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Abstract

Laminated composite plates are used extensivetharaerospace industiyecause otheir

light weight high strength and stiffnesAdditionally, the use ofpanel structureteads to a
reserveof postbuckling strengtwhich allows more loadto be carriedhantheinitial critical
buckling load.This enables theveight ofthe aircraftto be furtherreducedby fully utilising

this stablepostbuckling phase

Postbucklings ahighly nonlinear preessncurringhigh computational costor conventional
numerical methodgarticularly whenthe plate ismanufactured frontomposite material or
slbject toshear loadingFor many years, researchers and engineers have been searching for a
fast yet reliable analysis technigque to extend the design envelope as far as possible into the
postbuckling region. However, most of the commercial design softwasiearacterized by
either low computational efficiency or lack of accuracy. This work is motivated by the need
for an alternative tsuch software.

The coupled wavelength postbuckling analy§i8VPAN) presentedn this thesiss based on

the use ofa serées of sinusoidalsolutionsrepresenng in-plane displacements, strains and
stresses for a composite plate under any combinationéire loading &sed orthe exact

strip methodBYy incorporating classical plate theory and large deflection theory, the governing
equilibrium equations are assembled and solved analytically at each postbuckling equilibrium
state. The irplane distributions of displacements, strains and stresse®egtotie obtained as

a means of observing postbuckling behaviour.

A convergence procedure consigtof a modified Newton iteration scheme and its supporting
strategies isalso developed to capture progressive postbuckling behaviour. With such a
procedure successive equilibrium states candmmnected and enaibd a full postbuckling
analysis considerg postbuckling stiffness.Postbuckling behavioar such as stress
redistribution can therefore be observed.

CWPAN is illustrated usingappropriate practicalxamples and numerical resultscluding
symmetric balanced, unsymmetric, unbalanced composite plates wpd@néncompression,
shearand combined loadingunder three different ifplane boundary conditions, and is
validated against the most widely usednauical technique, finite element analysis (FEA).
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Chapter 1. Introduction

1.1 Background

Mass minimisation is a crucial objective in aircraft design to reduce the cost of manufacturing,
environmental impact and fuel consumption (Che et al., 20d@)strial strategic research
objectives demand a reduction in aviation fuel consumption ande@@sion by 1.39% per
annum to 2045 and 21% reduction in full flight nitrogen oxide in the long term(Fleming and

Lepinay, 2019)This objective can be realized many ways.

Firstly, materials such as compositelsich exhibitbetter performance than traditional metals

in terms of strength and stiffness to weight raao be used to reduce the amount of material
needed and thus the weight of an aircréftey may also have additional benefits such as a
high resistance to fatigg and corrosion. Composites are increasingly adopted in industries
including aerospace, shipbuilding and the automotive sector. However, such materials often

incur significantly high manufacturing costs.

From a structural perspectiviie use of panelss wellknownto increasehe critical buckling
strengthwhilst reducing weight. More than this howevley havethe potential tgrovidea
postbuckling reserve of strength, allowing compressive and shear loads exceeding the initial
buckling loadto be carriedAnderson and Kennedy, 2008).this reserve can be employed
safely, the weight of composite structures can be further reducetherstructure becomes

evenmore efficient.

Postbuckling analysis however is characterized by -lim@arity and is therefore
computationally expensive. On the other hand it is almost impossible to conduct the analytical
and numerical analysis of ndimear composite plates using algebraic expressions manually,
especially for increasingly complex structur@s efficient computer aided engineering (CAE)

software for noflinear problemghereforebecomes exceedingly valuable. Researchers and

1
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designershave beensearching forsuchreliable computational theories and techniques to

increase design efficiendgr many decades

CAE software including finite element analysis (FEA) is widely used in industry. However,
when it comes to highly nelmear problemsFEA often results in high computational costs
with discretisatiorproblens due to the large stiffness matrices ugethis context, alternative
approachesuch as the finite strip and exact strip methwtigeh reducedegrees of freedom

and levels of discretisatidmave proved particulbr valuable

VICONOPT is a software for designing prismatic structural components developed at Cardiff
University in 1990. By utilizing the exact strip method and WittNgKliams algorithm,
VICONOPT can solve critical buckling and free vibration problems analytically with
considerably high speed. However, for postbuckling analysis, an incomplete capture of in
plane behaviour leads to conservative results for composite materialsiofsiegious authors
including Che (20@) and Zhang (2018), have begun to address this by developing an exact
solution to capture Hplane distributions. This new approach however is still relatively

inaccurate for composite material and shear loaded plabdéems.

In this thesis, a new numerical methadupled wavelength postbuckling analysis (CWPAN)
based on the exact strip method is presented to overcome these limitations and allow accurate
postbuckling analysis for a wider range of load and bounctamgitions, and for anisotropic
materials. The method uses classical plate theory antk&manlarge deflection theory to
account for the additional strains generated from lateral deflection. By assuming displacements
can be represented using a seriegsigbnometric terms, equilibrium equations can be solved
analytically and irplane displacements, stresses and strains can be identified. To find the
postbuckling equilibrium path, a modified Newitype iteration scheme and corresponding
convergence metid is developed. The method is validated against results obtained using the

finite element method to further understand its advantages and limitations.
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1.2 Thesis scope

This thesisaddressethe limitations ofthe previous postbuckling analysi€he 200; Zhang
2018) based onmprovedexactstrip analysisandVICONOPT.

Th e mpryolvedexact stripanalysi® d e v e (Zbange 2D1Bprgvides an efficient approach

to postbuckling analysis for isotropic plate assemblies in the preliminary design of aircraft
structures.It improves previous exact strip postbuckling analysis by capturinglame
displacementddoweverit has drawback&hen it comes to isotropic material or shear loading
casesresulting skewed mode shapeas it gives unrealistic result®r fails to solve the
equilibrium equationsThis is becausé represents the postbuckling mode with one single half
wavelengthwhich degpite beingefficient is often inaccurateln this thesis, a series based
postbuckling analysis is presented which successfully overcome previous limitgtiisirsg

a number of half wavelengtlasd therefore more accurately representingptistbuckling for

composite materials and shear loaded plates.

VICONOPT uses a Newton type iteration scheme to capture the changingroragedvious
postbuckling analysis. It can successfully obtain the mode shape for regular and symmetric
mode shapesub has nothus farconsidered any circumstanagsder whichthe mode shape is
skewed due to composite material or shear loadihg.previousmproved analysisloesnot
implement the Newton iteration from VICONOPdnd can only therefore analyse a
postbucking scenario at one particular equilibrium point. Therefore for a plate that has a
skewed mode shape, none of the above methods could achieve a full postbuckling analysis. In
this thesis, a series based Newton iteration scheme and corresponding corv&igeme are
developed to allow a full postbuckling analysis.
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1.3 Thesisaims andobjectives

The aim of this thesis is to develop an accurate and efficient methodology for predicting the

postbuckling behaviour of composites under combined loading.
The objectves are as follows:

1. Toreview the composite postbuckling theories of other researchers and understand their
limitations when analysing composite plates or for shear loading.

2. To develop a postbuckling analysis which addresses these limitations while retaining
the advantaged the fast and reliable VICONOPT.

3. To develop a convergence procedure allowing the equilibrium path to be found.

4. To investigate the sensitivity tiie developed methafCWPANS&based on a series of
parametric studies.

5. To validate CWPAN against the finite element method by modelling usihg
commercial software ABAQUS.

1.4 Thesis overview

The thesis is presented in the following Chapters
Chapter 2Background theory and literatureview

This chapter provides a review tfie postbuckling analysis oplates Formulationsfor
buckling and postbuckling based on claskmate theory are presented to estabéidtasic
understanding ofhe methodsutilized in this thesisA review of composite material and its
mechanismais included Finally, a reviewof recentadvances in thpostbuckling analysis of

composite platgis presented

Chapter 3: Exact strip method and VICONOPT
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This chaptepresentshe exact strip method and itsplementation through thélPASA and
VICON analyss options of VICONOPTFormulations are givefor each methodighlighting
the difference betweenthe basic theories of the twd.he previousd mprovedexact strip
analysi® postbucklingmethod developethased on VIPASA analysis is presenta its
limitations highlighted

Chapterd: CWPAN: in-plane solutions

This chaptedevelops aoupled wavelengtpostbuckling analysiSCWPAN) for composite
plates using VICON analysisto address the limitations of the previous metHadpired by
Steinds assumptions and employing VICON anal
developed based on vétarmanlarge deflection theory and finite difference approximai
By solving the governing Hplane equilibrium equations analytically, accurateplane

variables can be obtained.
Chapter 5CWPAN: Newton iteration and convergence procedure

This chapter introduces a modified Newton iteration scheme and its Sngpmhvergence
procedurento CWPAN. The postbuckling analysiequires the buckling mode be provided
as an input to each cycle. Whilst accurate representation of this mode requpkde
deformationto be represented as varyiapusoidally with a series of halfavelengthghe
previoudy implementedNewton iteration schemseonly calculatethe buckling mode fora
singlehalf-wavelengthA new Newton iteration ithereforedeveloped.

Chapter 6: Parameter selection

Four parametarinfluence the proposed analysis significantly and suitable values for them are
required to beselected This chapter studies the sensitivity of the results to each of these

parameters.
Chapter 7: lllustrative results and validation

As the most widely s finite element software, results from analyses carried out using the
ABAQUS Riks method for nonlinear analysis are used to validate the method. For cases where

this is not possible, differences in the two modelling approaches are discussed.
Chapter 8Conclusions and future work

The final chapter concludes the thesis and summarises contributions made to the research area.

It also provides suggestions forture work
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1.5 Publications arising from this thesis
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Chapter 2. Background Theory
and Literature Review

Problems relating to the stability of plate and shell structures have drareatdeal of
attention from industry and academia since the 18B@isen by increasing shell structure
applicationslarge numbers of studies and experimémis isotropic metal plates to laminated
composite panels, have been conducted and publi®meoine hand, resrchers are searching

for suitable theories and techniques to efficiently and accurately capture buckling and
postbuckling behaviour. On the other, using these techniques, materials such as composites can
be optimised to meet certain requiremenisthis chapter, a comprehensive summary of
previous researcbn the stability of laminated composite plates including basic structural
buckling and postbuckling theory is given. The chapter is organised as follows: Section 2.1
reviews some of the most wigelused thin plate theories. Section 2.2 provides basic
formulations for the buckling analysis of plates. Section 2.3 summarises the development of
composite materialandtheir basic mechanisms. Section 2.4 discusses some of the important

literature onthe postbuckling of composite plates.
2.1. Review of thin platebuckling theory

Thin walled plates, defined as3-dimensioml structures having a thicknessvhich is small
compared to the other two dimensiongTimoshenko, 1959)arevery common engineering
structural componest Such structurewhen subject tin-plane loading can be analysed using
two-dimensioml stress theory. Since the 19th century, numerous plate thé@wesbeen

developed, of which two are the most widely used:
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1) TheKirchhoff-Love theoryalso calledClassial Plate Theory(CPT) (Love, 1888).
2) The ReissneiMindlin theory, also calledFirst-order Shear Deformation Theory
(FSDT) (Uflyand 1948).
If deflectionsi n t h dateml daettiendase small compared totitekness classial plate

theory is usually applied’his makes th&llowing assumptions:

1. The midplane is considered to theneutral plane.
In-planedeformatiors of the midplane of the platdue to bending arzero. Subsequently
in-plane stresses/sinsdue to bendingre zero as welllhe kending of a plate only causes

theplane above and below this rpthne to defornin-plane see Figur@.l

2. Line elements normal to the mpdaneremain normal to iafter deformation

Line elementsare the straight lines normal to the mpihne which remain straight after
bending. Sucha hypothesis can be applied when the transverse shear force is small in
compaisonwith compressionA largertransverse shear force will cause the element lines
to skew (first-order sheadeformationtheory) or everbecome curve¢higherorder shear
deformationtheory, and example being thiokder shear deformation theory (TSN

this case, other plate theoriesed to bepplied.

3. Strains and stressesthrethickness direction remain zero

The kengths of line elements remdhe sameafter deformation.

When the ratio of plate thicknesswidth is comparably largefirst-order shear plate theory is
normally applied. As with the KirchhoffLove theory, firstorder sheadeformationtheory
assumet he pl at e 6 s sunbhangdd mafteersdeformatiom aitislmidplane is taken
asthe neutral planeHowever, the element lines may metnainnormal to the neutral plane
due to transverse shear fos¢eflyand, 1948 Mindlin, 1951), see Figur2.1.

Higherorder shear deformation theoryasfurtherextension of classat plate theory where

element lines are no longer straight after deformadiom tothe nonlinear distribution of in

plane displacements in thedeal directiofl D6 Ot t avi o and PalHigher 2017)
order theorywas first studiedy Vlasov(1957a, 1957b)Later in 1977 Lo, Christensen and

Wu developed theequiredformulatiors by considering the variation of displacements and

stresse in the thickness direction. Such theory is naturally suitable for analysing laminated
composite wereplies arestacledin the thickness directio(Hanna and Leissa, 1994). The

development of higheorder plate theory for composite plates bastinuedever since.
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Undeformed

neutral plane

Figure 21. Deformation of a typical transverse normal line in variplatetheories (Wang,
2007)

2.2. Buckling of plates

CombiningKirchhoff-Love and Eulebuckling theory (1759), Brya(iL890)investigated the
buckling of a simply supported rectangular plate under axial compressionamsergergy
approach. Timoshenkd936)extended tts plate stability analysis to include more boundary

conditions and presented the theory with kinematic bebavio

Applying classial plate theory, irplanedeflectionscan be representad terms oflateral

deflectionw as follows

_.
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i
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wherew, u andv represent displacements withhre plate andd andu are inplane
displacements of the neutral plaBased on thesa-plane displacementdirectstrains- |,

- and shear strajn can be obtained by plane elasticity theory

g Ly Lo ‘2
T w T w T ol ® '
SubstitutingEquations 2.1 int&quation2.2,

- - alh - - alh I ol é (2.3
where- ,- and’ are the strains in the neutral plane &ndll andll are the changing
curvaturewith respect te, y and shear directian

T6 . To . Té6 T0 ]
- T_o‘oh —o,ot‘i To T o é (2.9
T 0. T 0. T 0 )
— — — é (2.
I Tmm T(bhu T 6 (2.5

According to classal plate theory, the stress and moment resultants can be obtained by

integraing strains throughhethickness, as follows

T T T
l'-') ” ,Q 63 ” 'Q 6‘3 r 'Q C:x é (2'6)
T T T
7 T T
0 I Q& I Q&b I & Qa é (2.7)
T T T

Simplifying Equations 2.6 and 2.7, the relationship between strains and stresses in the neutral

plane can be written in matrix form as

U \

L 0 86 86 6 6 6 .- .
O . o o o ” ” » Lk 11
”" " |? 0 0 0 o 0 ol N
NV 6 6 6 6 6 .7 .
5 |(P il 1 ] Z
"5 " % 8 6 O 0 0wl oa ¢ (28§
0, 6 86 6 0 0 Oonlon
D yw 6 &6 0 0 ouwl v

where the matrixontainingd ,6 andO is known asthe stiffness matrix whiclis related

only to the propertes of the structure. There are many charactesgsticthis matrix. For

10
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exampleit is perfectly symmetricFor particularmaterials certainterms intheabove matrix

may beequal tozero which can significantly reduce the complexity ofdhalysis

Havingthestresses in the neutral plane, the equilibrium equations can be assembled as follows

ro 1o 5 (2.9

To T " © @9

1o 1o )
o rTOo 1o L, to ., tx 1 ox ,
o Taorole “To Ciardie " ¢ (21D

SubstitutingEquations 2.&.7 intoEquation2.11, the governing equation can be obtained

T x T x T x , 10 .1 X T x )
' — 2.1
0% Sote T YTea Yigdie ™ @1
whereD is the flexural rigidity otheplate
oQ
— é (2.1
pcp v 213

whereEi s t he Yousmwmgést medwloi shstieerthickness af thé mlatea n d
Equations 2.11 and 2.12 describe a ¢asghichstress resultants ,0 and0 are constant
throughoutheplate and no body forceseapplied within. Foa plate that is simply supported

and uniformly axially loaded, the function of eaftplanedisplacement can be assumed to be

a series of trigonometrical functions

0 & i QE—| Qb é (2.14

wherem andn are the integer numbers of hathvesof a buckling response in theandy-
directiors respectively Outof-plane assumptions are made regarding the boundary conditions

and loading conditions. Substitutirigguation 2.14 intdEquation2.12 the equation can be

11
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solved analytically, noting #t 0 0 Ttif the plate is loadednly in compression. The

critical stressresultant) can therefore be achieved

g 20 é (2.19
w

wherek is the critical buckling load factor

™
Ex

~

q L° é (2.16
w

18!

o

. FromEquation 2.8 it can be seen that the buckling load dependsfonm andn.

2.3. Review of composite material

A composite material is two or more different matenaltsch are broughtogether to achieve
properties such dsgh strength and stiffness to weigfattios but remain separate and distinct
(Gibson, 2016). The advantages of composites have enabled them to make a significant
contribution to engineering development, especially in the aerospace industry. The use of
composite material before the 19th ceptyas mainly in structural constructions andsonry

such as bricks andapanesswords to achieve desirable properi{isgavally, 2017), while
modern laminated composites cover a much wider range of engineering applications, e.g.
aerospace structures,obiedical products, sports equipment, automotive components and

many others.

The first use of glass fibre reinforced composite was at the time of the Second World War in
1942 on a boat. Reinforced plastic was invented in the same yeatilesgdl in theelectrical
components of aircraft. Later in the 1960s, boron and high strength carbon fibres, considered
as the basis of todayods advanced composites

components since 1970 (Herakovich. 2012).

The mechanics ofaminated compositehave been developed alongside their introduction.
Lekhnitskii in 1947 derived the earliest form of constitutive equations for composites,

12
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demonstrating the number of independent constant required to describe different materials e.g.
amonoclinic material has 13 independent constants, an orthotmogi@as 9, andnisotropic

materialhas two independent constants, etc.
The general form of these constitutive equations is

&

6 6 6 o6 0 ..
S o v . « NS
:TI 5 |Q 0 (0] (0] 0o 0o I’II-I S
w000 0 00 R, é (2.17
11 ] I(P 6 6 6 (6] 0 :_,:lrl ]
'1 " 8 6 6 6 8 o
g s 5 & 6 6
where- ,r ,, andt are normal and shear strains and stresses, respediivedyethe21

unique components of a symmetidfnessmatrix.

The mechanics of laminated composhecame mature when classic lamination theory (CLT)
was developed. Based on the work of &isind Dong(1959), Reissner and Stavsky(1961) and
Dong et.al. (1962), CLT describes the properties of an assembly of laminas, which are
unidirectional fibrous composites with fibres in ttle layer oriented at an angle, see Figure

2.2.

=% . Lamina (ply)

Laminae forming a laminate Laminate
Figure 22. Laminated composite

Considering laminated composites are comparably thin such that classical plate theory is valid,
the strains that relate to the lateral direction-i.e./ and’ are zero, and taking bending

effects into account the stiffness matrix can biter as

O . 0O 0 0 0 0 o .

v, 11 m “ - " w » Ul

||U ] |Q 0 0 0 o o I’I|(Y- 5

4 o © © 73 14 14 > L ,
w6060 0 0 0 o é (2.19
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w v 6 6 o o ouyl U
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Here0 and0 are stress antchomentresultants within the plate and,f andll are the
corresponding strains and curvaturgs., 6 , O are components of the stiffness matrix

related to stiffness, thickness and lateral location of each ply.

In Equation 2.18) are inplane stiffnesses relating toane strains ,- ,[ to stresses
0,0 ,0 ;O are outof-plane stiffnesses relating moments, 0 ,0 to curvatured ,
I, ;6 coupleinrplane and oubf-plane stiffness relating iplane stresseas , 0 , 0

to curvatured ,Il ,II and moments ,0 ,0 toin-planestrains- ,- ,[

Within the stiffness matrix,0 ,0 describe shear extdns coupling, i.e. i ,0 are
zeros, normal strains and- do not cause shear stresses, and shear straifis do not
cause extension stresses U . O ,'O represent bend twist coupling. If these terms are
zeros, the twisof a compositdi  does not cause bending moments 0 , and vice versa.
The stiffness elements describe implane and oubf-plane coupling, i.e., iplane strains
causng bending momestd ,0 , 0 and outof-plane curvatured causng in-plane

stresse® ,0 ,0

From the material point of view, laminated composites are normally categorized according to
the arrangement of their plies whichsheonsequences in terms of their behaviours e.g
symmetrical, balanced and orthotropic laminates. In a symmetric laminate, plies arranged in
symmetric positions with respect to the apidine are identical. Such laminates haves ro in
planeout-of-plane coupling and stiffness matiXxis a null matrix. 1 a laminate is balanced
every unidirectional ply has a ply with the opposite direction to balance it. It is characterized
by having no extensieshear coupling and stiffness elememtsand 6 are zero. For an
orthotropic laminate, plies run in twoutually perpendicular directions meaning that forces
and bending moments applied in those directi
there are no bend twist, extension shear or extension twist couplings. A laminated composite
is often chareterised by combinations of these characteristics for example being balanced and
symmetric and therefore having neither-ot#planein-plane coupling nor extensieshear
coupling. It is worth noting that for unsymmetric unbalanced layups, all of theestsf

elements can be naeros.

