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A TOY MODEL FOR THE RELATIVISTIC VLASOV-MAXWELL
SYSTEM

JONATHAN BEN-ARTZI, STEPHEN PANKAVICH, AND JUNYONG ZHANG

ABSTRACT. The global-in-time existence of classical solutions to the relativistic Vlasov-
Maxwell (RVM) system in three space dimensions remains elusive after nearly four
decades of mathematical research. In this note, a simplified “toy model” is presented and
studied. This toy model retains one crucial aspect of the RVM system: the phase-space
evolution of the distribution function is governed by a transport equation whose forcing

term satisfies a wave equation with finite speed of propagation.

The authors thank Claude Bardos and Frangois Golse who proposed this problem over
dinner during the workshop “The Cauchy Problem in Kinetic Theory: Recent Progress
in Collisionless Models” which was held at Imperial College London in 2015. That

workshop was held in honor of Bob Glassey, to whose memory this paper is dedicated.

1. INTRODUCTION

Let f(t,z,v) > 0 denote the one particle distribution in phase space of a monocharged
plasma, where z,v € R? denote particle position and momentum, respectively, and ¢t > 0
is the temporal variable. Taking relativistic effects into account, but neglecting collisions
among the particles, f satisfies the relativistic Vlasov-Maxwell system:

hf+0-Vof +(E+9AB)-V,f=0
OE =V ANB—4nj, V- -E=dxp, (RVM)
OB=-VANE, V-B=J0,

where
) = [ Jayde, )= [ oo
R3 R3
are the charge and current density of the plasma, respectively, while
v

VIt [P

is the relativistic velocity. Additionally, F(t,z) and B(t,x) are the self-consistent electric

’(A]:

and magnetic fields generated by the charged particles, and we have chosen units such that

the mass and charge of each particle, as well as the speed of light, are normalized to one.
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The rigorous study of the relativistic Vlasov-Maxwell system largely dates back to the
1980s. A local-in-time existence and uniqueness result due to Wollman [Wol84] was followed
by the conditional result of Glassey and Strauss [GS86], which to this day remains the most
significant step toward a complete existence and uniqueness theory. In [GS86] it is shown that
solutions of (RVM) remain regular so long as one knows a priori that particle momenta are
uniformly bounded in time. In other words, if sup{|v||3z € R? s.t. f(¢,z,v) # 0} < 400,
then the solution can be continued to time ¢t + h for some small h > 0. This condition
has been shown to hold for small [GS87] and nearly neutral [GS88] data, and also in lower
dimensions [GS90,GS97]. Using Fourier methods, Klainerman and Staffilani [KS02] provided
an alternative method to prove the conditional result in [GS86]. Bouchut, Golse and Pallard
[BGPO03] gave yet another proof which relied on the so-called “division lemma”, which we
use as well. More recently, Luk and Strain [L.S14] were able to improve the conditional result
by weakening some of the assumptions.

The problem of global existence in three dimensions remains elusive. It is for this reason
that attempts have been made to solve various toy models, in the hope that those may
provide further insight into the full problem. Prior to our efforts, two related mean-field
systems modeling resonance between a coupled wave equation and a transport equation have
been investigated. In particular, Gérard and Pallard [GP10] considered the one-dimensional

relativistic problem

O f +00.f +E0,f =0,
DE=3x07

where p(t,z) = [ f(t,x,v) dv as in (RVM). Similarly, Nguyen and Pankavich [NP14] con-

sidered a related non-relativistic problem (also in one space and one momentum dimensions)
O f +v0,f + Bo,f =0,
(O + 0z)B = p, }
with each arriving at global existence results under limited assumptions.

