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Abstract

Laminated composite plates are used extensively in the aerospace industry because of their
light weight, high strength and stiffness. Additionally, the use of panel structures leads to a
reserve of postbuckling strength which allows more load to be carried than the initial critical
buckling load. This enables the weight of the aircraft to be further reduced by fully utilising
this stable postbuckling phase.

Postbuckling is a highly nonlinear process incurring high computational costs for conventional
numerical methods particularly when the plate is manufactured from composite material or
subject to shear loading. For many years, researchers and engineers have been searching for a
fast yet reliable analysis technique to extend the design envelope as far as possible into the
postbuckling region. However, most of the commercial design software is characterized by
either low computational efficiency or lack of accuracy. This work is motivated by the need
for an alternative to such software.

The coupled wavelength postbuckling analysis (CWPAN) presented in this thesis is based on
the use of a series of sinusoidal solutions representing in-plane displacements, strains and
stresses for a composite plate under any combination of in-plane loading based on the exact
strip method. By incorporating classical plate theory and large deflection theory, the governing
equilibrium equations are assembled and solved analytically at each postbuckling equilibrium
state. The in-plane distributions of displacements, strains and stresses are therefore obtained as
a means of observing postbuckling behaviour.

A convergence procedure consisting of a modified Newton iteration scheme and its supporting
strategies is also developed to capture progressive postbuckling behaviour. With such a
procedure, successive equilibrium states can be connected and enabling a full postbuckling
analysis considering postbuckling stiffness. Postbuckling behaviours such as stress
redistribution can therefore be observed.

CWPAN is illustrated using appropriate practical examples and numerical results including
symmetric balanced, unsymmetric, unbalanced composite plates under in-plane compression,
shear and combined loading under three different in-plane boundary conditions, and is
validated against the most widely used numerical technique, finite element analysis (FEA).
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Chapter 1. Introduction

1.1 Background

Mass minimisation is a crucial objective in aircraft design to reduce the cost of manufacturing,
environmental impact and fuel consumption (Che et al., 2010). Industrial strategic research
objectives demand a reduction in aviation fuel consumption and CO; emission by 1.39% per
annum to 2045 and 21% reduction in full flight nitrogen oxide in the long term(Fleming and

Lepinay, 2019). This objective can be realized in many ways.

Firstly, materials such as composites which exhibit better performance than traditional metals
in terms of strength and stiffness to weight ratio can be used to reduce the amount of material
needed and thus the weight of an aircraft. They may also have additional benefits such as a
high resistance to fatigue and corrosion. Composites are increasingly adopted in industries
including aerospace, shipbuilding and the automotive sector. However, such materials often

incur significantly high manufacturing costs.

From a structural perspective, the use of panels is well known to increase the critical buckling
strength whilst reducing weight. More than this however they have the potential to provide a
postbuckling reserve of strength, allowing compressive and shear loads exceeding the initial
buckling load to be carried (Anderson and Kennedy, 2008). If this reserve can be employed
safely, the weight of composite structures can be further reduced and the structure becomes

even more efficient.

Postbuckling analysis however is characterized by non-linearity and is therefore
computationally expensive. On the other hand it is almost impossible to conduct the analytical
and numerical analysis of non-linear composite plates using algebraic expressions manually,
especially for increasingly complex structures. An efficient computer aided engineering (CAE)

software for non-linear problems therefore becomes exceedingly valuable. Researchers and
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designers have been searching for such reliable computational theories and techniques to

increase design efficiency for many decades.

CAE software including finite element analysis (FEA) is widely used in industry. However,
when it comes to highly non-linear problems, FEA often results in high computational costs
with discretisation problems due to the large stiffness matrices used. In this context, alternative
approaches such as the finite strip and exact strip methods which reduce degrees of freedom

and levels of discretisation have proved particularly valuable.

VICONOPT is a software for designing prismatic structural components developed at Cardiff
University in 1990. By utilizing the exact strip method and Wittrick-Williams algorithm,
VICONOPT can solve critical buckling and free vibration problems analytically with
considerably high speed. However, for postbuckling analysis, an incomplete capture of in-
plane behaviour leads to conservative results for composite materials or shear. Previous authors
including Che (2010) and Zhang (2018), have begun to address this by developing an exact
solution to capture in-plane distributions. This new approach however is still relatively

inaccurate for composite material and shear loaded plate problems.

In this thesis, a new numerical method, coupled wavelength postbuckling analysis (CWPAN)
based on the exact strip method is presented to overcome these limitations and allow accurate
postbuckling analysis for a wider range of load and boundary conditions, and for anisotropic
materials. The method uses classical plate theory and von Karman large deflection theory to
account for the additional strains generated from lateral deflection. By assuming displacements
can be represented using a series of trigonometric terms, equilibrium equations can be solved
analytically and in-plane displacements, stresses and strains can be identified. To find the
postbuckling equilibrium path, a modified Newton-type iteration scheme and corresponding
convergence method is developed. The method is validated against results obtained using the

finite element method to further understand its advantages and limitations.
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1.2 Thesis scope

This thesis addresses the limitations of the previous postbuckling analysis (Che 2010; Zhang
2018) based on improved exact strip analysis and VICONOPT.

The ‘Improved exact strip analysis’ developed by (Zhang, 2018) provides an efficient approach
to postbuckling analysis for isotropic plate assemblies in the preliminary design of aircraft
structures. It improves previous exact strip postbuckling analysis by capturing in-plane
displacements. However it has drawbacks when it comes to isotropic material or shear loading
cases resulting skewed mode shape, as it gives unrealistic results or fails to solve the
equilibrium equations. This is because it represents the postbuckling mode with one single half-
wavelength which despite being efficient is often inaccurate. In this thesis, a series based
postbuckling analysis is presented which successfully overcome previous limitations utilising
a number of half wavelengths and therefore more accurately representing the postbuckling for

composite materials and shear loaded plates.

VICONOPT uses a Newton type iteration scheme to capture the changing mode from previous
postbuckling analysis. It can successfully obtain the mode shape for regular and symmetric
mode shapes but has not thus far considered any circumstances under which the mode shape is
skewed due to composite material or shear loading. The previous improved analysis does not
implement the Newton iteration from VICONOPT and can only therefore analyse a
postbuckling scenario at one particular equilibrium point. Therefore for a plate that has a
skewed mode shape, none of the above methods could achieve a full postbuckling analysis. In
this thesis, a series based Newton iteration scheme and corresponding convergence scheme are
developed to allow a full postbuckling analysis.
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1.3 Thesis aims and objectives

The aim of this thesis is to develop an accurate and efficient methodology for predicting the

postbuckling behaviour of composites under combined loading.

The objectives are as follows:

1.

To review the composite postbuckling theories of other researchers and understand their
limitations when analysing composite plates or for shear loading.

To develop a postbuckling analysis which addresses these limitations while retaining
the advantages of the fast and reliable VICONOPT.

To develop a convergence procedure allowing the equilibrium path to be found.

To investigate the sensitivity of the developed method ‘CWPAN’ based on a series of
parametric studies.

To validate CWPAN against the finite element method by modelling using the
commercial software ABAQUS.

1.4 Thesis overview

The thesis is presented in the following Chapters.

Chapter 2: Background theory and literature review

This chapter provides a review of the postbuckling analysis of plates. Formulations for

buckling and postbuckling based on classical plate theory are presented to establish a basic

understanding of the methods utilized in this thesis. A review of composite material and its

mechanisms is included. Finally, a review of recent advances in the postbuckling analysis of

composite plates is presented.

Chapter 3: Exact strip method and VICONOPT
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This chapter presents the exact strip method and its implementation through the VIPASA and
VICON analysis options of VICONOPT. Formulations are given for each method highlighting
the differences between the basic theories of the two. The previous ‘Improved exact strip
analysis’ postbuckling method developed based on VIPASA analysis is presented and its

limitations highlighted.
Chapter 4: CWPAN: in-plane solutions

This chapter develops a coupled wavelength postbuckling analysis (CWPAN) for composite
plates using VICON analysis to address the limitations of the previous method. Inspired by
Stein’s assumptions and employing VICON analysis, a series of trigonometric functions are
developed based on von Karman large deflection theory and finite difference approximations.
By solving the governing in-plane equilibrium equations analytically, accurate in-plane

variables can be obtained.
Chapter 5: CWPAN: Newton iteration and convergence procedure

This chapter introduces a modified Newton iteration scheme and its supporting convergence
procedure into CWPAN. The postbuckling analysis requires the buckling mode to be provided
as an input to each cycle. Whilst accurate representation of this mode requires plate
deformation to be represented as varying sinusoidally with a series of half-wavelengths the
previously implemented Newton iteration schemes only calculate the buckling mode for a
single half-wavelength. A new Newton iteration is therefore developed.

Chapter 6: Parameter selection

Four parameters influence the proposed analysis significantly and suitable values for them are
required to be selected. This chapter studies the sensitivity of the results to each of these

parameters.
Chapter 7: Illustrative results and validation

As the most widely used finite element software, results from analyses carried out using the
ABAQUS Riks method for nonlinear analysis are used to validate the method. For cases where

this is not possible, differences in the two modelling approaches are discussed.
Chapter 8: Conclusions and future work

The final chapter concludes the thesis and summarises contributions made to the research area.

It also provides suggestions for future work.
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Chapter 2. Background Theory
and Literature Review

Problems relating to the stability of plate and shell structures have drawn a great deal of
attention from industry and academia since the 1880s. Driven by increasing shell structure
applications, large numbers of studies and experiments from isotropic metal plates to laminated
composite panels, have been conducted and published. On one hand, researchers are searching
for suitable theories and techniques to efficiently and accurately capture buckling and
postbuckling behaviour. On the other, using these techniques, materials such as composites can
be optimised to meet certain requirements. In this chapter, a comprehensive summary of
previous research on the stability of laminated composite plates including basic structural
buckling and postbuckling theory is given. The chapter is organised as follows: Section 2.1
reviews some of the most widely used thin plate theories. Section 2.2 provides basic
formulations for the buckling analysis of plates. Section 2.3 summarises the development of
composite materials and their basic mechanisms. Section 2.4 discusses some of the important

literature on the postbuckling of composite plates.
2.1. Review of thin plate buckling theory

Thin walled plates, defined as 3-dimensional structures having a thickness which is small
compared to their other two dimensions (Timoshenko, 1959), are very common engineering
structural components. Such structures when subject to in-plane loading can be analysed using
two-dimensional stress theory. Since the 19th century, numerous plate theories have been

developed, of which two are the most widely used:
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1) The Kirchhoff-Love theory, also called Classical Plate Theory (CPT) (Love, 1888).
2) The Reissner-Mindlin theory, also called First-order Shear Deformation Theory
(FSDT) (Uflyand 1948).
If deflections in the plate’s lateral direction are small compared to its thickness, classical plate

theory is usually applied. This makes the following assumptions:

1. The midplane is considered to be the neutral plane.
In-plane deformations of the mid-plane of the plate due to bending are zero. Subsequently,
in-plane stresses/strains due to bending are zero as well. The bending of a plate only causes

the plane above and below this mid-plane to deform in-plane, see Figure 2.1,

2. Line elements normal to the mid-plane remain normal to it after deformation

Line elements are the straight lines normal to the mid-plane which remain straight after
bending. Such a hypothesis can be applied when the transverse shear force is small in
comparison with compression. A larger transverse shear force will cause the element lines
to skew (first-order shear deformation theory) or even become curved (higher-order shear
deformation theory, and example being third-order shear deformation theory (TSDT)). In

this case, other plate theories need to be applied.

3. Strains and stresses in the thickness direction remain zero

The lengths of line elements remain the same after deformation.

When the ratio of plate thickness to width is comparably large, first-order shear plate theory is
normally applied. As with the Kirchhoff-Love theory, first-order shear deformation theory
assumes the plate’s thickness remains unchanged after deformation and its midplane is taken
as the neutral plane. However, the element lines may not remain normal to the neutral plane
due to transverse shear forces (Uflyand, 1948, Mindlin, 1951), see Figure 2.1.

Higher-order shear deformation theory is a further extension of classical plate theory where
element lines are no longer straight after deformation due to the nonlinear distribution of in-
plane displacements in the lateral direction (D’Ottavio and Polit, 2017), see Figure 2.1. Higher-
order theory was first studied by Vlasov (1957a, 1957b). Later, in 1977 Lo, Christensen and
Wu developed the required formulations by considering the variation of displacements and
stresses in the thickness direction. Such theory is naturally suitable for analysing laminated
composite where plies are stacked in the thickness direction (Hanna and Leissa, 1994). The

development of higher-order plate theory for composite plates has continued ever since.
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Undeformed

neutral plane

Figure 2.1. Deformation of a typical transverse normal line in various plate theories (Wang,
2007)

2.2. Buckling of plates

Combining Kirchhoff-Love and Euler buckling theory (1759), Bryan (1890) investigated the
buckling of a simply supported rectangular plate under axial compression using an energy
approach. Timoshenko (1936) extended this plate stability analysis to include more boundary
conditions and presented the theory with kinematic behaviour.

Applying classical plate theory, in-plane deflections can be represented in terms of lateral

deflection w as follows

U= U —Z5, V= vy —Z— ...(2.1)



Chapter 2

where w, u and v represent displacements within the plate and u, and v, are in-plane
displacements of the neutral plane. Based on these in-plane displacements, direct strains &,

&y, and shear strain y,,, can be obtained by plane elasticity theory

_Ou _Ov B 6u+6v 2.2)
ST o 7 dy’ Vey = dy = ox B
Substituting Equations 2.1 into Equations 2.2,
& = &) —zk,, €y = & — ZKy,Vxy = Viy — ZKxy ...(2.3)

where €7 , ) and yy), are the strains in the neutral plane and «,, k,, and k,,, are the changing

curvature with respect to x, y and shear directions

du, av, du, dv,
0 =~ 00—~ 0 — 4~ ...(24
R P dy Vay dy T ox (24)
0?2 K 0?2
d d v ..(2.5)

Ko = Gxz My = Gy = 2550

According to classical plate theory, the stress and moment resultants can be obtained by

integrating strains through the thickness, as follows

h/2 h/2 h/2
N, = ] 0, dz, N, = j 0y dz, Ny, = J Yxy Az ...(2.6)
—h/2 —h/2 —h/2
h/2 h/2 h/2
M, = f Kxzdz, M, = f Kyz dz, My, = f Kxy 2dZ ...(2.7)
~h/2 ~h/2 —h/2

Simplifying Equations 2.6 and 2.7, the relationship between strains and stresses in the neutral

plane can be written in matrix form as

[ Nx 7 1Ay Asz Ase Biy By Biglp &x 1
y A1y Ay Aze Biz Bay Bygl| &
Nx A16 Aze Aes Bl6 BZ6 B66 Exy

M, B By, By, Big D11 Di; Digl|| Kx ...(2.8)

<

My B2 Baz Bas D1z Daz Dagl| *v
| My | Bi6 Bas Bes D16 D26 DeedlFxy

where the matrix containing 4;;, B;; and D;; is known as the stiffness matrix which is related

only to the properties of the structure. There are many characteristics of this matrix. For
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example, it is perfectly symmetric. For particular materials, certain terms in the above matrix

may be equal to zero which can significantly reduce the complexity of the analysis.
Having the stresses in the neutral plane, the equilibrium equations can be assembled as follows

ON, ON.

4 xy
—t — = ...(2.9
dy + 0x 0 (2:9)
Ny, ON,
= ...(2.10
dy + 0x 0 (2.10)
0°M 0°M 0°M 0% 0% 0?2
x4l T vy N 2 i Yoo (211

2N N. =
a2 dxdy + dy? xgxz TNy 6xay+ Y 9y?

Substituting Equations 2.6-2.7 into Equation 2.11, the governing equation can be obtained

D64W+2 o*w +64W +N62W+2N 62W+N 62W_0 (2.12)
(ax“ 0x20y?2 ay“‘) * 9x2 Y oxdoy Y oayr T
where D is the flexural rigidity of the plate
Eh?
...(2.13)

b= Ta—wm

where E is the Young’s modulus, v is the Poisson’s ratio and h the thickness of the plate.
Equations 2.11 and 2.12 describe a case in which stress resultants N,., N,, and N, are constant
throughout the plate and no body forces are applied within. For a plate that is simply supported
and uniformly axially loaded, the function of out-of-plane displacement can be assumed to be

a series of trigonometrical functions

SIS . mux | nmy
w = Z ZAmnsstmT ...(2.14)

where m and n are the integer numbers of half-waves of a buckling response in the x and y-
directions respectively. Out-of-plane assumptions are made regarding the boundary conditions

and loading conditions. Substituting Equation 2.14 into Equation 2.12 the equation can be

11
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solved analytically, noting that N,, = N, = 0 if the plate is loaded only in compression. The

critical stress resultant N, can therefore be achieved

kDm?
N, = 2 ...(2.15)
where k is the critical buckling load factor
k= (2 0 (216)
= ( ” mb) .2

. From Equation 2.16 it can be seen that the buckling load depends on a/b, m and n.

2.3. Review of composite material

A composite material is two or more different materials which are brought together to achieve
properties such as high strength and stiffness to weight ratios but remain separate and distinct
(Gibson, 2016). The advantages of composites have enabled them to make a significant
contribution to engineering development, especially in the aerospace industry. The use of
composite material before the 19th century was mainly in structural constructions and masonry
such as bricks and Japanese swords to achieve desirable properties (Nagavally, 2017), while
modern laminated composites cover a much wider range of engineering applications, e.g.
aerospace structures, biomedical products, sports equipment, automotive components and

many others.

The first use of glass fibre reinforced composite was at the time of the Second World War in
1942 on a boat. Reinforced plastic was invented in the same year and utilised in the electrical
components of aircraft. Later in the 1960s, boron and high strength carbon fibres, considered
as the basis of today’s advanced composites were developed, and have been used in aircraft

components since 1970 (Herakovich. 2012).

The mechanics of laminated composites have been developed alongside their introduction.
Lekhnitskii in 1947 derived the earliest form of constitutive equations for composites,

12
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demonstrating the number of independent constant required to describe different materials e.g.
a monoclinic material has 13 independent constants, an orthotropic one has 9, and an isotropic

material has two independent constants, etc.

The general form of these constitutive equations is

(Oxx ] rExx]
Tyy Car Coz Gz Cyy Cos Coelfey,
Oz _|Cs1 G2 C33 C3q (35 Cigf|€zz ...(2.17)
Tyz| |Ca1 Caz Caz Cas Cas Cye||Vyz
;Zx Cs1 Csz Cs3 Csy Css Cse zzx
-7 Lle1 Coz Co3 Coq Cos Coel ™"

where &;;, v;j, 0;; and 7;; are normal and shear strains and stresses, respectively. C;; are the 21

unique components of a symmetric stiffness matrix.

The mechanics of laminated composites became mature when classic lamination theory (CLT)
was developed. Based on the work of Pister and Dong(1959), Reissner and Stavsky(1961) and
Dong et.al. (1962), CLT describes the properties of an assembly of laminas, which are
unidirectional fibrous composites with fibres in the kth layer oriented at an angle 6, see Figure
2.2.

=% . Lamina (ply)

Laminae forming a laminate Laminate
Figure 2.2. Laminated composite

Considering laminated composites are comparably thin such that classical plate theory is valid,
the strains that relate to the lateral direction i.e. ,,, v, and y,, are zero, and taking bending

effects into account the stiffness matrix can be written as

[Ny 1 [A1r A1z Ag Bi1 Biz Big]p e, -
y Ay1 Ay Aye Bia Baz Bos &y
Ney| _[A16 A26 Agse Bisc Bz Bes||Vry ...(2.18)
My | |Bir Biz Bis D11 D1z Digl| K
M, Bi; By, Bys Di; Doz Daygl|| v
L xy [Big B2 Bes Dig Dys  Dee. Hixy
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Here N; and M; are stress and moment resultants within the plate and ¢;, y; and k; are the
corresponding strains and curvatures. A;;, B;j, D;; are components of the stiffness matrix

related to stiffness, thickness and lateral location of each ply.

In Equation 2.18, A;; are in-plane stiffnesses relating to in-plane strains ¢, €,,, ¥y, to stresses
Ny, Ny, Nyy; D;; are out-of-plane stiffnesses relating moments M,,, M,,, M,,, to curvatures i,
Ky, Kxy; B;j couple in-plane and out-of-plane stiffness relating in-plane stresses Ny, N, Ny,

to curvatures ky, kK, Ky, and moments My, M,,, M,,, to in-plane strains &, €,, ¥y, .

Within the stiffness matrix, A,q, A, describe shear extension coupling, i.e. if A;4, Ayg are

zeros, normal strains €, and &,, do not cause shear stresses N

xy» and shear strains y,, do not

cause extension stresses Ny, N,,. D14, D, represent bend twist coupling. If these terms are
zeros, the twist of a composite k,,, does not cause bending moments M,,, M,,, and vice versa.
The stiffness elements B;; describe in-plane and out-of-plane coupling, i.e., in-plane strains
causing bending moments M, , M, , M,, and out-of-plane curvatures x causing in-plane

stresses Ny, Ny, Nyy.

From the material point of view, laminated composites are normally categorized according to
the arrangement of their plies which has consequences in terms of their behaviours e.g.
symmetrical, balanced and orthotropic laminates. In a symmetric laminate, plies arranged in
symmetric positions with respect to the mid-plane are identical. Such laminates haves no in-
plane-out-of-plane coupling and stiffness matrix B is a null matrix. If a laminate is balanced
every unidirectional ply has a ply with the opposite direction to balance it. It is characterized
by having no extension-shear coupling and stiffness elements A, and A, are zero. For an
orthotropic laminate, plies run in two mutually perpendicular directions meaning that forces
and bending moments applied in those directions don’t cause any shear or twist. In other words,
there are no bend twist, extension shear or extension twist couplings. A laminated composite
is often characterised by combinations of these characteristics for example being balanced and
symmetric and therefore having neither out-of-plane-in-plane coupling nor extension-shear
coupling. It is worth noting that for unsymmetric unbalanced layups, all of the stiffness

elements can be non-zeros.
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2.4. Review of postbuckling theory

It is well known that after a plate reaches its critical buckling load, increasing the applied load
does not instantly cause failure (Bloom and Coffin, 2009). Instead, the plate starts to undergo
a lateral deflection which is relatively large compared to its thickness. Most plate structures
have such postbuckling reserve of strength, allowing them to carry compressive and shear loads
exceeding the initial buckling load. If this reserve can be fully exploited, the weight of a
structure can be reduced by different amounts depending on their properties. This would be
exceptionally beneficial for the aerospace industry where saving a small amount of mass could
result in reducing manufacturing cost, environmental impact and fuel consumption (Mrazova,
2013).

Figure 2.3 shows the behaviour of plate structures during buckling and postbuckling. With
increasing in-plane load P, a perfect plate follows path A which shows no out-of-plane
displacement w until the critical buckling load is reached. After the bifurcation point B, the
curve follows path C for a linear idealization. For large deflection analysis, the curve follows
the non-linear path D with an increasing slope. Path E indicates the buckling and postbuckling
behaviour of an imperfect plate.

e s]

In-plane load PP
o

Out-of-plane displacement w

Figure 2.3. Load-displacement graph for postbuckling problem (Zhao, 2019).
As reported by Hutchinson and Koiter (1970) different types of postbuckling phenomena can

occur. Figure 2.4 shows typical load-deflection curves for structures with a unique buckling
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mode corresponding to their classical buckling load. In all three cases the perfect structure
remains stable prior to buckling, i.e. P < P.,., becoming unstable in postbuckling (indicated by
the solid curve).. The first case illustrates a structure with a stable postbuckling path which can
support loads in excess of the critical load. The dashed curve indicates the behaviour of the
same structure with a slight imperfection. The second case depicts a structure which can follow
into either a stable or an unstable postbuckling path resulting in the load either increasing or
decreasing after the critical buckling load. This is an example of asymmetric postbuckling
where the route taken after buckling depends on factors such as initial imperfections. The path
for an imperfect structure is again shown by the dashed line. The third case is an example for
a structure which has possible postbuckling paths which are symmetric with respect to buckling

deflection. In this case postbuckling behaviour is always unstable.
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Generalized deflection Buckling deflection — 8

Figure 2.4. Load-deflection curves for single-mode bifurcation behaviour (Hutchinson and
Koiter, 1970)
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Research into the postbuckling phenomenon has been carried out for more than a century. As
lateral deflection during postbuckling cannot be neglected, i.e. it is relatively large compared
to the structure’s thickness, the key difference between prebuckling and postbuckling, based
on the work of von Kérmén et al. (1932) who established large deflection theory, lies in the

compatibility equations.

6u+1 ow_,
e dx Z(Ox)
8" 6v+1 ow;_,
exy = 312 ay) ...(2.19)
Y 0u+6v+awaw
[ dy  0dx 0dx 0y

Compared to Equation 2.2, the extra terms in Equation 2.19 are due to the elongation related
to out-of-plane deflection w. Substituting Equations 2.19 into the equilibrium equations, the
postbuckling equations can be solved analytically. By establishing the interaction between

membrane and flexural effects computational cost can be reduced significantly.

Another important postbuckling phenomenon discovered by von Karméan is the stress
redistribution that occurs in a plate loaded with a uniformly distributed load (von Karmén et
al. 1932; Winter 1947). The out-of-plane deflection in the postbuckling regime reduces the
axial stiffness, redistributing the compression towards the edges of the plate. Under von
Karman’s effective width theory these compressive forces at the edges of the plate are assumed
to be uniformly distributed and concentrated within a width be, while the forces in the middle

are assumed to be zero or near zero, see Figure 2.5.

h\ﬁ\l‘mmﬂ'ﬂ{l I

b

=

e €

2

R

b

plate width b, is effective
width of the
plate
JrE [ 1
|
B 9

Figure 2.5. Von Karman’s effective width concept: (a) non-uniform distribution of axial
stress in the postbuckling stage and (b) assumed uniform stress distribution over an effective
width b,e
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Based on von Karman’s large deflection theory, Cox et al. (1933) used energy considerations
to determine postbuckling behaviour. In their research, the total potential energy is expressed
in terms of in-plane and out-of-plane displacements which are then evaluated by minimizing

total energy.

Later Koiter (1943), proving that large deflections which cause stiffness reductions cannot be
ignored, developed classical nonlinear bifurcation theory, accelerating the development of

nonlinear buckling analysis.

Prior to numerical analysis becoming mature, analytical methods were widely used. Levy
(1942) continued von Karman’s large deflection theory utilizing double Fourier trigonometric
functions which could be broken down and solved individually. Following on from Levy’s
research, Coan (1951) took imperfections into consideration, analysing the postbuckling of a
plate under axial compression. Yamaki (1960) extended this work to cover rectangular and

circular plates under different boundary and loading conditions.

Johns (1970) studied the shear buckling of isotropic and orthotropic plates. Both infinitely long
and short plates under uniform shear and compression were investigated based on classic plate
theory. Although analytical equations were assembled, equations were only found for possible
buckling stress by thresholding shear and compression.

Marshall et al (1977) studied the postbuckling behaviour of thin orthotropic panels under
compression. Based on von Kéarman large deflection theory, they derived the non-linear
equilibrium equations along the postbuckling path by representing deflections and forces with
general Fourier series. To solve such complex equations, the Ritz technique was used to
minimize the total energy in the midplane although the extent of the nonlinearity between the
applied load and the lateral deflection resulted in a large number of deflection function
coefficients and a high computational cost. Their method was successful in following the snap-

through of the load-deflection curve which was validated experimentally.

During World War 11, advanced fibres drew great attention in the aerospace industry, leading
to the development of the theoretical and applied mechanics of composite materials and
structures. Pister (1959) and Reissner (1961) developed a system to determine the elements of

the compliance matrix for laminated composites known as Classical Lamination theory.
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The buckling and vibration of cross-ply laminated composites were investigated by Jones
(1973). An exact solution and numerical results were presented for simply supported composite
plates. Harris (1975) derived the in-plane postbuckling stiffness of a rectangular composite
plate immediately after critical buckling. He accounted for the coupling effects between
bending and extension when a biaxial load is applied in the longitudinal direction and found

the reduction of stiffness due to the change in postbuckling mode shape.

Stein (1983, 1985) formulated large-deflection equations based on von Karman theory for
orthotropic composite plates under compression based on earlier work on the buckling and
postbuckling of isotropic materials employing von Karman strains in an infinite set (Stein,
1959a, 1959b). Following this idea, lateral deflections were assumed to be in the form of

trigonometric functions in the loading direction.

_ o /x 1 . 2mx 2mx
U= —ig (E — E) +uy(y) + us(y)smT + uc(y)cosT
21X 21mx
v = 1y(y) +vs(y)sin— + v.(y)cos — ...(2.20)

A A

X X
w= Ws(y)sinT + Wc(y)COST

where —u,, is the applied longitudinal end shortening displacement, lateral deflection w is
sinusoidally periodic with half-wavelength A, and in-plane deflections u and v are sinusoidally
periodic with half-wavelength A1/2. This work enabled the equilibrium equations to be
converted into ordinary nonlinear differential equations which were solved numerically using
a two-point boundary problem solution by Lentini and Pereyra (1977). The results were
validated against experimental results and the work of other researchers’ and shown to be
efficient and accurate for certain problems. The displacement assumptions however were found
to adequately represent the buckling mode only for isotropic and orthotropic plates. In addition
to this, the twenty unknowns led to a large number of differential equations resulting in
difficulties in implementing different boundary conditions. Despite these limitations, this work
has provided a basis for further research into postbuckling by Che (2010) and Zhang (2018)
who performed postbuckling analyses based on Stein’s method for composite plates (more
detail on this can be found in Chapter 3). In this thesis, Stein’s work also plays an important

role in the displacement assumptions.
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Research into postbuckling analysis of composite material after 1990 is mostly based around
the search for suitable plate theories to incorporate into either the finite element or finite strip
methods. Librescu and Stein (1991) developed a higher-order geometrically non-linear theory
for postbuckling analysis. By modifying the first-order shear deformation theory, their method
analysed transversely isotropic symmetrically laminated composite plates focussing
particularly on transverse shear deformation, transverse normal stress and higher-order effects.
However, the equations derived from this work were limited to simply supported shear-
deformable plates and did not consider the effect of in-plane boundary conditions.

