc.

There is an extensive literature dealing with entropy estimates, and in their clas-
si cation, it will be used the scheme offered by [10, 58] or [94].

Non-parametric methods of entropy estimation in the univariate or multivariate
cases include sample spacings, plug-in estimates based on a consistent estimate of
density, splitting data estimates, cross-validation estimates, and estimates based on
the partitioning of the observation space, (see[4, 16, 25, 32, 48, 51, 60, 65, 72, 95,
112,117, 121], among others).

The estimation of entropy via the k-th nearest neighbour distances proposed by
[71] is particularly attractive as a starting point, both because it can be generalized
easily into multivariate cases, since it only relies on the evaluation of thek-th nearest
neighbour distances, it is straightforward to compute.

There have been previous studies of the&k-th nearest neighbour distances estima-
tor of the Shannon and Rényi entropies, including [71] in the case ofk = 1, as well
as|[39, 43, 49, 75, 113, 115, 120] and [14, 19, 30, 73, 81, 115], among others.

Modern ef cient multivariate entropy estimation theory viathe k-th nearest neigh-
bour distances was developed recently by 13]. They studied the weighted averages
of the estimators proposed by[71], based on thek-th nearest neighbour distances
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of a sample of N independent and identically distributed random vectors in R™. A
careful choice of weights enabled them to obtain an ef cient estimator in arbitrary
dimensions, given suf ciently smoothness of density. They also investigated the case,
when k!1

Berrett, Samworth, Yuan, et al. in [13] have shown that subject to certain reg-
ularity conditions, suchask!1 | the k-NNE of Shannon entropy is ef cient only
for m 3, and presents a bias-corrected estimator for dimensionan 4. In this
thesis, the conventional k-NNE is focused with xed k 1, for which the asymptotic
variance decreases rapidly up tok = 3 only, see[12, Table 1]. It is interesting to
note that this asymptotic in ation is distribution-free, which leads to the conjecture
that k = 3 is the most interesting case for anym 1. For caseq = 2, the different
method of estimation of the quadratic Rényi entropy proposed by[64] is used. The
new method of investigation of entropy estimates proposed by[9, 97] and [98] (see
also the references therein).

For a discrete random variable X which takes valuesfly,K 1g, the Shannon
entropy is de ned as

X
H(X) = H(f)= i log fy,
K

where fy = P(X = Ix), K 1, while the Rényi entropy is

1, X
Hq(X) = 1—q|og f&, 9>0, qé 1.
K
A brief overview of the statistical estimate of entropies of discrete distributions can
be found in [130] ( see also[94]).

1.1 The research aims and objectives of this thesis

* To revise the maximum Shannon entropy principle for multivariate generalized
Gaussian, Student and Pearson type |l distributions.

» To prove the convergence in the mean-square of thek-th nearest neighbour
estimate of the Shannon entropy for multivariate densities with possible un-
bounded support for arbitrary xed k 1. Penrose and Yukich[99] proved the
statement only for k = 1.
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 To construct the non-parametric test of goodness-of- t for a multivariate gen-
eralized Gaussian distribution based on the maximum entropy principle. To
support the test by the Monte Carlo simulation.

To prove the convergence in the mean-square of thek-th nearest neighbour es-
timate of the Rényi entropy for multivariate densities with possible unbounded
support for arbitrary xed k 1.

» To construct the non-parametric test of goodness-of- t for multivariate Stu-
dent and Pearson type Il (or Barenblatt ) distributions based on the maximum
entropy principle. To support the test by the Monte Carlo simulation.

To prove the maximum entropy principle for generalized von Mises-Fisher dis-
tribution on sphere.

To prove the convergence of the k-th nearest neighbour estimate of the Shan-
non entropy of spherical distributions.

To develop the goodness-of- t test for the generalized von Mises-Fisher distri-
bution. To support the test by the Monte Carlo simulation. To apply the test to
real life data.

1.2 The organization of the thesis:

The chapters in this thesis are organized as follows:

» Chapter 1 contains the review of the Shannon and Rényi entropies and statis-
tical methods of their estimation.

» Chapter 2 presents a non-parametric test of goodness-of- t for a class of mul-
tivariate generalized Gaussian distributions based on the maximum Shannon
entropy principle and the k-th nearest neighbour distances method of Shannon
entropy. It contains the proof of L? consistency of thek-th nearest neighbour
distance estimate for arbitrary xed k 1. In [99], the consistency is proven
for k = 1 only. The results will be supported by a Monte Carlo simulation.

» Chapter 3 presents a non-parametric test of goodness-of- t for a classes of mul-
tivariate Student and Pearson type Il (or Barenblatt ) distributions based on the
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maximum Rényi entropy principle and consistency of the k-th nearest neigh-
bour distance estimate for arbitrary xed k 1. The results will be supported
by a Monte Carlo simulation.

» Chapter 4 introduces three generalizations of the von Mises-Fisher distribu-
tion on a sphere and the maximum Shannon entropy principle for them. Based
on the L?-consistency of thek-th nearest neighbour estimate of Shannon en-
tropy based on the sample of directional data, the goodness-of- t tests are con-
structed for three classes of generalized von Mises-Fisher distributions. The
results will be supported by a Monte-Carlo simulation and applied to real data
(of local ber directions in a glass bre reinforced composite material).

» Chapter 5 summarises the results of the previous chapters, and indicates pos-

sible directions of future work, identifying further research questions that have
arisen.

» The thesis contains several Appendices.

The work in this thesis has been submitted as three peer-reviewed papers

» Cadirci et al. (2020) [21] which corresponds to work in Chapter 2.
» Cadirci et al. (2021) [22] which corresponds to work in Chapter 3.

» Leonenko et al. (2020) [74] which corresponds to work in Chapter 4.






— Chapter 2 —

Entropy-based test of goodness-of- t
for generalized Gaussian
distributions

This chapter proposes a new entropy-based goodness-of- t test based on the maxi-
mum Shannon entropy principle for the generalized multivariate Gaussian distribu-
tion. The chapter is structured as follows:

Section 2.1 de nes the k-th nearest neighbour estimate of the Shannon en-
tropy.

Section 2.2 introduces the multivariate generalized Gaussian distribution.

Section 2.3 reviews a maximum entropy principle for the generalized Gaussian
distribution.

Section 2.4 presents the associated goodness-of- t statistic for the generalized
Gaussian distribution.

Section 2.5 includes the numerical results with some auxiliary material de-
ferred to Appendix A.

2.1 Entropy estimation

Letk l1andN > k,andlet Xy = fXq,...,Xygbe a set of independent and identi-
cally distributed random vectors in R™ with common density function f. Let F be a
nite subset of X y having cardinality at least k, and let (X, F) denote the Euclidean
distance between a pointx and its k-th nearest neighbour in the setFnfxg. The k-th
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nearest neighbour estimato(k-NNE) of the Shannon entropy H(f) is de ned to be

QN,k =

1 X )
N log (X, XnN)Vin(N 1) ® (2.1)
I

i=1
o) P k 11 . . . =2
where (x)= HY(x)= (x)= =17 Is the digamma functionand V,, = ™= (m=2+

1) is the volume of the unit ball in R™. For k = 1, this reduces to
. m X
Q1= N log 1(X;,Xn)+ logVp+ +log(N 1), (2.2)
i=1
where = (1) 0.577216 is the Euler-Mascheroni constant. The estimator (2.2)
was introduced by [71] while the general estimator (2.1) was rst considered by
[49].
The main properties of (2.1) have been studied by[12, 13, 18, 19, 30, 44, 75,
76, 98].
Convergence in mean-square for the cas&k = 1 was proved by [99, Theorem
2.1.i].

Theorem 2.1.1 ([99]). Suppose thatE(kXk ) < 1 forsome > Oand f(x) M
for some M> 0. Then

E Ay, H(f) %1 0 asN!1

Remark 2.1.1. The condition of boundedness for the density f is not explicitly stated
by Penrose and Yukich (201309, Theorem 2.4.ii. In Appendix A(called lower bound
on Shannon entropy) we give an example of a density f with bounded support and for
which H(f) is unbounded.

In this chapter, the analogous result for arbitrary k 1 is proved. To this end,
2.1) is written as &
(1) o1 X €, 8
A= — | Nmx,NnXy ,
' N

x2X N
where
I(x,X )= log (X, X)Vpe ®  x2R™

First, the following theorem of [99, Theorem 3.1] is required.

Theorem 2.1.2. Letk 1andq= 1orq= 2, and suppose there exists p q such

that
€ 1 1 Sp
SUpE | NmX;,NmX,y <1 . (2.3)
N k
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Then, LY convergence can be written,

1 X €, , § ¢
= INmXNTXy L E 1(0,Pyy) f(X)dX,
Nxsz Rm

asN!1l ,whereP denotes a homogeneous Poisson point process of intensityO
on R™ and f(x) is the density function.

Theorem 2.1.3 (Main theorem). Suppose thatEkXk < 1 for some > 0 and
f(x) M forsome M> 0. Then for any xed k 1,

E Auy H(f) 1 0 asNI1 . (2.4)

Proof. From applying the Theorem 2.1.2. Firstly, it is shown that
Z

H(f)=  E I(0,P) f(X)dX,
Rm

where

[(0,P )= mlog ,(0,P )+ logV,, (k).
Denote by B;(0) the (Euclidean) ball of radius t centred at 0 i.e, B;(0) = fy 2
R™M kyk tg. The random variable (0,P ) is the distance from 0 to the k-th point

of P , and thus has Erlang distribution with parameters k and jB;(0)j = V,,t™,
that is

P «OP) t =PjP \ B(0)j Kk

X1, C
=1 i iB.(0)] 'e 1B.(O)
j=0 1"
X1, _
=1 J_—I( Vo tMie W (¢ 0).

j=0

Then,

mE[log (0,P )]

Z,
voYK(emy(k 1)
CT T ogem e
0 (k 1)!
Z, k 1

y
= log( Vi) + logy
m o (k 1)!

= log logV,+ (K).

thmmtm 1dt

e Ydy
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Hence,E I(0,P ) = log andthusH(f) equals
Z Z
f(x)logf(x)dx= E 1(0,P¢(x) f(x)dx.
RmM RmM

Second, the condition (2.3) is checked. Note that for every 2 (0,1) and p > 1 there
exists C > 0 such that[99, p.2206]

jlogtiP  Ct 1gq(t)+ Ct 1y (1), t> 0.
Then because

jI(x,X)jP= logVy,  (k)+1log M(x,X) "
log Vi, (k)p+ log IT(X,X)p

we have

1 € ., Sp

mEl mel,NmXN 5
. . € 1 1 Sp
jlogVm  (KjP+E log ' NmX;, NmXy

j log Vi c (k)P

1 1 " € 1 1 S—
+CE | NmX;,NmXy Lig1; o N™X,NmXy (2.5)
€ 1 1 S " € 1 1 —
+CE | NmX;,N"Xy 111y o NOX,NmXy . (2.6)
Term (2.5) is nite because
e, ., & € ¢, | 88
SUpE | N®X,NmXy 1roq  NmX, NmXy
N k £ ) ) é
SUpE ; Nm=X;,NmXy <1, (2.7)
N k

where (2.7) is ensured by [99, Lemma 7.5] since f is bounded and 2 (0, m).
Let ro(f) := supfr 0:EkX;k" < 1g . Inthe proof of [98, Theorem 2.3], it is
seenthatifry(f)> 0and0< < mry(f)(m+ r(f)) 1, then

€ . S
SupkE | NmX;,NmXy <1
N k

Thus, term (2.6) is nite. O

Remark 2.1.2. For k= 1, [99] used exponential distribution. For k> 1, the Erlang
distribution is used.
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2.2 The generalized Gaussian distribution

Testing for multivariate normality is a topic of ongoing interest, see [37] for a review
of new developments. We denotea'b = E’;laj b; as the scalar product of vectors
a,b2 R™.

The multivariate exponential power distribution MER,(s, , ) on R™ [114] has
the density function
(m=2+1) T =2

——exp = (X T I(x ,
m=2 (m=s+ 1)2m=SH det P32 ( ) ( )
(2.8)

where 2 R™M is the mean vector, isanm m positive de nite matrix, s> Ois a

f(x;m,s, , )=

shape parameter[114], and variance-covariance matrixV = where

2% (m+2)=s
(m,s) = m (M=) . (2.9)

Note that s= 2 corresponds to the multivariate normal distribution N( , ) on R™,
while s= 1 corresponds to the multivariate Laplace distribution. Taking to be the
null vector and  to be the identity matrix, we obtain the isotropic exponential power
distribution IEP,(s) on R™,

. <
=2+
(m=2+1) exp lkxks , (2.10)

fom9) = (m=s+ 1) m=22m=s 2

x 2 R™ where k k denotes the Euclidean norm onR™.
Applying the scaling x 7! (2 ) ¥™x for > 0 yields the generalized Gaussian
distributions GG (m, s) on R™, with density functions

fo(x;m,s)= c(m,s)exp( kxk%,x 2 R™, (2.11)
where
=2+1) ™
c(m,s) = (m ) —,
(m=s+ 1) m=2
and taking = l1=syields the canonical distribution
" kxks' N
f(x;m,s) = ¢(m,s)exp S , X2 R, (2.12)
where
(m=2+1)

c(m,9) = (mos+ 1) Mg
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Moments

A random vector X 2 R™ is called isotropicif its density f can be written as f (x) =
f (kxk) for some function f : R! [0,1 ) called the radial density, where k k is the
Euclidean norm on R™. If X is isotropic and g: R! R is a Borel function, [99]

Z Z,

m=2
E[g(kXK)] = g(kxk) f (x) dx =

) g(r)f(r)r™ tdr (2.13)
RmM 0

provided the integrals exist. In particular, the moments of order s> 0 are given in
[75] and [116] by
z 1

rm™s 1 (rydr (2.14)

m=2

E(KXKS) = =
- 0

provided the integrals exist.
Lemma2.2.1. If X GG (m,s), then E(kXk%) = m=s .

Proof. If X GG (m,s) then X is isotropic and has radial density function

(m=2+1) ™

3 — S
f(r)= (m=s+ 1) ™2 exp( o).
Hence by (2.14) it is obtained that
- z 1
Bk = — T pms leen 1) dr
(m=s+1)

and changing the variable of integration to t = r® yields
Z,
m

E(kXkS) = — 0 ymesg tgp=
s (m=s+1) S

2.3 A maximum entropy principle for GG (m,s)

It is well known [66] that among all distributions on R™ whose densitiesf are sup-
ported on the whole of R™ and whose mean and covariance matrix are xed at zero
and respectively, the differential entropy H(f) is maximised by the multivariate
Gaussian distribution N(0, ) on R™, and thus

H(f) log (2 e)m=2p det . (2.15)

An analogous result for the generalized Gaussian distribution is now proven.
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Theorem 2.3.1. Let X2 R™ be a random vector, whose density f is supported on the
whole of R™, and for which there exists some s 0 such thatE(kXk®) < 1 . Then
H(f) is nite and satis es

H(f) glog cy(m, EKXKS
where

M2 (m=s+1) " se
(m=2+1) m

¢ (m,s) =
with equality if and only if X GG (m,s) with = m=(sEkXk®).

Proof. Let X and Z be two random vectors whose density functions,f and f respec-
tively, are supported on the whole of R™, and for which there exists somes> 0 with
EkXk®= EkZk®< 1 . First, it is observed that
z
H(f) f(x)logf (x)dx, (2.16)
Rm
with equality if and only if f = f almost everywhere. This follows by Jensen's
inequality,
z z
f(x)log f(x)dx+ f(x)logf (x)dx
" . R
f (x)

f(x)log ——= d
RmZ(X)og foo 9%

AN
| f
OgZRm ) o

log f (x)dx =0,
Rm

R R
assuming that both integrals ., f(x)logf(x)dx and _,f(x)logf (x)dx are

nite.

If Z GG (m,s) with = m (which ensures that EKZk® = EkXk®) it is
sEkXks

achieved that
f (x)= c(m,s)exp( kxk®),

where
(m=2+1) ™

o(m, s) = (m=s+ 1) m=2’
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For this case, logf (x)= kxk® logc(m,s) and hence
z

f(x)logf (x)dz
)4 z

kxkSf (x)dx (logc(m,s)) f(x)dx
RM RmM

EkXk® logc(m,s)

2 logc(m,s) by Lemma 2.2.1.

R

Therefore ., f(x)logf (x)dxis nite under existence of EkXk® and the right-hand
side of (2.16) is valid as well.