14
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2.4. Review of postbuckling theory

It is well known thagfter a plate reaches its critical buckling load, increasing the applied load
does not instantly cause failure (Bloom and Coffin, 2009). Instead, the plate starts to undergo
a lateral deflection which is relatively large compared to its thickness. Mast gifuctures

have such postbuckling reserve of strenglllowing them to carry compressive and shear loads
exceeding the initial buckling loadf this reserve can be fully exploited, the weightaof
structure can be reduced by different amounts depgrah their properties. This would be
exceptionally beneficial for the aerospace industry where saving a small amount of mass could
result in reducing manufacturing cost, environmental impact and fuel consumption (Mrazova,
2013).

Figure 2.3 shows the behaour of plate structureduring buckling and postbuckling. With
increasing implane loadP, a perfect plategollows path A which shows noout-of-plane
displacementv until the critical buckling load is reached. After the bifurcation point B, the
curve folows path C for a linear idealization. For large deflection analysis, the curve follows
the nonlinear path D witranincreasing slopeRath E indicatethebuckling and postbuckling
behaviourof an imperfect plate.

e s]

In-plane load PP
o

Out-of-plane displacement w

Figure 23. Loaddisplacement graph f@osbuckling problem(Zhao, 2019).

As reported by Hutchinson and Koiter (1970) different types of postbuckling phenomena can

occur. Fgure 2.4 shows typical loadeflection curves for structures with a unique buckling

15
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mode corresponding to their classical buckling load. In all three cases the perfect structure
remains stable prior to buckling, i. 0 , becoming unstable in postikiing (indicated by

the solid curve).. The first case illustraestructure with a stable postbuckling path which can
support loads in excess of the critical load. The dashed curve indicates the behaviour of the
same structure with a slight imperfectid he second case depicts a structure whiclhodiamav

into either a stable anunstable postbuckling patiesulting inthe loadeitherincreasng or
decreamg after the critical buckling load. This is an example of asymmetric postbuckling
where the rate taken after buckling depends on factors such as initial imperfections. The path
for an imperfect structure is again shown by the dashed line. The third case is an example for
a structure which has possible postbuckling paths which are symmetricspiéitiréo buckling

deflection. In this case postbuckling behaviour is always unstable.

P' I’ ffff 7
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P f-———
/Fm
/ 7
P. —— 7_——_‘_-—’
/
/ CASE In

Generalized deflection Buckling deflection — 8

Figure 24. Load-deflection curves for singlmode bifurcation behaviour (Hutchinson and
Koiter, 1970)
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Research into the postbuckling phenomenon has been cautiedt more than a century. As

lateral deflection during postbuckling cannot be neglected, i.eretatively large compared

to the structurebd

s thickness,

t he

key

di ffer

on the work of von Karman et al. (1932) who established large deflection theory, lies in the

compatibility equations.

é (2.19

Compared to Equation 2.2, the extra terms in Equation 2.19 are due to the elongation related

to outof-plane deflectiorw. Substituting Equations 2.19 into the equilibrium equations, the

postbuckling equations can be solved analyticdly.establishing the interaction between

membrane and flexural effects computational cost can be reduced significantly.

Another important postbuckling phenomenouliscoveredby von Karman is the stress

redistribution thabccursin a plate loadeavith a uniformly distributedload (von Karmanet

al. 1932; Winter 1947). The oof-plane deflection irthe postbuckling regime reduces the

axial stffness, redistributing the compression towards the edges of the Plader \on

K8r m8nds ef f ect icongpresgivedarchs atthe edgéthe platerare sassumed

to be uniformly distributed and concentrated within a wlaftwhile the forcesin the middle

are assumed to be zero or near zeee Figure 2.5
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Based on von K§8r m§n 6Cox et & (1§38usatlendérdy eondiderations t he o r
to determingoostbucklingbehaviour In their research, the total potential energy is expressed
in terms of inplane and oubf-plane displacements which are then evaluated by minimizing

total energy.

LaterKoiter (1943) proving that large deflections which cause stiffness reductions cannot be
ignored, developed classical nonlinear bifurcation the@gcelerahg the development of

nonlinear buckling analysis.

Prior to numerical analysidbecomingmature, analytical metlis werewidely used. Levy
(1942)continued vorK 8 r m $argé deflection theorytilizing double Fourier trigonometric
functionswhich could bebroken down and solved individualliz.o |l | owi ng on from
research, Coan (1951) took imperfections into wmration, analysing the postbuckling of a

plate under axial compression. Yamaki (1960) extended this work to cover rectangular and

circular plates under different boundary and loading conditions.

Johns (1970) studied the shear buckling of isotropimatthetropic plates. Both infinitely long

and short plates under uniform shear and compression were investigated based on classic plate
theory. Although analytical equations were assembled, equations were only found for possible
buckling stress by threshahdy shear and compression.

Marshall et al(1977) studied the postbuckling behaviour of thin orthotropic panels under
compression. Based on vdfarman large deflection theorythey derived the noiinear
equilibrium equations alonie postbuckling path byepresenting deflections and foreeish
general Fourieseries. To solve such complex equations, the Ritz techmi@saused to
minimize the total energy in the midplaakhoughthe extehof the nonlinearity between the
applied load andhe lateral deféction resulted in alarge number of deflection function
coefficientsanda high computational costheir method was successful in followitigesnap

through oftheload-deflection curvavhich was validateéxperimengally.

During World Warll, advanced fibres drew great attention in the aerospace industry, leading
to the development of the theoretical and applied mechanics of composite materials and
structures. Pister (1959) and Reissner (1961) developed a system to aethen@lements of

the compliance matrix for laminated composites known as Classical Lamination theory.
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The buckling and vibration of crogdy laminated composites were investigated by Jones
(1973). An exact solution and numerical results were pres#orteainply supported composite
plates. Harris (1975) derived the-ptane postbuckling stiffness of a rectangular composite
plate immediately after critical buckling. He accounted for the coupling effects between
bending and extension when a biaxial loa@pplied in the longitudinal direction and found

the reduction of stiffness due to the change in postbuckling mode shape.

Stein (1983, 1985) formulated largeflection equations based on von Karman theory for
orthotropic composite plates under compi@ssased on earlier work on the buckling and
postbuckling of isotropic materials employing von Karman strains in an infinite set (Stein,
1959a, 1959b). Following this idea, lateral deflections were assumed to be in the form of

trigonometric functions inhte loading direction.

w p LGl G
0o o = - 0 W 0 Wi @& 0 WWeE+—
W C — -
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113 w 'I‘,w

where O is the applied longitudinal end shortening displacemateral deflectiorw is

sinusoidally periodic with halivavelength_, and inplane deflectionsi andv are sinusoidally

periodic with halwavelength_¥¢. This work enabled the equilibrium equations to be
converted into ordinary nonlinear differential equations which were solved numerically using

a twopoint boundary problem solution Hyentini and Pereyrd1977. The results were

validated against experamn t a | results and the work of ot]
efficient and accurate for certain problefise displacement assumptidrmsvevemwere found

to adequately represent the buckling mode only for isotropic and orthotropic plates. In addition

to this, the twenty unknowns led to a large number of differential equations resulting in
difficulties in implementing different boundary conditions. Despite these limitations, this work

has provided a basis for further research into postbuckling by Ci8)(@0d Zhang (2(8)

who performed postbuckling analyses based o
det ai | on this can be found in Chapter 3). |

role in the displacement assumptions.
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Researchnto postbuckling analysis of composite material after 189@ostly based around
thesearch for suitable plate theoriesrioorporatanto eitherthefinite element or finite strip
method. Librescu and Stein (1991) developed a highreler gemetrically nonlinear theory

for postbuckling analysis. By modifying the fistder shear deformation theory, their method
analysed transversely isotropic symmetrically laminated composite pldtasissing
particularly ontransverse shedeformation, transverse normal strasslhigherorder effects
However, the equations derived from this work were limited to simply supported shear
deformable plates and did not considex éffect of inplane boundary conditions.

Sundaresan et al. (199@émployed firstorder shear deformation theory and von Karméan
displacement assumptions to investigate the postbuckling of a moderately thick laminated
composite plate. The resulting formulations were incorporated into-eogtgdisoparametric

plate finte elemets with five degrees of freedom per node and used to solve the problem of a
platesubject to urform or biaxial compressiom whichthe plate edgeareallowed to move

in the loadhg direction. Results showed good agreement with Dym (1974) forpki
supported isotropic plates under compression. Three cometmwere drawn from this
researchlt wasfound that the postbuckling characteristicehe composite plateverevery
sensitive to boundary conditionshich was alsshownby Librescu andstein(1997), thick

plates can withstand large loads after buckkmgl orthotropicplates exhibit a highgoost
buckling strength compared to anglly plates.These conclusions madae not surprising,

and validate the use of firstrder shear deformatiotheory in finite elements for these
particular boundary conditions, although more investigation is needed for general boundary

conditions and materials.

Kim and Voyiadjis (1999) studietthie nonlinear behaviour of composite shell structusing
an eightnoded shell elemefrfiormulated based on a Lagrangian method. Unlike previous
finite element methal the transverse shear deformation effeas considered and included
in the linear stiffness matrix. Thus large deflectiand small straisicould be considered for
postbuckling analysis. The advantage of this methdahist increases the accuracy of high
nonlinear problemand allows the modeling of relatively thick plateslt doesnot however
consider the reduction of buckling capalittaused by geometric imperfecteoNote however
that for thin plates,the use of shear deformation theory doe$ make much difference

compare to CPTwhile thecomplexity of the method is increased to another level
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The arc length method in finite ehent was first proposed by RiK972; 1979) and Wempner
(1971)to solve snajthrough problems which the Newtétaphson method was unable to solve.

In this methodat each iteratiorthe loadfactor isperturbedo converge on an equilibrium path
where iteratre changes are made orthogonal to the predicted solution. Ramm (1981) adjusted
such changes to secant iteration changes. These techniques however, lineariderigtharc
method where constraint equations lead to unique solutions i.e. thbezeare no selection of

root issues. This may result in missing the equilibrium path and causing numerical difficulties
(Memon and Su, 2004). Therefore, Fafard and Massicotte (1993) modified tlengtit
method based on Ramm (1981) and updated theripygee technique to evaluate the arc
length. Later, Teng and Luo (1998) extended the method using an accumulated arc length to
optimize the convergence. Ferreira and Serpa (2005) found that the conventional arc length
method obtains a limit point for sndgack and snaghrough phenomenon due to the highly
nonlinear loaedisplacement path. Therefore, Sousa and Pimenta (2010) introduced a new
parameter with a function to add all previous arc lengths and generate a new load step. This
efficiently overcomes #difficulties in the control atheload increment to reach convergence

at specific locations of the equilibrium path.

Weaver(2004, 2006) observed that a slasibuckling mode is induced by anisotropy for
infinitely long laminated composite plates subjccompression or shear loading and formed

a closeeform solution. Later Diaconu and Wea\005 2006, extended this solution for the
postbuckling of such plates withoth symmetric and unsymmetric laminate configurations.
Ther method represents tip@stbuckling modesingnondimensional parameters to cover a
wide range of dimensions and material propeniéh the solutionghenwritten in terms of
nontdimensional buckling coefficients and load factors. By doing so, the importance of the
terms apparing in the equations or solutions can be easily clarified. The metsxdlidated

for an infinitely long plate with two long edges simply supported and compattedolutions
obtained froma finite element methodl'he paper also highlighted thatp tbuskling results

for infinitely long plates are important because they provide a practical estimation and useful

informationont he postbuckling behaviour of finite

Bisagni and Vescovini (2009) developed an analytical formaratior the buckling and
postbuckling of isotropic and laminated stiffened panels subjected to axial compression. For
buckling, two approaches were proposed emplothieéantorovichmethod (Kantorovich and
Krylov, 1958) and a rigorous closedorm solution.Following critical buckling analysis, a

localized postbucklinggroblemwas formulatedbased ortrigonometric shape functions and
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nortlinear governing equations derived by the Ritz method. The whole analytical technique
was further coded into a computeogram called Stiffened Panels Analy&iPAn)(Bisagni

and Vescovini2009) The authorsdter refined the postbucklinmart of theanalysigVescovini

and Bsagi, 2012)to cover curved stiffened panels and combined loadiny.escovini and
Bisagni (2006, this analysis was further developed into a samalytical procedure. By
implementing the artength method, the analysiss able tsolve forunsymmetric laminates.

An optimization technique based on a genetic algorithm was also developed and employed.

Developmentsin postbuckling analysis techniqués recent years have examinedvel
materiak or manufacturing approachdgaju et al.(2013)used firstorder shear deformation
theory to derive the postbuckling equilibrium equationsadunctionaly graded plate and
variable angle tow composite. Raju et @013, 20153eveloped a postbuckling technique
based on the differential quadraturetnoel (DQM) for variable angle tow composite plates
under inplane shear loading. Compared to the conventional finite element method, DQM
showed good agreements and requifew grid points andienceless computational effort to
achieve convergeresults.Rajuet al (2015)developed a senanalytical variational approach
to investigate linear variable angle tow composite plates. Based tnighgproach andhe
RayleighRitz method, nonlinear equilibrium equationsere assembled and solved
analytically wsing trigonometric functions or Legendre polynomials. The-lead shortening
curves and loatransverseleflection curvesgor such platesvere drawn under uniform axial

compression loading.

Songetal. (2017) investigated the postbuckling behaviour of functionally graded multilayer
composite plates reinforced with randomly oriented graphaneplatelets (GPLs) uniformly
dispersed in the polymer matrix. The analysis was formulated based &@&roéannonlinear
kinematics to take into account geometric imperfestiand firstorder shear deformation
theory. The method used a twtep perturbizon technique to finthe postbuckling equilibrium
paths of composite plates with all edges simply supported.

The RayleighkRitz solution is one of the most successful methimisthe analysis of the
postbuckling of composite plates. Olivand Milazzo (2018) investigated the postbuckling of
variable angle tow composite stiffened panels using a RayRitghmethod. Postbuckling
equilibrium equations were found based on {foster shear deformation theory and von

K8r mg8nds | ar gassungtiorsspPemalttyetesleniquesre used to enforcehe
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structural continuity of the assembled tiwalled structures and the kinematical boundary

conditions. The solution was further validated by the finite element method.

Li et al. (2020) developedraelementfree Galerkin method fathe postbuckling analysis of
variable stiffness composite plates with circular-auts. Thar method useé weighted
orthogonal basis functiorte represenof the field of displacement€lassi@l laminate plate
theory anl von Karméanlarge deflection theorwere thenemployed to find nonlinear strain
components on the midplane. The postbuckling equilibriumpagifound by an incremental
loading step control method. The method was validagainstconventional finite element

analysisand achieved good agreement.

Chen and Qiadq2021) investigated the postbuckling behaviour of rotatioragrained
laminated composite plates under shear based on the Galerkin method. The trigonometric
function proposed by Beslin and Nies(1997)and twootherkinds of series functions based

on the Airy functionsverecombined to uniquely satisfy the arbitrary rotationaéigtrained

boundary conditions.

Wang and Qiao (2021) investigdtehe postbuckling behaviour of stiffened laminated
composite plates using a spline finite strip method. The method forchuketeplates and
stiffeners individually using firsbrder shear deformation theory and Timoshenko beam theory
respectively As the stiffenersveremodelled as beams attached to plete they didnot add

any extra additional degrees of freeddhereby increasing computational efficiency
Nonlinear governing equationgere solved based on the Newtdtaphson method. Sueh
beamplate model is capable of analysing both global and locatbpckling for both

transverselyand orthogonallstiffened plates.

The exact strip method was first proposed by Witt(k3683) to determine the elastic stability
of plate assemblies. The buckling mode is assutbedry sinusoiddl in the longitudinal
direction Wittrick and Williams(1971) developed the WV algorithm to overcome &
transcendental problerarising from the exact strip method by couning the number of

eigenvalues which lie between zero and any trial value without obtaining them explicitly.

Using the exact strip method and incorpargg the WW algorithm to overcome the
transcendental eigenvalue problenth@l1970s. VIPASAwas developed tcarryoutvibration
and bucklinganalysedor a range oprismatic plate assembli@d/ittrick and Williams, 193).
However, results are vegonservative for panels with anisotropy or shear loa{iigtrick
and Williams, 194). VICON (VIPASA with Constraits) is an enhanced version of VIPASA
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which coupés togethesinusoidal modeto represent more complicated wavefo(#sderson

et al., 1983)In the 1990s, VICONOPT developedat Cardiff Universityin cooperatbn with
Airbus, BAE Systems and NASAombinedVIPASA and VICON analyses withoptimum
designto carry outinitial buckling, free vibration andptimisationdesignof prismatic plate
assemblies. The first ndimear local postbuckling analysis in VICONOPT wies/eloped by
Powell et al.(1998) Kennedy and Andersqg2008)created the Newton iterationethodfor
accurate convergence tre postbuckling mode for VICONOPT postbuckling. Later on, Che
(2010) andZhang(2018) developed an improved VIPASA postbucklmgthod by solving
the differential equations analyticallyjo determine irplane displacement distributians
However,the postbuckling analysis in VICONOPEmaindimited to isotropic material and

compreswe loading

Research on the stability of laminated composite plates chasinued for centuries.
Postbuckling of the shell structuriesparticulardraw attentioramongdesigners and engineers

in recent years. However, most of the postbuckling analysis techniquesasaeterized by
either low computational efficiency or lack of accuracy. To address those limitations, this thesis

proposes a fast yet reliable postbuckling analysis technique for preliminary design.
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Chapter 3. Exact Finite Strip
Method andVICONOPT

This chapter introdusethe computer program VICONORTts fundamental theories and
applicationsfor buckling and postbuckling analysis. It is organized as folldsestion 3.1
presents a general reviesf the basic theoryfor the exact strip method. Section 3.2 reviews
the theory othe Wittrick-Williams algorithm(W-W algorithm) and its applicatian theexact
strip method. Sectian3.3-3.5 introducethe theoryunderpinningthe buckling and vibration
analysissoftwareVIPASA, VICON and VICONOPT the platforms used in this research
Sectiors 3.6-3.8 review recent researcimto postbuckling analysibased on VIPASA
addresmg the limitations of the methodtevelopedand introduce the research background to

this thesis.
3.1. Exact strip method

The exact strip methog@ an alternativenumerical analysis method to the finite stripthosl
(Wittrick, 1968&, 1968h for buckling and undamped natural frequency analysis of prismatic
plate assembliesproviding faster and more accurate analy&ig reducing the partial
differential governing equations to ordinary differential equations which are solved
analytically. The method assumes plates to be divided into strips with arbitrary wwithle
longitudinal direction, as identified by timenodes at the strip edges. At each node, th@but
plane deflectioD is assumed to vatin a series of trigonometric terms. According to classical
plate theory, the governing equations of each node, therefore, are transformed into
transcendental ordinary differential equatiohsin manystructural analysisiethods, a global
stiffness matst K is assembledsingelementstiffness matrices. The elementoarehighly
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transcendental functions of the loads anddbration frequencyThe relationship between

nodal displacements, global stiffness matrix and perturbation loads Pdasttiren:

KD =P é (3.1)

Thuscritical buckling loads and natural frequenctes be determineexplicitly by solving

the eigenvalue problem
KD =0 é (3.2

wherethe displacement amplitude vectdr contains four degrees of freedom, as explained
Section 3.3

Wittrick and Curzon(1968)later extended the exact strip method to includedtfiect of in-

plane shear loading leiad) to skewed nodal lines and mode shapes. To address the spatial
phase differences across the transverse direction of the plate caused by these skewed nodal
lines, displacements are represented by complex quantities. Later on, Viswanathan et al.
(1973;1974)extended the research to cover anisotropic material in flat and curved plate

assemblies which also causes skewed nodal lines.

In the exact strip method, the sinusoidal variation assumption converts a buckling problem to
a singleterm type analysis at thode level. It provides accurate results by assuming the plate
to be infinitely long with no anisotropy or shear loading and solving the governing equations
explicitly rather than using the energy approach. In this way, the global stiffness matrix is
redwcedto amuchlower order than that of the finite element methdde emmputationakffort

is thereforereducedsignificantly, with anaccuracythatis more than enough for preliminary
aircraft design. A disadvantag@mparedto finite element andinite strip methodss that
buckling or free vibration requires the solution tfamscendentatather than lineagigenvalue
problem. However transcendental eigenvalue problean be solvedccurately, quickly and
reliably using the Wtrick-William algorithm (Wittrick and Williams, 1971, 1973).
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3.2. Wittrick -Williams algorithm

Solving eigenvalue problems is essential to finding the natural frequencies or the critical
buckling loads of plate and shell structures. Techniques for finding the eigenvaluaatofa

are widely developed. However, the solution of transcendental eigenvalue problems can be
computationally expensive. Wittrick and Williams (1971) developed the Wittitkams
algorithm (WW algorithm) which efficiently finds the transcendentalegigalues needed to
determine the undamped natural frequencies of vibration problems or the critical buckling load

factor for elastic structures.