The purpose of this note is to prove a global-in-time existence and uniqueness result for
the following toy model of (RVM) kindly proposed to us by C. Bardos and F. Golse:

Of+0-Vuf —0A-Vyuf =0,
} (Toy)

OA=(0y —A)A=4,

with initial data f(0,z,v) = fo(x,v) that is smooth and compactly supported and consistent
data for A satisfying A(0,z) = Ap(z) and 9;A(0,z) = Ai(x). Here, the current density
j(t,z) is given by

J(t,x) = /ﬁf(t,;v,v) dv.

We note that (Toy) also couples a relativistic transport equation to a mean-field model of
particle interaction given be a wave equation. For this system the position and momentum
x,v can be taken in R? for any d > 1, though d = 3 is the primary case of interest. Our

main result, similar to the two previous results, considers the case d = 1.

1.1. Main results. We prove local existence for bounded initial data and global existence

for initial data that is once continuously differentiable and compactly supported.
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Theorem 1.1 (Local existence). Suppose that (fy, Ag, A1) € WL (R?) x WL*°(R) x
L>®(R) with compact support, then there exists T > 0 such that the Cauchy problem (Toy)

has a unique solution
(f, A) € Wh([0,T) x R?) x Wh>([0,T) x R).
If we denote the mazimal lifespan of the solution by T™, then T* < 400 necessarily implies

tim sup (102 £ (1,2, 0) 120, a2) + 100 (8,2,0) 1222, 52) ) = +oo.
o

Theorem 1.2 (Global existence). If (fo, Ao, A1) € CL(R?) x CL(R) x C.(R), then the

Cauchy problem (Toy) has a unique global solution such that

(f,A) € CL([0,00) x R?) x C1([0,00) x R).

The proofs of these theorems are contained within Sections 2 and 3, respectively. Next,
we provide a justification for the structure of (Toy) and discuss the fundamental issues in

obtaining analogous results in three dimensions.

1.2. Justification of the toy model. As determined by classical theory, the electromag-
netic field (E, B) in (RVM) is derived from potentials ¢ and A that are given by

E=-Vo—0,A, B=VAA

In the Lorenz gauge, Maxwell’s equations further reduce to the system of wave equations
for the associated potentials, namely

e = p, UA =

It is therefore evident that the simplified model (Toy) is obtained from (RVM) by neglecting
the potential ¢ and assuming that A is irrotational, i.e. VA A = 0. These are not physically
justifiable assumptions, yet they reduce (RVM) to a simplified system that still retains the
main obstacle preventing us from proving global existence: the interplay between the Vlasov
equation (which is a transport equation describing the evolution of particles in the system)
whose speed of propagation has no a priori bound, and the wave equations governing the
fields which propagate at a constant and finite speed (normalized to ¢ = 1 here).

An important feature of the system (Toy) is that it has a natural energy. While this
conserved quantity is not used in the present note, it is an aspect of this toy model which
makes it a natural ‘sibling’ of (RVM). Indeed, multiplying the transport equation by vy :=
\/W and integrating in phase space, one easily finds that the quantity

1
Etoy 1= // vof(t,z,v) dv dz + 3 / (|0:A]* + |V AJ?) da (Energy)

remains constant in time. In particular, we note that performing this same operation within

the previously studied toy problems does not appear to produce a conserved energy.
It is also illuminating to compare (Toy) with the Vlasov-Poisson system, which is the
classical limit of the (RVM) system as the speed of light tends to infinity [Sch86]:

Of+v-Vaf =Vp-V,f =0,
(VP)
—Ap =p. }

The two systems — (VP) and (Toy) — are very similar, though the former features classical
transport, while the latter is relativistic. The most important distinction arises in the
equation for the potential, which is elliptic in (VP) and hyperbolic in (Toy). Additionally,

we note that the conserved energy is a crucial ingredient within some of the known proofs
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[Pfa92, Sch91] of global-in-time existence for smooth solutions of (VP). Hence, one may

expect (Energy) to be similarly important to the study of (Toy) in three dimensions.

2. LOCAL EXISTENCE AND UNIQUENESS

We first establish the local-in-time existence and uniqueness result using a fixed-point
argument similar to [GP10].