Sundaresan et al. (1996) employed first-order shear deformation theory and von K&rman
displacement assumptions to investigate the postbuckling of a moderately thick laminated
composite plate. The resulting formulations were incorporated into eight-noded isoparametric
plate finite elements with five degrees of freedom per node and used to solve the problem of a
plate subject to uniform or biaxial compression in which the plate edges are allowed to move
in the loading direction. Results showed good agreement with Dym (1974) for simply
supported isotropic plates under compression. Three conclusions were drawn from this
research. It was found that the postbuckling characteristics of the composite plate were very
sensitive to boundary conditions, which was also shown by Librescu and Stein (1991), thick
plates can withstand large loads after buckling and orthotropic plates exhibit a higher post-
buckling strength compared to angle-ply plates. These conclusions made are not surprising,
and validate the use of first-order shear deformation theory in finite elements for these
particular boundary conditions, although more investigation is needed for general boundary

conditions and materials.

Kim and Voyiadjis (1999) studied the non-linear behaviour of composite shell structures using
an eight-noded shell element formulated based on a Lagrangian method. Unlike the previous
finite element methods, the transverse shear deformation effect was considered and included
in the linear stiffness matrix. Thus large deflections and small strains could be considered for
postbuckling analysis. The advantage of this method is that it increases the accuracy of highly
nonlinear problems and allows the modelling of relatively thick plates. It does not however
consider the reduction of buckling capability caused by geometric imperfections. Note however
that for thin plates, the use of shear deformation theory does not make much difference

compared to CPT while the complexity of the method is increased to another level.
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The arc length method in finite element was first proposed by Riks (1972; 1979) and Wempner
(1971) to solve snap-through problems which the Newton-Raphson method was unable to solve.
In this method, at each iteration, the load factor is perturbed to converge on an equilibrium path
where iterative changes are made orthogonal to the predicted solution. Ramm (1981) adjusted
such changes to secant iteration changes. These techniques however, linearise the arc-length
method where constraint equations lead to unique solutions i.e. where there are no selection of
root issues. This may result in missing the equilibrium path and causing numerical difficulties
(Memon and Su, 2004). Therefore, Fafard and Massicotte (1993) modified the arc-length
method based on Ramm (1981) and updated the hyper-plane technique to evaluate the arc
length. Later, Teng and Luo (1998) extended the method using an accumulated arc length to
optimize the convergence. Ferreira and Serpa (2005) found that the conventional arc length
method obtains a limit point for snap-back and snap-through phenomenon due to the highly
nonlinear load-displacement path. Therefore, Sousa and Pimenta (2010) introduced a new
parameter with a function to add all previous arc lengths and generate a new load step. This
efficiently overcomes the difficulties in the control of the load increment to reach convergence
at specific locations of the equilibrium path.

Weaver (2004, 2006) observed that a skewed buckling mode is induced by anisotropy for
infinitely long laminated composite plates subject to compression or shear loading and formed
a closed-form solution. Later Diaconu and Weaver (2005, 2006), extended this solution for the
postbuckling of such plates with both symmetric and unsymmetric laminate configurations.
Their method represents the postbuckling mode using non-dimensional parameters to cover a
wide range of dimensions and material properties with the solutions then written in terms of
non-dimensional buckling coefficients and load factors. By doing so, the importance of the
terms appearing in the equations or solutions can be easily clarified. The method was validated
for an infinitely long plate with two long edges simply supported and compared with solutions
obtained from a finite element method. The paper also highlighted that ‘postbuckling results
for infinitely long plates are important because they provide a practical estimation and useful

information on the postbuckling behaviour of finite length rectangular plates’.

Bisagni and Vescovini (2009) developed an analytical formulation for the buckling and
postbuckling of isotropic and laminated stiffened panels subjected to axial compression. For
buckling, two approaches were proposed employing the Kantorovich method (Kantorovich and
Krylov, 1958) and a rigorous closed-form solution. Following critical buckling analysis, a

localized postbuckling problem was formulated based on trigonometric shape functions and
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non-linear governing equations derived by the Ritz method. The whole analytical technique
was further coded into a computer program called Stiffened Panels Analysis (StiPAn) (Bisagni
and Vescovini, 2009). The authors later refined the postbuckling part of the analysis (Vescovini
and Bisagni, 2012) to cover curved stiffened panels and combined loading. In Vescovini and
Bisagni (2006), this analysis was further developed into a semi-analytical procedure. By
implementing the arc-length method, the analysis was able to solve for unsymmetric laminates.

An optimization technique based on a genetic algorithm was also developed and employed.

Developments in postbuckling analysis techniques in recent years have examined novel
materials or manufacturing approaches. Raju et al. (2013) used first-order shear deformation
theory to derive the postbuckling equilibrium equations for a functionally graded plate and
variable angle tow composite. Raju et al. (2013, 2015) developed a postbuckling technique
based on the differential quadrature method (DQM) for variable angle tow composite plates
under in-plane shear loading. Compared to the conventional finite element method, DQM
showed good agreements and required few grid points and hence less computational effort to
achieve converged results. Raju et al. (2015) developed a semi-analytical variational approach
to investigate linear variable angle tow composite plates. Based on the this approach and the
Rayleigh-Ritz method, nonlinear equilibrium equations were assembled and solved
analytically using trigonometric functions or Legendre polynomials. The load-end shortening
curves and load-transverse deflection curves for such plates were drawn under uniform axial

compression loading.

Song et al. (2017) investigated the postbuckling behaviour of functionally graded multilayer
composite plates reinforced with randomly oriented graphene nanoplatelets (GPLs) uniformly
dispersed in the polymer matrix. The analysis was formulated based on von Karman nonlinear
kinematics to take into account geometric imperfections and first-order shear deformation
theory. The method used a two-step perturbation technique to find the postbuckling equilibrium

paths of composite plates with all edges simply supported.

The Rayleigh-Ritz solution is one of the most successful methods for the analysis of the
postbuckling of composite plates. Oliveri and Milazzo (2018) investigated the postbuckling of
variable angle tow composite stiffened panels using a Rayleigh-Ritz method. Postbuckling
equilibrium equations were found based on first-order shear deformation theory and von

Karman’s large displacement assumptions. Penalty techniques were used to enforce the
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structural continuity of the assembled thin-walled structures and the kinematical boundary

conditions. The solution was further validated by the finite element method.

Li et al. (2020) developed an element-free Galerkin method for the postbuckling analysis of
variable stiffness composite plates with circular cut-outs. Their method used weighted
orthogonal basis functions to represent of the field of displacements. Classical laminate plate
theory and von Kérmén large deflection theory were then employed to find nonlinear strain
components on the midplane. The postbuckling equilibrium path was found by an incremental
loading step control method. The method was validated against conventional finite element

analysis and achieved good agreement.

Chen and Qiao (2021) investigated the postbuckling behaviour of rotationally-restrained
laminated composite plates under shear based on the Galerkin method. The trigonometric
function proposed by Beslin and Nicolas (1997) and two other kinds of series functions based
on the Airy functions were combined to uniquely satisfy the arbitrary rotationally-restrained

boundary conditions.

Wang and Qiao (2021) investigated the postbuckling behaviour of stiffened laminated
composite plates using a spline finite strip method. The method formulated the plates and
stiffeners individually using first-order shear deformation theory and Timoshenko beam theory
respectively. As the stiffeners were modelled as beams attached to the plate they did not add
any extra additional degrees of freedom thereby increasing computational efficiency.
Nonlinear governing equations were solved based on the Newton-Raphson method. Such a
beam-plate model is capable of analysing both global and local postbuckling for both

transversely- and orthogonally-stiffened plates.

The exact strip method was first proposed by Wittrick (1968a) to determine the elastic stability
of plate assemblies. The buckling mode is assumed to vary sinusoidally in the longitudinal
direction Wittrick and Williams (1971) developed the W-W algorithm to overcome the
transcendental problem arising from the exact strip method by counting the number of

eigenvalues which lie between zero and any trial value without obtaining them explicitly.

Using the exact strip method and incorporating the W-W algorithm to overcome the
transcendental eigenvalue problem, in the 1970s. VIPASA was developed to carry out vibration
and buckling analyses for a range of prismatic plate assemblies (Wittrick and Williams, 1973).
However, results are very conservative for panels with anisotropy or shear loading (Wittrick
and Williams, 1974). VICON (VIPASA with Constraints) is an enhanced version of VIPASA
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which couples together sinusoidal modes to represent more complicated waveforms (Anderson
et al., 1983). In the 1990s, VICONOPT, developed at Cardiff University in cooperation with
Airbus, BAE Systems and NASA combined VIPASA and VICON analyses with optimum
design to carry out initial buckling, free vibration and optimisation design of prismatic plate
assemblies. The first non-linear local postbuckling analysis in VICONOPT was developed by
Powell et al. (1998). Kennedy and Anderson (2008) created the Newton iteration method for
accurate convergence on the postbuckling mode for VICONOPT postbuckling. Later on, Che
(2010) and Zhang (2018) developed an improved VIPASA postbuckling method by solving
the differential equations analytically to determine in-plane displacement distributions.
However, the postbuckling analysis in VICONOPT remains limited to isotropic material and

compressive loading.

Research on the stability of laminated composite plates has continued for centuries.
Postbuckling of the shell structures in particular draw attention among designers and engineers
in recent years. However, most of the postbuckling analysis techniques are characterized by
either low computational efficiency or lack of accuracy. To address those limitations, this thesis

proposes a fast yet reliable postbuckling analysis technique for preliminary design.
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Chapter 3. Exact Finite Strip
Method and VICONOPT

This chapter introduces the computer program VICONOPT, its fundamental theories and
applications for buckling and postbuckling analysis. It is organized as follows: Section 3.1
presents a general review of the basic theory for the exact strip method. Section 3.2 reviews
the theory of the Wittrick-Williams algorithm (W-W algorithm) and its application in the exact
strip method. Sections 3.3-3.5 introduce the theory underpinning the buckling and vibration
analysis software VIPASA, VICON and VICONOPT, the platforms used in this research.
Sections  3.6-3.8 review recent research into postbuckling analysis based on VIPASA,
addressing the limitations of the methods developed and introduce the research background to
this thesis.

3.1. Exact strip method

The exact strip method is an alternative numerical analysis method to the finite strip method
(Wittrick, 1968a, 1968b) for buckling and undamped natural frequency analysis of prismatic
plate assemblies, providing faster and more accurate analysis by reducing the partial
differential governing equations to ordinary differential equations which are solved
analytically. The method assumes plates to be divided into strips with arbitrary width in the
longitudinal direction, as identified by the n nodes at the strip edges. At each node, the out-of-
plane deflection D is assumed to vary in a series of trigonometric terms. According to classical
plate theory, the governing equations of each node, therefore, are transformed into
transcendental ordinary differential equations. As in many structural analysis methods, a global

stiffness matrix K is assembled using element stiffness matrices. The elements of K are highly
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transcendental functions of the loads and/or vibration frequency. The relationship between

nodal displacements, global stiffness matrix and perturbation loads vector P is then:

KD =P ...(3.1)

Thus critical buckling loads and natural frequencies can be determined explicitly by solving

the eigenvalue problem
KD =0 ...(3.2)

where the displacement amplitude vector D contains four degrees of freedom, as explained
Section 3.3.

Wittrick and Curzon (1968) later extended the exact strip method to include the effect of in-
plane shear loading leading to skewed nodal lines and mode shapes. To address the spatial
phase differences across the transverse direction of the plate caused by these skewed nodal
lines, displacements are represented by complex quantities. Later on, Viswanathan et al.
(1973;1974) extended the research to cover anisotropic material in flat and curved plate

assemblies which also causes skewed nodal lines.

In the exact strip method, the sinusoidal variation assumption converts a buckling problem to
a single-term type analysis at the node level. It provides accurate results by assuming the plate
to be infinitely long with no anisotropy or shear loading and solving the governing equations
explicitly rather than using the energy approach. In this way, the global stiffness matrix is
reduced to a much lower order than that of the finite element method. The computational effort
is therefore reduced significantly, with an accuracy that is more than enough for preliminary
aircraft design. A disadvantage compared to finite element and finite strip methods is that
buckling or free vibration requires the solution of a transcendental, rather than linear eigenvalue
problem. However transcendental eigenvalue problems can be solved accurately, quickly and
reliably using the Wittrick-William algorithm (Wittrick and Williams, 1971, 1973).
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3.2. Wittrick-Williams algorithm

Solving eigenvalue problems is essential to finding the natural frequencies or the critical
buckling loads of plate and shell structures. Techniques for finding the eigenvalues of a matrix
are widely developed. However, the solution of transcendental eigenvalue problems can be
computationally expensive. Wittrick and Williams (1971) developed the Wittrick-Williams
algorithm (W-W algorithm) which efficiently finds the transcendental eigenvalues needed to
determine the undamped natural frequencies of vibration problems or the critical buckling load

factor for elastic structures.

Rather than finding the eigenvalues directly, the W-W algorithm counts the number of
eigenvalues that lie below any trial value f* of f, the load factor or frequency of the vibration
from Equation 3.2. The general form of the algorithm can be written as

J = Jo + s(K(F) (33

where J is the number of eigenvalues lying between zero and the trial value f*; J, is the number
of eigenvalues which would still be exceeded by f* if constraints were imposed so as to make
all the displacements D zero and s{K(f™)} is known as the sign count of K, i.e. the number of
negative diagonal elements of the upper triangular matrix K2(f") obtained from K(f") by

Gauss elimination (Wittrick and Williams, 1973). J, can be calculated from

Jo= Jm (34)

where J,, is the number of eigenvalues of member m exceeded at the trial value f* when its
ends are fully restrained, which can be obtained analytically or by numerical procedures
(Wittrick and Williams, 1974).

After obtaining J, and s{K(f")}, eigenvalues can be found by using parabolic interpolation or
the bisection method within any desired accuracy and consequently the structures’ natural

frequencies or critical buckling load factors can be obtained.
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3.3. VIPASA

VIPASA is a powerful analysis program developed in the 1970s. By using the exact strip
method incorporating the W-W algorithm to solve the transcendental eigenvalue problem,
VIPASA can solve vibration and buckling problems for prismatic plate assemblies under pure
or combined loadings such as those shown in Figure 3.1. The characteristic simple form
calculation of the exact strip method with the W-W algorithm allows fast and reliable analysis
in VIPASA within any acceptable level of accuracy (Stroud et al. 1984). It has been proven
that for certain component plates, VIPASA is 1000 times faster than the conventional finite
element program STAGS (Almroth et al. 1981).

(a) (b)

Figure 3.1(a) Examples of prismatic plate assemblies. (b) a component strip, showing the
applied uniform stress resultants N;, Nr and N, (Wittrick and Williams, 1971)

VIPASA analysis assumes the displacements u, v and w in the x, y and z directions respectively
vary sinusoidally in the longitudinal direction with half-wavelength A as shown in Figure 3.2.
The amplitudes of the perturbation force and displacement vectors P; and d; at edges of j=1 or
2 of a strip are defined by;

P; = [mj'pzj'pvjfipxj ] ...(3.5)

d; = [y, w;, v, iy |
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Terms in the above vectors are multiplied by exp (imx/A)cos (2mnx) to allow for possible

phase differences. Solving the transcendental eigenvalue problem in Equation 3.2, substituting
Equation 3.5 leads to;

P1 - k11d1 + k12d2 (36)
P, = k,;d; + Kk;,d;

The stiffness matrices k;; can be further expanded to give

SMM  —SMmqQ 0 0
_|7Smo  Sqo 0 0
ki, = ...(3.7
1 0 0 SNN TShNT 3.7)
0 0 —SNT  STT
Sum Smg 0 0
s S 0 0
k,, = | M@ Qe ...(3.8
22 0 0 SnnN  SwnT (3.8)
0 0 Snt STT

fum fMQ 0 0

oo | ~fue - 0 0
k., = ki, =| Mo ~foe ...(3.9
. . 0 0 ~—fuw —far (39)
0 0 fnr frr

where superscript t denotes the transpose of a matrix and the bar denotes the possible complex
conjugate. Explicit expressions for the coefficients in the stiffness matrix of the strip are
explained and can be found in the work by Wittrick and Williams (1971) .
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All edge ferces and displacements to be
multiplied by exp (iTTx/A)cos2tnt.

Figure 3.2 A strip of a component plate, showing the perturbation edge forces and
displacements, and nodal lines (Wittrick and Williams, 1971)

For an orthotropic panel with simply supported boundary conditions (shown in Figure 3.3),
straight nodal lines (nodes with zero displacements) are located at sinusoidal intervals equal to

the half-wavelength A. Therefore simply supported end conditions are automatically satisfied

if A divides exactly into the panel length I.
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(a) Straight nodal lines (b) Skewed nodal lines

Figure 3.3 An infinitely long plate. Nodal lines in (a) are straight and perpendicular to the
longitudinal direction, which is consistent with simply supported end conditions. Nodal lines
in (b) are skewed due to anisotropy or shear loads, approximating the simply supported end
condition.
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VIPASA also allows other boundary conditions, which can be any combination of degrees of
freedom, i.e. in-plane u and v and out-of-plane w and v, to be applied to the transverse edges
of the panel by adding line supports in the longitudinal direction. A limitation of VIPASA
analysis is that it is restricted to isotropic plates or composites with symmetric and balanced
layups, i.e. those for which in-plane membrane stiffness matrix terms A, and A, are zero and
there is no coupling with the out-of-plane bending stiffness matrix D (Wittrick and Williams,
1974). Anisotropy or the application of shear however results in solutions which are
increasingly inaccurate, because such plates have skewed mode shapes which lead to skewed
nodal lines as shown in Figure 3.3(b) so that the simply supported end conditions implied by
VIPASA are not satisfied. These skewed nodal lines cannot be satisfied by the single sine wave
assumption. To overcome this VIPASA allows the terms sy, fum, fug and foo to be complex.

However, this presents increasingly conservative results.

Buckling loads can be found for a range of half-wavelengths A which divide into the panel
length |. The smallest such buckling load is taken as the critical buckling load. To ensure that
all possible overall and local buckling possibilities have been considered, analysis should be
performed for A =1, 1/2, 1/3, ..., I/m, where I/m is smaller than the width of the narrowest

component plate.

3.4. VICON

Inheriting all the capabilities and functionalities of VIPASA, VICON (Vlpasa with
CONistraints) analysis was developed to overcome the limitations of VIPASA analysis in
relation to shear load and anisotropy. Instead of representing mode shapes using one half-
wavelength, VICON analysis couples the stiffness matrices of different half-wavelengths using
Lagrangian multipliers to minimise the total energy of a panel subject to point constraints, to
approximate the required end conditions. It can therefore handle assemblies of plates which
carry shear load or are made from anisotropic material, or which have a variety of boundary

conditions including attachments to beam-type supporting structures (Anderson et al., 1983).
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As illustrated in the previous section, due to the simple support assumption, VIPASA presents
conservative results for shear load and anisotropy, representing mode shapes with one single
term analysis. VICON however presents more accurate solutions. Figure 3.4 shows the
differences between VIPASA and VICON at initial buckling and a prediction of the VICON

postbuckling path when shear or anisotropy is present.

P A VICON critical buckling load
¢/ &
Prediction of VICON postbuckiing path
Load <— _
‘\ VIPASA postbuckling path
VIPASA critical buckling load

> €
Strain -

Figure 3. 4 Load and strain paths of VICON and VIPASA for shear or anisotropy

To interpolate infinitely long plate assemblies with point supports along their transverse edges,

Fourier series of combinations of several half-wavelengths are chosen

2 iTx ...(3.10)
D, = z D,, exp (—
Am
m=oco
2 i ...(3.11)
P, = z KDy, €xp (/1_
m=oco m

where D, is the nodal deflection vector of an infinitely long plate assembly consisting of a
series of deflection modes D,,, from VIPASA analyses. P, is the force vector applied at nodes.

K,, is the stiffness matrix for half-wavelength 4,,,.

An infinitely long panel, with end supports repeating at longitudinal intervals of the panel
length 1, is shown in Figure 3.5. Its mode shapes are assumed to repeat in the longitudinal
direction at intervals of L = 21/&, where ¢ is a parameter in the range 0 < ¢ < 1. Mode shapes

can therefore be represented (Anderson et al., 1983) by a series of responses with half-

32



Exact Finite Strip Method and VICONOPT

wavelengths [/(¢ +2m) where m is any integer. Sufficient accuracy is obtained by

considering a finite series of half-wavelengths:

l
Am ) (m=0,%+1,%2,...,1+q) ...(3.12)

=(E+2m

where the integer g determines the number of terms in the series.
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(a) (b)

Figure 3.5 Graphical explanation of an infinitely long plate assembly with the end supports
repeating at longitudinal intervals of the panel length | (a) plan view (b) isometric view
(Anderson et al., 1983).

To couple multiple half-wavelengths, Lagrangian multipliers (Williams and Anderson, 1983)
are applied. The total energy can be written as the energy of the plate without constraints plus
the Lagrangian multipliers times the energy of the constraints. It can be written as a target

function in terms of the nodal deflections Dn, and the stiffness matrices Kmn:

(00] 1 foe)
9= Z 5 DhKyDpy + P Z E, D, (m=0,41,42,..,+q) ..(3.13)

m=—oo m=—oo

where P, is the vector of Lagrangian multipliers, E,,, are matrices of the constraints and the

superscript T denotes the transpose.

To find the minimum energy, setting the derivatives of the energy function ¢ with respect to

the stiffness matrices K and the Lagrangian multipliers P, equal to zero gives

33



Chapter 3

LK,.D, +ELP, = 0 .(3.14)
z E,D, =0 ..(3.15)
m=—oco

where H denotes the Hermitian transpose.

For programming purposes, Equations 3.14 and 3.15 can be written as

T LK, ES 11Dy
LK, E{ D,
LK_, EZ, [ID_;
LK, EX D, =0 ...(3.16)
LK_, EX, |[D-2
| E, E, E, E, E, .. 0 |'P-

where the negative sign in the subscript denotes the complex conjugate. The reorganized
stiffness matrix consists of a block matrix comprising the stiffness matrix K,,, and a block
matrix of all the constraints E,, added to the right and bottom of the main matrix. A similar
approach to organizing the stiffness matrix will be used again in the VICON type Newton
iteration scheme, presented in Chapter 5.

To obtain the eigenvalues from the complex transcendental matrix in equation 3.16 efficiently,
a modified form of the W-W algorithm in VICON is developed and given by

J :ZUOm +5{Kn}) +s{R} —r ..(3.17)

where J,,, and s{K,,} are the sign count of the eigenvalues for each half-wavelength 1,,, and

R is given by

1 -1 yvH
R = _ZZ EnKn K ...(3.18)
m
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r is the number of constraints, i.e. the order of R, and s denotes the sign count of a matrix.

Then similar to VIPASA’s W-W algorithm, the eigenvalues can be found by bisection or

parabolic interpolation.

By coupling more half-wavelengths through the use of Lagrangian multipliers, VICON
analysis improves the accuracy of the buckling problem for plate assemblies with shear loading
or anisotropy, as shown in Figure 3.6. The results are more accurate than those obtained using
VIPASA analysis although this is at the sacrifice of computational time. However, it is still
150 times faster than the finite element program STAGS [Butler and Williams 1992].

nodal line point supports point supports

SS

5
E e s

Figure 3.6 Buckling analysis, out-of-plane displacement contours from (a)VVIPASA analysis
and (b) VICON analysis(Williams and Anderson, 1983).

3.5. Exact strip software VICONOPT

VICONOPT (Vlpasa with CONstraints and OPTimization) is a Fortran 77 computer software
consisting of more than 50,000 lines of code developed at Cardiff University in 1990 in
cooperation with NASA and Airbus (William et al. 1990, 1991). It incorporates VIPASA and
VICON to cover the analysis of elastic buckling and undamped natural frequencies for
prismatic assemblies including isotropic and anisotropic material under any combination of in-

plane loadings and constraints. It also features multi-level optimization analysis enabling it to
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minimise panel mass subject to buckling, stiffness and geometric constraints. The development
of VICONOPT has never stopped. Continuous design optimization was introduced and coded
into VICONORPT in 1992 by Butler and Williams. Later on, Kennedy et al. developed discrete
optimisation for VICONOPT. In 1998, Powell developed the first non-linear local postbuckling
analysis for shell structure assemblies and in 2008, Kennedy and Anderson created the Newton
iteration for accurate convergence on postbuckling modes for VICONOPT postbuckling
analysis. Later on, Che (2010) and Zhang (2018) developed an improved VIPASA
postbuckling method to capture in-plane displacements for each postbuckling increment by

solving the in-plane equilibrium equations analytically.

Overall, as a numerical modelling software, VICONOPT is highly efficient, taking advantage
of a smaller stiffness matrix compared to finite element software. Implementing the exact strip
method in VICONOPT means it is less likely to have discretization problems and enables it to
perform much faster analyses of prismatic assemblies for both buckling and postbuckling
analysis. The combination of VIPASA and VICON enables accurate results to be obtained for
any material, loading and boundary conditions for critical buckling analysis. However, the
postbuckling analysis in VICONOPT is at present unable to handle anisotropy and shear
loading due to the limitations of VIPASA.

3.6. VIPASA Postbuckling

Stiffened wing and fuselage panels often have a post-buckling reserve of strength, enabling
them to carry loads far in excess of their critical buckling loads. Therefore allowing for
postbuckling in design can reduce the weight of such structures, and hence fuel consumption
and environmental impact. The feature of postbuckling analysis is therefore of paramount
important for VICONOPT (Zhao, 2019).

Powell et al. (1998) developed the first postbuckling analysis for thin-walled structures as an

extension of VICONOPT. Assuming the component plates are isotropic or anisotropic,

infinitely wide and simply supported, the plate buckles locally with a half-wavelength A which
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divides exactly into the panel length I. As shown in Figure 3.7, a plate with width b and uniform

thickness t is divided equally into ns strips along the longitudinal direction.

by = — ...(3.19)

Figure 3.7 Typical flat plate of width b, subdivided into n, strips of width b;(Powell et al.
1998).

It is well known that postbuckling behaviour is significantly influenced by geometric
imperfections. To account for this the method assumes a plate with geometric imperfections
defined by its maximum out-of-plane displacement y,. At the buckling load P., the initial stress

resultant at each strip is calculated by
P
Nys = N = Ec ...(3.20)

The analysis consists of a user-defined number of cycles. At each cycle, the out-of-plane
displacement y, is increased by a user-defined ratio and the applied load P and longitudinal
end-shortening strain ¢, are obtained. Because the postbuckling mode is represented by a
single wavelength, the mode shape stays the same as the buckling mode at each cycle. So the

applied load at each cycle is
p=a-9p .(3.21)
V2

The longitudinal strain due to the applied load P is P/S;, where S; is given by
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2

A
S, = b(Ay; — A_Z) ...(3.22)

where A;; are the in-plane elastic properties.

Thus the longitudinal strain &, at the buckling load P. is given by

Fe

Ex0 =
S1

...(3.23)

Now consider the flexural strain &g, due to bending at out-of-plane displacement w,. As
shown in Figure 3.8, the change in projected length of a linear element of length dx in the
longitudinal direction can be written as (dw,/dx)%dx. Thus the flexural strain &g, can be

obtained by differentiating the change between the initial and final projected lengths from 0 to

the half-wavelength A:

1 (* sow, 2 v, 2 adw, z dv, z
=57 - —|\= ...(3.24
£rx zaf()[(ax) +(6x) (ax) <6x)] (3.24)
A
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Figure 3.8 Cross-section of part of a thin rectangular plate having an initial imperfection w,
with maximum value y,,: (a) unloaded; (b) loaded(Powell et al. 1998).

where the v displacement is included to allow for the alignment of stiffeners along the v

direction.
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Similar to the exact strip method, the mode can be written as a sinusoidal function
w, = W,sin (mx /1) ...(3.25)
where w, is the amplitude of the mode shape. Thus Equation 3.24 can be further simplified as

7'[2

) (W2 + 02 =W, — B, ...(3.26)

epx = (

From Equation 3.23, the stress resultant due to flexure is

s
Nix = £px ..(3.27)

After initial buckling, the stresses along the transverse edges are no longer uniform i.e. stress
redistribution takes place. As shown in Figure 3.9, Ng, is the mean value of Ny, along the two
edges of strip s and N, is the average stress resultant which equals P/b. At the edges where the

stress resultants for flexure are zero, the stress is taken as S, N; , where
1
S, =1+ () ) (bsNeo) (3.28)
N

The overall stress resultant N, for each strip is given by;
NXS = SZNL - NFXS .(329)

The end shortening strain at the same cycle can be obtained by;

£, = 22 ...(3.30)
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Figure 3.9 Variation of stress resultants across a plate(Powell et al. 1998).

To ensure accurate results, a convergence procedure is required to converge on the maximum
displacement y, , applied load P and end shortening strain &,. At each iteration of the procedure,
the above calculations are executed and the convergence of the iteration is assumed to occur

when the following criterion is met.

