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Abstract: Supply restoration from outages is essential for improving the reliability of active dis-

tribution networks (ADNs) after fault isolation. Soft open point (SOP) can adjust the power flow 

among feeders and provide voltage support for power outage areas. Considering the sequential 

coordination of switching operation and SOP control mode selection, a multi-stage supply resto-

ration method with SOPs is proposed for ADNs. First, the sequential energization is formulated, 

in which the impact of SOP control mode on restoration sequence is analyzed. By providing volt-

age support, the coordination of SOPs will rapidly energize the outage area and improve the 

voltage profile. Then, a multi-stage restoration model with SOPs is proposed, in which reconfig-

uration of switches and control mode selection of SOPs are coordinated in sequence to maximize 

the load recovery level of ADNs. Through the switching action-time mapping, secure operation 

is ensured during the entire supply restoration process. Finally, the effectiveness of the proposed 

method is validated on a modified IEEE 33-node distribution system and practical distribution 

networks with four-terminal SOP. Results show that the proposed method can fully exploit the 

potential benefits of SOPs and effectively enhance the load recovery level of ADNs. 

Key words: active distribution network (ADN); distributed generator (DG); soft open points 

(SOP); multi-stage supply restoration; sequential switching operation  
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Nomenclature 

Sets  𝐿𝑖,𝑡  Binary variables indicating opera-
tion status of load at node 𝑖 at time 
period 𝑡 

Ωn, Ωn
∗  Sets of all nodes and nodes in 

the outage area 
𝑌𝑖,𝑠

load  Binary variables indicating opera-
tion status of load breaker of node 
𝑖 at time period 𝑡 

Ωn,𝑘 Set of nodes in region 𝑘 𝑌𝑖𝑗,𝑠
tie,+/ 𝑌𝑖𝑗,𝑠

tie,−
  

𝑌𝑖𝑗,𝑠
sec,+/ 𝑌𝑖𝑗,𝑠

sec,−  

Binary variables indicating the 
positive/negative changes of the 
switching action on line 𝑖𝑗 in stage 
𝑠, respectively 

Ωb, Ωb
∗  Sets of all lines and lines in the 

outage area 
𝑃𝑖,𝑡,𝑄𝑖.𝑡 Total active/reactive power injec-

tion at node 𝑖 at time period 𝑡 (kW, 
kvar) 

Ωb
sw, Ω𝑘

sw Sets of all switch lines and 
switch lines in region 𝑘 

𝑃𝑖𝑗,𝑡,𝑄𝑖𝑗,𝑡  Active/reactive power flow of line 
𝑖𝑗 at time period 𝑡 (kW, kvar) 

Ωtie
sw, Ωsec

sw  Sets of tie switches and sectional 
switches related to the outage 
area 

𝑃𝑖,𝑡
SOP,𝑄𝑖,𝑡

SOP Active/reactive power output of 
SOP at node 𝑖 at time period 𝑡 (kW, 
kvar) 

Ω𝑚
SOP Set of nodes connected to SOP 𝑚 𝑃𝑖.𝑡

SOP,L Active power loss of SOP converter 
at node 𝑖 at time period 𝑡 (kW) 

Ωtie
ava, ΩSOP

ava  Sets of tie switches and SOPs 
connecting normal area without 
outage 

𝑃𝑖.𝑡
DG,𝑄𝑖,𝑡

DG Active/reactive power injection by 
DG at node 𝑖 at time period 𝑡 (kW, 
kvar) 

Ωn,DG,Ωn,DG
∗  Set of nodes connected by all 

DGs and DGs in the outage area 
𝑃𝑖,𝑡

L ,𝑄𝑖,𝑡
L  Active/reactive power consump-

tion at node 𝑖 at time period 𝑡 (kW, 
kvar) 

Indices  𝑙𝑖𝑗,𝑡 Square of current magnitude of 
branch 𝑖𝑗 at time period 𝑡 

𝑖, 𝑗, 𝑔 Indices of nodes 𝑣𝑖,𝑡 Square of voltage magnitude at 
node 𝑖 at time period 𝑡 

𝑚 Indices of SOPs Parameters  

𝑠  Indices of supply restoration 
stages 

𝑁N  Total number of nodes 

𝑘  Indices of regions in the outage 
area 

𝑁R  Total number of regions in outage 

𝑡 Indices of time periods 𝑁T  Total number of time periods 

Variables  𝑁s  Total number of restoration stages 

𝐸𝑘,𝑠 Energized status of region 𝑘  in 
stage 𝑠 (1/0) 

𝑃𝑖,𝑡
L,ref, 𝑄𝑖,𝑡

L,ref  Forecasted active/reactive power 
consumption at node 𝑖 at time pe-
riod 𝑡 (kW, kvar) 
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𝐴𝑖,𝑘 Indicator of whether node 𝑖 be-
longs to region 𝑘 (1/0) 

𝑃𝑖,𝑡
DG,ref Forecasted active power gener-

ated by DG at node 𝑖 at time period 
𝑡 (kW) 

𝐴𝑖𝑗,𝑘  Indicator of whether line 𝑖𝑗  be-
longs to region 𝑘 (1/0) 

𝐴𝑚
SOP  Loss coefficient of SOP 𝑚 

𝑋𝑖,𝑠  Binary variables indicating en-
ergized status of node 𝑖 in stage 
𝑠 

𝑆𝑚
SOP  Capacity limit of SOP 𝑚 

𝑋𝑖𝑗,𝑠  Binary variables indicating en-
ergized status of line 𝑖𝑗 in stage 
𝑠 

𝑟𝑖𝑗, 𝑥𝑖𝑗  Resistance/reactance of line 𝑖𝑗 

𝑌𝑖𝑗,𝑠
sec,𝑌𝑖𝑗,𝑠

tie Binary variables indicating op-
eration status of sectional 
switch and tie switch on line 𝑖𝑗 
in stage 𝑠, respectively 

𝑈, 𝑈 Upper/lower limit of system volt-
age (kV, kV) 

𝛽𝑖𝑗,𝑠, 𝛽𝑗𝑖,𝑠 Continuous variables indicating 
the orientation of line 𝑖𝑗 in stage 
𝑠 

𝐼𝑖𝑗̅  Upper current limit of line 𝑖𝑗 (A) 

𝛼𝑖𝑗,𝑠  Binary variables indicating op-
eration status of switch line 𝑖𝑗 in 
stage 𝑠 

𝑈0  Voltage reference value 

𝑍𝑖,𝑠
SOP  Binary variables indicating 

whether VSC of SOP at node  𝑖 
adopts Uacθ control in stage 𝑠 

𝑝𝑓𝑖
DG  Power factor of DG at node 𝑖 

𝛾𝑖𝑗,𝑠
sw , 𝛾𝑖,𝑠

SOP Binary variables indicating the 
energizing sequence of switch 
line 𝑖𝑗  and SOP connected to 
node 𝑖, respectively 

𝜆𝑖  Important factor of load at node 𝑖 

𝐾𝑡,𝑠  Binary variables indicating 
whether ADN at time period 𝑡 is 
related to network configura-
tion and SOP control mode in 
stage 𝑠 

𝜔1,𝜔2,𝜔3 Weight coefficients associated 
with each term in the objective 
function 

𝑇𝑠  The starting time of stage 𝑠 
(hour) 

𝐶sw, 𝐶loss  Basic price parameters of switch-
ing operation and power loss 

𝑊𝑚,𝑡  Binary variables indicating en-
ergized status of SOP 𝑚 at time 
period 𝑡 

𝑇𝑖𝑗
tie, 𝑇𝑖𝑗

sec  Average operation time of tie 
switch and sectional switch on line 
𝑖𝑗, respectively (hour) 

1. Introduction 

Supply restoration is essential for the improvement of self-healing competence of active dis-

tribution networks (ADNs). After fault isolation, it is necessary to conduct rapid load recovery 

and to serve customers with high-quality power [1]. Conventional supply restoration generally 
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depends on coordinated switching operation in ADNs [2]. The evolution of advanced power elec-

tronics facilitates the further improvement of load recovery level [3]. Soft open points (SOPs) 

refer to novel power electronic devices installed to displace traditional tie switches [4]. It can 

continuously adjust power flow with rapid response and flexible control modes. Under fault con-

ditions, SOPs can provide voltage support rapidly and effectively enlarge the scope of supply 

restoration [5]. Thus, utilizing the potential benefits of SOP in supply restoration is of great sig-

nificance. 