Rather thanfinding the eigenvalues directly, the -W algorithm counts the number of
eigenvalueshatlie belowany trial valuef* of f, the load factor or frequency tfe vibration
from Equation 3.2The general form of the algorithean be written as

0 0 0¢ 4 é (3.3
whereJis the number of eigenvalues lying between zero and the trial @jlueis the number
of eigenvalues which would still be exceeded®yf constraints were imposed so as to make
all the displacemen® zeroand®¢ "Q is known as the sign count Kf, i.e. the number of

negative diagonal elements of the upper triangular mattisQ obtained fromé "Q by

Gauss elimination (Wittrick and Williams, 1978).can be calculated from
0 0 é (3.4)

where 0 is the number of eigenvalues of memipeexceeded at the trial vali@ when its
ends are fully restrainedyhich can be obtained analytically or by numerical procedures
(Wittrick and Williams, 1974).

After obtainingd andO¢ "Q |, eigenvalues can be found by using parabolic interpolation or
the bisection method within any desired accuracy d consequently the

frequencies or critical buckling load factors can be obtained.
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3.3. VIPASA

VIPASA is apowerful analysigprogram developed ithe 1970s. By usinghe exact strip
method incorporatg the WAW algorithm tosolve the transcendental eigenvalue problem,
VIPASA cansolvevibration and buckling problentsr prismatic plate assembliesder pure

or combined loading such as those shown in Eig 3.1 The characteristic simple form
calculation of the exact strip method with theWValgorithm allows fast and reliable analysis

in VIPASA within any acceptablievel of accuracy (Stroud et al. 1984). Itsheeen proven

that for certain component plates, VIPASA is 1000 times faster than the conventional finite
element program STAGS (Almroth et al. 1981).

Figure 31(a) Examples ofprismatic plate assembliegh) a component strip, showinthe
applied uniform stresesultants) ) and0 (Wittrick and Williams, 1971

VIPASA analysisassumes the displacemenjv andw in thex, y andz directions respectively
vary sinusoiddy in the longitudinal directiomvith halfwavelength/ as shown in Figure 3.2
The amplitudes of the perturbation force and displacement veﬂ-:taml- at edges of j=1 or

2 of a strip are defined by;

I o m m Aoy é (35
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Terms in the above vectors are multipliedd@ M “Tow é i* £ o allow for possible

phase differences. Solving the transcendental eigenvalue problem in Equation 3.2, substituting
Equation 3.5 leads to;

"E T 'H i H é (3.6)

T T
L [ T TT p
| - - i i e (37)
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| o . i é (3.9
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o 99 ?Q n LY
i i T é (3.9
Ll 71 T "Q "Q (3.9)
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where superscript t denotes the transpose of a matrix and the bar denotes the possible complex
conjugate. Explicit expressions for the coefficients in thengt# matrix of the strip are
explained and can be found in the workWittrick and Williams(1971) .
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my, ¥,
All edge ferces and displacements to be
multiplied by exp (iTTx/A)cos2tnt.

Figure 32 A strip of a component plate, showing the perturbation edge forces and
displacements, and nodal lin@&ittrick and Williams, 1971)

For an orthotropic panel with simply supported boundary condi(simswn in Figure3.3),
straight nodal linegnodes with zero displacemengsk located at sinusoidal intervalgual to

the half-wavelength/ . Therefore simply supported end conditions are automatically satisfied

if / divides exactly into the panel lendth

s i0dal lines
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(a) Straight nodal lines (b) Skewed nodal lines

Figure 33 An infinitely long plate Nodal lines in (a) are straight and perpendicular to the
longitudinal direction, which is consistent with simply supported end conditions. Nodal lines
in (b) are skewed due to anisotropy or sHeads, approximating the simply supported end
condition.
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VIPASA also allows other boundary conditions, which can be any combination of degrees of
freedom i.e. in-planeu andv and outof-planew andy, to be appled to the transverse edges

of the paneby adding line supports the longitudinal directionA limitation of VIPASA
analysisis thatit is restricted to isotropic plates or composites with symmetric and balanced
layups i.e.those for whichin-plane membranstiffness matrixermsd andd are zero and

there is naouping with the out-of-plane bending stiffness matiix (Wittrick and Williams,

1974. Anisotropy or the application of shear however results in solutions which are
increasingly inaccurate, bause such plates have skewed mode shapes which lead to skewed
nodal lines as shown idgure 3.3(b)so that the simply supported end conditions implied by
VIPASA are not satisfiedlhese skewed nodal lines cannot be satisfiaddginglesine wave
assumption. To overcome this VIPASA allows the terms, "Q ,"Q and™Q to be complex

However, this presents increasingly conservative results.

Buckling loads can be tmd for a range of halivavelengthss-which divide into thepanel
lengthl. The smallest such buckling load is takenhescritical buckling loadTo ensure that

all possible overall and local buckling possibilities have been considered, analysis €hould b
performed fora- I=1/2,1/ 3, 1I/mé wherel/mis smaller tharthe width of the narrowest

componenplate.

3.4. VICON

Inheriting all the capabilities and functionalities of VIPASA, VICONVIpasa with
CONstrairts) analysis was developed to overcome lihntations of VIPASA analysisin
relation toshear load and anisotropy. Instead of repr@sgmiode shapeusingone half-
wavelength, VICON analysmoupkesthe stiffness matrices of different halavelengths using
Lagrangiamrmultipliers tominimise tle total energy o& panel subject to point constr&ésnto
approximate the required end conditions. It can therdfarglle assemblies of plates which
carry shear load or are made from anisotropic material, or which have a variety of boundary

conditions irtludingattachments to beatgpe supporting structures (Anderson et al., 1983).
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As illustrated in the previous section, due to the simple support assumption, Vi AS:d

conservative results for shear load and anisotfrgpresenting mode shapes withe single
term analysis. VICON however presents more accurate solutitogsre 34 shows the
differencesbetweenVIPASA and VICONat initial buckling and a prediction of the VICON

postbuckling path when shear or anisotriggresent

P A VICON critical buckling load
¢/ &
Prediction of VICON postbuckiing path
Load <— _
‘\ VIPASA postbuckling path
VIPASA critical buckling load

> €
Strain -

Figure 3.4 Load and strain paths of VICON and VIPASA for shear or anisotropy

To interpolate infinitely long plate assemblies withint supports along thrdransverse edges,

Fourier series of combinations of several wadivelengths are chosen

o é (3.10

)>*l

5 "Qu
A Agp—

. KON é (311
"E ¢ A Aop—

where’A is the nodal deflection vector of an infinitely long plate assembly consisting of a
series of deflection modés from VIPASA analysesE is the force vector applied at nodes.

€ is the stiffness matrix for haiffavelength_ .

An infinitely long panel, with end supports repeating at longitudinal intervals of the panel
lengthl, is shown inFigure 3.5. Its mode shapes are assumeddpeat inthe longitudinal
direction afintervals of0 ¢ , , where, is a parameterintheramg , p.Mode shapes

can therefore be represented (Anderson et al., 1983) by a series of responses -with half
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wavelengths , ¢a& where m is any integer. Sufficient accuracy is obtained by

considering a finitseries of hawavdengths

a TR .

where the integey determines the number of terms in the series.

e e
LR R
+Hets
[+ & >
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L

(a) (b)

Figure 35 Graphi@al explanation of an infinitely long plate assembly with the end supports
repeating at longitudinal intervals of the panel length | (a) plan view (b) isometric view
(Anderson .et al ., 1983)

To couple multiple halfvavelengths, Lagrangian multiplieM/{lliams andAnderson 1983)
are applied. The total energy can be written as the energy of the plate without constraints plus
the Lagrangian multipliers times the energy of the constraintanitbe written as a target

function in terms of the nodal deflectiobg, and the stiffness matricé&sy:

>l
>‘l

AEg A E

alhe

mh ph ¢B h n é (3.13

where'E is the vector of Lagrangian multiplierd, are matrices of the constraints and the

superscript T denotes the transpose.

To find the minimum energy, setting the derivatives of the energy fungtieith respect to

the stiffness matricds m and the Lagrangian multipliefE equal to zero gives
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06 A AE é (3.19
A A é (3.15)
where H denotes the Hermitian transpose.
For programming purposes, Equations 3.14 and 3.15 can be written as
o A A N
11 LE A |’|n,76\
11 [‘)é ’jA |’|:4 :,:
: : O€ A :,:IlA no T € ( 3
11 0€ TA |’|I A,\, "
L) E & |°ll l"e 1

UA A A A A 8 (HEU

where the negative sign in the subscript denotes the complex conjugateeofty@nized
stiffness matrix consists of a block matrix comprising the stiffness ntatriand a block
matrix of allthe constraintsA addedto the right and bottom of the main matrix. A similar
approach to organizing the stiffness matiii be used again in # VICON type Newton

iteration schemegresented itChapter 5.

To obtain the eigenvalues from the complex transcendental matrix in equation 3.16 efficiently,
a modified form of the \AWV algorithm in VICON is developed and given by

0 0 [ € in i 6 (3.

wherev andi € are the sign count of the eigenvalues for eachwalfelength_ , and

R is given by
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r is the number of constraints, i.e. the ordeRpands denotes the sign count of a matrix.

Then si mil ar -W algorthmpPtiAeiyegnwalued/can be found by bisection or

parabolic interpolation.

By coupling more haltvavelengths through the usé bagrangian multipliers, VICON
analysis improves the accuracy of the buckling problem for plate assemblies with shear loading
or anisotropy, as shown in Figure 3.6. The results are more accurate than those obtained using
VIPASA analysis although this &t the sacrifice of computational time. However, it is still

150 times faster than the finite element program STA&®B¢r and Williams 199

nodal line point supports point supports

SS

5
E e s

(PRI
T

Figure 36 Buckling analysis, oubf-plane displacemergontoursfrom (a)VIPASA analysis
and(b) VICON analysiéWilliams and Anderson, 1983)

3.5. Exact strip software VICONOPT

VICONOPT (ViIpasa with CONstraits and OPTimizationis aFortran 77computer software
consisting of more than 50,000 lines of catkvelopedat Cardiff University in 1990in
cooperation with NASA and Airbus (William et.d990, 1991 It incorporates/IPASA and
VICON to cover the analysis oélastic buckling and undamped natural frequescier
prismatic assemblies including isotropic and anisotropic material under any combination of in

plane loadinggnd constraintdt alsofeaturesnulti-level optimization analysienabling itto
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minimisepanelmasssubject tdouckling, stiffness angeanetricconstraitis. The development

of VICONOPT has never stoppgdontinuous design optimization was introduced and coded
into VICONOPT in 1992 by Butler and Williams. Later on, Kennetlgl developed discrete
optimisation for VICONOPTIN 1998, Poweltleveloped the first nelinear local postbuckling
analysidor shell structure assemblies an@008, Kennedy and Anderson created the Newton
iteration for accurate convergence on postbuckling mdde VICONOPT postbuckling
analysis Later on, Che(2010) and Zhang (2018) developed an improved VIPASA
postbuckling method toapture inplane displacements for each postbuckling increrbgnt

solvingthein-plane equilibriumequations analytically.

Overall, as a numerical modelling software, VICONOPT is lyigtfficient, taking advantage

of a smaller stiffness matrix compared to finite element software. Implementing the exact strip
method in VICONOPT means it is less likely to have discretization problems and enables it to
perform much faster analyses of prain assemblies for both buckling and postbuckling
analysis. The combination of VIPASA and VICON enables accurate results to be obtained for
any material, loading and boundary conditidos critical buckling analysis. However, the
postbuckling analysis iWVICONOPT is at present unable to handle anisotropy and shear
loading due to the limitations of VIPASA.

3.6. VIPASA Postbuckling

Stiffened wing and fuselage panels often have alpadtling reserve of strength, enabling
them to carry loads far in excess ogithcritical buckling loads. Therefore allowing for
postbuckling in design can reduce the weigfhsuch structureandhence fuel consumption
and environmental impact. The feature of postbuckling analydiseigefore ofparamount
important for VICONOPTZhao, 2019)

Powellet al. (1998)eveloped the first postbuckling analysis for thialled structuresas an

extension of VICONOPT. Assuming thecomponentplates are isotropic or anisotropic

infinitely wide andsimply supported, the plate buckles locally with afwadfvelengttre wh i ¢ h
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dividesexactly into the panel length As shown irFigure 3.7, aplate with widthb and uniform

thicknesd is dividedequallyinto ns strips alonghelongitudinal direction

. ® ]
w é (3.19
€
N,
LA .,: "r,
N
Figure 37 Typical flat plate of width bsubdivided int@ strips of widthd(P o we | | et

1998

It is well known that postbuckling behaviour is significantly influenced by geometric
imperfections. ® account forhis themethod assumes a plati¢h geometricimperfectiors
defined byits maximum outof-plane displacement . At thebuckling loadd , the initial $ress

resultant at each strip is calculated by

é (3.20

ed &

The analysis consists of a uslfined number of cycles. At each cycle, the-aigplane
displacement is increased by a usdefined ratio and the applied lo&dand longituahal
endshortening strain- are obtainedBecause the postbuckling mode is represented by
singlewavelength, the mode shape stays the sastiee buckling modat each cycle. So the

applied load at each cycle is

C
©
|
C

é (3.2))

The longitudinal strain due to the applied I¢ai$ 0j "Y, where'Y is given by
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- 0 .
Y w0 5 é (3.22

where0 arethe inplane elastic properties.

Thus the longitudinal strain  at the buckling load is given by

% ¢ (3.23
Now consider the flexal strain - due to bending at owutf-plane displacement . As
shown inFigure 3.8 the changen projected length oé linear element of length dx in the
longitudinal direction can be written ds0 jT ®Q wThus the flexul strain- can be
obtained by differentiating the change between the initial and final projecteddéogthO to
the haltwavelengthe:

0 ) 0 0 .
R & (3.24
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A
- >
—_— Y or N .
hh_"'\--.. _ .-1"" I‘ e
v T
" (@)
Lolor v
e Ok R Ty
e ¥, W I I“_ o
+ T S
Ll - s x
~ e

Figure 38 Crosssection of part of thin rectangular plate having an initial imperfection
with maximum valué : (a) unloaded; (b) loadéd o we Bl . §.1. 9 9 8

where thev displacement is included to allow for the alignment of stiffeners atbag

direction.
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Similar totheexact strip method, the mode can be writtea siausoidal function
0 0 OET ¢_ é (3.25

whereb is the amplitude of the mode shape. Thusdfign 3.24can be further simplified as

0 of 0 or e (3.29

i — é (3.27

After initial buckling, the stressedongthetransverse edgeare no longer uniform i.e. stress
redistribution takes place. As shown inig3.9, 0  is the mean value @f aongthetwo
edges of strigand( is the average stress resultant which egeddsAt the edges whre the

stress resultants for flexuaeezero, the stress is taken™® , where

w0 é (3.29

The overall stress resultaint for each strip is given by;

0 YO O é (3.29

The end shortening strain at the same cycle can be obtained by;

- = é (3.30
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Figure 39 Variation of stress resultants across a i@ we | 11 9&t8 a l

To ensureaccurate results, a convergence procedure is required to convelganaximum

displacement ,applied load P and end shortening strainAt each iteration of the procedure,

theabove calculations are executed and the convergence of the iteration is assooued

when thefollowing criterion is met

whereD is the current applied load, i s

predefined small positive number.

t

he

previous

é (3.3))

tRisati

onao

For eachnew cycle, the previous converged mode is considered as the new imperfection,

representing the worst possible shape and the maximuof-plane displacement is rescaled

by increasinghe value off . Forthe new buckling load , instead of using VIPASA, a

simple linear extrapolatiobased on thprevious two buckling loas applied to calculatg .

Hence by substituting into Equation3.21the applied load can be obtained for the first

iteration of the new cycle.

An alternativeboundary condition simply supported with longitudinal edgakle tomowve in

thetransversalirectionbutrequired tor e ma i n

straight

S

al

SO

cons

Sucha condition requires the transversmadl obtained by integrating the transverse stress

resultanto equal zero.
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A A

T 5 Ny
TR TR =R 9%
‘ a a | i C

(©)

Figure 310 Typical applications for postbuckling analysis) crosssection of a perfect
isotropic infinitely wide panel with simplgupported ends, showing the local buckling mode,
and dimensions of a typical repeating portion (ABCA ); (b) curved simply supported panel,
showing repeating portion and local buckling mode; and (c) longitudinally stiffened cylindrical
shelPowel 1998 al . 1

The methodctan beapplied not justo plates buto panelsin the applicatiorshown inFigure
3.10a), the panel is divided into repeating portions of identical geometry. Since the panel is a
perfect isotropic infinitely wide panel witeimply supported ersl the calculation of one
divided plate can normally represent the overall structure. Stiffenedsjganedlso be analysed

by alteing the out-of-plane displacement dhe plate tothe in-plane displacement dhe
stiffeners as illusated in Figure 3.1Qb). Figure 3.1Qc) shows a longitudinal stiffened
cylindrical shell that caalsobe analyzed by VICONOPT.

Powel | 0 providesa lowerdoound local postbuckling analysis based on VIPASA and
implemented into VICONOPT. It uses a simple linear extrapolation to obtain the buckling load
for each cyclelt, thereforeassumes the buckling load paths follow an approximéiteear
relaionship throughthe cycles. Suclan assumption gives poor accayain termsof mode

shape andiollow-up calculations. To overcome this limitation, Kennedy and And€a08)
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createda Newton iteratiorschemdor accurate convergence thecritical bucklng mode for
VICONOPT postbuckling.

3.7. Newtoniteration scheme

Instead of obtaining the buckling load and associated mode shape using the exact strip method
and the WW algorithm, a convergence scheme using Newton type iteration was developed for

local postbuckling analysis.

The buckling problem fothe exact strip method is to solvehe transcendental eigenvalue

problem;

g A é (3.32

Here,A OrQ p8 ¢ is the mode vectdor the structure, which includes displacements

and rotations at the longitudinal plate edg&slso includes displacements and rotations at the
strip edges within each plate, and is ordered to permit elimination of these internal degrees of
freedom by substicturing.£ O MAQ pMB ¢ is the corresponding exact stiffness matrix,
which is a transcendental function of the stress resultants in each strip, and hencéhalso of
Note that, although and’A have finite ordet, the formulation effectivelyatains an infinite
number of internal degrees of freedom because the governing differential equations for each

strip are solved exactly. Suppose that

N H é (3.33

>‘l

whereA’ is a trial mode vector aritH  'QrfQ pfB ¢ is the adjustment t&° needed to

solve Equatior8.32 The Newton iteration is expressed in matrix form as

v o7z

€ -
£’ —Q A "H $
€ o) é (3.39

—m —a

where€ © € A" . Neglecting higher order terms, EquatiB4becomes
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0 —0 Q 00 Q pBE é (3.39

Equation3.35is solved to obtaii® and substitution in Egtion 3.33gives a new trial mode
vector [, which is used ag Z in the next Newton iteration. The derivatives needed urafgn
3.35are foundusingfinite difference approximations using suitably small perturbations about

the trial valueD  'O’. It should be noted that when an elem®@nis perturbed, the only nen

zero derivatives in Eeption 3.35re those of the plates (or for some loading conditions, strips)

immediately adjacent t®, andthis is allowed for in the logic of the computarding

The Newton iteration reduces the level of approximation when performing postbuckling cycles.

It gives accurate predictions of overall postbuckling stiffness and the stress distribution among
plate assemblies. However, both this method thedorevous local postbuckling analyses
assume that Hplane deflections vary sinusoidally with the same-ha#f v el engt hh & as
of-plane displacements resaly in a failure to predict the #plane displacements and strain

distributions accurately.

3.8. Improved exact strip postbuckling analysis

The previous analysis can efficienfiyedictthe postbuckling path and mode shape at each
cycle approximately. Howevghereis alack of deeper exploration of-pplane displacements,
strains and stresses within the platebe (2010) andZhang(2018) developed an improved
VIPASA postbuckling methody assuming ifplane displacement to vary in a sinusoidal mode
with halfwavelengthss-and a/2. By solvingthe differential equations anaigally, in-plane

displacements and followp calculations for strains and stresses are captured more accurately

This 6rhproved exact strip methdds a VIPASA postbuckling analysis method aimesd
obtairing more accurate stress resultant distributiond eaptuing in-plane displacements
alongthe plate by extenng the Stein method1985). In the ameway asfor VIPASA initial
buckling analyss, the plate is divided into longitudinal strips and all displacemestg v
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sinusoidally along the length with wavelengthTherefore the owdf-plane displacements at

nodei can be written as

b 0 AT & 0 OE+;1 T AT & | OE+ é (3.3
The inplane displacements are assumed to varyeasums of linear, constant and sinusoidal

terms withtwohabwa v el engt hs & and &/ 2.

6 -~ w -

b oo 6 Ai 62 v 0ERY b AT 6 b 0el" & (339

wherethelinear term- @ - denotathe end shortening strain due to compresai the

constant ternd denotesa product relatednly to w which is considexd asa known value

from VICONOPT.