<P ...(3.31)

where P; is the current applied load, P,; is the previous iteration’s applied load and f is a

predefined small positive number.

For each new cycle, the previous converged mode is considered as the new imperfection,
representing the worst possible shape and the maximum out-of-plane displacement is rescaled
by increasing the value of y,. For the new buckling load P.,, instead of using VIPASA, a
simple linear extrapolation based on the previous two buckling loads is applied to calculate P,,.
Hence by substituting P, into Equation 3.21 the applied load can be obtained for the first
iteration of the new cycle.

An alternative boundary condition - simply supported with longitudinal edges able to move in
the transverse direction but required to remain straight is also considered in Powell’s method.
Such a condition requires the transverse load obtained by integrating the transverse stress

resultant to equal zero.
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Figure 3.10 Typical applications for postbuckling analysis: (a) cross-section of a perfect
isotropic infinitely wide panel with simply supported ends, showing the local buckling mode,
and dimensions of a typical repeating portion (ABCA ); (b) curved simply supported panel,
showing repeating portion and local buckling mode; and (c) longitudinally stiffened cylindrical
shell(Powell et al. 1998).

The method can be applied not just to plates but to panels. In the application shown in Figure
3.10(a), the panel is divided into repeating portions of identical geometry. Since the panel is a
perfect isotropic infinitely wide panel with simply supported ends, the calculation of one
divided plate can normally represent the overall structure. Stiffened panels can also be analysed
by altering the out-of-plane displacement of the plate to the in-plane displacement of the
stiffeners as illustrated in Figure 3.10(b). Figure 3.10(c) shows a longitudinal stiffened
cylindrical shell that can also be analyzed by VICONOPT.

Powell’s method provides a lower bound local postbuckling analysis based on VIPASA and
implemented into VICONOPT. It uses asimple linear extrapolation to obtain the buckling load
for each cycle. It, therefore, assumes the buckling load paths follow an approximately linear
relationship through the cycles. Such an assumption gives poor accuracy in terms of mode

shape and follow-up calculations. To overcome this limitation, Kennedy and Anderson (2008)
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created a Newton iteration scheme for accurate convergence on the critical buckling mode for
VICONOPT postbuckling.

3.7. Newton iteration scheme

Instead of obtaining the buckling load and associated mode shape using the exact strip method
and the W-W algorithm, a convergence scheme using Newton type iteration was developed for

local postbuckling analysis.

The buckling problem for the exact strip method is to solve the transcendental eigenvalue

problem;

KD=0 ...(3.32)

Here, D = {D;;j = 1, ...n} is the mode vector for the structure, which includes displacements
and rotations at the longitudinal plate edges. D also includes displacements and rotations at the
strip edges within each plate, and is ordered to permit elimination of these internal degrees of
freedom by substructuring. K = {Ki pLj=1,. n} is the corresponding exact stiffness matrix,
which is a transcendental function of the stress resultants in each strip, and hence also of D.
Note that, although K and D have finite order n, the formulation effectively retains an infinite
number of internal degrees of freedom because the governing differential equations for each

strip are solved exactly. Suppose that

D=D"+d ...(3.33)
where D* is a trial mode vector and d = {d;;j = 1, ...n} is the adjustment to D* needed to
solve Equation 3.32, The Newton iteration is expressed in matrix form as

n
IK*
(K* + Zﬁdj)(n* +d)=0 ..(3.34)
j=1 7

where K* = K(D*). Neglecting higher order terms, Equation 3.34 becomes
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- % c aK:;( * c * Yk .
> ; +Za_D,-D’<)df ==Y KD (=1.m) ..(3.35)
=1 k=1 j=1

Equation 3.35 is solved to obtain d, and substitution in Equation 3.33 gives a new trial mode
vector D, which is used as D * in the next Newton iteration. The derivatives needed in Equation
3.35 are found using finite difference approximations using suitably small perturbations about
the trial values D; = D;". It should be noted that when an element D; is perturbed, the only non-
zero derivatives in Equation 3.35 are those of the plates (or for some loading conditions, strips)

immediately adjacent to D;, and this is allowed for in the logic of the computer coding.

The Newton iteration reduces the level of approximation when performing postbuckling cycles.
It gives accurate predictions of overall postbuckling stiffness and the stress distribution among
plate assemblies. However, both this method and the previous local postbuckling analyses
assume that in-plane deflections vary sinusoidally with the same half-wavelength A as the out-
of-plane displacements resulting in a failure to predict the in-plane displacements and strain

distributions accurately.
3.8. Improved exact strip postbuckling analysis

The previous analysis can efficiently predict the postbuckling path and mode shape at each
cycle approximately. However, there is a lack of deeper exploration of in-plane displacements,
strains and stresses within the plates. Che (2010) and Zhang (2018) developed an improved
VIPASA postbuckling method by assuming in-plane displacement to vary in a sinusoidal mode
with half-wavelengths A and A/2. By solving the differential equations analytically, in-plane

displacements and follow-up calculations for strains and stresses are captured more accurately.

This ‘Improved exact strip method’ is a VIPASA postbuckling analysis method aimed at
obtaining more accurate stress resultant distributions and capturing in-plane displacements
along the plate by extending the Stein method (1985). In the same way as for VIPASA initial
buckling analyses, the plate is divided into longitudinal strips and all displacements vary
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sinusoidally along the length with wavelength A. Therefore the out-of-plane displacements at

node i can be written as

X X

W; = Wj. COS (7) + wj sin (%) Y; = Y, cos (7) + ;5 sin (%) ...(3.36)

The in-plane displacements are assumed to vary as the sums of linear, constant and sinusoidal
terms with two half-wavelengths A and A/2.

=)

...(3.37)
X _TX 2mx - [2mx
+u;o + ujc cos (T) + u;g sin (T) + u;c cos (T) + u;g sin (T)
X . TX 2mx . (2mx
V; = Vjo + Ujc COS (7) + v sin (7) + v;c cos (T) + v sin (T) ...(3.38)

where the linear term € (x - %) denotes the end shortening strain due to compression and the

constant term u;, denotes a product related only to w which is considered as a known value
from VICONOPT.

Using von Karman large deflection theory (von Kérmén et al., 1932), expressions for the
neutral surface strains and curvatures can be obtained. Then the stresses and derivatives of
these stresses can be obtained by introducing the membrane stiffness matrix. Since the method
assumes the displacements vary sinusoidally along the longitudinal direction, any of the
derivatives with respect to the longitudinal direction can be obtained analytically, but those
with respect to the transverse direction in the calculation are required to be computed by first
or second order finite difference approximation. Hence the equilibrium equations can be
assembled using previous expressions and solved analytically. Figure 3.11 shows the improved

method embedded into VIPASA postbuckling analysis.

VIPASA type exact strip postbuckling analysis provides an efficient approach to postbuckling
analysis for isotropic plate assemblies in the preliminary design of aircraft structures (Zhang
2018). Instead of representing the in-plane mode with a single term, the improved exact strip
method couples not just half-wavelengths from the out-of-plane displacement assumptions but
also half-wavelengths generated by von Karman large deflection theory. The new postbuckling

analysis improves previous exact strip analyses by capturing in-plane displacements. However,
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it has very similar drawbacks to VIPASA in term of buckling analysis. When it comes to
anisotropic material or shear loading cases which lead to skewed mode shapes, it gives
unrealistic results or fails to converge. Furthermore, although previous research provided
explicit formulations for in-plane displacements and equivalent uniform stress resultants
calculations, the improved exact strip method still predicts out-of-plane displacements and end
shortening strains based on linear extrapolation from the critical buckling load. Subsequent
chapters describe how the ‘Improved exact strip method’ has been implemented into the
Newton iteration scheme and extended to VICON analysis.

I :
| 'mp:::l:: .'"m'::;"' |< VIPASA Out-of-plane
b | Displ t
| Assumptions oo
I I [ —————
Finite Difference

| i iff | I
| Method | Work Done by in- | | — —
| | plane Load | | |
| [ Strain and Stress ] | v |
' r — IE>| [_vieasa 1],

In-plane | | Equivalent | |
I Equilibrium | Uniform Stress I s s i s ol
| k2 | I Resultants |
| Improved in-plane B rem—" |
| Displacement l
| Results |
_______ J
Step 1: Improved Method Step 2: Data Transformation Step 3: VIPASA Analysis

Figure 3.11 Implementation scheme of the improved VIPASA postbuckling analysis (Zhang
2018).
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Chapter 4. CWPAN: In-plane
Solutions

This chapter introduces a novel postbuckling simulation technique for flat plate structures — a
series solution for postbuckling analysis. The proposed approach takes the previous exact strip
postbuckling analysis and extends it, covering much more general cases, e.g. plates under pure
shear or anisotropy, by representing modes using a series of any number of predefined half-
wavelengths. The chapter is organized as follows: Section 4.1 outlines the main aims of the
proposed method and the calculation process. Section 4.2 introduces the assumptions made in
relation to out-of-plane and in-plane displacements. Sections 4.3 and 4.4 outline the
development of explicit expressions for strains, curvatures, stress resultants and bending
moments including a detailed explanation of the in-plane displacement assumption and finite
difference approximation. Sections 4.5 and 4.6 outline the formulation of the equilibrium
equations and boundary conditions for the proposed method. Section 4.7 concludes the chapter.

4.1. Description and assumptions of the analysis

The ‘Improved exact strip postbuckling method’ (Che, 2012) agrees well with other simulation
techniques for flat plate structures for isotropic plates in the absence of shear loading. It reduces
the computational modelling time significantly by discretising the structure into longitudinal
strips rather than rectangular elements. By incorporating expressions for in-plane
displacements and solving the corresponding equilibrium equations analytically, the sinusoidal
variation of stress resultants and strains can be predicted. It does not, however, provide accurate
results for anisotropic plates or when shear loads are applied due to the resulting skewing in
the mode shape which cannot be represented by the assumption of sinusoidal variation by

46



CWPAN: in-plane solutions

longitudinal half-wavelengths A and A/2. In such cases, the solutions tend to be conservative
compared with the finite element method. For extreme cases like pure shear, the method fails

even to converge.

In this chapter, a series solutions for prismatic plate assemblies is presented. Whilst
maintaining the advantage of smaller meshes from the exact strip method, the method improves
accuracy when solving prismatic plates with anisotropy or under shear load, and enables the
study of composite plates under pure shear which cannot be analysed using the improved exact
strip postbuckling method. Inheriting the functionality of the previous postbuckling analysis,
this new approach adopts VICON analysis and the method developed by Stein (1983; 1985) to
enable the coupling of any number of half-wavelengths to represent the variation of in-plane
displacements in the longitudinal direction. In this way, in-plane displacements and
distributions of strains, curvatures, stress resultants and bending moments for any load

condition or material can be captured with the desired level of accuracy.

As described in Chapter 3, VICON can solve buckling analyses for shear loaded and
anisotropic plates more accurately than VIPASA by coupling responses with more than one
half-wavelength. The new approach utilizes out-of-plane displacements and buckling loads
from VICON buckling analyses to calculate in-plane displacements with a series of
corresponding half-wavelengths. As in VICON analysis, the plate is assumed to be infinitely
long and the modes are assumed to repeat at regular intervals along the longitudinal direction
at the node level. Once expressions for the in-plane displacements are obtained, expressions
for strains, curvatures, stress resultants and bending moments are calculated using von Karmén
large deflection theory. Derivatives with respect to the transverse direction are calculated using
finite difference approximations, enabling the in-plane equilibrium equations to be assembled.
Finally, different boundary conditions including free edges, fixed edges and straight edges are
applied on the longitudinal edges by modifying the in-plane equilibrium equations. Hence a
full iteration of postbuckling analysis for a particular end shortening strain stage is solved

analytically, see Figure 4.1.
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[ Perform VICON Buckling analysis ]

~~

1. Half-wavelengths 4,,,
2. Out-of-displacements w; and rotations ¢;
3. End shortening strains &, €, and ¥,

.

Calculate half-wavelengths for in-
plane displacements

-

1. In-plane displacements assumption u; and v;

-

Von Karman large deflection theory
and finite difference approximation

1. Strains and curvatures &y, €y, Vxyir Kxi» Kyi and Kyy;
2. Stress resultants and bending moments Ny;, Ny, N

3. Derivatives of stresses Ny;, Ny; and Ny

[ Assemble in-plane governing equations ]

~~

[ Apply boundary conditions ]

~~

In-plane displacements u; and v;

yir Mxir Myi and Mxyi

Vi

Figure 4.1. Diagram showing the full process for one iteration of postbuckling analysis

The main purpose of this process is to find the in-plane displacements and distributions of in-
plane and out-of-plane forces at cycle one along the postbuckling path. It is worth noting that
the process shown in Figure 4.1 is only for the first cycle of postbuckling after the critical
buckling point. For the following cycles, the displacements are calculated by a Newton type
iteration scheme and a corresponding convergence procedure, more detail of which will be

presented in Chapter 5.

The following assumptions are made:
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1. The series solutions are based on classical plate theory in which transverse shear deformation

is assumed to be zero.
2. No imperfections are introduced.

3. The plate is assumed to be infinitely long in the longitudinal direction. The mode shapes
repeat regularly in the longitudinal direction in a pattern which can be represented by a series

of sinusoidal terms with predefined half-wavelengths.

4. If shear and compression are applied to the plate at the same time, the ratio between
compressive end shortening strains and constant shear strains remains unchanged throughout

all the postbuckling cycles.

The first assumption is justified when the plate is comparably thin (more detail is described in
Chapter 2) and is mostly suitable for thin laminated composites. Having made such an
assumption, the von Karman large deflection theory can be applied and equilibrium equations
can be assembled by neglecting higher order derivatives. As displacements along the plate’s
longitudinal direction vary in a regular pattern, the plates are naturally assumed to be perfectly
flat. Hence the modelling in the proposed analysis has to assume the plate without any
imperfections. The third assumption is inherited from the VICON analysis, and more detail
will be illustrated in Chapter 7. The fourth assumption is based on the nature of CWPAN. More

investigation has been presented in Chapter 7.

4.2. Displacement assumptions

Assume the plates are divided into n-1 strips with arbitrary width, as identified by the n nodes
at the strip edges, as shown in Figure 4.2. At each node i, the out-of-plane deflections w; and
rotations ¢; about the x axis are assumed to vary as the sum of the sinusoidal responses in the

longitudinal direction with half-wavelengths 4,,,, and can be written in the form
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X . TX
WimcCOS — + WipeSin—
4 A A

o= (A1)

P X

- X .
z PimcCOS E + PimsSIN lm
m

where the amplitudes wipc, Wims, @ime and @, are obtained from a VICON eigenvalue

analysis at the previous iteration.

According to classical plate theory, it is assumed that ¢; = w;’, where the prime indicates the
derivative with respect to the transverse direction y. The subscript m denotes the sequence of

out-of-plane half-wavelengths.

Longitudinal direction

One component strip - :o:e ;
g g
with width b : — Node

R — Node/

Total width a = R

Transverse direction

x G
—>  Noden
y —

Total length /

Figure 4.2. An example square plate with width a divided into n-1 strips of equal width b,
showing the datum and axes used in this thesis

In terms of the in-plane displacements, when applying von Kérman large deflection theory, the
calculations for strains and curvatures will lead to squared trigonometric terms which can be
simplified to summations or subtractions of out-of-plane trigonometric terms, e.g. cos(a) *
cos(B) = [cos(a + B) + cos(a — B)]/2 . In-plane displacements, therefore, have to be
assumed to have all the terms that could appear in the expressions for strains and stress

resultants. A detailed explanation and calculation will be addressed in the Section 4.3.

As described above, the in-plane displacements are assumed to be:
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_ n a X . mx
Ex (x — E) + Vay (y — E) + Z uichOSZ + uikssmz
1- k
vl

..(42)

ay l X . X

Sy ( - E) + yxy (X — E) + Z vikCCOSZ + viksSan
k

where the linear terms €, ,&,, and ¥,,, denote the progressive uniform longitudinal, transverse
and shear strains respectively. The subscript k denotes the sequence of in-plane half-
wavelengths, subscript ¢ denotes cosine terms and subscript s denotes sine terms. I is the plate

length and a is its width.

In contrast to VIPASA postbuckling, CWPAN considers not only compressive loading but also
shear loading and combined loading i.e. ¥,,, is not zero. It is worth noting that the linear strain
terms are pre-defined values based on the end shortening strains at the critical buckling load
i.e. the postbuckling analysis is controlled by the ratio of the linear strain increments a, so if
the linear strain at initial buckling is €., the first postbuckling cycle’s linear strain will be (1 +
)€, . This assumption is very similar to that implemented in the deflection controlled
simulation of the finite element method, where the structure is subject to proportional
progressive in-plane displacements rather than uniform stresses or concentrated forces. It is
actually considered to be closer to the approach taken in experiments in the laboratory where
displacements are much easier to control compared to the application of uniform stress
resultants. Moreover, in terms of complexity during experiments, running a test under load
control leads to the possibility of the test machine to suddenly accelerating if the stiffness
reduces in order to try to maintain constant load which can lead to accidents or potentially
cause the machine to break, particularly for unstable responses like postbuckling. The term &,
denotes the transverse end shortening strain resulting from transverse compressive loading. In
this thesis, this is considered to be zero. In terms of strain, it should be noted that as we move
further into the postbuckling analysis, the ratio between the longitudinal strain and the shear
strain will remain the same as the ratio at initial buckling e.g. if the plate is loaded in combined
compression in equal amounts (N, /N,, = 1) along the transverse edges, the ratio of end
shortening compressive strain and end shortening shear strain for the whole postbuckling

analysis will remain the same (&, /¥y, = 1).

Postbuckling analysis starts from solutions obtained from a VICON analysis for which the

number of half-wavelengths can be any predefined integer. Hence the half-wavelengths for the
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out-of-plane deflections naturally become those from the coupled wavelength postbuckling
analysis. However increasing the number of wavelengths can affect the calculation speed of
the whole postbuckling analysis significantly. Adding one more half-wavelength into the out-
of-plane deflection may lead to a doubling of the computational time. Therefore choosing the
number of wavelengths can be crucial to balancing the desired accuracy with computational
effort. More detailed on this is presented in the factor affecting both the results of the analysis

and the computational efficiency Chapter 6.

Another factor affecting both the results of the analysis and the computational efficiency is the
number of strips the plates are divided into. This can range from a minimum of five strips to
an unlimited number of strips where the minimum is defined by the use of the finite difference
approximation. The decision on a suitable number of strips must be made at the beginning of

the analysis. More detail on this is presented in the Chapter 6.

4.3. Calculation of strains and derivatives of strains

Based on von Kéarman’s large deflection theory, strains and curvature at the neutral surface are

given by
(')ui + 1 (aWi>2 17.[x |
ox 2\0x cos (Z)
6vi 1 (’)wi 2 X
3% *2(a) sin (1)
[ €xi y y [ €xio Exitc Exits A
Eyi aui avi aWi aWi Eyio Eyitc Eyils T

(@)
@]
wn
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>33
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nyi 6y 0x ox ay nyio nyilc nyils
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Substituting from Equation 4.2 into Equation 4.3 gives
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g=gw)+egu+e,xfru; ...(44)
K = Ko(W;) ..(45)
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In Equation 4.4,
] 021(—1 021(—1 02K—1
&1 = |02k-1 Ozx-1|, & = |02k-1 T2k ...(4.7(a), (b))
021(—1 ] IZK—l 02K—1
8—1 031(*21( 03K*2K
03K*2K 8—1 03[(*2](
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8_2 03K*2K e 03K*2K
&, = 03K*2K 8_2 03K*2K
2 : : “ O30k

032k Ozgi2k Oski2k €2

where I,,_; and 0,,_, are one and zero matrices of order of 2K — 1, respectively and K is the

number of unique values of k found from Tables 4.1 and 4.2.

Where 05,k 1S @ zero matrix having the same size as & and €, i.e. 3K * 2K.

T 0 0 0 0 07

M 3 L, 0 0.0 0

O 4, Lo 0. 0 o0

0 "7t 0 0 ;T 0 0

J=| 0 0 0 2 L0 0 ...(4.9)

o . 0 "p 0. 0 o

: : : : : 0 T

o 9 0o o o 8_/1 T
Lo O 0o o0 o T 0 |

Derivatives with respect to the transverse direction y in the terms ¢,; and &,,,; in Equation 4.4

are calculated at target nodes using a finite difference approximation. At node i, the derivative
is expressed as the central difference:

Uit1 — Ui
= — ...(4.1
u - (4.10)
This expression works for all nodes where there are adjacent nodes before and after the central
node. For the first and last nodes, at which an adjacent node is missing on one side, derivatives

are found using the backward difference expression. For the first node:

! ! ! !
u'=u p —=(u —u
: z+§ 2( i+% i+g)
p Ui — W LUy — Wiy Ui — Y 411
R LS ZRE)
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Similarly for the last node

Su; — Ay + Uy
uy =22 uzlb1+ul 2 (412)

Applying Equations 4.10 to 4.12 with von Karman large deflection theory gives:

f =
=3 % Ipgog 4% Izgoxk —lake2x O2ks2 O2ke2k 02k42K
gk 02x42K —Iykiok O2ki2k Ozke2k 02k42K
02k+2K Ik 022k —logsok O2k42k 02k42K ...(4.13)
i 02x42K 02k+2K Igok  O2gezx —loge2x 7 02x42K
2b|  Ozk.ox 022K 02k:2k  Izke2x O2ks2k 02k+21
H H H H ‘. OZK*ZK
02k+2K 02x42K 022k Ozki2x  O2ki2k Irk-2k 0242k
02k+2K 02x42K 02k:2k O2ki2x O2ks2k —lagak 4+ Dok -

where f denotes the first order finite difference approximation matrix and I,,,x and 0,x..x

denote the identity matrix and a zero matrix of size 2K * 2K respectively.

The vectors €,(w;) and k,(w;) are functions of the out-of-displacements w which can be
obtained by substituting w into von Karman large deflection theory. These displacements are
obtained by the modified Newton iteration scheme and can be considered as constant values

when solving the in-plane equilibrium equations.
EOx(Wi)

The vector £,(w;) in Equation 4.4 can be written | €0y (W;) |, where
ery(Wi)
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ng(Wi) =

£0y(wi) =

2 X X

~WimcWine m Sin (Am)SIH (Z
2

n s X X

lz Z Wlmszs Amz‘n Cos (Am)cos (An)

2 2 X X
m n _)

~WimcWins m sin (_)COS (ﬂ.

/1m n

2 (nx) _ (nx
~WimsWine =—— €0s (=—)sin (—
Ainln A An

1 ow
_ _)2 -
20y
m? X X
PimePinc 75 €OS (T)COS (/1—)
m*n m n
2 mx. mx
1 Z Z +(pims(pins m sin (E)Sln (Z)
2 w2 TX_ | TX
m n +(pimc<pins ﬁCOS (T)Sln (/1_)
m*n m n
2 mx X
FPimsPinc 7 SIn (T)COS (/1—)
m*n m n

2

X X

2 mx X
Wimc®Pinc /’lmln sin (ﬂm)cos (An)

ZZ ;
Am w2
m n

Substituting 4,,, = I/m, A,, = l/n into Equations (4.14)-(4.16) and simplifying,

mX_ X
T WimsPins ﬁ cos (A_)Sln (A_)
m/tn m n
2 mx.  mx
Wimc q)ins Am/’{n sin (Am)SIH (/171_)
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ng(Wi) =
T
(Wimcwinc + WimsWins)COS[(m - Tl) T]
X
T2 +(WimsWins — WimcWinc)cos[(m + n) T] ...(4.17)
w0 | x
m n +(_Wimswinc - Wichins)Sln[(m + Tl) T]

_ X
+(_Wimcwinc + WimsWins)Sln[(m - Tl) T]

X
/ (PimcPinc + PimsPins)cos[(m —n) T] \

X
1 I +((pimc(pinc - (Pims(Pins)COS[(m +n) T] I
£0y(wi) = _Z Z

| . ..(4.18)
o | T (@imsPine — PimcPins)Sin[(m —n) T]
_ X
+(@imcPins T+ PimsPinc)sin[(m + n) T]
SOxy(Wi) =
X
(Wimc(pinc + Wims‘/’ins)cos[(m - n) T]
TT
T +(Wims§0inc - Wimc¢ins)cos[(m + Tl) T] ...(4.19)
2. . x
m n +(_Wimc(pinc + Wims¢ins)51n[(m + n) T]

) X
+(_Wimc(pinc + Wims¢ins)51n[(m - n) T]

Here c and s denote the cosine and sin components respectively. The values of (m-n) and (m+n)
define the number of in-plane half-wavelengths 4,, to be used, which are generalized from
summations and subtractions of the out-of-plane wavelength terms. For example, if ¢ = 1 and
q = 2 in Equation 3.12, the out-of-plane half-wavelengths are An=I/m, m=(1,3,5) and the

summations and subtractions are shown in Tables 4.1 and 4.2, respectively.

Considering the unique values in Tables 4.1 and 4.2, the half-wavelengths for the in-plane
displacements will be 4; = l/k;, k = (0,1,2,3,4,5,6,8,10). When (m-n) = 0, i.e. the half-
wavelength 4j = oo, its cosine term is a constant term while its sine term is zero and is omitted

from the analysis.
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Summations n=1 n=3 n=>5
m=1 ‘ 2 4 6
m =3 ‘ 4 6 8

m =5 ‘ 6 8 10

Table 4.1. Summations of half-wavelengths I/m and I/n, m, n = (1,3,5)

Subtractions n=1 n=3 n=5
m=1 ‘ 0 -2 -4
m =3 ‘ 2 0 2

m =5 ‘ 4 2 0

Table 4.2. Subtractions of half-wavelengths I/m and I/n, m, n = (1,3,5)

KOx(Wi)
The vector x,(w;) in Equation 4.5 can be written | Ko, (W;) |, where
KOxy(Wi)
9%w; w2 mnx . mnx
Kox(W;) = — ale = ZF(WimcCOST + WimsSin ] ) --(4.20)
m
0%w; ) mnx , . mnx “21)
KOy(Wi) = - 5 = Z((pimccos—-l' PimsSin——) AT
dy l l
m
0%w; T . mmx mmx (4.22)
KOxy(Wi) = -2 9xdy = Z 2 I (QaimcSlnT + QimsCOS T) A
m

An analogous procedure can be used to find the curvatures k; as shown in Equations 4.20-4.22.
Observing Equations 4.5, 4.20-4.22, curvatures k; are functions only of out-of-plane deflection
w which is equivalent to €,(w;). Their calculation therefore only requires the half-wavelengths
for out-of-plane displacement which are pre-defined in VICON. Therefore the half-
wavelengths for the in-plane displacement are considered as pre-defined for the whole
postbuckling analysis.
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CWPAN: in-plane solutions

If Am=1/m, m =[1], i.e. the plate is assumed to vary with one single sinusoidal term along the
longitudinal direction, the half-wavelengths for the in-plane variations are, based on the above
calculation procedure, (0, 1, 2). This is the assumption made for the previous ‘Improved exact
strip method’ (Che, 2010; Zhang 2018) for in-plane displacements. Therefore, the improved
exact strip method can be considered as a special case in CWPAN which is appropriate when

the plate is loaded only in compression and is made from isotropic material.

The following calculations for the derivatives with respect to y of strains and curvatures will
be involved in the equilibrium equations that will be described in the next chapter. These

derivatives can be directly calculated from Equations 4.17-4.19 and Equations 4.20-4.22.

2
Eox(Wy) = ﬁz z mn x

m n

X
(PimcWine + WimePine + PimsWins + WimsPins)cos[(m — n) T]

X
+H(@imsWins T WimsPins — PimcWine + WimcPinc)cos[(m + n) T]

L ...(4.23)
+(_(pimswinc ~ Wims®@Pinc — PimcWins — Wimc'(pins)sm[(m +n) T]
X
+(_(pimcwinc_wimc§0inc t QimsWins + Wims(pins)Sin[(m - n) T]
1
SOx(Wi) = ZZ Z
m n
’ ' ' / X
((pimc(pinc + (pimc(pinc + <pims(pins + (pimsq)ins)cos[(m - n) T]
’ ' ' ' X
+ ((pimc(pinc + (pimcq)inc - <pims(pins - (pimsq)ins) COS[(m + n) T] (4 24)

! ! ! ! . X
+((pims¢inc + (pims(pinc - (pimcq)ins - (pimcq)ins)Sln[(m - n) T]

! ! ! ’ . e
+ (q)imcgoins + P, q)ins + q)ims(pinc + q)ims(pinc) sm[(m + Tl) T]

mc
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PRI o o

, , X
((pimc(pinc + Wimce®Pinc T QimsPins T Wims(pins)cos[(m - TL) T]

: : X ...(4.25)
+((pims(pinc + Wims@Pinc — PimcPins — Wimc(pins)cos[(m + TL) T]
, , . X
+(_(pimc(pinc ~ Wimc®Pinc + PimsPins + Wims(pins)SIrl[(m + TL) T]
, , . X
+(_§0imc(ﬂinc ~ Wimc®Pinc + PimsPins + Wims(pins)snl[(m - n) T]
, T mmx . mnx
KOx(Wi) = Z ? (Qimccos T T QimsSin T) --(4.26)
m
in mimx
KOy(WL) = Z(q)lmc + (plms T) "'(4'27)
, T , . mmnx , mimx
kOxy(Wi) = Z 2 I (PimceSin T t PimsCOS T) ---(4.28)
m

where @ic, Pine and @i, @i are calculated by multiplying ¢ by the first and second

order of finite difference approximations.