Previous works have investigated service restoration methods considering the coordination 

of various controllable resources in ADNs. Ref. [6] proposed a DG-based islanding method to 

supply a group of nodes by at least one DG working in grid-forming mode. However, system op-

eration requirements, such as secure operation constraints and the proper operation of loads, 

are disregarded. Ref. [7] further presented a network simplification method for the fast restora-

tion with DG, which is a static approach valid during the entire restoration period. Ref. [8] pro-

posed an interesting dynamic reconfiguration method with high DG penetration, which can ef-

fectively adapt to the randomness of DG outputs. Ref. [9] presented an analytical global restora-

tion method to minimize the operation actions under the coordination of load shedding, voltage 

regulation devices and DGs. Ref. [10] further developed a decentralized multi-agent restoration 

method with DGs and conventional switches to maximize the load recovery level with minimized 

switching times. In addition, restoration strategies of SOPs under fault conditions have also been 

studied. The performance of SOP in load restoration has been verified. Ref. [11] analyzed the 

supply restoration principles of SOP and extended the applicability of traditional fault analysis 

techniques to distribution networks with SOPs. Ref. [12] investigated the optimal coordination 

of multiple SOPs to improve the self-healing ability of ADN. Ref. [13] proposed a coordinated 

restoration method applicable to multiple SOPs with network reconfiguration to improve load 
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restoration level. In [14], an effective supply restoration method was further developed for un-

balanced ADNs based on multi-terminal SOP. 

However, some challenges remain for the utilization of SOP in supply restoration, which are 

summarized as follows: 1) The multiple time scales of controllable resources for supply restora-

tion should be taken into consideration. SOP can actively adjust the power flow and rapidly re-

spond to system disturbances with flexible control modes. By contrast, conventional switches 

cannot act frequently and require deployment time. Thus, the coordination of multiple SOPs and 

switching actions needs to be investigated to achieve a maximum recovery level. 2) Static supply 

restoration results in previous works could only obtain the final status of SOP control mode and 

network configuration process. However, the operation sequence is undetermined during the 

restoration process [15]. A further consideration is required to formulate the sequential coordi-

nation of SOP control modes and switch operation to guarantee the secure restoration of ADNs 

[16]. Also, the sequence of restoration actions will directly influence the total amount of recov-

ered loads [17]. 3) The supply restoration model mathematically belongs to mixed-integer non-

linear programming (MINLP) [18]. The restoration problem is time-dependent and cannot be 

easily divided into a series of individual problems by time periods [19]. The computation burden 

and complexity will expand exponentially with the increase of time periods [20]. 

The introduction of multi-stage concept can describe the coordinated restoration and alleviate 

the computation burden by reducing the number of integer variables. Researches have been in-

vestigated on the multi-stage-based sequential restoration with a moderate computation bur-

den. Ref. [21] developed a variable time-step MILP model to coordinate the switching operation 

and dispatchable DGs. The routing repair crews are further coordinated in sequence in the syn-

thetic restoration method presented in Ref. [22]. Ref. [23] proposed an efficient MILP model to 
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coordinate the repair routes and dispatch time of various resources and developed an acceler-

ating algorithm for the solving process. Ref. [24] proposed an interesting multi-stage restorative 

management method which can guarantee the operation constraints are not violated by the con-

duction of multiple restoration methods. It is promising to reduce the computation burden by 

formulating the restoration model based on multiple stages. The other usage of the multi-stage 

concept is to divide the restoration periods into stages based on the coordination of reconfigu-

ration and other devices. Ref. [25] formulated the sequential switching actions and DG operation 

in a reconfiguration stage in detail and established a mixed-integer second-order cone program-

ming (MISOCP) model for efficient solving. The multi-stage concept can be effective for the SOP-

based supply restoration method coordinated with reconfiguration. However, the impact of SOP 

on operation sequence as well as SOP-based coordinated restoration needs further investigation. 

Considering the sequential coordination of SOP and switching operation, this paper proposes 

a multi-stage supply restoration approach for ADNs with SOP. The main contributions are sum-

marized as follows. 

1) The impact of SOP control mode on the supply restoration sequence is analyzed. SOPs will 

rapidly energize the outage area with an improved voltage level by providing voltage support. 

The flexible restoration strategy of SOPs is further considered to coordinate the control mode 

selection of SOPs with the relatively slow operation of conventional switches. 

2) The multi-stage supply restoration model with SOPs is established, in which time-series 

fluctuation of DGs is considered. A limited number of reconfiguration stages is coordinated with 

SOP operation. The multiple time-scale sequential coordination of SOPs and conventional 

switches is realized through the switch action-time mapping. The recovery level of critical loads 

is enhanced and the secure operation is ensured during the entire restoration process. 
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The remainder of this paper is organized as follows. Section 2 describes the problem formula-

tion with sequential energization, in which the impact of SOP control mode on the supply resto-

ration sequence is also analyzed. Section 3 proposes the multi-stage supply restoration method 

with SOPs, in which the reconfiguration of switches and control mode selection of SOPs are co-

ordinated to improve the recovery level in multiple stages. The solution methodology is elabo-

rated in Section 4. Section 5 provides the case studies on the modified IEEE 33-node distribution 

system and a practical distribution network with four-terminal SOP in Tianjin. Finally, conclu-

sions are stated in Section 6. 

2. Problem formulation with sequential energization 

This section introduces the basic concepts of energizing status and sequential energization 

with SOPs. In multi-stage supply restoration, the action sequence of SOPs and switches directly 

determines energized status of outage areas and further influences load recovery level of ADNs. 

2.1. Description of energized status 

Energized status is used to represent the operation state of the outage area in each restoration 

stage. The determination of energized status is the basis of load restoration. Network partition 

based on sectional switches is conducted to further describe energized status of lines and nodes. 

1) Energized status of regions 

After fault isolation, the downstream feeder of the fault area will be de-energized. Considering 

that each feeder is equipped with sectional switches, a feeder can be partitioned into several 

regions [9]. Each region consists of a sectional switch, several non-switch lines and nodes, as 

shown in Fig. 1(a). 
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(a) Network partition    (b) Energizing path  

Fig. 1.  Schematic of region partition in supply restoration 

The energized status of a region is determined by the control mode of SOP and the operation 

status of switches connected to this region, as shown in (1). 

𝐸𝑘,𝑠 = ∑ 𝐴𝑖,𝑘 (∑ 𝛽𝑗𝑖,𝑠𝑖𝑗∈Ωb
sw + ∑ 𝑍𝑖,𝑠

SOP
𝑖∈Ω𝑚

SOP ) ≤ 1 𝑖∈Ωn
∗   (1) 

where ∑ 𝛽𝑗𝑖,𝑠𝑖𝑗∈Ωb
sw  indicates the possible energizing paths from switches connected to region 𝑘. 

∑ 𝑍𝑖,𝑠
SOP

𝑖∈Ω𝑚
SOP  indicates the possible energizing paths from SOPs connected to region 𝑘. 

Taking for example region R3 under fault F1 in Fig. 1(b), region R3 is energized if SOP or sec-

tional switch S3 achieves connection of the region with the normal operation area. 