Thus by (2.16) and substituting for c(m, s) it is obtained that
m S (m=2+1)

H(T) s 0 =z (m=s+ 1)

(m=s+ 1)( T e ?
(m=2+1)

and substituting for Ek)Is S= m=(s ) completes the proof in the caseH(f) < +1 .
ConsiderHM(fF; =, f(x)log f (x) dx,threAM =fx2RMjlogf(x)] Mg

A
Denote by Cy, := Ay f(x)dx 1landC,, := AMf (x)dx 1. Then by Jensen's
inequality
Z Z
f(x)logf(x)dx+ f(x)logf (x)dx
"z f T f & oy .
=G, ™ 10g LX) 4y ¢ log () 4
A, Cu f(x) A, Cw
= CylogC,, CylogCy.
Therefore,
. Z &
H(f) lim sup f(x)log f(x)dx
M1 A
. Z ) o E
lim sup f(x)logf (x)dx+ CMIog—'\’I <+1 .
M1 Ay Cu

O

Remark 2.3.1. Theorem2.3.1 was proved for m= 1in [127] and [107, p.103-104].
For m 1, some statements of Theorem 2.3.1 were also proved using other methods in
[84].
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2.4 A test statistic for GGm,s)

Letk 1be xedand K be the class of density functionsf on R™ such that
1. supp(f)= R™,
2. E(kXk®) < 1 forsomes> O,

3. E(Ayy)! H(f)asN!1 ,and

4. Ay ! H(f) in probability as N !1

Proposition 2.4.1. The density functions of the GGm, s) belong toK forallm 1,
s>0,c>0andk 1.

Proof. The statement follows from Theorem 2.1.3, which applies becausef is bounded,
and Lemma 2.2.1. O

Let X 2 R™ be a random vector with density f 2K , and let s> 0 be xed. Based
on a random sample X4, X5, ... from the distribution of X, the maximum entropy
principle proved in Section 2.3 is used to test the hypothesisX GQm, s) against a
suitable alternative. By Theorem 2.3.1,if X G@m,s) then

H(X) = 2Iog EKXKS + 2log (M. s),
where

M2 (m=s+1) ° " se
(m=2+1) m

¢ (m,s) =
The entropy H(X) is estimated by the k-th nearest neighbour estimator

. mN
Aui= g 109 (X6, Xn)+ logVim +1og(N - 1) (K),
i=1

and the moment EkXk® by the sample moment
X
- 1
X == kxks.
N ._
i=1
Our test statistic Ty x = Ty k(mM, s) is then

m - m
Tk = Ak glogx,(\ls) glogol(m,s).



Chapter 2. Entropy-based test of goodness-of- t for generalized Gaussian
16 distributions
By the law of large numbers, )?,(\f) I EkXK® in probability as N!1 . Hence by
Slutsky's theorem, if X GG, (s) then forany xed k2f1,...,N 1gitis obtained
that
Tnk! O inprobabilityas N!1

Otherwise, by the maximum entropy principle it must be that Ty ! in probability
asN!1 ,wherethe constant = (m,s,K) is strictly negative. Thus, the hypoth-
esisX GQEm,s) is rejected whenever Ty, tyy , Where ty, =ty (m,9) a

so-called critical value of the test statistic Ty x(m, s) at signi cance level , which is
a solution of
Pho Thw t =

An analytical derivation of the distribution of Ty, when X G@Em,s) is dif cult
because the covariances offy , and )?,(\,s) are intractable, even though the asymptotic
behaviour of QN,k can be revealed by applying results of[ 30, 98] or [13] and the
asymptotic behaviour of )?,(\f‘) by the delta method. Thus, the Monte Carlo simulation
is used to investigate the distribution of Ty , = Ty «(m, s) for different combinations
of parameter values.

Remark 2.4.1. The test statistic T, \ is scale-invariant: if Y= aX for some & 0, then

Ay (Y) = log(@a™) + Ay «(X) and Y2 = aX?, and hence

m S m
Tuk(Y)= Aui(Y)  Clog¥  —logey(m,s)

log(a™ + Ak (X) = log(a)

m g m
log X I m,
S og Xy, S og ¢ (m,s)

- m. - m
Ak (X) 5 log X,(\f) < log ¢;(m, )

T k(X).

2.5 Numerical results

To investigate the behaviour of Ty ,(m,s), random samples are generated not only
from the GQ@m, s) distribution, but also from the multivariate Student distribution
ST(m, ), > 0on R™ which has density function

L] < +m

foxim Y=o ]2 14 5(x a7 Yx a) . x2R"
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where
[( + m)=2]

This is achieved via the following stochastic representationg 114].

cs(m, )=

Lemma 2.5.1. 1. For X G@m,s) we have x2 UR where U is uniformly dis-
tributed on S™ * and RE VIS with vV Gammam=s, 2).

2. ForX ST(m, )we have X2 Z:pﬁ,wherez N(O,l,)andG Gammg =2, =2).

For the casem = 2, the generated points are put on scatter plots for different
values of sand , see Figure 2.1 forGEm, s) and Figure 2.2 for ST(m, ). One can
observe that visually distributions G@m, s) and ST(m, ) are hardly distinguishable.
Therefore, our goodness-of- t test is applied for detecting of the generalized Gaussian
distribution.

Figure 2.1: Scatter plots of 1000 random points from G@m, s) with m= 2

2.5.1 Empirical distribution of GQ@Em,s)

N = 10° points are generated from the G@m, s) distribution for different values of
s. For the purpose of comparison the scalingX 7! X= is applied where
_ 2% (m+2)=s

m (m=s)

2
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Figure 2.2: Scatter plots of 1000 random points from ST(m, ) with m= 2

is the variance of the GEm, ) distribution. The test results are shown in Figure 2.3.

() (b)

Figure 2.3: The gure (a) contains empirical distribution of GGEm,s) for m = 1 and different values of s. The gure
(b) depicts the log-density function.
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2.5.2 Asymptotic behaviour of Ty, (m,s)asN!1

For xed (N, k) and (m,s), a sample of sizeN from the GEm, s) distribution is gener-
ated and the empirical value of Ty «(m, s) is recorded, repeating thisM = 100 times.
This yields a sample realisationf T;, T,, ..., Ty,g from the distribution of Ty ,(m,s),
from which we estimate its mean and variance by

_ 1 M

TN,k:M T, and Sﬁ,k:— (Ti Taw)?
=1 j=1

Figure 2.4: Consistency of Ty (m, s) for different values of k (M = 100 repetitions).

Figures 2.4 demonstrates how'TN’k(m,s) approaches 0 as the number of sample
size, N, increases for various values oflm2f1,2,3g,s210.5,1,1.5,2,2.5gand k =
1,2, 3 corresponding to the standard error Sy . The mean statistics fork = 1,2,3
are shown in Figures 2.4,
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Figure 2.5: Consistency of Ty \(m, s) for different values of s (M = 100 repetitions).

Figure 2.5 shows how'l_'N,k(m, s) approaches 0 asN increases for various values
of m, sand k. This experiment is repeated for the null distribution of Ty ((m,s). It
can also be seen that the statistic ofTy, (m, s) increases with parameter valuek, and
decreases with the dimensionm.
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Figure 2.6: Consistency of Ty (m, s) for k=1 (M = 100 repetitions).

Figure 2.6 shows its behaviour form2f1,2,3g,s2f0.5,1,1.5,2,2.5gand k=1
with error bars corresponding to the standard error Sy = M. From these data it is
observe that the empirical variance is decreasing wherk increases. From the other
hand, the bias or mean 'I_'N,k(m,s) is smaller for smaller values of k or m. These

results con rm the variance reduction of k-th nearest neighbour estimators observed
in [13].
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Asymptotic behaviour of Ty (M, ) on data from GGm, s;)

For various values ofsy and s;, samples from theGQE m, s;) distribution are generated
and the behaviour of Ty (M, ) is examined asN increases. The results are shown
in Figure 2.7 and Figure 2.8. When s, 6 s; we see that the statistic approaches a
strictly negative value, and that this becomes increasingly negative as the difference
between 5 and s; increases.

Figure 2.7: The behaviour of Ty (M, ) with k= 1 on data from the G@m, ;) distribution with m= 2.
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Figure 2.8: The behaviour of Ty «(m,s) with k = 1 on data from the G@m, s;) distribution for different values of
m

Asymptotic behaviour of Ty  (m,s) on data from ST(m, )

For various values ofs, we generate samples from theST(m, ) distribution are gen-
erated and the behaviour of Ty x(m, s) is examined asN increases. The outcomes of
the test are shown in Figure 2.9.
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Figure 2.9: The behaviour of Ty «(m, ) with k = 1 on data from the ST(m, ) distribution for different values of
m.

2.5.3 Empirical distribution of Ty (m,s)

Numerical results suggest that the distribution of Ty ,(m, s) is asymptotically normal
as the sample sizeN ! 1 . For different values of (N, k) and (m,s), N = 1000
samples from the G@m, s) distribution are generated and the corresponding values
of Ty k(m,s) is recorded, repeating thisM = 100 times. To each of these 10 samples
from the distribution of Ty (M, s) then the Shapiro-Wilk test is applied for normality
[111] and the p-value is recorded returned by the test.
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Figure 2.10: Shapiro-Wilk p-values asN increases for different values ofm, sand k (M = 100 repetitions).

Figure 2.10 shows how thesep-values behave as\ increases, for various values
of m, sand k. The plots suggest that the normal hypothesis cannot be rejected for
samples of sizeN = 200 or more. Figure 2.11 shows how the p-values behave for
k = 1, with error bars corresponding to the standard error across the M = 100
repetitions.
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Figure 2.11: Shapiro-Wilk p-values asN increases for different values ofm and swith k= 1 (M = 100 repetitions).
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— Chapter 3—

Goodness-of- t test for multivariate
Student and Pearson type |l
distributions

Entropy and its various generalizations are important in many elds including math-
ematical statistics, communication theory, physics and computer science, for charac-
terizing the amount of information in a probability distribution. This chapter de nes
that a class of estimators of the Rényi entropy based on the independent identically
distribution sample drawn from an unknown distribution f in R™. The chapter also
develops the goodness-of- t test to determine that sample appearance follows one of
the established multivariate Student t distribution based on the maximum entropy
principle. L?- consistency is also proved using thek-th nearest neighbours estimator
of Rényi entropy. The advantage of the estimator is indicated via theoretical and
numerical considerations. This chapter is structured as follows:

Section 3.1 reviews the maximum Rényi entropy principles for the Rényi en-
tropy and clari es the multivariate Student and Pearson type Il distributions.

Section 3.2 reviews the nearest-neighbour estimators for the Rényi entropy.
The L? convergences of estimator are proven for arbitrary xed k 2.

Section 3.3 proposes the goodness-of- t test for the multivariate Student and
Pearson type Il distributions.

Section 3.4 includes the numerical results with some auxiliary material.
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3.1 Maximum entropy principle

Let X 2 R™ be a random vector that has a density function f (x) with respect to
Lebesgue measure orR™. The Rényi entropy of order q 2 (0,1) [ (1,1 ) of this
distribution is 7

Hq(f) = l—lqlog £9(x) dx, (3.1)
Rm

which is continuous and non-increasing in g. If the support S= fx 2 R™: f (x) > Og
of the distribution has nite Lebesgue measure jSj, then

lim Hy() = logjs)

otherwise Hy(f) !'1 asq! 0. Note also that
Z

lim Hq(f)= Hy(f)= f(x)log f (x) dx.
q 1 s

Leta2 R™andlet be a symmetric positive de nite m m matrix.

The multivariate Gaussian distribution Ny, (a, )

The multivariate Gaussiandistribution N,,(a, ) has density function
° <

f2(x)=(2) ™% j Pexp %(x a’ Yx a , x2RM™ (3.2)

For X Npy(a, ), we havea = E(X) and = CovX), where CoUX) = E[(X
a)(X a)'] is the covariance matrix of the distribution.

The multivariate Student distribution T, (a, , )= ST(m, )

For > 0, the multivariate Student distribution T,,(a, , ) on R™ has density function

(5 00z fim )zcg 2 1+ ix @7 Yx @ . x2R",
where « 2]
+ m)=

, )s ———. 3.3

cs(m, )= (3.9

ForX Tg(a, , ),wehavea= E(X)when > land =(1 2= )CovX)when
> 2,see[62]. Itis known that from [50], f2 (x)! fC (x) converges pointwise
as !1
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The multivariate Pearson type Il distribution  P,(a, , )
For > 0, the multivariate Pearson Type Itistribution P,(a, , ) onR™, also known
as the Barenblatt distribution, has density function

fr 0=cjj?1 (x " Yx a,, x2R"

a,
where t, = maxft,0gand

(m=2+ +1)

= D) (3.4)

cg(m, )=
ForX PR,(a, , ),wehavea= E(X)and =(m+2 + 2)Co«X). Itis known
that fa'f () fy, (as 11

Remark 3.1.1. If the covariance matrix C is diagonal, the Pearson Type Il distribution
belongs to the class of time-dependent distributions

. <
kxk

ux,t)=c¢( , )t M =

with ¢ > 0, suppfu(x,t)g= fx 2 R™: kxk < ct gand
. . (~

o )= g=2cm i

INE]

B — +1 |,

which are known asBarenblatt solutions of the source-type non-linear diffusion equa-
tions u? = (uY) where g> 1, isthe Laplacian and = 1=(q 1). For details see
[41, 123] or [29].

3.1.1 Rényi entropy

The Rényi entropy of the multivariate Gaussian distribution N,(a, ), see[56], is

Ho(fo )= log (2 )™% j*7 log g
e . 2(1 q)
m logqg
= H(f¢) — 1+
(1) 5 g

where H,(f> )= log (2 &M% j' is the differential entropy of Np(a, ).
From[132], the Rényi entropy of the multivariate Student distribution T, (a, , )
is

fS

1
Hy o = Slogj j+c(m,q, ) (3.5)
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where
L E
1 Bg %" 2.7 . m m
0 —
g, )= | + —| | — .
s(Ma. )= 7 g9 5 _mad > log( ) log

Likewise, from [132] the Rényi entropy of the multivariate Pearson Type Il dis-
tribution P,(a, , )is

(.
He fy = Slogi j+c&(ma, ), (3.6)
where
1 "Bq +1,10 m
0 _ 2
1 1 - _I -~ +_| I — .
ca(m, g, ) I qog 5 100 2og() og 3

3.1.2 Maximum entropy principle

De nition 3.1.1. LetK be the class of density functions supported &1 and subject

to the constraints
Z 4
xf(x)dx=a and (x a)(x a)Tf(x)dx= C,
RM RM

where a2 R™ and C is a symmetric and positive de nite m m matrix.

It is well-known that the differential entropy H; is uniquely maximized by the
multivariate normal distribution N, (a, ), thatis

Hy(f)  Hy(f2 )= log (2 ™7 j*2

with equality if and only if f = fa"?‘ almost everywhere. The following result is
discussed by[ 56, 70, 83] and [62] among others.

Theorem 3.1.1 (Maximum Rényi entropy) .

(1) Form=(m+2) < q < 1, Hy(f) is uniquely maximized oveK by the multivariate
Student distribution T,(a, , )with =11 g) mand =(1 2=)C.

(2) For g > 1, Hy(f) is uniquely maximized ovelK by the multivariate Pearson
Type Il distribution B,(a, , )with =1=(g 1)and =(2 +m+ 2)C.

Applying (3.5) and (3.6) yields the following.
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Corollary 3.1.1.1.
(1) For m=(m+ 2) < q< 1, the maximum value of H, is

1
Hy" = —log] j+ca(m,q, )

with =11 gq) mand =(1 2=)C.
(2) For g > 1, the maximum value of H, is

HTe = ~log] |+ (m,q, )

with =1=(g 1l)and =(2 +m+2)C.

3.2 Statistical estimation of the Rényi entropy

The results on the statistical estimation of the Rényi entropy are stated due to[ 75]
and [98]. Extensions of these results can be found i 13, 18, 30, 97] and [44].
Let X 2 R™ be a random vector with density function f, and let Gy(f) denote the
expected value of f4 1(X),
VA
Gy(f)=E f31(X) = f9(x) dx
Rm
so that Hq(f) = 115109 Gy(f).

Let X4, X5, ... be independent random vectors from the distribution of X, and for
kK,N 2 N where k< N, let ;,\ denote the k-th nearest neighbour distancef X; in
the sample X, X5, ..., Xy, de ned to be the k-th order statistic of the N 1 distances
kX Xjkwith j & i,

i,1,N i,2,N iN 1,N-

The expectation G,(f) = E(f% ) is estimated by the sample mean

B\
- 1 1 q
Gk kN
i=1
where .
° 1
_ , _ (k) ta
ikn = (N DGV, [Ty with Ge= “k+1 q)
and V,, = Z__ is the volume of the unit ball in R™.

(&9
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Convergence results

For r > 0, the r-moment of a density function f is
z

M, (f)= E(kXK' )=  kxk'f(x)dx,
Rm

and the critical momentof f is
re(f)= supfr>0:M,(f) < 1g

sothat M, (f)< 1 ifandonlyif r < ry(f).
Theorem 3.2.1 was formulated without proof in [75], the proof of it is presented
below.

Theorem 3.2.1. LetO< g< landk 1be xed.