Proof of Theorem 1.1. Since the initial data is assumed to have compact support, we can
fix R > 0 and M > 0 such that fo € C.((—R, R) x (=M, M)).

Definition 2.1 (The Set Br). For a given T > 0, we define Br to be the set of functions
g € Whe2([0,T] x R?) that satisfy

(H1) g(0,2,v) = fo(z,v) and [|g|z=(0,mxr2) < [ follw.cr2);
(H2) supp g C[0,T) x (-R—1,R+1)x (=M —1,M +1);
(H3) ||9llLip < 3| follw.o(r2), where
g(t,x + hi,v+ he) —g(t,x,v
||9||sz — sup | ( 1 2) ( )|’
t€[0,T] |h|

z,vER
h=(h1,h2)7#0

(H{) 10:g| o= (0,11 xR2) < 3l follwroe r2) (2 + [[ Aol oo (r) + [[ A1l Loo (m)) -

When endowed with the metric d(g1, g2) := (|91 — g2l Lo~ (jo, 7] x®?), the metric space (Br, d)
is complete. Next, for any given g € By, we define A, to be the solution to the linear wave
equation

OA, = (07 — 02)A, = /Rﬁg(t,x,v)dv = jg(t, ), (2.1)
with initial conditions A,4(0,z) = Ag(x) and 0;A44(0,z) = A;(x) for any = € R.
Definition 2.2 (The Solution Map ®). For any g € Br we define the solution map
f=®(g) where f € WH°((0,T) x R?) to be the unique solution of the transport equation
Ouf + 00, f — 04 Ay(t,2)0 f =0, (t,z,v) € (0,T) x R?, (2.2)
with initial condition f(0,z,v) = fo(x,v).
For the fixed-point argument it suffices to show the following two properties hold for T'
sufficiently small:
(1) ® maps By into itself, i.e. for every g € Br, f = ®(g) € Br;
(2) ® : By — Br is a contraction, i.e. there is 0 < C' < 1 such that
[2(g1) — @(92)l| L= ([0, 77xR2) < Cllg1 — g2l ((0,7]xR2)

for every ¢1, g2 € Br.

Step 1: Preliminary estimates. Throughout we will use the fact that the mapping
v — ¥ =v/v1+v? and its derivative are both bounded above by one. The function A, of
(2.1) is given by the solution of the wave equation, namely

Ag(t, @) = (Y (L,-) *o Ao)(t, ) + (Y (L, ) *o A1) (t,2) + (Y () 1,2 (JgLes0(2)) (L, @)
(2.3)
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where Y (t,2) = %]]-{|x|§t} is the forward fundamental solution of the one-dimensional wave
operator. Note that the derivatives of Y satisfy
azY(t,.'L') = lémzft — léw:t, 8tY(t,x) = léw:,t + }(Sz:t (24)

2 2 2 2

(these expressions will be used later). More explicitly, the d’Alembert formula gives

Ayt z) = [Ao(x+t)+A0x t)] / Ai(s)ds+= // jg(s,y) dy ds.

Thus, for t € [0,7T] we find

[Ag(t, Lo ®) < [[AollLoe®) + A1l Lo ) + t2||jg||L°° (0, T]xR)
10:Ag(t, )l ooy < I1AGI Lo m) + [ ALl Loo (m) +tH]9||L°C([O,T]><R)7 (2.5)
0:0:Ag(t, )l Loo®) < N AG 1 Lo @) + 1ALl Lo () + | Ozigll Lo (j0,7]xR) -

Taking g € By, we have by (H1), (H2) and (H3)

TR P H / 39(-, v)dv < oM + D) follwre e,

Lo ([0,T]xR)

< 6(M + 1)l follwr. re).-

0ol e 0,7y = H [ #0ugt e
R Lo ([0,T] xR)

