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This  is t h e  a u t ho r’s ve r sion  of a  wo rk  t h a t  w as  s u b mi t t e d  to  / a c c e p t e d  for

p u blica tion.

Cit a tion  for  final p u blish e d  ve r sion:

Fe r r a r e s so,  F r a nc e s co  2 0 2 2.  On  t h e  s p e c t r al  ins t a bili ty for  w e ak  in t e r m e dia t e

t rih a r m o nic p ro ble m s.  M a t h e m a tical M e t ho ds  in t h e  Applied  Scie nc es  4 5  (10) , p p .

5 8 6 4-5 8 9 1.  1 0.10 0 2/ m m a.8 1 4 4  

P u blish e r s  p a g e:  h t t p://dx.doi.o rg/10.10 0 2/ m m a.8 1 4 4  

Ple a s e  no t e:  

Ch a n g e s  m a d e  a s  a  r e s ul t  of p u blishing  p roc e s s e s  s uc h  a s  copy-e di ting,  for m a t ting

a n d  p a g e  n u m b e r s  m ay  no t  b e  r eflec t e d  in t his  ve r sion.  For  t h e  d efini tive  ve r sion  of

t his  p u blica tion,  ple a s e  r efe r  to  t h e  p u blish e d  sou rc e .  You a r e  a dvis e d  to  cons ul t  t h e

p u blish e r’s ve r sion  if you  wis h  to  ci t e  t his  p a p er.

This  ve r sion  is b eing  m a d e  av ailabl e  in a cco r d a nc e  wi th  p u blish e r  policies.  S e e  

h t t p://o rc a .cf.ac.uk/policies.h t ml for  u s a g e  policies.  Copyrigh t  a n d  m o r al  r i gh t s  for

p u blica tions  m a d e  av ailabl e  in  ORCA a r e  r e t ain e d  by t h e  copyrigh t  hold e r s .
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❆❜str❛❝t✳ ❲❡ ❞❡✜♥❡ t❤❡ ✇❡❛❦ ✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ tr✐✲
❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r −∆3✳ ❲❡ ❛♥❛❧②s❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤✐s t②♣❡ ♦❢ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✉♣♦♥ ❞♦♠❛✐♥ ♣❡rt✉r❜❛t✐♦♥s✳ ❲❡ ❝♦♥str✉❝t ❛ ♣❡rt✉r❜❛t✐♦♥ (Ωǫ)ǫ>0

♦❢ ❛ s♠♦♦t❤ ❞♦♠❛✐♥ Ω ♦❢ RN ❢♦r ✇❤✐❝❤ t❤❡ ✇❡❛❦ ✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥s ♦♥ ∂Ωǫ ❛r❡ ♥♦t ♣r❡s❡r✈❡❞ ✐♥ t❤❡ ❧✐♠✐t ♦♥ ∂Ω✱ ❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❇❛❜✉➨❦❛
♣❛r❛❞♦① ❢♦r t❤❡ ❤✐♥❣❡❞ ♣❧❛t❡✳ ❋♦✉r ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ♣r♦✲
❞✉❝❡❞ ✐♥ t❤❡ ❧✐♠✐t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ∂Ωǫ t♦ ∂Ω✳ ■♥ ♦♥❡ ♣❛r✲
t✐❝✉❧❛r ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ ❛ ✏str❛♥❣❡✑ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢❡❛t✉r✐♥❣ ❛ ♠✐❝r♦s❝♦♣✐❝
❡♥❡r❣② t❡r♠ r❡❧❛t❡❞ t♦ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❛♣♣r♦❛❝❤✐♥❣ ❞♦♠❛✐♥s✳ ▼❛♥② ❛s♣❡❝ts
♦❢ ♦✉r ❛♥❛❧②s✐s ❝♦✉❧❞ ❜❡ ❣❡♥❡r❛❧✐s❡❞ t♦ ❛♥ ❛r❜✐tr❛r② ♦r❞❡r ❡❧❧✐♣t✐❝ ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦r ♦❢ ♦r❞❡r 2m ❛♥❞ t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❞♦♠❛✐♥ ♣❡rt✉r❜❛t✐♦♥s✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

▲❡tW ❜❡ ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ RN−1✱ b ∈ C4(W ) ❜❡ ❛ ♣❡r✐♦❞✐❝✱ ♣♦s✐t✐✈❡
❢✉♥❝t✐♦♥ ✇✐t❤ ♣❡r✐♦❞ Y = (−1/2, 1/2)N−1✳ ▲❡t α ∈ (0,+∞) ❜❡ ✜①❡❞✱ ❛♥❞ ❞❡✜♥❡

Ωǫ :=

{
x = (x̄, xN ) ∈ Ω : x̄ ∈W,−1 < xN < gǫ(x̄) = ǫαb

(
x̄

ǫ

)}

Ω :=W × (−1, 0),

✭✶✳✶✮

❢♦r ǫ ∈ (0, 1]✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✇❡❛❦ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ tr✐❤❛r♠♦♥✐❝
♦♣❡r❛t♦r Aǫ = (−∆)3 + I ✐♥ Ωǫ✱ ❣✐✈❡♥ ❜②∫

Ωǫ

(
D3uǫ : D

3ϕ+ uǫϕ
)
= λ(Ωǫ)

∫

Ωǫ

uǫ ϕ, ϕ ∈ H3(Ωǫ) ∩H
1
0 (Ωǫ), ✭✶✳✷✮

✇❤❡r❡ D3f : D3g =
∑

i,j,k=1,...N
∂3f

∂xi∂xj∂xk

∂3g
∂xi∂xj∂xk

✐s t❤❡ ❋r♦❜❡♥✐✉s ♣r♦❞✉❝t ♦❢

t❤❡ t✇♦ t❡♥s♦rs D3f ❛♥❞ D3g✱ λ(Ωǫ) ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ uǫ ∈ H3(Ωǫ) ∩H
1
0 (Ωǫ)

✐s t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥✳ ❍❡r❡ ❛♥❞ ✐♥ t❤❡ s❡q✉❡❧ Hk✱ Hk
0 ❞❡♥♦t❡ t❤❡ st❛♥❞❛r❞ ❙♦❜♦❧❡✈

s♣❛❝❡s ✇✐t❤ r❡❣✉❧❛r✐t② ✐♥❞❡① k ❛♥❞ ✐♥t❡❣r❛❜✐❧✐t② ✐♥❞❡① 2✳
❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s♦❧✉t✐♦♥s uǫ ❛♥❞ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s

λ(Ωǫ) ♦❢ ✭✶✳✷✮ ❛s ǫ → 0✳ ◆♦t❡ t❤❛t Ωǫ ❛♣♣r♦❛❝❤❡s Ω ❛s ǫ → 0 ✐♥ ❛ r❛t❤❡r s✐♥❣✉❧❛r
✇❛②✱ s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ gǫ ♦s❝✐❧❧❛t❡s ✇✐t❤ ✈❡r② ❧❛r❣❡ ❢r❡q✉❡♥❝② ❛s ǫ → 0✳ ■t ✐s
✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✐❢ α < 3✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛ ❢❛♠✐❧② ♦❢ s♠♦♦t❤
❞✐✛❡♦♠♦r♣❤✐s♠s Φǫ : Ω → Ωǫ s✉❝❤ t❤❛t ‖Φǫ−I‖C3(RN ,RN ) → 0 ❛s ǫ→ 0✳ ❚❤❡r❡❢♦r❡
❝❧❛ss✐❝❛❧ ❛♥❞ ❡❧❡❣❛♥t t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ t❤❡ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤
q✉♦t✐❡♥ts ❛ss♦❝✐❛t❡❞ t♦ λ(Ωǫ) ❛♥❞ λ(Ω) ❞♦ ♥♦t ✇♦r❦ ✐♥ ❣❡♥❡r❛❧ ✐♥ t❤❡ s✐♥❣✉❧❛r
s❡tt✐♥❣ ❞❡s❝r✐❜❡❞ ✐♥ ✭✶✳✶✮✳

P♦❧②❤❛r♠♦♥✐❝ ♦♣❡r❛t♦rs (−∆)m ✇✐t❤ ✐♥t❡r♠❡❞✐❛t❡ ♦r ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥s ❛r❡ ❦♥♦✇♥ t♦ ❜❡ r❛t❤❡r s❡♥s✐t✐✈❡ t♦ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥s ✐♥ RN ✱ N > 1✳ ❙❡❡
❢♦r ❡①❛♠♣❧❡ ❬✽❪ ❢♦r r❡❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥s✱ ❛♥❞ ❬✷✱ ✷✸✱ ✶❪ ❢♦r ♠♦r❡ s✐♥❣✉❧❛r s❡tt✐♥❣s✳
❲❤❡♥ m = 1✱ ✉♥❡①♣❡❝t❡❞ ❧✐♠✐t✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ◆❡✉♠❛♥♥
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r −∆neu ✐s ✇❡❧❧✲❦♥♦✇♥ s✐♥❝❡ t❤❡ ❵❞✉♠❜❜❡❧❧✬ ❡①❛♠♣❧❡ ✐♥ ❬✶✼❪✱ ✇❤❡r❡
λ2(Ωǫ) → 0 ❛s ǫ → 0 ✐♥st❡❛❞ ♦❢ ❝♦♥✈❡r❣✐♥❣ t♦ λ2(Ω) > 0✳ ▼♦r❡ ✐♥ ❣❡♥❡r❛❧✱ ❧❡t Rǫ

❉❛t❡✿ ❏❛♥✉❛r② ✷✹✱ ✷✵✷✷✳
✶



✷ ❋✳ ❋❊❘❘❆❘❊❙❙❖

x

y

0

❋✐❣✉r❡ ✶✳ ●r❛♣❤ ♦❢ gǫ(x) = ǫαb(x/ǫ) ✇✐t❤ b(y) = 10+2 sin(πy/5)✳
❇❧❛❝❦ ❝♦❧♦✉r ❝♦rr❡s♣♦♥❞s t♦ α = 1✱ ❜❧✉❡ t♦ α = 5/2✳ ❚❤❡ ❞❛s❤❡❞
❧✐♥❡ ❝♦rr❡s♣♦♥❞s t♦ ǫ = 0.5✱ t❤❡ t❤✐❝❦ ❧✐♥❡ t♦ ǫ = 0.2✳ ❚❤❡ ❜❧✉❡
❣r❛♣❤ ✢❛tt❡♥s ♦✉t ♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡ ❜❧❛❝❦ ♦♥❡ ❛s ǫ→ 0✳

❜❡ ❛ s♠♦♦t❤ ❞♦♠❛✐♥ ♦❢ RN ❝♦♥✈❡r❣✐♥❣ ✭✐♥ ❍❛✉s❞♦r✛ s❡♥s❡✮ t♦ ❛ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧
s❡t D ⊂ Rd✱ d < N ✱ ❛♥❞ ❧❡t Ωǫ ❜❡ t❤❡ s♠♦♦t❤ ❞♦♠❛✐♥ ♦❜t❛✐♥❡❞ ❜② ❛tt❛❝❤✐♥❣ Rǫ

t♦ ❛ ❜♦✉♥❞❡❞ s♠♦♦t❤ ❞♦♠❛✐♥ Ω ⊂ RN ✳ ❚❤❡♥✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ −∆neu ✐♥ Ωǫ ✇✐❧❧
♥♦t ❝♦♥✈❡r❣❡ ♦♥❧② t♦ t❤❡ r❡s♣❡❝t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ✐♥ Ω✱ ❜✉t ❛❧s♦ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧ ♣r♦❜❧❡♠ ✐♥ D✳ ■♥❞❡❡❞✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ −∆neu ♦♥ Rǫ ❛r❡ ❦♥♦✇♥
t♦ ❝♦♥✈❡r❣❡ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ♦♣❡r❛t♦r ♦♥ D✱ s❡❡ ❡✳❣✳✱
❬✸✶❪✳ ❙❡❡ ❛❧s♦ ❬✷✹❪ ❢♦r ♠♦r❡ r❡s✉❧ts ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♦♣❡r❛t♦rs ♦♥ t❤✐♥ ❞♦♠❛✐♥s✱
❬✷✺✱ ✷✻❪ ❢♦r ❞✉♠❜❜❡❧❧✲t②♣❡ ❞♦♠❛✐♥s✱❬✸✱ ✹❪ ❢♦r ❞♦♠❛✐♥s ✇✐t❤ ❢❛st ♦s❝✐❧❧❛t✐♥❣ ❜♦✉♥❞✲
❛r✐❡s ❛♥❞ ❬✶✻✱ ✶✽❪ ❢♦r ❞♦♠❛✐♥s ✇✐t❤ s♠❛❧❧ ❤♦❧❡s✳ ❲❤❡♥ m = 2 t❤❡ ❇❛❜✉➨❦❛ P❛r❛❞♦①
❢♦r t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ∆2

SBC s❤♦✇s t❤❛t ✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❛r❡ ♥♦t st❛❜❧❡ ✉♥❞❡r ♣♦❧②❣♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ s♠♦♦t❤ ❞♦♠❛✐♥ ✐♥ R2✱ s❡❡ ❬✸✵❪
❛♥❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❬✷✶❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳ ❊❧❧✐♣t✐❝ ♦♣❡r❛t♦rs ♦❢ ♦r❞❡r 2m ✇✐t❤
m ≥ 2 ❛♥❞ ❞✐✈❡rs❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ r❡❝❡♥t❧② ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✺✱ ✼❪
❛♥❞ ✐♥ t❤❡ ♣r❡♣r✐♥t ❬✷✷❪ ✇❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❜✐❤❛r♠♦♥✐❝
♦♣❡r❛t♦r ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ❛ t❤✐♥ ❞♦♠❛✐♥ ❝♦♥✈❡r❣❡✱ ❛s t❤❡
s✐③❡ ♦❢ t❤❡ ❞♦♠❛✐♥ t❡♥❞s t♦ ③❡r♦✱ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♦♥ t❤❡
❜♦✉♥❞❛r②✳ ❚❤❡ ❝♦♠♠♦♥ t❤r❡❛❞ ✐♥ t❤❡s❡ ❡①❛♠♣❧❡s ✐s t❤❡ ❧❛❝❦ ♦❢ s♣❡❝tr❛❧ st❛❜✐❧✐t②✱
s❡❡ ❉❡❢✳ ✻❀ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❛ s❡q✉❡♥❝❡ ♦❢ ♦♣❡r❛t♦rs (An)n s❛t✐s❢②✐♥❣ t❤❡ s❛♠❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s s♣❡❝tr❛❧❧② st❛❜❧❡ ✐❢ ✐t ✐s s♣❡❝tr❛❧❧② ❡①❛❝t ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ❬✺❪✮
❛♥❞ t❤❡ ❧✐♠✐t✐♥❣ ♦♣❡r❛t♦r A s❛t✐s✜❡s t❤❡ s❛♠❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛s t❤❡ ♦♣❡r❛t♦rs
An✱ n ∈ N✳
Pr♦❜❧❡♠ ✭✶✳✷✮ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡ ♦❢ s♣❡❝tr❛❧ ✐♥st❛❜✐❧✐t②✱ ✇❤✐❝❤✱ ❛❝❝♦r❞✐♥❣ t♦
❬✷✱ ✷✶❪✱ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ s♠♦♦t❤ ✈❡rs✐♦♥ ♦❢ t❤❡ ❇❛❜✉➨❦❛ ♣❛r❛❞♦①✳ ■♥ ♦r❞❡r t♦
❞❡s❝r✐❜❡ ♦✉r ♠❛✐♥ r❡s✉❧t✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❞❡✜♥❡ ❛ ❝❧❛ss ♦❢ tr✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠s
✇✐t❤ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❋♦r ❡✈❡r② ǫ > 0✱ ❧❡t V (Ωǫ) ❜❡ ❛ ❧✐♥❡❛r s✉❜✲
s♣❛❝❡ ♦❢ H3(Ωǫ) ❝♦♥t❛✐♥✐♥❣ H3

0 (Ωǫ)✳ ❆ss✉♠❡ t❤❛t V (Ωǫ) ✐s ❝♦♠♣❛❝t❧② ❡♠❜❡❞❞❡❞
✐♥ L2(Ωǫ)✱ ❛♥❞ ✐t ✐s ❝♦♠♣❧❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ H3(Ωǫ) ♥♦r♠✱ ✇❤✐❝❤ ✐s ✐♥❞✉❝❡❞
❜② t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠

QΩǫ
(u) =

∫

Ωǫ

|D3u|2 + |u|2, u ∈ V (Ωǫ).