2) Energized status of lines and nodes 

The energized status of lines and nodes in the outage area is related to the energized status of 

regions. To be specific, the energized status of a node is consistent with the region status. As 

shown in (2.a), once a region is energized, all the nodes inside it are energized simultaneously. 

𝑋𝑖,𝑠 = {
∑ (𝐴𝑖,𝑘 ∙ 𝐸𝑘,𝑠)

𝑁R
𝑘=1 ,   𝑖 ∈ Ωn

∗

1,                       𝑖 ∈ Ωn\Ωn
∗

  (2.a) 

The energized status of lines is shown in (2.b). For a switch line, the energized status is decided 

by the switch connection status in each stage. For a non-switch line in the outage area, the ener-

gized status is the same as the related region status. For lines in the normal area without outage, 

lines remain energized. 
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𝑋𝑖𝑗,𝑠 = {

𝛼𝑖𝑗,𝑠                                  ,    𝑖𝑗 ∈ Ωb
sw      

∑ (𝐴𝑖𝑗,𝑘 ∙ 𝐸𝑘,𝑠)     
𝑁R
𝑘=1      ,   𝑖𝑗 ∈ Ωb

∗ \Ωb
sw

1                                        ,   𝑖𝑗 ∈ Ωb\Ωb
∗  

  (2.b) 

Eqs. (2.c) and (2.d) imply the operation status of sectional switches and tie switches, repre-

sented by the relevant energized status. When a sectional switch is opened (𝑌𝑖𝑗,𝑠
sec = 1) in a given 

stage 𝑠, the switch line is de-energized (𝑋𝑖𝑗,𝑠 = 0) to disconnect the two end nodes. It means at least 

one of the two end nodes are energized (𝑋𝑖,𝑠 = 1 or 𝑋𝑗,𝑠 = 1) and the two end nodes have different 

energized sources. Based on (2.c), for the sectional switches in other scenarios, 𝑌𝑖𝑗,𝑠
sec is not sub-

ject to (2.c) and can get any value from {0, 1}. However, since the switching action is minimized 

in the objective function (5.c), 𝑌𝑖𝑗,𝑠
sec will remain the same value as that in stage 𝑠 − 1. When a tie 

switch is closed (𝑌𝑖𝑗,𝑠
tie = 1), the tie line is energized, as shown in Eq. (2.d). 

{
𝑌𝑖𝑗,𝑠

sec ≥ (1 − 𝑋𝑖𝑗,𝑠) + 𝑋𝑖,𝑠 − 1

𝑌𝑖𝑗,𝑠
sec ≥ (1 − 𝑋𝑖𝑗,𝑠) + 𝑋𝑗,𝑠 − 1

   , 𝑖𝑗 ∈ Ωsec
sw   (2.c) 

                      𝑌𝑖𝑗,𝑠
tie = 𝑋𝑖𝑗,𝑠                  , 𝑖𝑗 ∈ Ωtie

sw  (2.d) 

2.2. Sequential energization with SOPs 

The impact of SOP integration on the supply restoration sequence is analyzed to ensure the 

secure operation of ADNs. 

1) Network connectivity constraints 

The multi-stage restoration should ensure the radial topology of ADNs. First, the network con-

nectivity constraint based on switch lines is formulated in (3.a) - (3.d). 

0 ≤ 𝛽𝑖𝑗,𝑠 ≤ 1, 𝑖𝑗 ∈ Ωb
sw = Ωtie

sw ∪ Ωsec
sw  (3.a) 

𝛽𝑖𝑗,𝑠 = 𝛼𝑖𝑗,𝑠 , 𝛽𝑗𝑖,𝑠 = 0,   𝑖𝑗 ∈ Ωtie
ava (3.b) 

𝛽𝑖𝑗,𝑠 + 𝛽𝑗𝑖,𝑠 = 𝛼𝑖𝑗,𝑠, 𝑖𝑗 ∈ Ωb
sw (3.c) 

𝛼𝑖𝑗,𝑠 ∈ {0,1}, 𝑖𝑗 ∈ Ωb
sw (3.d) 
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where 𝛽𝑖𝑗,𝑠 and 𝛽𝑗𝑖,𝑠 are continuous variables to indicate the energizing direction of the switch 

line 𝑖𝑗. If 𝛽𝑖𝑗,𝑠 = 1, the energizing direction of switch line 𝑖𝑗 is from node 𝑖 to node 𝑗. As for the tie 

switch connecting the outage area with the normal area without outage (R1 in Fig. 1(b)), the 

energizing direction is restricted by (3.b). Note that 𝛽𝑖𝑗,𝑠 and 𝛽𝑗𝑖,𝑠 are set as continuous variables 

to alleviate the computation burden by reducing the number of integer variables. Constraint 

(3.c) is further added to ensure the continuous variables 𝛽𝑖𝑗,𝑠 and 𝛽𝑗𝑖,𝑠 as 0 or 1 by restricting 

𝛼𝑖𝑗,𝑠 as integer variables. 

The conventional switches can only connect the outage area with normal operating area as 

the energized source. Compared with conventional switches, SOP can adopt Uacθ control and 

provide voltage support as the energizing source to the connected outage side. To ensure the 

radial topology, network connectivity constraints are modified with (3.e), considering the im-

pact of SOP control mode. 

∑ 𝛽𝑗𝑖,𝑠𝑗𝑖∈Ωb
sw ≤ 1 − 𝑍𝑖,𝑠

SOP  (3.e) 

where 𝑍𝑖,𝑠
SOP = 1 denotes that SOP provides voltage support to node 𝑖, resulting in ∑ 𝛽𝑗𝑖,𝑠𝑗𝑖∈Ωb

sw =

0. This means that node 𝑖 connected to SOP is the parent node of adjacent nodes in stage 𝑠. For 

other nodes in the outage area, ∑ 𝛽𝑗𝑖,𝑠𝑖𝑗∈Ωb
sw ≤ 1 should be satisfied, which implies that each en-

ergized node has one and only one parent node. 

2) Restoration energizing sequence with SOPs 

The impact of SOP integration on the restoration sequence can be summarized into two as-

pects: First, SOP can rapidly respond to the system topology change and provide voltage support 

to de-energized regions. In addition, the energized SOP can provide power support to connected 

regions. 
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Considering SOP integration, the network connectivity constraint in (3) cannot guarantee the 

radial topology, as the possibility of isolated islanding areas energized by SOP and DG. The vir-

tual flow approach in [20] is further modified to describe the restoration energizing sequence 

with SOP in (4). In each stage, virtual flow variables 𝛾𝑖,𝑠
SOP and 𝛾𝑔,𝑠

SOP are introduced for SOPs with 

𝛾𝑖𝑗,𝑠
sw  and 𝛾𝑗𝑖,𝑠

sw assigned to switch line 𝑖𝑗. 

𝛽𝑖𝑗,𝑠 ≤ 𝛾𝑖𝑗,𝑠
sw ≤ M ∙ 𝛽𝑖𝑗,𝑠, 𝑖𝑗 ∈ Ωb

sw  (4.a) 

𝑍𝑖,𝑠
SOP ≤ 𝛾𝑖,𝑠

SOP ≤ M ∙ 𝑍𝑖,𝑠
SOP, 𝑖 ∈ Ω𝑚

SOP  (4.b) 

∑ (𝛾𝑗𝑖,𝑠
sw + 𝛾𝑖,𝑠

SOP)𝑖∈Ωn,𝑘
= ∑ (𝛾𝑖𝑗,𝑠

sw + 𝛾𝑔,𝑠
SOP)𝑖∈Ωn,𝑘

+ 𝐸𝑘,𝑠  (4.c) 

∑ 𝛾𝑖𝑗,𝑠
sw

𝑖𝑗∈Ωtie
ava + ∑ 𝛾𝑖,𝑠

SOP
 𝑖𝑗∈ΩSOP

ava = ∑ 𝐸𝑘,𝑠
𝑁R
𝑘=1 , Ωava = Ωtie

ava ∪ ΩSOP
ava  (4.d) 

As formulated in (4.a) and (4.b), at most one of virtual flow variables in pairs for a switch line 

or SOP can get a nonzero value, restricted by a large constant coefficient M. Then, a virtual flow 

balance equation is established based on its energized status of each region in (4.c). The ener-

gization of a region is assumed to consume the flow value of 1. The virtual flow value of a switch 

line or SOP is equal to the total number of the following energized regions on the energizing path. 