4.4. Calculation of stresses and derivatives of stresses

The stress resultants N,;, Ny; ,N,,,; and bending moment M,;, M,; ,M,,,; are needed for the

equilibrium equations and final analysis

[ Nxi ] [Ai11 Aiiz Aite Bii1 Biiz Biie][ &xi
Ny Aj1z Az Appe  Birz Bioz Biggl| Evi
Nyyi _ |Ai1e Aize Aiss  Bire Bize Bies || Exvi (4.29)
My Bi11 Bir2 Bite  Dinn Dirz Dize|| Kxi T
M,,; Bi12 Bizz Bize D1z Dizz Dige|| Kvi

| My [Bi16 Bize Bise Dite Dize DigedFxyi

Substituting Equation 4.29 into Equations 4.4 and 4.5 gives
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where

N;=Ax[gg(w;) + gqu; + &, * f +xu;] + B x ko(w;)

M; = B * [go(W;) + g,u; + & * f xu;] + D * Ko (W)

[ Nx1,0
Nx1,1c
le,ls
le,Zc

Nyl,O
Nyl,lc
Nyl,ls
Nyl,Zc

ny1,o
nyl,lc
nyl,ls
ny1,2c

an,O
an,lc
an,ls
an,Zc

Nyn,O
Nyn,lc
Nyn,ls
Nyn,Zc

N xyn,0
nyn,lc
N xyn,1s

nyn,Zc

_ A11 * Ok _1u0k—1 A1z * Oz5_1.0k—1
A=Az * Ogk_12k—1 Az * 025 _1.0k—1
Ap1 * O2k_1.2k-1  As2 * O2x_1.0k-1

[ Mx1,o |

Mxl,lc
Mxl,ls
Mxl,Zc

My1,0
My1,1c
Myl,ls
Myl,Zc

Mxyl,o
Mxyl,lc
Mxyl,ls
Mxy1,2c

Mxn,O
Mxn,lc
Mxn,ls
Mxn,Zc

Myn,O
Myn,lc
Myn,ls
Myn,Zc

Mxyn,O
Mxyn,lc
Mxyn,ls

Mxyn,Zc
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...(4.30)

...(4.31)

...(4.32(a),(b))

A6 * 02k _142k—1
Aze * O2k—1:2k-1|, ...(4.33(a),(b))
Age * 02k _1.2k-1
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A 06K—3*6K—3 06K—3*6K—3

_ | O6k-3+6K-3 A O6k—3+6K-3
A= > ) 0

6K—3+6K—3

06K—3*6K—3 06K—3*6K—3 06K—3*6K—3 A

where Ogy_3.6x—3 IS a zero matrix with the same size as A

Similarly
_ B11* 02k —142k-1  B12 * 02k_1.2k-1  Bi6 * O2k—142k-1
B = |By; * 03k _1.2k-1 B2z * 03k _1:2k-1  Bae * 02k _142k-1),
Be1 * 02k _1.2k-1  Be2 * O02k—1.2k—-1  Bee * O2x—142x-1
— ...(4.34(a),(b))
B Osx—3:6x-3 - Oek—3:6K-3 ]
06k —3+6K-3 B o Ook-3s6x-3
B = [ . . . 0
: : - 6K—3%6K—3
Ock—3+6k-3 Osk—-3+6k-3 Ogx—346K-3 B
_ D11 * 02k —142k-1 D12 * Oz —1:2k-1 D16 * O2—142k-1
D = D3y * 025 _1.2k-1 D22 * O2x_1.2k—1  Da2g * O2x—1.2k-1|,
Dey * 025 _142k-1 Doz * O2k—142k-1  Des * 021521
—_ ...(4.35(a),(b))
D Ogk—3+6k—3 -  O6k—3+6K-3
D= 06x-3+6K-3 D o Oor-3:6K-3
- : : : O6k—3+6K-3
Ock—3+6k-3 Opk—3+6k-3 Ogx_3:6K-3 D
The derivatives of the stress resultants are given by
N;=Ax[egg(w) + & *f*u; + & *s+u] + B =*ky(w;) ...(4.36)
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where

— -
Nx1,0

!

le,lc

!

le,ls

!

le,Zc

!

Nyl,o
!
Nyl,lc

!

Nyl,ls
!
Nyl,Zc

!
nyl,O
!
nyl,lc
!
nyl,ls
!

ny1,2c

I __ .
Ni=| v
xn,0

...(4.37)

!
an,lc
!
an,ls
!
an,ZC

!
Nyn,O

!
Nyn,lc

!

Nyn,ls
!
Nyn,Zc

!
nyn,O
!
N xyn,1c
!
nyn,ls

!

N xyn,2c

s is the matrix of second order finite differences
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s =
12 % Ipgiox =5 * Iogua 4% Ioguag —Ikak
Ik —2 % Ihgaok —Izke2k 0;x2k
02k.2x Iykaok —2 * Iygaok —Izke2k
— i 022K 022k Iykax =2 * Ipg.ok
b?| Oak.2k 022k 0;x2K Iykaok -
0,2k 022k 02x.2x 02x.2x
L 02k.0k 022k 02x.2x 02x.2x
02K*2K 02K*2K
02K*2K OZK*ZK
02K*2K OZK*ZK
02K*2K OZK*ZK
0;x2k 02k.2k
02x.2x 0;x.2x
=2 x Ipguokg —1 % Ipguok
=5 Ihkak 2% Ipgaok!

0;x.2k

0;x.2k

0;x.2k
—Izk2k
2 x Ipgaok

02K*2K IZK*ZK
_IZK*ZK 4*12K*2K

...(4.38)

This matrix is obtained by differentiation of Equation 4.10 at node i. Similar to the previous

differentiations the middle nodes are given by

For the first node

"o o__ 7] 7] 17
W' = Upq = (U2 — Uiq")

n

_ " "
W = 2Uiyq — Upo

2u; = SUipq + AUipp — Upys

...(4.39)

...(4.40)

b2

And for the last node:
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—Ui_ 4u; 5 — Su;_ 2U;:
P Rl 2 Uiz + 2U ..(4.41)

Finite difference approximation is a numerical technique that is widely used for solving
differential equations in modern numerical analysis. It aims to find the derivatives at discrete
points based on finite difference and the values from adjacent points. It is proven to be reliable
in solving complex differential equations for buckling and postbuckling analysis (Groosmann
et.al. 2007). However the accuracy of the finite difference approximation depends largely on
the distance between neighbouring nodes (b) (Liszka and Orkisz, 1980). It can be seen from
the above equations that decreasing the distance can lead to a better accuracy, especially for
the second derivative which has a quadratic relation with b2. On the contrary, increasing the
spacing can lead to less accurate solutions. The number of nodes and therefore the width of the
strips b is another predefined value for the whole of the postbuckling analysis, increases or
decreases to which can affect the accuracy and computational efficiency of the calculation
significantly. More investigation and discussion on the effect of changes to the number of nodes

and the width of the strips is presented Chapter 6.

4.5. Equilibrium equations

According to classical plate theory the equilibrium equations at the neutral surface are written

as

ONy;  ONyy,;
N AT A ...(4.42
dy M dx (4.42)

ONyy;i N ON,;
dy 0x

=0 ...(4.43)

which can be simplified in matrix form as
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T+«N;+R+«N;=0 ...(4.44)
where

T _ [OZK—l*ZK—l 02K—1*2K—1 IZK—l*ZK—l]
- ’
021(—1*21(—1 lZK—l*ZK—l 02K—1*2K—1

I_l':[ J 02¢-1 O2¢—1
0251

0251 ]
[ T Oskx - O3kezk ]|
po| Owax T s
[ : = Sk ...(4.45(a),(b),(c),(d))
Osx:2k  Oszge2x Ozgupgx T
1_2 03K*2K e 03K*2K 1
R = 03K*2K I_e 03K*2K
| : : 03x.2k
l Osk.2k  Oskuox Osguox R

Substituting Equations 4.30 and 4.36 into Equation 4.44,
TxAx[g;xfru;+e,xs*u; |+ RxAx(gqu; + &, xf*u;)
=-TxAxgy(w;) —R*xAxgo(w;)) —T B xky(w;) —R*Bx*Ky(w;) ..(4.46)
or
[TxAx[eg;xf+e,xS|+RxAx*x(g;+& +xf)]xu; =
...(4.47)
—T*xAxeo(w)—RxAxgwW;) —T * B *Kky(w;) — R* B *Kko(W;)

To solve for in-plane displacements u;, Equation 4.47 can be written in a simpler form as:

Lu; = H(w) ...(4.48)
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Therefore u; can be obtained by;
w; = L"1H(w) ...(4.49)
Where superscript -1 denotes the inverse of the matrix.

From Equation 4.48, the matrix on the left hand side L is square and contains only constant
coefficients, whilst on the right hand side H(w) is a non-linear function of out-of-plane
displacements which changes at every postbuckling cycle. To avoid repetitive calculations,
the matrix L is assembled and L~ calculated before starting the postbuckling analysis with
L~ remaining constant throughout the whole calculation. Thus whenever the equilibrium
equations are required to be solved, the calculations are simplified , finding the function of the

out-of-plane displacements w, H(w), by multiplying with the pre-calculated matrix L.

Hence, the equilibrium equations in terms of u and v at the neutral surface are assembled. To
finish the analysis, boundary conditions need to be considered before the equations are solved.

4.6. Boundary and loading conditions

To apply different in-plane boundary conditions, the equilibrium equations at the edges need
to be modified correspondingly. Three in-plane boundary conditions are considered in this
thesis: free edges, fixed edges and straight edges. In each case the longitudinal plate edges are
constrained in the out-of-plane direction with no in-plane constraints applied to the transverse

edges.

Unlike in-plane boundary conditions, out-of-plane boundary conditions are applied through the
modified Newton iteration scheme rather than the equilibrium equations, more detail of which
is provided in Chapter 5.

Free edges: The free edge case has no in-plane constraints applied i.e. the four boundaries are

free to move and rotate in-plane as shown in Figure 4.3. Therefore the stress resultants N, and
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N,, are zero at the longitudinal boundaries. So in the equilibrium equations (Equations 4.42 and

4.43), the equations that represent the constraints along the four edges should be replaced by:

N, =0andN,, =0
...(4.50)
Ny;=0andN,, =0

Applied uniform shear stresses

w=0,uz0,v£0

. . | i ; ;
w=0,uz0,v£0 ! ' w=0,u#0,v£0
!

Applied uniform
compressive and shear stresses

Applied uniform
compressive and shear stresses

w=0,uZ0,v#0

Applied uniform shear stresses

Figure 4.3. Initial postbuckling of a rectangular plate with longitudinal free edges under
combined uniform compressive and shear stresses. The black rectangles indicate rigid bodies
that control the displacements applied to the plate in the postbuckling analysis

Fixed edges: Fixed edges have displacement constraints applied to all the transverse
components ie.u; #0, u, #0and v; =0, v, =0, see Figure 4.4. Therefore stress
resultants N, at the boundaries are zero and the following equations replace the equilibrium

equations;
N, =0andv, =0

...(4.51)
Ny =0andv, =0
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Applied uniform shear stresses
w=0,u70,v=0

w=0,u#£0,v£0 w=0,u£0,v#0

s 1
\ '
" \
" \
| '
\ \
\ \
\ v
" \
' \
\ 1
'
v
'\ "
'

Applied uniform
compressive and shear stresses

Applied uniform
compressive and shear stresses

w=0,u#0,v=0

Applied uniform shear stresses

Figure 4.4. Initial postbuckling of a rectangular plate with longitudinal fixed edges under
combined uniform compressive and shear stresses

Straight edges: This boundary condition requires the longitudinal edges to stay straight
throughout the postbuckling analysis whilst allowing them to move towards or away from each
other, see Figure 4.5. This results in the constant transverse displacement terms being nonzero,

i.e. v, 9 # 0 and v, , # 0, the constant transverse stress terms being equal to zero, i.e. Ny o =
0 and N, o = 0, and all other transverse displacement amplitudes on the edges, corresponding

to the longitudinally varying terms, being equal to zero. Since the edges are allowed to move

freely in the u direction, the equations for u displacements are replaced by:

N,y=0andN,, =0 ...(4.52)
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Applied uniform shear stresses

w=0,u#0,v=0,v, 0andv,, # 0

, , i , ,
w=0,uz0,v£0 ! ' w=0,u#0,v#0
: .

Applied uniform
compressive and shear stresses

Applied uniform
compressive and shear stresses

w=0,u#0,v=0v,,#0andv, o =0 -

Applied uniform shear stresses

Figure 4.5. Initial postbuckling of a rectangular plate with longitudinal straight edges under
combined uniform compressive and shear stresses

However these three cases all have the problem of free rigid body movement, causing the in-
plane equilibrium equations to be singular. To avoid this, two alternative methods are proposed

here:

1. Replace the equations representing all the displacement components terms at the central node

byv=0andu = 0.or

2. Replace just two equations for the constant part of the in-plane displacement at edges u, o =

0and u,, =0.

The first method is easy to apply and efficiently avoids the problem. However it constrains all
the displacements in both directions at the middle node, causing redundant constraints. This

may lead to inaccurate results.

The second method is more accurate. It has been found that for the assembled equilibrium
equations, rigid body movement is caused by the equations for the constant part of the in-plane
displacements u; , and v, o which are singular at all nodes. The most efficient way to avoid
this is to set one of these displacements to zero. In order to retain symmetry, two equations
representing the constant part of the in-plane displacements at the first and last nodes

respectively are replaced by u; o = 0 and u,, = 0.
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In terms of loading conditions, three different loading conditions are considered along the
transverse edges: compression, pure shear and combined shear and compression. In the method
presented, compressive loading along the longitudinal edges is not considered. It is well known
that with more shear or anisotropy in the plate, the mode shape becomes more skewed and this
makes it hard to converge on the postbuckling mode. Therefore composite plates loaded in pure
shear are considered as the most extreme case. CWPAN also gives a good agreement with other
numerical techniques when solving these extreme cases. A model has been built and analysed
in chapter 6.

When the equilibrium equations are fully assembled and modified, the in-plane displacements
u and v can be solved analytically. Since u and v are expressions of a series of trigonometric
terms multiplied by coefficients, see Equation 4.2, equilibrium equations are solved to obtain
these coefficients for the in-plane displacements. After obtaining u and v, substituting solutions
back into Equations 4.4-4.5 and Equations 4.30-31 the stress resultants, bending moments and
strains can all be obtained. Stress resultants and bending moments can also be obtained by
substituting strains into Equation 4.29. It is worth noting that all the outputs have the same
format as the initial assumptions, which are trigonometric terms at node level. To illustrate and
compare the results with other methods, all results need to be converted to actual values at
specified points. Solving equilibrium Equations 4.42 and 4.33 involves the derivatives of stress
resultants N, N,, and N, with respect to x or y. Those expressions for stress resultants consist
of constant terms N,, N0, and N,,,, respectively, which are not included in the in-plane
equilibrium equations, and sinusoidal terms relating to half-wavelengths that are calculated in
the initial calculation, see Equation 4.2. By breaking down these constant terms, it can be seen
that they are only related to the end shortening strains &, and strains y,, which contribute
mostly to the in-plane displacements. Therefore there are no terms relating to end shortening
stresses in the equilibrium equations, i.e. equations are only assembled to solve the sinusoidal
part of the in-plane displacements (variation of displacements). Besides the strains and stresses
are considered to be the second order derivatives of the in-plane displacements and the linear
terms involving end shortening strain in Equation 4.2 are considered to be the first order of x
and y. The end shortening strains therefore disappear in the equilibrium equations. To obtain
the actual in-plane displacements, solutions solving the equilibrium equations are required to
add end shortening stresses €, and strains ¥,,, back into equation 4.2 based on the locations of
the points in the plate. Similarly since strains and stresses are obtained from substituting u and

v into equation 4.4, it is necessary to add end shortening strains into the expressions for strains
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as well. For stress resultant calculations, they can be directly obtained from Equation 4.19 after

calculations of the strains.

4.7. Conclusions

This chapter shows the full process of one iteration of postbuckling analysis from
displacements assumptions to solving the in-plane equilibrium equations. Distributions of the
stresses and strains can be obtained. Compared with the previous postbuckling analysis method
the analysis assumes the component strips vary according to a sinusoidal series with a
predefined set of half-wavelengths, rather than just two half-wavelengths. It achieves good
accuracy when solving any anisotropic or shear load plates even for the most extreme cases
like a plate under pure shear. With distributions of stresses obtained, uniform stress resultants
can be calculated as the current equilibrium state’s applied load. These calculations are

essential for postbuckling stiffness with more details provided in the next chapter.

It is well known that postbuckling is normally considered as a large deflection regime in which
non-linear terms in the governing equilibrium equations are required to capture the
postbuckling mode accurately. Although von Karman’s large deflection theory is used and
higher order terms are considered in this approach, the equilibrium equations are still linear
since the out-of-plane displacements and rotations are taken as known variables, significantly

increasing computational efficiency.

This process is referred to as the in-plane solutions for the rest of the thesis. However the in-
plane solutions requires out-of-plane displacements including rotations as known quantities. A
technique to obtain the out-of-plane mode for each cycle of postbuckling is therefore required

and presented in the next chapter.
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This chapter introduces a modified Newton iteration scheme and its supporting convergence
procedure into CWPAN. Under the theory of the exact strip method, VICON assumes plate
deformation varies as the sum of a series of sinusoidal terms with specified half-wavelengths,
and solves the equilibrium equations analytically. It requires the out-of-plane buckling mode
to be provided as input for each postbuckling cycle. The previously implemented Newton
iteration schemes however only calculate the buckling mode for a single half-wavelength. Thus
a new Newton iteration scheme is developed. The chapter is organized as follows. Section 5.1
introduces the general background. Sections 5.2-5.3 present an overview and detailed
explanations of the convergence procedure and a short introduction to the strategies applied in
the procedure. Section 5.4 introduces the predefined parameters. Section 5.5 illustrates the new
VICON type Newton iteration scheme. Section 5.6 describes the method of obtaining the
approximation amplitude for the buckling mode. Section 5.7 presents the formulations of the

equivalent uniform stress resultant calculations. The last section concludes the chapter.
5.1. Overview

In the previous chapter, a postbuckling analysis based on the use of the distributions of out-of-
plane displacements and the corresponding half-wavelengths for an assumed mode is presented.
By solving the in-plane equilibrium equations analytically, the method can accurately capture
the in-plane displacements and distributions of strains and stresses for any loading condition

for symmetric laminates. However since out-of-plane displacements are required to obtain the
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buckling mode at each cycle of the postbuckling process, a convergence method capable of

calculating these out-of-plane displacements needs to be developed.

It is well known that the mode of postbuckling of a structure changes as the applied load
increases. While for a rectangular flat structure that is isotropic and under only compressive
load, the regions of maximum displacement expand from the centre of the plates towards the
unloaded edges and the postbuckling mode merely changes in shape. For a composite or shear
loaded plate however, the mode shape is increasingly skewed, due to the lack of symmetry

within the structure, see Figure 5.1.
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Figure 5.1. Postbuckling mode shape analysed by CWPAN at cycles 1,10 and 20, showing
contour plots of growing out-of-plane displacements. (a) Isotropic plate under compression, no
skewing at any point of postbuckling cycles. (b) Composite plate under compression with small
amount of shear, growing skewed mode.

The previous postbuckling analysis, based on the theory of VIPASA, i.e. in which the buckling
mode is assumed to vary sinusoidally with one half-wavelength A, can capture non-skewed

modes or small amounts of skew by applying the Newton iteration scheme, as described in
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Section 3.7. However the coupled wavelengths postbuckling analysis assumes the plate to vary
as the sum of sinusoidal terms with a series of half-wavelengths enabling it to represent more
complex mode shapes. In this context the Newton iteration and previous convergence
procedure is not suitable for CWPAN.

CWPAN comprises a number of cycles, each characterised by a pre-defined increment of
longitudinal and/or shear strain, a/y. Within each cycle, the total applied load, the variation of
stress resultants across the plate, and the amplitude and shape of the postbuckling mode, are
determined using in-plane solutions. In order to obtain an accurate postbuckling mode at each
of these cycles, a recursive Newton method is introduced. The Newton iteration scheme was
first developed to capture the buckling mode for VIPASA analyses where the buckling mode
is assumed to vary sinusoidally with one half-wavelength, and is therefore not suitable for
CWPAN. In this chapter, a detailed modified Newton iteration and its supporting convergence

procedure is presented.

5.2. Convergence procedure overview

CWPAN assumes plates to be subjected to in-plane loading which can be compression,
combined compression and shear or pure shear loading, with end shortening occurring
uniformly across the width. The material can be either isotropic, anisotropic, a balanced or
unbalanced composite. The method of analysis comprises a number of cycles, each
characterised by a pre-defined increment « of longitudinal and/or shear strain, a/ y. Within
each cycle the total applied load, the variation of stress resultants across the plate, and the
amplitude and shape of the postbuckling mode are determined using the in-plane solutions. The
essential part of the analysis is to obtain the mode shape before starting the in-plane calculations.
The first cycle’s out-of-plane displacements are obtained from a VICON initial buckling
analysis. For subsequent cycles, the recursive Newton method and its supporting calculation

are used.

Assume a plate has an initial critical buckling load, P.., its end shortening strain is &, and its
shear shortening strain is y,. For the first cycle of the first iteration, the end shortening strain

will be &; = (@ + 1) X g, and the shear strain y; = (@ + 1) X y,. Note that in this analysis the
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ratio between end shortening strain and end shortening shear strain remains the same as at the
buckling point, where « is the postbuckling increment ratio. Importing &, and the out-of-plane
displacements into the in-plane solutions, the in-plane displacements, strains and stresses at the
current cycle can be obtained. Then equivalent longitudinally invariant stresses can be obtained
to facilitate the calculations in the next cycle.

For the following cycles, instead of subjecting the plate to a compressive load P, the equivalent
uniform stresses are applied to the plate. Therefore, a new buckling load P.. and out-of-plane
displacements for the new cycle are obtained. Repeating the procedure above will result in a
full postbuckling analysis.

5.3. Convergence procedure

A flow diagram illustrating the calculation procedure is shown in Figure 5.2. Each step is

elaborated below:

1, Four predefined values are required to be defined including the number of out-of-plane half-
wavelengths m, the number of strips/nodes, n, the ratio of the increment of end shortening
strain, a (which determines the number of cycles required to reach a pre-defined maximum

level of strain), and the tolerance in the Newton iteration, /.

2, The analysis starts with a VICON initial buckling analysis based on the plate properties and
predefined variables including the number of half-wavelengths and the number of strips. The
outputs from this stage are the out-plane displacements and rotations, the critical buckling load

and the end shortening strains and possible shear strains.
3, The in-plane half-wavelengths are calculated, as described in Section 4.3.

4. The inverse matrix L™ in Equation 4.36 is then calculated as illustrated in Section 4.5. This
will not change once the properties of the structure are decided. To efficiently proceed with the
postbuckling analysis, this matrix is therefore considered as a constant matrix, and is calculated

once, before the convergence starts.

76



CWPAN: Newton Iteration and Convergence
Procedure

5. The end shortening strain for a certain cycle is obtained by multiplying by the pre-defined

variable a. This defines the postbuckling analysis and increases the strain by a at every cycle.

6. This step calculates an approximate amplitude for the buckling mode from the previous cycle
which helps the Newton iteration scheme to converge more efficiently. The first cycle uses the
VICON buckling mode. More detail will be provided in Section 5.4.

7-12. These steps constitute the in-plane solution which calculates the right hand side of
Equation 4.34 in Chapter 4. The input values for this process are the out-of-plane displacements
at the critical buckling load for the first cycle or the calculated out-of-plane displacements from
the previous iteration or cycle, the properties of the plate and the end shortening strains.

13. The last chapter described a method to solve the equilibrium equations for postbuckling
analysis using the exact strip method. This allows the calculation of the in-plane displacements
and distributions of stresses and strains within the plate. However to find the applied load for
the next cycle, these distributions cannot be used. Therefore this step calculates equivalent

uniform stresses resultants using the previous distributions of stresses, see Section 5.6.

14. This step is a part of the VICON type Newton iteration scheme. As described in the Newton
iteration scheme in Chapter 3, the stiffness matrix is assembled by coupling the stiffness
matrices obtained by increasing the displacements at each degree of freedom by a small
amount. Therefore, in the Newton iteration scheme, the in-plane solutions are run a number of
times equal to the total number of degrees of freedom, counted over all the out-of-plane half-

wavelengths, see Section 5.5.

15. Adjustments to the displacements d* are found by solving Equation 3.35 and added to the

previous D to get the new displacements D.

16. The convergence check described in the VICON Newton iteration scheme in section 5.5
is applied.

17. The solutions from steps 11-13 are tabulated.
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1. Choose predefined values

v

2. VICON initial buckling solver for critical buckling

v

3. Calculate number of wavelengths for in-plane displacement

v

4. Assemble matrix L and Calculate inverse matrix L1

v

5. Calculate end shortening strain &, and end
shortening shear strain y,

v

6. Calculate approximate amplitude

v

7. Calculate expressions for strains

v

8. Calculate expressions for stresses and derivatives of stresses

v

9. Assemble right hand side matrix H

v

10. Apply boundary conditions by modifying matrix L and H

v
11. Solve displacements u =L™'H 4

v

12. Calculate strains and stresses

v

13. Calculate equivalent uniform stresses and total load

v

14. Find stiffness matrix for plate under equivalent
stresses calculated from above step

v

15. Find displacements adjustment d* and D

v

A 4

No, move to next iteration

16. If (max(d*) -
max(D))/max(D) <

Move to next cycle

¢ yes

17.Data tabulation and contour plots

Figure 5.2. Flow of diagram for the method of analysis: red boxes indicate in-plane solutions,
yellow boxes indicate Newton Iteration scheme
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Steps 1 to 5 are completed before starting the analysis, calculating constants used throughout
the whole analysis. Steps 4 to 12 are the series solution for postbuckling introduced in Chapter
4. This process can be used not only for capturing in-plane displacements and stress
distributions but also equivalent uniform stress resultants to be used in the next cycle. It is
worth noting that steps 6 and 14 also include the full process of the in-plane solutions in order
to obtain the equivalent stress resultants. Steps 14 to 16 are the VICON Newton iteration
scheme. The red arrows indicate that in the in-plane solutions the stresses and strains are
obtained by substituting the solutions of the equilibrium equations back into the explicit

expressions.

5.4. Pre-defined variables

Before starting the analysis, four pre-defined variables are required to be determined.

1. The number of half-wavelengths for the out-of-plane displacement, m, from the VICON
analysis. The VICON analysis couples a series of wavelengths to represent more complex
mode shapes using Lagrange multipliers which cannot be modelled using VIPASA analysis.
Theoretically increasing the number of wavelengths leads to more accurate solutions. However
it can be seen that, from Equation 4.2 - Equation 4.30, the addition of each half-wavelength
results in an increase of the number of calculations and therefore the computational time. It is
critical therefore to determine a suitable number of half-wavelengths in order to minimize the

effect on the speed of the calculation. This is investigated in the next chapter.

2. The number of strips or the number of nodes. Plates are divided into n-1 strips of arbitrary
width, identified by n nodes at the strip edges where n is a user defined parameter. The number
of strips is equivalent to the mesh in the finite element method. Increasing the number of nodes
n can increase accuracy but will decrease computational efficiency. The effect of the number

of strips is also investigated in the next chapter.

3. The ratio of the linear strain increment, a, which controls the step size for postbuckling. If
the chosen value of a is too big, the Newton iteration scheme may not capture changes in the

mode. The right step size is therefore crucial especially for some extreme cases, e.g. composite
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plates under pure shear loading. Combined with the number of cycles, the strain increment
controls how far the postbuckling analysis goes. As we move further from initial buckling,
mode jumping may occur. This has not been incorporated into this analysis. Therefore the
number of cycles must be chosen to avoid the stage at which mode jumping might occur.

Further investigation of this is presented in the next chapter.

4. The tolerance for the Newton iteration, 5. This variable is explained in Section 5.5 and

investigated in Chapter 6.

5.5. Newton lteration scheme

As described in Chapter 4, out-of-plane displacements are considered as known variables and
the first cycle’s out-of-plane displacements are taken from a VICON initial buckling analysis.
For the rest of the cycles, using VICON analysis to solve for buckling is inefficient as to do
this VICON would have to be incorporated as a subroutine solver. To overcome this limitation,

mode shapes are obtained through a VICON type Newton iteration scheme.

The Newton iteration scheme was first developed for VIPASA postbuckling analysis. It
replaced the linear approximations applied in the first VIPASA postbuckling analyses and
provided accurate convergence on critical buckling loads and associated buckling modes (see
Section 3.7). However it was based on the assumption that the out-of-plane deformation varies
sinusoidally along the longitudinal direction with a single half-wavelength. It is therefore
unsuitable for complex buckling modes which need to be modelling with multiple half-
wavelengths. Therefore a Newton iteration scheme based on VICON analysis is developed here
enabling CWPAN by modifying the stiffness matrix, displacement and force vectors in
Equation 3.34.

Since for CWPAN, more than one half-wavelength is needed to represent more complex mode
shapes, the D and K matrices in Equation 3.34 are m times bigger than for VIPASA
postbuckling (where m is the number of out-of-plane half-wavelengths) and need to be

assembled using complex arithmetic. Convergence on the amplitude and shape of the mode
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vector D implies convergence on the adjustments d* to the stress resultants due to flexure, and

hence the postbuckling in-plane displacements, stresses and strains can be calculated.