❲❡ t❤❡♥ ❞❡✜♥❡∫

Ωǫ

(
D3uǫ : D

3ϕ+ uǫϕ
)
= λ(Ωǫ)

∫

Ωǫ

uǫϕ, ϕ ∈ V (Ωǫ). ✭✶✳✸✮
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❇② t❤❡ s❡❝♦♥❞ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❬✷✼✱ ❚❤❡♦r❡♠ ✷✳✷✸✱ ❱■✳✷❪✱ t❤❡ s❡sq✉✐❧✐♥❡❛r
❢♦r♠ ✐♥ ✭✶✳✸✮ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛ ♣♦s✐t✐✈❡ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r AV (Ωǫ) := (−∆)3V (Ωǫ)

+

I✳ ❚❤❡ ✐♥✈❡rs❡ A−1
V (Ωǫ)

✐s ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r ✐♥ L2(Ωǫ)✱ ❞✉❡ t♦ t❤❡ ❝♦♠♣❛❝t ❡♠✲

❜❡❞❞✐♥❣ ♦❢ V (Ωǫ) ✐♥ L2(Ωǫ)✳ ❚❤✉s✱ t❤❡ s♣❡❝tr✉♠ ❛ss♦❝✐❛t❡❞ t♦ ✭✶✳✸✮ ✐s ❞✐s❝r❡t❡
❛♥❞ ❝♦♥s✐sts ♦❢ ❛♥ ✉♥❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ✜♥✐t❡ ♠✉❧t✐♣❧✐❝✐t②
(λj(Ωǫ))j∈N✳

■t ✐s s❤♦✇♥ ✐♥ ❬✷✶❪ t❤❛t ✐❢ V (Ωǫ) = H3(Ωǫ) ∩ H
2
0 (Ωǫ) ❢♦r ❛❧❧ ǫ ∈ (0, 1] t❤❡♥ t❤❡

s♣❡❝tr✉♠ (λj(Ωǫ))j∈N ♦❢ ♣r♦❜❧❡♠ ✭✶✳✸✮ ❛♣♣r♦❛❝❤❡s t❤❡ s♣❡❝tr✉♠ (λk(Ω))k∈N ♦❢ t❤❡
s❛♠❡ ♣r♦❜❧❡♠ ✭✶✳✸✮ ✇✐t❤ Ω ✐♥ ♣❧❛❝❡ ♦❢ Ωǫ✱ ♣r♦✈✐❞❡❞ t❤❛t α > 3

2 ✳ ■❢ ✐♥st❡❛❞ 0 <

α < 3
2 t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❜❧❡♠ s❛t✐s✜❡s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❝♦rr❡s♣♦♥❞✐♥❣

t♦ V (Ω) = H3
0 (Ω) ✐♥ ✭✶✳✸✮✮ ♦♥ W × {0}✳ ■t ✐s ❛❧s♦ s❤♦✇♥ t❤❛t t❤✐s ❇❛❜✉➨❦❛✲

t②♣❡ ♣❛r❛❞♦① ✐s s❤❛r❡❞ ❜② ❛❧❧ t❤❡ ♣♦❧②❤❛r♠♦♥✐❝ ♦♣❡r❛t♦rs (−∆)mSBC ✇✐t❤ str♦♥❣
✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ s❤♦rt❡♥❡❞ ❙❇❈✱ ❢♦r ✇❤✐❝❤ V (Ωǫ) = Hm(Ωǫ) ∩
Hm−1

0 (Ωǫ) ✐♥ t❤❡ ♣♦❧②❤❛r♠♦♥✐❝ ❛♥❛❧♦❣♦✉s ♦❢ ✭✶✳✸✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♣♦❧②❤❛r♠♦♥✐❝
♦♣❡r❛t♦rs ✇✐t❤ ❙❇❈ ❛r❡ s♣❡❝tr❛❧❧② st❛❜❧❡ ♦♥ (Ωǫ)ǫ∈[0,1] ♣r♦✈✐❞❡❞ t❤❛t α > 3/2✳
❆s ❛❧r❡❛❞② ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✷✶❪✱ t❤❡r❡ ✐s ❛♥♦t❤❡r ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ tr✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r✱ t❤❡ ✇❡❛❦ ✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✭s❤♦rt❡♥❡❞ ❲❇❈✮ ❞❡✜♥❡❞ ✐♠♣❧✐❝✐t❧② ❜② ✭✶✳✷✮✳ ❋r♦♠ t❤❡ s♣❡❝tr❛❧ st❛❜✐❧✐t②
r❡s✉❧t ❬✷✶✱ ❚❤❡♦r❡♠ ✹❪ ✇❡ ❦♥♦✇ t❤❛t ✐❢ Ωǫ ❛♥❞ Ω ❛r❡ ❛s ✐♥ ✭✶✳✶✮ t❤❡ s❡q✉❡♥❝❡ ♦❢
♦♣❡r❛t♦rs Aǫ = (−∆3

WBC+I))ǫ∈[0,1] ❛ss♦❝✐❛t❡❞ t♦ ✭✶✳✷✮ ✐s s♣❡❝tr❛❧❧② st❛❜❧❡ ♣r♦✈✐❞❡❞
t❤❛t α > 5/2✳
❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❛rt✐❝❧❡✱ s❡❡ ❚❤♠✳✶✱ ✐s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝❛s❡ α ≤ 5/2✳ ❲❡
♣r♦✈❡ t❤❛t t❤❡r❡ ❛r❡ t❤r❡❡ ❞✐✛❡r❡♥t ❝❛s❡s ❞❡♣❡♥❞✐♥❣ ♦♥ α✱ t❤❛t ❝❛♥ ❜❡ s✉♠♠❛r✐s❡❞
❛s ❢♦❧❧♦✇s

✭✐✮ ✐❢ α ∈
(
3
2 ,

5
2

)
t❤❡ ❡✐❣❡♥✈❛❧✉❡s λj(Ωǫ) ♦❢ ✭✶✳✷✮ ❝♦♥✈❡r❣❡ ✐♥ t❤❡ ❧✐♠✐t t♦ t❤❡

❡✐❣❡♥✈❛❧✉❡s ♦❢ (−∆)3 + I ✇✐t❤ ♠✐①❡❞ ❲❇❈✲❙❇❈✳
✭✐✐✮ ✐❢ α ∈ (0, 1)✱ t❤❡ ❧✐♠✐t✐♥❣ ♦♣❡r❛t♦r (−∆)3 + I s❛t✐s✜❡s ♠✐①❡❞ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ♦❢ t②♣❡ ❲❇❈✲❉✐r✐❝❤❧❡t✳
✭✐✐✐✮ ✐❢ α = 5

2 t❤❡ ❧✐♠✐t✐♥❣ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢❡❛t✉r❡s ❛ ✬str❛♥❣❡✬ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ b ✐♥ ✭✶✳✶✮✳

❚❤❡ ❝❛s❡ α ∈ (1, 3/2] ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡ ❛♥❞ ✐t ✐s ❧❡❢t ❛s ❛♥ ♦♣❡♥
♣r♦❜❧❡♠✱ s❡❡ ❘❡♠❛r❦ ✷ ❢♦r ❢✉rt❤❡r ❡①♣❧❛♥❛t✐♦♥s ♦❢ ✇❤② t❤✐s r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❞♦❡s
♥♦t s❡❡♠ tr❡❛t❛❜❧❡ ✇✐t❤ ♦✉r ♠❡t❤♦❞ ♦❢ ♣r♦♦❢✳
❲❤✐❧❡ ❚❤❡♦r❡♠ ✶ ❧♦♦❦ s✐♠✐❧❛r t♦ ❬✷✶✱ ❚❤❡♦r❡♠ ✼❪✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t ✇❡ ❤❛❞ t♦ ❢❛❝❡
s❡✈❡r❛❧ ♥❡✇ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s ❞✉❡ t♦ t❤❡ ❡①tr❡♠❡ s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥
Ω 7→ Ωǫ ✇❤❡♥ α ≤ 5/2✳ ■♥❞❡❡❞✱ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ Φǫ : Ω 7→ Ωǫ t❤❛t ✇❡ ✉s❡ ✐♥
t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ❤❛s ❞❡r✐✈❛t✐✈❡s ✇✐t❤ str♦♥❣❧② ❞✐✈❡r❣❡♥t L2✲♥♦r♠s ❛s
ǫ→ 0✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❜❛❧❛♥❝❡ t❤✐s ✉♥❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❞❡r✐✈❛✲
t✐✈❡s ❛s ✐♥ ❬✷✶❪✱ ✇❤❡r❡ ✐t ✇❛s ♣✐✈♦t❛❧ t♦ ❡①♣❧♦✐t t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ❜♦t❤ uǫ ❛♥❞ ∂u

∂n ❛t
t❤❡ ❜♦✉♥❞❛r②✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✶✱ ❚❤❡♦r❡♠ ✼❪ ✐♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❛s❡ α ≤ 3/2
r❡❧✐❡s ♦♥ ❬✶✵✱ ▲❡♠♠❛ ✹✳✸❪✱ ❢♦r ✇❤✐❝❤ ✐t ✐s ❢✉♥❞❛♠❡♥t❛❧ t❤❛t t❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞
❢♦r t❤❡ s♣❡❝tr❛❧ st❛❜✐❧✐t② ✐s α = 3/2✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❝❧❡❛r❧② ♥♦t s❛t✐s✜❡❞ ❜② ✇❡❛❦
✐♥t❡r♠❡❞✐❛t❡ ♣r♦❜❧❡♠s✳
❚♦ ♦✈❡r❝♦♠❡ t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❤✉r❞❧❡s✱ ✇❡ ♣r♦✈❡ ❛ ♥❡✇✱ ②❡t r❛t❤❡r t❡❝❤♥✐❝❛❧ ❞❡❣❡♥✲
❡r❛t✐♦♥ r❡s✉❧t✱ s❡❡ ▲❡♠♠❛ ✹✳ ■ts ♣r♦♦❢ ✐♥✈♦❧✈❡s ❛ ❝❛r❡❢✉❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r
♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ❢✉♥❝t✐♦♥s uǫ ∈ H3(Ωǫ)∩H

1
0 (Ωǫ) ❝❧♦s❡ t♦ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ❜♦✉♥❞✲

❛r✐❡s✳ ❇r♦❛❞❧② s♣❡❛❦✐♥❣✱ ✇❡ ♥❡❡❞ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤r❡❡ ❛r❣✉♠❡♥ts✿ ✭✐✮ t❤❡ ✉s❡
♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ ✉♥❢♦❧❞✐♥❣ ♦♣❡r❛t♦r t♦ ❝♦♥tr♦❧ t❤❡ L2✲♥♦r♠ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢
uǫ ❝❧♦s❡ t♦ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ❜♦✉♥❞❛r②❀ ✭✐✐✮ t❤❡ ✇❡✐❣❤t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ tr❛❝❡s ♦❢
t❤❡ ✉♥❢♦❧❞❡❞ ❢✉♥❝t✐♦♥s ûǫ t♦ t❤❡ tr❛❝❡ ♦❢ t❤❡ ✇❡❛❦ ❧✐♠✐t u ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❢✉♥❝t✐♦♥s
uǫ❀ ✭✐✐✐✮ t❤❡ ✉s❡ ♦❢ t❤❡ st❛♥❞❛r❞ ✉♥❢♦❧❞✐♥❣ ♦♣❡r❛t♦rs ✭✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
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s♦✲❝❛❧❧❡❞ t✇♦✲s❝❛❧❡ ❝♦♥✈❡r❣❡♥❝❡✮ t♦ ❞❡❞✉❝❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ tr❛❝❡ ♦❢ u
✇❤❡♥ α ≤ 1 ❛♥❞ 1 < α < 2✳
❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✹❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ❤♦♠♦❣❡♥✐s❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞
t♦ ❬✶✸❪ ❢♦r t❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡r❛t♦r✳ ❚❤❡ ✉s❡ ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ ✉♥❢♦❧❞✐♥❣ ♦♣❡r❛t♦r
❛♥❞ s♦♠❡ ♦❢ t❤❡ t❡❝❤♥✐q✉❡s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹ ✇❡r❡ ✐♥s♣✐r❡❞ ❜② ❛ ❝❛r❡❢✉❧
r❡❛❞✐♥❣ ♦❢ ❬✶✵✱ ✶✶❪ ❛♥❞ ❜② s♦♠❡ ❝❧❛ss✐❝❛❧ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡s ✐♥ t❤❡ s♣✐r✐t
♦❢ ❬✷✽✱ ✷✾❪✳
❚❤✐s ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✇❡❛❦
✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ tr✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r −∆3✱ ❛♥❞ ✇❡ st❛t❡
t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r✱ ❚❤❡♦r❡♠ ✶✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❝♦❧❧❡❝t s♦♠❡ st❛♥❞❛r❞
r❡s✉❧ts ❛❜♦✉t t❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡r❛t♦r ❛♥❞ t❤❡ t❛♥❣❡♥t✐❛❧ ❝❛❧❝✉❧✉s✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡
r❡❝❛❧❧ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ❛❜♦✉t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ♦♥
✈❛r②✐♥❣ ❍✐❧❜❡rt s♣❛❝❡s✱ ❛♥❞ ✇❡ ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ s♣❡❝tr❛❧ ❡①❛❝t♥❡ss ❛♥❞ s♣❡❝✲
tr❛❧ st❛❜✐❧✐t②✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ♣r♦✈❡ st❛t❡♠❡♥ts (iii) ❛♥❞ (iv) ♦❢ ❚❤❡♦r❡♠ ✶✳ ❙❡❝t✐♦♥
✻ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶(ii)✱ ✇❤✐❝❤ r❡q✉✐r❡s s❡✈❡r❛❧ r❡s✉❧ts ❢r♦♠ ❤♦✲
♠♦❣❡♥✐s❛t✐♦♥ t❤❡♦r②✳ ■♥ t❤❡ ❆♣♣❡♥❞✐❝❡s ✇❡ ❝♦❧❧❡❝t s♦♠❡ ❛✉①✐❧✐❛r② r❡s✉❧ts ❛♠♦♥❣
✇❤✐❝❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚r✐❤❛r♠♦♥✐❝ ●r❡❡♥ ❋♦r♠✉❧❛✱ ✇❤✐❝❤ ✐s ♦❢ ❣❡♥❡r❛❧ ✐♥t❡r❡st✳

✷✳ ▼❛✐♥ r❡s✉❧t

✷✳✶✳ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ●✐✈❡♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ⊂ RN ✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
q✉❛❞r❛t✐❝ ❢♦r♠ ❞❡✜♥❡❞ ❜②

QΩ(u, v) =

∫

Ω

D3u : D3v dx+

∫

Ω

uv dx, ✭✷✳✶✮

❢♦r ❛❧❧ u, v ∈ V (Ω)✱ ✇❤❡r❡ V (Ω) ✐s ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ H3(Ω)✱ H3
0 (Ω) ⊂ V (Ω)

❛♥❞ V ✐s ❝♦♠♣❧❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ H3✲♥♦r♠✳ ❇② t❤❡ s❡❝♦♥❞ r❡♣r❡s❡♥t❛t✐♦♥
t❤❡♦r❡♠ ❬✷✼✱ ❚❤❡♦r❡♠ ✷✳✷✸✱ ❱■✳✷❪✱ t❤❡r❡ ❡①✐sts ❛ ❞❡♥s❡❧② ❞❡✜♥❡❞✱ ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞
s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r AV (Ω) ✇✐t❤ ❞♦♠❛✐♥ dom(AV (Ω)) ⊂ H3(Ω) s✉❝❤ t❤❛t

QΩ(u, v) = (A
1/2
V (Ω)u, A

1/2
V (Ω)v),

❢♦r ❛❧❧ u, v ∈ V (Ω)✳ ❆ss✉♠❡ t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢ V (Ω) ✐♥ L2(Ω) ✐s ❝♦♠♣❛❝t✳
❚❤❡♥✱ AV (Ω) ❤❛s ❝♦♠♣❛❝t r❡s♦❧✈❡♥t✱ ❤❡♥❝❡ ✐t ❤❛s ♣✉r❡❧② ❞✐s❝r❡t❡ s♣❡❝tr✉♠✱ ♠❛❞❡
♦❢ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❞✐✈❡r❣✐♥❣ t♦ +∞✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

∫

Ω

D3u : D3v dx+

∫

Ω

uv dx = λ

∫

Ω

uv dx, ✭✷✳✷✮

✐♥ t❤❡ ✉♥❦♥♦✇♥s λ✱ u ∈ V (Ω) ❢♦r ❛❧❧ v ∈ V (Ω)✳ ❲❡ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✳ ❚❤❡✐r ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ✈✐❛ t❤❡ ❚r✐❤❛r♠♦♥✐❝
●r❡❡♥ ❋♦r♠✉❧❛✱ st❛t❡❞ ❛♥❞ ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✼✳ ▲❡t k ∈ N✱ 0 ≤ k ≤ 3 ❛♥❞ ❧❡t ✉s
s❡t V (Ω) = H3(Ω) ∩Hk