Using von Karméanlarge deflection theoryvon Karmanet al., 1932, expressions for the
neutral surface strains and curvatures can be obtained.ti@stresses and derivatives of
these stresses can be obtained by introducing the membrane stiffness matrix. Sinceothe meth
assumes the displacements vary sinusoidally along the longitudinal direction, any of the
derivatives with respect to the longitudinal direction can be obtained analytically, but those
with respect to the transverse direction in the calculation arereelgioi be computed by first
or second order finite difference approximation. Hence the equilibrium equations can be
assembled using previous expressions and solved analytiggllye 3.11 shows the improved

method embedded into VIPASA postbuckling aniaslys

VIPASA typeexact strip postbuckling analysis provides an efficient approach to postbuckling
analysis for isotropic plate assemblies in the preliminary design of aircraft stru@bessy(
2018). Instead of representing the-lane mode witta single term, the improved exact strip
method couples not just halfavelengths from the owtf-plane displacement assumptions but
also halfwavelengths generated by vidarmanlarge deflection theory. The new postbuckling

analysis improves previous exact stiplyses by capturing-jplane displacementkslowever
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it has very similar drawbacks VIPASA in term of buckling analysis. When it comes to

anisotropic material or shear loading cases which lead to skewed modes, sthagees

unrealistic results ofails to converge.Furthermore, although previous research provided

explicit formulations for ipplane displacements and equivalent uniform stress resultants

calculations, the improved exact strip method still predictobptane displacements and end

shortening strains based on lineaxtrapolationfrom the critical buckling load. Subsequent

chapters describe how thEhproved exact strip methddhas been implemented into the

Newton iteration scheme and extended to VICON analysis.

Improved in-plane

Assumptions

Improved in-plane
Displacement

I
|
I
|
I
|
| [ Strain and Stress ]
|
I
|
|
I
I Results

|
|
i |
|
|

Step 1: Improved Method

VIPASA Out-of-plane

Displacement :<

3F | [T e e ——
Finite Difference | | |
Method | | Work Done by in-
plane Load
¥
% :(>I
In-plane | Equivalent
Equilibrium | Uniform Stress
| Resultants

Step 2: Data Transformation

Displacement

|
VIPASA | |

Step 3: VIPASA Analysis

Figure 311 Implementation scheme of th@proved VIPASApostbucklinganalysisZhang

2018).
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Chapter 4. CWPAN: In-plane
Solutions

This chapter introduces a noymstbucklingsimulation technique for flat plate structuiea

series solution for postbuckling analysis. The proposed approach takes the previous exact strip
postbuckling analysis and extends it, covering much more gerased, e.g. plates under pure
shear or anisotropy, by representing modes using a series of any number of predefined half
wavelengths. The chapter is organized as follows: Section 4.1 outlines the main aims of the
proposed method and the calculation psscé&ection 4.2 introduces the assumptions made in
relation to ouof-plane and irplane displacements. Sections 4.3 and 4.4 outline the
development of explicit expressions for strains, curvatures, stress resultants and bending
moments including a detailagkplanation of the uplane displacement assumption and finite
difference approximation. Sections 4.5 and 4.6 outline the formulation of the equilibrium
eqguations and boundary conditions for the proposed method. Section 4.7 cotndabepter.

4.1. Description and assumptiors of the analysis

Thedrhproved exact strip postbuckling metld¢@he, 2012) agrees well with other simulation
techniques for flat plate structures for isotropic plates in the absence of shear loading. It reduces
the computational modelling time significantly by discretising the structure into longitudinal
strips rathe than rectangular elements. By incorporating expressions feplaime
displacements and solving the corresponding equilibrium equations analytically, the sinusoidal
variation of stress resultants and strains can be predioctieegs not, however, proviédecurate

results for anisotropic plates or when shear loads are applied due to the rekhungy in

the mode shapwhich cannot be represented by the assumption of sinusoidal variation by
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CWPAN: in-plane solutions

longitudinal halfwavelengthsssand&/2. In such cases, the stbns tend to be conservative
compared with the finite element method. For extreme cases like pure shear, the method fails

even to converge.

In this chapter,a series solutiongor prismatic plate assemblids presented. Whilst
maintaining the advantagf smaller meshes from the exact strip method, the method improves
accuracy when solving prismatic plates with anisotropy or under shear load, and enables the
study of composite plates under pure shear which cannot be analysed using the improved exact
strip postbuckling methodnheriting the functionality of the previous postbuckling analysis,

this new approachdopts VICON analysis and theethoddeveloped by ®in (1983; 1985})0

enable theeouping of any number ohalf-wavelengtls to represent the viation of inplane
displacements in the longitudinal direction. In this wayspleme displacements and
distributions of strains, curvatures, stress resultants and bending moments for any load

condition or material can bmpturel with the desiretevel of accuracy

As described inChapter 3, VICON can solve buckling anagsfor shear loaded and
anisotropic platemore accuratelyhan VIPASADby coupling responses with more than one
half-wavelength.The new approach utilizes eat-plane displaceents and buckling loads
from VICON buckling analyses to calculate-pfane displacements with a series of
corresponding haffvavelengths. As in VICON analysis, the plate is assumed to be infinitely
long and the modes are assumed to repeat at regulamistatong the longitudinal direction

at the node level. Once expressions for thplame displacements are obtained, expressions
for strains, curvatures, stress resultants and bending moments are calculated using von Ka&rméan
large deflection theonperivatives with respect to the transverse direction are calculated using
finite difference approximations, enabling thepilane equilibrium equations to be assembled.
Finally, different boundary conditions including free edges, fixed edges and straighaieziges
applied on the longitudinal edges by modifying theliane equilibrium equations. Hence a

full iteration of postbuckling analysis for a particular end shortening strain stage is solved

analytically, see Figure 4.1.
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Figure 41. Diagram showing the full process for aerationof postbuckling analysis

The main purpose of this process is to find thplane displacements awlistributions of in

plane and oubf-plane forces at cycle one along the postbuckling path. It is worth noting that
the process shown in Figure 4.1 is only for the first cycle of postbuckling after the critical
buckling point. For the following cycles, tltisplacements are calculated by a Newton type
iteration scheme and a corresponding convergence procedure, more detail of which will be
presented in Chapter 5.

The following assumptions are made:
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CWPAN: in-plane solutions

1. The series solutions are based on classical plate ihe@nych transverse shear deformation

is assumed to be zero.
2. No imperfections are introduced.

3. The plate is assumed to be infinitely long in the longitudinal direction. Tlde sttapes
repeat regularly in the longitudinal direction in a pattern wisenh be represented by a series

of sinusoidal terms with predefined halfivelengths.

4. If shear and compression are applied to the plate at the same time, the ratio between
compressive end shortening strains aadstant sheastrains remains unchangdadughout

all the postbuckling cycles.

The first assumption is justified when the plate is comparably thin (more detail is described in
Chapter 2) and is mostly suitable for thin laminated composites. Hamadge such an
assumption, the von Karman large deflection theory can be applied and equilibrium equations
can be assembled by neglecting higher order
longitudinal direction vary in a regular pattern, the platesarerally assumed to be perfectly

flat. Hence the modelling in the proposed analysis has to assume the plate without any
imperfections The third assumption is inherited from the VICON analysis, and more detail

will be illustrated in Chapter 7. The fourissumption is based on the natur€@/PAN. More
investigation has been presented in Chapter 7.

4.2. Displacement assumptions

Assume the plates are divided imkd strips with arbitrary width, as identified by the@odes
at the strip edgess shown in Figure 4.2t each node, the outof-plane deflections and
rotationss about thex axis are assumed to vary as the sunhesinusoidal responses in the

longitudinal direction with halfvavelengths_ , andcan bewritten in the form
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~ U wWEH+ U | Qe

0 1 = - A )

o 11 o w [T 6(4.1)
I R
u = = U

where the amplitudes ,0 - ande are obtained from a VICON eigenvalue
analysis at the previous iteration.

According to classical plate theory, it is assumed<¢hat 0 , where the prime indicates the
derivative wth respect to the transverse directiorThe subscripin denotes the sequence of

out-of-plane hakwavelengths.

Longitudinal direction

One component strip - :o:e ;
g g
with width b : — Node

;
R — Node/

Total width a = R

Transverse direction

x G
—>  Noden
y —

Total length /

Figure 42. An example square plate with widshdivided inton-1 strips of equal widttb,
showingthedatum andhxes used in this thesis

In terms of theén-plane displacements, when applying Warmanlarge deflection theory, the
calculations for strains and curvatures will lead to squared trigonometric termsaahidie
simplified to summations or subtractions of -ofplane trigonometric term®.g.A T |O 2
ATt0 AT|0 1t AT|0 1 7c¢. Inplane displacementstherefore, have to be
assumedo haveall the termsthat could appear inthe expressions fostrains and sess

resultantsA detailed explanation and calculation will be addressed is¢bgon4.3.

As described above, the-plane displacements are assumed to be:
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where he linear terms - and” denote the progressive uniform longitudinal, transverse

and shear strains respectively. The subsdkipdenotes the sequence of-glane half
wavelengthssubscript denotes cosine terms and subsaigenotes sine termkis the plate

length andais its width.

In contrast t&/IPASA postbucklingCWPAN considers not only compressive loading but also
shear loading and combined loading[i.€. is not zero. It is worth noting that the linear strain
terms arepre-definedvaluesbased on the end shortening strains at the critical buckling load
i.e. the postbucklinganalysisis controlled by the ratiof the linear strain incremestl, soif

the linear strain at initial bucklingts, t he f i r st p o sgtraiuwglibd g ng cycl
| = . This assumption is very similar to that implemented in the deflection controlled
simulation of the finite element method, where the structure is subject to proportional
progressive irplane displacements rather than uniformsstes or concentrated forces. It is
actually considered to be closer to the approach taken in experiments in the laboratory where
displacements are much easier to control compared to the application of uniform stress
resultants. Moreover, in terms of comytg during experimentsiunning a test under load
control leads to the possibility ahe test machinéo suddenly acceleraty if the stiffness
reducesin order to try to maintain constant load which can lead to accidents or potentially
cause the machine to breaharticularly for unstable responses like postbucklirite term-—

denotes the transverse end shortening strain resulting from transvergessive loading. In

this thesis, this is considered to be zénaerms of strain, it should be noted thatwe move

further into thepostbucklinganalysis the ratio betweethe longitudinal strain andhe shear

strain will remain the same #®e ratd atinitial bucklinge.g. if the plate is loaded in combined
compression in equal amounts ( 0 p) along the transverse edges, the ratio of end
shortening compressive strain and end shortening shear strain for the whole postbuckling

analysis will renain the same(j ™ p).

Postbuckling analysis starilsom solutions obtained from ¥ICON analysisfor which the

number ohalf-wavelengthg€an be any predefined integklence the halfvavelengths for the
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out-of-plane deflectionsaturally becomehosefrom the coupled wavelength postbuckling
analysis However increasinthe number of wavelengths can affect the calculation speed of
the wholepostbuckling analysisignificantly. Adding one mordalf-wavelength into the out
of-plane deflectioormaylead to adoubling of thecomputational timeTherefore choosing the
number of wavelengths can be crucial to balancing the desired accuracy with computational
effort. More detailecbn thisis presented ithe factor affecting both the results of the analysis

and the computational efficienGhapters.

Anotherfactor affecting both the results of the analysis and the computational efficsehey
number of strips the plates are divided into. This can range from a minimum of five strips to
an unlimited number of strips where the minimum is definedheyse of the finite difference
approximationThe decision om suitable number of stripgaust be made at the beginning of

the analysisMore detailon thisis presented ithe Chapters.

4.3. Calculation of grains and derivatives of strains

BasedonvoKarmarbo s | ar ge def | ect i on atthbmeotralgufagset r ai ns
given by
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Substituting from Egation 4.2nto Equation 4.3gives
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where E and areoneandzeromatrices of order of0  p, respectively anH is the

number of unique values &ffound from Tablegl.1 and4.2.

Where . isa zeromatrix having thesame size as A1 #\ i.e.o0 z ¢V.
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Derivatives with respect to the transverse direcyionthe terms and-  in Equation 4.4

are calculated at target nodes using a finite difference approximation. At, tloeelerivative

is expressed as the central difference:

This expression works for all nodes where there are adjacent nodes beforerahd aéstral
node. For the first and last nodes, at which an adjacent node is noissing side, derivatives

are found using the backward difference expression. For the first node:

. p .
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Similarly for the last node

o6 10 o] ,
0 , é (4.
)

Applying Equations 4.10 to 4.12 with von Karmén large deflection theory gives:

ozk, t1zk, L, . . E . .
oL . L, . , E , U
S L. : L, . E . e(a.
ill z z I=Z z l:z E z 1
Col | 2 . . L, . E . n
| é é é é é E z ]
] 2 2 2 z z E, 2 1
u , . , . , L. 1zL,

wheref denotes the first order finite difference approximation masamnd la,zd, and ¢

denote theidentity matrix anda zero matrixof sizecv z U respectively

The vectost < andd < arefunctiors of the outof-displacementsv which can be
obtained by substitirtg w into von Karmanlarge deflection theoryThese displacements are
obtained by the modified Newton iteration scheme @ad be considered as constant values

when solving the iplane equilibrium equations

£ ¢
The vectok < in Equation 4.4an bewritten £ < | where
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Substituting_ dga,_ (¢ into Equations4.14-(4.16) and simplifying,
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Herec andsdenote theosne andsincomponents respectively. The valuesmin) and (+n)
define the number of irplane hakwavelengths. to be used, which are generalized from
summations and subtractions of the-ofiplane wavelength terms. For example, if p and
N ¢ in Equation 312 the outof-plane halwavelengths ard n=I/m, m=(1,3,5) and he

summations and subtractions are shown in Tahleand4.2, respectively.

Considering the unique values in Tabfe$ and4.2, the hakwavelengths for the #plane
, k=(0,1,2,3,4,5,6,8,100When fn) = 0, i.e. the haH

displacements will be
wavelengtt/j=b , its cosine term is a constant

from the analysis.
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Summations n=1 n=3 n=5
m=1 ‘ 2 4 6
m =3 ‘ 4 6 8

m =5 ‘ 6 8 10

Table 41. Summations of hafivavelengths I/m and I/n, m, n = (1,3,5)

Subtractions n=1 n=3 n=5
m=1 ‘ 0 -2 -4
m =3 ‘ 2 0 2

m =5 ‘ 4 2 0

Table 42. Subtractions of hafivavelengths I/m and I/n, m, n = (1,3,5)

#
The vectod © in Equation 4.can bewritten # < | where
0 “ - “w A"
# T ‘ — 0 er—"0 i Be— e(4
Tw — a a
0 «,0" W a“
# T , e BE—". | e— e(4
Tw a a
0 “ a“ - “w
| T— L, C— e i QE— Hed— e (4
T ol w a a

An analogous procedure can be used to find the curvgtuessshown in Equations 42022
Observing Equations 4.5, 42022, curvatured are function®nly of outof-plane deflection
wwhich is equivalentté < . Theircalculationthereforeonly requires the halivavelengths
for outof-plane displacement which are pitefined in VICON. Therefore the half
wavelengths for the #plane displacement are considered asdafened for the whole
postbuckling analysis.
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CWPAN: in-plane solutions

If /m=1/m, m=[1], i.e. the plate is assumed to vary with one single sinusoidal term along the
longitudinal direction, the halivavelengths for the #plane variations are, based on the above
calculation procedure, (0, 1, 2). This is the assumption made for the prdwqueved exact

strip method (Che, 20D0; Zhang 208) for in-plane displacements. Therefore, the improved
exact strip method can be considered as a special case in CWPAN which is appropriate when
the plate is loaded only in compression and is made fromogotmaterial.

The following calculations fothe derivatives with respect tpof strains and curvatures will
be involved inthe equilibrium equations that will be described in the next chaptezserh
derivatives can be directly calculated fr&muations 4.1-4.19 and Equations 4.2022.
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&( 4.

are calculatethy multiplying G by thefirst and second

order of finite difference approximatien

4.4. Calculation of gdresses and derivative of stresses

The stress resultants , 0

,0

and bending moment , 0

equilibrium equations and final analysis

e T D
G on 1
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Substituting Eqgation 4.29nto Equations 4.4 and 4 &ives

60

,0

are needed for the

é (4.29



where

O: O: O

L]
|V

10
Ll

110
LD

GO pzcy p
GL p2ch p
GL p2ch p

O: O: O

CWPAN: in-plane solutions

o0 k2o |24 é (4.30
o tzfo 4 é (4.31)
¥ ol o
] llt) h 1
N IV A
1l 110 RN
1 (1 € n
1 110 i
] N VN
1 [ N ¥
1 L], rj 1
N - hon
1 1], €
1 lt” h
I Y "0
n w0
1 F) ﬁ 1
1 ] 8 1 i
il Ly : i é (4.32(a),(b)
] ”C’ o
1 N h
1 l lU h
1 (P hon
1 1 € n
Il (LS Y
rl 10 N
|,| : )] i |,|
1 s 1
1 [ :U A,h 1
rl y € n
] l!lP hp
I Y hfon
11 LD R o1
Y 1) R
U u g U
N R VN S
0 picy p O Z @ pzco p N é (4.33(a),(b)
o prco p O o pzcy p

61



Chapter 4
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where 2 is azero matrix with the same sias’A
Similarly
0 2 . 0 2 z 0 2 2
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é (4.34(a),(b)
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The derivatives othestresgesultants are given by
dl w =2 & O E 2 Iz O £ zwo ” 24 o € (4.36
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This matrix is obtained by differentiation of Equation 4.10 at no8amilar to the previous

differentiations the middle nodes are given by

6 o _
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W
0 0O 0 © ‘(4
, é
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Forthe first node
0 0 0 0
0 co 0 & (4
) cO Lo 10 o}
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w

And for the last node:
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0 é (4.

Finite difference approximation is a numerical techniquet th widely used for solving
differential equations in modern numerical analysis. It aims to find the derivatives at discrete
points based on finite difference and the values from adjacent points. It is proven to be reliable
in solving complex differentleequations for buckling and postbuckling analysis (Groosmann
et.al. 2007). However the accuracy of the finite difference approximation depends largely on
the distance between neighbouring nodgql(iszka and Orkisz, 1980). It can be seen from

the aboveequations that decreasing the distance can lead to a better accuracy, especially for
the second derivative which has a quadratic relationaitlOn the contrary, increasing the
spacing can lead to less accurate solutions. The number of nodes armtetiaestvidth of the
stripsb is another predefined value for the whole of the postbuckling analysis, increases or
decreases to which can affect the accuracy and computational efficiency of the calculation
significantly. More investigation and discussiantbe effect of changdothe number of nodes

and the width othestripsis presented Chaptér

4.5. Equilibrium equations

According to classal plate theory the equilibrium equatioatthe neutral surfacae written

as

To Tu )

ﬁ T o Tt e (443
1o 1o )

T o ﬁ) Tt € (4.43

which can be simplifiech matrix formas
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124, 4z4=0 ¢ (449

where

~ JI JZ 8 z i
T
. 6 € E S é (4.45(a),(b),(c),(d)
TR : S Y
~ =i z 8 z |
T -
- e E -
U . . . qU

Substitutingequatiors 4.30and 4.36 into Equation 4.44,
Jz=2 £ zJJr0 tzwo dJz=2t0 ¢t 0

%| z=z§ o =| z=z§ o J|| z || 24 o =| z || 24 o é (4.49

or

e (4.47
%| z=z§ = =| z—=z4§ o J|| z || 24 o =| z || 24 o

To solve for inplane displacements; Equation 4.47 can be written in a simpler form as:

40 3 ¢ & (4.48
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CWPAN: in-plane solutions

Therefored . can be obtained by;
Where superscriptl denotes the inverse of theatrix.

From Equation 4.48, the matrix on the left hand $ide square and contains only constant
coefficients, whilston the right hand sided(w) is a nonlinear function of oubf-plane
displacements which changes at every postbuckling cycle. To eamatitive calculations,
the matrixL is assemble@ndd calculated before starting the postbuckling analysis with
4 remaining constant throughout the whole calculatibinus whenever the equilibrium
equations are required to be solved, the calculations are simpfifidthg the function of the

out-of-plane displacements, H(w), by multiplying with the precalculated matrix

Hence, the equilibrium equations inrtes ofu andv at the neutral surfacare assembled.o
finish the analysis, boundary conditions need to be considered before the equations are solved.

4.6. Boundary and loading conditions

To applydifferent inplaneboundary conditions, the equilibrium equati@ghe edgeseed

to be modified correspondingly{hreein-plane boundary conditiongre considered in this
thesis: free edges, fixed edges and straight etlyesach casenelongitudinalplate edges are
corstrainedin theout-of-plane drection with no inplane constraints applied to the transverse

edges.

Unlike in-plane boundary conditions, eat-plane boundary conditions are applied through the
modified Newton iteration scheme rather thia@equilibrium equations, more detail which
is provided inChapter 5.