Since the new Newton iteration scheme is adopted within VICON analysis, there is also the
possibility to include point supports at nodes on the transverse edges. Therefore the stiffness
matrix in the new Newton iteration scheme has to be modified to take these point supports into
account. Similar to VICON buckling analysis, the stiffness matrix is modified by adding zero
displacements at points corresponding to the supports for all wavelengths. Figure 5.3 shows a
three wavelength stiffness matrix example of a simply supported plate in the VICON Newton
iteration scheme. Each identity matrix indicates corresponding point constraints on the
transverse edges and all identity matrices have the same dimensions since the three half-
wavelengths are coupled to create one mode. Boundary conditions on longitudinal edges are
applied by deleting corresponding rows. In Figure 5.3, the null matrix is a square matrix and
the RHS vector denotes the applied forces in Equation 3.35. The force vector also needs to be
added to indicate the reaction forces. For other more general cases, i.e. point constraints applied
at arbitrary location within plates, the identity matrices on the left hand side are modified

accordingly.

Identity
Aratrix

unmadified Identity
stiffness matrix matrix

Identity
mratrix

0
Symmetric 0 matrix

0

RHE vector

Figure 5.3. Three wavelength stiffness matrix transverse boundary conditions example

The purpose of the Newton iteration scheme is to obtain the mode shapes for each cycle except
for the first one for which the out-of-plane displacements are obtained directly from a VICON
buckling analysis. At each cycle, the Newton iteration solves Equation 3.35 by finding the
stiffness matrix and the derivatives of the stiffness matrix using finite difference

approximations to converge on the required adjustments to the displacements. To obtain these
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stiffness matrices the equivalent uniform stresses which are considered as the loading
conditions are required as shown in Figure 5.4. However the coupled wavelength postbuckling
analysis only captures the distributions of the stresses within the plate. A series of calculations
are therefore required to derive equivalent uniform stresses from the distribution of stresses

within the plate.

The convergence of the Newton iteration procedure is achieved when the difference between
the maximum of the displacement adjustments d* and the maximum of the previous

displacements D is small enough. It is assumed to occur when the criterion below is met;

|max(d*)-max (D)| <

<p .(5.1)

max (D)

where S is a small positive number (B8 « 0), d* and D are out-of-plane displacement
adjustments and the out-of-plane displacements from the previous iteration respectively. max()

indicates a function of maximum value of given vector or matrix.

EQUILIBRIUM
EQUATIONS ' I

IN-PLANE NEWTON ITERATION
DISPLACEMENT

STRESSES AND NODE
STRAINS AMPLITUDE
EQUIVALENT '

STRESSES

VICON TYPE

VICON Postbuckling Solver Newton I[teration

Figure 5.4. Implementation of Newton iteration in CWPAN

When the Newton iteration procedure has converged, the buckling mode for that particular
cycle can be obtained. Compared with the previous Newton iteration scheme, the presented
one can capture much more skewed mode shapes such as those resulting from anisotropy or
shear load. However it has been found that if the shape of the buckling mode is not considered,

the difference between the previous cycle’s maximum displacement and the calculated one
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may be too big, and the Newton iteration scheme will fail to converge or take a long time to

converge. Therefore a convergence method to find the approximate amplitude is also required.

5.6. Approximate buckling mode amplitude

In CWPAN, the buckling mode for one cycle is used as a basis to converge on the next cycle’s
bucking mode. It has been found that the VICON type Newton iteration can converge only if
the amplitude of buckling mode is not too far from the real buckling mode. Therefore it is

necessary to find an approximate buckling mode before moving into the next Newton iteration.

The method for achieving this is based on a modified binary search which enables convergence
on the buckling mode corresponding to a particular predefined end-shortening strain. To
accurately locate the amplitude of the out-of-plane displacements, the W-W algorithm is used
to examine whether the resulting applied load exceeds the actual buckling load. This process

is illustrated in Figure 5.5 and corresponds to the following steps:

1.0ut-of-plane displacements including rotations are obtained from VICON (for the first cycle)

or from previous cycles.

2.A trial amplitude of the out-of-plane displacement is calculated from the previous iteration,
either a lower bound or an upper bound. For the first iteration the trial amplitude is chosen as
1.

3.The resulting displacements are calculated from the displacements multiplied by the

amplitude. This step only scales the buckling mode rather than changing the shape of it.

4-5.The resulting buckling mode is input into the in-plane solutions to obtain the stress

distributions within the plate.
6.The equivalent stress resultants are calculated using the method described in section 5.7.

7-9.This calculation only utilizes a part of W-W algorithm to examine if the applied equivalent
uniform stresses exceed the critical buckling load. If the applied load is higher than the critical
buckling load, the corresponding amplitude will be taken as an upper bound and restored as

Am,, and vice versa for convergence check 10. If both upper and lower bound are found, the
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convergence check is able to proceed, evaluating the difference between the lower and upper
bounds from the previous iterations. For the first iteration of every postbuckling cycle, the
converged amplitude from the last cycle is taken as a lower bound as the increase in amplitude
of the cycle decreases. Convergence is achieved if following criteria is met:

|[Am,, — Am,|
——————<0.001 ..(5.16)
Am,,

where 0.001 is a predefined default value. This value remains the same for all cycles and
iterations since the purpose of the calculation is only to obtain an approximate buckling mode
in order to converge on a better buckling mode during the Newton iteration procedure. Once
convergence is achieved, the resulting buckling mode is used as a temporary mode for the
Newton iteration scheme enabling it to converge on a final mode shape.

11.1f the convergence check fails or either the upper or lower bound are not found, lower/upper

bound is multiplied/divided by 1.5 for the next iteration.

By using the W-W algorithm and the in-plane solutions, the approximate amplitude is
converged on at each postbuckling cycle. As described above, this solution cannot be used for
postbuckling analysis directly since it fails to capture the progressive changes of mode shape
caused by anisotropy or shear load. The purpose of this strategy is to reduce the computational
time or possibility of failing to converge using the modified Newton iteration scheme due to
large increment strains. Although such modes are only multiples of the previous cycle’s
postbuckling mode, the strategy can reduce the number of modified Newton iterations
significantly while taking less than one second to converge itself. Furthermore since large
increment strains are allowed during the analysis, fewer cycles are required to reach the target

postbuckling equilibrium state, therefore reducing the execution time.
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Figure 5.5. Flow diagram for the method of analysis
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5.7. Stress resultants calculation

A stress redistribution occurs at each postbuckling cycle due to changes in the buckling mode.
The loading condition therefore changes along with the stress redistribution. As shown in
Figure 5.6 the applied stresses at the edges are normally continuous. To perform the Newton
iteration however, these continuous stress resultants need to be converted into discontinuous
equivalent stress resultants at strip level, see the dashed lines in Figure 5.5. Since the in-plane
solutions captures a continuous distribution of stresses within the plate, an energy approach is
provided to convert the stress distribution to a set of effective uniform stress resultants at each
strip.

Figure 5.6. Stress distribution of a postbuckling analysis from a rectangular flat plate where
solid line indicates normal stress distribution and dashed line is the equivalent uniform stress
distribution.

In the buckling analysis, the work done by the applied loading can be obtained from
V == in + Vyi + nyi (52)

where the components of total energy V at each node are written as:

L L
Vyi = IVxJ gdx = J N,.&,dx ...(5.3)
0 0
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_ [t L ...(5.4)
Vyi = Nyf gydx =f Nye,dx
0 0

— L L ...(5.5)
Viyi = nyf nydx = f ny)/xydx
0 0

where Ny, N,, and N,,, are uniform longitudinal, transverse and shear stresses respectively.

Ny, &, Ny, &y, Nyy, and y,,,, can be written as

c nwx . nmx
N, = Z (anccosT + N, ,sSin T) ...(5.6)
n=0
- mmx . mnx
& = Z (exmccosT + ExmsSin T) ...(5.7)
m=0
_ C nmwx . nmx ...(5.8)
N, = Z (Nynccos A + Nypssin T)
n=0
= . mmx ...(5.9)
Z symccos + EymsSin T)
m=0
i x+N . nnx) ---(5-10)
xynccos xynsSIN—
n=0
— i ( cos mrx + sin _mnx) G40
ny - ] nymc I nyms I
m:

Note that all the results (displacements, strains and stresses) can be represented by sinusoidal

components.

Substituting Equations 5.6-5.11 into Equations 5.3-5.5 gives
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Ny
nmx nmnx mmnx mnx
f Zn OZm 0( xncCOS—7— L +anssm L )(emeCOS L +5xm551n L )dx (512)

mmx mmx
fOZ (exmccos 7~ + ExmsSIn— )dx

N, .(5.13)

nmx nmwx mmx mmx
on 0 D= 0( yncCOS —7— + Nypssin L )(symccos I + &ymsSin I )dx

m mix
fo Yo 0(gymccos I +eymssm T )dx

Ny ..(5.14)

nmx nmx mmx mnmx
fzn 0 2m= 0( xynccos I + NyynsSin I )(nymccos L + VxymsSin I )d-

mn m

Thus the equivalent uniform stress distribution is calculated at node level based on the stress
distribution within the plate for the current cycle. To apply these stresses at the strip level,
they have to be transformed into equivalent uniform stresses by averaging the two adjacent
nodes for that strip:
N, = Nit Nivt .(5.15)
2
Once the current loading conditions are defined they are used as the next cycle’s trial applied

load for the Newton iteration scheme in order to converge on the next cycle’s buckling mode.

5.8. Conclusions

This chapter introduces a convergence procedure that allows the analysis to observe
progressive postbuckling equilibrium states of balanced and unbalanced laminated composite
plates. The analysis consists of a number of cycles, each defined by an applied constant
longitudinal or shear strain. At each cycle, the in-plane solution is utilized to find the
distributions of in-plane displacements, strains and stresses, and further transform these into

equivalent uniform stress resultants as the current cycle’s applied load. The postbuckling
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stiffness and out-of-plane displacements can thus be obtained based on a modified Newton
iteration scheme. To accelerate the execution time of the Newton iteration scheme, an

amplitude calculation is developed incorporating the binary search and W-W algorithms.

The proposed convergence approach is used to obtain the postbuckling modes corresponding
to a particular value of end shortening strain input into the in-plane displacement calculations
for each postbuckling cycle. This is in contrast to the previous postbuckling analysis by Che
2010; Zhang 2018) based on assumptions regarding out-of-plane displacements and requires
the modification of the previous Newton iteration scheme to make it suitable for the analysis
of complex composite structures and loading conditions. Compared with the previous method,
the modified Newton iteration scheme allows not only formulations of single half-wavelength
but also a series of half-wavelengths coupled together. In this way CWPAN can capture any
shape of buckling mode accurately. An amplitude calculation is developed to assist the
modified Newton iteration scheme. With such a strategy, it is possible to significantly reduce
the number of iterations in the scheme, and convergence problems due to large strain
increments are avoided allowing a small number of cycles to reach the target postbuckling

equilibrium state.

By implementing the above methods into the VICON in-plane solutions, the out-of-plane
displacements in the governing equations are no longer unknown variables. The equilibrium
equations are transformed into linear equations but retain the nature of non-linearity by using

von Karman’s large deflection theory. Hence the computational time is significantly reduced.

As described in this chapter, four re-defined variables affect the speed and accuracy of the
analysis significantly. In the next chapter, more explorations and explanations will be presented

to understand the effect of changes to these variables.
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Chapters 4 and 5 describe the development of a method for carrying out postbuckling analysis
for composite plates. To apply this method four parameters, not related to the properties of the
structures being analysed, are required to be selected. Before investigating the postbuckling
behaviour of a range of different structures using CWPAN, it is therefore necessary to evaluate
the optimum values for these predefined parameters for different scenarios. This chapter is
organized as follows: Section 6.1 discusses the calculation of in-plane half-wavelengths and
their influence on the governing equilibrium equations. The influence of the selected number
of half-wavelengths on computational efficiency is also investigated as part of the search for
the optimal out-of-plane half-wavelengths for certain problems. Section 6.2 investigates the
influence of the number of strips that plates are divided into. Finally Sections 6.3 and 6.4
illustrate the effect of strain increment ratio and iteration tolerance of the Newton iteration

scheme. The last section concludes the chapter.

6.1. Number of half-wavelengths

One of the key differences between the previous postbuckling analysis and CWPAN is the
number of half-wavelengths used to represent the out-of-plane deflections resulting in

differences in in-plane half-wavelengths.

Based on the theory in VICON, the selection of half-wavelengths is mainly related to the
parameter &. Theoretically, £ can be any number between zero and one and VICONOPT
evaluates all these possibilities to search for the minimum buckling factor. The corresponding
half-wavelengths for the out-of-plane displacements can be found from Equation 3.13 and for
the in-plane displacements, by counting unique values of summations and subtractions from

the out-of-plane half-wavelengths as follows.
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For a general value of & the out-of-plane half-wavelengths are given by [ = [/m, with the
values of m given by & + 2q where q is an integer 0, 1, 2,..., see Chapter 3. Taking g =
0,+1,+2 as an example, € = 1 and € = 0 are special cases because the negative values of q
give the same values of m as the positive values (but with the opposite sign) so that only the

positive values of m need to be considered in the VICON analysis.
When & = 1:

For out-of-plane half-wavelengths I = [/m and l/n, for the 3 valuesm,n = (1,3,5) the 9

unique resulting values are highlighted in Tables 6.1, 6.2 and 6.3.

Summations n=1 n=3 n=5
m=1 2 4 6
m=3 4 6 8
m=5 6 8 10

Table 6.1. Summations of half-wavelengths //m and //n, m, n = (1,3,5)

Subtractions n=1 n=3 n=5
m=1 0 -2 -4
m=3 2 0 -2
m=5 4 2 0

Table 6.2. Subtractions of half-wavelengths //m and //n, m, n = (1,3,5)

The out-of-plane half-wavelengths are then:

Own values m=1 m=3 m=>5
1 3 5
Table 6.3. Out-of-plane half-wavelengths //m, m = (1,3,5)

When ¢ = 0:

For out-of-plane half-wavelengths I = [/m and l/n, for the 3 values of m,n = (0, 2,4)
there are now only 5 unique resulting values, again shown highlighted in Tables 6.4, 6.5 and
6.6.
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Summations n=0 n=2 n=4
m=0 0 2 4
m=2 2 4 6
m=4 4 6 8

Table 6.4. Summations of half-wavelengths //m and //n, m, n = (0,2,4)

Subtractions n=0 n=2 n=4
m=0 0 -2 -4
m=2 2 0 -2
m=4 4 2 0

Table 6.5. Subtractions of half-wavelengths //m and //n, m, n = (0,2,4)

The out-of-plane half-wavelengths are then:

Own values m=0 m=2 m=4
0 2 4
Table 6.6. Out-of-plane half-wavelengths //m, m = (0,2,4)

When 0 < & < 1:

By analogy with the previous cases we consider g,,, and q,, = 0,—1,+1, -2, +2, i.e. there are

now 5 out-of-plane half-wavelengths instead of 3. Note that m and n are no longer integers.

For out-of-plane half-wavelengths [ = [/m and [/n, with the 5 valuesm,n = (¢,§ +2,§ +
4) there are now 23 unique resulting values, again shown highlighted in Tables 6.7, 6.8 and
6.9.
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Summations gn=-2, gn=-1, gn=0, gn=+1, gn="+2,
n=¢&-4 n=¢&-2 n=¢ n=¢&+2 n=¢&+4

On=-2, M=¢-4 26 -8 26 -6 26-4 28 -2 28
gn=-1, m=¢-2 28 -6 26-4 28 -2 2 28 +2
qm=0, M=¢& 2&-4 28 -2 2 28 +2 28 +4
Gn=+1, M=&+2  2&-2 28 28 42 2£ +4 22 +6
qm=+2, M=& +4 28 28 +2 28 +4 25 +6 26 +8

Table 6.7. Summations of half-wavelengths //m and I/n, m,n = (£, + 2, £ 4)

Subtractions gn=-2, gn=-1, gn=0, gn=+1, gn=+2,
n=¢&-4 n=¢&-2 n=¢& n=¢&+2 n=¢&+4
qm=-2, M=¢-4 0 ) -4 -6 -8
Qm=-1, m=¢-2 2 0 -2 -4 -6
gm=0, m=¢& 4 2 0 -2 -4
Qu=+1, M=&+2 6 4 2 0 -2
Om=+2, M=¢ +4 8 6 4 2 0

Table 6.8. Subtractions of half-wavelengths //m and I/n, m,n = (¢, £ 2, + 4)

The out-of-plane half-wavelengths are then:

Own values gm=-2, Om=-1, gm=0, qm=+1, qm==+2,
m=¢£-4 m=¢£-2 m=¢& m=¢&+2 m=~&+4
E-4 E-2 & E+2 E+4

Table 6.9. Out-of-plane half-wavelengths I/mm = (¢,& £ 2, £ 4)

Resulting in total of 23 unique values: 9 from Table 6.7; 9 from Table 6.8 and 5 from Table
6.9.

These relationships between the number of in-plane and out-of-plane wavelengths are
summarised in Table 6.10,

93



Chapter 6

Out-of-plane Out-of- In-plane
Case half- Summations Subtractions plane half- half-
wavelengths wavelengths  wavelengths
=1 Q 2Q-1 1 Q 3Q
0<é<1 2Q-1 2(2Q-1)-1=4Q-3 2(2Q-1)-1=4Q-3 20Q-1 10Q-7
=0 Q 2Q-1 0 0 2Q-1

Table 6.10. Relationships between in-plane and out-of-plane half-wavelengths

The equilibrium equations are solving for the coefficients of a series of trigonometric terms
representing in-plane displacements and the size of these coefficients is highly dependent on
two parameters: the parameter Q defining the number of out-of-plane half-wavelengths and the
number of nodes n. Considering both imaginary and real parts of the in-plane variables, noting
there is no imaginary part if the half-wavelength is zero, the numbers of unknown variables
including in-plane displacements in both the longitudinal and transverse directions are
therefore:

2%(6Q —1)=*n, &E=1
2% (20Q —15) *n, 0<é<1
2% (4Q —3) *n, &E=0

..(6.1)

The above equations indicate the extent to which the complexity increases as the number of
out-of-plane half-wavelengths increases. To further investigate the influence on the
computational efficiency of the number of half-wavelengths, two models, composite plates
under combined loading and pure shear, are tested. To limit any effects noted to the choice of
number of wavelengths, all plates are divided into 10 strips.
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Figure 6.1. Out-of-plane deflections calculated using different numbers of half-wavelengths
for a composite plate under combined loading, divided into 10 strips

250
200
150

100

Execution time(second)

50

1 2 3 4 5 6
Half-wavelength parameter Q

Figure 6.2. Execution time for different numbers of half-wavelengths from a composite plate
under combined loading, divided into 10 strips

Figure 6.1 shows the out-of-plane deflection against the number of half-wavelengths, at 10%
applied strain for a composite plate under combined loading for analysis with & =1.
Theoretically, increasing the number of half-wavelengths will result in more accurate results.
From the figure the deflection increases as the number of wavelengths increases with a
noticeable change of slope at Q = 3 above which the path tends to be flatter converging on a

value of 0.78 mm which can therefore be taken as an estimate of the exact value in this case.

95



Chapter 6

Equation 6.1 indicates a linear relationship between the unknown variables and out-of-plane
half-wavelengths which can be seen in Figure 6.2. From Q=2 to Q=3, the execution time
increases slightly and the accuracy increases the most, while when Q is 4 or 5, the accuracy
does not alter much and the computational time increases almost three times, see Figures 6.1
and 6.2. It can be predicted that higher numbers of half-wavelengths will result in solutions
which are very similar to those for Q = 3, 4 or 5 but which will incur significantly increased
execution times and are therefore not worth being considered. Therefore for composite plates
under compression or combined loading, three out-of-plane half-wavelengths can be

considered adequate for postbuckling analysis.

For prebuckling analysis on the other hand for the above case of 5 half-wavelengths, the first
half-wavelength [/1 makes 93% of the contribution to the buckling mode and [/3 and 1/5
most of the other 7% between them. The rest of the half-wavelengths make less than 1%
contribution to the buckling mode. It is therefore not surprising to see higher half-wavelengths,

namely half-wavelengths smaller than [/3, only slow the computational efficiency.
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1 2 3 4 5 6 7 8
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Figure 6.3. Out-of-plane deflections calculated by different half-wavelengths from a
composite plate under shear loading, divided into 10 strips

96



Parameter Selection

400
350
300
250
200
150

100

Execution time(second)

w
o

0 1 2 3 4 5 6 7
Half-wavelength parameter Q

Figure 6.4. Execution time of different half-wavelengths from a composite plate under shear
loading, divided by 10 strips

Figures 6.3 and 6.4 plot of out-of-plane deflection and execution time against the number of
half-wavelengths respectively, at 5% constant strain above critical buckling for a composite
plate under pure shear. The figures show very similar trends to those for the plate under
combined loading with the deflection increasing rapidly up to a certain point and then levelling
off. In the pure shear case, this happens at 4 half-wavelengths instead of the 3 found for the
combined loading case. However, the increase in execution time between 4 and 5 half-
wavelengths remains linear even though the increase in accuracy is quite small . From a
prebuckling point of view, the fifth half-wavelength still makes a 3% contribution to the
buckling mode (calculated from VICONOPT) and is therefore worth taking into account. This
will be increasingly true as we move further along the postbuckling path and the contributions
of each of the half-wavelengths will change with higher half-wavelengths making a higher
contribution due to mode changes. Hence composite plates under pure shear require five out-

of-plane half-wavelengths.

For unbalanced and unsymmetric composite plates where critical buckling has é = 0or 0 <
¢ <1, and the current analysis is only capable of analysing one cycle of postbuckling,

recommendations on the required number of half-wavelengths cannot currently be made.
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6.2. Number of nodes/strips

The number of nodes/strips is another important parameter which needs to be determined
before analysis. Similar to the number of half-wavelengths, it influences the computational
efficiency, see Equation 6.1, and accuracy. Observing Equations 4.13 and 4.38, the width of
the strip determines the spacing of finite difference approximations between nodes. Decreasing
the width of a strip, i.e. increasing the number of nodes, results in larger s and f matrices
affecting the governing equilibrium equations, see Equations 4.46 and 4.47. Further influence
on solutions, however, is hard to quantify based on explicit expressions. The number of strips
required therefore, needs to be based on modelling experience.

0.000785
0.00078
0.000775
0.00077

0.000765

Max out-of-displacement(m)

0.00076
4 6 8 10 12 14 16 18 20 22

Number of strips

Figure 6.5. Max out-of-plane deflections calculated based on 3 half-wavelengths for a
composite plate under combined loading, divided into different numbers of strips
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Figure 6.6. Execution time of 3 half-wavelengths for a composite plate under combined
loading, divided into different numbers of strips

Figures 6.5 and 6.6 present curves of displacement and execution times against number of strips
for a composite plate under combined load. As the exact solution of such a plate is around 0.78
mm, see Figure 6.1, the closest solution to this is when the plate is divided into 10 strips. Figure
6.5 shows that as the number of strips increases, the solutions converge on a value of 0.76 mm.
Dividing the plate into more than 10 strips however changes the solution slightly at the cost of
increased execution time, see Figure 6.6. For plates divided into less than 10 strips, the curve
of the deflection against number of strips indicates that they are still unstable. Therefore 10
strips are found to be more than adequate to obtain the required accuracy and to represent
postbuckling modes while retaining a comparably good efficiency. For other types of
composite plates or under other loading conditions, 10 strips are also selected as the number of
strips.
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6.3. The ratio of linear strain increment a and the number

of cycles

As described in Chapter 5, the increments along the postbuckling path are determined by an
applied linear strain, defined by a ratio a. At each postbuckling equilibrium state, out-of-plane
deflections are converged on the corresponding linear strain along which the in-plane
displacements are found. The number of iterations required to converge on the equilibrium
state is largely governed by the strain increment. If the increment is large, more iterations are
required to converge and vice versa. An appropriate increment ratio o increases the
computational efficiency and avoids convergence issues. Tests have shown that for composite
plates under compression and combined loading, a 10% increment can achieve an average of
two iterations to converge for all cycles (detailed solutions can be found in Chapter 7). 10% is,
therefore, considered a suitable value for these types of loading. A similar investigation for
pure shear has shown that 10% is too large for such cases to converge as the mode changes are
more significant than for combined loading. A 5% stain increment ratio however has been
found to be suitable for analysing such cases. Multiplying by the strain increment ratio, the
number of cycles results in the farthest point of the postbuckling equilibrium state. It provides

an option for researchers to select the range of the postbuckling regime.

6.4. The tolerance for Newton iteration scheme g

The modified Newton iteration scheme is developed to find out-of-plane displacements at
certain applied strains, see Chapter 5. It uses the previous cycle’s deflection as a trial value and
accounts for changes in postbuckling stiffness to find the required adjustments to the
displacements. Convergence is achieved when the difference between the maximum of the
displacement adjustments d* and the maximum of the previous displacements D is small
enough as described in Chapter 5. Now bringing equation 5.1 here, this is assumed to occur

when the criterion below is met.
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[max(d*)-max (D)|
max (D)

<p ...(6.2)

where g is a small positive number (8 «< 0), d* and D, are the out-of-plane displacement

adjustments and out-of-plane displacements from the previous iteration respectively.

B is a parameter that can be pre-set and has a default value of 0.1%. This value has been found

to be small enough to converge on acceptable solutions with no convergence problems.

6.5. Conclusions

Similar to commercial simulation software, application of the coupled wavelength
postbuckling analysis in this thesis requires a number of parameters to be selected when
modelling. This chapter investigates the sensitivity of the results obtained to four parameters
that have the potential to significantly affect accuracy and computational efficiency. The key

findings are as follows.

The number of out-of-plane half-wavelengths is the most crucial parameter that affects the in-
plane half-wavelengths and further decides the size of the governing equilibrium equations.
For three values of &, it has been found that the influence of out-of-plane half-wavelengths is
different. Investigations based on both explicit expressions and modelling experience are
described in section 6.1. For plates under any in-plane loading other than pure shear, three out-
of-plane half-wavelengths can achive more than 99% accuracy without losing too much
computational efficiency. For plates under pure shear, the optimal choice is increased to five

out-of-plane half-wavelengths.

The number of strips that plates are divided by is equivalent to mesh size in finite element
analysis. A similar analysis to that for the number of half-wavelengths has been conducted and

found 10 strips to be adequate for the load cases tested.
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For the ratio of constant strain increment, 10% allows the solution to reach to the late stages of
postbuckling at fastest rate without losing accuracy for non-pure shear plates while for plates

under pure shear, since it is found that 10% would sometimes fail to converge, 5% is chosen.

Finally, 0.1% is selected as the tolerance for the Newton iteration scheme and no convergence

problems are found.
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A study of sensitivity to parameter choices for the coupled wavelength postbuckling analysis
was presented in chapter 6. CWPAN is capable of analysing the postbuckling behaviour of a
wide range of composite plates with the desired speed and accuracy by adjusting predefined
parameters, providing information on out-of-plane displacement, in-plane stress and strain
distributions. In this chapter results for a number of illustrative cases are presented and
validated against those obtained using the finite element analysis ABAQUS based on the Riks
method. By comparing to the results obtained using the Riks method a deeper understanding
of the capabilities and postbuckling behaviours of CWPAN can be gained. The chapter is
organized as follows: Section 7.1 presents the problem definition for an isotropic plate under
combined loading, Section 7.2 presents the solutions for such a plate and demonstrates the
method’s capability in terms of analysing various boundary conditions. Section 7.3 presents
the modelling of symmetric and balanced composites plates under compression and validates
the results obtained using FEA. Sections 7.4 and 7.5 solve the case of a composite plate under
combined loading and pure shear respectively, which are again compared with results obtained
from FEA. Section 7.6 illustrates the method’s capability to analyse more general cases such
as unsymmetric and unbalanced laminated composite. Section 7.7 presents the computational
efficiency of the method for a range of typical composite plates. Section 7.8 concludes the

chapter.

7.1. Overview

Chapters 4 and 5 presented CWPAN in which the buckling mode is represented by a series of
sinusoidal terms with any predefined half-wavelengths. By combining different half-
wavelengths to achieve the required mode shape, as in the VICON analysis, CWPAN is able
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to analyse modes which are skewed due to anisotropy or shear loading. In this chapter, both
isotropic and composite plates involving these skewed mode shapes are modelled and analysed
using CWPAN. To compare different materials and loading conditions, all models have the
same geometry - square plates with edge length 300mm, thickness 2mm, as shown in Figure
7.1.

Longitudinal boundary conditions
Thickness of 2mm

| Possible shear load

—

Possible compressive load and ||
shear load

Possible compressive load and
shear load

Total width 300mm < 1
o 10 strips/11 nodes

¥ i

Total length 300mm
Possible shear load
Longitudinal boundary conditions

Figure 7.1.The CWPAN model: in-plane boundary conditions and loading conditions

Cases studied include isotropic plates, balanced symmetric composites, unbalanced symmetric
composites and unbalanced unsymmetric composites, with each tested under three different in-
plane longitudinal boundary conditions - free edges, straight edges and fixed edges, see Section
4.6. Focusing on cases where skewing is present, isotropic plates under compression and shear,
composite plates under compression, composite plates under pure shear and unbalanced
symmetric and unbalanced unsymmetric laminated composites are modelled and analysed in

this chapter.