Hence, taking T sufficiently small we obtain the estimates
| AgllLoe (0,11 x®) < [[Aollzoe ) + A1l Lo ®) + 1,
10: Agll Lo (0,11 xR) < A0l Loo ) + [ A1l Lo () + 1, (2.6)
1020¢ Agll Lo (j0,11xR) < IIAG ]I Loo ) + | ATl oo ) + 1. (2.7)

Step 2: ® maps By into itself. Denote by (X (s;¢,x,v), V(s;t, x,v)) the characteristic
curves of (2.2). They satisfy the system of ODEs

X ; Vst

7(8;'6,1‘,’1}) = V(S;t,.’l},’l}) = (8’ ,J},’U) 7

ds 1+ V2(sit,z,0) o
dv

E(S;t,l‘,v) = _(atAg)(S,X(S;t,x,’l])>,

with the initial conditions X (¢;¢,z,v) = x and V (¢;¢,2,v) = v. It is well-known that the

solution of the transport equation (2.2) can be expressed as
ft,x,v) = fo(X(0;t,z,v),V(0;¢t,z,v)).
From this, we immediately find that f = ®(g) satisfies f(0,z,v) = fo(z,v) and
£l oo o, 7y xr2) = [1fo(X (0575 +,), V(05 -, -, I o< (0,17 x2) = [ foll Lo (r2)
so that (H1) is satisfied. Additionally, using (2.6) we have for T' > 0 sufficiently small
t
|z = [ X (81, 2, v)] < [X(0;t, 7, v)] +/ |V (sit, @, 0)lds < [X(0s¢,2,0)| + 1
0
and
¢
[v| = |V (t;t,2,0)| < |V(0;t,2,0)] —|—/ [(0:Ag) (s, X (s;t,2,v))|ds < |V (0;t,z,v)| + 1.
0

fort € [0, T]. Now, for (z,v) € supp(f(¢,+,-)) onehas 0 # f(t,x,v) = fo(X(0;¢t,x,v), V(0;t,x,v))
and consequently |X(0;t,z,v)] < R,|V(0;t,x,v)] < M. Therefore, |z] < R+ 1 and

|[v] < M + 1 and (H2) is satisfied.
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Next, we verify (H3). By the definition of the Lipschitz norm, we have

Il = sup G20 =GPl

t€[0,T) |(z —y,v —p)|
(z,v)#(y,p) ER?

_ sup \fO(X(O;Lm,v),V(O;t,x,v)) _fO(X(Ovtvyvp)7V(Oatvyvp)”

t€[0,T) |(x —y,v—Dp)|
(z,v)#(y,p) ER?

< follwroe ) (1X [|ip + [V [Lip)

where the Lipschitz norms of the characteristics are defined by

|X(S;ta$ + hlav + h?) B X(s;t,x,v)|
s,t€[0,T] A

h=(h1,h2)7£0

and analogously for ||V||rip. Integrating the characteristics of (2.8) yields
X(rit,z,v) =x + /T V(s; t,x,v)ds,
t
Virt,z,v) =v — /T(atAg)(s,X(s;tw,v))ds,
t
which provides the following bounds on the Lipschitz norms:

[ XLip <1+ TV |Lip,
VIlLip < 1+ T|0:0:Agll Lo (0,77 x®) | X [|Lip-

Summing and using (2.7) then gives

1
[ X |Lip + [V ||lLip <2+ 3 IV llip + 1 X NILip) »

for T sufficiently small, which implies || X||Lip + ||V ||lLip < 3. Inserting this into the estimate

on || f|lLip, we conclude

1£llip < 3l follws e s2) (2.9)

and (H3) is satisfied.
Finally, we verify (H4). Computing the time derivative of f, we find

19e f || oo (jo,77xR2) = [1Oe[fo(X (055, -), V(035 5 NIl oo (jo, 77 x R2)
< | follwree @2y (10X (05, -, ) noe (jo,71xR2) + 10V (05, -, ) oo ([0, 7] xR2) ) -