Free edgesThe free edge case has neplane constraints applied i.e. the four boundaries are

free to move and rotate-plane as shown in Figure 4 Bhereforethestresgesultants! , and
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4, are zero at the longitudinal boundariSs in the equilibriunequationgEquations 4.42 and

4.43) theequations that represethie constraints along ttieur edges should be replaced by

4, mandd,. T
é (4.50
4. mandd,. m

Applied uniform shear stresses

w=0,uz0,v£0

w=0,u#0,v#0 ! w=0,u#0,v£0
Applied uniform E i Applied uniform

compressive and shear stresses compressive and shear stresses

w=0,uZ0,v#0

Applied uniform shear stresses

Figure 43. Initial postbuckling of a rectangular plate with longitudinal free edges under
combineduniform compressive and shear stres3é® black rectangles indicate rigid bodies
that control thalisplacements applied to the plate in the postbuckling analysis

Fixed edges Fixed edge have displacement constraintapplied to all the transverse
componentsi.e. ¢ m, ¢ mand o T, © T, see Figure 4.4Therefore stress
resultants! at the boundaries are zero and the following equations replace the equilibrium

equations;
4, mando T

é (4.50)
4, mandoe T
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Applied uniform shear stresses
w=0,u70,v=0

w=0,u#£0,v£0 w=0,u£0,v#0

s 1
\ '
" \
" \
| '
\ \
\ \
\ v
" \
' \
\ 1
'
v
'\ "
'

Applied uniform
compressive and shear stresses

Applied uniform
compressive and shear stresses

w=0,u#0,v=0

Applied uniform shear stresses

Figure 44. Initial postbuckling of a rectangular plate with longitudinal fixed edges under
combineduniform compressive and shear stresses

Straight edges This boundary condition requires the longitudinal edges to stay straight
throughout the postbuckling analysikilst allowing them to move towards or away from each
other, see Figure 4.5This results in the constant transverse displacement terms being nonzero,
i.,e.0p TmandL 5 T the constant transverse stress terms being equal to zebo, j.€.

mand0 T and all other transverse displacement amplitudes on the edges, corresponding
to the longitudinally varying term&geingequal to zero. Since the edges are allowed to move

freely in theu direction, the equations fordisplacements are replaced by:

4, mandd,. m é (4.52
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Applied uniform shear stresses

w=0,u#0,v=0,v, 0andv,, # 0

, , i , ,
w=0,uz0,v£0 ! ' w=0,u#0,v#0
: .

Applied uniform
compressive and shear stresses

Applied uniform
compressive and shear stresses

w=0,u#0,v=0v,,#0andv, o =0 -

Applied uniform shear stresses

Figure 45. Initial postbuckling of a rectangular plate with longitudinal straight edges under
combineduniform compressive and shear stresses

However these three cases all have the problem of free rigid body movement, causing the in
plane equilibrium equations to bengular. To avoid this, two alternative methods are proposed

here

1. Replace the equations representing all the displacement components terms at the central node

by o ando .or

2. Replace just two equations for the constant part of tptaime displacement at edges,

mand 0 ; T

The first method is easy to apply and efficiently avoids the problem. However it constrains all
the displacements in both directions at thedig@chode, causing redundant constraints. This

may lead to inaccurate results.

The second method is more accurate. It has been found that for the assembled equilibrium
equations, rigid body movement is caused by the equations for the constant part-pfahe in
displacements j andv j; which are singular at all nodes. The mefficient way to avoid

this is to set one of &3e displacements to zero. In order to retain symmetry, two equations
representing the constant part of theplane displacements at the first and last nodes

respectively are replaced by; mand 6, T
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In terms of loading conditions, three different loading conditions are considkmeg the
transverse edges: compression, pure shear and combined shear and compression. In the method
presented, compressive loading along the longitudinal edgesasmsatlered. It is well known

that with more shear or anisotropy in the plate, the mode siempenesnore skewed and this

makes it hard to converge on the postbuckling mode. Therefore composite plates loaded in pure
shear are considered as the most exteaae CWPAN also gives a good agreement with other
numerical techniques when solving these extreme cases. A model has been built and analysed

in chapter 6.

When the quilibrium equations are fullgssembled and modifiethein-plane displacements

u andv can be solved analyticallySinceu andv are expressions of a series of trigonometric
terms multiplied by coefficients, see Equation 4.2, equilibrium equations are solved to obtain
these coefficients for tha-plane displacementafter obtainingu andv, substituing solutions
backinto Equations 4.4.5andEquations 4.3(1 the stressesultants, bending momerasd
strainscanall be obtainedStress resultants and bending moments can also be obtained by
substituting strains iot Equation 4.291t is worth noting thaall the outputs have the same
format as the initial assumptions, which are trigonometric terms at node level. To illustrate and
compare the results with other methods, all results need to be converted to actshvalu
specified pointsSolving equilibrium Equations 4.42 and 4.33 involves the derivatives of stress
resultants) ,0 and0 with respect toxory. Those expressions for stress resultants consist
of constantterm8 ,0 , and0  regectively, which are not included in the-phane
equilibrium equations, and sinusoidal terms relating to\Wwalfelengths that are calculated in

the initial calculation, see Equation 4.2. By breaking dowsdltonstant terms, it can be seen
that they are only related to the end shortening strainand strain§ which contribute
mostly to the implane displacement3herefore there are no terms relating to end shortening
stressei the equilibrium equations, i.e. equations are only assenblealve the sinusoidal

part of the inplane displacements (variation of displacements). Besides the strains and stresses
are considered to be the second order derivativiseai-plane displacements and the linear
terms involving end shortening stram Equation 4.2 are considered to be the first order of
andy. The end shortening strains therefore disappear in the equilibrium equations. To obtain
the actual ifplane displacements, solutions solvihg equilibrium equations are required to

add end sbrtening stresses and strain§  back into equation 4.2 based thvelocations of

the points in the plate. Similarly since strains and stresses are obtained from subst#unting

vinto equation 4.4, it is necessary to add end shorteningssinhinthe expressions for strains
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as well. For stress resultant calculations, they can be directly obtained from Equation 4.19 after

calculations ofhestrains.

4.7. Conclusiomns

This chaptershows the full process of ongeration of postbuckling analysifrom
displacements assumptions to solvihgin-planeequilibrium equationistributions ofthe

stresses and strains can be obtained. Compared with the previous postbuckling analysis method
the analysis assumes the componeripstvary according to a sinusoidal series with a
predefined set of halivavelengths, rather than just two hatfivelengths. lachievesgood

accuracy when solving any anisotropic or shear load plates even for the most extreme cases
like a plate under purghear. With distributions of stresses obtained, uniform stress resultants

can be calculated ahec ur r ent equi l i br i.dmsesltcutationsbase a p p |

essential for postbuckling stiffness with more details provided in the next chapter.

It is well known that postbuckling izormally considered as a large deflection regime in which
nortlinear terms in the governing equilibriunequationsare requiredto captue the
postbuckling mode accuratebk | t hough von K8r m8nds MHdHandge def
higher order terms are considered in this approtehequilibrium equations are still linear

since the oubf-plane displacements and rotations are taken as known vassigl@icantly

increasingcomputational efficiency.

This process is refexdto as thein-plane solutios for the rest of the thesis. Howewbe in
plane solutioarequires out-of-plane displacements including rotations as known quani#ies.
technique to obtain the cof-plane mode for each cycle of postbucklinghisreforerequired

and presented in the next chapter.
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Chapter 5. CWPAN: Newton
teration and Convergence
Procedure

This chapter introduces a modified Newton iteration scheme and its supporting convergence
procedurento CWPAN. Under the theory of the exact strip method, VICON assumes plate
deformation variess the sum of a series ©ihusoidakermswith specifiedhalf-wavelengths

and solves the equilibrium equations analytically. It requirestitef-planebuckling mode

to be provided as input for each postbuckling cy@lee previously implemented Newton
iteration schemes however only calculate the buckling modesfogke halfwavelength. Thus

a new Newton iteratioachemas developed. The chapter is organized as foll&estion 5.1
introduces the general backgrounBectiors 5.2-5.3 presentan overview and detailed
explanations of the convergence procedureassibrt introductiorto thestrategies applied in

the procedure. Section 5.4 introduces the predefined parameters. Section 5.5 illustrates the new
VICON type Newton iteration scheme. Section 5.6 describes the method of obtaining the
approximation amplitude fahe buckling mode. Section 5.7 presents the formulations of the

equivalent uniform stress resultant calculatidrise last section concludes the chapter.

5.1. Overview

In thepreviouschapter, a postbuckling analysis based on the use of the distributionso®f out
plane displacements and the correspondingwalfelengths for an assumed mode is presented.
By solving the iaplane equilibrium equations analytically, the method can atdyreapture

the inplane displacements and distributions of strains and stresses for any loading condition

for symmetriclaminates. However since eat-plane displacements are required to obtain the
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buckling mode at each cycle tife postbuckling process convergence method capable of

calculating these owdf-plane displacements needs to be developed.

It is well known that the mode of postbuckling of a structure changes as the applied load
increases. While for a rectangular flat structure that isagmt and under only compressive
load, the regions of maximum displacement expand from the centre of the plates towards the
unloaded edges arlde postbucklingnode merelyhangesin shape.For a composite or shear
loaded platehowever the mode shape iacreasingly skewed, due to the lack of symmetry

within the structure, see Figure 5.1.
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Figure 51. Postbuckling mode shape analyseddWPAN at cycles 1,10 and 20, showing
contour plots of growing owdf-plane displacements. (a) Isotropic plate under compression, no
skewing at any point of postbuckling cycles. (b) Composite plate under compression with small
amount of shear, growing skewed reod

The previougpostbucklinganalysis, based on the theory of VIPASA, i.e. in which the buckling
mode is assumed to vary sinusoidally with one-hal¥elengthe; can capture neskewed

modesor small amounts of skew by applying the Newton iteration schaselescribed in
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Section 3.7Howeverthe coupld wavelengthgostbuckling analysis assumes the plate to vary
as the sum dofinusoidakermswith a series of hafivavelengths enabling it to represent more
complex mode shapes. In this context the Newtenation and previous convergence
procedure is not suitable f&WPAN.

CWPAN comprises a number of cycles, each characterised by-@efired increment of
longitudinal and/or shear straino. Within each cycle, the total applied load, the variation of
stress resultants across the plate, and the amplitude and shape of thek|iogtinode, are
determined using-plane solutionsin order to obtain an accurate postbuckling mode at each
of these cycles, a recursive Newton method is introduced. The Newton itesetiemmevras

first developed to capture the buckling mode for VIPA&G#lyses where the buckling mode

is assumed to varginusoidallywith one halfwavelength, and is therefore not suitable for
CWPAN. In this chapter, a detailed modified Newton iteration and its supporting convergence

procedure is presented.

5.2.  Convergence pocedure overview

CWPAN assumes plates to be subjected tgplane loading which can be compression,
combined compression and shear or pure shear loading, with end shorteningngccur
uniformly across the width. The material can be eithetropic, anisotropica balancedr
unbalancedcomposite. The method of analystomprises a number of cycles, each
characterised by a paefined increment of longitudinal and/or shear strain/[ . Within

each cycle the total applied load, the a&fian of stress resultants across the plate, and the
amplitude and shape of the postbuckling mode are determined usingpthee solutionsThe
essential part of the analysis is to obtain the mode shape before startingl#imeioalculations.
The firs t c y c-of-plans displacéments are obtained from a VICON initial buckling
analysis. Fosubsequentycles, the recursive Newton method and its supporting calculation

are used.

Assume a plate has an initial critical buckling load, its end shdening strain is and its
shearshorteningstrain is” . For the first cycle of the first iteration, the end shortening strain

will be - | p - andtheshearstrain | p [ .Notethatin this analysisthe
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ratio between end shortening strain and end shortening shear strain remains the same as at the
buckling point, where is the postbuckling increment ratio. Importingand the oubf-plane
displacements into the-plane solutionsthe inplane displaements, strains and stresses at the
current cycle can be obtaindthenequivalentongitudinally invarianstresses can be obtained

to facilitate the calculations the next cycle.

For the following cycles, instead of subjecting the plate to a compedssidP, the equivalent
uniform stresses are applied to the plate. Therefore, a new buckling Igadl outof-plane
displacements fothe new cycle are obtained. Repeating the procedure above will result in a
full postbuckling analysis.

5.3. Convergence procedure

A flow diagram illustrating the calculation procedure is shown in Figure 5.2. Each step is

elaborated below:

1, Fourpredefined values are requiredbe definedncluding the number ajut-of-planehalf-
wavelengtham, the number of strips/nodes, the ratio of the increment of end shortening
strain, U (which determineshe number of cycleeequired to reach a pefined maximum

level of strain),and the tolerance in the Newton iteratibn,

2, The analysis startsitlv a VICON initial buckling analysis based on the plate properties and
predefined variables including the number of fvedifvelengths and the number of strips. The
outputs from thistageare the ouplane displacemengndrotations, the critical bucklingpad

and the end shortening strains and possible shear strains.
3, The inplane halwavelengthsre calculated, atescribed in Sectioh.3.

4. The inverse matrife in Equation 4.36 is then calculated as illustrated in Sedt®rThis

will not change once the properties of the structure are decided. To efficiently proceed with the
postbuckling analysis, this matrixtisereforeconsidered as a constant matrix, enchlculated

once before the convergence starts.
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5. The end shortening strain for a certain cyclebtainedby multiplying by the prelefined

variable U. This defines the postbuckling an

6. This step calculates an approximate amplitude for the buckling mode from the previous cycle
which helps the Newton iteran schemeo converge more efficiently. The first cycle asiee

VICON buckling mode. More detail will be provided in Section 5.4.

7-12. These steps constitute timeplane solutionwhich calculates the right hand side of
Equation 4.34 in Chapter 4. Tmgput values for this process are the-ofiplane displacements
at the critical buckling load for the first cycle or the calculateebdytiane displacements from
the previous iteration or cycle, the properties of the plate and the end shortening strains

13. The last chapter described a method to solve the equilibrium equations for postbuckling
analysis using the exact strip method. This allows the calculation ofgt@ne displacements
and distributions of stresses and strains within the plate. ¥ove find the applied load for
the next cycle, these distributions cannot be used. Therefore this step calculates equivalent

uniform stresses resultants using the previous distributions of stresses, see Sction 5.

14. This step is a part of the VICOipe Newton iteration scheme. As described in the Newton
iteration scheme in Chapter 3, the stiffness matrix is assembled by coupling the stiffness
matrices obtained by increasing the displacements at each degree of freedom by a small
amount. Therefore, ithe Newton iteration scheme, tieplane solutionsirerun a number of

times equal to the total number of degrekfreedom counted over all the owtf-plane hal

wavelengths, see Section 5.5.

15. Adjustments to the displacemedtsare found by solving Equation 3.35 and added to the

previousD to get the new displacemerids

16. The convergence check described in the VICON Newton iteration scheme in section 5.5
is applied.

17. The solutions from stefi1-13 are tabulated.
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1. Choose predefined values

v

2. VICON initial buckling solver feritical buckling

v

3. Calculate number of wavelengths fordtane displacement

v

4. Assemble matrikand Calculate inverse matrix

v

5. Calculate ad shortening strain and end
shortening shear straih

v

6. Calculate approximate amplitude

v

7. Calculate expressions for straing

v

8. Calculate expressions for stresses and derivatives of stres

v

9. Assemble right hand side matkiix

v

10. Apply boundary conditions by modifying matrixnd H

v
11. Solve displacements=E £ %

v

12. Calculate strains and stresses

v

13. Calculate equivalent uniform stresses and total |0

v

14. Find stiffness matrix for plate under equivaler
stresses calculated from above step

v

15. Find displacements adjustmedtit and D

v

A 4

No, move to next iteration

16. If (maxd*) -
max))/max[D) <b

Move to next cycle

¢ yes

17.Data tabulation and contour plots

Figure 52. Flow of diagram for the method of analysis: red boxes indicapéane solutions
yellow boxes indicate Newton Iteration scheme
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Steps 1 to 5 are completed before sigrthe analysis, calculating constants used throughout
the whole analysis. Steps 4 to 12 aresiees solution for postbucklingtroduced inChapter

4. This process can be used not only for capturinglane displacements and stress
distributions but als equivalent uniform stress resultants to be used in the next cycle. It is
worth noting that steps 6 and 14 also include the full process of-fllane solutiongn order

to obtain the equivalent stress resultants. Steps 14 to 16 are the VICON Newton iteration
scheme. The red arrows indicate that in ith@lane solutionghe stresses and strains are
obtained by substituting theolutions of theequilibrium equabtns back into the explicit

expressions.

5.4. Pre-defined variables

Before starting the analysi®ur pre-defined variables are required to be determined.

1. The number of halfvavelengths for the odf-plane displacementn, from the VICON
analysis. The VICO analysis couples a series of wavelengths to represent more complex
mode shapes using Lagrange multipliers which cannot be modelled using VIPASA analysis.
Theoretically increasing the number of wavelengths leads to more accurate solutions. However
it canbe seen that, from Equation 4.Equation 4.30, the addition of eabhlf-wavelength

results in a increase ofhe number of calculations and therefore the computational time. It is
critical therefore to determine a suitable numbenaif-wavelengths irorder to minimize the

effect on the speed of the calculation. This is investigated in the next chapter.

2. The number of strips or the number of nodes. Plates are dividad Instrips of arbitrary
width, identified byn nodes at the strip edges whaiie a user definedarameter The number
of strips is equivalent to the mesh in the finite element method. Increasing the number of nodes
n can increasaccuracy but will decrease computational efficiency. The effecteohtimber

of strips isalsoinvestigated in the next chapter.

3. The ratio of the linear strain incremeldtwhich controls the step size for postbuckling. If
the chosen value dJis too big, the Newton iteration scheme may not capture changes in the

mocke. The right step size is therefore crucial especially for some extreme cases, e.g. composite
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plates under pure shedoading Combined with the number of cyclake strain increment
controk how far the postbuckling analysis goes. As we move furthen fritial buckling,

mode jumping may occur. This has not been incorporated into this analysis. Therefore the
number of cycles must be chosen to avoid the stage at which mode jumigimgoccur.

Further investigation of this is presented in the next enapt

4. The tolerance for the Newton iteratidm, This variable is explained in Section 5.5 and

investigated in Chapter 6.

55. Newton Iteration scheme

As described ifChapter4, outof-plane displacements are considered as known variables and
the firstc y ¢ | ed-glanedisplacements are taken from a VICON initial buckling analysis.
For the rest of the cycles, using VICON analysis to solve for buckling is inefficient as to do
this VICON would have to be incorporated as a subroutine solver. To ovettrigrimitation,

mode shapes are obtained through a VICON type Newton iteration scheme.

The Newton iteration scheme was first developed for VIPASA postbuckling analysis. It
replaced the linear approximations applied in the first VIPASA postbuckling asairsd
provided accurate convergence on critical buckling loads and associated buckling modes (see
Section 3.7). However it was based on the assumption that toéplaine deformation varies
sinusoidally along the longitudinal direction with a singlefdfedvelength. It is therefore
unsuitable for complex buckling modes which need to be modelling with multiple half
wavelengths. Therefore a Newton iteration scheme based on VICON analysis is developed here
enabling CWPAN by modifying the stiffness matrix,igplacement and force vectors in
Equation 3.34.

Since forCWPAN, more than one halfavelength is needed to represent more complex mode
shapes, theD and K matrices in Equation 3.34 ama times bigger than for VIPASA
postbuckling (where m is the numberof outof-plane haKwavelengths and need to be

assembled using complex arithmetic. Convergence on the amplitude and shape of the mode
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vector’Aimplies convergence on the adjustmaetitso the stress resultants due to flexure, and

hence the postlokling in-plane displacements, stresses and strains can be calculated.

Since the new Newton iteration scheme is adopted within VICON analysis, there is also the
possibility to include point supports at nodes on the transverse edges. Therefore ths stiffnes
matrix in the new Newton iteration scheme has to be modified to take these point supports into
account. Similar to VICON buckling analysis, the stiffness matrix is modified by adding zero
displacements at points corresponding to the supports for allemgties. Figure 5.8hows a

three wavelength stiffness matrix exampfea simply supported plata the VICON Newton
iteration scheme. Each identity matrix indicates corresponding point cotst@inthe
transverse edges and all identity matrices hageesime dimensions since the thiedf-
wavelengths are coupled to create one mBdendary conditions on longitudinal edges are
applied by deletingorrespondingows. In Figure 5.3, the null matrix is a square matrix and
the RHS vector denotes the apglferces in Equation 3.35. The force vector also needs to be
added to indicate the reaction fordésr other more general cases, i.e. point constraints applied
at arbitrary location within plates, the identity matrices on the left hand side are modified

accordingly.

Identity
matrix
unmadified Identity
stiffness matrix matrix
Identity
matrix
0
Symmetric 0 matrix | | -
0

RHE vector

Figure 53. Three wavelength stiffness matrix transverse boundary conditions example

The purpose of the Newton iteration scheme is to obtain the mode shapes for each cycle except
for the first one for which the owtf-plane displacements are obtained directly from a VICON
buckling analysis. At each cycle, the Newton iteration solves Equéti35 by finding the
stiffness matrix and the derivatives dhe stiffness matrix using finite difference

approximations to converge on the required adjustments to the displacements. To obtain these
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stiffness matrices the equivalent uniform stresses which are considered as the loading
conditions are required as shown in Figure 5.4. Howeneecoupled wavelength postbuckling
analysisonly captures the distributions of the stresses within the plageriés of calculations

are therefore required to derive equivalent uniform stresses from the distribution of stresses
within the plate.

The convergence of tigewtoniteration procedure is achieved when the difference between
the maximum of the displacemte adjustmentsH and the maximum of the previous
displacement® is small enough. It is assumed to occur when the criterion below is met;

s "H As
A

I 6 (5.

wheref is a small positive numberf (L 1), "H and D are outof-plane displacement
adjustments and the eaf-plane displacements frotheprevious iteration respectivelgnax()

indicates a function of maximum value of given vector or matrix.