0 (Ω)✳ ■❢ k = 3 t❤❡♥ V (Ω) = H3
0 (Ω) ✐♥ ✭✷✳✶✮✳ ❋♦r♠✉❧❛ ✭✼✳✹✮

✐♠♣❧✐❡s t❤❛t AV (Ω) ✐s t❤❡ ❉✐r✐❝❤❧❡t tr✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤
{
−∆3u+ u = λu, ✐♥ Ω✱

u = ∂u
∂n = ∂2u

∂n2 = 0, ♦♥ ∂Ω✳
✭✷✳✸✮

❲❤❡♥ k = 2✱ V (Ω) = H3(Ω) ∩ H2
0 (Ω)✳ ❇② ✭✼✳✹✮ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧

❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✷✳✷✮ ♦♥ V (Ω) ✐s ❞❡✜♥❡❞ ❜②




−∆3u+ u = λu, ✐♥ Ω✱

u = ∂u
∂n = 0, ♦♥ ∂Ω✱

∂3u
∂n3 = 0, ♦♥ ∂Ω✳

✭✷✳✹✮
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■♥ t❤✐s ❝❛s❡ ✇❡ s❛② t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ♦♣❡r❛t♦r −∆3u + u ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦❜❧❡♠
✭✷✳✹✮ s❛t✐s✜❡s str♦♥❣ ✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ∂Ω✳

❋✐♥❛❧❧②✱ ✇❤❡♥ k = 1✱ V (Ω) = H3(Ω) ∩H1
0 (Ω)✳ ❇② ✭✼✳✹✮ ✇❡ ❞❡❞✉❝❡ t❤❛t





−∆3u+ u = λu, ✐♥ Ω✱

u = 0, ♦♥ ∂Ω✱(
(nTD3u)∂Ω : D∂Ωn

)
− ∂2(∆u)

∂n2 − 2 div∂Ω(D
3u[n⊗ n])∂Ω = 0, ♦♥ ∂Ω✱

∂3u
∂n3 = 0, ♦♥ ∂Ω✱

✭✷✳✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ ❜② (·)∂Ω t❤❡ t❛♥❣❡♥t✐❛❧ ♣❛rt ♦❢ ❛ t❡♥s♦r ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞
❢♦r♠❛❧❧② ❡①❛❝t❧② ❛s t❤❡ t❛♥❣❡♥t✐❛❧ ❍❡ss✐❛♥✱ s❡❡ ❉❡❢✳ ✸ ❜❡❧♦✇✮ ✱ D∂Ω ✐s t❤❡ t❛♥❣❡♥t✐❛❧
❏❛❝♦❜✐❛♥✱ n ✐s t❤❡ ♦✉t❡r ✉♥✐t ♥♦r♠❛❧ t♦ ∂Ω✱ div∂Ω ✐s t❤❡ t❛♥❣❡♥t✐❛❧ ❞✐✈❡r❣❡♥❝❡✱
[n⊗n] = (ninj)i,j=1,...,N ✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❛② t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ♦♣❡r❛t♦r −∆3u+u
❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦❜❧❡♠ ✭✷✳✹✮ s❛t✐s✜❡s ✇❡❛❦ ✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥
∂Ω✳ ◆♦t❡ t❤❛t t❤❡ ❝✉r✈❛t✉r❡ t❡♥s♦r D∂Ωn ❛♣♣❡❛rs ♥♦♥✲tr✐✈✐❛❧❧② ✐♥ t❤❡ s❡❝♦♥❞
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❡r❡
♥❡✈❡r ❞❡✜♥❡❞ ❜❡❢♦r❡ ✐♥ t❤✐s ❢♦r♠✳

✷✳✷✳ ▼❛✐♥ t❤❡♦r❡♠✳ ▲❡t Ωǫ✱ ǫ > 0 ❛♥❞ Ω ❜❡ ❛s ✐♥ ✭✶✳✶✮✳ ❙❡t Γ := W × {0}✳ ▲❡t
AΩǫ

❜❡ t❤❡ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ ✭✶✳✷✮✱ ǫ > 0✱ ❛♥❞ ❞❡✜♥❡ AΩ ✐♥ ❛ ❛♥❛❧♦❣♦✉s ✇❛②
❜② r❡♣❧❛❝✐♥❣ Ωǫ ✇✐t❤ Ω✳ ▲❡t AΩ,S ❜❡ t❤❡ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦





AΩ,Su := −∆3u+ u = λu, ✐♥ Ω✱

(WBC), ♦♥ ∂Ω \ Γ

(SBC), ♦♥ Γ✱

✭✷✳✻✮

✇❤❡r❡ (WBC) ❛r❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✳✺✮✱ (SBC) t❤♦s❡ ✐♥ ✭✷✳✹✮✳ ▲❡t
AΩ,D ❜❡ t❤❡ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦





AΩ,Du := −∆3u+ u = λu, ✐♥ Ω✱

(WBC), ♦♥ ∂Ω \ Γ

(DBC), ♦♥ Γ✱

✭✷✳✼✮

✇❤❡r❡ (DBC) ❛r❡ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❞❡✜♥❡❞ ✐♥ ✭✷✳✸✮✳ ❋✐♥❛❧❧②✱ ❧❡t

ÂΩ ❜❡ t❤❡ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦




ÂΩu := −∆3u+ u = λu, ✐♥ Ω✱

(WBC), ♦♥ ∂Ω \ Γ

u = ∂x3
N
u = 0, ♦♥ Γ,

∆(∂x2
N
u) + 2∆N−1(∂x2

N
u) +K1∂xN

u = 0, ♦♥ Γ✱

✭✷✳✽✮

✇❤❡r❡ K1 > 0 ✐s ❣✐✈❡♥ ❜②

K1 =

∫

Y

(

∆2

(

∂V

∂yN

)

+∆N−1

(

∂(∆V )

∂yN

)

+∆2
N−1

(

∂V

∂yN

))

b(ȳ)dȳ

=

∫

Y ×(−∞,0)

|D3
V |2 dy,

✭✷✳✾✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ V ✐s Y ✲♣❡r✐♦❞✐❝ ✐♥ t❤❡ ✈❛r✐❛❜❧❡s ȳ ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣
♠✐❝r♦s❝♦♣✐❝ ♣r♦❜❧❡♠





∆3V = 0, ✐♥ Y × (−∞, 0),

V (ȳ, 0) = b(ȳ), ♦♥ Y ,

−∂y2
N
(∆V ) + 2∂y2

N
(∆N−1V ) = 0, ♦♥ Y ,

∂y3
N
V = 0, ♦♥ Y .

✭✷✳✶✵✮

❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣



✻ ❋✳ ❋❊❘❘❆❘❊❙❙❖

❚❤❡♦r❡♠ ✶✳ ❋♦r ǫ ≥ 0 ❧❡t Ωǫ ⊂ RN ❜❡ ❞❡✜♥❡❞ ❜② ✭✶✳✶✮✳ ▲❡t AΩǫ
✱ ǫ > 0✱ AΩ✱

AΩ,S✱ AΩ,D✱ ÂΩ ❜❡ t❤❡ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❛❜♦✈❡ ✐♥ ✭✷✳✻✮✱ ✭✷✳✼✮✱ ✭✷✳✽✮✳ ❚❤❡♥✿

✭✐✮ ❬❙♣❡❝tr❛❧ st❛❜✐❧✐t②❪ ■❢ α > 5/2✱ t❤❡♥ A−1
Ωǫ

C
→ A−1

Ω ✳

✭✐✐✮ ❬❙tr❛♥❣❡ t❡r♠❪ ■❢ α = 5/2✱ t❤❡♥ A−1
Ωǫ

C
→ Â−1

Ω ✳

✭✐✐✐✮ ❬▼✐❧❞ ✐♥st❛❜✐❧✐t②❪ ■❢ 3/2 < α < 5/2✱ t❤❡♥ A−1
Ωǫ

C
→ A−1

Ω,S✳

✭✐✈✮ ❬❙tr♦♥❣ ✐♥st❛❜✐❧✐t②❪ ■❢ α ≤ 1✱ t❤❡♥ A−1
Ωǫ

C
→ A−1

Ω,D✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s λj(Ωǫ)✱ j ≥ 1✱ ♦❢ ✭✶✳✷✮ ❝♦♥✈❡r❣❡ ❛s ǫ → 0 t♦ t❤❡

❡✐❣❡♥✈❛❧✉❡s ♦❢ AΩ ✐♥ ❝❛s❡ (i)✱ ÂΩ ✐♥ ❝❛s❡ (ii)✱ AΩ,S ✐♥ ❝❛s❡ (iii) ❛♥❞ AΩ,D ✐♥ ❝❛s❡
(iv)✳

❚❤❡ ❝♦♠♣❛❝t ❝♦♥✈❡r❣❡♥❝❡
C
→ ✐♥ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✐s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳

❚❤❡ ♥♦✈❡❧t② ♦❢ ❚❤❡♦r❡♠ ✶ ❧✐❡s ✐♥ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞♦✉❜❧❡ ✐♥st❛❜✐❧✐t② ❡✛❡❝t✱
♥❛♠❡❧② ❛ ✜rst ❞❡❣❡♥❡r❛t✐♦♥ t♦ ❙❇❈ ✇❤❡♥ α ∈ ( 32 ,

5
2 ) ❛♥❞ ❛ ❢✉rt❤❡r ❞❡❣❡♥❡r❛t✐♦♥ t♦

❉✐r✐❝❤❧❡t ✇❤❡♥ α ≤ 1✳ ❲❡ ✐♠♠❡❞✐❛t❡❧② ❣✐✈❡ ❛ ♣r♦♦❢ ♦❢ ✐t❡♠ (i)✿

Pr♦♦❢ ♦❢ ❚❤♠ ✶✭✐✮✳ ❚❤❡ ❢♦❧❧♦✇s ❢r♦♠ ❬✷✶✱ ❚❤❡♦r❡♠ ✹❪✱ ✇✐t❤ m = 3✱ k = 1✳ �

❘❡♠❛r❦ ✶✳ ❚❤❡ r❡s✉❧ts ✐♥ ❚❤❡♦r❡♠ ✶ ❝❛♥ ❜❡ ❡❛s✐❧② ❣❡♥❡r❛❧✐s❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ Ω
❤❛s ❛ ♣✐❡❝❡✇✐s❡ ✢❛t ❜♦✉♥❞❛r②✱ Ωǫ✱ Ω ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❛t❧❛s ❝❧❛ss ✐♥ t❤❡ s❡♥s❡ ♦❢
❬✾✱ ❉❡✜♥✐t✐♦♥ ✷✳✹❪ ❢♦r ❛❧❧ ǫ > 0✱ ❛♥❞ ❤❛✈❡ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❜♦✉♥❞❛r② ❧♦❝❛❧❧② ❞❡s❝r✐❜❡❞ ❜②
✭✶✳✶✮✳ ■♥❞❡❡❞✱ ✐❢ V ✐s ♦♥❡ ♦❢ t❤❡ ❝❤❛rt ✐♥ t❤❡ ❝♦♠♠♦♥ ❛t❧❛s ❝❧❛ss✱ ✉s✐♥❣ ❛ ♣❛rt✐t✐♦♥
♦❢ ✉♥✐t② ✇❡ ❝❛♥ ❞✐r❡❝t❧② ❛ss✉♠❡ t❤❛t

Ωǫ ∩ V = {(x̄, xN ) ∈ R
N : x̄ ∈W, −1 < xN < gV,ǫ(x̄)}.

■t ✐s ❝❧❡❛r t❤❛t ✐❢ ✇❡ ❛❧❧♦✇ α > 0 t♦ ❜❡ ❝❤❛rt ❞❡♣❡♥❞❡♥t✱ ✇❡ ♠❛② ✜♥❞ ❛ ❧✐♠✐t✐♥❣
❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✇✐t❤ ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♣❛ss❛❣❡
t♦ t❤❡ ❧✐♠✐t ❝❛♥ ❜❡ tr❡❛t❡❞ ❧♦❝❛❧❧② ❡①❛❝t❧② ❛s ✐♥ ❚❤❡♦r❡♠ ✶✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❛ss✉♠❡
t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♦♣❡♥ s❡ts (Ωǫ)ǫ>0 ❤❛s ❛ ❝♦♠♠♦♥ ❛t❧❛s ❣✐✈❡♥ ❜② t❤r❡❡ ❝❤❛rts V1✱
V2 ❛♥❞ V3✳ ❚❤❡♥ ✉♣ t♦ ❛ ♣♦ss✐❜❧❡ r♦t❛t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥

Ωǫ ∩ V1 = {(x̄, xN ) ∈ R
N : x̄ ∈W, −1 < xN < ǫα1b1(x̄/ǫ)},

Ωǫ ∩ V2 = {(x̄, xN ) ∈ R
N : x̄ ∈W, −1 < xN < ǫα2b2(x̄/ǫ)},

Ωǫ ∩ V3 = Ω ∩ V3, ǫ > 0,

✇✐t❤ α1 > 5/2✱ α2 ≤ 1✳ ❚❤❡♥ t❤❡ ❧✐♠✐t✐♥❣ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ Ω ✇✐❧❧ ❜❡ ✐♥
t❤❡ ❢♦r♠ 




−∆3u+ u = λu, ✐♥ Ω✱

(WBC), ✐♥ Γ1 ∪ Γ3✱

(DBC), ✐♥ Γ2✱

✇❤❡r❡ ∂Ω = Γ1 ∪ Γ2 ∪ Γ3✱ Γj ❜❡✐♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω ✐♥s✐❞❡ Vj✱ j = 1, 2, 3✳

❘❡♠❛r❦ ✷✳ ❚❤❡ ❝❛s❡ α ∈ (1, 3/2) ✐♥ ❚❤❡♦r❡♠ ✶ r❡♠❛✐♥s ❛t t❤❡ ♠♦♠❡♥t ♦♣❡♥✳ ❚❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ s❡❡♠s t♦ s✉❣❣❡st t❤❛t α = 3/2 ✐s ♥♦t ❛ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞❀ ✐♥
♦t❤❡r ✇♦r❞s✱ ✇❡ ❞♦ ♥♦t ❡①♣❡❝t ❞❡❣❡♥❡r❛t✐♦♥ t♦ t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❛t α = 3/2✳
❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐s t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ Tǫϕ✱ ϕ ∈ L2(Ω)✱ ✇❤❡r❡ Tǫ ✐s t❤❡
♣✉❧❧❜❛❝❦ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✮ ❤❛✈❡ s✐♥❣✉❧❛r✐t✐❡s t❤❛t ❛r❡ ❜❛❧❛♥❝❡❞ ❜② ♥❡✐t❤❡r t❤❡
s❤r✐♥❦✐♥❣ ♦❢ t❤❡ s❡t Ωǫ ✇❤❡♥ α ∈ (1, 3/2)✱ ♥♦r ❜② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ tr❛❝❡s ♦❢
t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛t t❤❡ ❜♦✉♥❞❛r②✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♠♦r❡ ❡✣❝✐❡♥t ❡①t❡♥s✐♦♥
♦♣❡r❛t♦r Tǫ : H

3(Ω)∩H1
0 (Ω) → H3(Ωǫ)∩H

1
0 (Ωǫ) ✐s ❤♦✇❡✈❡r ❡✈❡♥ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✿

♥♦t❡ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧❧② ✉s❡❞ ❙♦❜♦❧❡✈ ❡①t❡♥s✐♦♥ ♦♣❡r❛t♦rs ❞♦ ♥♦t ✇♦r❦ ❤❡r❡ s✐♥❝❡ t❤❡②
❞♦ ♥♦t ♣r❡s❡r✈❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
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✸✳ ❆✉①✐❧✐❛r② r❡s✉❧ts

• ❆ ❞✐✛❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ Ω ❛♥❞ Ωǫ✳

▲❡t ✉s ❞❡✜♥❡ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ Φǫ ❢r♦♠ Ωǫ t♦ Ω ❜②

Φǫ(x̄, xN ) = (x̄, xN − hǫ(x̄, xN )), ❢♦r ❛❧❧ x = (x̄, xN ) ∈ Ωǫ✱ ✭✸✳✶✮

✇❤❡r❡ hǫ ✐s ❞❡✜♥❡❞ ❜②

hǫ(x̄, xN ) =




0, ✐❢ −1 ≤ xN ≤ −ǫ,

gǫ(x̄)
(

xN+ǫ
gǫ(x̄)+ǫ

)4
, ✐❢ −ǫ ≤ xN ≤ gǫ(x̄).