Before starting the analysis, as mentioned in the previous chapter, a number of parameters must
be decided upon in order to ensure the optimum accuracy and speed. First is the number of half
wavelengths to be used. All analysis is with & = 1 in VICON as it is adequate for most of the
cases, and other choices of ¢ are explained in the section 7.5. Three half-wavelengths are
therefore selected for out-of-plane displacements which are 1/(1,3,5), the justification for such
choices being explained in Section 6.1. The in-plane displacements are represented by
1/(0,1,2,3,4,5,6,8,10). Next is the number of strips in the model. Here 10 strips (11 nodes) are
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considered to be sufficient for this size of plate. The ratio of the increment of end shortening
strain is chosen as 10%, noting here that for the case of a plate under pure shear this is changed
to 5% since 10% may not sufficiently capture the changing buckling modes and fail to
converge. Finally 10 cycles and 0.1% are chosen as the number of cycles and the tolerance in
the modified Newton iteration scheme. Detailed discussion regarding such choices is presented
in Chapter 6.

All models are run in VICONOPT first to obtain the initial buckling mode to be used in the
first iteration of the first cycle in the postbuckling analysis. In VICONOPT, the plate is
modelled with the same boundary conditions as the postbuckling analysis to ensure consistency

on both transverse and longitudinal edges.

7.2. lsotropic plate under combined loading

In this section, an isotropic plate under combined compression and shear loading is modelled
to investigate the slightly skewed postbuckling mode. The material properties are Young’s
modulus E = 110 kNmm™2 and Poisson's ratio v = 0.3. Initial buckling is attained assuming
a ratio of 50% between the shear and longitudinal stress resultants, followed by postbuckling
analysis in which there is a constant ratio between the applied shear and longitudinal strains.
The plate is simply supported (restricting out of plane displacement) along all four edges with
three different in-plane boundary conditions applied along its longitudinal edges, see Figure
7.2.
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In-plane boundary conditions
0.5*P shear load
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Figure 7.2. Load and boundary conditions for isotropic plate under combined load

VICON analyses are run first to extract the critical buckling modes, critical buckling loads and
end shortening strains. For the case of in-plane free edges, the end shortening compressive and

shear strains can be pre-determined by the ratio « as;

Cycle 0 1 2 3 19 20

& 1.57E-4 | -1.72E-4 | -1.88E-4 | -2.04E-4 | --- | -4.55E-4 | -4.71E-4

Yay 2.04E-4 | -2.24E-4 | -2.45E-4 | -2.65E-4 | --- |-5.92E-4 | -6.13E-4
Normalized 1 1.1 12 13 2.9 3

Table 7.1. End shortening strains at postbuckling cycles, 0 indicates critical buckling point

For each postbuckling cycle, in-plane displacements u and v are obtained directly by solving
the equilibrium equations. Then distributions of strains and stresses can be tabulated and

plotted to observe their progression.
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Terms
Nodd co Cc1|s1 C2 S2 Cc3 | S3 ca S4 C5 | S5 c6 S6 c8 S8 C10 S10

1 0 0 | O |-630E-22 | -1.34E-21 | O | O | 2.06E-23 | -1.27E-23 | O | O | -1.74E-23 | 3.00E-24 | 9.08E-26 | 1.04E-24 | -1.71E-27 | -1.00E-26
2 -6.966-07 | 0 | O | 5.22E-07 | -9.43E07 | O | O | 4.30E-07 | -1.82E-08 | O | O | 6.08E-08 | 2.76E-08 | -1.46E-09 | 1.69E-08 | -2.46E-10 | 2.15E-09
3 -1.156-06 | 0 | O | 7.38E-07 | -3.11E06 | O | O | 1.21E-06 | 5.10E-08 | O | O | 1.57E-07 | 7.53E-08 | -7.51E-09 | 3.35E-08 | -6.45E-10 | 3.77E-09
4 -1.13E-06 | 0 | O | 7.37E-07 | -5.92E-06 | O | O | 1.53E-06 | 2.79E-07 | O | O | 1.70E-07 | 6.52E-08 | -9.43E-09 | 2.52E-08 | -4.46E-10 | 2.69E-09
5 -6.76E-07 | 0 | O | 4.71E-07 | -8.24E-06 | O | O | 1.04E-06 | 4.98E-07 | O | O | 1.07E-07 | 1.47E-08 | -5.64E-09 | 7.38E-09 | -8.37E-11 | 8.03E-10
6 -7.60E-12 | 0 | O | 6.27E-12 | -9.14E06 | O | O | 7.72E-12 | 5.80E-07 | O | O | 8.84E-14 | -1.26E-08 | -3.15E-14 | -9.43E-10 | -7.11E-16 | -4.35E-11
7 6.76E-07 | O | O | -4.71E-07 | -8.24E-06 | O | O | -1.04E-06 | 4.98E-07 | O | O | -1.07E-07 | 1.47E-08 | 5.64E-09 | 7.38E-09 | 8.38E-11 | 8.03E-10
8 1.13E-06 | O | O | -7.37E-07 | -5.92E-06 | O | O | -1.53E-06 | 2.79E-07 | O | O | -1.70E-07 | 6.52E-08 | 9.43E-09 | 2.52E-08 | 4.46E-10 | 2.69E-09
9 1.156-06 | O | O | -7.38E-07 | -3.11E-06 | O | O | -1.21E-06 | 5.10E-08 | O | O | -1.57E-07 | 7.53E-08 | 7.51E-09 | 3.35E-08 | 6.45E-10 | 3.77E-09
10 6.96E07 | O | O | -5.22E-07 | -9.43E07 | O | O | -4.30E-07 | -1.82E-08 | O | O | -6.086-08 | 2.76E-08 | 1.46E-09 | 1.69E-08 | 2.46E-10 | 2.15E-09
11 0 0 | 0| -6.44E-21 | -5.07E-21 | 0 | O | -8.09E-22 | -1.41E-21 | O | O | -6.46E-23 | 3.97E-22 | 6.79E-23 | 3.01E-23 | 4.78E-25 | 7.44E-24

Table 7.2. Amplitudes of nodal in-plane displacement u from CWPAN for an isotropic plate under
compression and shear with in-plane free edges at cycle 10
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Terms

Node co Cl1| s1 Cc2 S2 C3 | S3 c4 S4 C5 | S5 C6 S6 C8 S8 C10 S10
1 2.12E-05 0 0 | -7.22E-06 | 2.27E-07 0 0 | -4.54E-08 | -4.29E-07 | O 0 3.01E-09 | -1.65E-08 | 5.64E-09 | -2.12E-09 | 5.29E-10 | -1.85E-10
2 1.47E-05 0 0 | -1.43E-06 | -2.49E-06 | O 0 9.35E-08 5.36E-07 0 0 | -3.61E-08 | 1.89E-07 | -1.48E-08 | -3.33E-09 | -1.32E-09 | -2.76E-10
3 9.12E-06 0 0 2.54E-06 | -3.39E-06 | O 0 | -7.02E-08 | 8.03E-07 0 0 | -2.74E-08 | 2.06E-07 | -3.31E-09 | -3.81E-09 | -7.33E-11 | -6.03E-11
4 4.88E-06 0 0 3.89E-06 | -2.71E-06 | O 0 | -2.38E-07 | 4.52E-07 0 0 6.23E-09 1.26E-07 | 8.34E-09 | -8.60E-10 | 7.08E-10 1.39E-10
5 2.02E-06 0 0 2.70E-06 | -1.62E-06 | O 0 | -1.98E-07 | -3.95E-08 | O 0 1.77eE-08 | 4.57E-08 | 8.09E-09 1.03E-09 5.86E-10 5.87E-11
6 0 0 0 | -9.20E-12 | -1.13E-06 | O 0 | -2.77E-12 | -2.52E-07 | O 0 3.47E-13 1.41E-08 | 4.96E-14 1.27E-09 1.37E-15 | -3.88E-11
7 -2.02E-06 | O 0 | -2.70E-06 | -1.62E-06 | O 0 1.98E-07 | -3.95E-08 | O 0 | -1.77E-08 | 4.57E-08 | -8.09E-09 | 1.03E-09 | -5.86E-10 | 5.87E-11
8 -4.88E-06 | O 0 | -3.89E-06 | -2.71E-06 | O 0 2.38E-07 | 4.52E-07 0 0 | -6.23E-09 | 1.26E-07 | -8.34E-09 | -8.60E-10 | -7.08E-10 | 1.39E-10
9 -9.12E-06 | O 0 | -2.54E-06 | -3.39E-06 | O 0 7.02E-08 | 8.03E-07 0 0 2.74E-08 2.06E-07 3.31E-09 | -3.81E-09 | 7.33E-11 | -6.03E-11
10 -1.47E-05 | O 0 1.43E-06 | -2.49E-06 | O 0 | -9.35E-08 | 5.36E-07 0 0 3.61E-08 1.89E-07 1.48E-08 | -3.33E-09 | 1.32E-09 | -2.76E-10
11 -2.12E-05 | O 0 7.22E-06 2.27E-07 0 0 4.53E-08 | -4.29E-07 | O 0 | -3.01E-09 | -1.65E-08 | -5.64E-09 | -2.12E-09 | -5.29E-10 | -1.85E-10

Table 7.3.Amplitudes of nodal in-plane displacement v from CWPAN for an isotropic plate under compression
and shear with in-plane free edges at cycle 10
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Terms Terms
Node C1 S1 c3 c3 c5 S5 Node Cc1 S1 c3 S3 c5 S5
1 -0.00453 | -0.02973 | 0.003613 | 2.67E-05 | 0.000673 | 2.42E-05 1 -0.00453 | -0.02973 | 0.003613 | 2.67E-05 | 0.000673 | 2.42E-05
2 -0.00299 | -0.02854 | 0.002598 | 0.000349 | 0.000419 | 4.48E-05 2 -0.00299 | -0.02854 | 0.002598 | 0.000349 | 0.000419 | 4.48E-05
3 -0.00055 | -0.02454 | 0.000534 | 0.000578 | 1.07E-05 1.04E-05 3 -0.00055 | -0.02454 | 0.000534 | 0.000578 | 1.07E-05 | 1.04E-05
4 0.001509 | -0.01787 | -0.00125 | 0.000486 | -0.00023 | -2.75E-05 4 0.001509 | -0.01787 | -0.00125 | 0.000486 | -0.00023 | -2.75E-05
5 0.002724 | -0.00937 | -0.00234 | 0.000244 | -0.00035 | -3.16E-05 5 0.002724 | -0.00937 | -0.00234 | 0.000244 | -0.00035 | -3.16E-05
6 0.003112 | -2.83E-08 | -0.00269 | 2.48E-08 | -0.00038 | 3.13E-09 6 0.003112 | -2.83E-08 | -0.00269 | 2.48E-08 | -0.00038 | 3.13E-09
7 0.002724 | 0.009371 | -0.00234 | -0.00024 | -0.00035 3.16E-05 7 0.002724 | 0.009371 | -0.00234 | -0.00024 | -0.00035 | 3.16E-05
8 0.001509 | 0.017868 | -0.00125 | -0.00049 | -0.00023 2.75E-05 8 0.001509 | 0.017868 | -0.00125 | -0.00049 | -0.00023 | 2.75E-05
9 -0.00055 | 0.024539 | 0.000534 | -0.00058 | 1.07E-05 | -1.04E-05 9 -0.00055 | 0.024539 | 0.000534 | -0.00058 | 1.07E-05 | -1.04E-05
10 -0.00299 | 0.028541 | 0.002598 | -0.00035 | 0.000419 | -4.48E-05 10 -0.00299 | 0.028541 | 0.002598 | -0.00035 | 0.000419 | -4.48E-05
11 -0.00453 | 0.029733 | 0.003613 | -2.68E-05 | 0.000673 | -2.42E-05 11 -0.00453 | 0.029733 | 0.003613 | -2.68E-05 | 0.000673 | -2.42E-05

Table 7.4. Amplitudes of nodal out-plane displacement w (left) and rotation ¢ (right) by Newton iteration scheme for an
isotropic plate under compression and shear with in-plane free edges at cycle 10
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As shown in Tables 7.2 and 7.3, the solutions obtained by solving the equilibrium equations
correspond to nine half-wavelengths with both real (cosine) and imaginary (sine) parts . It can
be seen that the results for both u and v are perfectly antisymmetric in the transverse direction.
This is because whilst both the geometry and material are symmetric, the loading condition is
antisymmetric leading to an antisymmetric solution. Another observation is that the amplitudes
of the sinusoidal terms decrease as the half-wavelength increases, with the amplitude of the
I/10 term being approximately 0.1% of that of the I/1 one. The contributions of the 1/10 term
for the buckling mode are therefore insignificant, which means that its existence only slows
down the calculations. However, it cannot be simply be neglected since the half-wavelength
1/10 for the in-plane displacements is calculated from the half-wavelength 1/5 for the out-of-
plane displacements 1/(5+5), and 1/5 makes a contribution to the out-of-plane displacements
which cannot be ignored, see Table 7.4.
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Figure 7.3. Contour plots of (a) out-of-plane displacements w(m); (b) in-plane displacements
u(m); (c) in-plane displacements v(m); (d) strain ,; (e) strain ¢,,; (f) strain y,,,; (g) stress
resultant N,; (h) stress resultant N,,(N/m); (i) stress resultant N,,,(N/m), under compression
and shear with free in-plane edge conditions, at cycle 10 (200% of initial end shortening strain)
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After obtaining the displacements u and v by solving the in-plane equilibrium equations,
stresses and strain can be calculated trigonometrically. To present the solutions visually, the
trigonometric terms are required to be transformed to actual values at specific locations. Figure
7.3 illustrates the converged solutions for CWPAN at cycle 10. It is worth noting that in Figure
7.3 (b) and (c), the contours only plot the variations in the displacements, with the linear terms
of Equation 4.2 excluded since they are very large compared to the variations which hence
would be obscured. It can be seen that the contour plots are all skewed in the direction of the
shear load and antisymmetric due to the antisymmetric solutions of the in-plane displacements.
Figure 7.4 presents the postbuckling load paths for both compression and shear from cycle 1
to cycle 20. The path of the compression applied at the transverse edges increments in an
approximately quadratic manner. On the other hand, the shear loading is approximately linear.
Another observation is that the compression path decreases at a strain of about 4e-4, i.e. around
cycles 19 and 20. This is because, from Figures 7.5 and 7.6, the equivalent stress resultants
redistribute at every cycle, with the stress in the middle strip starting to become negative at this
point resulting in a decrease in the total load for the whole plate. Figure 7.7 shows the stress
resultant path for each strip, from which it can be seen that strips 6-10 are symmetric to strips
1-5, where the dashed line represents the stress resultants at the critical buckling point. It can
also be seen that the nearer the strips are to the edges, the more the stress increases. In the
middle strips 5 and 6, the stress resultants decrease instead of increasing. Figure 7.6 shows the
shear stress resultants at each postbuckling cycle.

The reason for the approximately linear increments in the shear in Figure 7.4 can be concluded
from Figures 7.6 and 7.8, where the equivalent shear stress on each strip increases linearly.
From a structural point of view, shear stress does not have the same effect of stress
redistribution as occurs with longitudinal stress. Figure 7.9 presents the progressive out-of-

plane deflection at each cycle obtained using the modified Newton iteration scheme.
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Figure 7.5 Equivalent uniform longitudinal stress at strip vs normalized end shortening
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Figure 7.6. Equivalent uniform shear stress at strip vs normalized end shortening strains
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Cycle 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Stripl 37756 | 40925 | 44089 | 47245 | 50395 | 53538 | 56667 | 59788 | 62900 | 65997 | 69082 | 72145 | 75186 | 78210 | 81207 | 84173 | 87109 | 90013 | 92910 | 95817
Strip2 36864 | 39127 | 41376 | 43597 | 45796 | 47971 | 50099 | 52200 | 54274 | 56300 | 58285 | 60195 | 62028 | 63811 | 65504 | 67095 | 68586 | 69978 | 71375 | 72848
Strip3 35513 | 36415 | 37295 | 38132 | 38935 | 39707 | 40398 | 41059 | 41688 | 42252 | 42766 | 43168 | 43462 | 43712 | 43850 | 43865 | 43779 | 43615 | 43596 | 43852
Strip4 34174 | 33734 | 33274 | 32765 | 32222 | 31652 | 30983 | 30297 | 29594 | 28828 | 28030 | 27113 | 26092 | 25079 | 23985 | 22821 | 21656 | 20583 | 19976 | 19991
Strip5 33350 | 32087 | 30808 | 29478 | 28117 | 26733 | 25239 | 23734 | 22219 | 20639 | 19027 | 17276 | 15394 | 13512 | 11491 9288 6844 3780 -714 -7465
Strip6 33350 | 32087 | 30808 | 29478 | 28117 | 26733 | 25239 | 23734 | 22219 | 20639 | 19027 | 17276 | 15394 | 13512 | 11491 9288 6844 3781 -714 -7472
Stfip? 34174 | 33734 | 33274 | 32765 | 32222 | 31652 | 30983 | 30297 | 29594 | 28828 | 28030 | 27113 | 26092 | 25079 | 23984 | 22821 | 21657 | 20584 | 19978 | 19990
Strip8 35513 | 36415 | 37295 | 38132 | 38935 | 39707 | 40398 | 41059 | 41688 | 42252 | 42766 | 43168 | 43461 | 43712 | 43848 | 43865 | 43780 | 43617 | 43600 | 43864
Strip9 36864 | 39127 | 41376 | 43597 | 45796 | 47971 | 50099 | 52200 | 54274 | 56300 | 58285 | 60195 | 62028 | 63810 | 65502 | 67095 | 68586 | 69979 | 71378 | 72852
Strip 10 37756 | 40925 | 44089 | 47245 | 50395 | 53538 | 56667 | 59788 | 62900 | 65997 | 69082 | 72145 | 75186 | 78210 | 81207 | 84173 | 87109 | 90013 | 92910 | 95816

Figure 7.7. Equivalent uniform stress distribution at each postbuckling cycle
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Strlp2 19126 | 21007 | 22931 | 24897 | 26904 | 28952 | 31047 | 33186 | 35372 | 37612 | 39909 | 42273 | 44710 | 47224 | 49829 | 52535 | 55352 | 58270 | 61209 | 64073

Str|p3 19124 | 20991 | 22892 | 24827 | 26798 | 28807 | 30857 | 32950 | 35089 | 37280 | 39529 | 41844 | 44233 | 46701 | 49264 | 51932 | 54718 | 57615 | 60546 | 63415

St”p4 19122 | 20981 | 22869 | 24786 | 26737 | 28721 | 30746 | 32812 | 34922 | 37085 | 39304 | 41589 | 43947 | 46386 | 48919 | 51559 | 54318 | 57190 | 60106 | 62968
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Str|p9 19126 | 21007 | 22931 | 24897 | 26904 | 28952 | 31047 | 33186 | 35372 | 37612 | 39909 | 42273 | 44710 | 47224 | 49829 | 52535 | 55352 | 58270 | 61209 | 64072

Strlp 10 19141 | 21058 | 23033 | 25064 | 27146 | 29278 | 31465 | 33703 | 35993 | 38343 | 40752 | 43236 | 45797 | 48435 | 51167 | 54002 | 56945 | 59988 | 63038 | 65999

Figure 7.8 Equivalent uniform shear stress distribution at each postbuckling cycle
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Figure 7.9. Contour plots of out-of-plane displacements at cycles 1 to 20, showing the
progressive buckling mode.

If the boundary conditions in the longitudinal direction are changed to either fixed or straight
edges, the v displacement contours are affected whilst the u displacements contours merely
change shape. Figure 7.10 presents the v contour for each boundary condition at cycle 10. The
plate with fixed edges is seen to have quite a different displacement distribution with two
skewed contours and zero displacement along the longitudinal edges. For the straight edges
plate, the v displacements at the edges are constant and the contours are in between those for

the free and fixed edge plates.
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Figures 7.11 and 7.12 show the equivalent uniform longitudinal stresses distributions from
cycles 1 to 20 for plates with straight and fixed edges respectively. For the plate with straight
edges, it can be seen that the stress resultants are all positive due to the Poisson effect. For the
fixed edge plate, the stress resultants for each of the cycles show a much lower level of
redistribution with no interaction occurring due to there being less difference between the
stresses nearer the edge and in the middle. Another effect of changing the longitudinal v
boundary conditions is that introducing constraint results in stresses N,, on the longitudinal
boundaries which are zero for free and straight edges, see Figure 7.13. Figure 7.14 presents the
load paths for each of the boundary conditions.
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Figure 7.10. v displacement contour plots (m) from (a) free edges, (b) fixed edges and (c)
straight edges

117



Chapter 7

100000

Shear Stress Resultant N, (N/m)

80000
N

60000

40000 |-

20000 |

y P o O

I

Cyclel
Cycle2
Cycle3
Cycle4d
Cycle5
Cycle6
Cycle7
Cycle8
Cycle9
Cyclel0
Cyclell
Cyclel2
Cyclel3
Cyclel4
Cyclel5
Cyclel6
Cyclel7
Cyclel8
Cyclel9
Cycle20

0.05

0.10

Plate Width(m)

0.15

0.30

Cycle

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

Strip 1

37771

40956

44136

47309

50476

53637

56786

59933

63066

66187

69297

72389

75470

78531

81571

84586

87577

90540

93459

96354

Strip 2

36929

39260

41576

43869

46141

48393

50601

52807

54964

57080

59160

61175

63155

65066

66904

68659

70333

71911

73340

74699

Strip 3

35654

36700

37727

38715

39672

40602

41457

42326

43114

43842

44525

45105

45652

46103

46453

46698

46850

46895

46749

46589

Strip 4

34389

34168

33929

33646

33332

32994

32564

32178

31696

31153

30576

29885

29190

28403

27529

26568

25560

24505

23306

22285

Strip 5

33611

32612

31599

30541

29454

28347

27138

25993

24742

23427

22082

20606

19130

17542

15836

13996

12033

9878

7198

4038

Strip 6

33611

32612

31599

30541

29454

28347

27138

25993

24742

23427

22082

20606

19130

17542

15836

13996

12033

9878

7199

4040

Strip 7

34389

34168

33929

33646

33332

32994

32564

32178

31696

31153

30576

29885

29190

28403

27529

26568

25561

24506

23308

22289

Strip 8

35654

36700

37727

38715

39672

40602

41457

42326

43114

43842

44524

45105

45651

46102

46453

46698

46851

46897

46751

46594

Strip 9

36929

39260

41576

43869

46141

48393

50601

52807

54964

57080

59160

61175

63154

65066

66904

68659

70333

71911

73342

74702

Strip 10

37771

40956

44136

47309

50476

53637

56786

59933

63066

66187

69297

72389

75470

78531

81571

84586

87578

90540

93459

96355

Figure 7.11. Uniform longitudinal stress distribution at each postbuckling cycle for in-plane longitudinal straight edges
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Figure 7.12. Equivalent uniform longitudinal stress distribution at each postbuckling cycle for in-plane longitudinal fixed edges
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Cycle 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Stripl 5889 5030 4155 3273 2391 1499 601 -321 -1249 | -2220 | -3176 | -4109 | -5103 -6111 | -7109 | -8177 -9234 -10294 | -11410 | -12526
Strip2 5709 4780 3834 2880 1927 964 -7 -1001 -2003 -3049 | -4079 | -5085 -6154 | -7238 | -8312 -9457 | -10591 | -11727 | -12922 | -14116
Strip3 5785 4887 3971 3048 2125 1192 251 -714 -1687 | -2705 -3708 | -4689 | -5733 -6794 | -7847 | -8972 | -10089 | -11211 | -12394 | -13579
Strip4 5865 4998 4114 3222 2332 1431 523 -409 -1347 | -2330 | -3298 | -4244 | -5252 -6276 | -7292 -8378 -9456 -10540 | -11682 | -12827
Strip5 5915 5067 4203 3331 2461 1580 692 -219 -1136 | -2097 | -3043 -3966 | -4950 | -5949 | -6940 | -8000 -9050 -10105 | -11217 | -12330
Strip6 5915 5067 4203 3331 2461 1580 692 -219 -1136 | -2097 | -3043 -3966 | -4950 | -5950 | -6940 | -8000 -9050 -10105 | -11217 | -12330
Strip? 5865 4998 4114 3222 2332 1431 523 -409 -1347 | -2330 | -3298 | -4244 | -5252 -6276 | -7292 -8378 -9456 -10540 | -11682 | -12827
Strip8 5785 4887 3971 3048 2125 1192 251 -714 -1687 | -2705 -3708 | -4689 | -5733 -6794 | -7847 | -8972 | -10089 | -11211 | -12394 | -13580
Strip9 5709 4780 3834 2880 1927 964 -7 -1001 -2003 -3049 | -4079 | -5084 | -6154 | -7237 | -8311 -9456 | -10590 | -11728 | -12923 | -14117
Strip 10 5889 5030 4155 3273 2391 1499 601 -320 -1249 | -2220 | -3176 | -4109 | -5103 -6111 | -7109 | -8176 -9233 -10294 | -11410 | -12527

Figure 7.13. Equivalent uniform transverse stress distribution N,, at each postbuckling cycle for in-plane longitudinal fixed edges
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Figure 7.14. Postbuckling load paths for all boundary conditions for metal plate

7.3. Composites loaded in compression

In this section, to illustrate the capability of CWPAN in analysing composite plates under shear
loading, a square plate with the same dimensions as the plate in the last section but
manufactured from composite is modelled. The properties of the material are taken from Zhang
(2018): E;; = 131kNmm™2, E,, = 13kNmm™2, Gy, = Gy3 = Gy3 = 6.41kNmm™2, v;, =
0.38. The plate consists of 16 plies with a ply thickness of 0.125mm a layup of
[0/0/+45/0/—-45/0/90/90/90/90/0/—45/0/+45/0/0] , see Figure 7.15. (This
orientation is utilized by the models in all balanced and symmetric cases). This layup is
balanced and symmetric resulting in Ais = A2 = 0, a zero B-stiffness matrix with no extension
bending or shear extension coupling. The membrane stiffness matrices of the laminates are as

follows
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A-Stiffness Matrix (Nm™) D-Stiffness Matrix (Nm)
1.6222x108 | 2.3827x10’ 0 72.778 7.9425 2.1044
2.3827x10" | 1.0236x108 0 7.4974 15415 2.1044

0 0 2.6624x107 2.1044 2.1044 8.8746

Table 7.5. Laminate stiffness of balanced and symmetric laminates

Figure 7.15 Laminate orientation example

To validate CWPAN the critical buckling and postbuckling behaviour are compared with those
from ABAQUS/Standard (ABAQUS 2014). The plate is modelled with 400 S4R 4-node
general-purpose shell elements, with reduced integration and hourglass control, and three
integration points through the thickness of each ply. For a 16 ply composite plate this
corresponds to 48 integration points in total, with strains and stress resultants at the mid surface
at integration point 24 (or 25 since these are coincident). A linear buckling perturbation is
utilised to find the eigenvalues with the mode corresponding to the lowest positive eigenvalue
selected to predict the postbuckling mode. Subsequently, the Riks method with a 0.01 curvature
increment is chosen to perform a non-linear postbuckling analysis. The Riks method allows
geometrically nonlinear static problems including buckling or collapse where the load-
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displacement response shows a negative stiffness, and the structure must release strain energy
to remain in equilibrium, to be solved. It is therefore particularly suitable for nonlinear,

potentially unstable problems such as postbuckling.

The model is analysed for the same three boundary conditions described in Section 7.1.
However, to enable comparison with the improved exact strip method (Che, 2012), only free
edges are presented here since this method is restricted to free edges only. Since CWPAN is
controlled by end shortening strains which are increased by a at each postbuckling cycle, the
FEA loading is controlled by displacements to provide the best comparison with CWPAN. This
is achieved by applying equation constraints to the two loaded edges.
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Figure 7.16. Contour plots of displacements (m) at cycle 8 of the composite plate under
compression: (a) out-of-plane w, CWPAN (b) out-of-plane w, ABAQUS (c) in-plane u,
CWPAN (d) in-plane u, ABAQUS (e) in-plane v, CWPAN (f) in-plane v, ABAQUS
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Figure 7.17. Contour plots of stress resultants N, at cycle 8 of composite plate under
compression (N/m): (a) series solution (b) improved exact strip method (Zhang, 2018) (c)
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Figure 7.18. Contour plots of stress resultants N,, at cycle 8 of the composite plate under
compression (N/m): (a) series solution (b) improved exact strip method (Zhang 2018) (c)
ABAQUS solution
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Figure 7.19. Normalized applied compressive load(P/P,,) vs non-dimensional maximum
deflection w/h

w/h 0.0235 | 0.0328 | 0.0402 | 0.0464 | 0.0519 | 0.0569 | 0.0614 | 0.0657 | 0.0696 | 0.0734

VPA 1.0327 | 1.0651 | 1.0956 | 1.1256 | 1.1557 | 1.1846 | 1.2149 | 1.2435 | 1.2728 | 1.3020

ABAQUS | 1.0282 | 1.0503 | 1.0725 | 1.0944 | 1.1156 | 1.1368 | 1.1648 | 1.1782 | 1.1995 | 1.2204

Relative
0.0044 | 0.0140 | 0.0215 | 0.0285 | 0.0358 | 0.0419 | 0.0430 | 0.0554 | 0.0610 | 0.0668

difference

Table 7.6. Normalized deflections from CWPAN and ABAQUS
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Figure 7.16 compares contour plots of in-plane and out-of-plane displacements from CWPAN
and FEA at cycle 8. A good agreement can be seen both in shape and values. Figures 7.17 and
7.18 compare contour plots of strain and stress resultants from CWPAN, improved exact strip
method and finite element analysis at cycle 8 (1.8 times the critical buckling strain, chosen to
coincide with the example from Che (2010)). It can be seen that the mode skews slightly due
to the introduction of composite material resulting in bend twist coupling. The shape of the
plots will continue to be distorted as the applied load increases due to stress redistribution. One
observation is that CWPAN shows good agreement with the improved exact strip method (Che,
2010). As can be seen from the explicit expressions, the previous method represents the in-
plane buckling mode using five half-wavelengths while ten are used for CWPAN. CWPAN is,
therefore, closer to the actual solution. Since in this case, the level of anisotropy is small the
difference between the two methods is fairly negligible. For higher levels of anisotropy
however such as the introduction of shear load, the study of unbalanced laminate lay-ups or
later into the postbuckling period, CWPAN will show much closer agreement with the actual
solutions. Both methods show good agreement with ABAQUS although their contours are

more angular than ABAQUS close to transverse edges for N,. This is because the free

boundary conditions on the transverse edges in ABAQUS cannot easily be modelled due to the
resulting rigid body movement whilst the exact strip postbuckling analysis overcomes this by
adding point supports at longitudinal strips explained in Section 4.6. Figure 7.19 compares the
total load path from the CWPAN and FEA. The maximum error of 6.68% is found at the last

equilibrium point shown in the figure.