EQUILIBRIUM
EQUATIONS ' I

IN-PLANE NEWTON ITERATION
DISPLACEMENT

STRESSES AND NODE
STRAINS AMPLITUDE
EQUIVALENT '

STRESSES

VICON TYPE

VICON Postbuckling Solver Newton I[teration

Figure 54. Implementation of Newtoiteration inCWPAN

When the Newton iteration procedure has converged, the buckling mode for that particular
cycle can be obtained. Compared wtiie previous Newton iteration scheme, the presented

one can capture much more skewed mode shapes such as those resulting from anisotropy or
shear load. However it has been found thaté shape of the buckling mode is not considered,

the difference betweethepr evi ous cycl ebdés maxi mum displ ac
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may be too big, and the Newton iteration scheme will fail to converge or take a long time to

converge. Therefore a convergence method to find the approximate amplitude is also required.

5.6.  Approximate buckling mode amplitude

INCWPAN, t he buckling mode for one cycle is us
bucking mode. It has been found that the VICON type Newton iteration can converge only if
the amplitude of buckling mode is tntmo far from the real buckling mode. Therefore it is

necessary to find an approximate buckling mode before moving into the next Newton iteration.

The method for achieving this is based on a modified binary search which enables convergence
on the bucklig mode corresponding to a particular predefined-sdradtening strain. To
accurately locate the amplitude of the-otHplane displacements, the-W algorithm is used

to examine whether the resulting applied load exceeds the actual buckling load. Téss proc

is illustrated in Figure 5.and orrespondto the following steps:

1.0ut-of-plane displacements including rotations are obtained from VICON (for the first cycle)

or from previous cycles.

2 A trial amplitude of the oubf-plane displacement is calatéd from the previous iteration,
either a lower bound or an upper bound. For the first iteration the trial amplitude is chosen as
1.

3.The resulting displacements are calculated from the displacements multiplied by the

amplitude. This step only scales theckling mode rather than chang the shape of it.

4-5The resulting buckling mode is input into theplane solutiongo obtain the stress

distributions within the plate.
6.The equivalent stress resultaatecalculated usinghe methoddescribed irsection5.7.

7-9.This calculation only utilizes a part of W algorithm to examine if the applied equivalent
uniform stresses exceed the critical buckling ldttthe applied load is higher thamecritical
buckling load, the correspondirgnplitude will be taken as an upper bound and restored as

0 & and vice versdor convergence checkO. If both upper and lower bound are found, the
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convergence check is able to proceed, evaluating the difference between the lower and upper
bounds fromthe previous iterations. For the first iteration of every postbuckling cycle, the
converged amplitude frothelast cycle is taken as a lower bound as the increase in amplitude
of thecycle decreases. Convergence is achieved if following criteria is met:
a o0a

goé—ds 8L p X 6.16
where 0.001 is a predefined default value. This value remains the same for all cycles and
iterations since the purpose of the calculation is only to obtain an approximate buckling mode
in order to converge on a better buckling mode during the Newtonategaiocedure. Once
convergence is achieved, the resulting buckling mode is used as a temporary mode for the
Newton iteration scheme enabling it to converge on a final mode shape.

111f the convergence check faibr eitherthe upper or lower bound aretrdound, lower/upper

boundis multiplied/divided by 1.5 for the next iteration.

By using the WW algorithm and thdn-plane solutionsthe approximate amplitude is
converged on at each postbuckling cycle. As described above, this solution cannot be used f
postbuckling analysis directly since it fails to capture the progressive changes of mode shape
caudby anisotropy or shear loa@lhe purpose of this strategy is to reduce the computational

time or possibiliy of failing to convergaisingthe modifiedNewton iteration scheme due to

|l arge increment strains. Al t hough such mode
postbuckling mode, the strategy can reduce the number of modified Newton iterations
significantly while taking less than one secondctmverge itself. Furthermore since large
increment strains are allowed during the analysis, fewer cycles are reguieadth the target

postbuckling equilibrium state, therefore reducing the execution time.
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1. Outof-plane displacements -;and rotations- .,
'[ 2. Trial out-of-plane displacement amplitud@ & }4
3. Resulting oubf-plane displacements and rotationsz ®
[ 4. In-plane solutions ]
5. a). Inplane displacement§-and Uq
b). strains ¢ o~ ¢,-@Nd-¢ ¢ 0
C). stresses ;d) ;,-and 0 ¢, 0
[ 6. Equivalent uniform stress resultant calculation]
[ 7. WW algorithm ]
8. If buckling load above or below applied stregsgsd) ;-@ndv ¢ ¢ ¢
9(a). restore as lower bouril & K¢ 9(b). restore as upper bouril &
< . Yes
[ 10.1f bothé & ando & are found Convergence check
No\l Noﬂ Yes

11. Increase amplitude by 1.5 time3&crease amplitude by 1.5

v
hdzi LJdzi GKS

Figure 55. Flow diagram for the method of analysis
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57. Stress resultants calculation

A stress redistribution occurs at each postbuckling cycle due to changes in the buckling mode.
The loading condition therefore changes along with the stress redistribution. As shown in
Figure 56 the applied stresses at the edges are normally continuop&rfbom the Newton
iteration however, these continuous stress resultants need to be converted into discontinuous
equivalent stress resultants at strip level, see the dashedlifigure 5.5. Since thie-plane
solutionscapture a continuouslistribution of stresses within the plate, an energy approach is
provided to converthestress distribution to setof effective uniform stress resultarmtseach

strip.

Figure 56. Stress distribution of a postbucklingadysis from a rectangular flat plate where
solid line indicates normal stress distribution and dd$ihe is the equivalent uniform stress
distribution.

In the buckling analysis, the work done by the applied loading can be obtained from

W QA Qs Qs 6(5.

where the components tiftal energy at each node are written as:

® 0 -Q& 0-Qd 6(5.
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i~ a e(5.
W )] -Qw U - Qw
, . s . o é(5
W 3] [ Qw UV [ Qw

whereb ,0 and0 are uniform longitudinal, transverse and shear stresses respectively.

O R ,0 R ,0 ATTA , canbe written as

o kb

0 0 AI—%— 0 OE—IU— e(5
; - Aile—"- 0O é(5
U U
B A e(5
0 v Al v OB+
U U
A ® At ® e(5.
- - Al-— - O BE—
U U
D RN e(5
3] 3] AI—%— 3] OE—IU—
I A I A e(5
[ [ Al-— 7
U U

Note that all the results (displacements, strains and stresses) can be represented by sinusoidal

components.

Substituting Equations 55.11 into Equatios5.3-5.5 gives
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5
B B ¢ Alfg®s ofp® AI%L. ofy %  x6.12
ORI ) O .

B - AI%"Y. O0FE "o
0 Xopd
B B 0 A5 ofp® Ai%Y- ofh 0w
0T @ O W .
B - AIRY. o0k "aw
0 X 6.14)

B B 0 A'I"Eé—(b(} OI'_E-b—"A“ ‘br A'I'g%“—(br OE“—k—'““ CQQ
8 AI%Yr o0& 0o

Thus the equivalentniform stress distribution isalculated at node level based on the stress
distribution within the plate for the current cycle. To apply these stresses at the strip level,
they have to be transformed into equivalent uniform stresses by averaging the two adjacent
nodes for that strip:

0 w X 6.15

Oncethe current loading conditions are defithkdyareu s ed as t he next cycl

load for the Newton iteration scheme in order to convergb@nextc y c |l e6s buckl i ng

5.8. Conclusiors

This chapter introduces a convergence procedure that allows the analysis to observe
progressive postbuckling equilibrium states of balanced and unbalanced laminated composite
plates. The analysis consists of a number of cycles, each defined by an appsthtc
longitudinal or shear strain. At each cycle, tineplane solutionis utilized to find the
distributions of inplane displacements, strains and stresses, and further traisés@mnto

equivalent uniform stress resultantsttec ur r e nt ppleg lodd.eThe postbuckling
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stiffness and ouwbf-plane displacements canuhbe obtainecdbased ora modified Newton
iteration scheme. To accelerate the execution time of the Newton iteration scheme, a

amplitude calculation is developed incorporating ltimary search and W algorithns.

The proposecconvergence approachusedto obtain theposbuckling modes corresponding

to a particular value of end shortening strain input into th@ane displacememalculations

for each postbuckling cycl@hisis in contrast tdhe previous postbuckling analysis by Che
2010; Zhang 208) based orassumptions regardingut-of-plane displacementend requires

the modification of thgorevious Newton iteration schemertake itsuitable forthe analysis

of complex composite structures and loading conditions. Compared with the previous method,
the modified Newton iteration scheme allows not only formulations of singleviaailength

but also a series of halfavelengths coupled togethém. this wayCWPAN can capture any
shape of buckling mode accuratelkn amplitude calculation is developed to assist the
modified Newton iteration scheme. With such a strategy, it is possible to significantly reduce
the number of iterations in the scheme, and convergencdepr®bdue to large strain
incremens are avoidedallowing a small number of cycles to redtte target postbuckling

equilibrium state.

By implementing the above methods into the VIC@MNplane solutionsthe outof-plane
displacements in the governing equations are no longer unknown variables. The equilibrium
equations are transformed into linear equations but retain the nature-laigwoity by using

vonKarmard s | ar ge def | e ct ipaotationalineadsrsignificahtlg neduaed. t h e

As described in this chaptdur re-defined variables affect the speed and accuracy of the
analysis significantly. lthenext chapter, more explorations and explanations will be presented

to understand the effeof changes to these variables.
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Chapter 6.  Parameter Selection

Chaptes 4 and5 describethe development i method for carrying oytostbuckling analysis

for composite plateg.o apply this methotbur parameters, not radedto the properésof the
structures being analysedrerequired to beselected Before investigating the postbuckling
behaviournf a range of different structis@singCWPAN, it is thereforenecessary to evaluate

the optimumvaluesfor thesepredefined parameters for different scenaridss chapter is
organized as follows: Section 6.1 discussesctleulationof in-plane hakwavelengths and

their influence orthe governing equilibrium equations. The influence of the selected number
of half-wavelengths on computational efficiency is also investigated as part of the search for
the optimal oubf-plane hakwavelengths for certain problems. Section 6.2 investigtie
influence of the number of strips that plates are divided into. Finally Sections 6.3 and 6.4
illustrate the effect of strain increment ratio and iteration tolerance of the Newton iteration

scheme. The last section concludes the chapter.

6.1. Number of half-wavelengths

One of thekey difference betweenthe previous postbuckling analysis and CWPAN is the
number of haHwavelengths used to represent the-aigplane deflections resulting in

differences in ifplane hallwavelengths.

Based on the theorniVICON, the selection of haiflavelengths is mainly related to the
parameter 3. Theoretically, 3 can be any
evaluates all these possibilities to search for the minimum buckling factor. The corresponding
half-wavelengths for the oubf-plane displacements can be found from Equation 3.13 and for
the inplane displacements, by counting unique values of summations and subtractions from

the outof-plane hakwavelengths as follows.
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For a general value afthe outof-plane halfwavelengths are given iy oG, with the

values ofm given bys c¢ywhereqi s an i nteger 0, Takingn 2, é, s e
mh ph ¢ asanexamples pands Trare special cases because the negative valugs of

give the same values of as the positive values (but withe opposite sign) so that only the

positive values of m need to be considered in the VICON analysis.
When, p:

For outof-plane halfwavelengthst ~ &f& anddfg, for the 3 valuesi FE photv the 9
unique resulting values are highlightedrables 6.1, 6.2 and 6.3

Summations n=1 n=3 n=5
m=1 2 4 6
m=3 4 6 8
m=5 6 8 10

Tabll&unmmat i owavef dmaghlthsn,n= (1, 3, 5)

Subtractions n=1 n=3 n=5
m=1 0 -2 -4
m=3 2 0 -2
m=5 4 2 0

Tabl2&ub.t ract iwave |l @/maghldlsfn= (1, 3, 5)

The outof-plane halflwavelengthsre then:

Own values m=1 m=3 m=5
1 3 5
Tabl3&®OuéHp!| anevalvell fé/mmpeh 1, 3, 5)

When, TC

For outof-plane hawavelengthsx ~ §fa anddre, for the 3 valuesf & R g fr
there are now only 5 unique resulting values, again shown highlighfexbles 6.4, 6.5 and
6.6.
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Summations n=0 n=2 n=4
m=0 0 2 4
m=2 2 4 6
m=4 4 6 8

Tabl46&unmat i owavef d¢maghlthey,n= (0, 2, 4)

Subtractions n=0 n=2 n=4
m=0 0 -2 -4
m=2 2 0 -2
m=4 4 2 0

Tablbe&Subt ractiwave |l @/maghldlssfn= (0, 2, 4)

The outof-plane haKwavelengthsre then:

Own values m=0 m=2 m=4
0 2 4
TableOuddpl aneavalvell fé¢/mmpeh 60, 2, 4)

Whentt , p:

By analogy with the previous cases we consifleandn mh ph ph ¢h ¢, i.e.there are

now 5 outof-plane hakwavelengths instead of 3. Note timandn are no longer integers.

For outof-plane hakiwavelength$t ~ &fa anddfé, with the5valuesale R ¢h
T there are nov23 unigue resulting values, again shown highlightedables 6.7, 6.8 and
6.9.
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Summations On=-2, gn=-1, gn=0, On=+1, gn=+2,
n=x-4 n=x-2 n=x n=x+2 n=x+4

Om=-2, Mm=x-4 2x -8 2x -6 2x-4 2x -2 2x
Onm=-1, m=x-2 2x -6 2x-4 2x -2 2x 2x +2
gm=0, m=x 2x-4 2x -2 2x 2x +2 2x +4
Om=*1, m=x+2 2x -2 2x 2x +2 2x +4 2x +6
gm=12, m=x+4 2x 2x +2 2x +4 2x +6 2x +8

Tabl768unmat i owsaavef édmahlh &k h ch 1

Subtractions On=-2, On=-1, gn=0, gn=+1, On=+2,
n=x-4 n=x-2 n=x n=x+2 n=x-+4
gm=-2, M=x-4 0 -2 -4 -6 -8
gm=-1, m=x-2 2 0 -2 -4 -6
gm=0, m=x 4 2 0 -2 -4
Om=41, m=x+2 6 4 2 0 -2
Om=42, m=x+4 8 6 4 2 0

Tabl8eSub.tractiwavs |l a¢/mahlblgfe h ch 1

The outof-plane halflwavelengthsre then:

Own values gm=-2, gm=-1, gm=0, gm=+1, Om=+2,
m=x-4 m=x-2 m=x m=x+2 m=x+4
X -4 X -2 X X +2 X +4

Tabl9@uefpl anevalvell fé/magt hdh ch 1

Resulting in total of 23 unique valué&sfrom Table6.7;9 from Table 6.8and 5 fromTable
6.9.

These elationshipsbetweenthe number D in-plane and oubf-plane wavelengths are
summarisedin Table6.10
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Out-of-plane Out-of- In-plane
Case half- Summations Subtractions planehalf- half-
wavelengths wavelengths wavelengths
x=1 Q 2Q-1 1 Q 3Q
0<x<1 2Q-1 2(2Q-1)-1 =4Q-3 2(2Q-1)-1 =4Q-3 2Q-1 10Q-7
x=0 Q 2Q-1 0 0 2Q-1

TabllOR &I at i ons hipdsanbee mipddam evtatvaell fengt hs

The equilibrium equations are solving for the coefficients of a series of trigopnometric terms
representing iplane displacements and the size of these coefficients is highly dependent on
two parameters: the paramefgdefining the number of owdf-plane halwavelengths and the
number of noden. Considering both imaginary and real parts of thplame variables, noting
there is no imaginary part if the halfavelength is zero, theumbers of unknown variables

including inplane displacements in both the longitudinal and transverse directions are

therefore:
¢z @ pzteh , p
. - e (6.1)
¢zc¢m puvzegh m , p
¢zt ozeh , n

The above equationadicatethe extent to which the complexity increases as the number of
out-of-plane halwavelengths increases. To further investigate the influence on the
computational efficiency of the number of halavelengths, two models, composite plates
under combined loag and pure shear, are tested. To limit any effects noted to the choice of
number of wavelengths, all plates are divided into 10 strips.
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Figure 6.1 shows the cof-plane deflection against the number of ha¢ivelengths, at 10%
applied strain for a composite plate under combined loading for analysis, with.
Theoretically, increasing the number of hativelengths will result in more ao@te results.
From the figure the deflection increases as the number of wavelengths iscndhsa
noticeable change of slope &= 3 above which the path tends to be flatter converging on a

value of 0.78 mm which can therefore be taken as an estimate of the exadh Yhls€ase.
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Equation 6.1 indicates a linear relationship between the unknown variables afeptaute
half-wavelengths which can be seen in Figure 6.2. F@2 to Q=3, the execution time
increases slightly and the accuracy increases the most, whileQviseh or 5, the accuracy
does not alter much and the computational time increases almost three timesys==e6-ig
and 6.2. It can be predicted that higher numbers ofvalelengths will result in solutions
which are very similar to those f@ = 3, 4 or 5 but which will incur significantly increased
execution times and are therefore not worth being coresid@iherefore for composite plates
under compression or combined loading, three-ofytlane hakwavelengths can be

considered adequate for postbuckling analysis.

For prebuckling analysis on the other hand for the above case ofWawdfengths, the ft
half-wavelengthtfp makes 93% of the contribution to the buckling mode @iacand 6fu
most of the other 7% between them. The rest of thewmltlengths make less than 1%
contribution to the buckling mode. It is therefore not surprising to seertgitfwavelengths,

namely halflwavelengths smaller thaifo, only slow the computational efficiency.
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Figures 6.3 and 6.4 plot of eaf-plane deflection and execution time against the number of
half-wavelengths respectively, at 5% constant strain above critical buckling for a composite
plate under pure shear. The figures show very sinitards to those for the plate under
combined loading with the deflection increasing rapidly up to a certain point and then levelling
off. In the pure shear case, this happens at 4welelengths instead of the 3 found for the
combined loading case. Hower, the increase in execution time between 4 and 5 half
wavelengths remains linear even thoughitieeease inaccuracyis quite small . From a
prebuckling point of view, the fifth halivavelength still makes a 3% contribution to the
buckling mode (caldated from VICONOPT) and is therefore worth taking into account. This
will be increasingly true as we move further along the postbucklinggpattine contributions

of each of the hafivavelengths will change with higher halvelengths making higher
contribution due to mode changes. Hence composite plates under pure shear require five out

of-plane halkwavelengths.

For unbalanced and unsymmetric composite plates where critical buckling ha®or 1t
, P, andthe current analysis is only capabbf analysing one cycle of postbuckling,

recommendations on the required number ofWalelengths cannot currently be made.
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6.2. Number of nodesstrips

The number of nodes/strips is another important paramehéch needso be determined
before analysisSimilar to the number of haiavelengths, it influences the computational
efficiency, see Equation 6.1, and accuracy. Observing Equations 4.13 and 4.38, the width of
the strip determines the spacing of finite difference approximations betweenDedeasing

the width of a strip, i.e. increasing the number of nodes, results in kayetf matrices
affecting the governing equilibrium equations, see Equations 4.46 and 4.47. Further influence
on solutions, however, is hard to quantify based on explicit expressions. The number of strips
required therefore, needs to be based on modelling exeri
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Figures 6.5 and 6.6 present curves of displacement and execution times against number of strips

for a composite plate under comhinead. As the exact solution of such a plate is around 0.78

mm, see Figure 6.1, the closest solution to this is when the plate is divided into 1Eigfnies.

6.5 shows thats thenumber of stripsncreasesthe solutions conveegpn a value of 0.76 m.

Dividing the plate into more than 10 stripsweverchanges the solution slightly at the cost of

increagdexecution timesee Figure 6.6-or plates dividednto less than 10 stripghe curve

of the deflection against number of strips indicates tiey are still unstable. Therefoi®

strips arefound to bemore than adequate to obtdhe required accuracy and to represent

postbuckling modeswhile retaining a comparably good efficienclfor other types of

composite platesr under other loading conditions, 10 strips are also selected as the number of

strips.
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63. The ratio of | I n eradithe sumbbea I n

of cycles

As described in Chapter 5, tircrementsalong thepostbuckling pattare determined byan

appliedinearstrain defi ned by a ratio U. At -okplaceh post

deflections are converged on the corresponding linear strain along which -pianeén
displacements are found. The number of iterations required to converge on itiei@gu

state is largely governed by the strain increment. If the increment is large, more iterations are
required to converge and vice versa. An

computational efficiency and avoids convergence issues. Tegshawn that for composite

plates under compression and combined loading, a 10% increment can achieve an average of

two iterations to converge for all cycles (detailed solutions can be found in Chapter 7). 10% is,

therefore, considered a suitable valuetfeese types of loading. A similar investigation for

pure shear has shown that 10% is too large for such cases to converge as the mode changes are

more significant than for combined loading. AoStain increment ratio however has been
found to be suitabléor analysing such cases. Multiplying by the strain increment ratio, the
number of cycles results in the farthest point of the postbuckling equilibrium state. It provides

an option for researchers to select the range of the postbuckling regime.

6.4. The tolerancefor Newton iteration schemeb

The modified Newton iteration scheme is developed to findobptane displacements at
certain applied strains, see Chapter 5. It
accounts for changes in postbuckling stiffness to find the req@dgstments to the
displacementsConvergence is achieved when the difference between the maximum of the
displacement adjustmentid and the maximum of the previous displacementss small
enoughas described in Chapter 5. Now bringing equation 5.1, ki@sais assumed to occur

when the criterion below is met.
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f é (6.2

wheref is asmall positive numberf (L 1), "H and D, are the oubf-plane displacement

adjustments and owlf-plane displacements from the previous iteration respectively.