Eq. (4.d) implies the total virtual flow value provided by the tie switches and SOPs connecting 

the normal area with the outage area. 

Taking for example the restoration under fault F2, R1 is the virtual energizing source of the 

entire outage area, connected by T1. Based on Eq. (4), an energizing sequence is indicated in Fig. 

1(b). T1 has an energizing flow value of 5 to energize regions R2 to R6. The SOP has a value of 3 

to energize regions R6 to R4. Switches S2 and S4 have a flow value of 0. Note that the energizing 

path is implied by the energizing flow value. 

Thus, the radial topology is guaranteed with Eqs. (3) and (4), and restoration energizing se-

quence with SOPs and switches can be described by (4) considering the impact of SOP. 

3. Multi-stage supply restoration method with SOPs 
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In this section, a multi-stage supply restoration model with SOPs is proposed, in which se-

quential switching operation is coordinated with SOPs to maximize the load recovery level. 

3.1. Objective function 

The proposed multi-stage supply restoration method with SOPs aims to achieve rapid supply 

restoration with an improved load recovery level. Besides, avoiding frequent switching actions 

and ensuring secure operation are also considered. Thus, a weighted linear combination of the 

minimum of active power of unrestored load (𝑓R) and operation costs of switching actions (𝑓sw) 

and power losses (𝑓loss) is taken as the objective function [28]. 

min 𝑓 = 𝜔1𝑓R+𝜔2(𝑓sw + 𝑓loss)  (5.a) 

 𝑓R = ∑ ∑ (1 − 𝐿𝑖,𝑡)𝜆𝑖𝑃𝑖,𝑡
L

𝑖∈Ωn

𝑁T
𝑡=1   (5.b) 

𝑓sw = 𝐶sw[∑ (∑ |𝑌𝑖𝑗,𝑠
tie − 𝑌𝑖𝑗,𝑠−1

tie |𝑖𝑗∈Ωtie
sw + ∑ |𝑌𝑖𝑗,𝑠

sec − 𝑌𝑖𝑗,𝑠−1
sec |𝑖𝑗∈Ωsec

sw )
𝑁s
𝑠 + ∑ ∑ 𝑌𝑖,𝑡

load
𝑖∈Ωn

∗
𝑁T
𝑡=1 ]  (5.c) 

𝑓loss = 𝐶loss ∑ (∑ 𝑅𝑗𝑖𝑙𝑗𝑖,𝑡𝑗𝑖∈Ωb

𝑁T
𝑡=1 + ∑ 𝑃𝑖

SOP,L
𝑖∈Ω𝑚

SOP )  (5.d) 

where 𝜔1 and 𝜔2 are the weight coefficients of the load restoration and operation economy ob-

jectives, respectively. The weight coefficients 𝜔1 and 𝜔2 are determined by DSO according to the 

consideration of their importance. 

As focus of the restoration method, to minimize the active power of unrestored loads (𝑓R) has 

a much greater weight coefficient than the other objective (𝜔1 ≫ 𝜔2). Under fault conditions, 𝑓R 

takes the major effect to regulate the operation of SOPs and switches to restore outage loads as 

𝜔2 is a small positive value. Considering operational economy, the objective function of minimiz-

ing operation costs 𝑓sw and 𝑓loss will take effect after the critical loads are picked up. 

3.2. Action-time mapping constraints 

Considering the network topology will not change frequently, the restoration model is primar-

ily built based on stages, which can reduce the number of binary variables [25]. 
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The energized status of regions in each stage is described in (1) in Section 2.1. Energized status 

of nodes, lines and switches in each stage are described in (2) in Section 2.1. The radial topology 

constraints including energizing sequence with SOPs in a stage are established in (3) and (4) in 

Section 2.2. 

Through action-time mapping, the above stage-related variables are correlated with the time-

related power flow variables. The relationship between stages are also formulated using map-

ping variable 𝐾𝑡,𝑠 in (6). 

{
∑ 𝐾𝑡,𝑠

𝑁s
𝑠=1 = 1    

𝑇𝑠 − M(1 − 𝐾𝑡,𝑠) ≤ 𝑡 ≤ 𝑇𝑠+1 + M(1 − 𝐾𝑡,𝑠)
   ∀𝑡, 𝑠 

(6.a) 

(6.b) 

𝑇𝑠 − 𝑇𝑠−1 ≥ ∑ |𝑌𝑖𝑗,𝑠
tie − 𝑌𝑖𝑗,𝑠−1

tie | ∙ 𝑇𝑖𝑗
tie

𝑖𝑗∈Ωtie
sw + ∑ |𝑌𝑖𝑗,𝑠

sec − 𝑌𝑖𝑗,𝑠−1
sec | ∙ 𝑇𝑖𝑗

sec
𝑖𝑗∈Ωsec

sw   (6.c) 

In (6.a), ∑ 𝐾𝑡,𝑠
𝑁s
𝑠=1 = 1 denotes that each time period 𝑡 is related to one and only one valid res-

toration stage 𝑠. Constraint (6.b) is used to correlate the time period [𝑇𝑠, 𝑇𝑠+1] to restoration 

stage 𝑠. If 𝑇𝑠 ≤ 𝑡 ≤ 𝑇𝑠+1, 𝐾𝑡,𝑠 = 1 should hold. If 𝑡 ≥ 𝑇𝑠+1 or 𝑡 ≤ 𝑇𝑠, 𝐾𝑡,𝑠 = 0 should hold. 

Constraint (6.c) is used to determine the duration of each stage. In a given stage, the switching 

action and SOP control mode are deployed in a successive manner. The response time of SOP is 

generally within milliseconds [4]. ADN undergoes the restoration stage 𝑠 − 1 from 𝑇𝑠−1  to 𝑇𝑠 . 

Thus, the duration of stage 𝑠 − 1 should be no less than the summed switching action time for 

stage 𝑠, as shown in (6.c). 𝑇𝑖𝑗
tie and 𝑇𝑖𝑗

sec are the average time to operate the related switches. 

Based on (6), network configuration and control mode of SOP in each restoration stage are 

mapped to the corresponding time periods. 

3.3. Restoration constraints of SOPs 
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Although SOP can respond quickly to the state change of system, load recovery level is limited 

by the capacity and location of SOPs [13]. The coordinated operation of multiple SOPs and con-

ventional switches should be further considered. 

1) Operation principles of SOPs 

When the fault occurs in ADNs with SOP, SOP will be rapidly de-energized to reduce the influ-

ence of the fault area. After fault isolation, a re-energized SOP will rapidly take effect in supply 

restoration. 

As SOP can transmit but not produce active power, the energized status of SOP depends on 

whether either VSC of SOP connects to an energized node in (7.a). SOP can provide power sup-

port once energized in (7.b). The operation constraints of SOP are formulated in (7.c) - (7.e). 