1. fG=Gy(f)<1 and

1

() > L9 37)

then
E Gong ! Gy asN!1 . (3.8)

2. 1fGy(f)< 1 ,q> % and
2m(1 q)

fy> =————, 3.9
(D> =51 (3.9)

then
E Goug Gq ! 0 asNIL1 . (3.10)

Remark 3.2.1. IfGy< 1 forq2 1,4 then
E Gong ! G and E Gong Gy ! 0 asNI1
seg[75].

Remark 3.2.2. 1f G4(f) <1 forq2 (0,1) and f(x) = O(kxk ) askxk!1l for
some > m,thenr,(f)= m and condition (3.8) is automatically satis ed, sed 99]
for a discussion and counterexamples showing that conditiof®&7) and (3.9) cannot
be omitted in general.
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Proof of Theorem 3.2.1.
Let us write

X

~ 1 _ _
Ging = N (N D™(CV™ ikn 1
i=1

(1 gym

It is showed that the method proposed by[9] for k = 1, in fact works for any xed
k 1. By Theorem 2.1 of[99], the uniform integrability condition

SUpE (N 1(GM) ™y 1©(l P (3.11)

forsomep > 1 (statement 1) or some p > 2 (statement 2) ensures theL, convergence
of (ABN,k_q tolyasN!1 . Because a bound on left-hand side of (3.11) is needed to
obtain, the results can be used on the subadditivity of Euclidean functionals de ned
on the nearest-neighbors graph[128].

The following Lemma 3.3 from [98] is used, see alsd 128, p.85].

Lemma 3.2.1 ([98]). LetO< s< m.

If re(f) > A=, then

Z
x m s
2% P(A)) ™ <1, where RA)= f(x)dx and
=1 Aj

A = b(0,2/*1)nb(0,2!) for j = 1,2,...
with b(0,R)= fx 2 R™: kxk Rgand A, = b(0,2).

Continuing the proof of Theorem 3.2.1,let b=(1 g)mpand0< 1 b=m< 1,
one getsp> 1=(1 Q).
By exchangeability,

b

E (N D"™CVm)™ kw1 (3.12)
7 X\l E
1 _ - b
= B g (N DTGV i
i=1 E
N 1 b=m _ ,X\I
= ( N) (Ckvm)b_mE it,‘k,N 1

i=1
(GVm) (N 2)P5™ LE(L 2(X ),

where X \ = fXq, X5, ..., Xy0g, and for any nite pointset X R™and b> O:
b X b
Lk(x): Dk(XIX)y
x2X
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where D, (X, X ) denotes the Euclidean distance fromx to its k-nearest neighbour in
the point set X nf xgwhen card(X ) k;setD,(x,X )= Oifcard(X) k.
The function X 7!L kb(x ) satis es the subadditivity relation

L2X\Y ) L 2(X)+L2Y)+ UgtP (3.13)

forall t > 0 and nite X and Y contained in [0, t]™, where U, = 2km®?, b > 0.
Indeed, if X has more than k elements, the k-nearest neighbour distances of points
in X can only become smaller when we add some other set . Hence, (3.13) holds
with U, = 0if X and Y have more than k elements. If X has k elements or less,
then L kb(X ) is zero, but when the setY is added, it is gained at mostk new edges
from points in X in the nearest neighbours graph, and each of these is of length most
tp m (for more details, see[[ 128, pp.101-103]).

Let S(N) be the largestj 2 N such that Xy = Xy, X5,..., XNg\ Aj is not empty.
Using ideas from[128, p.87]:

N) {N)
Xy A = Xn\ Ay,
=0 j=0
and by the subadditivity property,
) h S(F) 1 «E
L kb(x n) L kbf XN\ Agnyg+ L kb X\ A| + UKZ(S(N)+ Db,
j=0

Applying subadditivity in the same way to the second term on the right yields

S 1 «E

b
Lk Xn\ AJ-
j=0
«E

' s(N) 2
' + U, 25N P

L 2(Xn\ Agny D+ L2 Xy A
j=0

Repeatedly applying subadditivity, it can be arrived at

KN) Ue
L 2(Xg, ...\ Xn) L DX\ A+ 200Nk
j=0
KN)
L P(Xn\ A+ 2PN M,
j=0
KN)
L 2(Xn\ A+ My max kX; kP (3.14)
|
j=0

1 26b
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for some constant M, depending on m, k and b.
From (3.13) and (3.14), it is obtained that

€
= = I
E (N DM(CVW™ |
XN) '
(CVm)"™(N D™ E LX)\ A)
j=0
L4 <
+WE (N 1) 1lmia>§l kX; kP (3.15)

for some constantW, depending on m, k and b.
Using Lemma 3.3 of[128], it is achieved:

LP(X )  L(diamX )°( cardX )* P (3.16)

for some constant L. Following [98], by Jensen's inequality and using the fact that

diam(A;) = 2! from (3.15) and (3.16), we obtain that
|
X . X 1 b=m
(N 1) 1g LEXn\ A) L 2P P(X 2 A)) , (3.17)
j:O j=0
where L; > 0 is a constant.

Recall our assumptions that 0< < =T where® 2f1,2gand =(1 qg)m, and
also that r(f) > nI]L| Setting s= b in Lemma 3.2.1, we see that the left hand side
of (3.17) is nite, so the rst term on the right hand side of (3.15) is bounded by a
constant which is independent of N.

For a non-negative random variableZ > 0, it is know that

z 1
E(2) = P(Z> z)dz,
0
so the second term in (3.15) is bounded by
Z 1 ° <
W, P max kX;kP>u NI "™ du
0 11 N
Z 1 ° S <

b € mb Sl b=m
W, 1+N P kX;kP> umsN du . (3.18)

1

By the Markov inequality P(Z > a) % fora> 0, we getforu 1.

) b € m Sl b=m( b= b _ b
P kX;k°> umsN = P kX;k™ =(m b) 5 mAm by

1

mb=(m b)
EkX1k TN

(3.19)
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From (3.18) and (3.19), it is seen that the second term in (3.15) is bounded by
Z, L
W, 1+ EkX kMM b __—___qy
1 ym=(m b)
which is independent of N, becausep can be chosen to ensurethat0< 1 b=m< 1,

and

mp(1 q)

1 pl o
which is consistent with conditions of Theorem 2.1. Note that the function h(p,q) =
1p(%1 p;;]:) is such that h(1,q) gives the right-hand side of (3.8) and h(2,q) gives the
right-hand side of (3.10). Moreover, if r(f) > h(1,q) for someq< 1 (resp. re(f) >
h(2,q)) for some q satisfying 1=2 < g < 1, we also haver.(f) > h(p,q) for some

p> 1 (resp. re(f)> h(p,q) for p> 2).

mp(1_q)
EkX;k? PTa < 1 or rq(f)>

3.3 Hypothesis tests

The classK is restricted to only those distributions which satisfy the following con-
ditions: forany xed k landqg> 1=2,

E(F'N,k,q)! Hy asN!1 ,and
Finkg! Hq in probability as N 11

By the Theorem 3.2.1, it is known that K contains T,(a, , ) forall > 2and
Pn(a, , )forall > 0.

Let Xq,X5,..., Xy be independent and identically distributed random vectors
with common density f 2K , and let CN be the sample covariance matrix,

R 1 N _ _ .
Gy = N 1 X X)X X)T.
i=1
(1) To test the hypothesis X  Tn(a, , o) where > 2, the test statistic is
de ned by
WQ (M, ) = HI™ Hy i (m, q), (3.20)
where

1 PN
H(r;]naX= Elogj NJ+Cg(m1q’ )

with g=1 1=( +m)and y=(1 2=)C\.
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(2) To test the hypothesis X  Py(a, , o) where , > 0, the test statistic is
de ned by

W (M, ) = HF™ Ay (m, ), (3.21)

where 1
Hanax = E |Ogj’\ Nj + Cg(m,CL )

with g= 1+ 1= and N =(2 + m+ 2)Cy.
By the law of large numbers, Gy ! C in probability as N !'1 , so by Slutsky's

theorem, for any xed k 1, itis obtained that
8

< .

0 it X Tyua, , ),
lim WS (m, )1 m(@ )
N1 ’ - ¢> 0 otherwise,
and 8
< .

0 if X Py(a, , ),
lim WP (m, )1° m(@ )
N'L ’ - ¢> 0 otherwise,
where symbol ” !P " stands for convergence in probability and c is a constant that
depends on the distribution of X.

The distributions of Wy, (m, ) when X = Ty(a, , )and W, (m, )when X
Pn(a, , ) are unknown. An analytical derivation of these distributions seems dif-
cult, because the random variables I:|N1k and Cy are not independent and their
covariance appears to be intractable, despite the fact that the asymptotic distribution
of |:|N,k can be revealed by applying the results of 24, 30, 98] and [13] and that of
Cy by the delta method. In the next section, these null distributions are investigated
using Monte Carlo methods.

3.4 Numerical experiments

3.4.1 Random samples

Random samples fromT,,(a, , ) and P,(a, , ) can be generated according to the
stochastic representation
X = RBU+ a,

where R is the distribution of the radial distance (X a)7 (X a) 1=2, B is an
m m matrix with BTB=  and U is uniformly distributed on the surface of a unit
m-sphereS™ 1. In particular,
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« R InvGamma(m=2,m=2) yields X Tp(a, , );

« B2 Beta(m=2, +1)yieldsX P.(a, , ).

Let |, be the m m identity matrix. The distributions are investigated:
e To( )= Ty 0,1,, for > 2and

* Po()=P, 0y, for > 1

(a) Scatter plots for T,( ) (b) Scatter plots for P,( )

Figure 3.1: Scatter plots for the bivariate Student and Pearson Il distributions.

For the casem = 2, points on scatter plots are generated for different values of
and , see Figure 3.1a forT,,( , , ) and Figure 3.1b for P,( , , ). One can ob-
serve thatas and increasetheT,( , , )andP,( , , ) distributions converge
to multivariate Gaussian and Uniform distributions respectively.
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3.4.2 Consistency

To investigate the consistency ofW,\?’k(m, ) for various values of mand , M =
100 random samples of sizeN from the T, ( ) distribution are generated with N
increasing from N = 500 to N = 5000 in steps of 500, and recording the value of
W,\?’k(m, ) for k = 1,2,3 each time. The mean values of the statistics fork = 1

Figure 3.2: The asymptotic behaviour ofW,\?k(m, )asN!1 for k= 1. The statistic W,\?k(m, ) increases with
and decreases withm.

are shown in Figure 3.2, where the length of the error bars is equal to the standard
deviation of the statistics around their mean values. The mean statistics fok = 1,2,3
are shown in Figure 3.3, where it is evident that the statistic of W,\?'k(m, ) increases
with the parameter value , and decreases with the dimensionm.
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Figure 3.3: The asymptotic behaviour ofwﬁ'k(m, )JasN!1 . The statistic of WNsk(m, ) increases with and
decreases withm.

For xed N and (m, ), a sample of sizeN from T,,( ) distribution is generated
and the empirical value of WNSk(m, ) is recorded for a xed k, and this is repeated
M = 103 times. This yields a éample realisationf Wy, W, ..., Wy, g from the distribu-
tion of W,\?’k(m, ), from which its mean and variance are estimated by

AS 1 A 1 A AS V2
W (m, )= — W and Kk(m, )= T W W%
j=1 j=1
Figure 3.2 shows howVT/,\?k(m, ) approach 0 asN increases for various value of

m2 (1,2,3), 2 (3,4,5,6) and k = 1,2,3 with error bar corresponding to the
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standard error Sy (m, ). From these data, it is observed that the empirical variance
is decreasing whenk increases. From the other hand, the bias or mearW,\SIk(m, )
is smaller for values of k or m. These result con rm the variance reduction’of k-th
nearest neighbour estimators observed in 13].

Figure 3.4: Asymptotic behaviour of W,f

K(m, )asN!1  fork=2.

The experiment for WNP‘k(m, ) is repeated but this time with samples increasing
in size from N = 50 to N = 500 in steps of 50. The mean values of the statistics
for k = 2 are shown in Figure 3.4, where length of the error bars are equal to the
standard deviation of the statistics their mean values. The mean statistics fork =
1,2,3 are shown in Figure 3.5: note that these are only de ned for k > 1= . The
convergence ofW,\'ik(m, ) is evidently much faster than that of W,\?’k(m, ), perhaps
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because the support ofP,,( ) is bounded for any nite > 0 while the support of
T.( ) is unbounded.

Figure 3.5: Asymptotic behaviour of W,\ﬁ’

«(m, )asN!1l . Note that the statistic is de ned only for k> 1= .

Rates of convergence

In Figure 3.6 shows the convergence 01W,\S|k(m, )with m=2,k=1and = 5as
N!1  together with the corresponding plét of log W,\?’k(m, ) against logN, which
suggests an empirical convergence rate of approximatelO(N ) asN 1

The experiment for Wﬁyk(m, ) is repeated with m= 2, k= 2and = 2. The
results are shown in Figure 3.7, which in this case suggests an empirical convergence
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rate of approximately O(N °=%) asN ! 1

Figure 3.6: Asymptotic behaviour of Wﬁk(m, ) with m=2,k=1and =5.

Figure 3.7: Asymptotic behaviour of W,\Tk(m, Ywith m=2,k=1and = 2.

3.4.3 Empirical distribution of the test statistics

For different values of (N, k) and (m, ), n = 100 random samples of sizeN from
the T,,( ) distribution is generated, each time recording the value of W,\?’k(m, ).
The Shapiro-Wilk test is applied for normality to this random sample from the null
distribution of W,;T"k(m, ), and is recorded the probability value computed by the test
of Shapiro and Wilk [111]. This process is repeatedM = 1000 times.

Figure 3.8 shows how the mean probability value behaves asN increases for
various values ofm, k and . The experiment is repeated for the null distribution of
W,\'ik(m, ). Figure 3.9 shows how the mean probability value behaves adN increases
for various values of m, k and
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Figure 3.8: Shapiro-Wilk probability values for W,\Slk(m, ) as N increases for different values ofm, k and (100
repetitions).
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Figure 3.9: Shapiro-Wilk probability values for W,\'fk(m, ) as N increases for different values ofm, k and
repetitions). Note that the statistic is only de ned for k> 1= .

45

(100
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3.4.4 Point estimation

For x oand g, we generate random points from T,(a, , ) and P,( , , ) for
k = 1 and m = 3 then compute the test statistics ofW,\?’k(m, ) and W,\F"Yk(m, )
for different values of and . The point estimator of ~ and " are 4.7 and 2.8
respectively. Figures 3.10 and 3.11 illustrate the point estimator for e and e
that can be computed by

argmin 5, , W3 (m, ) and

argmin lW,\Tk(m, ) respectively.

Figure 3.10: WS (m, ) with N = 10% k=1, m= 3and o= 4 (go = 0.86). The point estimate is * = 4.7.

Figure 3.11: WY, (m, ) with N=10* k=1, m=3and = 3 (g = 1.33).The point estimate is "=28.
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— Chapter 4 —

The entropy-based goodness-of- t
tests for generalized von
Mises-Fisher distributions and
beyond

This chapter introduces the new classes of unimodal rotational invariant directional
distributions, which generalize von Mises-Fisher distribution. Three types of distri-
butions are proposed and one of them represents axial data. Each new type provides
formulas and short computational study of parameter estimators by method of mo-
ments and method of maximum likelihood. The main task of the chapter is to develop
the goodness-of-t test to detect that sample entries follows one of the introduced
generalized von Mises-Fisher distribution based on the maximum entropy principle.
The chapter usesk-th nearest neighbor distances estimator of Shannon entropy and
proves its L?-consistence. The chapter also examines the behaviour of the test statis-
tics, nds critical values and compute power of the test on simulated samples. The
goodness-of- t test is applied to local ber directions in a glass bre reinforced com-
posite material and the samples which follows axial generalized von Mises-Fisher
distribution are detected.

This chapter is organised as follows:

* Section 4.2 reviews the basic facts for von Mises-Fisher distribution.

» Section 4.3 introduces three types of generalized von Mises-Fisher distribu-
tions.

» Section 4.4 provides the Shannon entropies of generalized von Mises-Fisher
distributions and presents the maximum entropy principle for them. The sta-
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tistical estimation of an entropy is also discussed and thelL? convergence of
k-nearest neighbor estimators are proven.

» Section 4.5 devotes to the maximum likelihood estimators and estimators by
method of moments for generalized von Mises-Fisher distributions.

» Section 4.6 develops the goodness-of- t test based on maximum entropy prin-
ciple for generalized von Mises-Fisher distributions.

» Section 4.7 shows the results of numerical experiments based on simulated
samples.

» Section 4.8 contains the application of the theory for real data set.