7.4. Composite loaded under combined load

In this section, a composite plate under combined shear and compression is modelled to
illustrate CWPAN’s ability to analyse a composite under shear loading. The geometry and
properties of the composite are the same as in the previous example whilst the load combines
compression with a shear load having half its magnitude at initial buckling, applied as described
in section 7.2 (see Figure 7.20). Again, only the results for in-plane fixed v displacements are
presented. (This orientation is utilized by all models in this thesis).
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Fixed v displacement boundary conditions
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Figure 7.20. Load and boundary conditions
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Figure 7.21. Combined loading case contour plots of: (a) out-of-plane displacement w (m) (b)
in-plane displacement u (m) (c) in-plane displacement v (m) (d) strain &, (e) strain g, (f)
strain y,,, (g) stress resultant N,, (N/m) (h) stress resultant N,, (N/m) (i) stress resultant
Ny, (N/m)

Figure 7.21 shows contour plots of displacements and stress and strain distributions for the
plate. The inclusion of shear loading, can be clearly observed to increase the level of skew.
This can be seen from the sinusoidal solutions to be due to the fact that the non-dominant (in-
plane half-wavelength O is considered to be the dominant term) terms contribute more when
compared to the compression only case. From a structural point of view, the shear loading will

bring antisymmetry into the structure resulting in skewed mode shapes also validating CWPAN.

One observation from Figure 7.21(b) is that displacements u are approximately linearly
distributed in both the longitudinal and transverse directions. This is caused by the constant
ratio between the applied end shortening and shear strains applied to the structure at each
postbuckling cycle, see Equation 4.2, while the non-linear parts of the displacements are caused
by postbuckling stiffness. Another observation from Figure 7.21(c) is that since in-plane
boundary conditions are only applied on the longitudinal edges, the distribution of v
displacements along these edges will clearly be different in this case than for other boundary
conditions. As shown in Figure 7.21(c), v displacements are zero at the longitudinal edges and
the two contours in the upper and lower halves of the plate move in opposite directions. Figure
7.22 presents the buckling and postbuckling longitudinal and shear stress paths for composites
under combined loading. It can been seen that at the beginning of the path, the ratio of shear to
compression is 0.5. This ratio increases when the path goes into the later stages due to the
assumptions of strain control in the postbuckling analysis. Another difference between the

different boundary conditions is in the stress redistributions at each cycle, see Figure 7.23. For
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the fixed boundary conditions considered here, stress resultants on the edge strips increase
more slowly than for ones under free boundary conditions whilst the stress resultants at the
middle strips hardly reduce.

8000
—— compression
7000} | — shear
6000 |-
Z s000}
o
e}
3 aooof
©
o
= 3000}
2000 |
1000 |-
0.80000 0.00005 0.00010 0.00015 0.00020 0.00025
End shortening
Cycle 0 1 2 3 4 5 6 7 8 9 10
Compression(N/ 397 | 414 | 431 | 448 | 465 | 482 | 499 | 516 | 532 | 549 | 565
m) 4 6 8 8 8 7 6 1 8 3 7
Shear(N/m) 198 | 218 | 238 | 258 | 279 | 299 | 319 | 339 | 360 | 380 | 401
7 7 8 9 1 3 5 8 2 6 0
Ratio 2 190 181|173 |167 161|156 |152 148|144 | 141

Figure 7.22 Postbuckling load paths and tabulation of shear and compression for a composite
plate under combined loading and in-plane fixed boundary conditions

The solution for the combined loading case illustrates the main difference between the arc
length method (Riks method), used in the finite element analysis, and CWPAN. The Riks
method is a numerical technique which converges on an equilibrium state by increasing the
applied load and displacements at the same time (Memon, 2004).
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Strip 1 | 14395 | 15542 | 16689 | 17834 | 18978 | 20122 | 21262 | 22403 | 23542 | 24680 | 25819 | 26954 | 28086 | 29217 | 30348 | 31473 | 32598 | 33728 | 34851 | 35968
Strip 2 | 14170 | 15092 | 16012 | 16927 | 17841 | 18754 | 19659 | 20565 | 21466 | 22364 | 23264 | 24155 | 25041 | 25923 | 26804 | 27671 | 28540 | 29418 | 30280 | 31129
Strip 3 | 13817 | 14388 | 14954 | 15514 | 16072 | 16630 | 17174 | 17722 | 18263 | 18799 | 19341 | 19869 | 20389 | 20904 | 21420 | 21914 | 22414 | 22932 | 23427 | 23899

Strlp 4 13465 | 13685 | 13901 | 14109 | 14316 | 14525 | 14716 | 14915 | 15105 | 15292 | 15488 | 15668 | 15839 | 16008 | 16179 | 16324 | 16480 | 16667 | 16824 | 16953
Strlp 5 13247 | 13252 | 13252 | 13244 | 13235 | 13230 | 13205 | 13191 | 13168 | 13142 | 13130 | 13100 | 13060 | 13019 | 12984 | 12919 | 12869 | 12859 | 12816 | 12741
Strlp 6 13247 | 13252 | 13252 | 13244 | 13235 | 13230 | 13205 | 13191 | 13168 | 13142 | 13130 | 13100 | 13060 | 13019 | 12984 | 12919 | 12870 | 12859 | 12816 | 12742

St”p? 13465 | 13685 | 13901 | 14109 | 14316 | 14525 | 14716 | 14915 | 15105 | 15292 | 15488 | 15668 | 15839 | 16008 | 16179 | 16324 | 16480 | 16667 | 16824 | 16953

Str|p8 13817 | 14388 | 14954 | 15514 | 16072 | 16630 | 17174 | 17722 | 18263 | 18799 | 19341 | 19869 | 20389 | 20904 | 21420 | 21914 | 22414 | 22932 | 23427 | 23899

Str|p9 14170 | 15092 | 16012 | 16927 | 17841 | 18754 | 19659 | 20565 | 21466 | 22364 | 23264 | 24155 | 25041 | 25923 | 26804 | 27671 | 28540 | 29418 | 30281 | 31129

Strlp 10 14395 | 15542 | 16689 | 17834 | 18978 | 20122 | 21262 | 22403 | 23542 | 24680 | 25819 | 26954 | 28086 | 29217 | 30348 | 31473 | 32598 | 33728 | 34851 | 35968

Figure 7. 23 Equivalent uniform longitudinal stress distribution at each postbuckling cycle for a composite plate under combined loading and in-
plane longitudinal fixed edges

132



Ilustrative Results and Validation

[teration |

Iteration 2
[teration 3

Equilibrium
ALY path

Al
ALY

New converged
point

Constraint

surface
5, —tork5
4 El,ust. congerved point
1 [p,.2A.4]
O IR AR—=p= =
AE AR Displacement (p)

Figure 7.24. Arc length procedure for specific iteration (Memon, 2004)

As shown in Figure 7.24, the increment of displacement is written as Ap while for the applied
load, instead of using load directly, a load proportionality factor (LPF) AA is used. The applied

load at each equilibrium state is

Q= Alq (7.0

where q is the reference load applied when modelling and c is the cycle number. From Equation
7.1, it can be concluded that the load during a Riks step is always proportional to the reference
load. (ABAQUS 2014).

If the applied load is a combined load instead of a single force, this combined load will be
incremented and the ratio between the two individual loads will remain the same, see Figure
7.25(a). On the contrary, for CWPAN, as the increment at each cycle is controlled by the level
of strain, it is the strain ratio which remains unchanged rather than the applied force ratio, see
Figure 7.25(b). Thus, the applied forces will not the be in the same ratio as for the initial input
load, see Figure 7.21. In this case, comparison with the Riks method will naturally show poor

agreement.

133



Chapter 7

Applied proportional Solving equilibrium Obtaining strains &y, €y, &xy,
stresses Ny, Ny, equations u, v and stresses Ny, Ny, Ny,

(@)
Applied proportional Solving equilibrium Obtaining strains &, £y, €xy,
strains &y, &y equations u, v and stresses Ny, Ny, Ny,
(b)

Figure 7.25. The inputs and outputs of a postbuckling analysis using: (a) the ABAQUS Riks
method; (b) CWPAN

Such phenomena also occur for an unsymmetric laminate because the coupling of in-plane-and
out-of-plane stiffness matrices has not been incorporated into the stiffness calculation, see
Section 5.5. In all of these cases therefore the Riks method cannot be used to validate the results
from CWPAN.

7.5. Composite loaded in pure shear

Composite plates under pure shear have been studied extensively (Xu etc, 2013; Gousal etc,
2015). However, many numerical methods incur very high computational costs or even fail to
converge due to high levels of nonlinearity. Using CWPAN, composite plates under pure shear
can be analysed efficiently and convergence problems can be overcome by solving the

equilibrium equations analytically.

In this section, a plate under pure shear is modelled and validated using ABAQUS. In-plane
fixed boundary conditions are applied on the longitudinal edges and pure shear load is applied
on all four edges. The properties of the plate are as described in section 7.3. As the complexity
of the problem is increased, three out-of-plane half-wavelengths may no longer accurately
capture the in-plane and out-of-plane displacement distributions. Instead therefore, five out-of-
plane half-wavelengths and a 5% shear strain increment ratio are selected. Other predefined

parameters are as described in section 7.1.
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Figure 7.26 Contour plots of out-of-plane displacements w at initial buckling for pure shear
case (m): (a) CWPAN. (b) ABAQUS
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Figure 7.27. Contour plots of out-of-plane displacements u for pure shear case at cycle 5 (m):
(a) CWPAN. (b) ABAQUS
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Figure 7.28. Contour plots of out-of-plane displacements v for pure shear case at cycle 5 (m):
(a) CWPAN. (b) ABAQUS
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Figure 7.30. Contour plots of strain &, for pure shear case at cycle 5: (a) CWPAN. (b)
ABAQUS
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Figure 7.31. Contour plots of strain y,,, for pure shear case at cycle 5: (a) CWPAN. (b)
ABAQUS

Figures 7.26, 7.27 and 7.28 present the distribution of displacements at cycle 5, i.e. at 125% of
the initial shear strain (5% strain increment times 5 cycles), compared with ABAQUS Riks
analysis. From these figures, it can clearly be seen that very good agreement has been achieved.
Displacements w (Figure 7.26) are skewed significantly and symmetrical along the diagonal
due to the coupling of the effects of the pure shear loading and the composite material. This
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kind of solution cannot be obtained by the previous postbuckling analysis by Che (2010) due

to it being limited to one out-of-plane half-wavelength.

Figures 7.29, 7.30 and 7.31 show strain distributions at cycle 5. Solutions from both CWPAN
and ABAQUS Riks analysis are largely in agreement with each other. However, there are
differences in the strain ¢, contour on its longitudinal edges, the strain &, contour on its
transverse edges and the shear strain y,,, at its corners. These differences can be explained by

another major mechanism difference between CWPAN and the ABAQUS Riks method.

This difference originates from the initial buckling analysis which is solved by VICON. As
described in Chapter 3, VICON analysis assumes plates as infinitely long with the end supports
repeating at longitudinal intervals over their length I. The mode shapes are therefore assumed
to repeat in the longitudinal direction at intervals of L = 21/&, where £ is a parameter in the
range 0 < ¢ <1 and can therefore be represented (Anderson et al., 1983) by a series of

responses with half-wavelengths 1 /(¢ + 2m) where m is any integer.

In the modelling process, parameter ¢ is selected to find the interval giving the lowest
eigenvalue and the mode shape corresponding to this is taken as the initial buckling mode for
the postbuckling analysis. Such a method is advantageous for thin slender structures like an
aeroplane wing which can be considered as an infinitely long stiffened plate providing an
accurate representation of the boundary conditions along the length (Diaconu and Weaver,
2006).

Figure 7.32 shows a finite number of bays from a repetitive infinitely long panel from VICON’s
initial buckling solutions when ¢ = 1,0.5 and 0.25. It is worth noting that the total length of
the repeat intervals is L = 21 /&, the number of repeating bays M is therefore L/l = 2/&. Thus,
when ¢ = 1, the number of repeating bays M is 2 bays. Similarly, when & = 0.5,M = 4 and
when ¢ = 0.25,M = 8. For each &, although the buckling mode extends across all of the
repeating bays, with each displaying a slightly different mode shape, only the first one is chosen
as the postbuckling start point. In this case & = 0.5 gives the lowest critical buckling load P., =
12,712 N . Thus, the mode corresponding to the first of the four repeating bays will be taken

as the initial buckling mode shape.
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E=1 Pcr=15,525 N repeat: 2 bays

X= 0. 3000 6000 . 9000 1.2000 1.5000 1.8000 2.1000 2.4000

£E=0.5 Pcr=12,712 N repeat: 4 bays

Figure 7.32. Initial buckling solution from VICON for pure shear case

In the ABAQUS model however, the analysis is based on a single bay rather than an infinitely
long plate. In this case the lowest buckling mode is as shown in Figure 7.26(b), corresponding
to a critical buckling load P., = 11,540 N which shows very poor agreement with the lowest
buckling mode and load P, = 12,712 N when & = 0.5 from the VICON analysis. (The
ABAQUS solution is closer to the mode when & = 1, see Figure 7.26(a)). Unsurprisingly,

results from the two methods lead to differences in strain distributions.

The advantage of assuming infinite long plates in the coupled wavelength postbuckling
analysis in that the computational efficiency remains the same regardless of the length of plate,
i.e. the complexity of analysing one bay or multiple bays plate is the same, is inherited from
VICON analysis. This is very different from FEA. Furthermore, for CWPAN, the infinitely
long plate model allows for moment equilibrium where there is continuity with other parts of
a larger structure, and is therefore more representative of aircraft wing panels with intermediate

transverse stiffeners, i.e. ribs.
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Figure 7.33. Shear stress redistribution from pure shear model

Figure 7.33 illustrates the shear stress redistribution observed over 20 cycles of CWPAN.
Compared to the stress redistribution seen for example for a plate under compression,
redistribution of the shear stress resultants occurs in the opposite direction with the stress
resultants in the middle of the strips increasing whilst the ones closer to the edges decrease.
From a structural point of view, for pure shear cases, large deflections are located in areas of
high stress. As the largest deflections are found in the centre of the plate, see Figure 7.26, the
large stresses are therefore also located in the centre as shown in Figure 7.33. Such phenomena
can also be validated based on the ABAQUS postbuckling analysis.

7.6. Unbalanced and unsymmetric composites

In this section, unbalanced symmetric and unbalanced unsymmetric laminated composites are

modelled to illustrate the capability of CWPAN in analysing more general cases.

As described in chapter 2, for unbalanced composite materials, shear-extension coupling occurs
during both the buckling and postbuckling regimes, with the A, and A, terms in the stiffness

matrix becoming non-zero. For these lay-ups in-plane normal stresses N, and N,, cause shear

strain y,, and twist stress N,,, causes elongations.
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A lack of symmetry brings another level of complexity for postbuckling analysis, introducing

coupling of out-of-plane curvatures x including twist k,, and bending moments M.
Furthermore, since the stiffness elements B;; are non-zero, in-plane stresses N, N,,, Ny, cause

out-of-plane curvatures and bending moments M,., M,,, M,.,, cause in-plane strains.

These coupling effects need to be incorporated for accurate postbuckling analysis. To include
both the B and the D elements of the stiffness matrix, expressions for curvatures and moments
are required to form the correct equilibrium equations as described in Chapter 4. When solving
these equilibrium equations - Equations 4.46 and 4.47, it can be seen that expressions for
curvatures are only related to out-of-plane deflections w, considered to be constants appearing
on the right hand side of the equations, whilst moments M,, M,,, M,,, are irrelevant to those
equations. From a computational point of view, the time taken to solve such equations is
therefore more or less the same as for balanced and symmetric composites. However as the
structural stiffness matrix is required for the Newton iteration scheme, the technique for
obtaining symmetric composite stiffness cannot be used for unsymmetric cases. This is because
out-of-plane stiffness for symmetric composites has no coupling with in-plane stiffness,
namely only stiffness matrix A and D are required and are embedded into the theory. To
consider the in-plane coupling effect caused by unsymmetric laminates, further stiffness
calculations would have to be developed. Therefore, in this section, only the first cycle of the
postbuckling analysis for unsymmetric composite is presented since the mode shapes for the

rest of the cycles will be inaccurate.

The plates in this section are subject to in-plane compression and under fixed boundary

conditions. The configurations studied are presented below:

A:[0/—-45/4+45/0/—-45/0/90/90/90/90/0/—-45/0/+45/—45/0 ]

B:[0/90/+45/0/—-45/0/—45/90/90/90/0/—45/—45/0/0/+45 ]

Based on the level of complexity of the mode shape, the predefined parameters chosen for the
balanced and symmetric composites i.e. three out-of-plane half-wavelengths, ten strips and

10% strain increments are also used here. Since as discussed in section 7.5, it is not possible
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to generate a comparable load case using FEA for unbalanced cases, comparison with FEA is

not presented here.
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Figure 7.34. Symmetric unbalanced laminated composite under in-plane compression and fixed
boundary condition at cycle 1 (110% of buckling end shortening strain), contour plots of: (a)
out-of-plane deflection w (m); (b) in-plane longitudinal deflection u (m); (c) in-plane transverse
deflection v (m); (d) strain &,; (e) strain &,,; (f) strain y,,,; (g) stress resultant N, (N/m); (h)
stress resultant N,, (N/m); (i) stress resultant N,,, (N/m).
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Figure 7.36. Postbuckling load paths for unbalanced symmetric composite under

Figure 7.34 presents the displacement, stress and strain distributions for a symmetrical
unbalanced composite plate under compression with fixed in-plane boundary conditions. It can
be seen that most of the contours are twisted in one direction, caused by the unbalanced lay-
up. Another observation is that compared to balanced composites, the shape and maximum
amplitudes of the shear stress (N,,) contour plots are very different, with stresses concentrated
on the edges unlike those from a balanced composite. The stress redistribution is therefore

much more obvious due to the coupling of direct and shear stresses and strains.
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Figure 7.35 shows the equivalent shear stress resultants at strip level at each postbuckling cycle
for the unbalanced composite. The graph shows that the shear stress resultants fluctuate along
the transverse direction in which positive extrema are located at both ends while negative ones
are located at the quarter points of the plate, and they are unsymmetric and increasing. These
patterns are very different to the balanced cases, see Figures 7.13 and 7.33. As for total shear
stress, an interesting phenomenon can be seen in Figure 7.36 where shear stress does not appear
straight after the critical buckling point as shear loading is not applied. Instead, it starts to show
after the first postbuckling cycle and then keeps increasing. From a structural point of view,
these effects are due to the involvement of stiffness elements A, and A,¢ which results in in-
plane normal forces N, and N,, causing twist of the laminate ,,,, and a twist force N, causing
elongations in the x and y directions. A more detailed solution for unbalanced symmetric case
is presented in Appendix B.

Figure 7.37 presents the displacement, stress and strain distributions for an unsymmetric
unbalanced laminated composite plate under compression and fixed boundary conditions.
Compared with the symmetric cases, the shear strains and stresses here are clearly very

different. This is largely due to the involvement of stiffness matrices B and D.

Figure 7.38 shows the curvatures k and bending moments M, which have not been presented
in the previous cases. As solutions are shown only for the first cycle of the postbuckling
analysis, i.e. 110% of buckling constant strain, there is not too much skewing, and the bending
moments caused by the unsymmetric layups are relatively small. These are likely to be more
significant further along the postbuckling path.
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Figure 7.37. Unsymmetric unbalanced laminated composite model under in-plane
compression and fixed boundary conditions at cycle 1 (110% of buckling end shortening
strain), contour plots of: (a) out-of-plane deflection w(m); (b) in-plane longitudinal
deflection u (m); (c) in-plane transverse deflection v (m); (d) strain &,; () strain ¢,,; (f) strain
Yxy: (Q) stress resultant N, (N/m); (h) stress resultant N,, (N/m); (i) stress resultant N,
(N/m).
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Figure 7.38. Unsymmetric unbalanced laminated composite model under in-plane compression
and fixed boundary condition at cycle 1 (110% of buckling end shortening strain), contour plots
of: (a) curvature k,; (b) curvature k,,; (C) curvature k,,,; (d) bending moment M, (Nm); (e)
bending moment M,, (Nm); (f) bending moment M,,, (Nm).
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7.7. Computational Efficiency Evaluation

Computational efficiency is an important consideration for numerical modelling techniques.
Reducing the computational cost of composite modelling for large aerospace projects is highly
beneficial particularly for preliminary design where many different design scenarios must be
considered, and optimization which may take months for conventional FEA to solve. In these
cases, a fast and reliable numerical technique is of great value. In this section, an evaluation of

the computation efficiency of CWPAN for different cases is presented.

The most time-consuming calculation process in the postbuckling analysis is the solution of
the equilibrium equations which are large linear equations. The size of these equations is highly
dependent on the number of in-plane half-wavelengths and the number of strips. Since these
are solved using the modified Newton iteration scheme more than 50 repeats are required which
exacerbates the problem. Therefore, to improve the computational efficiency, reducing the

computational effort required to solve large equations becomes the priority problem.

For a plate divided into 10 strips, using three and five half-wavelengths, it takes 0.35 minutes
and 0.9 minutes to run one Newton iteration respectively using a 4 cores i7 and 16 RAM

computer, . Such differences result in the computational times shown in Table 7.7.
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Cycle number

Compression with
free edges(3 half-
wavelengths)

Compression with
fixed edges(3 half-
wavelengths)

Compression with
straight edges(3
half-wavelengths)

Combined load
with free edges(3
half-wavelengths)

Combined load
with fixed edges(3
half-wavelengths)

Combined load
with straight
edges(3 half-
wavelengths)

Pure shear(5 half-
wavelengths)

8

9

10
Total

Time(mins)

2
2

Table 7.7 Approximate computational efficiency of CWPAN, showing iteration counts and solution times.
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Table 7.7 shows the average number of iterations required to converge on a postbuckling mode
using the modified Newton iteration scheme and the total run time. It can be seen that the run
time increases when the complexity of the case increases, for example for shear. In this case
this is due to the combination of the fact that shear loading adds instability to the structure
resulting in more iterations for convergence, and that the use of 5 out-of-plane half-
wavelengths increases the size of the linear equations. However for simpler cases, the analysis

reaches double the critical buckling constant strain (10 cycles), within a maximum of 8 minutes.

For the ABAQUS Riks method, the run time is relatively hard to measure since it is dependent
on many factors such as the number of elements, arc lengths, imperfection, etc. For a simple
square composite plate under non-pure-shear loading, an approximation has been made that
around 10 minutes are required to reach the same stage as CWPAN by using 900 elements.
Even for these simple cases, CWPAN achieves the same level of accuracy with a 20%
execution time reduction by dividing the plate into 10 strips. As described in section 7.5, as
plates are assumed to be infinitely long, the computational complexity of the square plate is the
same as plates of rectangular shape. This means that when analysing long plates, CWPAN will

be significantly more efficient than Riks analysis to achieve the same level of accuracy.

Since the long execution time is associated with solving the large linear equations, applying
suitable techniques based on key features of the resulting matrix could reduce the
computational time significantly. For CWPAN, the target equations are found to form a banded
matrix. This would allow them to be transformed into upper and a lower triangular matrices
(LU decomposition) and solved accordingly, saving a significant amount of time. There are
other techniques for solving such a matrix that can further reduce computational time such as
the Gaussian elimination method (Maa et. al. 1997). Applying one of those techniques, the

computational efficiency of CWPAN could be further reduced.
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7.8. Conclusion

In this chapter, different types of isotropic laminated composite plates are modelled and
presented to illustrate the capabilities of the coupled wavelength postbuckling analysis and
modified Newton iteration scheme. The modelling examples start with isotropic plate under
combined loading illustrating the particular data structures by CWPAN. For the case of a
balanced symmetric laminate under pure compression and pure shear force, results are
validated using the ABAQUS Riks method and the differences between the results for the two
methods have been discussed. The modelling of unbalanced and unsymmetric composite plates
is presented in the Section 7.6 to illustrate the ability of analysing general composite plates.
Finally, a study of computational efficiency is presented. Some key conclusions are made.

Based on combining a number of half-wavelengths, a series solution for postbuckling analysis
has been developed to enable any kind of laminated composites and in-plane loading conditions
to be studied. To capture out-of-plane deflections for each postbuckling cycle, a modified
Newton iteration has been introduced. These two techniques have been validated for a
selection of different types of laminated composite plates with good results. Compared with
previous postbuckling analysis using VIPASA analysis, CWPAN overcomes the limitations of

compression loading and conservative solutions for composite materials.

Comparison of the results with those from ABAQUS Riks analyses shows good agreement has
been achieved in terms of both contour plots of in-plane and out-of-plane displacements (u, v,
W), strains (&y, €, ¥xy ), stress resultants (Ny, Ny, Ny, ) and postbuckling paths where the
maximum difference between the two methods has reached approximately 7%. As the two

methods have some key differences, a discussion of these has been included.

A study has been presented to illustrate the computational efficiency of CWPAN for different
combinations of loading and material anisotropy. In comparison with FEA, CWPAN has
achieved a 20% reduction in execution time for square composite plates. For longer plates,
however, CWPAN has an obvious advantage since as it already assumes an infinitely long plate

the size of the model stays the same which is clearly not the case for FEA.
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8.1. General conclusions

The literature on numerical solutions for shell structure postbuckling is extensive. Many of
these studies focus on the finite element or finite strip methods as they provide highly robust
and accurate solutions for structures with complex geometries, loading and boundary
conditions. However, researchers and engineers have sometimes found those methods
unsuitable for preliminary design due to their computational cost particularly when examining
large numbers of different scenarios. To overcome these difficulties, other researchers are
looking for analytical solutions or semi-analytical solutions which can provide fast analysis

processes while retaining the required accuracy for certain problems.

The coupled wavelengths postbuckling presented in this thesis provides an efficient and
reliable technique to allow researchers and engineers to observe postbuckling behaviours for
composite plates under any in-plane loading. Based on the exact strip method, the theory
represents out-of-plane displacements with a series of user-defined terms which are
trigonometric in the longitudinal direction, and in-plane displacements with another enhanced
set of trigonometric terms to account for the effect of large deflections. Such assumptions
regarding displacements bring several advantages when compared to previous work. Firstly,
composite plates and plates under shear load which causes skewed mode shapes can be
accurately captured. This cannot be done using the previous postbuckling analysis which
assumes plate deformation varies with only one half-wavelength. Secondly, by naturally
regarding plates as infinitely long the method provides advantages for slender structures like
an aircraft’s wings and fuselage because solving for square plates and plates with multiple bays

results in the same execution time. Thirdly dividing plates into strips rather than elements
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results in a relatively small stiffness matrix. Compared to the conventional finite element
method, retaining the desired accuracy using CWPAN is more efficient. By having explicit
expressions for displacements, governing equilibrium equations can be assembled and solved
analytically. The distributions of displacements, stresses and strains can therefore be captured.

These advantages have been illustrated by considering composite plates under a number of
different in-plane boundary and loading conditions corresponding to particular engineering
scenarios. Solutions have been compared with finite element analysis and previous
postbuckling analyses, and the maximum difference between the presented method and FEA

has reached approximately 7%. Results are seen to correlate well.

The series solutions used are inspired by previous postbuckling analyses based on VIPASA
finite exact strip analysis. However, instead of representing the out-of-plane displacements
with a single half-wavelength, any number of half-wavelengths can be coupled to represent
complex postbuckling behaviours. The postbuckling solutions are therefore more accurate than
those obtained previously for cases involving composite plates and skewed loading, and allow
solutions to be obtained for cases which could not be solved using the previous version of the

analysis.