❇② st❛♥❞❛r❞ ❝❛❧❝✉❧✉s ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

▲❡♠♠❛ ✶✳ ❚❤❡ ♠❛♣ Φǫ ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ ❝❧❛ss C3 ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
c > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ ǫ s✉❝❤ t❤❛t |hǫ| ≤ cǫα ❛♥❞

∣∣Dlhǫ
∣∣ ≤ cǫα−l✱ ❢♦r ❛❧❧ l = 1, . . . , 3✱

ǫ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳

❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦♣❡r❛t♦r

Tǫ : L
2(Ω) → L2(Ωǫ), Tǫu = u ◦ Φǫ ✭✸✳✷✮

❢♦r ❛❧❧ u ∈ L2(Ω)✳

• ❯♥❢♦❧❞✐♥❣ ♠❡t❤♦❞✳

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ❛♥❞ r❡s✉❧ts ❢r♦♠ ❬✷✶❪ r❡❣❛r❞✐♥❣ t❤❡ ✉♥❢♦❧❞✐♥❣
♠❡t❤♦❞✳ ❋♦r ❛♥② k ∈ ZN−1 ❛♥❞ ǫ > 0 ✇❡ ❞❡✜♥❡





Ck
ǫ = ǫk + ǫY,

IW,ǫ = {k ∈ Z
N−1 : Ck

ǫ ⊂W},

Ŵǫ =
⋃

k∈IW,ǫ

Ck
ǫ .

✭✸✳✸✮

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t u ❜❡ ❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ Ω✳ ❋♦r ❛♥② ǫ > 0 s✉✣✲

❝✐❡♥t❧② s♠❛❧❧ t❤❡ ✉♥❢♦❧❞✐♥❣ û ♦❢ u ✐s t❤❡ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ Ŵǫ × Y ×
(−1/ǫ, 0) ❜②

û(x̄, ȳ, yN ) = u
(
ǫ
[ x̄
ǫ

]
+ ǫȳ, ǫyN

)
,

❢♦r ❛❧♠♦st ❛❧❧ (x̄, ȳ, yN )) ∈ Ŵǫ × Y × (−1/ǫ, 0)✱ ✇❤❡r❡ [x̄ǫ−1] ❞❡♥♦t❡s t❤❡ ✐♥t❡❣❡r
♣❛rt ♦❢ t❤❡ ✈❡❝t♦r x̄ǫ−1 ✇✐t❤ r❡s♣❡❝t t♦ Y ✱ ✐✳❡✳✱ [x̄ǫ−1] = k ✐❢ ❛♥❞ ♦♥❧② ✐❢ x̄ ∈ Ck

ǫ ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ♦❢t❡♥ ✉s❡❞ ✐♥ t❤❡ s❡q✉❡❧✳ ❋♦r ❛ ♣r♦♦❢ ✇❡ r❡❢❡r t♦
❬✶✷✱ Pr♦♣♦s✐t✐♦♥ ✷✳✺✭✐✮❪✳

▲❡♠♠❛ ✷✳ ▲❡t a ∈ [−1, 0[ ❜❡ ✜①❡❞✳ ❚❤❡♥
∫

Ŵǫ×(a,0)

u(x)dx = ǫ

∫

Ŵǫ×Y×(a/ǫ,0)

û(x̄, y)dx̄dy ✭✸✳✹✮

❢♦r ❛❧❧ u ∈ L1(Ω) ❛♥❞ ǫ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ▼♦r❡♦✈❡r

∫

Ŵǫ×(a,0)

∣∣∣∣
∂lu(x)

∂xi1 · · · ∂xil

∣∣∣∣
2

dx = ǫ1−2l

∫

Ŵǫ×Y×(a/ǫ,0)

∣∣∣∣
∂lû

∂yi1 · · · ∂yil
(x̄, y)dx̄

∣∣∣∣
2

dy,

❢♦r ❛❧❧ l ≤ 3✱ u ∈ H3(Ω) ❛♥❞ ǫ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳

▲❡t H3
PerY ,loc(Y × (−∞, 0)) ❜❡ t❤❡ s✉❜s♣❛❝❡ ♦❢ H3

loc(R
N−1× (−∞, 0)) ❝♦♥t❛✐♥✐♥❣

Y ✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ✜rst (N − 1) ✈❛r✐❛❜❧❡s ȳ✳ ❲❡ t❤❡♥ ❞❡✜♥❡ H3
loc(Y ×



✽ ❋✳ ❋❊❘❘❆❘❊❙❙❖

(−∞, 0)) t♦ ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ H3
PerY ,loc(Y × (−∞, 0)) r❡str✐❝t❡❞ t♦ Y ×

(−∞, 0)✳ ❋✐♥❛❧❧② ✇❡ s❡t

w3,2
PerY

(Y × (−∞, 0)) :=
{
u ∈ H3

PerY ,loc(Y × (−∞, 0))

: ‖Dγu‖L2(Y×(−∞,0)) <∞, ∀|γ| = 3
}
. ✭✸✳✺✮

❋♦r ❛♥② d < 0✱ ❧❡t P l
hom,y(Y × (d, 0)) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s ♦❢

❞❡❣r❡❡ ❛t ♠♦st l r❡str✐❝t❡❞ t♦ t❤❡ ❞♦♠❛✐♥ (Y ×(d, 0))✳ ▲❡t ǫ > 0 ❜❡ ✜①❡❞✳ ❲❡ ❞❡✜♥❡

t❤❡ ♣r♦❥❡❝t♦rs Pi ❢r♦♠ L2(Ŵǫ, H
3(Y × (−1/ǫ, 0))) t♦ L2(Ŵǫ,P

i
hom,y(−1/ǫ, 0)) ❜②

s❡tt✐♥❣

Pi(ψ) =
∑

|η|=i

∫

Y

Dηψ(x̄, ζ̄, 0)dζ̄
yη

η!

❢♦r ❛❧❧ i = 0, 1, 2✳ ❲❡ ♥♦✇ s❡t Q2 = P2✱ Q1 = P1(I − Q1)✱Q0 = P0

(
I −

∑2
j=1Qj

)
✳

◆♦t❡ t❤❛t Q3−j ✱ j = 1, . . . , 3 ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦✲
♠✐❛❧s ♦❢ ❞❡❣r❡❡ 3− j✱ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t Q3−k(p) = 0 ❢♦r ❛❧❧ ♣♦❧②♥♦♠✐❛❧s p ♦❢
❞❡❣r❡❡ 3− k ✇✐t❤ k 6= j✳ ❲❡ ✜♥❛❧❧② s❡t

P = Q0 +Q1 +Q2, ✭✸✳✻✮

✇❤✐❝❤ ✐s ❛ ♣r♦❥❡❝t♦r ♦♥ t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ y ♦❢ ❞❡❣r❡❡ ❛t ♠♦st 2✳ ◆♦t❡
t❤❛t Dβ

yP(ψ)(x̄, ȳ, 0) =
∫
Y
Dβ

yψ(x̄, ȳ, 0)dȳ ❢♦r ❛❧❧ |β| = 0, . . . , 2✳

▲❡♠♠❛ ✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❤♦❧❞✿

✭✐✮ ▲❡t vǫ ∈ H3(Ω) ✇✐t❤ ‖v̂ǫ‖H3(Ω) ≤M ✱ ❢♦r ❛❧❧ ǫ > 0✳ ▲❡t Vǫ ❜❡ ❞❡✜♥❡❞ ❜②

Vǫ(x̄, y) =v̂ǫ(x̄, y)− P(vǫ)(x̄, y),

❢♦r (x̄, y) ∈ Ŵǫ × Y × (−1/ǫ, 0)✱ ✇❤❡r❡ P ✐s ❞❡✜♥❡❞ ❜② ✭✸✳✻✮ ✳ ❚❤❡♥ t❤❡r❡

❡①✐sts ❛ ❢✉♥❝t✐♦♥ v̂ ∈ L2(W,w3,2
P❡rY

(Y × (−∞, 0))) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② d < 0

✭❛✮
Dγ

yVǫ

ǫ5/2
⇀ Dγ

y v̂ ✐♥ L2(W ×Y × (d, 0)) ❛s ǫ→ 0✱ ❢♦r ❛♥② γ ∈ NN
0 ✱ |γ| ≤ 2✳

✭❜✮
Dγ

yVǫ

ǫ5/2
⇀ Dγ

y v̂ ✐♥ L2(W × Y × (−∞, 0)) ❛s ǫ → 0✱ ❢♦r ❛♥② γ ∈ NN
0 ✱

|γ| = 3✱
✇❤❡r❡ ✐t ✐s ✉♥❞❡rst♦♦❞ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s Vǫ, D

γ
yVǫ ❛r❡ ❡①t❡♥❞❡❞ ❜② ③❡r♦ t♦

t❤❡ ✇❤♦❧❡ ♦❢ W × Y × (−∞, 0) ♦✉ts✐❞❡ t❤❡✐r ♥❛t✉r❛❧ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥

Ŵǫ × Y × (−1/ǫ, 0)✳

✭✐✐✮ ■❢ ψ ∈W 1,2(Ω)✱ t❤❡♥ limǫ→0
̂(Tǫψ)|Ω = ψ(x̄, 0) ✐♥ L2(W × Y × (−1, 0))✳

• ❚❛♥❣❡♥t✐❛❧ ❈❛❧❝✉❧✉s✳

❘❡❝❛❧❧ ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ t❛♥❣❡♥t✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✳
❲❡ r❡❢❡r t♦ ❬✶✾✱ ❈❤❛♣t❡r ✾❪ ❢♦r ❞❡t❛✐❧s ❛♥❞ ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥✳ ●✐✈❡♥ A ⊂ RN ❧❡t
dA ❜❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ❢r♦♠ A✱ ❞❡✜♥❡❞ ❜② dA(x) = infy∈A |x − y|✳
❲❡ ❞❡✜♥❡ t❤❡ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ bA ❢r♦♠ A ❜②

bA(x) = dA(x)− dAC (x),

❢♦r ❛❧❧ x ∈ RN ✳ ▲❡t ♥♦✇ Ω ❜❡ ❛♥ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ ❝❧❛ss C2✳ ■♥ t❤✐s ❝❛s❡ bΩ
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ s✐❣♥❡❞ ❞✐st❛♥❝❡ ❢r♦♠ ∂Ω✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡r❡ ❡①✐sts h > 0
❛♥❞ ❛ t✉❜✉❧❛r ♥❡✐❣❤❜♦✉r❤♦♦❞ S2h(∂Ω) ♦❢ r❛❞✐✉s h s✉❝❤ t❤❛t bΩ ∈ C2(S2h(∂Ω))✱ s❡❡
❬✷✵❪✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ♣♦✐♥t x t♦ ∂Ω ❜②

p(x) = x− bΩ(x)∇bΩ(x), ✭✸✳✼✮

❢♦r ❛❧❧ x ∈ S2h(∂Ω)✳ ■❢ f ∈ C0(∂Ω) ✇❡ ✇r✐t❡ (f)∂Ω = (f ◦ p)|∂Ω✳
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❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t Ω ❜❡ ❛♥ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ ❝❧❛ss C2 ❛♥❞ ❧❡t h > 0 ❜❡ s✉❝❤ t❤❛t
bΩ ∈ C2(S2h(∂Ω))✳ ▲❡t f ∈ C1(∂Ω) ❛♥❞ ❧❡t F ∈ C1(S2h(∂Ω)) ❜❡ ❛ C1 ❡①t❡♥s✐♦♥ ♦❢
f t♦ S2h(∂Ω) ✭t❤❛t ✐s✱ F |∂Ω = f✮✳ ❲❡ ❞❡✜♥❡ t❤❡ t❛♥❣❡♥t✐❛❧ ❣r❛❞✐❡♥t ♦❢ f ♦♥ ∂Ω ❜②

∇∂Ωf = ∇F |∂Ω −
∂F

∂n
n.

❉❡✜♥✐t✐♦♥ ✸✳ ▲❡t N ≥ 1✱ v ∈ C1(∂Ω)N ✳ ❲❡ ❞❡✜♥❡ t❤❡ t❛♥❣❡♥t✐❛❧ ❏❛❝♦❜✐❛♥ ♠❛tr✐①
♦❢ v ❜② D∂Ωv = D(v ◦ p)|∂Ω ❛♥❞ t❤❡ t❛♥❣❡♥t✐❛❧ ❞✐✈❡r❣❡♥❝❡ ♦❢ v ❜② div∂Ω(v ◦ p)|∂Ω =
tr(D∂Ωv)✳ ❆ss✉♠❡ ♥♦✇ Ω ✐s ♦❢ ❝❧❛ss C3 ❛♥❞ f ∈ C2(∂Ω)✳ ❲❡ ❞❡✜♥❡ t❤❡ ▲❛♣❧❛❝❡✲
❇❡❧tr❛♠✐ ♦♣❡r❛t♦r ♦❢ f ❜②

∆∂Ωf = ∆(f ◦ p)|∂Ω = div∂Ω(∇∂Ωf),

❛♥❞ s✐♠✐❧❛r❧② ✇❡ ❞❡✜♥❡ t❤❡ t❛♥❣❡♥t✐❛❧ ❍❡ss✐❛♥ ♠❛tr✐① ❜② D2
∂Ωf = D∂Ω(∇∂Ωf)✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ r❡❝❛❧❧✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t

❚❤❡♦r❡♠ ✷ ✭❚❛♥❣❡♥t✐❛❧ ❉✐✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✮✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢
❝❧❛ss C2 ❛♥❞ ❧❡t v ∈ C1(∂Ω)N ✳ ▲❡t H ❜❡ t❤❡ tr❛❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠
♦❢ ∂Ω✳ ❚❤❡♥ ∫

∂Ω

div∂Ωv dS =

∫

∂Ω

H (v · n) dS. ✭✸✳✽✮

▲❡t f ∈ C1(∂Ω)✳ ❚❤❡♥
∫

∂Ω

(f div∂Ωv +∇∂Ωf · v) dS =

∫

∂Ω

H f (v · n) dS. ✭✸✳✾✮

Pr♦♦❢✳ ❲❡ r❡❢❡r t♦ ❬✶✾✱ ➓✺✳✺ ❈❤❛♣t❡r ✾❪✳ �

✹✳ ❙♣❡❝tr❛❧ ❡①❛❝t♥❡ss ❛♥❞ s♣❡❝tr❛❧ st❛❜✐❧✐t②

▲❡t (Hǫ)ǫ∈[0,1] ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❍✐❧❜❡rt s♣❛❝❡s✳ ▲❡t ( Eǫ)ǫ∈(0,1] ❜❡ ❛ ❝♦♥♥❡❝t✐♥❣
s②st❡♠ ❢♦r (Hǫ)ǫ∈[0,1]✱ t❤❛t ✐s✱ Eǫ ∈ L(H0,Hǫ)✱ ǫ ∈ (0, 1]✱ ❛♥❞

lim
ǫ→0

‖ Eǫu‖Hǫ
= ‖u‖H0

❢♦r ❡✈❡r② u ∈ H0✳
❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t (Hǫ)ǫ∈[0,1] ❛♥❞ Eǫ ❜❡ ❛s ❛❜♦✈❡✳

✭✐✮ ▲❡t uǫ ∈ Hǫ✱ ǫ > 0✳ ❲❡ s❛② t❤❛t uǫ E ✲❝♦♥✈❡r❣❡s t♦ u ❛s ǫ → 0 ✐❢ ‖uǫ −

Eǫu‖Hǫ
→ 0 ❛s ǫ→ 0✳ ❲❡ ✇r✐t❡ uǫ

E
−→ u✳

✭✐✐✮ ▲❡t Bǫ ∈ L(Hǫ)✱ ǫ > 0✳ ❲❡ s❛② t❤❛t Bǫ E E ✲❝♦♥✈❡r❣❡s t♦ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r

B0 ∈ L(H0) ✐❢ Bǫuǫ
E

−→ B0u ✇❤❡♥❡✈❡r uǫ
E

−→ u ∈ H0✳ ❲❡ ✇r✐t❡ Bǫ
E E
−→

B0✳
✭✐✐✐✮ ▲❡t Bǫ ∈ L(Hǫ)✱ ǫ > 0✳ ❲❡ s❛② t❤❛t Bǫ ❝♦♠♣❛❝t❧② ❝♦♥✈❡r❣❡s t♦ B0 ∈ L(H0)

✭❛♥❞ ✇❡ ✇r✐t❡ Bǫ
C
→ B0✮ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭❛✮ Bǫ
E E
−→ B0 ❛s ǫ→ 0❀