4.1 Introduction

Directional distributions characterize randomness to unit vectors (directions). Spher-
ical data sets appear in a wide range of problems arising from Earth science§102],

biology [91], and material science[33]. Directional data are important in cosmology

and astrophysics, for instance, in results of the Laser Interferometer Gravitational-
Wave Observatory[1] and the Alpha Magnetic Spectrometer on the International

Space Station[3]. Further applications and the modern state art of statistical theory
on directional data can be found in [ 77, 100] and references therein. The following
papers provide the most recent developments in directional statisticg 52, 54, 55, 63,

77,92, 104, 105, 106, 108, 109, 124, 125].

In this chapter, some group of random unit vectors are considered with values on
sphereS? 1:= fx 2 RY: kxk = 1g, which have the absolutely continuous directional
distributions with respect to the uniform distribution on S% *. The scalar product of
vectorsa, b 2 RY is denoted bya'b and the Euclidean norm of a2 RY is denoted by
kak.

The von Mises-Fisher distribution is a fundamental isotropic distribution which is
widely used in directional statistics [86, p. 168]. It belongs to exponential family of
distributions, is rotational invariant and has a density proportionaltoexp ( "x),x 2
s 1 such that random vectors are concentrated with rate 2 R along direction

2 SU 1. The rotating invariant family of distributions is now being researched ex-
tensively [28, 35, 45, 93].

Among several important properties of the von Mises-Fisher distribution we focus

on maximum entropy characterization, that is, the von Mises-Fisher distribution has
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maximum entropy in the class of continuous distributions on S¢ ! with a given value
of EX[85]. The von Mises-Fisher distribution is widely used for analysis of neutrino
arrival directions recorded by the IceCube Neutrino Observatory, see e.g[23, 31, 78]
and arrival directions of ultrahigh energy cosmic rays recorded by the Pierre Auger
Observatory, see e.g[5, 20, 68].

There are several generalizations, including Fisher-Bingham distribution with a
density proportional to exp(  "x+ x"Ax),x 2 S¢ 1[85], and generalized von Mises-
Fisher distributicgpo: order k (G§MFk) introduced by [46], having the density pro-
portionaltoexp ~ ;_, j( ;)" ,where ;2 st j2Rr;2N,j=1,...,kand
r{ ... I

This chapter introduces the new generalization of von Mises-Fisher distribution,
which stays in exponential family and rotational invariant with one mode. In contrast
to generalized von Mises-Fisher distribution of order k with integer powers r 2 N,
densities with arbitrary positive power r 2 R, are considered. The motivation of
such choice is to provide the analogue of a generalized Gaussian distribution for
random vectors on a unit sphere. To accomplish this, the following three types of
distributions of order 2 R, are introduced, whose densitiesf are proportional to

Type |, GWMF 4( , , ): f(x)/ exp —( X)) ,x2&% 1
Type Il, GWMF4( , , ): f(x)/ exp 2—kx k2 x2s 1
Axial Type, GWMFs4( , , ): f(x)/ exp —j 'xj ,x28%1

where 2 Ris a concentration parameter, and 2 SY ! is a mean direction param-
eter. The whole chapter denotesx=> by jxj sgn(x),x 2 R.

Beside the study of the properties, simulations and parameter estimation for dis-
tributions GVMF, 4, (j = 1,2,3), the goodness-of- t test based on the estimation of
the Shannon entropy and independent identically distributed (i.i.d.) sample are de-
veloped. These tests exploit the so-called maximum entropy principle, which is also
proven in [83] as spherical analogous of results.

In addition, the entropy estimators I:|N,k derived from k-th nearest neighbor dis-
tances is employed. Starting from the pioneering paper of Kozachenko and Leonenko
[71], which proves by direct probability methods the consistency ofl3|N’1 for random
vectors with values in Euclidean space, a large number of authors consider to extend
the set of admissible distributions and improve the convergence oﬂ:|N’k, see[13, 18,
30, 38, 39, 44, 49, 75, 76], and the references therein. In the papers of[ 79] and
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[90] , the k-th nearest neighbor entropy estimation are generalized for hyperspheri-
cal distributions.

Unlike the above mentioned works, the limit theory for point processes with a
xed k allows to prove the LP-consistency of functionals ofk-th nearest neighbor dis-
tances for a wider class of distributions. The nearest neigbors method of estimation
of the Shannon entropy for manifolds, including spheres, was developed by{99]. In
this chapter, the aim is to continue their work and prove the L2-consistency ofl:lN,k,
asN!1  with arbitrary k 1 and for a random vector on a Riemannian manifold
if its density is bounded and has compact support, see Theorem 4.4.6. Therefore,
it is shown that |:|N,k is a consistent estimator for the samples from the introduced
generalized von Mises-Fisher distributions.

From the recent papers,[ 13] is mentioned, where the ef cient entropy estimation
is provided via the weighted k-nearest neighbour distances withk = ky depending
on sample sizeN. Moreover, Berrett and Samworth [12] introduced a non-parametric
entropy-based test of independence for multidimensional data. Lund and Jammala-
madaka [82] considered the entropy-based test of goodness-of- t for the von Mises
distribution on the circle and use a different entropy estimate. The study in this chap-
ter is motivated, particularly, by the work of Chapter 1, where the entropy-based
goodness-of- t test for generalized Gaussian distribution is given.

The theoretical results are veri ed by computational study on simulated samples
and the in ation of variances of I:|N,k is shown ask growths, which con rms the con-
clusion of [ 13]. Moreover, the evidence of generalized von Mises-Fisher distributions
is detected in the real world data by the presented entropy-based goodness-of- t test.
Particularly, the parts in 3D images of a glass bre reinforced composite material are
examined, where ber directions follow a generalized von Mises-Fisher distribution
of axial type.

4.2 Preliminaries

This section provides some known facts needed for the sequel. Let (dx) be spherical
measure on the sphereS? 1. It can be written in polar coordinates x = (1,u),u 2
sflas (dx)= 21 972 (d=2)du. Further, Lemma 2.5.1 from [40] is used for
computation of integrals with respectto . Namely,letg: R! R, be anon-negative
Borel function and a2 S 1, then

Z Z,

(d D=2
ga™) (dx)= —

@ Dz 9@ yTdy. @y
xTx=1 = 1
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The parameters 2 R, 2 S% 1,d 2 are taken and further the probability densities
is considered with respect to the measure .

De nition 4.2.1. A unit random vectorX has the(d 1)-dimensional von Mises-Fisher
distribution VMF, 4( , ) if its probability density function is

k() =(=2)7 12 Plg, 1( ) texp( Tx), x28' 1
where | is the modi ed Bessel function of order 0, see e.g.[59, (A5)].

Note that the modi ed Bessel function of the | (see 9.6.18 in[36]) is given by

4
ﬁ% e 2% gin? d .
- 0

I (2)=
In the cased = 3, von Mises-Fisher distribution M; 3( , ) is called Fisher distri-
bution and its density simplies to = (4 sinh )exp( Tx),x 2 S?. The density
of VMF; 4 can be written in the alternative form. We say that a random vector X
has the von Mises-Fisher distributiorwMF, 4( , ) if its density function is fy(x) =
e (=22 12 i, 4( ) Yexp  kx  K®=2 ,x2 % llindeed, zkx k%=
skxk? + 5k k2 Tx = Tx for x, 2 S L. Let us recall the standard direc-
tional statistics.

De nition 4.2.2. Let X be random vector with values irs% 1 and EX6 0. A mean
direction of X is a vectorEX=KEXk. A mean resultant length ikEXk.

The mean resultant length is invariant and the mean direction is equivalent under
rotation. Formally, let U 2 SQ(d) be a rotation matrix, SQ(d) is that we will derive
the basis functions for their irreducible representations which will be used to obtain
the corresponding characters and to demonstrate their orthogonality in [86], then
KEUXk = KEXk and EUX=KEU Xk = UEX=KEXK.

Consider the class of distributions onS® * with rotational symmetry, that is their
distribution functions have a form f(x) = g( "x),x, 2 S' ! e.g. [15]. Such
random vectors X posses atangent-normal decomposition

A
X=( ™) + 1 ( TX)?2y, (4.2)

where TX and Y are independent, ? Y, and Y is uniformly distributed on the
tangent spaceS® ! := fy 2 s% 1j Ty = 0g. It follows from (4.2), that the mean
resultant length is KEXk = E[ TX] and the mean direction equals .
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4.3 Generalized von Mises-Fisher distributions

This section introduces the generalizations of the von Mises-Fisher distribution. 2
R is named a concentration parameter and 2 S ! is named a mean direction
parameter.

De nition 4.3.1. A unit random vectorX has the(d 1)-dimensional Type | gener-
alized von Mises-Fisher distributiotGvMF, 4( , , ) of order > 0 if its probability
density function with respect to the uniform distribution is

()= ca( , Jexp —( ™) x28" 1, (4.3)
where e Zl€ & &,
d 3
cal » )= —53 eV +e ™ (1 y)zdy . (4.4)
> 0

As an analogue of von Mises-Fisher distribution in the form vMF, 4, the following
class is introduced.

De nition 4.3.2. A unit random vector X has the(d 1)-dimensional type Il gener-
alized von Mises-Fisher distributiotGvMF, 4( , , ) of order > O if its probability
density function with respect to the uniform distribution is

fx(X) = Cq( , )exp 2—kx K2 x28%1 (4.5)

: z - E,
27 Ty e T vy
G4l » )= e Y +e Y (1 y)zdy . (46)

In the case of = 1, the introduced distributions GVMF, 4 and GVMF, 4 become
the von Mises-Fisher distributions VMR, 4 and VMF, 4 respectively.

If we do not distinguish opposite directions we deal with axial. Commonly used
technique in this case is to consider symmetric density functionsf such that f (x) =
f( x),x 2 Y 1. Since the motivation is to stay in the class of rotational invariant
densities and to generalize the von Mises-Fisher distribution, the following model is
proposed for an axial data.

De nition 4.3.3. A unitrandom vectorX has the(d 1)-dimensional axial generalized
von Mises-Fisher distributiorlGvMF; 4( , , ) (or distribution of axial type) of order
> 0 if its probability density function with respect to the uniform distribution is

k()= cga( , Jexp —j Txj ,x28"4, (4.7)
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where 2R, 259 1and

. i1 Z1 E 1
4 = -y 2,943
Gdl + )= i1 e’ (1 y)zdy . (4.8)
2 0

Remark 4.3.1. Let us check that o, ; fx(x) (dx) = 1. Then, the constant ¢4( , )
equals

z 1
exp —( ') (dx)
Sdl
1 E
@1 2 7 <> 2 '
1 exp —y (1 y9)zdy
> 1 -
’ 2 % Zl€ é 1
= g e¢vre (@ yh7Tdy
> 0

Similarly, the constant ¢ 4( , ) equals

z 1 Z 1

exp —kx K> (dx) = exp — 1 Tx (dx)

w1 2 SR
o, e Z, E 1
@.1) 2 43
= ] ep —(1 y) (1 y»)=zdy
2 1
2 & e S o Ot
= o

Remark 4.3.2. As usual for axial distributions, parameter is de ned up to a sign, in
asense thaGvMF; 4( , , ) andGvMF;4( , , ) areequal. Inthe case = 2, the
generalized von Mises-Fisher distribution of axial type reduces to the Watson distribu-
tion.

Remark 4.3.3. Ford= 3 and = 1, one can represent an expansion of the von Mises-
FishervMF; 3( , ) density into the series of orthogonal functionsI’Y I m |I,1=
0,1,2,..., on the sphere (real spherical harmonics, see e[9, p. 437], e.g.,[87, S.
13.2]). For example,[59, (5)] gives

v
XU o1+ 1 l1( )
1=0 4 l15( )

which can be used potentially for computational purposes. However, it is dif cult for

f(x) = Y2( Tx),x2 &,

general to express coef cients of expansions in terms of some known special functions
(this is true even for = 2, see formulae (7) and (8) in[59]).
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Note that the orthogonality of spherical harmonics can be de ned as
z
0 0 0
YOO, XS, ) (dd )= &
Qd 1
whereY", e m e e=0,12,...,o0nthe sphere.
4.3.1 Moments
This section considers the moments of GYWME4( , , ), = 1,2,3 distributions. De-
note by
Z,
_ -y 2y 43
Al( [ )_ e y (1 y) 2 dyv (49)
0
z 2
_ 43 d3,
Po( 0 )= e Va2 y)yzyz" dy. (4.10)
0
Proposition 4.3.1. Let OandX GVvMF 4( , , ), then
A, A v
E ( Tx)<> - 1( ) 1( ) (411)
Al( ' ’0)+A1( ' ’0)
Proof. Let f be the density of the form (4.3), then
Z
E (X = ( ™) f(0 (dx)
&d 1
2 00
4.1) > 43
= el )5 YT exp —yT (1 y)zdy
.. 1
Z -
2 7 "€ -y -y S 2y %°
=cul )55 €Y eV y@ y)zdy
R 2 0
L €Y ey (1 y)7dy
TRy -y % qy
o €Y te (1 y?)zdy
O
Particularly, the mean direction of X GvMF 4( , , )is and its mean resul-
tant length equals
A 1) A 1
KE[X]k= E[ TX]= oD AL LD (4.12)
AC 0+ A( , ,0)
Proposition 4.3.2. Let OandX GvMF4( , , ), then
A
Ekx k2 =2 2l ) (4.13)

AZ( ’ !0)
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Proof. Let f be the density of the form (4.5), then

z Z

EkX Kk? = kx  k? f(x) (dx)= (2 2 T™x) f(x) (dx)
d 1 od 1
o 4

4.1 43

oa )5+ @ 2y ep (1 y) @ y)Tdy
=z 1

Rl d3
(1 y) e BV @y dy
K
Le @ y)Fdy

2 d3 da3
0 © 22 2z7zz"' dz
R2 d3 d3 :
0® 7 (2 2)zzzdz

O
Particularly, the mean direction of X  GVMF,4( , , )is and its mean resul-
tant length equals
A 1
KE[X]k= E[ TX]= 1 Aol 1) (4.14)
AZ( ’ 10)
Proposition 4.3.3. Let OandX GvMF;4( , , ),then
A 1
Ej X = Al D (4.15)
Al( ' 10)
Proof. Let f be the density of the form (4.7), then
Z
Ej '™ = i T ) (dx)
od 1
g 4
4.1) o . 43
= eal )5 dvi exp —jyi (1 y)zdy
- 1
R
L€y (1 y)7dy
= RT - a3 .
0 €7 (1 y?)zdy
O
Note that the mean direction of X  GvMF; 4( , , ) isnotde ned and its mean

resultant length KE[X]k = E[ TX] equals 0.

4.4 Entropy

This section nds the entropy of generalized von Mises-Fisher distributions, and
shows the maximum entropy principle for them. Then, the statistical estimation of an
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entropy is discussed and theL? convergence of thek-th nearest neigbour estimator
is proven for random variables on compact manifolds.

4.4.1 Maximum entropy principle for generalized von-Mises Fisher
distributions

Recall that the entropy of a continuous random vector X 2 S¢ * with a density f is
z

H(X) = (log f (x)) f(x) (dx). (4.16)
od 1
For a density version f, its support is denoted by suppf = fx 2 S¢ 1 : f(x) > 0g.
Clearly, the integral in H(X) is taken over suppf.

Theorem 4.4.1. LetX; GVMF4( , , ),j=1,2,3,then
H(X)= logeig( . ) —E ( T™X)%7 (4.17)
HOG)=  logeya( , )+ 5—EKX, k? (4.18)
H(Xs)= logcsg( , ) —Ej "Xg . (4.19)
Proof. Let X; have density f;, then the entropy of X; equals
A Z
(log f1(x)) f1(x) (dx)=logc;4( , ) f1(x) (dx)
521 od 1
- ( ™) f100 ()= logea( . ) —E ( 'X)7
od 1

For X, with density f, it follows that
z z

H(Xz) = (log f2(x)) f2(x) (dx)=logcoq( , ) f2(x)  (dx)
Z S od 1

+ — kx k¥ f(x) (dx)= logc,4( , )+ —EkX, Kk? .
2 od 1 ' 2

For X5 with density f;

4 y4

H(X3) = (log f3(x)) fa(x) (dx)=logcsq( , ) f3(x) (dx)
7 od 1 od 1

- k( TXg)k f(x) (dx)= logoga( ., ) —Ef "X .
od 1
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Theorem 4.4.2. Let a unit random vectorZ 2 S° ! have a generalized von Mises-
Fisher distribution GVMF, 4( , , ). ThenZ has the maximum entropy value over all
continuous random variables< on S* * with

E( ™ =E( 2> . (4.20)

Proof. Let X be a random unit vectoron S 1, d 2 such that (4.20) holds true. Let
f and f be the densities of X and Z respectively. By Jensen's inequality,

z z
f(X)logf (x) (dx) f(X)log f(x) (dx)
z f (x) Tz f ()
X X
= o f (x) log 0 (dx) log o f(X)W (dx) =0

with equality if and only if f = f almost everywhere with respect to the Lebesgue

measure onS? 1. So,
Z Z

H(X) = f(x)log f(x) (dx) f(X)logf (x) (dx). (4.21)
SR o 1

In this casef (x)= logc q( , )+ =) "xj*” ,x2S® Y and hence

Z
H(X) f(X)logf (x) (dx)
s 1 ~
= logciq4( , ) — i TS (0 (dx)
ol 1
= logca( . ) —E ( 'X)°> = logcq(, ) —E (727
Z
= logciq( , ) — ( )7 f (x) (dx)
z st
= f (X)logf (x) (dx)= H(2).

d 1

O

The maximum entropy principle for generalized von Mises-Fisher distribution of
Type Il has the following form.