      {
0 ≤ 𝑊𝑚−1,𝑡 ≤ 𝑊𝑚,𝑡 ≤ 1

𝑊𝑚,𝑡 ≤ 𝑋𝑖,𝑠 + 𝑋𝑗,𝑠 + 1 − 𝐾𝑡,𝑠
 ,

𝑖, 𝑗 ∈ Ω𝑚
SOP\ΩSOP

ava

∀𝑡, 𝑠
 

(7.a) 

                 𝑊𝑚,𝑡 = 1                , 𝑚 ∈ ΩSOP
ava   

−M ∙ 𝑊𝑚,𝑡 ≤ 𝑃𝑖,𝑡
SOP ≤ M ∙ 𝑊𝑚,𝑡  

(7.b) 
−M ∙ 𝑊𝑚,𝑡 ≤ 𝑄𝑖,𝑡

SOP ≤ M ∙ 𝑊𝑚,𝑡  

𝑃𝑖,𝑡
SOP + 𝑃𝑗,𝑡

SOP + 𝑃𝑖,𝑡
SOP,L + 𝑃𝑗,𝑡

SOP,L = 0  (7.c) 

(𝑃𝑖,𝑡
SOP)

2
+ (𝑄𝑖,𝑡

SOP)
2

≤ (𝑆𝑚
SOP)2  (7.d) 

𝑃𝑖,𝑡
SOP,L = 𝐴𝑚

SOP√(𝑃𝑖,𝑡
SOP)

2
+ (𝑄𝑖,𝑡

SOP)
2
  (7.e) 

where 𝑊𝑚,𝑡 denotes the energized status of SOP 𝑚 at time period 𝑡. As shown in (7.a), SOP will 

be energized if any connecting node is energized at time period 𝑡 in stage 𝑠 (𝑋𝑖,𝑠 + 𝑋𝑗,𝑠 ≥ 1, 𝐾𝑡,𝑠 =

1). Constraints (7.d) and (7.e) are SOP capacity constraint and power loss equation [20], respec-

tively. 

2) Flexible coordinated strategies of SOPs 
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There are two aspects in the coordinated strategies of SOPs. One is the restoration strategy of 

an SOP under fault conditions. The other is the coordination of multiple SOPs and switches. 

a) Control strategies of SOP include PQ-UdcQ control and Uacθ-UdcQ control under fault condi-

tions. The related constraints are formulated in (7.f)-(7.h). 

For each SOP in the outage area, at most one VSC provides voltage support and adopts Uacθ 

control, as shown in (7.f). If SOP is energized from one side (𝑋𝑗,𝑠 = 1) and connected to an outage 

region on the other side, VSC on the other side will provide voltage support in (7.g) and (7.h). 

0 ≤ 𝑍𝑖,𝑠
SOP + 𝑍𝑗,𝑠

SOP ≤ 1, 0 ≤ 𝑍𝑖,𝑠
SOP ≤ 1  

𝑖, 𝑗 ∈ Ω𝑚
SOP 

∀𝑡, 𝑠 

(7.f) 

 𝑋𝑗,𝑠 ≥ 𝑍𝑖,𝑠
SOP  (7.g) 

𝑣𝑖,𝑡 − 𝑈0
2 ≥ −M[2 − 𝑊𝑚,𝑡 − 𝑍𝑖,𝑠

SOP]  (7.h) 

b) Coordinated strategies among multiple SOPs and switching operation are described in (1) 

and (3.e). Considering multiple choices may be feasible for the same region, it is required that at 

most one of the possible sources can be chosen to energize this region. Besides, the energizing 

sequence of multiple SOPs can be revealed based on the virtual flow in (4). 

3) Radial topology constraints 

As shown in (3) and (4). 

3.4. Power flow constraints of ADNs 

Distflow branch model [29] is adopted to formulate the power flow constraints. 

∑ (𝑃𝑗𝑖,𝑡 − 𝑟𝑗𝑖𝑙𝑗𝑖,𝑡)𝑗𝑖∈Ωb
+ 𝑃𝑖,𝑡 = ∑ 𝑃𝑖𝑔,𝑡𝑖𝑔∈Ωb

  
(8.a) 

∑ (𝑄𝑗𝑖,𝑡 − 𝑥𝑗𝑖𝑙𝑗𝑖,𝑡)𝑗𝑖∈Ωb
+ 𝑄𝑖,𝑡 = ∑ 𝑄𝑖𝑔,𝑡𝑖𝑔∈Ωb

  

 𝑃𝑖,𝑡 = 𝑃𝑖,𝑡
DG + 𝑃𝑖,𝑡

SOP − 𝑃𝑖,𝑡
L    

(8.b) 
𝑄𝑖,𝑡 = 𝑄𝑖,𝑡

DG + 𝑄𝑖,𝑡
SOP − 𝑄𝑖,𝑡

L   

𝑣𝑖,𝑡 − 𝑣𝑗,𝑡 + (𝑟𝑖𝑗
2 + 𝑥𝑖𝑗

2 )𝑙𝑖𝑗,𝑡 − 2(𝑅𝑖𝑗𝑃𝑖𝑗,𝑡 + 𝑋𝑖𝑗𝑄𝑖𝑗,𝑡) + M(2 − 𝑋𝑖𝑗,𝑠 − 𝐾𝑡,𝑠) ≥ 0,  (8.c) 
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𝑖𝑗 ∈ Ωb, ∀𝑡, 𝑠 

𝑣𝑖,𝑡 − 𝑣𝑗,𝑡 + (𝑟𝑖𝑗
2 + 𝑥𝑖𝑗

2 )𝑙𝑖𝑗,𝑡 − 2(𝑅𝑖𝑗𝑃𝑖𝑗,𝑡 + 𝑋𝑖𝑗𝑄𝑖𝑗,𝑡) − M(2 − 𝑋𝑖𝑗,𝑠 − 𝐾𝑡,𝑠) ≤ 0,  

𝑖𝑗 ∈ Ωb, ∀𝑡, 𝑠 

−M(𝑋𝑖𝑗,𝑠 + 1 − 𝐾𝑡,𝑠) ≤ 𝑃𝑖𝑗,𝑡 ≤ M(𝑋𝑖𝑗,𝑠 + 1 − 𝐾𝑡,𝑠),   

(8.d) 
−M(𝑋𝑖𝑗,𝑠 + 1 − 𝐾𝑡,𝑠) ≤ 𝑄𝑖𝑗,𝑡 ≤ M(𝑋𝑖𝑗,𝑠 + 1 − 𝐾𝑡,𝑠),   

0 ≤ 𝑙𝑖𝑗,𝑡 ≤ (𝐼𝑖𝑗̅)2(𝑋𝑖𝑗,𝑠 + 1 − 𝐾𝑡,𝑠)  (8.e) 

(𝑈)2(𝑋𝑖,𝑠 + 1 − 𝐾𝑡,𝑠) ≤ 𝑣𝑖,𝑡 ≤ (𝑈̅)2(𝑋𝑖,𝑠 + 1 − 𝐾𝑡,𝑠)  (8.f) 

𝑙𝑖𝑗,𝑡𝑣𝑖,𝑡 = 𝑃𝑖𝑗,𝑡
2 + 𝑄𝑖𝑗,𝑡

2 , 𝑖𝑗 ∈ Ωn  (8.g) 

In (8.c)-(8.f), the power flow variables at time period 𝑡 are constrained by the network config-

uration and SOP control mode in stage 𝑠 (𝐾𝑡,𝑠 = 1). The switching operation and SOP control 

mode in irrelevant stages take no effect at time period 𝑡. 

The power transmission and current of de-energized lines (𝑋𝑖𝑗,𝑠 = 0) are forced to be zeros in 

(8.d) and (8.e), respectively. In (8.f), the voltage magnitude of de-energized nodes (𝑋𝑖,𝑠 = 0) is 

set to zero. Constraint (8.g) is the Ohm’s law over line 𝑖𝑗 at time period 𝑡. 

3.5. Pick-up constraints of loads and DGs 

Assuming that each load is equipped with a breaker, loads may be shed initially to ensure se-

cure operation. Load pick-up is scheduled in the subsequent restoration period. 