✭❜✮ ❢♦r ❛♥② ❢❛♠✐❧② uǫ ∈ Hǫ✱ ǫ > 0✱ s✉❝❤ t❤❛t ‖uǫ‖Hǫ
= 1 ❢♦r ❛❧❧ ǫ ∈

(0, 1)✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ Bǫkuǫk ♦❢ Bǫuǫ ❛♥❞ ū ∈ H0 s✉❝❤ t❤❛t

Bǫkuǫk
E

−→ ū ❛s k → ∞✳

❉❡✜♥✐t✐♦♥ ✺✳ ▲❡t T ✱ Tn ❜❡ ❝❧♦s❡❞ ♦♣❡r❛t♦rs ✐♥ H✱ Hn r❡s♣❡❝t✐✈❡❧②✱ n ∈ N✳

✭✶✮ ❚❤❡ s❡q✉❡♥❝❡ (Tn)n∈N ✐s ❝❛❧❧❡❞ s♣❡❝tr❛❧❧② ✐♥❝❧✉s✐✈❡ ✐❢ ❢♦r ❡✈❡r② λ ∈ σ(T )✱
t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (λn)n∈N✱ λn ∈ σ(Tn)✱ n ∈ N s✉❝❤ t❤❛t λn → λ✳

✭✷✮ ❲❡ s❛② t❤❛t s♣❡❝tr❛❧ ♣♦❧❧✉t✐♦♥ ♦❝❝✉rs ❢♦r (Tn)n∈N ✐❢ t❤❡r❡ ❡①✐sts λ ∈ ̺(T )
❛♥❞ λn ∈ σ(Tn)✱ n ∈ N s✉❝❤ t❤❛t λn → λ✳



✶✵ ❋✳ ❋❊❘❘❆❘❊❙❙❖

✭✸✮ ❚❤❡ s❡q✉❡♥❝❡ (Tn)n∈N ✐s ❝❛❧❧❡❞ s♣❡❝tr❛❧❧② ❡①❛❝t ✐❢ ✐t ✐s s♣❡❝tr❛❧❧② ✐♥❝❧✉s✐✈❡
❛♥❞ ♥♦ s♣❡❝tr❛❧ ♣♦❧❧✉t✐♦♥ ♦❝❝✉rs✳

▲❡t (Aǫ)ǫ∈[0,1] ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❝❧♦s❡❞ ❞❡♥s❡❧② ❞❡✜♥❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs✱ Aǫ ∈ C(Hǫ)✱
ǫ ∈ [0, 1]✳ ❆ss✉♠❡ t❤❛t✿

✭❆✶✮✭❛✮✿ ∃λ0 ∈
⋂

ǫ∈[0,1]

̺(Aǫ)✱ (Aǫ − λ0)
−1 ❝♦♠♣❛❝t ǫ ∈ [0, 1]✱

✭❆✶✮✭❜✮ (Aǫ − λ0)
−1 C

→ (A0 − λ0)
−1 ❛s ǫ→ 0✳

❚❤❡♥ ❬✻✱ ❚❤❡♦r❡♠ ✷✳✻❪ ✐♠♣❧✐❡s t❤❛t (Aǫ)ǫ∈(0,1] ✐s ❛ s♣❡❝tr❛❧❧② ❡①❛❝t ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ A0✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡tt✐♥❣✳ ▲❡t m ∈ N✱ ❛♥❞ ❧❡t Ω ❜❡ ❛♥ ♦♣❡♥ s❡t
♦❢ RN ✳ ▲❡t M ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♠✉❧t✐✲✐♥❞✐❝❡s α = (α1, . . . , αN ) ∈ NN

0 ✇✐t❤ ❧❡♥❣t❤
|α| = |α1| + · · · + |αN | = m✳ ❋♦r ❛❧❧ α, β ∈ NN

0 ✇✐t❤ |α| = |β| = m ❧❡t cαβ ❜❡
❜♦✉♥❞❡❞ ♠❡❛s✉r❡❛❜❧❡ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ RN ✱ cαβ = cβα s✉❝❤ t❤❛t

∑

|α|=|β|=m

cαβ(x)ξαξβ ≥ 0,

❢♦r ❛❧❧ x ∈ RN ✱ (ξα)|α|=m ∈ Rm✳ ❋♦r ❛❧❧ ♠❡❛s✉r❛❜❧❡ ♦♣❡♥ s❡ts Ω ∈ RN ✇❡ ❞❡✜♥❡

QΩ(u, v) =

∫

Ω

(
cαβD

αuDβv + uv

)
dx ✭✹✳✶✮

▲❡t V (Ω) ❜❡ ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ Hm(Ω) ❝♦♥t❛✐♥✐♥❣ Hm
0 (Ω)✳ ❆ss✉♠❡ t❤❛t V (Ω)

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠QΩ(·)
1/2 ✐s ❝♦♠♣❧❡t❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s❡❧❢✲❛❞❥♦✐♥t

♦♣❡r❛t♦r AV (Ω) s✉❝❤ t❤❛t

QΩ(u, v) = (A
1/2
V (Ω)u,A

1/2
V (Ω)v) ✭✹✳✷✮

❢♦r ❛❧❧ u, v ∈ V (Ω)✳
❋♦r ǫ ≥ 0✱ ❧❡t Ωǫ ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ RN ✳ ■♥ t❤✐s s❡tt✐♥❣ ✇❡ ❝❛♥ ❣✐✈❡ t❤❡

❢♦❧❧♦✇✐♥❣

❉❡✜♥✐t✐♦♥ ✻✳ ▲❡t W (Ω0) ❜❡ ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ Hm(Ω0) ❝♦♥t❛✐♥✐♥❣ Hm
0 (Ω0)✳

❆ss✉♠❡ t❤❛t W (Ω0) ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠ Q
1/2
Ω0

✐s ❝♦♠♣❧❡t❡✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢

♦♣❡r❛t♦rs (AV (Ωǫ))ǫ>0 ∪ {AW (Ω0)}✱ ❞❡✜♥❡❞ ❛s ✐♥ ✭✹✳✷✮ ✇✐t❤ Ω r❡♣❧❛❝❡❞ ❜② Ωǫ✱ ❛♥❞
QΩǫ

❛s ✐♥ ✭✹✳✶✮ ❢♦r ❛❧❧ ǫ > 0✱ ✐s s❛✐❞ t♦ ❜❡ s♣❡❝tr❛❧❧② st❛❜❧❡ ✐❢ (AV (Ωǫ))ǫ>0 ✐s ❛
s♣❡❝tr❛❧❧② ❡①❛❝t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ AW (Ω0) ❛♥❞ W (Ω0) = V (Ω0)✳

❲✐t❤ ❉❡✜♥✐t✐♦♥ ✻✱ ❬✷✱ ❚❤❡♦r❡♠ ✸✳✺❪ ❝❛♥ ❜❡ r❡♣❤r❛s❡❞ ❛s✿

❚❤❡♦r❡♠ ✸✳ ❆ss✉♠❡ t❤❛t ❈♦♥❞✐t✐♦♥ ✭❈✮✱ s❡❡ ❬✷✱ ❉❡✜♥✐t✐♦♥ ✸✳✶❪✱ ✐s s❛t✐s✜❡❞ ❜② t❤❡
s❡q✉❡♥❝❡ ♦❢ ♦♣❡r❛t♦rs AV (Ωǫ)✱ AV (Ω) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠s QΩǫ

✱ QΩ✳
❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♦♣❡r❛t♦rs (AV (Ωǫ))ǫ>0 ✐s s♣❡❝tr❛❧❧② st❛❜❧❡✳

✺✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✭✐✐✐✮✱ ✭✐✈✮

❚♦ ♣r♦✈❡ (iii) ❛♥❞ (iv) ✐♥ ❚❤❡♦r❡♠ ✶✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❈♦♥❞✐t✐♦♥ (C)✱ s❡❡ ❬✷✱
❉❡✜♥✐t✐♦♥ ✸✳✶❪✱ ❤♦❧❞s ❢♦r t❤❡ ♦♣❡r❛t♦rs AΩǫ

❛ss♦❝✐❛t❡❞ t♦ ✭✶✳✷✮✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
❚❤❡♦r❡♠ ✸ ✇✐❧❧ t❤❡♥ ♣r♦✈❡ t❤❡ ❝❧❛✐♠s✳

❊st❛❜❧✐s❤✐♥❣ ❈♦♥❞✐t✐♦♥ (C) ✇✐❧❧ r❡q✉✐r❡ s❡✈❡r❛❧ ❧❡♠♠❛t❛✳ ❲❡ ✜rst ❡st❛❜❧✐s❤ ❛
❣❡♥❡r❛❧ ❧❡♠♠❛ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❧✐♠✐t✐♥❣ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦✉r ♦❢ s❡q✉❡♥❝❡s (uǫ)ǫ s✉❝❤
t❤❛t uǫ ∈ H3(Ωǫ) ∩H

1
0 (Ωǫ) ❛♥❞ ‖uǫ‖H3(Ωǫ) <∞✱ ❢♦r ❛❧❧ ǫ > 0✳

❋♦r ǫ > 0✱ ✇❡ ❞❡✜♥❡

Ω♯
ǫ = {(x̄, xN ) ∈ R

N : x̄ ∈W,−1 ≤ xN < gǫ(x̄)}, Ω♯ =W × [−1, 0),
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❛♥❞ ❢♦r ❛♥② l ∈ N✱ ǫ > 0 ✇❡ s❡t

H l
0,∗(Ωǫ) = C∞

c (Ω♯
ǫ)

Hl(Ωǫ)

, H l
0,∗(Ω) = C∞

c (Ω♯)
Hl(Ω)

.

■♥ t❤❡ ❝❛s❡ ♦❢ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ (uǫ)ǫ>0✱ uǫ ∈ H3(Ωǫ) ∩H
1
0 (Ωǫ)✱ ✇❡ ❤❛✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

▲❡♠♠❛ ✹✳ ▲❡t Y = [−1/2, 1/2]N−1✱ α ∈ R✱ α > 0✳ ▲❡t Ω = W × (−1, 0)✱ ✇❤❡r❡
W ⊂ RN−1 ✐s ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ ❝❧❛ss C3✳ ▲❡t Ωǫ ❜❡ ❛s ✐♥ ✭✶✳✶✮✳ ▲❡t (uǫ)ǫ>0 ❜❡
s✉❝❤ t❤❛t H3(Ωǫ) ∩H

1
0,∗(Ωǫ) ❢♦r ❛❧❧ ǫ > 0 ❛♥❞ uǫ|Ω → u ✇❡❛❦❧② ✐♥ H3(Ω)✳ ▲❡t ❛❧s♦

û ∈ L2(W,H3(Y × (−1, 0))) ❜❡ ❞❡✜♥❡❞ ❜② ✭✺✳✶✽✮✳ ❚❤❡♥✿

✭✐✮ ■❢ α > 5/2 t❤❡♥ u ∈ H3(Ω) ∩H1
0,∗(Ω)❀

✭✐✐✮ ■❢ α = 5/2 t❤❡♥ u ∈ H3(Ω) ∩H1
0,∗(Ω) ❛♥❞ ❢♦r i, j ∈ {1, . . . , N − 1}✱

∂2û

∂yi∂yj
(x̄, ȳ, 0) = −

∂u

∂xN
(x̄, ȳ, 0)

∂2b(ȳ)

∂yi∂yj
. ✭✺✳✶✮

✭✐✐✐✮ ■❢ 0 < α < 5/2 t❤❡♥ u ∈ H3(Ω) ∩H2
0,∗(Ω)❀

✭✐✈✮ ■❢ 0 < α ≤ 1 t❤❡♥ u ∈ H3
0,∗(Ω)

Pr♦♦❢✳ ❋✐① 0 < ǫ < 1✳ ❲❡ ✜♥❞ ❝♦♥✈❡♥✐❡♥t t♦ tr❡❛t ✜rst t❤❡ ❝❛s❡ α ≥ 3/2✳ ❙✐♥❝❡
uǫ ∈ H1

0 (Ωǫ)

uǫ(x̄, gǫ(x̄)) = 0, ❢♦r ❛✳❡✳ x̄ ∈W ✳ ✭✺✳✷✮

◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ uǫ(·, gǫ(·)) ∈ H5/2(W ) ⊂ H2(W )✳ ❉✐✛❡r❡♥t✐❛t✐♦♥ ✭✺✳✷✮ ✇✐t❤
r❡s♣❡❝t t♦ xi ❛♥❞ t❤❡♥ ✇✐t❤ r❡s♣❡❝t t♦ xj ✱ i, j ∈ {1, . . . , N − 1} ❣✐✈❡s

∂2uǫ
∂xi∂xj

(x̄, gǫ(x̄)) +
∂2uǫ

∂xi∂xN
(x̄, gǫ(x̄))

∂gǫ(x̄)

∂xj
+

∂2uǫ
∂xj∂xN

(x̄, gǫ(x̄))
∂gǫ(x̄)

∂xi

+
∂2uǫ
∂x2N

(x̄, gǫ(x̄))
∂gǫ(x̄)

∂xi

∂gǫ(x̄)

∂xj
+

∂uǫ
∂xN

(x̄, gǫ(x̄))
∂2gǫ(x̄)

∂xi∂xj
= 0,

✭✺✳✸✮

❢♦r ❛✳❡✳ x̄ ∈ W ✳ ❋♦r v ∈ H1(Ωǫ)✱ ❧❡t v̂(x̄, y) ❢♦r ❛❧❧ x̄ ∈ Ŵǫ✱ ȳ ∈ Y ✱ yN ∈
(−1/ǫ, ǫα−1b(ȳ)) ❜❡ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳ ■t ✐s ✉♥❞❡rst♦♦❞ t❤❛t v̂ ✐s s❡t t♦ ❜❡ ③❡r♦ ❢♦r

❛❧❧ x̄ ∈W \ Ŵǫ✳
❚♦ s❤♦rt❡♥ t❤❡ ♥♦t❛t✐♦♥✱ ❞❡✜♥❡ yǫ := ǫα−1b(ȳ)✱ ǫ > 0✱ ȳ ∈ W ✱ ❛♥❞ ♥♦t❡ t❤❛t ❜②
♣❡r✐♦❞✐❝✐t② ♦❢ b✱ b(ȳ) = b([x̄/ǫ] + ȳ) = ǫ−αĝǫ(x̄, ȳ) ❢♦r ❛❧❧ (x̄, ȳ) ∈ Ck

ǫ × Y ✳
❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡r❛t♦r t♦ ❡q✉❛❧✐t② ✭✺✳✸✮✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢

▲❡♠♠❛ ✷ ❣✐✈❡s

1

ǫ2
∂2ûǫ
∂yi∂yj

(x̄, ȳ, yǫ) +
ǫα−1

ǫ2
∂2ûǫ
∂yi∂yN

(x̄, ȳ, yǫ)
∂b(ȳ)

∂yj
+
ǫα−1

ǫ2
∂2ûǫ

∂yj∂yN
(x̄, ȳ, yǫ)

∂b(ȳ)

∂yi

+
ǫ2α−2

ǫ2
∂2ûǫ
∂y2N

(x̄, ȳ, yǫ)
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
+
ǫα−2

ǫ

∂ûǫ
∂yN

(x̄, ȳ, yǫ)
∂2b(ȳ)

∂yi∂yj
= 0,

❢♦r ❛✳❡✳ x̄ ∈W ✱ ❢♦r ❛✳❡✳ ȳ ∈ Y ✳ ❉❡✜♥❡

Ψ̂ǫ(x̄, y) =
1

ǫ2
∂2ûǫ
∂yi∂yj

(x̄, y) +
ǫα−1

ǫ2
∂2ûǫ
∂yi∂yN

(x̄, y)
∂b(ȳ)

∂yj
+
ǫα−1

ǫ2
∂2ûǫ

∂yj∂yN
(x̄, y)

∂b(ȳ)

∂yi

+
ǫ2α−2

ǫ2
∂2ûǫ
∂y2N

(x̄, y)
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
+
ǫα−2

ǫ

∂ûǫ
∂yN

(x̄, y)
∂2b(ȳ)

∂yi∂yj
,

❢♦r ❛✳❡✳ x̄ ∈ W ✱ ❢♦r ❛✳❡✳ ȳ ∈ Y ✳ ▲❡t ❛❧s♦ Ŷ := {y ∈ RN : ȳ ∈ Y,−1 < yN <

ǫα−1b(ȳ)}✳ ❚❤❡♥ Ψ̂ǫ ∈ L2(W,H1(Ŷ ))✳



✶✷ ❋✳ ❋❊❘❘❆❘❊❙❙❖

❙✐♥❝❡ Ψ̂ǫ(x̄, y, yǫ) = 0 ✇❡ ❤❛✈❡ t❤❛t |Ψ̂ǫ(x̄, ȳ, 0)| ≤
∫ yǫ

0
|∂yN

Ψ̂ǫ(x̄, ȳ, t)| dt ❢♦r ❛✳❡✳
x̄ ∈W ✱ ȳ ∈ Y ✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡

|Ψ̂ǫ(x̄, ȳ, 0)| ≤
(
ǫα−1‖b‖∞

)1/2
[
1

ǫ2

∥∥∥∥
∂3ûǫ

∂yi∂yj∂yN
(x̄, ȳ, ·)