Theorem 4.4.3. Let a unit random vectorZ 2 S° 1 have a generalized von Mises-
Fisher distribution GVMF, 4( , , ). ThenZ has the maximum entropy value over all
continuous random variables< on S* * with

EkKX k> = EkzZ K? . (4.22)
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Proof. Let f and f be the densities of X and Z respectively. The proof is similar to
Theorem 4.4.2. Indeed, f (x)= logc,q( , ) 5—kx k? ,x2S? ! and hence
Z

H(X) f(X)logf (x) (dx)
Sd 1 7

= logcya( , )+ < K2 () (dw)

= logcg( , )+ —EkX k* = logcq( , )+ —Ekz K2
' 2 5 ' 2

= logcya( , )+ < K2 F () (d)

z 2 e

f (x)logf (x) (dx)= H(2).
od 1

O

Theorem 4.4.4. Let a unit random vectorZ 2 S% 1 have an axial generalized von
Mises-Fisher distributionGVvMF; 4( , , ). ThenZ has the maximum entropy value
over all continuous random variable on % 1 with

Ej X =E "z . (4.23)

Proof. The proofis similar to Theorems 4.4.2 and 4.4.3. Inthiscase,f (x)= logc;4( , )+
-j Txj ,x2 s tand
Z

H(X)  logcsa( » ) — i "X f00 (dx)
i1

= logcsg( , ) —E "X = logcg( , ) —Ej 'Zj =H(2.

4.4.2 Entropy estimation

This section gives the method of an entropy estimation for unit random vectors. Ac-

tually, the phase-state is extended to the arbitrary compact Riemannian manifold.
Letm,d2 N, m d,andM beam dimensional C* manifold embeded in RY

with the atlas ((U;, gi),i 2 ly), i.e., foreachy 2 M there exists an open subselJ; of

R™ and a continuously differentiable injection g; : U, ! RY, suchthaty 2 g;(U)

M , and g; is an open map from U; to M , and the linear map gio(u) has full rank for

alu2y;.
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R
For bounded measurableh: M ! R, the integral |, h(y) (dy) is de ned by
z z
X

q
h(y) (dy)= h(gi(x)) i(gi(x)) det(Jq (X)) T(Ig (x))dX,
M i2lg Ui

where isa nite measure on M , Jg is the Jacobian ofg; and f ;,i 2 Iygis the

partition of unity, see [99, pp. 3-4] and [11, Chapter 2] for more detailed setting.
Letf : M ! R, bea problgbility density of independent random elements

X, X, 2 Nwithvaluesin M ,ie.,  f(x) (dx)= 1.DenotebyXy = fXy,..., Xy,

N k the samples of the rst N elements. The entropy of X equals
z

H(X) = log(f(x))f(x) (dx).
M

Let F be a nite subsetof fX;,i kgand (X, F) be the Euclidean distance between
x and its k-th nearest neighbor in Fnfxg. Let 0.5772 be the Euler-Mascheroni
constant.

De nition 4.4.1. The k-th nearest neighbour estimator of the entropy (X) is de ned
by

X
> 1
AuXn)= 5 1og  FOGX )N e @, (4.24)
i=1
where
K1 1 m=2
K= = Va0
. (1+ m=2)
j=1
Recall that fork =1, (1)= with = 0.57726... is the Euler constant, while
fork 1, (k)= +A 1, With Ag= 0,and A; = ijzl%,sothatexpf (K)g=k! 1

ask!1 . For example, if kK = 1, then the nearest neighbor distances estimator
(NNE) is

. m X

AuiXn)= —  log 1(X;,Xn)+ logVy+ +log(N 1). (4.25)

N i=1

Let us start the L?-consistency of QN,k by writing down the particular case of
theorem of [99, Theorem 3.1] for the functional

(x,X):=log e MV, Mx,X) . (4.26)
Theorem 4.4.5. Letk 1putg= 1orqg= 2. Suppose there exists p q such that
€ 1 1 ép
SUpE  NmX;,NmX, <1 . (4.27)

N k
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Thenas N!'1  we have U convergence
X €, , &7
— Nmx,NmX, ! E[ 0,Pi(x [f(x) (dx), (4.28)
N

X2X N M

whereP denotes a homogeneous Poisson point process of intensity 0 in R™ (em-
bedded inRY).

For the bounded random variablesX;,i land . (x,Xy),we generalize Lemma
7.8 from [99], which was proved for the casek = 1.

Lemma4.4.1. Letf isbounded and has compact support & , then forany 2 (0, m)

€ ., S
sup , NmX;,NmXy <1 .
N k
Proof. The proof is very similar to [99, Lemma 7.8]. Recall that M has the atlas
(Ui, g),i 2 lg), where I = f1,...,igg, and there exist ;, X;,i 2 g such thatM 2
[i21,B (Vi)
Denote A, = B n[ <;B J_(yj). Since supg(f) is bounded then there existiy 2 N

and constant C > 0 such that
!

” — X
E N& | (X,Xy) = N® 'E (XX )
2 X2X N 3
Xo X
Nm 14 OGANX )+ CO L (4.29)

i=1 x2A\X y

Now, we prove that for all nite Y A

X
(X Y)  Glcard(Y)]t 7,
x2Y

where G > 0. LetY A and y; 2Y be a the j-th nearest neighbor of x 2'Y .
Taking z; 2 Y such that g, *(z;) to be j-th nearest neighbor of g, *(x) in g, *(Y), it
is obtained from [99, Lemma 4.1] that

K(OGY )= maxtky;  xk,...,ky, xkg maxtkz; xk,...,kz, xkg
Ci max gi 1(Zl) gi 1(X) ] gi l(zk) gi l(x)
=G (g (0.9 1Y)
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Thus, from [129, Lemma 3.3] we have for any 2 (0, m)
X

k(XvAi \X N)
X2A\X

Gldiam(g; *(A\X )] [card(g; "(A\X W' & CN® &,
Hence, the right hand side of (4.29) is bounded above uniformly. O

Now we prove the L? convergence of thek-th nearest neighbor estimator
. 1 X €, S
Ay c(Xn) = = Nmx,NmX (4.30)

N x2X N

which is an extension from the casek = 1to k 1 of Theorem 2.4 from [99].
Theorem 4.4.6. Suppose f is bounded and has compact support. Then for every xed

kK 1
E Au(Xn) HX) 21 0 asNI1 . (4.31)

Proof. Theorem 4.4.5 is applied. First,E[ (0,P )] is computed, where
0,Pt(x) = log Vi, (k)+ mlog (O,P ).

The random variable (0,P ) is the distance to the kth point of P from 0 and
f «(O,P ) tg=f[x2P ,x 2 B/(0)(t)] kg. Random variable[x 2 P ,x 2
B, (0)(t)] has Erland distribution. Therefore, (0,P ) also has the Erlang distribu-
tion with parameters k and jB;(0)j = t™MV,, thatis

P( «(0O,P ) t)=P(P \ B(0) k)
K1 K 1

1 o . 1 m .
=1 —e BOICB Q) =1 —e TR t"Vy)lt 0.
j=0 1" j=0 I°
Then
z 1 ( \Vi )k(tm)(k 1) m
mE[log (0,P )]= logt™ "Ek D e Wmt™ ldt
0 !
1 yk 1
= log( V.,)+ lo e Yd
9( Vi) . gy(k D)1 y

log logVip +  (K).

Thus, repeating the lines of proof of Theorem 2.1.3 in Chapter 2, it is obtained that
z z

E[ 0,P¢ 1f(x) (dx)= (log f(x)) f(x) (dx)= H(X).
M M
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Second, condition (4.27) is checked. Note that for every 2 (0,1) and p > 1 there
existsC> O suchthatjlogtj? Ct 1;94(t)+ Ct 13, y(t),t> 0. Then
€ 1 1 Sp 1. .
E NmX;,NmXy 2P tilogV, (k)

€ i S : -

+2P 'E log " NmXy,NwXy 2P LilogV,,  (K)j?

€ ., S € € ., S

+2P ICE | NmXy,NWXy Loy , N®X;, NmXy (4.32)
S € Ss

€
+2P ICE |, NmX, NmX, 1 N Xp, NmX (4.33)
K 10 N L1y ok 1 N - .

Term (4.32) is nite because

€ , S € € ., SS
SUpE | N@X,NmXy 1roq)  NmX, NmXy
N k € ) ) S
Sup ; NmX;,NmXy <1, (4.34)
N k
where (4.34) is ensured by [99, Lemma 7.9 if f is bounded and 2 (0, m). Hence,
for (4.27) to be satis ed, it remains to show that

€ .S
SUPE | NmXy,NmXy <1 . (4.35)
N k

Thus, applying Lemma 4.4.1 we get that (4.35) holds true if 0 < < m. O

The 2-dimensional sphereS? is a compact manifold with d = 3 m= 2and =
. Thus, Theorem 4.4.3 is valid for all bounded densities on S, the k-th nearest
neighbour estimator has the form
. o X
R k(X n) = N log «(X;,Xn)  (K)+log(N 1)+ log ,

i=1

and QN,k(x n) ! H(X)in L?( ). This yields that QN,k(x n) IS @ consistent estimator
of the Shannon entropy.

4.5 Estimation of parameters

45.1 Fisher's maximum likelihood estimation

LetX y = fXq,...,Xygbe arandom sample. The log-likelihood! (X y) is written down
for random samples from the introduced generalized von Mises-Fisher distributions.
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Lemma4.5.1. LetX;y GvMF4( , , ),j=1,23then

X
I(X1n)= Nloge g )+ — (%)<, (4.36)
i=1
X
[(X2n)= Nlogeq( ) > kxi K, (4.37)
i=1
[((X3n)= Nlogczg( , )+ — | "X . (4.38)
i=1
Proof. The statements follow from the direct calculation of I(X ). O

For each case, numerical methods are used to nd the maximum likelihood esti-
mates(” ,” ., ) of ( , , ) which maximize the log-likelihoods (4.36)-(4.38).

The problem becomes easier when parameter is known. In such a case, the
maximum likelihood estimates is derived taking derivatives of (4.36)-(4.38). The
estimator of and is de ned as

P
* Let Xy GVMF 4( , , ),then” = argmax s 1 iN:l( ™)<>

ACL ) AL 1%
AL 0+ A( "L, 0) N, L .
.~ . P 2
s Let Xy GVMFR4( , , ),then”™ =argmin g1 -, KX ke,
- X
A o -
o Pl v ) kxj K.
AL 20
i=1
~ PN ST
e Let Xy GVMFR34( , , ),then”™ =argmax pq1  -,) X ,

J'AIXiJ' .
1

AL ) ix\l
AL ,0) N

4.5.2 Method of moments and generilized von Mises-Fisher
distributions of | and Il types

This section considers parameter estimation of generilized von Mises-Fisher distribu-
tions based on moments estimation. In the case of non-axial random vectoX 2 ¢ 1,
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it is assumed thatkEXk 6 0. It is known from De nition 4.2.2 that ~ := X y=kX yk,
where Xy = & iNzlxi, is the natural estimator for mean direction parameter . In
order to nd estimates for parameters and at least two more moment statis-
tics are needed. A standard approach involves the use of resultant length. For
the second relations, E(sgnf XI EX;0) and E(kx, k*) are chosen for vectorsX;
GVMF; 4( , , )(j = 1,2). Applying (4.12) and (4.14), one can get the estimators

, ~ as a solution of the following equations

AL D) AT D)

= kX 1 nK

ACT 0+ A 770

- - - - N 3
ACT D) AT D) = SID X
Al(A ’ A!0)+ Al( ) ’ A!O) ka—l,Nk ,

aA A nA A e 4
A2( ’ !l) _ e A2( 1 11) _ 1 )(\I x2,N
— - 1 k x2,Nk! — . - Xi —
AZ( ’ !0) A2( 3 10) 4N i=1 k)(Z,Nk

for the samplesX,n  GVMF 4( , , )andX,n GVMF,4( , , ), respectively.

Remark 4.5.1. If the parameter is known, the problem of moment estimation can be
reduced to the solution of one equation. Namely,

A, L) ACT, D)
AT 0+ AL T, ,0)

AL 1)

= kX, Kk, and —=—1 '~
N AN L 0)

=1Kk X_Z,Nk'

In the case of a symmetrically distributed random vector X 2 S¢ 1 EX = 0 and
the value of EX=KEXk is not de ned. Recall the tangent-normal decomposition (4.2)
of arandom vector X2 S 1 thatisX= + 1 2Y,where 2 S% lisamean
direction parameter, is a random variable on[ 1,1] independent of a uniformly
distributed random vector Y 2 Y 2 suchthat ? .

To nd relations which determine the parameter  and distribution  we consider

an orientation tensor T(X) given by

/K
TX)=XX"= 2 T+ 1 2 Y'+vy T +(1 2yvYy" (4.39)

Therefore, the mean orientation tensor is

ET(X)= E[XX"]= TE 2+(1 E ?EYY". (4.40)
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Theorem 4.5.1. Let a random vectorX has a representation as above, i.eX = +
1  2Y.Then
Y - <
d 1 1 1
T= ET(X) =lg +=lg, (4.41)
dI\E/[X(ET(\?())XT] 1 d d
E 2= 3+t ut E[X(ET(X))XT] 1 (4.42)
 d d d’ '
E 2?2 d 1

E *= E X"ET(X)X (4.43)

d 1 dE[X(ET(X))XT] 1°
where |jisd d identity matrix.

Proof. Let U 2 SQ(d), such that = U e,, where e, = (1,0,...,0)". Denote by
¥ = U Y. The vector Y is uniformly distributed on S® 2 with the rst coordinate

p -
equal 0. ThenX=U e+ 1 2Y and

EXX'=U eelE ?2+(1 E ?)EYY'T U L
, &
.o 0
It follows from the symmetry that EYYT = d—ll . Therefore,
0 Igq1
E 2
d
1 E?2
_d 1
S

€
Thus, T= 2 EXXT 1dE12 . Then considerXTET(X)X. From (4.44), it fol-

1
EXXT=U e elE 2+ (lg exe;) UT

—E2 Ty

(g ). (4.44)

lows that

E 2 1 E?2
(1 XT TX)= 2E 2+

1 9.
d 1 dl()

1
XTET(X)X= X" TXE 2+

and E[XTET(X)X] = (E 22+ L E2° This yields
¥ {
g2=1, d 1 E[X(EXXT)XT] 1
d d d

and

Vv . <

! d 1 EXXT l| + 1|
dE[X(EXXT)XT] 1 dd d®
Finally,
2 2
1 E?2 dE 2 1
E X"TET(X)X = — <~ E 4
X d 1 d 1
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Note that for an axial vector X, the random variable has a symmetric distribution
on[ 1,1], therefore E = 0. So, if has two-dimensional parametric distribution,
one get from Theorem 4.5.1 the parameter estimates for .

Theorem 4.5.1 is applied for the random sampleX \ = fxy,...,Xygfrom GVMF; 4( , , ).
Denote by T= & ™ xx".ThenE 2= E( Tx;)?andE *= E( "x,)* are given

in Proposition 4.3.3.

_ P
Corollary 45.1.1. LetXy  GVMFyq( , , ) and denote byT = £ . xx' and
V=21 xTx". Then(4.41)-(4.43) hold true and
V . Vv \Y
ctd 1.1 1 o AC2 1 tgoat o
= — T Sy +=ly, ——L=Z+ — V =,
dav 1 d d A(C, ,0) d d d
X\ll p ~ @
A, 4)_ d 1 (TeT L4V 1
Al 0 @ DN_, " d d'd 1
Thus, if X GVMF 4( , , ), then the estimator for is the solution of equation

kxk= A g(", 1)

Lemma 4.5.2. Let > 0, > 0. Thenforany > 0 and R2 (0,1) there exists a
unique solution of equation A4( , ,1)= R

Proof. Obviously, A, 4(, ,1) is a continuous function.