{
0 ≤ 𝐿𝑖,𝑡−1 ≤ 𝐿𝑖,𝑡 ≤ 1

𝐿𝑖,𝑡 ≤ 𝑋𝑖,𝑠 + 1 − 𝐾𝑡,𝑠 
  ,     𝑖 ∈ Ωn

∗ , ∀𝑡, 𝑠  (9.a) 

𝑌𝑖,𝑡
load = 𝑋𝑖,𝑠 + 1 − 𝐾𝑡,𝑠 − 𝐿𝑖,𝑡,     𝑖 ∈ Ωn

∗   (9.b) 

𝑃𝑖,𝑡
L = {

𝐿𝑖,𝑡𝑃𝑖,𝑡
L,ref, 𝑖 ∈ Ωn

∗ ,

𝑃𝑖,𝑡
L,ref , 𝑖 ∈ Ωn\Ωn

∗
, 𝑄𝑖,𝑡

L = {
𝐿𝑖,𝑡𝑄𝑖,𝑡

L,ref, 𝑖 ∈ Ωn
∗

𝑄𝑖,𝑡
L,ref , 𝑖 ∈ Ωn\Ωn

∗
  (9.c) 

As shown in (9.a), load pick-up is allowed at energized node 𝑖 at time period 𝑡 in stage 𝑠 (𝑋𝑖,𝑠 =

1, 𝐾𝑡,𝑠 = 1). Once the load at node 𝑖 in the outage area is picked up (𝐿𝑖,𝑡 = 1), no more shedding 



 

17 

is permitted in the following restoration period. 

DG in the outage area is assumed to be energized and to inject power into the network once 

the connected node is energized (𝑋𝑖,𝑠 = 1, 𝐾𝑡,𝑠 = 1), as formulated in (10). 

𝑃𝑖,𝑡
DG − 𝑃𝑖,𝑡

DG,ref − M(2 − 𝑋𝑖,𝑠 − 𝐾𝑡,𝑠) ≤ 0,  
𝑖 ∈ Ωn,DG

∗  

(10) 

𝑃𝑖,𝑡
DG − 𝑃𝑖,𝑡

DG,ref + M(2 − 𝑋𝑖,𝑠 − 𝐾𝑡,𝑠) ≥ 0,  

𝑃𝑖,𝑡
DG = 𝑃𝑖,𝑡

DG,ref  𝑖 ∈ Ωn,DG\Ωn,DG
∗  

𝑄𝑖,𝑡
DG = 𝑃𝑖,𝑡

DG ∙ √1 − (𝑝𝑓𝑖
DG)

2
𝑝𝑓𝑖

DG⁄   𝑖 ∈ Ωn,DG 

Considering the fluctuation of DG outputs [30], DG power support is utilized through the coor-

dination of power transmission of SOP and switching operation in the multi-stage restoration. 

The analytical formulation for the multi-stage restoration problem is provided in (11). The 

main decision variables consist of a) the line switching action in each restoration stage, b) the 

SOP control mode in each restoration stage, c) the power dispatch of SOPs at each time period, 

and d) the load switching action during the restoration period. 

min 𝑓 = 𝜔1𝑓R+𝜔2(𝑓sw + 𝑓loss) 
(11) 

s. t.  (1) − (10) 

4. Solution methodology 

The proposed restoration model in (11) is mathematically an MINLP problem due to the non-

linear objective (5.c) and constraints (6.c), (7.d), (7.e) and (8.g). As MISOCP has excellent perfor-

mance of global optimality and calculation efficiency, it has been generally used to solve MINLP 

problems. The original model is transformed to the MISOCP model through convex relaxation 

for the feasibility and optimality of the solution [18]. 

Before convex relaxation, the nonlinear absolute term in (5.c) and (6.c) should be pre-pro-

cessed to the linearized form. Auxiliary variables 𝑌𝑖𝑗,𝑠
tie,+, 𝑌𝑖𝑗,𝑠

tie,−, 𝑌𝑖𝑗,𝑠
sec,+ and 𝑌𝑖𝑗,𝑠

sec,− are introduced to 
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reformulate (5.c) and (6.c) as (12.a) and (12.b), respectively. Constraints (12.c) and (12.d) are 

added as the equivalent constraints [31]. 

𝑓sw = 𝐶sw[∑ (∑ (𝑌𝑖𝑗,𝑠
tie,+ + 𝑌𝑖𝑗,𝑠

tie,−)𝑖𝑗∈Ωtie
sw + ∑ (𝑌𝑖𝑗,𝑠

sec,+ + 𝑌𝑖𝑗,𝑠
sec,−)𝑖𝑗∈Ωsec

sw )
𝑁s
𝑠 +

∑ ∑ 𝑌𝑖,𝑡
load

𝑖∈Ωn
∗

𝑁T
𝑡=1 ]  

(12.a) 

𝑇𝑠 − 𝑇𝑠−1 ≥ ∑ (𝑌𝑖𝑗,𝑠
tie,+ + 𝑌𝑖𝑗,𝑠

tie,−)𝑇𝑖𝑗
tie

𝑖𝑗∈Ωtie
sw + ∑ (𝑌𝑖𝑗,𝑠

sec,+ + 𝑌𝑖𝑗,𝑠
sec,−)𝑇𝑖𝑗

sec
𝑖𝑗∈Ωsec

sw   (12.b) 

𝑌𝑖𝑗,𝑠
tie − 𝑌𝑖𝑗,𝑠−1

tie = 𝑌𝑖𝑗,𝑠
tie,+ − 𝑌𝑖𝑗,𝑠

tie,−  

(12.c) 
𝑌𝑖𝑗,𝑠

tie,+ + 𝑌𝑖𝑗,𝑠
tie,− ≤ 1,   0 ≤ 𝑌𝑖𝑗,𝑠

tie,+, 𝑌𝑖𝑗,𝑠
tie,− ≤ 1  

𝑌𝑖𝑗,𝑠
sec − 𝑌𝑖𝑗,𝑠−1

sec = 𝑌𝑖𝑗,𝑠
sec,+ − 𝑌𝑖𝑗,𝑠

sec,−  

(12.d) 
𝑌𝑖𝑗,𝑠

sec,+ + 𝑌𝑖𝑗,𝑠
sec,− ≤ 1, 0 ≤ 𝑌𝑖𝑗,𝑠

sec,+, 𝑌𝑖𝑗,𝑠
sec,− ≤ 1  

Power flow constraints (8.g) over line 𝑖𝑗 at time period 𝑡 can be relaxed to the second-order 

cone constraint (12.e) [32]: 

‖[2𝑃𝑖𝑗,𝑡    2𝑄𝑖𝑗,𝑡   𝑙𝑖𝑗,𝑡 − 𝑣𝑖,𝑡]
T

‖
2

≤ 𝑙𝑖𝑗,𝑡 + 𝑣𝑖,𝑡, 𝑖𝑗 ∈ Ωn  (12.e) 

The SOP operation constraints (7.d) and (7.e) are quadratic nonlinear constraints, which can 

be converted to the rotated quadratic cone forms [20] as follows: 

(𝑃𝑖,𝑡
SOP)

2
+ (𝑄𝑖,𝑡

SOP)
2

≤ 2
𝑆𝑚

SOP

√2

𝑆𝑚
SOP

√2
  (12.f) 

(𝑃𝑖,𝑡
SOP)

2
+ (𝑄𝑖,𝑡

SOP)
2

≤ 2
𝑃𝑖,𝑡

SOP,L

√2𝐴𝑚
SOP

𝑃𝑖,𝑡
SOP,L

√2𝐴𝑚
SOP  (12.g) 

Thus, the multi-stage restoration model can be reformulated as the following MISOCP model 