∥∥∥∥
L2(0,yǫ)

+
ǫα−1

ǫ2
‖∇b‖∞

∥∥∥∥
∂3ûǫ
∂yi∂y2N

(x̄, ȳ, ·)

∥∥∥∥
L2(0,yǫ)

+
ǫα−1

ǫ2
‖∇b‖∞

∥∥∥∥
∂3ûǫ

∂yj∂y2N
(x̄, ȳ, ·)

∥∥∥∥
L2(0,yǫ)

+
ǫ2α−2

ǫ2
‖∇b‖2∞

∥∥∥∥
∂3ûǫ
∂y3N

(x̄, ȳ, ·)

∥∥∥∥
L2(0,yǫ)

+
ǫα−2

ǫ
‖D2b‖∞

∥∥∥∥
∂2ûǫ
∂y2N

(x̄, ȳ, ·)

∥∥∥∥
L2(0,yǫ)

]
,

✭✺✳✹✮

▲❡t ✉s ❞❡✜♥❡ Ŷ>0 := Ŷ ∩ {yN ∈ R : yN > 0}✳ ❲❡ sq✉❛r❡ ❜♦t❤ ❤❛♥❞ s✐❞❡s ♦❢ ✭✺✳✹✮
❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r W × Y t♦ ❣❡t

∫

W

∫

Y

|Ψ̂ǫ(x̄, ȳ, 0)|
2dȳdx̄ ≤ C(‖b‖2C2(Y ) + ‖∇b‖4∞)ǫα−1

[
1

ǫ4
‖D3

yûǫ‖
2
L2(W×Ŷ>0)

+
ǫ2α−2

ǫ4
‖D3

yûǫ‖
2
L2(W×Ŷ>0)

+
ǫ4α−4

ǫ4
‖D3

yûǫ‖
2
L2(W×Ŷ>0)

+
ǫ2α−4

ǫ2

∥∥∥∂
2ûǫ
∂y2N

∥∥∥
2

L2(W×Ŷ>0)

]
,

✭✺✳✺✮

❉✉❡ t♦ ✭✸✳✹✮ ❛♥❞ s♦♠❡ ❜❛s✐❝ ❡st✐♠❛t❡s✱ ✭✺✳✺✮ ✐♠♣❧✐❡s t❤❛t

‖Ψ̂ǫ(x̄, ȳ, 0)‖
2
L2(W×Y )

≤ C‖D3uǫ‖
2
L2(Ωǫ)

(ǫα + ǫ3α−2 + ǫ5α−4) + Cǫ3α−4

∥∥∥∥∥
∂2uǫ
∂x2N

∥∥∥∥∥

2

L2(Ωǫ\Ω)

≤ C(ǫα + ǫ4α−4) + o(ǫα)

✭✺✳✻✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✇❡ ✉s❡❞ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❙♦❜♦❧❡✈ ❡st✐♠❛t❡
‖∂2

x2
N
uǫ‖

2
L2(Ωǫ\Ω) ≤ C|Ωǫ \ Ω|‖∂2

x2
N
uǫ‖

2
W 1,2(Ωǫ)

✱ ❢♦r s♦♠❡ C > 0✱ ✇❤✐❝❤ ❤♦❧❞s s✐♥❝❡

∂2
x2
N
uǫ ✐s ✐♥ H1(Ωǫ)✱ ǫ > 0✱ ✇✐t❤ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♥♦r♠✳ ◆♦t❡ t❤❛t s✐♥❝❡ α ≥

3/2 > 1✱ ✭✺✳✻✮ ✐♠♣❧✐❡s

∫

W

∫

Y

ǫ−1

∣∣∣∣∣Ψ̂ǫ(x̄, ȳ, 0)−

∫

Y

Ψ̂ǫ(x̄, z̄, 0)dz̄

∣∣∣∣∣

2

dȳdx̄ = O(ǫα−1) → 0, ✭✺✳✼✮

❛s ǫ→ 0✳ ❲❡ ❝❛♥ r❡✇r✐t❡ ✭✺✳✼✮ ❛s

∫

W

∫

Y

∣∣T1 + · · ·+ T5
∣∣2dȳdx̄→ 0, ❛s ǫ→ 0✱ ✭✺✳✽✮
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✇❤❡r❡

T1 =
1

ǫ5/2

(
∂2ûǫ
∂yi∂yj

(x̄, ȳ, 0)−

∫

Y

∂2ûǫ
∂yi∂yj

(x̄, z̄, 0)dz̄

)
;

T2 =
ǫα−1

ǫ5/2

(
∂2ûǫ
∂yi∂yN

(x̄, ȳ, 0)
∂b(ȳ)

∂yj
−

∫

Y

∂2ûǫ
∂yi∂yN

(x̄, z̄, 0)
∂b(z̄)

∂yj
dz̄

)
;

T3 =
ǫα−1

ǫ5/2

(
∂2ûǫ

∂yj∂yN
(x̄, ȳ, 0)

∂b(ȳ)

∂yi
−

∫

Y

∂2ûǫ
∂yj∂yN

(x̄, z̄, 0)
∂b(z̄)

∂yi
dz̄

)
;

T4 =
ǫ2α−2

ǫ5/2

(
∂2ûǫ
∂y2N

(x̄, ȳ, 0)
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
−

∫

Y

∂2ûǫ
∂y2N

(x̄, z̄, 0)
∂b(z̄)

∂yi

∂b(z̄)

∂yj
dz̄

)
;

T5 =
ǫα−2

ǫ3/2

(
∂ûǫ
∂yN

(x̄, ȳ, 0)
∂2b(ȳ)

∂yi∂yj
−

∫

Y

∂ûǫ
∂yN

(x̄, z̄, 0)
∂2b(z̄)

∂yi∂yj
dz̄

)
.

❘❡❝❛❧❧ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ Uǫ ❞❡✜♥❡❞ ❜②

Uǫ(x̄, y) = ûǫ(x̄, y)−

∫

Y

(
ûǫ(x̄, ζ̄, 0)−

∑

|η|=2

∫

Y

Dη
y ûǫ(x̄, ζ̄, 0) dζ̄

)
ζ̄η

η!
dζ̄

−

∫

Y

∇yûǫ(x̄, ζ̄, 0) dζ̄ · y −
∑

|η|=2

∫

Y

Dη
y ûǫ(x̄, ζ̄, 0) dζ̄

yη

η!
,

✐s s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ (ǫ−5/2Uǫ) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(W,H3(Y × (d, 0))✱
❢♦r ❛♥② d < 0✱ s❡❡ ▲❡♠♠❛ ✸✳ ◆♦t❡ ❛❧s♦ t❤❛t Dη

yUǫ = Dη
y ûǫ −

∫
Y
Dη

y ûǫ(·, z̄, ·)dz̄ ❢♦r
❛♥② |η| = 2✳ ❯s✐♥❣ t❤❡s❡ ❢❛❝ts ✇❡ ❞❡❞✉❝❡ t❤❛t

∫

W

∫

Y

|T1|
2dȳdx̄ =

∫

W

∫

Y

∣∣∣∣∣ǫ
−5/2 ∂2Uǫ

∂yi∂yj
(x̄, ȳ, 0)

∣∣∣∣∣

2

dȳdx̄

≤ C
∥∥∥ǫ−5/2 ∂2Uǫ

∂yi∂yj

∥∥∥
2

L2(W,H1(Y×(−1,0))

≤ C‖ǫ−5/2D3
yûǫ‖

2
L2(W×Y×(−1,0)) ≤ C‖D3uǫ‖

2
L2(Ω),

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ tr❛❝❡ ✐♥❡q✉❛❧✐t②✱ t❤❡ P♦✐♥❝❛ré✲❲✐rt✐♥❣❡r ✐♥❡q✉❛❧✐t②✱ ❛♥❞ t❤❡
❡①❛❝t ✐♥t❡❣r❛t✐♦♥ ❢♦r♠✉❧❛ ✭✸✳✹✮✳ ❍❡♥❝❡ T1 ✐s ❜♦✉♥❞❡❞ ✐♥ L2(W × Y )✱ ✉♥✐❢♦r♠❧② ✐♥
ǫ > 0✳

❈♦♥s✐❞❡r ♥♦✇ T2✳ ◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥
∂b
∂yj

❤❛s ♥✉❧❧ ❛✈❡r❛❣❡ ♦✈❡r Y ❜❡❝❛✉s❡ ♦❢

♣❡r✐♦❞✐❝✐t②✳ ❍❡♥❝❡✱

∫

Y

∂2ûǫ
∂yi∂yN

(x̄, z̄, 0)
∂b(z̄)

∂yj
dz̄ =

∫

Y

∂b(z̄)

∂yj

(
∂2ûǫ
∂yi∂yN

(x̄, z̄, 0)−

∫

Y

∂2ûǫ
∂yi∂yN

(x̄, t̄, 0)dt̄

)
dz̄

❛♥❞
∫

W

∫

Y

ǫ
2α−2−5

∣

∣

∣

∣

∣

∫

Y

∂b(z̄)

∂yj

(

∂2ûǫ

∂yi∂yN
(x̄, z̄, 0)−

∫

Y

∂2ûǫ

∂yi∂yN
(x̄, t̄, 0)dt̄

)

dz̄

∣

∣

∣

∣

∣

2

dȳdx̄

≤ C
ǫ2α

ǫ2

∫

W

∫

Y

∫

Y

∣

∣

∣

∣

∣

ǫ
−5/2

(

∂2ûǫ

∂yi∂yN
(x̄, z̄, 0)−

∫

Y

∂2ûǫ

∂yi∂yN
(x̄, t̄, 0)dt̄

)
∣

∣

∣

∣

∣

2

dz̄dȳdx̄

≤ Cǫ
2α−2‖ǫ−5/2

∂
2
yiyNUǫ(·, ·, 0)‖

2
L2(W×Y )

≤ Cǫ
2α−2‖ǫ−5/2

D
3
yûǫ‖

2
L2(W×Y ×(−1,0)) → 0,

✭✺✳✾✮



✶✹ ❋✳ ❋❊❘❘❆❘❊❙❙❖

❛s ǫ→ 0✱ ❢♦r ❛❧❧ α > 1✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

∫

W

∫

Y

|T2|
2dȳdx̄ ≤ C

∫

W

∫

Y

∣∣∣∣∣
ǫα−1

ǫ5/2

(
∂2ûǫ
∂yi∂yN

(x̄, ȳ, 0)
∂b(ȳ)

∂yj

)∣∣∣∣∣

2

dȳdx̄

+ C

∫

W

∫

Y

∣∣∣∣∣

∫

Y

ǫα−1−5/2 ∂2ûǫ
∂yi∂yN

(x̄, z̄, 0)
∂b(z̄)

∂yj
dz̄

∣∣∣∣∣

2

dȳdx̄

≤ C

∫

W

∫

Y

∣∣∣∣∣
ǫα

ǫ3/2

(
1

ǫ2
∂2ûǫ
∂yi∂yN

(x̄, ȳ, 0)
∂b(ȳ)

∂yj

)∣∣∣∣∣

2

dȳdx̄+ o(1),

✭✺✳✶✵✮

❛s ǫ→ 0✳ ❲❡ ❝❧❛✐♠ t❤❛t

1

ǫ2
∂2ûǫ
∂yi∂yN

(x̄, ȳ, 0)
∂b(ȳ)

∂yj
→

∂2u

∂xi∂xN
(x̄, 0)

∂b(ȳ)

∂yj
, ✭✺✳✶✶✮

✐♥ L2(W × Y ) ❛s ǫ → 0✳ ❙✐♥❝❡ uǫ|Ω → u ✇❡❛❦❧② ✐♥ H3(Ω)✱ ❜② t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢
t❤❡ tr❛❝❡ ♦♣❡r❛t♦r ✇❡ ❤❛✈❡ t❤❛t

∂2uǫ
∂xi∂xN

(x̄, 0) →
∂2u

∂xi∂xN
(x̄, 0), ✭✺✳✶✷✮

✐♥ L2(W )✱ ❛s ǫ→ 0✳ ◆♦✇ ❞❡✜♥❡

∂2uǫ
∂xi∂xN

(x̄) :=
1

ǫN−1

∫

Cǫ(x̄)

∂2uǫ
∂xi∂xN

(t̄, 0) dt̄,

✇❤❡r❡ Cǫ(x̄) ✐s ❛s ✐♥ ✭✸✳✸✮✳ ◆♦t❡ t❤❛t✱ ❜② ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱

∂2uǫ
∂xi∂xN

(x̄) =

∫

Y

∂̂2uǫ
∂xi∂xN

(x̄, z̄, 0)dz̄ =
1

ǫ2

∫

Y

∂2ûǫ
∂yi∂yN

(x̄, z̄, 0) dz̄.

❇② ✭✺✳✶✷✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

∂2uǫ
∂xi∂xN

→
∂2u

∂xi∂xN
(·, 0),

str♦♥❣❧② ✐♥ L2(W ) ❛s ǫ → 0✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t ✐❢ ❛ s❡q✉❡♥❝❡ ♦❢
❢✉♥❝t✐♦♥s vǫ ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥ L2 t♦ v t❤❡♥ vǫ ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥ L2 t♦
v✳ ❲❡ ❣✐✈❡ ❛ ♣r♦♦❢ ♦❢ t❤✐s ✐♥ ▲❡♠♠❛ ✽ ✐♥ ❆♣♣❡♥❞✐① ✭❇✮✳ ❙✐♥❝❡ ǫ−5/2∂yiyN

Uǫ ✐s
✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(W × Y )✱ ❢♦r ❛❧❧ ǫ > 0 ❞✉❡ t♦ ▲❡♠♠❛ ✷✱ ✐t ❢♦❧❧♦✇s t❤❛t

1

ǫ2

(
∂2ûǫ
∂yi∂yN

(·, ·, 0)−

∫

Y

∂2ûǫ
∂yi∂yN

(·, z̄, 0)dz̄

)
→ 0,

✐♥ L2(W × Y ) ❛s ǫ→ 0✳ ❍❡♥❝❡✱ 1
ǫ2

∂2ûǫ

∂yi∂yN
(x̄, ȳ, 0) → ∂2u

∂xi∂xN
(x̄, 0) ✐♥ L2(W × Y ) ❛s

ǫ → 0✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ❝❧❛✐♠✳ ❙✐♥❝❡ α > 3/2✱ ❜② r❡❝❛❧❧✐♥❣ ✭✺✳✶✵✮ ✇❡ t❤❡♥ ❞❡❞✉❝❡
t❤❛t T2 ✈❛♥✐s❤❡s ✐♥ L2(W × Y ) ❛s ǫ→ 0✳
T3 ✐s ❡①❛❝t❧② T2 ✇✐t❤ s✇❛♣♣❡❞ ✐♥❞❡①❡s i ❛♥❞ j✱ ❤❡♥❝❡ ❛❧s♦ T3 ✈❛♥✐s❤❡s ✐♥ L

2(W ×
Y ) ❛s ǫ→ 0✳

❲❡ t❤❡♥ ❝♦♥s✐❞❡r T4✳ ❇② ❛r❣✉✐♥❣ ❛s ✐♥ ✭✺✳✶✶✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

1

ǫ2
∂2ûǫ
∂y2N

(x̄, ȳ, 0)
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
→

∂2u

∂y2N
(x̄, 0)

∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
, ✭✺✳✶✸✮
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✐♥ L2(W × Y ) ❛s ǫ → 0✱ s♦ t❤❡ ✐♥t❡❣r❛❧ ✐♥ Y ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✳✶✸✮ ✐s
❝♦♥✈❡r❣❡♥t✳ ❚❤✉s✱

T4 =
ǫ2α

ǫ5/2

(
1

ǫ2
∂2ûǫ
∂y2N

(x̄, ȳ, 0)
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
−

∫

Y

1

ǫ2
∂2ûǫ
∂y2N

(x̄, z̄, 0)
∂b(z̄)

∂yi

∂b(z̄)

∂yj
dz̄

)
→ 0,

✭✺✳✶✹✮
✐♥ L2(W × Y ) ❛s ǫ→ 0 ❢♦r ❛❧❧ α > 5/4✱ ❤❡♥❝❡ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❛♥② α ≥ 3/2✳
❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r T5✳ ❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✭✺✳✶✶✮ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t