If X GVMF,4( , , ),then” isthe solution of O
— Aq(Ct, 1
k= R=1 el 1)
Aa(", ,0)
Remark 4.5.2. Let us write down other further characteristics of X GVvMF, 4( , , )

in terms of function A 4. Then

! d1

&,
2 =
Qdl » )= —g 1Al .0

2

A4, L1 A q(C,
2.d( ) B Kk =2 2.d( )

EkX K2=2——2— " ° — .
A2,d( ’ ’0) A2,d( ) ’0)
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4.6 Goodness-of- t test based on the maximum entropy
principle

This section provides the statistical test for veri cation that a random sample follows
a generalized von Mises-Fisher distribution. The methodology for all three intro-
duced distributions is very similar. For simplicity, detailed explanation for the Type
I distribution is provided.

4.6.1 Typell

Denote by GVMF, 4 the class of generalized von Mises-Fisher distributions GvME4( , , ),
> 0, > 0Oand 2S% 1 LetXy = fxq,...,Xy,gbe a random sample of vectors
on a spheres? ! and X; 4 X,j=1,...,N with unknown distribution.
Letz GVvMFK,( , , ). From (4.10), (4.13) and Theorem 4.4.3 it is known that
H(Z) H(X) for all continuous random vectors X 2 S * with

A 1 Ll
Ekx K2 =Ekz K2 =2 2l )
AZ( ’ 10)
Using Theorem 4.4.1, we get
. A, ) 2 Ao, )
f I , )+ ———— EkX k* =2 ———= 4.45
inf_ 09¢q( » ) A .0) A 0) (4.45)

250 1
does not exceedH (X). Moreover, equality in (4.45) appears if and only if X belongsto
some distribution from the family GvMFzydehe unobservable value ofEkX  k? is

substituted by its statistical counterpart % iN:1 kx; k? and the statistics S,(X y)
is de ned by
h P N «
Ao, sk K A
inf logCg( , )+ — 2( ) =1’ _ Al )
>0 Y AZ( ’ !0) N2 AZ( ’ 10)

259 1

Consider the value under inf in S,(X ). Under the condition

1 X o K2 A, )
N2 A, ,0)°
it follows that
E

’ XN
Aol ) 1 2 (X n)
| I F e , — = ok kK = 2N

09Cq4( » ) AL 0) 09 q( , ) SN N
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Then,
P N «
1 sk KA, )
XnN)= — (X ' =
S(Xn) N Sg% (X'n) N2 A, .0)

284 1

Let us consider unconditional maximization of log-likelihood [,(X ). Partial deriva-
tive with respectto  equals

E
’ d 1 XN
@Xy) _ @ =z 1 2
———=— o logA( , ,0) ——  kx; k
@ @ 95 A0 2 N
Ay Y
A, 00 2N._ '
where @@Az( , ,0)= lA2( , , )isused. Thus, the supremum inS,(X y) with
respect to coincides with the unconditional supremum of I,(X y) and
1
SXn) = g sup (X ). (4.46)
>0,

st 1

Let o beacompactsubset oRf large enough to contain all values of parameters
( , ) appearing in practice. Consider the following hypotheses

* Hyp: Xy GVMF, 4, forsome( , )2 g,and 2% 1
* Hy1:Xn6 GVWMFqforall (, )2 gand 2S* 1

Since g is compact, maximum likelihood estimators ~ |, * | are consistent. The-
orem 4.4.6 is proven that the k-th nearest neighbor estimator QN,k of H(X) is L2
consistent for any k 2 N. Thus, H, o vs. H, ; are tested with the statistic

- o SLACLTLTD A
THXN) = 109G gL, )+ == o By (4.47)
’ L AL 7L 0)
which tends in probabilityto 0,as N!1 . Hg with level of signi cance s rejected
if T, (Xn)i X ,where x is acritical value determined by Py (i T, (X n)i X )
. The usage of maximum likelihood estimates will yields the higher power of the
test.

Remark 4.6.1. It is easy to see that maximum likelihood estimates of, , estimator
A\ « and the statistics'ﬂl'z'-k are rotational invariant.
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Furthermore, by Slutsky's theorem, the maximum likelihood estimates of in
(4.47) can be replaced by any consistent estimafgs . Indeed, ifx; GVMF 4( , , )
under hypothesis H, then

‘AZ(A!A!A)I P 2 AZ(i ’ )

! ——— = Ek k
AZ(A!A’O) N'1 A2,d( ' 10) -

and

) A T HG) HExg)= 0

To(Xn) = | L)Y sy '
2k(X'N) 009G q(", ")+ = A(".7.0) Nk inder Hy

asN!1

The critical values x can be found by Monte Carlo simulations of test statistics
Ty of Ton.
4.6.2 Type | and axial data

The goodness-of- t test for the axial generalized von-Mises distribution and the dis-
tribution of the Type | are constructed similarly to Type Il distributions. Let , be a
compact subset ofRf large enough to contain all values parameters( , ) appearing
in practice. Let j = 1, 3 and consider the following hypotheses

« Hjo:X GVMF4forsome( , )2 gand 2s%?
« Hj;:X6 GWMFqforall ( , )2 gand 257 %
For testing H  vs. Hy ; the statistic 'AI'LN is used given by
CAC) AT g

Tok(Xn) = logcq(", ") TAC 0 A .0 (S NPS (4.48)

where ~,” are some consistent estimates of ,

For the axial distribution, Hj, vs. Hg; are tested by the test statistic:l'&,\, given
by
SACS)

A 0) Pk (4.49)

Ta(Xn) = logcsg(™,”)
where ~,” are some consistent estimates of ,

Remark 4.6.2. Note that our goodness-of- t tests do not detect some particular gener-
alized von Mises-Fisher distribution but tell whether a sample belongs to the parametric
family GvMFj’d,j =1,2,3.
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4.7 Numerical experiments

This section provides the method for simulation of GVMF, 4 distributed random vec-
tors and study the behaviour of the test statistich,k on simulated samplesj = 1,2, 3.

4.7.1 Simulation

Let X; GvMFj,d( . » ),]=1,2,3. Due to the tangent-normal decomposition
P q T Tw2

where Yj, j = 1,2,3 are orthogonal to  and uniformly distributed on s 2. There-
fore, in order to simulate X; it can be easily simulated random vectorsY; and inde-
pendent random variables ij_ Let us nd the distributions of TX]- j=1,2,3.The
probability densities f; of TXj are given in [ 77, (2.22)] or can be found by applying
(4.2).

Lemma4.7.1. The random variables TX;, TX,,and TXj have probability densities
f1, fo, and f; respectively, given by

|Q

2

N

fi(y)= Czdl( : )exp —y @ y)T,y2[ 1,1, (4.50)
2
2 2o as
fa(y) = ojdl( )exp -1 y) (1 y)7z,y2[ 11], (4.51)
2
2 2o .
f3(y) = ojdl( ) exp —jyi (1 y»)7Z.,y2[ 1,1]. (4.52)

M|

Proof. Consider TX;. It follows from (4.1) that

Z
P( "™ W= cq(, ) 1f Tx ugexp —j <7 (dx)
kxk=1
2 % Z 1 Z u
=ca( » )—53 1fy ugexp —jyj” dy=  fi(y)dy.
2 1 1
The cases of "X, and TX; are similar. O

Applying described procedure of simulation several samples of generalized von
Mises-Fisher distributions are obtained with 1000 entries on 2-dimensional sphere
deferred in the Appendix C the locations of samples entries on a unit sphere and the
corresponding histograms and probability densities of random variables "X, (i =
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1,2,3). One can observe that larger values of parameter corresponds to more
concentrated samples along direction .

A short computational study of the parameter estimation methods is provided
from sections 4.5.1 and 4.5.2 in the Appendix C.

The method of moments is preferable for Types | and I, if the computing power
plays a decisive role. For axial data this method has no such advantages because we
need to operate with an orientation tensor. The experiments show that the speed of
convergence” ! and " ! depend on the values of and and the speed of
convergence of” ! is more quicklythan ~ ! . The section can also conclude that
the errors of maximum likelihood estimators are generally less than the estimators of
moment. Comparing the errors by the distribution type, it is observed that samples
of Type Il very often carry the smallest error.

4.7.2 Entropy estimation

This section appliesk-NNE estimator (4.24) to the simulated set of samples. The esti-
mator QN,k(X n) is computed and let us denote the sample variances of entropy esti-
mation as SV&I(QNYk( , ) fork=1,2,3,4,5 2f0.1,05,1,15,2,25,3,4,5,6,74g,
and 2f0.5,1,1.5,2,2.5,3g. Figure 4.1 illustrates the distribution of QN,k(X n) with

k = 3 by histograms for samples simulated from distributions GVMF, 5(1.5,2, ), ] =
1,2,3.

(a) Type | (b) Type Il (c) Axial type

Figure 4.1: Histograms ofHNs(X n): XN GWMF3( , ,)with =15and =2

In order to choose the right value of k the sample variances sVa(rQN,k( , ) is
compared fork = 1,2,3,4,5. The minimum and maximum values of sVar(QN’k( v )
with respectto and are presented in Table 4.1. These results con rm the conclu-
sion in [13], that is, the asymptotic variance of QN,k decreases rapidly up tok = 3.
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One can observe thatk-th nearest neighbor estimates depend on values and
Although, the sample variances are quite small for all examined values of and
and sample sizeN = 1000.

Table 4.1: Sample variance sValtF:PN'k( , ) for distribution of Type |

Distribution k=1 k=2 k=3 k=4 k=5
GVMF5( , ,) min (sVar) 0.00214 0.00092 0.00058 0.00042 0.00034
max (svar) 0.00388 0.00239 0.00208 0.00185 0.00152
GVMF,5( , ,) min (sVar) 0.00212 0.00093 0.00059 0.00043 0.00034
max (svar) 0.00404 0.00304 0.00275 0.00152 0.00257
GVMF;3( , ,) min (sVar) 0.00212 0.00093 0.00059 0.00043 0.00034
max = (sVar) 0.00334 0.00207 0.00170 0.00152 0.00144

Thus, we choosek = 3 for computations in the next sections.

4.7.3 Test statistic

This section presents our study of the goodness-of- t tests from Section 4.6 and their
test statistics 'Al'j,k(X N ] = 1,2,3 from (4.47), (4.48) and (4.49) with k = 3 and
N = 1000. We compute ?jfk(x y) and ?jﬁ"k(x n) separately with maximum likelihood
estimates and moment estimates of parameters , , respectively.

For comparison of different types of estimates, the fact that we look on the sam-
ple variances sVa(?j'\”é( , ) and sVat('Arjfs( , ) of ?j“’g(x y) and ?J%S(x n), respec-
tively, for all combinations of parameters 2f0.1,0.5,1,1.5,2,2.5,3,4,5,6,7g and

210.5,1,1.5,2,2.5,3g. The minimum and maximum values of sVar(1A'j“,g( , )) and
SVaI(:l'jI"3( , ) are presented in Table 4.2. Numbers in this table demonstrate signif-
icant bene ts of the maximum likelihood estimator over the method of moments for
distributions of | and Il types. For axial data, one can also prefer:l'jfk. Additionally,
one can observe from Table 4.2 and tables with errors of estimates’t,"M ~L ~M
that the statistics Tij and 'Al'j'jk are much more accurate than estimators of param-
eters and they have small variances even for small , in contrast to ~,”, whose
deviations are large.

Section 4.6 chooses the two-sided test with rejection criteriaj?j'jkj > X . This
choice is con rmed by histograms 'AI'jES with = 1.5and = 2, see Figure 4.2.

It is seen that the statistics 'Al'jfg have approximately symmetric distribution with
mode at 0. Therefore, the rejection regionisputas(1l , x )[ [x ,+1 ), where
critical values x are obtained as a sample quantiIeQDHo(j'Al'iBj > X ) ,j=1,2,3.
The corresponding values ofx ; with signi cance level

2L 2L
Table 4.3 for le3, in Table 4.4 for T2’3,

= 0.05 are presented in
and in Table 4.5 for Tj,.
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Table 4.2: Sample variances sVe(r'Arj,3( , )

The method of moments

Maximum likelihood method

Distribution GVMF, 5 GVMF, 5 GVMF; 5

GWMF,, GWMF,;  GVMF,,

0.000563 0.000538 0.000573
0.001014 0.001558 0.000734

min  (sVar)
max  (sVar)

0.000558 0.000535 0.000544
0.000665 0.000688 0.000667

(@) GVMF, 5 (b) GVMF, 5

Figure 4.2: Histograms of T4 (X n), X n

GvMFjB( , ) with

(c) GVMF;3

=15and =2.

Table 4.3: Critical values x ; for test statistic Tl'-s and = 0.05withrespectto (rows)and (columns), multiplied

by 10°.

0.1 0.5 1 15 2 2.5

3 4 5 6 7

0.5 4.884
1 4727
15 4.935
2 4916
25 40916
3 4.687

4.626 5.128
4.792 4.879
4914 4.657
4.873 4.839
4921 5.276
4.821 4.783

5.281 5.069
4.736 4.757
4.731 4.745
4,982 4.801
4932 4.854
4.626 4.926

4.960
4.843
4.879
4.987
4.852
4,704

4726 4.999 5.132 5.360 5.301
4920 5.217 4.951 5.278 5.091
4849 4.995 5.152 4.990 5.009
4752 4.934 4.829 5.076 5.010
4711 4700 4.860 4.983 5.373
4656 4.690 4.631 4.706 4.844

Table 4.4: Critical values x , for test statistic ?2'-3 and = 0.05withrespectto (rows)and

by 102.

(columns), multiplied

0.1 0.5 1 15 2 2.5

3 4 5 6 7

0.5 4.921
1 4718
15 4.698
2 4920
2.5 5.066
3 4.713

4.795 4.750
4.688 4.858
4916 4.943
4.989 4.852
4.753 5.034
4417 4.731

4962 4.711
4937 4.996
4.714 4.824
4.611 4.890
4.805 4.768
4,907 5.001

5.015
4.829
4.988
4.869
4.930
5.007

4742 5182 5.430 5.374 5.388
4.870 5.065 5.234 5.287 5.449
4964 4.613 4975 5.267 5.263
5.147 5.037 4.941 5.423 5.217
4973 5.346 5.283 5.138 5.074
4870 5.023 5.015 5.083 5.116
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Table 4.5: Critical values x  for test statistic TSLS and = 0.05withrespectto (rows)and (columns), multiplied

by 102.

0.1 0.5 1 15 2 2.5 3 4 5 6 7
0.5 4932 5.095 4.843 4.863 5.040 4.995 5.000 5.477 5.810 5.219 5.527
1 4956 4.793 4.636 4.912 4896 4.873 4959 5251 5.196 5.565 5.917
15 4.620 4873 4.781 4.892 4.839 5.006 4.806 4.824 5.016 5.239 5.370
2 4727 5.049 4.804 4567 4.811 4.651 4.842 4999 4836 5.162 5.191
25 4925 4799 4938 4.831 4.735 4.834 5.024 4.739 4917 4.899 4.703
3 4960 4.901 4.904 4.649 5.037 4.843 4.898 4.852 4.828 4.895 4.974

The study of the goodness-of- t test's power is also provided for the samples from
Fisher-Bingham distribution. We put ; =(1,0,0)"T and ,=(0, P 2=2, P 2=2)" and
consider the following series of hypotheses.

For Type I:

« Hi: Xy GVvMF3,

* Hi; : X has the Fisher-Bingham distribution with density / exp(3 [x +
0.35j( ;x)%),x2 < j=1,...,20.

For axial type:
« H2: Xy GvMFg3,

. Hf’j : X\ has the Fisher-Bingham distribution with density /  exp(0.05j( 1 X)+
6( 1x)?),x2 <% j=1,...,20.

For eachj = 1,...,20, 500 sampleszfN are simulated under H%’j and XfN under
Hfj with sample sizeN = 1000. The simulation procedure from the R package is used
“Directional” in [118]. In order to simplify replacements, Hé and Hg are rejected if
JTEa(X J.lyN)j > x® and JTya(X jZ’N)j > x@ respectively, where critical values x\? =
0.05373 and x® = 0.05917 are taken as maximum of x from Tables 4.3 and 4.5
for signi cance level = 0.05.

The ratios of rejections Hj and H3 are presented in Figure 4.3.
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(a) Type I, 0.35j on the x axis. (b) Axial type, 0.05 j on the x axis.

Figure 4.3: Powers of goodness-of- t testchl, VS H11’j (left) and Hg VS Hfj (right),
j=1,...,20.

(@) (b)

Figure 4.4: Testing on a glass bre reinforced composite material.(a) 3D image of a glass bre reinforced (b)
Maximum likelihood estimates of composite material. 970 1469 1217 and for each subsampleX ; voxels,
spacing: 4 m.

4.8 Application to a real data set

This section applies the introduced goodness-of- t test to the data set consists of ber
directions in a glass bre reinforced composite material. The 3D-images of a bre
composite obtained by micro computed tomography and are provided by the Institute
for Composite Materials (IVW) in Kaiserslautern, Germany, see Figure 4.4a (left).
The detailed description of the material can be found in [126] and it was the object
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of studies in[34] and [ 33], where the regions of anomaly behaviour of the bres were
found. The data set is provided by Prof. Claudia Redenbach (TU Kaiserslautern) and
consists of local direction of bres estimated by the tools of MAVI software [42].
Each data set entryY,,k = ([ 1,97] [1,80] [1,64]) \ N3 is the average of bre
local directions in small observation windows W with 75 75 75 voxels each. Note
that some of such windows can be empty or they might contain not enough material
for direction computation. Jy, is denoted the collection of indexesk such that Y is
non-empty. In the cosidered data setjJyj = 430741 and its precise construction is
given in [34].