To bound the two terms on the right hand side, we first estimate

04 (sc —|—/ f/(s;tx,v)ds)‘
t

t
= ‘—ﬁ—/ Du(V(sit,2,0))0V (s;t,z,v)ds

|0: X (T3 t, 2,0)| =

t
< 1—|—/ |0V (s;t, z,v)|ds
0
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and

‘atV(T;t,I, ’l}>| =

o, <v - /tT(atAg)(s,X(s; t, v))ds) ‘

¢
atAg(t,x)—i—/ (0:0:A4)(s, X (s3t,2,v))0: X (s5t, 2, v)ds

T

t

<0t Agll oo (0,71 xR) + ||8matAg”L°°([O,T]><R)/ |0: X (s5t,,v)|ds.
0
Therefore, using (2.6) we obtain

Sl[lp] (|atX(Tvt7xav)| + |atv(7—7 t,CU,’U)D <1+ ”atAg”L‘x’([O,T]XR)
T7€[0,t

t
+(1+ ||aw6tAg||L°°([0,T]><R))/ (10eV (s:t,2,0)| +10: X (53,2, v)|)ds
0
<2+ || AGll oo (m) + | A1l Lo (r)

t
+ (2 + | Ag | oo m) + IIA’lllLoo(R))/ s?p] (|0: X (5t 2,0)| + |0,V (73 t, 2, v)|) ds.
0 7€[0,s

Invoking Gronwall’s inequality now yields

sup (|0:X(7;t,z,v)| + |0:V (7;t,2,0)])
T€[0,t]

< 2+ Al g) + [ Aalzm ) € CHIAT = I o),
Using this estimate we ultimately find
10:X (058, 2, 0)| + [0V (058, 2,0)] < 3 (2 + [|AGl| Low =) + [ A1l L= )

for all t € [0,7T], z,v € R and T > 0 sufficiently small. Taking the supremum over z,v € R
and combining this with the estimate of ||0; f|| o ([0, 1] x®?) yields

10 f Il Loe (0,71 xR2) < 3| follwr.co®2) (2 + || Aol oo (r) + A1l oo ®))
and (H4) is satisfied.

Step 3: ® is a contraction. Let g,§ € By and f = ®(g), f = ®(§). Then, subtracting

the respective Vlasov equations yields

O (f — f) +00.(f — f) — OuAy(t,2)0u(f — f) — (0eAg(t,z) — D Az(t, ) f = 0
with (f — £)(0,z,v) = 0. Consequently

(f = Nt X (t:0,2,0), V(t0,2,v))

=— /Ot (8:Ay — 8, A5) (s, X (5;0,2,0)) - 8, f (5, X (5;0,2,0), V(s;0,2,v))ds.  (2.10)
Using (2.5) and (2.9), we have the following estimates for the right side of (2.10):

100 Fll L= (fo,71xR2) < 3l follw.oe (r2),

10eAg — 0eAg | Lo (o, 11xR) < 2T ll4g — gllLos(0,71xR)-
Therefore, we find from (2.10) that

17 = Fllz=o,ryxmzy < 3ll follwoo ey T2[dg — dgll o (10,1 xR

which implies

~ 1 _
Ilf = flle=(o,mxr2) < 5llg = GllLoe (jo, 77 xR2)
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provided that T is sufficiently small. Thus, we obtain a unique local solution to the Cauchy
problem (Toy) on [0,T] for T sufficiently small. Furthermore, we can extend the lifespan of

the solution as long as derivatives remain finite, namely for any ¢ € [0, T] such that
102 f (55 Moo w2y + 100 (£ -5 )l Lo 2y < 400
This completes the proof. O
3. GLOBAL EXISTENCE

With the existence of a local-in-time solution established, we now extend the solution
globally by uniformly bounding the momentum support of the distribution function and the
derivatives of the field.