1

ǫ

∂ûǫ
∂yN

(x̄, ȳ, 0)
∂2b(ȳ)

∂yi∂yj
→

∂u

∂yN
(x̄, 0)

∂2b(ȳ)

∂yi∂yj
, ✭✺✳✶✺✮

✐♥ L2(W × Y ) ❛s ǫ→ 0 ❛♥❞
∫

Y

1

ǫ

∂ûǫ
∂yN

(x̄, z̄, 0)
∂2b(z̄)

∂yi∂yj
dz̄ →

∂u

∂yN
(x̄, 0)

∫

Y

∂2b(z̄)

∂yi∂yj
dz̄ = 0, ✭✺✳✶✻✮

✐♥ L2(W×Y ) ❛s ǫ→ 0✱ ✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✳✶✻✮ ✐s ③❡r♦ ❞✉❡ t♦ ♣❡r✐♦❞✐❝✐t②
♦❢ b✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t ❝❛s❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡ ♦❢ α✳

❈❛s❡ 3/2 < α < 5/2✳ ■♥ t❤✐s ❝❛s❡✱ ❜② s✉♠♠❛r✐s✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ✇❡ ❤❛✈❡
t❤❛t T1 ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(W × Y ) ❛s ǫ → 0✱ ✇❤❡r❡❛s T2, T3, T4 t❡♥❞ t♦
③❡r♦ ✐♥ L2(W ×Y ) ❛s ǫ→ 0✳ ❚❤❡♥ ✭✺✳✽✮ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥tM > 0
s✉❝❤ t❤❛t
(∫

W

∫

Y

|T5|
2dȳdx̄

)1/2

≤

(∫

W

∫

Y

|T1 + T2 + T3 + T4|
2dȳdx̄

)1/2

+ o(1) ≤M,

❛s ǫ→ 0✳ ❚❤✉s✱∥∥∥∥∥
1

ǫ

∂ûǫ
∂yN

(x̄, ȳ, 0)
∂2b(ȳ)

∂yi∂yj
−

∫

Y

1

ǫ

∂ûǫ
∂yN

(x̄, z̄, 0)
∂2b(z̄)

∂yi∂yj
dz̄

∥∥∥∥∥
L2(W×Y )

= O(ǫ5/2−α),

❛s ǫ → 0✳ ❇② ❧❡tt✐♥❣ ǫ → 0 ❛♥❞ r❡❝❛❧❧✐♥❣ ✭✺✳✶✺✮ ❛♥❞ ✭✺✳✶✻✮ ✇❡ ❞❡❞✉❝❡ t❤❛t
∂u
∂yN

(x̄, 0) ∂2b(ȳ)
∂yi∂yj

= 0✱ ❢♦r ❛✳❡✳ x̄ ∈ W ✱ ❢♦r ❛✳❡✳ ȳ ∈ Y ✱ ❛♥❞ s✐♥❝❡ b ✐s ♥♦t ❛✣♥❡

✇❡ ❞❡❞✉❝❡ t❤❛t
∂u

∂xN
(x̄, 0) = 0, ✭✺✳✶✼✮

❢♦r ❛✳❡✳ x̄ ∈W ✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t u ∈ H3(Ω) ∩H2
0,∗✳

❈❛s❡ α = 5/2✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡
(∫

W

∫

Y

|T1 + T5|
2dȳdx̄

)1/2

≤

(∫

W

∫

Y

|T2 + T3 + T4|
2dȳdx̄

)1/2

+ o(1) = o(1),

❛s ǫ→ 0✳ ❚❤✉s✱

1

ǫ5/2

(
∂2ûǫ
∂yi∂yj

(x̄, ȳ, 0)−

∫

Y

∂2ûǫ
∂yi∂yj

(x̄, z̄, 0)dz̄

)
+

1

ǫ

∂ûǫ
∂yN

(x̄, ȳ, 0)
∂2b(ȳ)

∂yi∂yj
→ 0,

❛s ǫ → 0✳ ◆♦✇ s✐♥❝❡ (ǫ−5/2Uǫ) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(W × Y × (d, 0))✱ t❤❡r❡
❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (ǫ−5/2Uǫ) ❛♥❞ ❛ ❢✉♥❝t✐♦♥ û ∈ L2(W,H3(Y × (d, 0))) s✉❝❤
t❤❛t

ǫ−5/2Uǫ ⇀ û, ✭✺✳✶✽✮

✐♥ L2(W,H3(Y × (d, 0)))✳ ✭✺✳✶✽✮ ✐♠♣❧✐❡s t❤❛t

1

ǫ5/2

(
∂2ûǫ
∂yi∂yj

(x̄, ȳ, 0)−

∫

Y

∂2ûǫ
∂yi∂yj

(x̄, z̄, 0)dz̄

)
→

∂2û

∂yi∂yj
(x̄, ȳ, 0),
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str♦♥❣❧② ✐♥ L2(W × Y ) ❛s ǫ→ 0✳ ▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✺✳✶✺✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

∂2û

∂yi∂yj
(x̄, ȳ, 0) = −

∂u

∂yN
(x̄, 0)

∂2b(ȳ)

∂yi∂yj
, ✭✺✳✶✾✮

❢♦r ❛✳❡✳ x̄ ∈W ✱ ❛✳❡✳ ȳ ∈ Y ✱ ✇❤✐❝❤ ✐s ✭✺✳✶✮✳

❈❛s❡ α ≤ 1✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❣✐✈❡ ❛ ♠♦r❡ ❞✐r❡❝t ♣r♦♦❢ ❜❛s❡❞ ♦♥ ❛ ❞✐✛❡r❡♥t ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ✉♥❢♦❧❞✐♥❣ ♦♣❡r❛t♦r✳ ❲❡ ❞❡✜♥❡

Ŷ = {(ȳ, yN ) : ȳ ∈ Y,−1 < yN < b(ȳ)}, ✭✺✳✷✵✮

❛♥❞

ûǫ(x̄, ȳ, yN ) := uǫ

(
ǫ
[ x̄
ǫ

]
+ ǫȳ, ǫαyN

)
, ✭✺✳✷✶✮

❢♦r ❛❧❧ (x̄, y) ∈ W × Ŷ ✱ ❢♦r ❛❧❧ uǫ ∈ H3(Ωǫ)✳ ◆♦t❡ t❤❛t ûǫ✱ ǫ ∈ (0, 1]✱ ❛r❡ ❞❡✜♥❡❞
♦♥ ❛ ✜①❡❞ ❞♦♠❛✐♥ ♦❢ RN ✳ ❚❤❡♥✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✐❞❡♥t✐t② ✭✺✳✷✮ ✇❡ ❞❡❞✉❝❡ t❤❡
❛♥❛❧♦❣♦✉s ♦❢ ✭✺✳✸✮✱ ✇❤✐❝❤ ♥❛♠❡❧② r❡❛❞s

1

ǫ2
∂2ûǫ
∂yi∂yj

(x̄, ȳ, b(ȳ)) +
ǫα−1

ǫα+1

∂2ûǫ
∂yi∂yN

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yj

+
ǫα−1

ǫα+1

∂2ûǫ
∂yj∂yN

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yi
+
ǫ2α−2

ǫ2α
∂2ûǫ
∂y2N

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj

+
ǫα−2

ǫα
∂ûǫ
∂yN

(x̄, ȳ, b(ȳ))
∂2b(ȳ)

∂yi∂yj
= 0.

✭✺✳✷✷✮

■❢ α = 1✱ ❜② ❛r❣✉✐♥❣ ❛s ✐♥ ✭✽✳✹✮ ❜❡❧♦✇✱ ✇❡ ❤❛✈❡

1

ǫ2
∂2ûǫ
∂yi∂yj

(x̄, ȳ, b(ȳ)) →
∂2u

∂xi∂xj
(x̄, 0),

1

ǫ2
∂2ûǫ
∂yi∂yN

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yj
→

∂2u

∂xi∂xN
(x̄, 0)

∂b(ȳ)

∂yj
,

1

ǫ2
∂2ûǫ
∂y2N

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
→

∂2u

∂x2N
(x̄, 0)

∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
,

❛s ǫ → 0✱ ✇❤❡r❡ t❤❡ ❧✐♠✐ts ❛r❡ t❛❦❡♥ ✐♥ L2(W × Y )✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✺✳✷✷✮✱ ✇❡
✐♠♠❡❞✐❛t❡❧② ❞✐s❝♦✈❡r t❤❛t

∥∥∥∥∥
1

ǫ

∂ûǫ
∂yN

(x̄, ȳ, b(ȳ))

∥∥∥∥∥
L2(W×Ŷ )

≤ Cǫ, ✭✺✳✷✸✮

❢♦r ❛❧❧ ǫ > 0✳ ❇② ✭✺✳✷✸✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

∂u

∂xN
(x̄, 0) = 0, ✭✺✳✷✹✮

❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ζ ∈ L2(W ) s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

1

ǫ2
∂ûǫ
∂yN

(x̄, ȳ, b(ȳ))⇀ ζ(x̄),

✐♥ L2(W×Y ) ❛s ǫ→ 0✳ ❚❤❡ ❢❛❝t t❤❛t ζ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ȳ ✐s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥t✳ ▲❡t ϕ ∈ C∞

c (W × Y )✳ ❚❤❡♥
∫

W×Y

1

ǫ2
∂ûǫ
∂yN

(x̄, ȳ, b(ȳ))
∂ϕ

∂yi
dx̄dȳ = −

∫

W×Y

1

ǫ2
∂2ûǫ
∂yN∂yi

(x̄, ȳ, b(ȳ))ϕdx̄dȳ,
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❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s ǫ→ 0 ✇❡ ❞❡❞✉❝❡ t❤❛t
∫

W×Y

ζ
∂ϕ

∂yi
dx̄dȳ = −

∫

W×Y

∂2u

∂xN∂xi
(x̄, 0)ϕdx̄dȳ = 0, ✭✺✳✷✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t ∂2u
∂xN∂xi

(x̄, 0) = 0 ❜❡❝❛✉s❡ ♦❢ ✭✺✳✷✹✮✳ ❊q✉❛t✐♦♥✭✺✳✷✺✮ ✐♠♣❧✐❡s

t❤❛t ζ ✐s ✇❡❛❦❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ yi ❛♥❞ t❤❛t ∂ζ
∂yi

= 0✳

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s ǫ→ 0 ✐♥ L2(W × Y ) ✐♥ ✭✺✳✷✷✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

∂2u

∂xi∂xj
(x̄, 0) +

∂2u

∂xi∂xN
(x̄, 0)

∂b(ȳ)

∂yj
+

∂2u

∂xj∂xN
(x̄, 0)

∂b(ȳ)

∂yi

+
∂2u

∂x2N
(x̄, 0)

∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
+ ζ(x̄)

∂2b(ȳ)

∂yi∂yj
= 0.

✭✺✳✷✻✮

❇❡❝❛✉s❡ ♦❢ ✭✺✳✷✹✮ t❤❡ ✜rst t❤r❡❡ s✉♠♠❛♥❞s ✐♥ ✭✺✳✷✻✮ ❛r❡ ③❡r♦✳ ❍❡♥❝❡✱ ✭✺✳✷✻✮ ✐♠♣❧✐❡s
t❤❛t

∂2u

∂x2N
(x̄, 0)

∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
+ ζ(x̄)

∂2b(ȳ)

∂yi∂yj
= 0. ✭✺✳✷✼✮

❘❡❝❛❧❧ ♥♦✇ t❤❛t s✐♥❝❡ b ✐s Y ✲♣❡r✐♦❞✐❝✱ ✐ts ❞❡r✐✈❛t✐✈❡s ❛r❡ ♣❡r✐♦❞✐❝ ❛♥❞ ✇✐t❤ ♥✉❧❧
❛✈❡r❛❣❡ ♦♥ Y ✳ ❆♥ ✐♥t❡❣r❛t✐♦♥ ✐♥ Y ✐♥ ✭✺✳✷✼✮ ②✐❡❧❞s

∂2u

∂x2N
(x̄, 0)

∫

Y

∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
dȳ = 0,

❢♦r ❛❧♠♦st ❛❧❧ x̄ ∈W ✳ ❙✐♥❝❡ t❤✐s ❤♦❧❞s ❢♦r ❛❧❧ i, j = 1, . . . , N−1 ✇❡ ❝❛♥ ✐♥ ♣❛rt✐❝✉❧❛r

❝❤♦♦s❡ i = j s♦ t❤❛t ∂2u
∂x2

N
(x̄, 0)

∫
Y
|∇b|2dȳ = 0✱ ❛♥❞ s✐♥❝❡ b ✐s ♥♦♥ ❝♦♥st❛♥t ✐t ♠✉st

❜❡ ∂2u
∂x2

N
(x̄, 0) = 0 ❢♦r ❛❧♠♦st ❛❧❧ x̄ ∈W ✳

■❢ α < 1 ✇❡ ❝❛♥ ❛r❣✉❡ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳ ◆❛♠❡❧②✱ ✇❡ ♠✉❧t✐♣❧② ❡❛❝❤ s✐❞❡ ♦❢ ✭✺✳✷✷✮
❜② ǫ2−2α ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥

1

ǫ2α
∂2ûǫ
∂yi∂yj

(x̄, ȳ, b(ȳ)) +
ǫ1−α

ǫα+1

∂2ûǫ
∂yi∂yN

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yj

+
ǫ1−α

ǫα+1

∂2ûǫ
∂yj∂yN

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yi
+

1

ǫ2α
∂2ûǫ
∂y2N

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj

+
1

ǫ2α
∂ûǫ
∂yN

(x̄, ȳ, b(ȳ))
∂2b(ȳ)

∂yi∂yj
= 0.

✭✺✳✷✽✮

❙✐♥❝❡ u(x̄, 0) = 0✱ ❛✳❛ x ∈ W ✱ t❤❡ ✜rst t❤r❡❡ s✉♠♠❛♥❞s ✐♥ ✭✺✳✷✽✮ ❛r❡ ✈❛♥✐s❤✐♥❣ ❛s
ǫ→ 0✳ ❚❤❡♥ ✇❡ ❞❡❞✉❝❡ t❤❛t

∂2u

∂x2N
(x̄, 0)

∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
+ lim

ǫ→0

1

ǫ2α
∂ûǫ
∂yN

(x̄, ȳ, b(ȳ))
∂2b(ȳ)

∂yi∂yj
= 0.