The estimating procedure of directions in MAVI software produces vectors on a
unit sphere which are not necessarily symmetrically distributed. However, the bres
are not oriented, therefore an axial distribution of their directions is expected. The
symmetrization of original sample is proposed by X \ = X, = Y¢ .k 2 Jy0, where

kK 2 Jy are ii.d random variables with P( ( =+1) = P( , = 1) = % The
whole material into blocks W, are separated, each of size 16 15 16, such that
J = Jdw\ [, 11 +16) [l 1, +15) [l 1, + 16), 1 =(lq,l,,13) and consider sub-
samplesX, = f X,k 2 Jjgwith simple sizes 2736 jX |j 3745. For each subsample
X, the introduced goodness-of- t test is provided for distributions GvMFg 3, i.e., the
following is tested

. H0'| . X| GVM%B
. Hl,l . X| 6 GVMF3’3.

At rst, the maximum likelihood estimation of parameters  and (for the variety
of their values " and ", see Figure 4.4b) is provided. Second, we need to simulate
the samples of statisticsT&k(X,) under hypothesis X, GvMF;3(", 7|, ) based on
samples sizegX ,j. Unfortunately, our computational resources was limited and we
have to group simulations with close values of "| and . One can observe that the
majority of ~, belongs to the interval [3,11] and the ratios —'l are mostly in [3,7].
Therefore, we simulate 800 samplesYy  GvMF;3( , , ) each of sizeN = 3500
for all combinations of 21f4,6,8,10gand - 2 f 4,69 to obtain the corresponding
empirical distributions of T53(Y ).

Then, the statistics values of'AI'3,3(X 1) are computed for eachl and their p-values.
It is obtained that the goodness-of- t test rejects almost all hypothesesH,, with sig-
ni cance level 0.05, and detects 3 regions with directional distributions GVMF; ; (see
Table 4.6 for the samplesX, with p values greater than 0.01). In order to illustrate
how tight the tted distributions are, two blocks W, are presented with| = (49,61, 1)
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and | = (49,61,1), the QQ-plots for samplesf” |Tng and distribution f3 de ned in
(4.52) with parameters (7}, 7, ), see Figure 4.5.

Table 4.6: Results of goodness-of- ttestsHy | vs. Hy | for ber directions in glass bre reinforced composite material.

Iy I l3 Xy Hys  T3s(X))  p value
49 46 1 3434 8.80 53.90 0.4369 0.02344 0.0775
49 61 1 3222 8.53 47.62 0.7132 0.01976 0.1234
49 16 17 3474 8.84 53.63 0.4690 0.02987 0.0263
49 61 17 3364 10.22 60.91 0.4628 0.02946 0.0263
1 46 65 3319 7.25 36.45 1.0455 0.02057 0.1275

For each type of distributions GVMR 3, GYMF, 3, GVMF; 3 1000 samples are sim-
ulated with N = 1000 entries each for several values of 2 f0.5,1,1.5,2,2.5,3g
and 2f0.5,1,1.5,2,25,3,4,5,6,g. For each sample, the maximum likelihood esti-
mates” |, ,” L and moment estimates” ,, "y, " v are computed. The sample mean
square errors of " | and "\, is presented in Tables C.1 (type I), C.3 (type Il), and C.5
(axial type). The mean square errors of " | and ", can be found in Tables C.2 (Type
), C.4 (Type ), and C.6 (axial data). We group error values of “ |, "y and " |, "y
in order to decide which method is more appropriate for parameter estimation. If
computing power is a factor, the method of moments is appropriate for Types | and
II. This method has no advantages for axial data because it requires the usage of an
orientation tensor.

() 1=(49,61,1), ", = 853, ", = 47.62 (b) 1=(1,46,65), ", = 7.25, ", = 36.45

Figure 4.5: QQ plots for samples™ ITX| and distributions with density f; (4.52).
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— Chapter 5—

Conclusions

The main results from each chapter of the thesis will be presented here. This chapter
also discusses some possible future works.

5.1 Research summary

Chapter 1 contains the review of the Shannon and Rényi entropies and the statistical
methods of their estimation. Itincludes the properties of Shannon and Rényi entropy
for discrete and continuous distributions.

The maximum Shannon entropy principle and the k-th nearest neighbour dis-
tances method of Shannon entropy are used in Chapter 2 to offer a non-parametric
goodness-of-t test for a class of multivariate generalized Gaussian distributions.
Some basic explanations and notations which are associated with the multivariate
generalized Gaussian distribution are de ned in terms of entropy-based test. For
an arbitrary xed k 1, the proof of L? consistency is presented for thek-th near-
est neighbour distance estimator of the Shannon entropy. Based on the maximum
entropy principle, a non-parametric goodness-of- t test is constructed for a class of
implemented generalized multivariate Gaussian distributions. In addition to, N ran-
dom points from the generalized Gaussian distribution are generated to gure out the
function of empirical probability, cumulative and log-density of generalized Gaussian
distribution for different values of s parameter. The simulation procedure from the
Python package is used. The asymptotic behaviour of test statistic is provided for dif-
ferent values of m-dimension, s-parameter and the k-th nearest neighbour distances
as N tends to in nity. For a xed (N, k) and (m,s), we generate a sample of sizeN
from the generalized Gaussian distribution is generated and the empirical value of
the test statistic is recorded, by repeating thisM = 250 times. This yields a sample
realisation from the distribution of test statistic, from which we estimate its mean
and variance. Moreover, under the null hypothesis, data from the generalized Gaus-
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sian distribution are generated and the behaviour of the test statistic is examined
where the value is approaching to zero. Under the alternative hypothesis, data from
the multivariate Student-t distribution are generated and the behaviour of the test
statistic is investigated where the value is approaching a constant. It is also de ned
that how p-values behave as the sample size increases. The simulation part suggests
that the null hypothesis cannot be rejected for samples of sizeN = 200 or more. To
each of these 200 samples from the distribution of the test statistic, then we apply
the Shapiro-Wilk test is applied for normality [111] and the p-value returned by the
test is recorded. One can visually observe that the distributions of the generalized
Gaussian and multivariate Student-t distribution are hardly distinguishable. There-
fore, the goodness-of-t test for detecting the generalized Gaussian distribution is
applied.

Chapter 3 introduces a class of the Rényi entropy based on an independent iden-
tically distributed sample that is drawn from an unknown distribution f in R™. Then,
a non-parametric test of goodness-of- t is presented for a classes of multivariate Stu-
dent and Pearson type Il (or Barenblatt) distributions based on the maximum Rényi
entropy principle and consistency of the k-th nearest neighbour distance estimator
for arbitrary xed k 1. The k-th nearest neighbours estimator of Rényi entropy
is also used to prove L?- accuracy. The asymptotic behaviour of the test statistics
on data obtained from the multivariate Student and Pearson type Il distributions are
proposed in Chapter 3. The tests are supported by Monte-Carlo simulation.

In Chapter 4, the new classes of unimodal rotational invariant directional dis-
tributions that generalize the von Mises-Fisher distributions are introduced. This
chapter proposes three different types of distributions, one of which is for axial data.
Formulas and a brief computational analysis of parameter estimators are provided
using the method of moments and the method of maximum likelihood for each new
type, moreover some basic facts regarding the von Mises-Fisher distribution are de-
scribed. The aim of Chapter 4 is to establish a goodness-of- t test to decide if sample
entries follow one of the introduced the generalized von Mises-Fisher distributions
based on the concept of the maximum entropy. On simulated samples, we analyse the
behaviour of the test statistics is analysed, critical values are found, and the power
of the test is computed. In a glass bre reinforced composite material, we use the
goodness-of- t test to identify samples that follow the axial generalized von Mises-
Fisher distribution. Moreover, Chapter 4 is dedicated to the Shannon entropy of gen-
eralized von Mises-Fisher distributions and the maximum entropy principle. Then,
the statistical estimation of entropy is discussed and thel? convergence of thek-th



5.2. Future research directions 81

nearest neighbor estimator is proven for random variables on compact manifolds.

5.2 Future research directions

For further investigation and relevant research directions, there are some interesting
guestions which can be considered for future research study. It would be bene cial
to use the k-th nearest neighbour method for the estimator Tsallis entropy and use
the test goodness-of- t for other exponentially family. Some of them are written in
below.

Problem 1. To investigate the nearest neighbour estimates for the Tsallis entropy
in [119]

1 1
HT=HT(X)= H(f)= — 1 Ef9%(X) = — 1 f9(x)d
(X) q()ql (X) g 1 . (x) dx

and variance of entropy for a random vector X with pdf f is de ned as
varf logf(X)g= E[log f(X)]?2 H(X)?
where the Shannon entropy
H(X)= Ef logf(X)g.

Problem 2. To investigate entropy based tests for generalized Gaussian, Student
and Pearson type Il distribution using a weighted average ofk-th nearest neighbour
estimates or ef cient k-th nearest neighbour estimates proposed by Berrett, Sam-
worth and Yuan [13].

Problem 3. To construct the goodness-of- t test for other classes of multivariate
distributions such as multivariate Gamma, Exponential and normal inverse Gaussian.

Problem 4. To investigate the nearest neighbour estimates of (non-symmetric)
statistical distances between two distributions with densities f and g, such asKullback-
Leibler divergence

_ f(x)
K(f,g)= . f (x) log ﬁ dx,
Bregman divergence

Z . ~

(1.9 g‘*(x)+ql 100 1006 100 dx, qs L

1
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based on two samples.
Problem 5. To generalize the nearest neighbour method for dependent observa-
tions.
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— Appendix A —

Lower bound on Shannon entropy

Below, some essentials about lower bounds of Shannon entropy are presented. Firstly,
it is shown that there exist densities such that 1 = H(f) < 1 . An example of
Gnedenko and Kolmogorov is modi ed [47, p.223]. For other examples, sed 8].

Example 1. Let m= 1 and consider the density
h ol 1
f(x)= ongZ; lioa(X),  X2R. (A.1)

If X is random variable with density (A.1), then for s= 1

Z1h i
e 1
EX = EjXj= Iog2 " dx=1 E(1)' 0.40365..., (A.2)
0
where Z,

E(2)=2° ' (1 pz=2z°1

z

zt

ep dt1 p> o, Z O,

is the generalized exponential integral. Thus by Theorem 2.3.1 withaml and = 1,
H(f) log[2eEjX]]"' 0.8073.

From the other hand,

Z1h el 1 h ol 1
H(f)= xlog?= log xlog?—= dx= 1
0 X X

Example 2. For m 2, the similar properties has the density

1
e
f(x)= c(m) kkalogzﬁ 1g0)(X), Xx2R™,

where ¢(m) = (%):(2 M=2). Namely, f has nite moments but Hf)= 1



86 Appendix A. Lower bound on Shannon entropy

If arandom vector X in R™ has a bounded densityf with kfk; = sup,,gm f(X) <
1 , then there is a lower bound for its entropy [17]

%H(f) logkfk, ™. (A.3)
If, in addition, f is log-concave (that is, logf is concave), then
_ 1 _
logkfk, ™ EH(f) 1+ logkfk, ™.

Moreover, provided the existence of pth moment kXk, = fEKXkPg"P < 1 ,p 1,
one has for a log-concave densityf, see[88],

2kX  E[X]kp
H(f) log ——— . (A.49)
[ @+p]
If m= 1, then for symmetric log-concave random variable
2kXk,,
H(f) log——— =, p> L (A.5)
[ (p+ D]

If a symmetric log-concave random vector onR™ has nite second moment, then

m. (det )™
H(f) E|09W, (A.6)

where ,=E (X EX)(X EX)T denotes the the covariance matrix ofX and

. ém?
ca(m) = m (A7)

Constant cz(m) can be improved in the case of unconditional random vectors.
A function f : R™! R™is called unconditional if for every (x4,...,%X,) 2 R™ and
("1,..-,"m)2f 1,1d™, one has

FC Xy " mXm) = F(Xq, e X))

For example, the density of standard isotropic Gaussian vector is unconditional. Thus,
if X is unconditional, symmetric, and log-concave, then

Ca(m) = =2 (A.8)

The constant (A.8) is better than tlge constant (A.7) for m 5.
The Shannon entropy, H = k Pk 10g pk, can be easily be in nite, see [7].
Perhaps the simplest example is to consider the sum
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X 1
AY=
K=l K(logK)?

which converge sfor s> 0, diverges fors 0 and [ €] is the integer part of e.
The corresponding probabilities are

- ! [e]
PR A9K(log K) =<' '
Then, the Shannon entropy
_ X 1 1+sX log (log K)
100 =10909% 5 Kiogky © a9 , Klog k)=
X _
= logQ(s) + 1 dQ(s)—ds.

Q(s) , K(logK)s Q(s)

The rst and third terms converge for s> 0, but the second term converges only for
s> 1. As a result, this probability distribution has in nite Shannon entropy over the
entire range s2 (0,1].

Apart from the entire range s 2 (0,1] above, there are many examples along
similar line. For example, one could consider the sums,

X 1
Qw9 = —
K=l ] Klog K(loglog K)1*s
or
A 1

Q(9)= K[ ] K log K(loglog K)(logloglog K)1+s’

Alternative conditions for consistency of nearest neighbour
estimates of Shannon entropy

An alternative sets of conditions for consistency of the nearest neighbour estimates
of Shannon entropy are presented after Bulinski and Dimitrov [18, 19]. These con-
ditions are also proved for generalized Gaussian distribution.

Fork 1,let f(x), x 2 R™, be a density which satis es the following conditions:

Condition A.0.1. For some'> 0 and R> 0O,
Z

[ sup I¢(x,r)] f(x)dx< 1 (A.9)
Rm r2[0,R]
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Z
[rzi[r})fR]If(x,r)] f(x)dx< 1, (A.10)
Rm :
where
R f(y)d
y)dy m=2
lp(x,r)= X2 Vg ———.
[rMVil %+1

Condition A.0.2. Forsome p> 1

Z Z

jlogkx ykjPf(x)f(y)dxdy< 1 . (A.11)
RM RmM

From [18, 19], one can obtain the following results.

Theorem A.0.3. Assume that Condition 4.1 hold.

1. If Condition A0.2 holds for some p> 1, thenforany xedk2f1,...,N 1g

ERyy! H, as NI1 (A.12)

2. If Condition A0.2 holds for some p> 2, then forany xed k2f1,...,N 1g

E @y H1 0 as NI1 . (A.13)

R "
Remark A.0.1. Condition (A1), zn[SUP2[or £ (X, 1)] f(X)dx < 1 ,in Theorem
A.0.3 can be replaced by the following condition: for some MO0

f(x) M<1, x2R™ (A.14)

R .
while the condition (Ay), onlinfiopor 11(X,1)] f(x)dx < 1 ,in Theorem A0.3
can be replaced by the following condition: for a xed R 0, there exists a constant
c> 0, such that

inf_1¢(X, f(x), 2R™, A.15
1) et x (A15)

and for some" > 0

f1'(x)dx<1 . (A.16)
Rm
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Remark A.0.2. Condition A.0.1 was introduced in[71] and [49], while condition
(A.15) is considered irf 30] for k = 1 (together with other conditions), see also ifi39]
and [38].

Remark A.0.3. For k= 1, it was proven by Bulinski and Dimitrov[ 18] that (A.12),
(A.13) hold for multidimensional Gaussian distribution while[30] show that (A.12)
and (A.13) hold for GGm, s) and Student distributions.

Proposition A.0.1. The density function {x) = fyexpf kXTkSg, x 2 R™ of G@m,s)
distribution belongs to the clas& fork 1,s>0,m 1.