Proof of Theorem 1.2. We assume that the maximal life span is [0,7*) for some T* > 0,
and shall prove that T* = +o00, hence the solution is global. We need to show

(f, 0, A) € WH>2([0,T") x R?) x Wh*°([0,T*) x R). (3.1)
Step 1: Bounds on f and 0;A. From the proof of local existence, we know that f has
compact support for any ¢ € [0,7%). In particular, the v support of f is uniformly bounded

for any fixed time ¢ € [0,7*) but may tend to +oco as t — T*. We therefore define the

following crucial quantity

P(t) := sup{|v| : 3= € Rsuch that f(¢,z,v) # 0}
and prove the following result.
Proposition 3.1. Let T* be the mazimal lifespan of the solution and let T € (0,T*). Then
there exists C > 0 independent of T' such that

[0 Al Lo (j0,7)xR) < C (3.2)
and

P(T) < C. (3.3)

Proof. Our strategy is classical: we generate a Gronwall-type inequality by first using the
wave equation [JA = j to show that 0;A is controlled by j, then showing that j can be
controlled by P(t), and finally bounding P(t) by a time-integral of 9;A.

Define the functions
BE(t,x) = 0, A(t,z) £ 0, A(t, ).
Using the relationship A = j, we have
(00 F 0x) B (1, 2) = j(t, ),
so that, for any h > 0,
OB (ryx+(t+h—71))] =0 F0:)BF](r,x+ (t+h—7))=j(r,x £ (t+h—71)).
Integrating with respect to 7 € [t,t + h], we obtain
t+h
BE(t + h,z) = BX(t,x £ h) +/t j(r,x £ (t+h—7))dr
Taking ¢ = 0 and replacing h by t, we can represent BT as:

BE(t,x) = BE(0,z + 1) + /tj(T,x + (t —7))dr.
0
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This allows us to represent 0y A as follows:
1
O A(t, x) :§(B+(t, x)+ B (t,x))

=5 (oo +1) = A — 1)+ A+ )+ A — 1) (3.4)

I .
—|—§/0 (Grz—(t—71)+j(r,x+ (t—71)))dr.

We are now ready to prove (3.2). Using (3.4) and the properties of the initial data, for
T € [0,T*) we can estimate

t
10: Al oo (0,11 xm) < C1 | 1+ Z sup / j(ryo £ (t—7))dr
+ 260

where C; only depends on the initial data. We therefore turn to bounding 5| Lo (jo,7]x®)-
Because the relativistic velocity is bounded above by |9| < 1 and using the definition of
P(t), we have

(e, )] = \ [ ost2.0a0| < 1l Pl0

for all t € [0,7] and = € R. Due to the characteristic equations (2.8), the change in velocity
is governed by 0, A so that

P() < PO) + [ 10,4 )i

Inserting the last three estimates into one another, we find

T
10t Al oo (jo, 1) xR) < C2 <1 +/ ”&EA(T:')|L°°([07T]><]R)d7'> (3.5)
0

where Cy also only depends on the initial data. A standard Grénwall argument applied to
(3.5) yields

10¢ Al o= (0,715 k) < Cse” < Cse™™ < C

where C3 again only depends on the initial data and C' < 400 depends only on the initial
data and T, but not on T'. Therefore

P(T) < P(0)+ CT™.
This completes the proof of Proposition 3.1. |

Step 2: Bounds on the derivatives of f and 9;A. The transport equation for f in
(Toy) takes the following form for the derivatives of f:

o, D0 Alt, Ox
(Or + 00, + Oy A(t, )0y) (aj) - <(1 + |UO|2)3/2 t O(t I)> (511;) '

We therefore need to bound 9,0;A.