(13) after linearization and convex relaxation. The converted model (13) can be efficiently 

solved by a commercial solver, such as CPLEX or MOSEK [33]. 

min 𝑓 = 𝜔1𝑓R+𝜔2(𝑓sw + 𝑓loss)  
(13) 

s. t. (1) − (4), (5. a), (5. b), (5. d) − (6. b), (7) − (8. f), (9) − (10), (12)  
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The SOCP relaxation results in a small gap between the proposed model (13) and the original 

MINLP model (11). The relaxation deviation value is generally at the 1.0 × 10−5 level with toler-

able accuracy [31]. To evaluate the accuracy of the conic relaxation, the infinite norm of relaxa-

tion deviation [34] is defined as follows. 

gap = ‖
𝑙𝑖𝑗,𝑡𝑣𝑖,𝑡−((𝑃𝑖𝑗,𝑡)

2
+(𝑄𝑖𝑗,𝑡)

2
)

𝑙𝑖𝑗,𝑡𝑣𝑖,𝑡
‖

∞

  (14) 

5. Case studies and analysis 

The effectiveness of the proposed multi-stage restoration method with SOP is verified on a 

modified IEEE 33-node system and a practical distribution system with four-terminal SOP con-

structed in Tianjin. 

5.1. Modified IEEE 33-node distribution system 

The test case is based on a modified IEEE 33-node distribution system, as shown in Fig. 2. 

Sectional switches are labelled with red points and tie lines are labelled with green dotted lines. 

The rated voltage level is 12.66 kV. Total active power and reactive power demands are 3715.0 

kW and 2300.0 kvar. The detailed parameters are shown in [35]. 
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Fig. 2.  Structure of the modified IEEE 33-node system. 
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To incorporate the impact of DG fluctuation, a PV unit with 400.0 kWp and a WT unit with 

600.0 kVA are integrated into the network at nodes 31 and 33, respectively. The power factor of 

DG is assumed to be 1.0. The daily DG and load operation curves are given in Fig. 3 [32], taking 

15 min as the unit time period. Two SOPs with the capacity of 800.0 kVA are installed between 

node 12 and node 22, as well as node 18 and node 33, to replace tie switches T3 and T4, respec-

tively. Considering the high efficiency of power electronic-based inverters, the power loss coef-

ficient of SOP is set to 0.01 [13]. 

The upper and lower limits of the secure voltage range are set to 1.05 p.u. and 0.95 p.u. As load 

recovery is the main priority in supply restoration, coefficients 𝜔1 and 𝜔2 are set to 100 and 0.7, 

which can be adjusted based on the requirements of operators. The cost coefficient associated 

with active power losses 𝐶loss, that is, the unit price of electricity purchasing from the upper grid, 

is assumed as 0.076 USD/kWh in this paper. The cost coefficient related to variation of the 

switching operation 𝐶sw is set as 1.547 USD/time, which can be adjusted according to the switch-

ing risk assessment of DSO [31]. 

To consider the supply priority of critical loads, the weight coefficients are adopted in Table 

1. The manually controlled switch needs 30 min to be operated and is labeled with ‘*’. The oper-

ation time needed for a remotely controlled switch is 0.5 min. The maximum allowable number 

of switching actions of each switch is set to 3 throughout the entire restoration period. 

 

Fig. 3.  Operation curves of DG and load. 
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Table 1 Weight coefficients of loads 

Category Weight coefficient Node of load 

I 100 8,24,32 

II 1 1-7,9-23,25-31,33 

The proposed model is performed in the YALMIP optimization toolbox [26] with MATLAB 

R2016a and solved by IBM ILOG CPLEX 12.6. The numerical experiments were executed on a 

computer with an Intel Xeon CPU E5-1620 processor running at 3.70 GHz and 32 GB of RAM. 

5.2. Result analysis of multi-stage restoration 

After fault isolation, the multi-stage coordination of SOPs and switches is conducted to max-

imize the load recovery level. Two schemes are used to verify the effectiveness of the proposed 

multi-stage restoration method with SOP. 

Scheme I: Multi-stage supply restoration is conducted with only switches without SOPs. 

Scheme II: Multi-stage supply restoration is conducted based on the coordination of SOPs and 

switches. 

1) Multi-stage restoration with SOP integration 

The line 5-6 is assumed has a permanent three-phase fault, which is defined as fault F1. The 

fault duration is assumed from 7:00 a.m. to 13:00 p.m. Under fault F1, switches S4, S5 and S6 are 

operated initially in Schemes I and II to isolate the fault. After fault isolation, nodes 7 to 18 and 

nodes 26 to 33 are de-energized and relevant loads and DGs are out of service. The total outage 

active power is 1995.0 kW. The above two schemes are conducted for supply restoration. 

Supply restoration results are listed in Tables 2 and 3. The relaxation deviation value is at the 

1.0 × 10−5 level with acceptable accuracy as shown in Table 3. Switching actions and SOP con-

trol modes in each stage are listed in Table 2 by the operation sequence. Supply restoration con-

figuration in Schemes I and II are illustrated in Figs. 4 and 5. A node number in a blue dotted box 
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represents that the VSC of SOP connected to this node adopts Uacθ control. Fig. 6 depicts the 

operation schedule of load breakers in Schemes I and II. 

Table 2 Switching action and SOP control mode in fault scenario F1 

Scheme Stage Switching action and SOP control mode 

I 

1 

(7:00-7:30) 

1) Open S7 and load breakers {18, 26, 30, 33}. 

2) Close T4. 

3) Close T1 and T3. 

2 

(7:31-13:00) 

1) Close T2 and open T4. 

2) Close load breakers {30, 26, 33, 18} in sequence. 

II 

1 

(7:00-7:30) 

1) Open load breaker {31}. 

2) SOP1 adopts Uacθ-UdcQ control. Then, SOP2 is energized and 
adopts Uacθ-UdcQ control. 

3) Close T1. Then, SOP1 adopts PQ-UdcQ control and SOP2 remains 
Uacθ-UdcQ control. 

2 

(7:31-13:00) 

1) Close T2 and open S8. 

2) Close load breaker {31}. 

Compared with conventional tie switches, SOP shows an improved supply restoration capa-

bility due to flexible power flow control and voltage support. As shown in Table 3, Scheme II 

based on the multi-stage restoration with SOP has a better performance in load recovery level 

than Scheme I. Compared to Scheme I, the energy not supplied during the entire restoration pe-

riod is decreased by 39.01% in Scheme II. 

For Scheme I without SOP, supply restoration is conducted in two stages based on the network 

reconfiguration. The detailed load pick-up schedule in the supply restoration period is shown in 

Fig. 6(a). As listed in Table 3, load recovery level in Scheme I is limited by the voltage level. 

Table 3 Supply restoration results of Schemes I and II 

Scheme Stage 
Restored ratio of 
active power of 

loads (%) 

Energy not 
supplied 

(kWh) 

Voltage range 
(p.u.) 

Operation cost 
(USD) 

Gap (p.u.) 
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I 
1 79.45 

648.6250 
0.9538-1.0000 

51.95 1.087e-5 
2 100 0.9507-1.0000 

II 
1 92.48 

395.6250 
0.9637-1.0498 

36.00 1.625e-5 
2 100 0.9502-1.0500 
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Fig. 4.  Supply restoration configuration in Scheme I. 
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Fig.5.  Supply restoration configuration in Scheme II. 
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Fig. 6.  Load pick-up schedule in the supply restoration period. 

For Scheme II with SOP integration, supply restoration is conducted with the multi-stage co-

ordination of SOPs and switches in two stages. After fault isolation, SOP2 is de-energized while 

SOP1 remains energized. In the first stage, the control mode of SOP1 rapidly switches to provide 

voltage support for nodes 7 to 18. Then, as VSC at node 18 is energized, SOP2 can be activated to 
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provide voltage support to outage loads at nodes 26 to 33. To coordinate with the switching 

operation of T1, the control mode of SOP1 rapidly changes to PQ-UdcQ control after T1 is closed. 