The series solutions representing in-plane variables are based on taking out-of-plane
displacements as known quantities. To employ the method in postbuckling analysis, several
convergence strategies have been developed to find progressive changes in out-of-plane
displacement, including a general convergence strategy, calculation of effective uniform stress
resultants, approximate buckling amplitude calculation and a modified Newton iteration
scheme. An effective uniform stress resultants calculation employs an energy approach to find
the current postbuckling stage’s applied load. Based on this, the postbuckling stiffness used for
the Newton iteration scheme can be calculated. The Newton iteration scheme was first
developed for VICONOPT postbuckling analysis to provide accurate convergence on critical
buckling loads and associated buckling modes with a single half-wavelength. The modified
version extends the technique to enable any number of half-wavelengths to be considered for
complex buckling modes such as composite plates under shear loading. By considering
postbuckling stiffness, the out-of-plane displacements are therefore captured accurately. The
strategy of approximate buckling amplitude calculation is developed to assist the Newton

iteration scheme to converge more efficiently.
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Validation studies are performed to compare the progressive postbuckling mode with that
obtained using the Riks method in the FE software ABAQUS. Solutions are seen to replicate
classical plate phenomena like stress redistribution, validating the method. The method is also
seen to be capable of predicting the correct distributions of in-plane and out-of-plane
displacements at any strain level. Comparisons of displacements, stresses and strains using
contour plots show good agreement for the majority of cases. Those where there is less
agreement are a result of the infinitely long plate assumption and the method of controlling the
linear strains, which are not directly replicated in FE. In both cases however CWPAN is
considered to be closer to real structural behaviour. A study of computational efficiency
showed CWPAN achieved a 20% reduction in execution time for square composite plates. For
longer plates, however, it has an even greater advantage since as it already assumes an infinitely

long plate so that the size of the model stays the same which is clearly not the case for FEA.
The following objectives have been achieved in this research:

1. A peer review on stability of plate structures has been completed and limitations and
gaps in the research on the postbuckling analysis of composite plates have been found.

2. Based on the exact strip method, a postbuckling analysis using coupled wavelengths
(CWPAN) has been developed allowing researchers and engineers to observe
postbuckling of composite plates in a fast and reliable way.

3. To further enable a full postbuckling analysis and increase the robust features of the
technique, a convergence procedure has been developed.

4. A sensitivity study has been conducted to select the optimal parameters in the coupled
wavelength postbuckling analysis.

5. A validation has been done against FEA to further study the speed and accuracy of
CWPAN.

8.2. Future work

Further improvements have been identified throughout the course of this study which may
bring additional benefits and which should be considered for implementation in the future.
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Some recommendations for future development based on the improved analysis are discussed

below.

1. Large linear matrices are required to be solved in both the series solutions and the Newton
iteration scheme. Currently a method of LU decomposition is employed to achieve this.
However, it has been found that the features of the target matrix, such as the fact that the
equilibrium equations are found to form a banded matrix, have not been fully exploited
in the solution techniques. A suitable linear equation solving technique would reduce the
computational time significantly.

2. Although unsymmetric and unbalanced laminates can be analysed in the series solutions,
convergence strategies are still not able to cover these cases. The stiffness matrix
calculation utilized in the modified Newton iteration scheme is based on the method
developed by Anderson et al. (1983). Such a method is particularly designed for the exact
strip method and enables the exact stiffness to be found for balanced and symmetric
composites for buckling problems. It would be worth studying a structure’s stiffness for
unsymmetric and unbalanced laminates in the exact strip method.

3. One limitation of the study in this thesis is that it is restricted to simple geometries.
Assemblies like stiffened and curved panels are not able to be analysed by the series
solution. This is because as the half-wavelengths for the in-plane displacements are
generalized from the out-of-plane displacements, they naturally cannot be represented by
the same set. However, for stiffened panels, the skins’ out-of-plane displacements are the
stiffeners’ in-plane displacements and vice versa. This cannot be achieved in explicit
expressions for the current method. To overcome this limitation, the in-plane and out-of-
plane displacements have to be represented by one set of half-wavelengths. One solution
would be to neglect the extra half-wavelengths in the in-plane displacements to make
them identical to the out-of-plane ones. Zhang (2018) did a similar study using VIPASA
postbuckling analysis by neglecting two extra half-wavelengths. The solutions were
compared with ABAQUS but discrepancies were noted due to oversimplification. Such
an assumption may lead to an even larger discrepancy for the series solutions as the target
structures are more complex. Another solution would be to establish completely new
assumptions for both in-plane and out-of-plane displacements with out-of-plane
displacements being no longer known quantities in the equilibrium equations. The

equilibrium equations would then be non-linear instead of linear. Consequently,
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Conclusions and Future Work

convergence strategies for obtaining out-of-plane displacements may not be necessary.
Such a hypothesis could be less efficient than the presented one due to the involvement
of highly non-linear equations. But it is almost certain that it will increase the accuracy
and most importantly overcome the stiffened panel problem. More studies are required

to achieve such hypothesis.

Another limitation is concerned with the fact that only in-plane boundary conditions can
be applied to the structure. Out-of-plane boundary conditions are designed to represent
simple support in CWPAN. To enable the flexible application of out-of-plane edge
conditions in series solutions, the stiffness matrix for the particular edge conditions in
the Newton iteration scheme would be required to be modified considering extra
Lagrange Multipliers. Such a technique already exists in VICONOPT. Implementing
extra Lagrange Multipliers, point supports are able to be added at any location on the
plate. Furthermore, unsymmetrical edge conditions can be achieved which may then be

helpful for the analysis of stiffened panels.
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Appendices

Appendix A

This appendix presents programming codes written in Python to achieve highly robust
calculations in this thesis.

Calculation of the list of in-plane half-wavelengths

NOwavlth = list(abs(self.lambdal))
i in self.lambdal:

J in self.lambdal:
NOwavlth.append(abs(i + j))
NOwavlth.append(abs(i - j))

NOwavlth = np.unique(NOwavlth)
NOwavlth.sort()
NOwavlth = np.asarray(NOwavlth)

K =2 * NOwavlth.size - 1

Calculation of Equation 4.17

epioNSC = empty([n, NOwavlth.size])
epioNSS = empty([n, NOwavlth.size])
epioCX = empty([n, K])

i in range(0, n):
j inrange(0, NOwavlth.size):
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epioNSCIi, j] =0
epioNSSJi, j] =0
m in range(0, lambdal.size):
k in range(0, lambdal.size):
lambdal[m] + lambdal[k] == NOwavlth[j]:
epioNSC]i,j] = epioNSCIi,j] + lambdal[m] *
lambdal[k]*\ (-wli,m*2]*w[i,k*2]+w[i,m*2+1]*w[i,k*2+1])
epioNSS[i,j] = epioNSS[i,j] + lambdal[m] *
lambdal[k]*\ (-w[i,m*2]*wl[i,k*2+1]-w[i,m*2+1]*wW][i,k*2])
np.absolute(lambdal[m] - lambdal[k]) == NOwavlth][j]:
epioNSC[i,j] = epioNSC[i,j] + lambdal[m] *
lambdal[k]*\ (w[i,m*2]*w[i,k*2]+w[i,m*2+1]*w[i,k*2+1])

lambdal[m] - lambdal[k] > O:
epioNSSIi, j] = epioNSS]i, j] + lambdal[m] *\
lambdal[k]*(-w[i,m*2] * w[i,k*2+1] + w[i,m*2+1]*w[i,k*2])
lambdal[m] - lambdal[k] < O:
epioNSSIi, j] = epioNSS]i, j] + lambdal[m] *\
lambdal[k]*(w[i,m*2]*w[i,k*2+1]-w[i,m*2+1]*w[i,k* 2])

epioCX[i, 2 * j - 1] = epioNSClI]i, j]
epioCX[i, 2 * j] = epioNSS[i, j]

i in range(0, n):
epioCX[i, 0] = epioNSC[i, 0]
epioCX = ((0.25 * pi * pi) / (I * 1)) * epioCX # multiply constants for the all matrix
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Calculation of Equation 4.18

epioCYC = empty([n, NOwavlth.size])
epioCYS = empty([n, NOwavlth.size])
epioCY =empty([n, K])

i in range(0, n):
j in range(0, NOwavlth.size):
epioCYCI[i, j] =0
epioCYSIi, j] =0
m in range(0, lambdal.size):
k in range(0, lambdal.size):
lambdal[m] + lambdal[k] == NOwavlth[j]:
epioCYCIi, j] = epioCYCIi, j] + phi[i, m * 2] * phi[i, k
* 2] - phi[i, m* 2 + 1] * phi[i, k * 2 + 1]
epioCYSIi, j] = epioCYSIi, j] + phi[i, m * 2] * phi[i, k
*2+ 1] + phi[i, m* 2 + 1] * phi[i, k * 2]

np.absolute(lambdal[m] - lambdal[k]) == NOwavlth][j]:
epioCYC[i, j] = epioCYCIi, j] + phi[i, m * 2] * phi[i, k
* 2] + phi[i, m* 2 + 1] * phi[i, k * 2 + 1]

lambdal[m] - lambdal[k] > O:
epioCYSIi, j] = epioCYS]i, j] - phi[i, m * 2] *\
phi[i, k * 2 + 1] + phi[i, m * 2 + 1] * phi[i, k * 2]
lambdal[m] - lambdal[k] < O:
epioCYSJi, j] = epioCYS[i, j] + phi[i, m * 2] *\
phi[i, k* 2 + 1] - phi[i, m * 2 + 1] * phi[i, k * 2]

epioCY/i, 0] = epioCYCIi, 0]
epioCY[i, 2 * - 1] = epioCYCIi, j]
epioCYT[i, 2 * j] = epioCYS]i, j]

epioCY = 0.25 * epioCY
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Calculation of Equation 4.19

epioCXYC = empty([n, NOwavlth.size])
epioCXYS = empty([n, NOwavlth.size])
epioCXY = empty([n, K])

i inrange(0, n):
jin range(0, NOwavlth.size):
epioCXYC[i, j]=0
epioCXYS[i, j] =0
m in range(0, lambdal.size):
k in range(0, lambdal.size):
lambdal[m] + lambdal[k] == NOwavlth[j]:

epioCXYC[i, j] = epioCXYC[i, j] + lambdal[m] * (w[i, m\ *
2 + 1] * phi[i, k * 2] + w[i, m * 2] * phi[i, k * 2 + 1])

epioCXYSJi, j] = epioCXYS]i, j] + lambdal[m] * (-w[i,m\ *
2] * phili, k * 2] + w[i, m * 2 + 1] * phi[i, k * 2 + 1])

np.absolute(lambdal[m] - lambdal[k]) == NOwavlth{j]:

epioCXYC[i, j] = epioCXYC[i, j] + lambdal[m] * (w[i, m\ *

2+ 1] * phili, k * 2] - w[i, m * 2] * phi[i, k * 2 + 1])
lambdal[m] - lambdal[k] > O:

epioCXYS[i, j] = epioCXYS[i, j] + lambdal[m]*(-w[i, m *

2] * phili, k * 2] - w[i, m * 2 + 1] * phi[i, k * 2 + 1])
lambdal[m] - lambdal[k] < O:

epioCXYSJi, j] = epioCXYS[i, j] + lambdal[m] * (w[i, m *

2] * phili, k * 2] + w[i, m * 2 + 1] * phi[i, k * 2 + 1])

epioCXYT[i, 0] = epioCXYC(][i, 0]
epioCXY[i, 2 * j - 1] = epioCXYC[i, j]
epioCXY[i, 2 * j] = epioCXYS]i, j]

epioCXY = ((0.5 * pi) /1) * epioCXY
epioC = empty([n, K * 3])
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Calculation of effective uniform stress resultants (Equations 5.12-5.14)

def EffStres(AdStrainsX, AdStressesX):

EfStresX = np.zeros(N/m)
for kin range(0, n):
foriinrange(0, K+ 1):
forjinrange(0, K+ 1):
ifi%2==0andj%2==0:
if NOwavlthl[i // 2] == NOwavlth[j // 2] and NOwavlth[i
/] 2]==0:
EfStresX[k] = AdStressesX[k, i] * AdStrainsX[k, j] +
EfStresX[k]
elif NOwavlth[i // 2] == NOwavlth[j // 2] and
NOwavlth[i // 2] = 0:
EfStresX[k] = AdStressesX[k, i] * AdStrainsX[k, j]1/2 +
EfStresX[K]

elifi%2==1andj% 2 ==1:
if NOwavlth[(i - 1) // 2] == NOwavlth[(j - 1) // 2] and
NOwavlth[(i- 1) // 2] = 0:
EfStresX[k] = AdStressesX[k, i] * AdStrainsX[k, j]1/ 2 +
EfStresX[k]
elifi%2==1andj% 2==0:
if NOwavlth[(i- 1) // 2] % 2 == 0 and NOwavlth[j // 2] %
2==1:
EfStresX[k] = AdStressesX[k, i] * AdStrainsX[k, j]
* (2 * NOwavlth[(i- 1) // 2]) / (pi * (np.power(NOwavlth[ (i- 1) // 2],2) -
np.power(NOwavlth[j // 2],))) + EfStresX[k]
elif NOwavlth[(i- 1) // 21 % 2 == 1 and NOwavlth[j //
2] % 2 ==0:
EfStresX[k] = AdStressesX[k, i] * AdStrainsX[k, jI\
* (2 * NOwavlth[(i- 1) // 2]) / (pi *(np.power(NOwavlth[ (i- 1) // 2], 2) -
np.power(NOwavlth[j // 2], 2))) + EfStresX[k]
elifj%2==1andi% 2==0:
if NOwavlth[(j - 1) // 2] % 2 == 0 and NOwavlth[i
//2]1% 2 == 1:
EfStresX[k] = AdStressesX[k, i] *
AdStrainsX[k, j] * (2 * NOwavlth[(j - 1) // 2]) / (pi * (np.power(NOwavlth[ (j- 1) // 2],
NOwavlth[i // 2], 2))) + EfStresX[k]
elif NOwavlth[(j- 1) // 21 % 2 ==1 and
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NOwavlth[i // 2] % 2 == 0:

EfStresX[k] = AdStressesX[k, j] *
AdStrainsX[k, i] * (2 * NOwavlth[(j - 1) // 2]) / (pi * ( np.power(NOwavlth[ (j- 1) // 2], 2) -
np.power(NOwavlth[i // 2], 2))) + EfStresX[K]

EfStraX = np.zeros(N/m)
foriin range(0, n):
EfStraX[i] = AdStrainsX[i, 0]
for k'in range(0, n):
forjinrange(0, K+ 1):
ifj%2==1:
if NOwavlth[(j-1)// 2] ==0:
EfStraX[k] = EfStraX[k] + AdStrainsX[k, j]
elif NOwavlth[(j- 1) // 2]1% 2 == 1:
EfStraX[k] = EfStraX[k] + 2 * AdStrainsX[k, j]
(NOwavlth[(j - 1) // 2] * pi)

Efs = np.zeros(N/m)

foriinrange(0, n):
if abs(EfStraX[i]) < 10e-10:
Efs[i] = AdStressesX[i, 0]
else:
Efs[i] = EfStresX[i] / EfStraX[i]

Local stiffness matrix calculation. This process is adopted from Wittrick and Williams (1983)
for the calculation of stiffness matrix for a symmetric composite.

alfall1=D11/D22
alfal2 =D12 / D22
alfa33 = D66 / D22
alfal3 =D16/ D22
alfa23 =D26 / D22
vudash = alfal2 - alfa23**2

def EStIff(NI, Ns, Nt, wlen):
Lm =1/ lambdal[wlen]
w = lambdal[wlen]*(pi * B)/I
T =(alfal2) + (2 * alfa33) - (3 * alfa23**2) - ((Lm**2 * Nt) / (2 * pi**2 * D22))
S=((Lm**2 * Ns) / (pi**2 * D22)) + (2 * ((alfa23 * T) + (alfa23**3) - (alfa13)))
L= ((Lm**2 / (pi**2 * D22)) * NI) - (2 * alfa23 * S) + (T + alfa23**2)**2 - (alfall)
Tt=((S**2)/4)+(T*L/3)-((T**3)* 8/ 27)
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Delta = (((T**2) * 4/ 3) - L)**3 - (27 * Tt**2)
if Delta > 0:
Xii = np.arccos(27 * Tt * ((4 * T ** 2) - (3 * L)) ** -1.5)
beta = np.sqrt(((((4 * T**2) - (3 * L))**0.5 * np.cos(xii / 3))-T) / 3)

elif Delta < O:

if (Tt - (np.sqrt(-Delta / 27))) >= 0:

beta = np.sqrt((0.5 * pow((Tt + (np.sqrt(-Delta / 27))), 1 / 3)) + (0.5 * pow((Tt
- (np.sqrt(-Delta / 27))),1/3))-(L /3 *T))
elif (Tt - (np.sqrt(-Delta / 27))) < O:
beta = np.sqrt((0.5 * pow((Tt + (np.sqrt(-Delta / 27))), 1/3)) + (0.5 * -pow((-
(Tt - (np.sqrt(-Delta / 27)))), 1/3)) - (1L /3 *T))

if (T+beta**2+(S/(2*beta)))>0:

alfa = np.sqrt(T + beta ** 2+ (S / (2 * beta)))

s1=(1/alfa) * np.sinh(w * alfa)

¢l = np.cosh(w * alfa)
elif (T +beta** 2+ (S /(2 * beta))) <0:

alfa = np.sqrt(-(T + beta ** 2 + (S / (2 * beta))))

sl =(1/ alfa) * np.sin(w * alfa)

cl = np.cos(w * alfa)
it (T+beta**2-(S/(2* beta)))>0:

gama = np.sqrt(T + beta ** 2- (S / (2 * beta)))

s3 =(1/gama) * np.sinh(w * gama)

c3 = np.cosh(w * gama)
elif (T + beta **2-(S/ (2 * beta))) <0:

gama = np.sqrt(-(T + beta ** 2 - (S / (2 * beta))))

s3 =(1/gama) * np.sin(w * gama)

c3 = np.cos(w * gama)
s2 = np.sin(w * beta)
c2 = np.cos(w * beta)
A=T+ (2 * beta ** 2)
F=L+(8*T*beta**2)+ (12 * beta ** 4)
B2=S/(2* beta)
Bl =(2 * beta ** 2) + B2
B3 = (2 * beta ** 2) - B2
Z=((A+beta**2)*s1*s3)-(cl1*c3)+((2*c2**2)-1)
R1=(B1*cl*s3)+(B3*c3*sl1)-(4*beta*s2*c2)
R2=(4*A*beta*s2*c2)+((F-(A*B1)) *cl1*s3)+((F-(A*B3)) *c3*s1)
R3=F*sl1*s3
R4 = (2 * beta *s2 * (c1 +c3)) - (c2 * ((B1 * s3) + (B3 * s1)))
R5=c2 * (s1+5s3)
R6=(B2*c2*(cl-c3))+(beta*s2*((s1*(T+A+B1))+(s3*(T+A+B3))))
13=(2*B2*s2*c2)+ (beta*cl*s3*(T+A+B3))-(beta*c3*s1*(T+A+B1))
14=(s2*((B1*s3)-(B3*s1)))-(2*beta*c2*(cl-c3))
I5=52*(s1-s3)
16 =(B2 *s2*(cl+c3))+(beta*c2*((s3*(T+A+B3))-(s1*(T+A+B1))))
Smm = ((pi ¥ D22) /Lm) * Z ** -1 *R1
Sqq = ((pi ** 3* D22) /Lm ** 3) * 72 ** -1 * (R2 + (alfa23 ** 2 * R1) - (2 * alfa23 * I3))
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Smq = (pi ** 2 * D22 / Lm ** 2) * (((A - vudash) - (Z ** -1 * R3)) + ((1j ¥ Z ** -1) * (13 - (alfa23
*R1)))

cSmq = (pi ¥* 2 * D22 /Lm ** 2) * (((A - vudash) - (Z ** -1 * R3)) + ((-1j * Z ** -1) * (I3 -
(alfa23 * R1))))

Fmm = (pi * D22 /Lm) * Z** -1 * (R4 - (14 * 1j)) * np.exp(1] * alfa23 * w)

cFmm = (pi * D22 /Lm) * Z ** -1 * (R4 - (-14 * 1j)) * np.exp(-alfa23 * 1j * w)

Fagg=(pi ** 3* D22 /Lm ** 3) * Z ** -1 * ((((A - alfa23 ** 2) * R4) + (F * R5) - (2 * alfa23 *
16)) - (1j * (((A - alfa23 ** 2) * 14) + (F * 15) + (2 * alfa23 * R6)))) * np.exp(alfa23 * 1j * w)

Fmq=-(pi **2* D22 /Lm ** 2) * Z** -1 * ((R6 - (alfa23 * 14)) - (1j * (16 + (alfa23 * R4)))) *
np.exp(1j * alfa23 * w)

cFgg = (pi ¥* 3* D22/ Lm ** 3) * Z ** 1 * ((((A - alfa23 ** 2) * R4) + (F * R5) - (2 * alfa23 *
16)) - (-1j * (((A - alfa23 ** 2) * 14) + (F * I5) + (2 * alfa23 * R6)))) * np.exp(-1j * alfa23 * w)

cFma = -(pi ** 2 ¥ D22 / Lm ** 2) * Z ** -1 * ((R6 - (alfa23 * 14)) - (-1j * (16 + (alfa23 * R4)))) *
np.exp(-1j * alfa23 * w)

KLminfl = np.array( [[Smm, -Smq, Fmm, Fmq], [-cSmq, Sqq, -Fmg, -Fqq], [cFmm, -cFmq,
Smm, ¢Smq], [cFmgq, -cFqq, Smq, Saq]])

return KLminfl

Assembly of local stiffness matrices into a global stiffness matrix

gstiff = np.array([], dtype=complex)
foriinrange(0, lambdal.shape[0]):
Aestiff = np.zeros((2, 2), dtype=complex)
forjinrange(0, n-1):
estiff = EStiff(stress_resultants[j], shear_stress][j], EfssY[j], i)
Aestiff[-1, -1] = Aestiff[-1, -1] + estiff[1, 1]
Aestiff[-1, -2] = Aestiff[-1, -2] + estiff[1, 0]
Aestiff[-2, -1] = Aestiff[-2, -1] + estiff[0, 1]
Aestiff[-2, -2] = Aestiff[-2, -2] + estiff[0, 0]
Aestiff = block_diag(Aestiff, estiff[2:4, 2:4])
Aestiff[-4, -2] = Aestiff[-4, -2] + estiff[0, 2]
Aestiff[-4, -1] = Aestiff[-4, -1] + estiff[O, 3]
Aestiff[-3, -2] = Aestiff[-3, -2] + estiff[1, 2]
Aestiff[-3, -1] = Aestiff[-3, -1] + estiff[1, 3]
Aestiff[-2, -4] = Aestiff[-2, -4] + estiff[2, O]
Aestiff[-2, -3] = Aestiff[-2, -3] + estiff[2, 1]
Aestiff[-1, -4] = Aestiff[-1, -4] + estiff[3, 0]
Aestiff[-1, -3] = Aestiff[-1, -3] + estiff[3, 1]
gstiff = block_diag(gstiff, Aestiff)

gstiff = gstiff[1:, :]
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The following presents the programming structure of the amplitude calculation

Effective_stress_resultants = postbuckling_solver(trial_displacements)
Upper_Lower_Bound = W-W_algorithm(Effective_stress_resultants)

Initialize Upper_bound=0, Lower_bound, Amplitude

While true:
If Upper_Lower_Bound ==0:
Upper_bound = Amplitude
If abs(Upper_bound - Lower_bound)/Upper_bound < 0.001;

break
if Lower_bound == 0:

Amplitude = Amplitude /1.5
elif Lower_bound !=0:

Amplitude = (Upper_bound + Lower_bound)/2
Effective_stress_resultants = postbuckling_solver(Amplitude * trial_displacements)
Upper_Lower_Bound = W-W_algorithm(Effective_stress_resultants)

else:
Lower_bound = Amplitude
if abs(Upper_ bound - Lower_ bound)/Upper_ bound < 0.001:
break
if Upper_ bound > 10e5:

Amplitude = Amplitude *1.5
elif Upper_ bound < 10e5:

Amplitude = (Upper_ bound + Lower_ bound)/2

Effective_stress_resultants = postbuckling_solver(Amplitude * trial_displacements)

Upper_Lower_Bound = W-W_algorithm(Effective_stress_resultants)

The following presents the structure of the whole postbuckling analysis

Displacements = VICONOPT(structure_properties)

Initialize predefined parameters
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Initial constant strain, cycle = 0, iteration

While true:
Cycle +=Cycle
If cycle > number_cycles:
break
Amplitude = Amplitude_Calculation(constants_strain[cycle])
Displacements = Amplitude * Displacements
While true:
Effective_stress_resultants = postbuckling_solver(Displacements)
Stiffness = Global_Stiffness_matrix(Effective_stress_resultants)
displacements_adjustments = Modified_Newton_iteration(Stiffness)
trial_displacements = Displacements+ Displacements_adjustments
If max(displacements_adjustments)<0.001*max(trial_displacements):
Effective_stress_resultants = postbuckling_solver(trial_displacements)
Print solutions
Displacements = trial displacements
Iteration +=1
Break
Else:
Iteration+=iteration

Continue
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Appendix B

Some solutions from composite plates that are not discussed in Chapter 7 are presented in this

appendix.

B.1. Balanced and symmetric composite plate under combined loading,

straight edges

The layups are shown as follows:
[0/0/+45/0/—45/0/90/90/90/90/0/—45/0/+45/0/0]

Other properties of the plate and predefined variables are shown in Figure B.1.Results are
shown in Figures B.2, B.3 and B.4.

model name

name, wvalue

half-wavelength,l 3 5

length, 8.3

number of nodes, 11

thickness of plate, ©.882
Possion'ratio, ©.38

Boundary conditions, free edges
A matrix({Composite)

Al1l, 1.6222E+08

A12, 2.3827E+07
A22, 1.0236E+08
Al6, O

A26, ©

A66, 2.6624E+07
D11, 7.2778E+81
D12, 7.9425E+00
D22, 1.5415E+81

Dle, -2.l1e44E+B0
D26, -2.1044E+B0
De6, 8.8746E+80
B11, @

Bl12,
B22,
Ble,
B26,
Be6, @

Buckling load, 4.5432E+83
linear strain, -10.6661E-85
linear shear strain, @
increment ratio, 8.1

number of cycles, 28

| E®

Figure B.1. Input data for balanced and symmetric composite plate under combined loading,
straight edges.
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. 3000
1500
0
. -1500
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(g) (h)

0.30 y -0.0005568
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x(m)
eXY, Cycle 10
(i)

Figure B. 2. Contour plots of (a) out-of-plane displacements w (m); (b) in-plane displacements
u(m); (c) in-plane displacements v(m); (d) strain ,; (e) strain ¢,,; (f) strain y,,,; (g) stress
resultants N, (N/m); (h) stress resultants N, (N/m); (i) stress resultants N,.,,(N/m), for composite

plate under compression and shear with free in-plane edge conditions, at cycle 10 (200% of
initial end shortening strain)

0.05 0.10
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oy
LR R R E
Lol o8 ol ol

Al
LS oS oS ol
A el el Rl

Ouplacament v, Cpeie 33

Figure B.3. Contour plots of in-plane displacements v at cycles 1 to 20, showing the progressive
buckling mode.

177



Appendices

45000

— Cyclel

—  Cycle2

40000K . cycle3

Cycled

- Cycle5

Cycle6

— Cycle7

—  Cycles

Cycle9
Cyclel0
25000 H Cyclell
Cyclel2

35000

30000

Cyclel3
200001 __ Cycleld Shey, e
1 — Cyclels | ——
Cyclel6 -
— Cyclel7
Cyclels
10000 — Cycleld
Cycle20

Shear Stress Resultant Ny, (N/m)

15000

5000
0.00

Plate Width(m)

Figure B.4. Uniform stress resultant distribution at each postbuckling cycle for composite plate
under combined loading, in-plane longitudinal straight edges

B.2. Unbalanced and symmetric composite plate under

compression, fixed edges

The layups are shown as follows:

[0/—45/+45/0/—45/0/90/90/90/90/0/—45/0/+45/—45/0]

Other properties of the plate and predefined variables are shown in Figure B.5.

Results are shown in Figures B.6 to B.8.
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model name

name, wvalue

half-wavelength,l 3 5

length, 8.3

number of nodes, 11

thickness of plate, ©.802
Possion'ratio, @.38

Boundary conditions, free edges
A matrix({Composite)

Al11, 1.4835E+88

Al2, 3.9729E+07

A22, 1.1042E+83

Al6, -7.4822E+86

A26, -7.4822E+86

Ag6, 3.3526E+07

011, 5.8315E+81

D12, 1.2588E+81

D22, 2.0748E+01

Dle, -2.3448E+80

D26, -2.3443E+00

De6, 1.3448E+81

B11, @

B12,
B22,
Ble,
B26,
Be6, B

Buckling load, 5.1769849E+83
linear strain, -12.6661E-85
linear shear strain, @
increment ratio, 8.1

number of cycles, 28

Figure B.5. Input data for unbalanced and symmetric composite plate under compression, free
edges.

oW ®

0.0024 0:30 0.0000072
0.0021 Gio% 0.0000054
0.0018 0.0000036
0.20
0.0015 0.0000018
0.0012 £o015 0.0000000
>
0.0009 -0.0000018
0.10}
0.0006 ~0.0000036
0.0003 0.05 ~0.0000054
0.0000 o ~0.0000072
06 0.05 010 015 020 025 030
x (m)
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Figure B.6. Contour plots of (a) out-of-plane displacements w (m); (b) in-plane displacements
u (m); (c) in-plane displacements v (m); (d) strain &,; (€) strain &,,; (f) strain y,,,; (g) stress
resultants N, (N/m); (h) stress resultants N, (N/m); (i) stress resultants N, (N/m), for
unbalaced symmetric composite under compression with free in-plane edge conditions, at cycle

10 (200% of initial end shortening strain)
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Figure B.7. Contour plots of (a) Moment M, (Nm); (b) Moment M, (Nm); (c) Moment
M, (Nm); (d) curvature k,; (e) curvature k,,; (f) curvature k,, for unbalaced symmetric

composite under compression with free in-plane edge conditions, at cycle 10 (200% of initial
end shortening strain)
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Figure B.8. Equivalent uniform longitudinal stress resultant distribution at each postbuckling

cycle
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