Proposition 3.2. Let T* be the maximal lifespan of the solution and let T € (0,T*). Then
there exists C > 0 independent of T such that

1020: Al| Lo~ (j0,7)xr) < C.
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Proof. Since A satisfies (JA = j, inverting the wave operator means that A is obtained from
j and the initial data via the expression (2.3). Assuming, without loss of generality, that
the initial data for the field is trivial, i.e., Ag = A; =0, (2.3) reduces to

Ap(t,x) = (Y () #t0 (rLiso) (@),

where we recall that Y = %]1{@‘ <t} is the forward fundamental solution of the one-dimensional

wave operator. Therefore
0:0iAp(t,z) = 0:00 (Y (o) %tz (JLis0)) (£,2) = (OY (-, ) *t.2 (Jo, rLe>0)) (£, @),

and using the Vlasov equation 8; f + 99, f — 9, A0, f = 0 in the term jgo, 5 = [ 00, f dv, we

have
5xatAf(f,iI7) = [@Y(', ) *t,x (atpf]lt>0)} (tvI)'

Integrating by parts in the convolution (and henceforth dropping the subscript f for brevity),

we transfer the time derivative from p to Y so that
05 0iA(t, @) = [0uY (o) #t,0 pLiso] (8, 2) + [0:Y (8, ) %4 p(0, )] ().
As the fundamental solution Y satisfies (JY = 0(; ;)—(0,0), this further yields

axatA(ta LE) = [(8$£CY =+ 6(t,a:):(070)) *t,x p]]-t>0] (ta 17) + [atY(ta ) *z 0(07 )] (IIJ)

= [0naY *t.0 pliso] (1, 2) +[0:Y (8, -) %2 p(0,-)] (2) +p(, ).
I IT

Let us consider the term I. Using the division lemma (Lemma A.1) with a(v) =0 = A

we write O,z Y as

T
r—t

OpzY = (8t + f)@z) (1} 8IY> + (1 + ’1)2)5@,35):(070).

Because this holds for every v, in the term I we replace p with [ fdv and get

I= / [(@ +00,) (v; tazY) 0 (o -,v)ﬂbo} (t,z) dv

+ / [(1 + U2)6(t,z):(0,0) *t,x f(7 K v)]lt>0] (t7 l‘) dv

=/[ L0, ia (at+@am)(f(-,-,u)1t>o)] (t,m)dv—f—/(l+v2)f(t,:c,v)dv

vx —t

vx —t

= / |: * 8zY *t atAavf('a B U)]lt>0:| (ta JJ) dv

1o
+/ {@xx_tazy*m f(-,-,v)ét_o} (t, ) dv+/(1+v2)f(t,x,v) dv.

Iy
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Using the properties of the derivatives of Y (see (2.4)), we can simplify the terms I, and I;.

Let us first consider the term I,:

X
Ia = / |:’lA)$ — taxY *t,ac 8tAauf(~7 .71))]].t>0:| (t’x) dv

= 1/ |:x(59c_t — O t) *t,x 0y A0, f( ) )lt>0:| (t,x) dv

xr—t

// /ins y——s_(Sy S)at (t—S.’E— )avf(t_sax_yvv)ddedU
- oo A n - . |
22;//0 1i@8t (t—s,2£5)0,f(t — 5,3+ 5,v)dsdv

To integrate by parts in v, we observe that

d( 1 )_ vFAV1 402
dv \1£02 1+v2 +0vV1+ 02

and we obtain

V1
Z // vF VIt BtA(t—s,x:l:s)f(t—s,x:l:s,v)dsdv.
o 1+v2+0y1+02

Turning to the term I, and again using (2.4), we have

Ibzl/[vzwt((sw—t—(sz t)*ta:f(7’ )6t of (¢, aj)d’l)

// /vy—s y——3_5y s)f(t_s r—Y,v )5t s=0 dy dsdv
*Zi/ f(0,z £1¢,v)dv.