I is a parameter that can be st and has a default value of 0.1%. This value has been found

to be small enough to converge oregatable solutions with no convergence problems.

6.5. Conclusions

Similar to commercial simulation software, application of the coupled wavelength
postbuckling analysis in this thesis requires a humber of parameters to be selected when
modelling. Thischapter investigates the sensitivity of the results obtained to four parameters
that have the potential to significantly affect accuracy and computational efficiency. The key

findings are as follows.

The number of odbf-plane hakwavelengths is the mostucial parameter that affects the in

plane halkwavelengths and further decides the size of the governing equilibrium equations.

For three values of &, i t -bfplane ladBwavelenftiosusn d  t h ¢
different. Investigations bagdeon both explicit expressions and modelling experience are
described in section 6.1. For plates under arplame loading other than pure shear, three out

of-plane hakwavelengths can achive more than 99% accuracy without losing too much
computational ®#iciency. For plates under pure shear, the optimal choice is increased to five

out-of-plane hakwavelengths.

The number of strips that plates are divided by is equivalent to mesh size in finite element
analysis. A similar analysis to that for the numtsienalf-wavelengths has been conducted and

found 10 strips to be adequate for the load cases tested.

101



Chapte 6

For the ratio of constant strain increment, 10% allows the solution to reach to the late stages of
postbuckling at fastest rate without losing accuracynbrpure shear plates while for plates

under pure shear, since it is found that 10% would sometimes fail to converge, 5% is chosen.

Finally, 0.1% is selected as the tolerance for the Newton iteration scheme and no convergence

problems are found.
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Chapter 7.  lllustrative Results and Validation

A study of sensitivity to parameter choicés the coupled wavelength postbuckling analysis

was presented in chapter@VPAN is capable of analysing the postbuckling behaviour of a

wide range of composite plates with the desired speed and accuracy by adjusting predefined
parameters, providing infmation on oubf-plane displacement, -plane stress and strain
distributions. In this chapter results for a number of illustrative cases are presented and
validated against those obtained using the finite element analysis ABA@448 on th&iks

method By comparing to theesults obtained using thiks method a deeper understanding

of the capabilities and postbuckling behavioafSCWPAN can be gainedThe chapter is

organized as follows: Section 7.1 presents the problem definition for an isotratgiaipter

combined loading, Section 7.2 presents the solutions for such a plate and demonstrates the
met hoddés capability in terms of analysing Vv
the modelling of symmetric and balanced composites plates nadgression and validates

the results obtained using FEA. Sections 7.4 and 7.5 solve the case of a composite plate under
combined loading and pure shear respectively, which are again compared with results obtained
from FEA. Section 7.6 illustratesthethed d 6 s capabil ity to analyse
as unsymmetric and unbalanced laminated composite. Section 7.7 presents the computational
efficiency of the method for a range of typical composite plagsction7.8 concludes the

chapter.

7.1. Overview

Chapters 4 and 5 presented CWPAN in which the buckling mode is represented by a series of
sinusoidal terms with any predefined hafivelengths. By combining different half
wavelengths to achieve the required mode shape, as in the VICON ar@W/§té&\N is able
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to analyse modes which are skewed due to anisotropy or shear loading. In this chapter, both
isotropic and composite plates involving these skewed mode shapes are mod e el \sat

using CWPAN. To compare different materials and loading condgj d modelshave the

same geometry square plates with edge length 300mm, thickness 2mm, as shown in Figure
7.1.

Longitudinal boundary conditions
Thickness of 2mm

| Possible shear load

—

Possible compressive load and ||
shear load

Possible compressive load and
shear load

Total width 300mm < 1
o 10 strips/11 nodes

¥ i

Total length 300mm
Possible shear load
Longitudinal boundary conditions

Figure 71.The CWPAN model: inplane boundary conditions and loading conditions

Cases studied includsotropicplates, balanced symmetdomposits, unbalanced symmetric
composites and unbalanced unsymmetric composites, with each tested under three different in
plane longiudinal boundary conditiondree edges, straight edges and fixed edggs Section

4.6. Focusing on cases where skewing is present, isotropic plates under compression and shear,
composite plates under compression, composite plates under pure shearbalashced
symmetric and unbalanced unsymmetric laminated composites are modelled and analysed in

this chapter.

Before starting the analysis, as mentioned in the previous chapter, a number of parameters must
be decided upon in order to ensuredpgmumaccuracy and speed. First is the number of half
wavelengths to be used. All analysis is with p in VICON as it is adequate for most of the
cases,and other choices of are explained in the section 7.5. Three faf/elengths are
therefore selected faut-of-plane displacements which dfél,3,5), thgustificationfor such

choices being explained in Section 6.1. The-piane displacements are represented by
1/(0,1,2,3,4,5,6,8,10). Next is the number of strips in the model. Here 10 strips (11 medes) a
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considered to be sufficient for this size of plate. The ratio of the increment of end shortening
strain is chosen as 10%, noting here that for the case of a plate under pure shear this is changed
to 5% since 10% may not sufficiently capture the chandpagkling modes and fail to
converge. Finally 10 cycles and 0.1% are chosen as the number of cycles and the tolerance in
the modified Newton iteration schenizetailed discussionegardingsuch choicess presented

in Chapter 6.

All models are run in VICQIOPT first to obtain the initial buckling mode to be used in the
first iteration of the first cycle irthe postbuckling analysis. In VICONOPT, the plate is
modelled with the same boundary conditions as the postbuckling analysis to ensure consistency

on bot transverse and longitudinal edges.

7.2. Isotropic plate under combined loading

In this sectionan isotropic plate undeombined compression and shisdingis modelled

to investigate the slightly skewed postbuckling modléh e mat er i al propert.
modulusO p pE. | and Poisson's ratio  T@. Initial buckling is attained assuming

a ratio of 50% between the shear and longitudinal stress resultants, folloywedtbyckling

analysis in which there is a constant ratio between the applied shear and longitudinal strains.
The plate is simply supported (restricting out of plane displacement) along all four edges with
three different irplane boundary conditions applied along its longitudinal edges, see Figure

7.2.
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In-plane boundary conditions
0.5*P shear load

S N v
— T e—
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
= 1 P
N | -
___________________________________________________
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

T I -

x
0.5*P shear load
In-plane boundary conditions
y

Figure 72. Load and boundargonditions for isotropic plate under combined load

VICON analyses are run first to extract the critical buckling modes, critical buckling loads and
end shortening strainsoFthe case of iplane free edges, the end shortening compressive and

shear strains can be piletermined by the rati0as;

19 20

[N

Cycle 0 1 2 3

l -1.57E4 | -1.72E4 | -1.88E4 | -2.04E4 | € -4.55E4 | -4.71E4

M -2.04E-4 | -2.24E-4 | -2.45E-4 | -2.65E-4 | € -5.92E-4 | -6.13E-4

Normalized| 1.1 1.2 1.3 2.9 3

Table 71. End shortening strains at postbuckling cycles, 0 indicates critical buckling point

For each postbuckling cycle,-plane displacementsandv are obtainedlirecty by solving
theequilibrium equations. Then distributions of stesand stresses can be tabulated and

plottedto observe the progressin.
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ZOHEm co Cl| s1 c2 S2 C3| s3 ca S4 C5| S5 cé S6 c8 S8 C10 S10
1 0 0| 0| -630E22 | -1.34E21 | O | O | 2.06E23 | -1.27E23 | O | O | -1.74E23 | 3.00E24 | 9.08E26 | 1.04E24 | -1.71E27 | -1.00E26
2 -6.96E07 | 0 | O | 5.22E07 | -9.43E07 | 0 | O | 4.30E07 | -1.82E08 | O | O | 6.08E08 | 2.76E08 | -1.46E09 | 1.69E08 | -2.46E10 | 2.15E09
3 -1.15E06 | 0 | O | 7.38E07 | -3.11E06 | O | O | 1.21E06 | 5.10E08 | O | O | 1.57E07 | 7.53E08 | -7.51E09 | 3.35E08 | -6.45E10 | 3.77E09
4 -1.13E06 | O | O | 7.37E07 | -5.92E06 | O | O | 1.53E06 | 2.79807 | O | O | 1.70E07 | 6.52E08 | -9.43E09 | 2.52E08 | -4.46E10 | 2.69E09
5 -6.76E07 | 0 | O | 4.71E07 | -8.24E06 | O | O | 1.04E06 | 4.98E07 | O | O | 1.07E07 | 1.47E08 | -5.64E09 | 7.38E09 | -8.37E11 | 8.03E10
6 7.60E12 | 0 | O | 6.27E12 | -9.14E06 | O | O | 7.72E12 | 5.80E07 | O | O | 8.84E14 | -1.26E08 | -3.15E14 | -9.43E10 | -7.11E16 | -4.35E11
7 6.76E07 | O | O | -4.71E07 | -8.24E06 | O | O | -1.04E06 | 4.98E07 | 0 | O | -1.07E07 | 1.47E08 | 5.64E09 | 7.38E09 | 8.38E1l | 8.03E10
8 1.13206 | O | O | -7.37E07 | -5.92E06 | O | O | -1.53E06 | 2.79807 | O | O | -1.70E07 | 6.52E08 | 9.43E09 | 2.52E08 | 4.46E10 | 2.69E09
9 1.15€06 | O | O | -7.38E07 | -3.11E06 | O | O | -1.21E06 | 5.10E08 | O | O | -1.57E07 | 7.53E08 | 7.51E09 | 3.35E08 | 6.45E10 | 3.77E09
10 6.96E07 | O | O | -5.22E07 | -9.43E07 | O | O | -4.30E07 | -1.82E08 | O | O | -6.08E08 | 2.76E08 | 1.46E09 | 1.69E08 | 2.46E10 | 2.15E09
11 0 0| 0 |-644E21 | -5.07E21 | 0 | O | -8.09E22 | -1.41E21 | O | O | -6.46E23 | 3.97E22 | 6.79E23 | 3.01E23 | 4.78E25 | 7.44E24

Table 72. Amplitudes of nodal iiplane displacement from CWPAN for anisotropic plate under
compression and shear withphane free edges at cycle 10
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Terms

N co Cl| s1 Cc2 S2 C3| S3 C4 S4 C5| S5 C6 S6 Cc8 S8 C10 S10
1 212E05 | O | O | -7.22E06 | 2.27E07 | O | O | -4.54E08 | -4.29E07 | O | O | 3.01E09 | -1.65E08 | 5.64E09 | -2.12E09 | 5.29E10 | -1.85E10
2 14705 | O | O | -1.43E06 | -2.49E06 | O | O | 9.35E08 | 5.36E07 | O | O | -3.61E08 | 1.89E07 | -1.48E08 | -3.33E09 | -1.32E09 | -2.76E10
3 9.12E06 | O | O | 2.54E06 | -3.39E06 | O | O | -7.02E08 | 8.03E07 | O | O | -2.74E08 | 2.06E07 | -3.31E09 | -3.81E09 | -7.33E11l | -6.03E11
4 488E06 | O | O | 3.89E06 | -2.71E06 | O | O | -2.38E07 | 452E07 | O | O | 6.23E09 | 1.26E07 | 8.34E09 | -8.60E10 | 7.08E10 | 1.39E10
5 2.02E06 | O | O | 2.70E06 | -1.62E06 | O | O | -1.98E07 | -3.95E08 | O | O | 1.77EO8 | 4.57E08 | 8.09E09 | 1.03E09 | 5.86E10 | 5.87Ell
6 0 0] O |-920E12 | -1.13E06 | O | O | -2.77E12 | -252E07 | O | O | 3.47E13 | 1.41E08 | 4.96E14 | 1.27E09 | 1.37E15 | -3.88El1l
7 -2.02E06 | O | O | -2.70E06 | -1.62E06 | O | O | 1.98E07 | -3.95E08 | O | O | -1.77E08 | 4.57E08 | -8.09E09 | 1.03E09 | -5.86E10 | 5.87El1l
8 -488E06 | O | O | -3.89E06 | -2.71E0O6 | O | O | 2.38E07 | 452E07 | O | O | -6.23E09 | 1.26E07 | -8.34E09 | -8.60E10 | -7.08E10 | 1.39E10
9 -9.12E06 | O | O | -2.54E06 | -3.39E06 | O | O | 7.02E08 | 8.03E07 | O | O | 2.74E08 | 2.06E07 | 3.31E09 | -3.81E09 | 7.33E1l1l | -6.03El1
10 -147E05 | O | O | 1.43E06 | -2.49E06 | O | O | -9.35E08 | 5.36E07 | O | O | 3.61E08 | 1.89E07 | 1.48E08 | -3.33E09 | 1.32E09 | -2.76E10
11 -212E05 | O | O | 7.22E06 | 2.27E07 | O | O | 453E08 | -4.29E07 | O | O | -3.01EO09 | -1.65E08 | -5.64E09 | -2.12E09 | -5.29E10 | -1.85E10

Table 73.Amplitudes of nodal i¥plane displacement from CWPAN for anisotropic plate under compression

and shear with iplane free edges at cycle 10
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Terms Terms
N Cl S1 C3 a3 C5 S5 NOO cl S1 C3 S3 C5 S5

1 -0.00453 | -0.02973 | 0.003613 | 2.67E05 | 0.000673| 2.42E05 1 -0.00453 | -0.02973 | 0.003613 | 2.67E05 | 0.000673| 2.42E05
2 -0.00299 | -0.02854 | 0.002598| 0.000349 | 0.000419| 4.48E05 2 -0.00299 | -0.02854 | 0.002598 | 0.000349 | 0.000419| 4.48E05
3 -0.00055 | -0.02454 | 0.000534 | 0.000578| 1.07E05 | 1.04E05 3 -0.00055 | -0.02454 | 0.000534 | 0.000578| 1.07E05 | 1.04E05
4 0.001509| -0.01787 | -0.00125 | 0.000486 | -0.00023 | -2.75E05 4 0.001509| -0.01787 | -0.00125 | 0.000486 | -0.00023 | -2.75E05
5 0.002724| -0.00937 | -0.00234 | 0.000244 | -0.00035 | -3.16E05 S 0.002724| -0.00937 | -0.00234 | 0.000244| -0.00035 | -3.16E05
6 0.003112| -2.83E08 | -0.00269 | 2.48E08 | -0.00038 | 3.13E09 6 0.003112| -2.83E08 | -0.00269 | 2.48E08 | -0.00038 | 3.13E09
7 0.002724| 0.009371| -0.00234 | -0.00024 | -0.00035 | 3.16E05 7 0.002724| 0.009371| -0.00234 | -0.00024 | -0.00035 | 3.16E05
8 0.001509| 0.017868 | -0.00125 | -0.00049 | -0.00023 | 2.75E05 8 0.001509| 0.017868 | -0.00125 | -0.00049 | -0.00023 | 2.75E05
9 -0.00055 | 0.024539 | 0.000534 | -0.00058 | 1.07E05 | -1.04E05 9 -0.00055 | 0.024539 | 0.000534 | -0.00058 | 1.07E05 | -1.04E05
10 -0.00299 | 0.028541 | 0.002598 | -0.00035 | 0.000419 | -4.48E05 10 -0.00299 | 0.028541| 0.002598 | -0.00035 | 0.000419| -4.48E05
11 -0.00453 | 0.029733 | 0.003613 | -2.68E05 | 0.000673| -2.42E05 11 -0.00453 | 0.029733 | 0.003613 | -2.68E05 | 0.000673 | -2.42E05

Table 74. Amplitudes of nodabut-plane displacement (left) and rotatiorti (right) by Newton iteration schenfer an
isotropic plate under compression and shear wittldne free edges at cycle 10
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As shown inTables7.2 and7.3, the solution®btainedby solvingthe equilibrium equations
correspond tmine halfwavelengths withboth real (cosine) andhaginary (sine) past. It can
be seen that the results for bathndv are perfectly antisymmetria thetransverse direction.
This is becausevhilst boththe geometry and material are symmetiieloading conditions
antisymmetrideadng to anantisymmetric solution. Another observatiothiatthe amplitudes
of the sinusoidal termdecreaseas thehalf-wavelength increasewiith the amplitudeof the
[/10 term beingapproximately 0.1% othatof thel/1 one The contribution®f thel/10 term
for the buckling modeare therefore insignificantvhich means thaits existenceonly slows
down the calculations. Howeveiit cannot be simplye neglected since the halMavelength
I/10 forthe in-plane displacementis calculated fronthe half-wavelengthl/5 for the out-of-
plane displacementg5+5), andl/5 makes acontributon to theout-of-plane displacements
which cannot be ignored, s€able7.4.
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Figure 73. Contour plots of (a) oubf-plane displacements(m); (b) in-plane displacements
u(m); (c) in-plane displacementgm); (d) strain- ; (e) strain- ; (f) strainf ; (g) stress
resultant) ; (h) stresgesultant) (N/m); (i) stressresultant) (N/m), under compression
and shear with free iplane edge conditions, at cycle 10 (200Rimaial end shortening strain)
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After obtaining the displacementsandv by solving the ipplane equilibrium equations,
stresses and strain can be calculatiggbnometrically To present the solutions visually, the
trigonometric terms are required to be transformed to actual values at specific locations. Figure
7.3 illustrates the converged solutions@WPAN at cycle 10. It is worth noting that in Figure

7.3 (b) and (c), theontours only plot the variations in the displacements, with the linear terms

of Equation 4.2 excluded since they are very large compartte i@riationswhich hence

would beobscuré. It can be seen that the contour plots are all skewed in the direftibe

shear load and antisymmetric due to the antisymmetric solutions of pleni displacements.
Figure 7.4 presents the postbuckling load paths for both compression and shear from cycle 1
to cycle 20. The path of the compression applied at thevease edges increments in an
approximately quadratic manner. On the other hand, the shear loading is approximately linear.
Another observation is that the compression path decreases at a strain of ahaet 4eound

cycles 19 and 20. This becausefrom Figures 7.5 and 7.6, the equivalent stress resultants
redistribute at every cycle, with the stress in the middle strip starting to become negative at this
point resulting in a decrease in the total load for the whole plate. Figure 7.7 shows the stres
resultant path for each strip, from which it can be seen that stfipsae symmetric to strips

1-5, where the dashed line represents the stress resultants at the critical buckling point. It can
alsobe seen that the nearer the strips are to the etfgemore the stress increases. In the
middle strips 5 and 6, the stress resultants decrease instead of increasing. Figure 7.6 shows the
shear stress resultants at each postbuckling cycle.

The reason for the approximately linear increments in the shEagure 7.4 can be concluded

from Figures 7.6 and 7.8, where the equivalent shear stress on each strip increases linearly.
From a structural point of view, shear stress does not havesaime effect of stress
redistributionas occurs with longitudinal stredFigure 7.9 presents the progressive-afut

plane deflection at each cycle obtained using the modified Newton iteration scheme.
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Figure 77. Equivalent uniform stress distribution at each postbuckling cycle
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Figure 78 Equivalent uniformshearstress distribution at each postbuckling cycle
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Figure 79. Contour plots of oubf-plane displacements at cycles 1 to 20, showing the
progressive buckling mode.

If the boundary conditions in the longitudinal direction are changed to either fixed or straight
edges, ther displacement contours are affected whilst uhgisplacements contours merely
change shape. Figure 7.10 presentsttentour for each boundarprdition at cycle 10. The

plate with fixed edges is seen to have quite a different displacement distribution with two
skewed contours and zero displacement along the longitudinal edgeke Boaight edges

plate, thev displacements at the edges are constant and the contours are in between those for

the free and fixed edge plates.
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Figures 7.11 and 7.12 show tkquivalent uniformlongitudinal stresses distributi@from

cycles 1 to 20 for plates with straight and fixafjes respectively. For the plate with straight
edges, it can be seen that the stress resultants are all positive due to the Poisson effect. For the
fixed edge plate, the stress resultants for each of the cycles show a much lower level of
redistributionwith no interaction occuimg due to there being less difference between the
stresses nearer the edge and in the middle. Another effect of changing the longitudinal
boundary conditions is that introducing constraint results in strésses the longituéhal
boundaries which are zero for free and straight edges, see Figure 7.13. Figure 7.14 presents the
load paths for each of the boundary conditions.
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Figure 711 Uniform longitudinalstress distribution at each postbuckling cyolein-plane longitudinal straight edges
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Figure 712. Equivalent uniformongitudinalstress distribution at each postbuckling cycle feplame longitudinal fixed edges
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Figure 713. Equivalent uniformtransversetressdistribution0 at each postbuckling cycfer in-plane longitudinal fixed edges
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Figure 714. Postbuckling load paths for all boundary condititorsmetal plate

7.3. Compositesloadedin compression

In this section, to illustrate the capability@¥VPAN in analysing composite plates under shear
loading, a square plate with the same dimensions as the plate in the last section but
manufactured from composite is modelled. The properties of the material are taken from Zhang
(20180 pokplii ,0 p&Il ,,O0 O O @@gli ,v

™ ¢ The plate consists of 16 plies with a ply thicknessr®f civi a layup of

W1 TP TP OO0 T ¢ 1 0T , see Figure 7.15. (This
orientation is utilized bythe models inall balanced and symmetric cageshis layup is
balanced and symmetric resulting imeA Az = 0, a zerd-stiffness matrix with no extension
bending or shear extension coupling. The membrane stiffness matrices of the laminates are as

follows
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A-Stiffness Matrix(Nm) D-Stiffness Matrix(Nm)
1622210 | 2.382%10 0 72.778 7.9425 2.1044
238210 | 1.0236x10° 0 7.4974 15.415 2.1044

0 0 2.662410 2.1044 2.1044 8.8746

Table 75. Laminate stiffness of balanced and symmetric laminates

Figure 715 Laminate orientation example

To validateCWPAN the critical buckling and postbuckling behaviour are compared with those
from ABAQUS/StandardABAQUS 2014). The plate is modelled with 400 S4Rnode
generalpurpose shelkelements with reduced integratiomnd hourglass controland three
integration points through the thickness of each ply. For a 16 ply composite plate this
corresponds to 48 integration points in total, with strains and stress resultants at the mid surface
at integration point 24 (or 25 since these are coincident). A linear bucklrmghzion is

utilised to find the eigenvalues withe mode corresponding to the lowest positive eigenvalue
selected to predict the postbuckling mode. Subsequently, the Riks method with a 0.01 curvature
increment is chosen togorm a nonlinear postbucking analysis The Riks method allows
geometrically nonlinear static problems including buckling or collapse where the load
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Illustrative Results and Validation

displacement response shows a negative stiffness, and the structure must release strain energy
to remain in equilibrium, to bsolved. It is therefore particularly suitable for nonlinear,

potentially unstable problems such as postbuckling.