Thus, the critical loads can be rapidly picked up through the coordination of multiple SOPs and 

switching actions. 

However, the restoration effect is limited by the capacity of SOPs. In the second stage, the rel-

atively slow switching actions of T2 and S8 are coordinated with SOPs. The load recovery level 

is further improved even with increasing load consumption. The load pick-up schedule is shown 

in Fig. 6(b). 

  

(a) Box plot of voltage profile   (b) Extreme value of node voltage 

Fig. 7.  Voltage profiles in Schemes I, II and III. 

    

(a) Active power transmission of SOPs   (b) Reactive power outputs of SOPs 

Fig. 8.  Supply restoration strategies of SOPs in Scheme II.  

Fig. 7 depicts voltage profiles of Schemes I and II. As illustrated in Fig. 7, the average node 

voltage in Scheme I is lower than that in Scheme II, which severely restricts the load recovery 
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level. In Scheme II, voltage level is effectively improved through the voltage support provided by 

SOPs. Fig. 8 shows the supply restoration strategies of SOP1 and SOP2 in Scheme II. As shown in 

Fig. 8, SOP can also provide reactive power to ensure node voltage within secure operation range. 

2) Comparison with static restoration 

To compare with the static restoration method, Scheme III is added under fault F1. Scheme III 

adopts fixed switching operation and SOP control mode throughout the entire period, as pro-

posed in [13]. 

Scheme III: Static supply restoration is conducted based on the coordination of SOPs and 

switches. 

The restoration results in Scheme III are described in Fig. 9. The comparison of restoration 

performance in Schemes II and III is listed in Table 4. 

The static supply restoration in Scheme III gives the fixed restoration operation during the 

entire restoration process without considering the multi-stage coordination of SOPs and 

switches. Compared with Scheme III, the sequential switching operation is further coordinated 

with SOPs in Scheme II. It can be seen that Scheme II performs better in the restored load ratio 

and the energy not supplied is only 39.69% of that in Scheme III. Besides, the secure operation 

can be ensured during the entire multi-stage restoration process in Scheme II. 
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Fig.9.  Supply restoration configuration in Scheme III. 
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Table 4 Performance comparison of Schemes II and III 

Scheme 
Restored ratio of active 

power of load (%) 
Energy not sup-

plied (kWh) 

Voltage range 

(p.u.) 

Computation 
time (s) 

II 100 395.6250 0.9502-1.0500 138.41 

III 89.97 921.2500 0.9500-1.0500 27.33 

As shown in Table 4, the proposed multi-stage model is with a longer computation time than 

the static method due to the larger number of variables. Thus, online analysis based on the pro-

posed method cannot meet the requirements of rapid supply restoration. The widely used con-

tingency set can be used to implement the supply restoration strategy. As for the proposed res-

toration method, the contingency set can be established one day ahead including the multi-stage 

restoration strategies to all critical faults. In real-time operation, the specific restoration strategy 

matching the fault will be selected once the fault is located and isolated. The operation sequence 

of SOPs and switches can be deployed immediately, which effectively enhances the accuracy and 

effectiveness of restoration. 

 

5.3. Practical distribution networks with four terminal SOP 
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Fig. 10.  Structure of the practical distribution networks in Tianjin. 

Practical distribution networks with four-terminal SOP in Tianjin are adopted to further verify 
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the applicability of the proposed multi-stage method, as shown in Fig. 10. The practical case in-

cludes three substations, of which the rated voltage level is 10.5 kV. The parameters of DG are 

listed in Table 5. The capacity of each converter of multi-terminal SOP is set as 1.0 MVA. The 

desired voltage range is [0.95, 1.05] (p.u). It is assumed that a permanent three-phase fault oc-

curs at the beginning of Feeder 3, defined as fault F2. The other parameters are set to the same 

values as the modified IEEE 33-node system. 

Table 5 Installation capacities of DGs 

Feeder PV (MVA) WT (MVA) 

1 1.5 - 

2 - 0.6 

3 0.5 1.2 

4 0.5 0.6 

Under fault F2, switches B3 and B4 are operated initially to isolate the fault. After fault isola-

tion, all the loads and DGs of Feeder 3 are out of service. The total outage active power reaches 

2515.0 kW. Schemes I and II are respectively conducted for supply restoration. 
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(a) Stage 1     (b) Stage 2   

Fig. 11.  Supply restoration stages in Scheme II under fault scenario F2. 

Table 6 Restoration results of Schemes I and II 

Scheme Stage 
Restored ratio of active 

power of load (%) 
Energy not supplied 

(kWh) 

Voltage range 

(p.u.) 

I 
1 

(7:00-7:30) 
92.45 311.4063 0.9500-1.0008 
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2 

(7:31-9:00) 
96.02 0.9585-1.0000 

3 

(9:01-13:00) 
98.18 0.9508-1.0000 

II 

1 

(7:00-7:30) 
100 

0.0000 

0.9545-1.0000 

2 

(7:31-13:00) 
100 0.9502-1.0000 

Table 6 shows the multi-stage supply restoration results of Schemes I and II. The conventional 

switch-based restoration in Scheme I requires three-stage coordination, while the proposed 

method in Scheme II requires two stages. Compared with conventional switches, The SOP inte-

gration in Scheme II facilitates the fast restoration of ADNs. Based on the sequential coordination 

of the multi-terminal SOP and switching actions, the restoration performance in Scheme II out-

performs that in Scheme I within the secure voltage range. 

The detailed restoration in Scheme II is depicted in Fig. 11. In the first stage, VSC2 of SOP 

changes to UdcQ control rapidly to provide voltage support to Feeder 3 before closing automated 

tie switch T3. Then, T3 provides voltage support and VSC2 turns to PQ control to provide power 

support. All the loads are picked up in the first stage. Then in the second stage, the relatively 

slow operation of T4 closing is coordinated with the UdcQ control of VSC2 and the opening of S14 

and S18. Thus, VSC2, T3 and T4 provide voltage support to different parts of Feeder 3, respec-

tively. The coordinated restoration operation in the second stage is aimed to further enhance the 

secure operation under the increased load level. 

Similar to the analysis in Section 5.2, the load recovery level is effectively improved with se-

cure operation of ADNs based on the multi-stage coordination of SOPs and switches in supply 

restoration 

6. Conclusion 
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This paper proposes a multi-stage supply restoration method with SOPs for ADNs, in which 

the sequential switching actions are coordinated with flexible control modes of SOPs during the 

entire restorative process. First, the impact of SOP control mode on the supply restoration se-

quence is analyzed. By providing voltage support, the coordination of multiple SOPs will rapidly 

energize the outage area and improve the voltage profile. Then, a multi-stage supply restoration 

model with SOPs is proposed to maximize the load recovery level of ADNs. The coordinated 

switching actions and SOP control mode selection can be given in sequence, which is more prac-

tical for application. Besides, the secure operation is ensured during the entire restoration pe-

riod through formulating the restoration sequence. Finally, the effectiveness of the proposed 

restoration method is validated on a modified IEEE 33-node distribution system and practical 

distribution networks with four-terminal SOP in Tianjin. Results show that the proposed method 

can fully exploit potential benefits of SOPs and effectively improve load recovery level of ADNs. 

There are several interesting directions for our future work. Supply restoration should further 

consider the uncertainties of DG, which can be effectively solved by distributed robust optimiza-

tion. This is expected to effectively cope with the DG fluctuation. As the restoration performance 

of SOP is limited by its capacity and location, the optimal siting and sizing problem of SOPs is 

worth investigation to maximize the restoration ability of SOPs. 
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