Now we can consider the term I1 which easily simplifies to

1

1= 0¥ () %2 p(0.)) ) = 5 [ Gyems 46,0000, — ) do = 5 37 p(0.0 1),
+

Collecting these terms, we have

vF V1402
0,0: A Z:F//O Tt AT e 1+v28tA(t—s,a::ts)f(t—s,x:l:s,v)dsdv

+ = Zj:/ fO,z£¢t,v)dv+ = ZpOx:l:t)
data

+ /(2 + 03 f(t, z,v) dv.

To estimate 0,0, Af(t, z) we need to bound the first and last terms; the “data” terms depend
on the initial data and are therefore finite and independent of ¢. The integrand within the
first term can be controlled by 1+ P(T'). Indeed, letting vy = /1 + v? yields

vF VI 402
1402 +0v1+ 02

vV F Vg
vo £ v

-1

= v, =v61|v0¥v|2 < 2wy,

and thus

vF A1+ 02

TP Iy 1+ P(T)2 <2(1+ P(T)).

sup
[v|<P(T)
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Hence, allowing C to be a constant independent of T that may change from line to line,

we have

1020 All o< (j0,7)xr) < data

vF V1402
+CTPT 8A oo oo su
(T)|10: Al Lo (0,71 xR) | foll oo () MSPp(T) /i

+ I foll o< () (2 + P(T)*) P(T)
<data + CP(T)| foll oo ) (T*(1 + P(T))[|0: All L= 0,11 xR) + 2 + P(T)?) .

Inserting here the uniform bounds on [|0;A| re(0,r1xr) and P(T) from (3.2) and (3.3),
respectively, we conclude a uniform bound independent of 7" on [|0,0:Al| Lo (jo,1)xR), and
the proof is complete. |

The bound for ||0,0; A| o< ([0, 7]xr) Proved in Proposition 3.2 leads immediately to a uni-
form bound for the derivatives of f, so that the condition (3.1) is verified,

(f,00A) € WE([0,T*) x R?*) x Wh>([0,T*) x R),

and the solution is global. This completes the proof of Theorem 1.2. |

APPENDIX A. DIVISION LEMMA

Lemma A.1 (Division lemma, originally in [BGPO03], appearing in this particular
form in [GP10]). Let Y(t, ) = 31, <¢y be the forward fundamental solution of the 1d
wave operator and a(v) € (—1,1). Then the equality

2y, _ x 1
0;Y = (0 + a(v)0y) (a(v)x — taxy) + a(0) = 10(t2)=(0,0) (A.1)
holds in D' (R?).

Proof. Denoting m(t,z) = —2- and T = J; + ad, the identity (A.1) which we seek to prove

ar—t

can be rewritten as

1

a(v)

Recalling that 9,Y (t,x) = %675:4 - %(Swzh one needs to be clear about the meaning of the
left side of (A.2). Having the terms d,—_; and d,—¢, combined with the restriction |a| # 1,
means that md,Y € D'(R? \ {(0,0)}) is a well-defined distribution which is homogeneous
of order —1. It admits a unique extension as a homogeneous distribution of order —1 in
D’ (R?) which we still denote md, Y. Working with test functions, we observe that for every

¢ € D(R?)

1 1 o 1 1 e
0.Y, = - t,—t)dt — ——— t, t)dt.
mdsYe) = 5 [ ettt -5 [t

We can now compute (T (md,Y), ) by integrating by parts, and using the observation that
T=04+0a0, =0+ 0, +(a—1)0, =0 — 0 + (a + 1)0,.

Specifically, we obtain

1 1 o 1 1 >
= —T)(t, —t)dt — =—— -T
5071 ), (TN - g [ (To)t 0t

=- 21_ ©(0,0) + 1/000 (Bpip(t, ) — Dpip(t, —t)) dt.

(T (m0;Y), )

a 1 2
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The proof is complete by observing that the last term is precisely <8§Y, <p>. Indeed,

(02Y, / / 20(t, ) da dt = ;/OOO (Dpp(t,t) — Duip(t, —t)) dt.
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