The model is analysed for the same three boundary conditions described in Section 7.1.
However, to enable comparison with the improved exaigt stethod (Che, 2012), only free
edges are presented here since this method is restricted to free edges onl@W\side is
controlled by end shortening strains which
FEA loading is controlled by displaments to provide the best comparison Wt#WPAN. This

is achieved by applying equation constraints to the two loaded edges.
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Figure 716. Contour plots ofdisplacementgm) at cycle 8 of the composite plate under
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Figure 718. Contour plots of stress resultants at cycle 8 of the composite plate under
compressionN/m): (a) series solution (b) improved exact strip metfiddang 208) (c)
ABAQUS solution
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Figure 719. Normalized applied compressive loa@{ ) vs nordimensional maximum

deflectiond 7Q
w/h 0.0235 | 0.0328 | 0.0402 | 0.0464 | 0.0519 | 0.0569 | 0.0614 | 0.0657 | 0.0696 | 0.0734
VPA 1.0327 | 1.0651 | 1.0956 | 1.1256 | 1.1557 | 1.1846 | 1.2149 | 1.2435 | 1.2728 | 1.3020

ABAQUS | 1.0282 | 1.0503 | 1.0725 | 1.0944 | 1.1156 | 1.1368 | 1.1648 | 1.1782 | 1.1995 | 1.2204

Relative
0.0044 | 0.0140 | 0.0215 | 0.0285 | 0.0358 | 0.0419 | 0.0430 | 0.0554 | 0.0610 | 0.0668

difference

Table 76. Normalized deflections frol@WPAN and ABAQUS
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Figure 7.16 compaseontour plots of ifplane and oubf-plane displacements fro@WPAN

and FEA at cycle 8. A good agreement can be seen both in shape and values. Figures 7.17 and
7.18 compare contour plots of strain and stress resultantsSCVgRAN, improved exact strip
metod and finite element analysis at cycle 8 (1.8 times the critical buckling strain, chosen to
coincide with the example from Che (Z)L It can be seen that the mode skews slightly due

to the introduction of composite material resulting in bend twist loaypThe shape of the

plots will continue to be distorted as the applied load increases due to stress redistribution. One
observation is thaZWPAN shows good agreement with the improved exact strip method (Che,
2010). As can be seen from the explicit eggsions, the previous method represents the in
plane buckling mode using five halfavelengths while ten are used @WPAN. CWPANis,
therefore, closer to the actual solution. Since in this case, the level of anisotropy is small the
difference between ehtwo methods is fairly negligible. For higher levels of anisotropy
however such as the introduction of shear load, the study of unbalanced lamingis tay

later into the postbuckling perio @ WPAN will show much closer agreement with the actual
solutions. Both methods show good agreement with ABAQUS although their contours are
more angular than ABAQUS close to transverse edge$ forThis is because the free
boundary conditions on the transverse edges in ABAQUS cannot easily be modellethdue to
resultingrigid body movement whilst the exact strip postbuckling analysis ovegtinseby

adding point supports at longitudinal strips explained in Sectiorrgére 7.19 compares the

total load path from the CWPAN and FEA. The maximum error of 6.83%undat the last

equilibrium point shown in the figure

7.4. Composite loadedunder combined load

In this section a composite plate under combined shear and compression is modelled to
illustrateCWPAN6 s abi |l ity t o uaderahHear ooalingdhe geomgiroamd t e
properties of the composite are the same as in the previous exahiglehe load combines
compression with a shear load having ftalfnagnitudeat initial buckling, applied as described

in section 7.4seeFigure 7.20). Again, onltheresults for irplane fixedv displacements are
presented. (This orientation is utilized by all models in this thesis).

127



Chapter 7

Fixed v displacement boundary conditions

0.5*P shear load
P q P +45°
e N | -
R

- - ¥
_— i '«

—_— }‘ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -

y
— <

0.5*P shear load

Fixed v displacement boundary conditions

Figure 720. Load and boundary conditions
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Figure 721. Combined loading case contour plots of:diafof-planedisplacementv (m) (b)
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Figure 7.21 shows contour plots of displacements and stress and strain distributions for the
plate. The inclusion of shear loading, can be clearly obsdovettrease the level of skew.
This can be seen from the sinusoidal solutions to be due to the fact that-thenmoant (iR
plane halkwavelength O is considered to be the dominant term) terms contribute more when
compared to the compression only casenta structural point of view, the shear loading will

bring antisymmetry into the structure resulting in skewed mode shapes also vatya#g\.

One observation from Figure 7.21(b) is that displacemandse approximately linearly
distributed in botththe longitudinal and transverse directions. This is caused bgotistant
ratio between the applieehd shortening and shear strains applied to the structuelat e
postbuckling cycle, see Equation 4.2, while the-loear parts of the displacements are caused
by postbuckling stiffness. Another observation from Figure 7.21(c) is that sifgane
boundary conditions are only applied on the longitudinal edges,diftebution of v
displacements along these edges will clearly be different in this case than for other boundary
conditions. As shown in Figure 7.21(g)lisplacements are zero at the longitudinal edges and
the two contours in the upper and lower halvighe plate move in opposite directions. Figure
7.22 presents the buckling and postbuckling longitudinal and shear stres®patimposite
under combined loading. It can been seen that at the beginning of the path, thestear td
compression i9.5. This ratio increases whdme path goednto the later stags due tothe
assumptions of strain control in the postbuckling analysiether difference between the
different boundary conditions is in the stress redistributions at each cycle, see&firFor
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the fixed boundary conditions considered here, stress resultants on the edge strips increase
more slowly than for ones under free boundary conditions whilst the stress resulthsts at
middle strips hardly reduce.

8000
—— compression
7000} | — shear
6000 |-
Z s000}
=
3 aooof
3
= 3000}
2000 |
1000 |
0.80000 0.00005 0.00010 0.00015 0.00020 0.00025
End shortening
Cycle 0 1 2 3 4 5 6 7 8 9 10
Compressio(N/ 397 | 414 | 431 | 448 | 465 | 482 | 499 | 516 | 532 | 549 | 565
m) 4 6 8 8 8 7 6 1 8 3 7
Shea(N/m) 198 | 218 | 238 | 258 | 279 | 299 | 319 | 339 | 360 | 380 | 401
7 7 8 9 1 3 5 8 2 6 0
Ratio 2 1.90|181|1.73|1.67|1.61|1.56|152|1.48|1.44| 1.41

Figure 722 Postbuckling load paths and tabulation of shear and compressmodimposite
plate under combined loading andglane fixed boundary conditions

The solution for the combined loading case illustrates the main differetaedn the arc
length method (Riks method), used in the finite element analysisC&fAN. The Riks
method is a numerical technique which converges on an equilibrium state by increasing the
applied load and displacements at the same time (Memon, 2004).
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Cycle 1 2 3 4 5 6 I 8 9 10 11 12 13 14 15 16 17 18 19 20
Stl’ip 1 14395 | 15542 | 16689 | 17834 | 18978 | 20122 | 21262 | 22403 | 23542 | 24680 | 25819 | 26954 | 28086 | 29217 | 30348 | 31473 | 32598 | 33728 | 34851 | 35968
Strip 2 14170 | 15092 | 16012 | 16927 | 17841 | 18754 | 19659 | 20565 | 21466 | 22364 | 23264 | 24155 | 25041 | 25923 | 26804 | 27671 | 28540 | 29418 | 30280 | 31129
Strip 3 13817 | 14388 | 14954 | 15514 | 16072 | 16630 | 17174 | 17722 | 18263 | 18799 | 19341 | 19869 | 20389 | 20904 | 21420 | 21914 | 22414 | 22932 | 23427 | 23899
Strip 4 13465 | 13685 | 13901 | 14109 | 14316 | 14525 | 14716 | 14915 | 15105 | 15292 | 15488 | 15668 | 15839 | 16008 | 16179 | 16324 | 16480 | 16667 | 16824 | 16953
Strip 5 13247 | 13252 | 13252 | 13244 | 13235 | 13230 | 13205 | 13191 | 13168 | 13142 | 13130 | 13100 | 13060 | 13019 | 12984 | 12919 | 12869 | 12859 | 12816 | 12741
Strip 6 13247 | 13252 | 13252 | 13244 | 13235 | 13230 | 13205 | 13191 | 13168 | 13142 | 13130 | 13100 | 13060 | 13019 | 12984 | 12919 | 12870 | 12859 | 12816 | 12742
Strip 7 13465 | 13685 | 13901 | 14109 | 14316 | 14525 | 14716 | 14915 | 15105 | 15292 | 15488 | 15668 | 15839 | 16008 | 16179 | 16324 | 16480 | 16667 | 16824 | 16953
Strip 8 13817 | 14388 | 14954 | 15514 | 16072 | 16630 | 17174 | 17722 | 18263 | 18799 | 19341 | 19869 | 20389 | 20904 | 21420 | 21914 | 22414 | 22932 | 23427 | 23899
Strip 9 14170 | 15092 | 16012 | 16927 | 17841 | 18754 | 19659 | 20565 | 21466 | 22364 | 23264 | 24155 | 25041 | 25923 | 26804 | 27671 | 28540 | 29418 | 30281 | 31129
Strip 10 | 14395 | 15542 | 16689 | 17834 | 18978 | 20122 | 21262 | 22403 | 23542 | 24680 | 25819 | 26954 | 28086 | 29217 | 30348 | 31473 | 32598 | 33728 | 34851 | 35968
Figure 7.23 Equivalent uniformongitudinalstress distribution at each postbuckling cyclesfoomposite plate under combined loading and in
plane longitudinal fixed edges
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[teration |
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Figure 724. Arc length procedure for specific iteratigdemon, 2004)

As shown in Figure 7.24, the increment of displacement is writt¥h agile for the applied
load, instead of using load directly, a load proportionality factor (MPF$ used. The applied

load at each equilibrium state is

0 Y_n é (7.1

whereq is the reference load applied when modelling and c is the cycle number. From Equation
7.1, it can be concluded that the load during a Riks step is always proportional to the reference
load. (ABAQUS 2014).

If the applied load is a combined load insteacg @fingle force, this combined load will be
incremented and the ratio between the two individual loads will remain the same, see Figure
7.25(a). On the contrary, f@WPAN, as the increment at each cycle is controlled by the level

of strain, it is the stia ratio which remains unchanged rather ttisapplied force ratio, see
Figure 7.25(b). Thus, the applied forces will not thenlibe same ratio dsr the initial input

load, see Figure 7.21. In this case, comparison with the Riks method willllyastbicav poor

agreement.
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Applied proportional Solving equilibrium Obtaining strains &y, €y, &xy,
stresses Ny, Ny, equations u, v and stresses Ny, Ny, Ny,

(@)

Applied proportional Solving equilibrium Obtaining strains &, £y, €xy,
strains &y, &y equations u, v and stresses Ny, Ny, Ny,

(b)

Figure 725. The inputs and outputs of a postbuckling analysis using: (a) the ABAQUS Riks
method (b) CWPAN

Such phenomena also occur for an unsymmetric laminate becacgseptiag of inplaneand
out-of-plane stiffness matrices has not been incorporatedtie stiffness calculation, see
Section 5.5. In all of these cases therefore the Riks method cannot be used to validate the results
from CWPAN.

7.5. Composite loadedn pure shear

Composite plateunder pure shear habeen studied extensive(Xu etc, 2013; Gousal etc,
2015) However many numerical methodmcur very high computational casbr even fail to
converge due to higlvels ofnonlinearity. singCWPAN, compaite plats under pure shear
can be analysed efficiently and convergence prableam be overcome by solvindpe

equilibrium equations analytically.

In this section, a plate under pure shear is modelled and valasite/ABAQUS. In-plane

fixed boundaryconditions are applied on the longitudinal edges and pure shear load is applied
on all four edges. The properties of the plate are as described in section 7.3. As the complexity
of the problem is increased, three -of#plane halwavelengths may no long@ccurately
capture the irplane and oubf-plane displacement distributions. Instead therefore, fiv@but

plane hakwavelengths and a 5% shear strain increment ratio are selected. Other predefined

parameters are as described in section 7.1.
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Figure 726 Contour plots of oubf-plane displacements at initial bucklingfor pure shear
case(m): (a) CWPAN. (b) ABAQUS
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Figure 727. Contour plots of oubf-plane displacementsfor pure shear case at cyclérb):
(a) CWPAN. (b) ABAQUS
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Figure 728. Contour plots of oubf-plane displacementsfor pure shear case at cycl€rb):
(a) CWPAN. (b) ABAQUS
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Figure 729. Contour plots of strain for pure shear case at cycle 5: CA)YPAN. (b)
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Figure 730. Contour plots of strain for pure shear case at cycle 5. @VPAN. (b)
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Figure 731. Contour plots of straih  for pure shear case at cycle 5: CA)YPAN. (b)
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Figures 7.26, 7.27 and 7.28 present the distribution of displacements at cycle 5, i.e. aif125%
the initial shear strain (5% strain increment times 5 cycles), compared with ABAQUS Riks
analysis. From tbse figures, it can clearly be seen that very good agradrasiteen achieved.
Displacementsv (Figure 7.26) are skewed significantly and symmetrical along the diagonal
due to the coupling of the effects of the pure shear loading and the composite material. This
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kind of solution cannot be obtained the previouspostbuckling analysis by Che (20)1due

to it being limited to one owutf-plane hakwavelength.

Figures 7.29, 7.30 and 7.31 show strain distributions at cycle 5. Solutions froGW&AN
and ABAQUS Riksanalysis are largely in agreement with each other. However, there are
differences in the strain contour on its longitudinal edges, the straincontour on its
transverse edges and the shear strairat its corners. Tése differences can be eglained by

another major mechanism difference betw€8PAN and the ABAQUS Riks method.

This difference originates from the initial buckling analysis which is solved by VICON. As
described in Chapter 3, VICON analysis assumes plates as infinitelyiltmidne end supports
repeating at longitudinal intervadsverther lengthl. Themode shapes atbhereforeassumed
to repeat inthe longitudinaldirection atintervals ofd  ¢¢ , , where, is a parameter in the
ranget , p and can thereforebe represented (Anderson et al., 1983) by a series of

responses with haiflavelengthsy , ¢a wheremis any integer

In the modelling process, parameters selected to find the interval giving the lowest
eigenvalue and the mode shajeresponding tohis istaken as the initial buckling mode for

the postbuckling analysis. Such a method is advantageous for thin slender structures like an
aeroplane wing which can be considered as an infinitely long stiffened plate providing an
accurate representation thfe boundary conditions along the lengbiaconu and Weaver,
2006).

Figure7 . 32 shows a finite number of bays from a
initial buckling solutions when  phr® A T #& vt is worth noting that the total length of

the repeat intervals is  ¢¢ , , the number of repeating baykis theefore07a ¢j, . Thus,

when, p, the number of repeating baykis 2 bays. Similarly, when mH 1 and

when, T1®& B0 . For each , although the buckling mode extends across all of the
repeating bays, with each displaying a slightly differentienshape, only the first one is chosen

as the postbuckling start point. In this case T® gives the lowest critical buckling load

p & p G 8Thus, the mode corresponding to the first of the four repeating bays will be taken

as the initial bucklig mode shape.

138



Illustrative Results and Validation

E=1 Pcr=15,525 N repeat: 2 bays

1.8000 2.1000 2.4000

£E=0.5 Pcr=12,712 N repeat: 4 bays

Figure 732. Initial buckling solution from VICON for pure shear case

In the ABAQUS modehowever the analysis is based on a single bay rather than an infinitely
long plate In this case the lowest buckling mode is as shown in Figure 7.26(b), corresponding
to a critical buckling load p @ T Gt which shows very poor agreement with the lowest
buckling mode and load p & p @ when, T® from the VICON analysis. (The
ABAQUS solution is closer to the mode when p, see Figure 7.26(a)). Unsurprisingly,

results from the two methods lead to differences in strain distributions.

The advantage of assuming infinite long plates in ¢bapled waelength postbuckling
analysign thatthe computational efficiency remains the same regardless of the length of plate,
i.e. the complexity of analysing one bay or multiple bays plate is the, samberited from
VICON analysis. This is very different im0 FEA. Furthermore, foEWPAN, the infinitely

long plate model allows for moment equilibrium where there is continuity with other parts of
a larger structure, and is therefore more representative of aircraft wing panels with intermediate

transverse stiffegrs, i.e. ribs
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Figure 733. Shear stress redistribution from pure shear model

Figure 7.33 illustrates the shear stress redistribution observed over 20 cyd®A&RAN.
Compared to the stress redistribution seen for example for a plate under compression,
redistribution of the shear stress resultants occurs in the opposite direction wstineise
resultants in the middle of the strips increasing whilst the ones closer to the edges decrease.
From a structural point of view, for pure shear cases, large deflections are locatealsiof

high stress. Ashelargest deflectionsare foundn the centre of the plate, see Figure 7.26, the

large stresses are therefore also located in the centre as shown in Figure 7.33. Such phenomena
can also be validated based on the ABAQUS postbuckling analysis.

7.6. Unbalanced and unsymmetric composites

In this section, unbalanced symmetric and unbalanced unsymmetric lachooat@ositesare

modelled to illustrate the capability GBMWPAN in analysing more general cases.

As described in chapter 2, for unbalanced composite materials;estteasion coupling occsir
during both the buckling and postbuckling regimes, withdheandd terms in the stiffness

matrix becoming noizero. For these layps inplane normal stressés and0 cause shear

strain  and twist stres8  causes elongations.
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A lack of symmetry brings another level of complexity for postbuckling anaipsisducing

coupling of outof-plane curvaturess including twistll and bending moment$/.
Furthermore, since the stiffness elemeéntsare nonzero, inplane stresses ,0 ,0 cause

out-of-plane curvatures and bending momants0 ,0 cause irplane strains.

These coupling effects need to be incorporated for accuratbyzkling analysis. To include

both theB and theD elements of the stiffness matrix, expressions for curvatures and moments
are required to form the correct equilibrium equations as descril@apter 4. When solving

these equilibrium equationsEquaions 4.46 and 4.47, it can be seen that expressions for
curvatures are only related to enftplane deflectionsyv, considered to be constants appearing

on the right hand side of the equations, whilst moméntsd ,0 are irrelevant to those
eguations. From a computational point of view, the time taken to solve such equations is
therefore more or less the same as for balanced and symmetric composites. However as the
structural stiffness matrix is required for the Newton iteration scheme, theigeehfor
obtaining symmetric composite stiffness cannot be used for unsymmetric cases. This is because
out-of-plane stiffness for symmetric composites has no coupling wilaime stiffness,
namely only stiffness matriA and D are required and are embedded into the theory. To
consider the iplane coupling effect caused by unsymmetric laminates, further stiffness
calculations would have to be developed. Therefore, in this section, only the first cycle of the
postbuckling analys for unsymmetric composite is presented since the mode shapes for the

rest of the cycles will be inaccurate.

The plates in this section are subject teplane compression and under fixed boundary

conditions. The configurations studied are presentemibel

AT T TP TP ONOIWTWIIG T PG TP T P

B: Wit TP T VW T VOO TP TPGT T U

Based on the level of complexity of the mode shape, the predefined parameters chosen for the
balanced and symmetric composites i.e. threeobptane hakwavelengths, temstrips and

10% strain increments are also used h&imce as discussed in section 7.5, it is not possible
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Chapter 7

to generate a comparable load case using FEA for unbalanced cases, comparison with FEA is

not presented here.
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Illustrative Results and Validation
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Figure 734. Symmetric unbalanced laminated composite undptane compression and fixed
boundary condition at cycle 1 (110% of buckling end shortening strain), contour plots of: (a)
out-of-plane deflectionv (m); (b) in-plane longitudinal deflection(m); (c) in-plane transverse
deflectionv (m); (d) strain- ; (e) strain- ; (f) strain’ ; (g) stresgesultanti (N/m); (h)
stresgesultant) (N/m); (i) stresgesultant)  (N/m).
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