Proof. It is easy to see that (A.14) for p> 2 (and hence (A.9)) and A.0.2 hold for
GQ(m, s) distribution. To prove (A.10) we note that for x,y 2 R™

kyk? = kxk®+ ky ~xk®+ 2hx,y  Xi.
Using an elementary inequality:
(a+ b) a+b, ab 0, 2[0,1],

for0< s 2itfollows that:
kykS= kyk? 2 kxk2+ky xk2+2jhx,y xij =
k xkS+Kky xk®+ 2%Zjhx,y  xij 2.
Therefore, 5 .
f(y)= coexpf %kxksg Co €Xp 1 xks+ ky xk$+252jhx,y  xijS?

a

1 1
f (x) exp ;ky xk? gzgzjhx,y xij 2
(A.17)
Let us x an arbitrary x 2 R™, R> 0, and for any r 2 (0,R) by (A.17) we obtain
Z z 8§ 1 a § 1 a
f(y)dy f(x) exp —ky xk® exp =25hx,y xij$? dx
kx yk r kx yk r S S
Z 8§ 1 a § 1 a
f(x) exp —kzk® exp =2%hx,zijs? dz
kzk r S S
(A.18)
Simple inequality: €' 1+ u,u2 R, leads to the formula
Z Z . <
Sihy i & 1
e s2Ixdi Ty, 1 =2%hx,zijS2 dz
kzk r kzk r ;
1
=V,rm =28 jhx, zij S2dz.

kzk r
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Using Cauchy-Schwartz inequality,

jhx,zij 2 k xkkzk,

it follows that

Z 8§ 1 a 1 Z
exp =2%hx,zij$2% dz V,r™ =25kxk® kzk®dz
kzk r S S kxk r
1 Z
= V,rm  =2%xk® kzk®dz
S kzk r
) , m2 e (A.19)
= V™ =2%kxk®— S
S (7) m+ 5
2s m=2 s
= erm ﬁkxksrwi.
S (5) m+ 35
From (A.18) and (A.19) we get
VA § 1 a
f(y)dy f(x)exp =r5 r™,(1 crS2kxks) , (A.20)
kx yk r S
where
2> m 2> m
®= %55 m+3  s(2m+y
and
_Z ™
1
m¢(x,R) = inf f(y)d f(x)e s® 1 Rckxk™2 = F(x).
(R= Oy 100 ()

Note that there exists" 2 (0, 1) such that fora xed R> 0

z 1 z 1
——f(x)dx= f1 (%) -dx
=] F(X) RM 7 1 R2c kxks2
= e ¥ exp kx(1 ")k dx <1,
RM 1 RZC kxks=2

and (A.10) holdsforO <s 2. Fors 2, we use an elementary inequality

(x+y) 2 Yx +y), 1, x,y O.
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We have

kykS=(kyk?)S2 23 1 kxkS+ ky xk2+2jhx,y  Xij
" €

s=2

S S S S_
2% kxkS+ 27 ky xkS+23jhx,y  xij 2

= 2% kxkS+ 25 2ky  xkS+ 2T jhx,y  xij 7.

Therefore,

§ @ 8 ° 8 :
1 s 1 1 s s
f(y) coexp gkxkszTZ exp gzs 2ky  xk® exp g2374jhx,y xij “z*

and
z 5 = 5,
f(y)dy coexp —kxk2T exp =25 2rS 1My, 1 c kxk® ‘R,

kx yk r S S
where

m_2e6 1

c=—27 ———

s (m+3s 4)

Thus,

1 55552 s
m (xR e %27 e 3ZR) 1 ckxk® 4R = Fy(x).

Note that there exists" 2 (0, 1) such that fora xed R> 0

Z
FOAX | e i) 27k dx

= <
rn F1(X)" Rm (1 Rc kxk3s 4)

and (A.10) holds for s 2.
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— Appendix B —

Numerical result for Rényi entropy

This section contains some numerical experiments for Rényi entropy and shows em-
pirical distribution of multivariate Student, Pearson type Il distribution for different
values of degrees of freedom doff and m dimensions.

Figure B.1: Empirical distribution of ST(m, ) for m = 1 and different values of dof.

Figure B.2: Heatmaps for multivariate Pearson type Il distribution as q increase the plots becomes uniform distribu-
tion, m= 2.
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(@)gq=1.2 (b) g=1.3

(c)g=1.4 (d)g=1.9

Figure B.4: Visulation of multivariate Pearson Type Il distribution for m = 3 and different values of q.

Figure B.3: Scatter plots for bivariate Student and Pearson type Il distributions.
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— Appendix C—

Numerical experiments for von
Mises-Fisher distributions

In the Appendix C, tables of mean square errors of estimates of and and plots
with relations of the generalized von Mises-Fisher distributions are presented. The
procedure of simulation obtaining several samples of generalized von Mises-Fisher
distributions with 1000 entries on 2- dimensional sphere is also shown.

Table C.1: Mean square error of estimator of "), (top raw) and
different values of  (rows) and (columns) with aspect of Type |

L (bottom raw) for GVMF , 5 distribution, for

0.5 1 15 2 2.5 3 4 5 6

05 0.01131 0.00309 0.00229 0.00334 0.00720 0.00234 0.00067 0.00044 0.00046
) 0.01103 0.00294 0.00209 0.00290 0.00600 0.01028 0.01568 0.02000 0.02222
1 0.27260 0.03760 0.01778 0.01126 0.00766 0.00633 0.00686 0.00950 0.02210

0.21929 0.03207 0.01518 0.00838 0.00569 0.00480 0.00508 0.00644 0.00850

15 578421 020300 007216 003613 002355 001725 001081 000904  0.00793
5 B34069 29035 089834 04433 027728 016970 008593 005445  O0A0IT
10.16847 130990 0.30051 0.13914 0.08601 005726 003554 0.02187  0.01650

2.5 1544292 446642 121787 042840 023206 016395 0.08478 0.05083  0.03633
3 101863 874483 631636 633024 34BA6L 284763  13I5620 062283  OS027A
187120 833385  3.35711 124416  0.60680  0.36062  0.20265 _ 0.11569 _ 0.08699
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Table C.2: Mean square error of estimator of~ ), (top raw) and
different values of  (rows) and (columns) with regard to Type |

L (bottom raw) for GVMF 4 5 distribution, for

0.5 1 15 2 2.5 3 4 5 6

05 0.01899 0.01699 0.01898 0.02602 0.03563 0.03419 0.03749 0.04394  0.06683
' 0.01717 0.01598 0.01727 0.02396 0.03306 0.04987 0.07889 0.10651 0.13889
1 0.22319 0.07076 0.06534 0.06965 0.06449 0.06737 0.08770 0.11201 0.19431

0.11194 0.05895 0.05552 0.05215 0.05029 0.05277 0.06947 0.08617 0.10606

15 1.19008 0.19097 0.14496 0.12205 0.11508 0.11355 0.10874 0.12384  0.12786

2 3.68444  4.15468 1.72159 1.18887 1.05376 0.82951 0.63399 0.54231 0.49912
3.19240 0.92650 0.39620 0.29374 0.27322 0.24016 0.24388 0.20779 0.19860

25 217772 6.54718 7.27056 5.81158 4.41608 2.47149 2.26686 1.43704 1.34411

' 4.02490 2.52365 1.19600 0.61967 0.50278 0.50154 0.41390 0.35365 0.35024

3 429130 363187 247833 140486 099006 080562 074920 062553  0.61910

Let us illustrate the generalized von Mises-Fisher distribution on 2-dimensional sphere
by several samples with 1000 entries. For all samples, mean direction = (0, 2=2, 2=2)
is xed. For different values of and , locations of samples entries on a unit sphere
are presented for Type |, see Figure C.2 (with value = 0.5) and Figure C.4 (with

= 1.5); for Type 2, Figures C.6 and C.8 with = 0.5and = 1.5, respectively,
and the samples of axial data are presented in Figure C.10 (with = 0.5) and C.12
(with = 1.5). The corresponding histograms and probability densities of random
variables TX;,i = 1,2,3 can be found in Figures C.1 (with value = 0.5) and C.3
(with value = 1.5) for Type |, in Figures C.5 (with value = 0.5) and C.7 (with
value = 1.5) for Type Il, and in Figures C.9 (with value = 0.5) and C.11 (with
value = 1.5) for axial data.

Table C.3: Mean square error of estimator of ", (top raw) and
different values of  (rows) and (columns) with aspect of Type Il

L (bottom raw) for GVMF , 5 distribution, for

0.1 0.5 1 15 2 2.5 3 4 5 6

0.5 0.04439 0.00892 0.00384 0.00240 0.00200 0.00176 0.00174 0.00208 0.00112
' 0.03719 0.00571 0.00244 0.00131 0.00111 0.00082 0.00069 0.00073 0.00072
1 0.11476 0.02662 0.01238 0.00779 0.00620 0.00508 0.00415 0.00424  0.00384

0.15498 0.02641 0.01200 0.00721 0.00555 0.00469 0.00369 0.00357 0.00341

15 0.30670 0.05952 0.02937 0.01765 0.01473 0.01303 0.01006 0.01004  0.00962

2 0.30415 0.09795 0.05169 0.03786 0.02962 0.02579 0.02137 0.02306 0.02314
0.40585 0.09406 0.05020 0.03618 0.02640 0.02466 0.01993 0.02191 0.02198

25 0.56165 0.12324  0.08668 0.06643 0.05643 0.05414  0.05298 0.04757 0.05055

' 0.51124 0.12344  0.06832 0.05349 0.04539 0.04304  0.04235 0.03748 0.04087

3 052430 016199 009598 008051 007280 007200 006493 007062  0.06307
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The mean square errors of” | and ", can be found in Tables C.4 (Type Il), and
C.6 (axial data). We group error values of * |, "y and " |, "\ in order to decide
which method is more appropriate for parameter estimation. The method of mo-
ments is preferable fot Types | and I, if the computing power plays a decisive role.
For axial data, this method has no such advantage because it needs to operate with
an orientation tensor.

Table C.4: Mean square error of estimator of ", (top raw) and
different values of  (rows) and  (columns) with aspect of Type Il

L (bottom raw) for GVMF , 5 distribution, for

0.5 1 15 2 25 3 4 5 6

05 0.00593 0.00/88 0.01080 0.01/51 0.03210 0.05088 0.14597 0.39689 0.26720
0.00585 0.00619 0.00815 0.01132 0.02080 0.02932 0.06803 0.16595 0.29599

1 .004 .00611 .0091 .015i .02487 .03871 .085i .1887 .31815

0.00504 0.00602 0.00885 0.01432 0.02260 0.03695 0.07654 0.16276 0.28533

15 0.00433 0.00497 0.00715 0.01170 0.02050 0.03221 0.07713 0.17453 0.29832
2 0.00507 0.00512 0.00658 0.01078 0.01733 0.02968 0.07776 0.17039 0.33426

0.00594 0.00515 0.00663 0.01090 0.01729 0.02992 0.07590 0.16294 0.32125

25 0.00725 0.00705 0.00885 0.01145 0.01878 0.03171 0.08975 0.19040 0.36456
) 0.00797 0.00761 0.00847 0.01155 0.01850 0.03021 0.07865 0.16314 0.29699

3 001004 001033 001179 001420 002058 003070 007711 017748  0.30782

It can be seen that the critical values ofx ;,j = 1,2,3, are obtained as a sample
guantiles for test statistic ?j'-3 with respect to signi cance level = 0.025 are pre-
sented clearly in Table C.7 for T, in Table C.8 for T}, and in Table C.9 for Tj,.

Table C.5: Mean square error of estimator of "y, (top raw) and
different values of  (rows) and  (columns) with aspect of Type Il

L (bottom raw) for GVMF j 5 distribution, for

0.5 1 15 2 25 3 4 5 6

05 0.18987 0.05705 0.02550 0.01188 0.00814 0.00512 0.00236 0.00128 0.00045
0.16463 0.04162 0.02490 0.01907 0.01631 0.01637 0.02073 0.02427 0.02521

1 1.99071 0.21501 0.08130 0.04956 0.03309 0.02432 0.02189 0.01923 0.02272
15 1.41746 0.69305 0.28007 0.16580 0.09577 0.07204 0.04872 0.03733 0.03224
) 7.55889 1.11221 0.28031 0.14598 0.08200 0.06144 0.04110 0.03296 0.02763
2 2.16193 1.34087 0.66370 0.37039 0.20955 0.15980 0.09065 0.05605 0.04741
11.8352 4.29336 1.22665 0.40504 0.20974 0.16143 0.08807 0.05484 0.04622

25 3.14653 2.42570 1.51950 0.79157 0.47397 0.33253 0.17312 0.11837 0.08002
) 17.0535 7.75701 3.11424 1.16675 0.52106 0.34421 0.18537 0.12071 0.08197
3 17.9716 10.7576 5.75811 2.78415 1.28941 0.74024 0.35797 0.22610 0.15511
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Table C.6: Mean square error of estimator of ™, (top raw) and "~ (bottom raw) for GVMF 3 5 distribution, for
different values of  (rows) and  (columns) with aspect of Type Il

0.5 1 15 2 2.5 3 4 5 6

05 0.06602  0.05435  0.05186  0.04202 0.04582 0.04249 0.05097 0.05318  0.06447
0.06010  0.04156  0.04885  0.05101  0.05939  0.06571  0.10154  0.12560  0.15621
1 14994 12997 1357 1421 1467 T 14 1414 1427
0.64104  0.14258  0.10734 0.10834  0.10368 0.09266  0.11498  0.12950  0.17055

15 1.96361 0.54431 0.25810 0.22148 0.18410 0.17962 0.18814 0.21156 0.21623

2 3450 170401 086157 045843 035382 035891 030941 030274  0.31870
o5 OIS577 037 55335 05551 514 51 7 2977 Z
315115 250508 176622 099471 065380 058423 05332 050859 043904

3 3. 34039 3 09945 2 79798 l 99287 1 32447 1 07203 0 79730 O 75204 0 69418

Table C.7: Critical values x ; for test statistic 'T'lL3 and 0.025 with respect to  (rows) and  (columns),

multiplied by 10 2.

0.1 0.5 1 1.5 2 2.5 3 4 5 6 7
0.5 6.251 6.212 6.364 6.716 6.803 6.477 6.484 6.909 7.037 6.917 7.116
1 5957 6.08 6.301 5905 6.8 6.32 6.046 6.837 6.872 7.375 7.101
15 5.682 6.147 5826 6.09 6.17 6.107 6.095 5.883 6.714 6.675 6.811
2 6305 6.22 6.149 6.289 6.17 6.097 5794 6.62 6.476 6.729 6.556
25 6.207 6.123 6.098 6.132 6.354 5.847 6.471 6.55 6.142 6.391 6.258
3 6.33 6.127 5.962 6.026 6.055 6.002 6.115 5.672 6.326 6.077 5.802
Table C.8: Critical values x , for test statistic ?2'73 and = 0.025 with respect to  (rows) and  (columns),
multiplied by 10 2.
0.1 0.5 1 15 2 25 3 4 5 6 7
0.5 5.634 5792 6.048 6.222 6.357 6.899 6.86 7.125 6.695 6.935 7.17
1 5226 6.544 6.30 6.111 651 6.667 6.771 6.731 6.582 7.029 6.551
15 5556 6.086 546 6.566 6.446 6.135 6.374 6.571 6.949 6.767 6.542
2 6.183 5945 6.438 5902 6.267 7.026 6.736 6.558 6.605 6.425 6.618
25 6.421 593 5949 6.476 6.872 7.033 6.112 6.696 6.513 6.285 6.824
3 6.004 6597 5854 6.876 6.167 6.407 6.90 6.493 6.363 6.71 6.627
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Table C.9: Critical values x 3 for test statistic ?3'-’3 and = 0.025 with respect to  (rows) and  (columns),
multiplied by 10 2.

0.1 0.5 1 15 2 2.5 3 4 5 6 7

0.5 5988 6.192 6.573 6.32 7.043 6.726 6.925 7.338 7.384 7.524 8524

1 6.286 6.178 6.052 6.626 5.632 6.731 6.549 7.223 6.533 7.491 8.313

15 5773 5846 5879 6.16 6.845 6.214 6.157 6.437 7.153 6.832 7.11

2 5901 5959 5917 6.057 6.414 ©6.46 6.344 6.732 6.477 6.329 6.478

25 6409 5725 6.305 6.237 6.037 6.068 6.167 6.145 6.115 6.769 6.817

3 6.188 5981 5974 6.158 6.261 5.941 5961 5.762 5.883 6.348 6.652

@ =1 k) =4 © =8

Figure C.1: Density f; from (4.50) for = 0.5 and different values of .

@ =1 b) =4 © =8

Figure C.2: Realisations ofX GvMF; 3( , , ) with = 0.5 and different values of .
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@ =1 (k) =4 © =8

Figure C.3: Density f; from (4.50) for = 1.5 and different values of

(@ =1 (b)y =4 () =8
Figure C.4: Realisations ofX GvMF;3( , , ) with = 1.5 and different values of
(@ =1 (b) =4 () =8

Figure C.5: Density f, from (4.51) for = 0.5 and different values of

@ =1 b) =4 © =8

Figure C.6: Realisations ofX GvMF,3( , , ) with = 0.5 and different values of
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@ =1 (b)) =4 © =8

Figure C.7: Density f, from (4.51) for = 1.5 and different values of

@ =1 (b) =4 © =8
Figure C.8: Realisations ofX GvMF,3( , , ) with = 1.5 and different values of
@ =1 (k) =4 © =8

Figure C.9: Density f5 from (4.52) for = 0.5 and different values of

@ =1 (k) =4 © =8

Figure C.10: Realisations ofX GvMFz3( , , ) with = 0.5 and different values of
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