❚❤✐s ✜rst ✐♠♣❧✐❡s t❤❛t∥∥∥∥∥
1

ǫα
∂ûǫ
∂yN

(x̄, ȳ, b(ȳ))
∂2b

∂yi∂yj

∥∥∥∥∥
L2(W×Y )

≤ Cǫα,

❤❡♥❝❡ ∂u
∂xN

(x̄, 0) = 0✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡ t❤❡r❡ ❡①✐sts

ζ ∈ L2(W ) s✉❝❤ t❤❛t 1
ǫ2α

∂ûǫ

∂yN
(x̄, ȳ, b(ȳ)) ⇀ ζ(x̄) ✐♥ L2(W × Y ) ❛s ǫ → 0✳ ❚❤❡♥

❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ❝❛s❡ α = 1 ✇❡ ❞❡❞✉❝❡ t❤❛t ∂2u
∂x2

N
(x̄, 0) = 0✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✭✐✐✐✮✱✭✐✈✮✳ ❲❡ ✜rst ♣r♦✈❡ ❈❧❛✐♠ (iii)✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡
❈♦♥❞✐t✐♦♥ ✭❈✮✱ ❞❡✜♥❡❞ ✐♥ ❬✷✱ ❉❡❢✳ ✸✳✶❪ ❤♦❧❞s ✇✐t❤ V (Ωǫ) = H3(Ωǫ) ∩H

1
0 (Ωǫ) ❛♥❞

V (Ω) = H3(Ω) ∩H1
0 (Ω) ∩H

2
0,∗(Ω)✳ ■♥ ❬✷✱ ❉❡❢✳ ✸✳✶❪ ✇❡ ❝❤♦♦s❡

Kǫ = {x ∈ Ω : xN < −ǫ},



✶✽ ❋✳ ❋❊❘❘❆❘❊❙❙❖

ǫ ∈ (0, 1]✱ Tǫ : V (Ω) → V (Ωǫ) ❛s ✐♥ ✭✸✳✷✮ ❛♥❞ Eǫ : V (Ωǫ) → Hm(Ω) ❛s t❤❡
r❡str✐❝t✐♦♥ ♦♣❡r❛t♦r Eǫuǫ = uǫ|Ω✱ ǫ ∈ (0, 1]✳ ❲✐t❤ t❤✐s ❝❤♦✐❝❡s ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦
✈❡r✐❢② t❤❛t ❝♦♥❞✐t✐♦♥s ✭❈✶✮✱ ✭❈✷✮✭✐✮✱ ✭❈✷✮✭✐✐✐✮✱ ✭❈✸✮✭✐✮ ❛♥❞ ✭❈✸✮✭✐✐✮ ❤♦❧❞ tr✉❡✳ ❚❤❡♥
✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ ❝♦♥❞✐t✐♦♥s (C2)(ii) ❛♥❞ (C3)(iii)✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t (C2)(ii) ❤♦❧❞s ✐t ✐s s✉✣❝✐❡♥t t♦ ✉s❡ ▲❡♠♠❛ ✹✭✐✐✐✮ ❛♥❞ ✐ts
♣r♦♦❢✳ ■♥❞❡❡❞✱ ✐❢ α > 3/2 t❤❡♥ limǫ→0‖Tǫϕ‖H3(Ωǫ\Kǫ) = 0 ❢♦r ❛❧❧ ϕ ∈ V (Ω)✳

❈♦♥❞✐t✐♦♥ (C3)(iii) ♥♦✇ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✹✭✐✐✐✮✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ♣r♦✈❡❞
t❤❛t ✐❢ uǫ ∈ V (Ωǫ) ✐s s✉❝❤ t❤❛t uǫ|Ω ⇀ u ❛♥❞ 3/2 < α < 5/2✱ t❤❡♥ u ∈ V (Ω)✳

❍❡♥❝❡ ❈♦♥❞✐t✐♦♥ ✭❈✮ ❤♦❧❞s ❛♥❞ ❬✷✱ ❚❤♠ ✸✳✺❪ ♥♦✇ ②✐❡❧❞s t❤❡ ❝❧❛✐♠✳
❚❤❡ ♣r♦♦❢ ♦❢ ❈❧❛✐♠ (iv) ✐s s✐♠✐❧❛r✳ ❲❡ s❤♦✇ t❤❛t ❈♦♥❞✐t✐♦♥ ✭❈✮ ❤♦❧❞s ✇✐t❤ V (Ωǫ) =
H3(Ωǫ) ∩H

1
0 (Ωǫ)✱ ǫ ∈ (0, 1]✱ V (Ω) = H3(Ω) ∩H1

0 (Ω) ∩H
3
0,∗(Ω)✱ Tǫ t❤❡ ❡①t❡♥s✐♦♥✲

❜②✲③❡r♦ ♦♣❡r❛t♦r✱ ❛♥❞ Eǫ t❤❡ r❡str✐❝t✐♦♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤❡♥ ❝♦♥❞✐t✐♦♥s
✭❈✶✮✲✭❈✸✮ ❤♦❧❞ tr✉❡✳ ◆♦t❡ t❤❛t ❈♦♥❞✐t✐♦♥ ✭❈✸✮✭✐✐✐✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛
✹✭✐✈✮✳

�

✻✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✭✐✐✮

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ α = 5/2 ♦❢ ❚❤❡♦r❡♠ ✶✳ ❲❡ r❡❢❡r t♦

❙❡❝t✐♦♥ ✸ ❢♦r t❤❡ ♥♦t❛t✐♦♥ ❛❜♦✉t Φǫ✱ hǫ✱ Tǫ✱ C
k
ǫ ✱ û✱ w

3,2
PerY

(Y × (−∞, 0))✳ ❲❡ ❞✐✈✐❞❡
t❤❡ ♣r♦♦❢ ✐♥ t✇♦ s✉❜s❡❝t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ str❛t❡❣② ❛s ❬✷✶❪✱ ❬✷❪✱
✇❡ ✇✐❧❧ ♦♥❧② s❦❡t❝❤ t❤❡ ♣r♦♦❢s ❛♥❞ r❡❢❡r t♦ ❬✷❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡
❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ✇✐t❤ ❙❇❈✳

✻✳✶✳ ▼❛❝r♦s❝♦♣✐❝ ❧✐♠✐t✳ ▲❡t fǫ ∈ L2(Ωǫ) ❛♥❞ f ∈ L2(Ω) ❜❡ s✉❝❤ t❤❛t fǫ ⇀ f ✐♥
L2(RN ) ❛s ǫ → 0✱ ✇✐t❤ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ❛r❡ ❡①t❡♥❞❡❞ ❜② ③❡r♦
♦✉ts✐❞❡ t❤❡✐r ♥❛t✉r❛❧ ❞♦♠❛✐♥s✳ ▲❡t vǫ ∈ V (Ωǫ) = H3(Ωǫ) ∩H

1
0 (Ωǫ) ❜❡ s✉❝❤ t❤❛t

AΩǫvǫ = fǫ, ✭✻✳✶✮

❢♦r ❛❧❧ ǫ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡♥ ‖vǫ‖H3(Ωǫ) ≤ M ❢♦r ❛❧❧ ǫ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱

❤❡♥❝❡✱ ♣♦ss✐❜❧② ♣❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡ t❤❡r❡ ❡①✐sts v ∈ H3(Ω)∩H1
0 (Ω) s✉❝❤ t❤❛t

vǫ ⇀ v ✐♥ H3(Ω) ❛♥❞ vǫ → v ✐♥ L2(Ω)✳
▲❡t ϕ ∈ V (Ω) = H3(Ω) ∩H1

0 (Ω) ❜❡ ❛ ✜①❡❞ t❡st ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ Tǫϕ ∈ V (Ωǫ)✱ ❜②
✭✻✳✶✮ ✇❡ ❣❡t

∫

Ωǫ

D3vǫ : D
3(Tǫϕ) dx+

∫

Ωǫ

vǫTǫϕ dx =

∫

Ωǫ

fǫTǫϕ dx, ✭✻✳✷✮

❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s ǫ→ 0 ✇❡ ❤❛✈❡ t❤❛t
∫

Ωǫ

vǫTǫϕ dx→

∫

Ω

vϕ dx,

∫

Ωǫ

fǫTǫϕ dx→

∫

Ω

fϕdx.

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✻✳✷✮✳ ▲❡t ✉s ❞❡✜♥❡
Kǫ = W × (−1,−ǫ)✳ ❇② s♣❧✐tt✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ✐♥ t❤r❡❡ t❡r♠s ❝♦rr❡s♣♦♥❞✐♥❣ t♦
Ωǫ \ Ω✱ Ω \Kǫ ❛♥❞ Kǫ ❛♥❞ ❜② ❛r❣✉✐♥❣ ❛s ✐♥ ❬✷✱ ❙❡❝t✐♦♥ ✽✳✸❪ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t
∫

Kǫ

D3vǫ : D
3(Tǫϕ) dx→

∫

Ω

D3v : D3ϕ dx,

∫

Ωǫ\Ω

D3vǫ : D
3(Tǫϕ) dx→ 0,

❛s ǫ → 0✳ ▲❡t Qǫ = Ŵǫ × (−ǫ, 0)✳ ❲❡ s♣❧✐t ❛❣❛✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥t❡❣r❛❧ ✐♥ t✇♦
s✉♠♠❛♥❞s✱
∫

Ωǫ\Kǫ

D3vǫ : D
3(Tǫϕ) dx =

∫

Ωǫ\(Kǫ∪Qǫ)

D3vǫ : D
3(Tǫϕ) dx+

∫

Qǫ

D3vǫ : D
3(Tǫϕ) dx.

✭✻✳✸✮
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❆❣❛✐♥✱ ❜② ❛r❣✉✐♥❣ ❛s ✐♥ ❬✷✱ ❙❡❝t✐♦♥ ✽✳✸❪ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t
∫

Ωǫ\(Kǫ∪Qǫ)

D3vǫ : D
3(Tǫϕ) dx→ 0,

❛s ǫ→ 0✳ ❲❡ ♥♦✇ r❡q✉✐r❡ t✇♦ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛t❛✳

▲❡♠♠❛ ✺✳ ❋♦r ❛❧❧ y ∈ Y × (−1, 0) ❛♥❞ i, j, k = 1, . . . , N t❤❡ ❢✉♥❝t✐♦♥s ĥǫ(x̄, y)✱
∂̂hǫ

∂xi
(x̄, y)✱ ∂̂2hǫ

∂xi∂xj
(x̄, y) ❛♥❞ ∂̂3hǫ

∂xi∂xj∂xk
(x̄, y) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ x̄✳ ▼♦r❡♦✈❡r✱

ĥǫ(x̄, y) = O(ǫ5/2),
∂̂hǫ
∂xi

(x̄, y) = O(ǫ3/2),
∂̂2hǫ
∂xi∂xj

(x̄, y) = O(ǫ1/2),

❛s ǫ→ 0✱ ❢♦r ❛❧❧ i, j = 1, . . . , N ✱ ✉♥✐❢♦r♠❧② ✐♥ y ∈ Y × (−1, 0)✱ ❛♥❞

ǫ1/2
∂̂3hǫ

∂xi∂xj∂xk
(x̄, y) →

∂3(b(ȳ)(yN + 1)4)

∂yi∂yj∂yk
,

❛s ǫ→ 0✱ ❢♦r ❛❧❧ i, j, k = 1, . . . , N ✱ ✉♥✐❢♦r♠❧② ✐♥ y ∈ Y × (−1, 0)✳

Pr♦♦❢✳ ❲❡ r❡❢❡r t♦ ❬✷✶✱ ▲❡♠♠❛ ✹❪ ❛♥❞ ❬✷✱ ▲❡♠♠❛ ✽✳✷✼❪✱ ✇❤❡r❡ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s
✇❡r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ ❝❛s❡ ♦❢ str♦♥❣ ✐♥t❡r♠❡❞✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ �

▲❡♠♠❛ ✻✳ ▲❡t vǫ ∈ V (Ωǫ) = H3(Ωǫ) ∩H
1
0 (Ωǫ) ❜❡ s✉❝❤ t❤❛t ‖vǫ‖H3(Ωǫ) ≤ M ❢♦r

❛❧❧ ǫ > 0✳ ❆ss✉♠❡ t❤❛t ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡ vǫ|Ω ⇀ v ✐♥ H3(Ω)✳ ▲❡t ϕ ❜❡ ❛ ✜①❡❞

❢✉♥❝t✐♦♥ ✐♥ V (Ω)✳ ▲❡t v̂ ∈ L2(W,w3,2
P❡rY

(Y × (−∞, 0))) ❜❡ ❛s ✐♥ ▲❡♠♠❛ ✸✳ ❚❤❡♥
∫

Qǫ

D3vǫ : D
3(Tǫϕ) dx→

−

∫

W

∫

Y×(−1,0)

(D3
y(v̂) : D

3(b(ȳ)(1 + yN )4) dy
∂ϕ

∂xN
(x̄, 0)dx̄.

✭✻✳✹✮

Pr♦♦❢✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ✉s❡ t❤❡ ✐♥❞❡① ♥♦t❛t✐♦♥ ❛♥❞ ✇❡ ❞r♦♣ t❤❡
s✉♠♠❛t✐♦♥ s②♠❜♦❧s✳ ❲❡ ❝❛❧❝✉❧❛t❡
∫

Qǫ

D
3
vǫ : D

3(Tǫϕ) dx =

∫

Qǫ

∂3vǫ

∂xi∂xj∂xh

∂3(ϕ ◦ Φǫ)

∂xi∂xj∂xh
dx

=

∫

Qǫ

∂3vǫ

∂xi∂xj∂xh

∂3ϕ

∂xk∂xl∂xm
(Φǫ(x))

∂Φ
(k)
ǫ

∂xi

∂Φ
(l)
ǫ

∂xj

∂Φ
(m)
ǫ

∂xh
dx

+

∫

Qǫ

∂3vǫ

∂xi∂xj∂xh

∂2ϕ

∂xk∂xl
(Φǫ(x))

[∂Φ
(k)
ǫ

∂xi

∂2Φ
(l)
ǫ

∂xj∂xh
+

∂Φ
(k)
ǫ

∂xj

∂2Φ
(l)
ǫ

∂xi∂xh
+

∂Φ
(k)
ǫ

∂xh

∂2Φ
(l)
ǫ

∂xi∂xj

]

dx,

+

∫

Qǫ

∂3vǫ

∂xi∂xj∂xh

∂ϕ

∂xk
(Φǫ(x))

∂3Φ
(k)
ǫ

∂xi∂xj∂xh
dx.

✭✻✳✺✮

■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ♣r♦✈❡ t❤❛t t❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✻✳✺✮
✈❛♥✐s❤❡s ❛s ǫ→ 0✱ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✶✱ Pr♦♣♦s✐t✐♦♥ ✷❪✳ ❲❡ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞
✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✻✳✺✮✳ ◆♦t❡ t❤❛t ❛❧❧ t❤❡ t❡r♠s ✇✐t❤ l 6= N ✈❛♥✐s❤✳
❚❤✉s✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ s❡t l = N ✳ ❈♦♥s✐❞❡r s❡♣❛r❛t❡❧② t❤❡ ❝❛s❡ k 6= N ✱
❛♥❞ k = N ✳
❈❛s❡ k 6= N ✿ ❜② t❤❡ ❡①❛❝t ✐♥t❡❣r❛t✐♦♥ ❢♦r♠✉❧❛ ✭✸✳✹✮ ✇❡ ♦❜t❛✐♥

∣∣∣∣∣

∫

Qǫ

∂3vǫ
∂xi∂xj∂xh

∂2ϕ

∂xk∂xN
(Φǫ(x)) δki

∂2Φ
(N)
ǫ

∂xj∂xh
dx

∣∣∣∣∣

≤ Cǫ1/2‖ǫ−5/2v̂ǫ‖W 3,2(Ŵǫ×Y×(−1,0))

∥∥∥∥
∂ϕ

∂xk∂xN

∥∥∥∥
L2(Qǫ)

→ 0,



✷✵ ❋✳ ❋❊❘❘❆❘❊❙❙❖

❛s ǫ→ 0✳
❈❛s❡ k = N ✿ ✐♥ t❤✐s ❝❛s❡ ✭✸✳✹✮ ❛♣♣❧✐❡❞ t♦ ✭✻✳✺✮ ❣✐✈❡s

∫

Qǫ

D3vǫ : D
3(Tǫϕ) dx = ǫ−5

∫

Ŵǫ×Y×(−1,0)

∂3v̂ǫ
∂yi∂yj∂yh

∂2ϕ

∂x2N
(Φ̂ǫ(y)) ·

·

[
∂Φ̂ǫ

(N)

∂yi

∂2Φ̂ǫ

(N)

∂yj∂yh
+
∂Φ̂ǫ

(N)

∂yj

∂2Φ̂ǫ

(N)

∂yi∂yh
+
∂Φ̂ǫ

(N)

∂yh

∂2Φ̂ǫ

(N)

∂yi∂yj

]
dx̄dy,

✭✻✳✻✮

❛♥❞ s✐♥❝❡ ✇❡ ❛r❡ s✉♠♠✐♥❣ ♦♥ t❤❡ ✐♥❞❡①❡s i, j, h ∈ 1, . . . , N ✱ ✭✻✳✻✮ ❡q✉❛❧s

3ǫ−5

∫

Ŵǫ×Y×(−1,0)

∂3v̂ǫ
∂yi∂yj∂yh

∂2(ϕ(Φ̂ǫ(y)))

∂x2N

∂Φ̂ǫ

(N)

∂yi

∂2Φ̂ǫ

(N)

∂yj∂yh
dx̄dy.

◆♦t❡ ♥♦✇ t❤❛t

∂Φ̂ǫ

(k)

∂yi
=

{
ǫδki, ✐❢ k 6= N,

ǫδNi − ǫ ∂̂hǫ

∂xi
, ✐❢ k = N.

∂2Φ̂ǫ

(k)

∂yi∂yj
=

{
0, ✐❢ k 6= N,

−ǫ2 ∂̂2hǫ

∂xi∂xj
, ✐❢ k = N.

❚❤✉s✱ ✇❡ ❤❛✈❡

3ǫ−5

∫

Ŵǫ×Y×(−1,0)

∂3v̂ǫ
∂yi∂yj∂yh

∂2(ϕ(Φ̂ǫ(y)))

∂x2N

∂Φ̂ǫ

(N)

∂yi

∂2Φ̂ǫ

(N)

∂yj∂yh
dx̄dy

= −3ǫ−2

∫

Ŵǫ×Y×(−1,0)

∂3v̂ǫ
∂yi∂yj∂yh

∂2(ϕ(Φ̂ǫ(y)))

∂x2N

(
δNi −

∂̂hǫ
∂xi

)
∂̂2hǫ
∂xj∂xh

dx̄dy.

✭✻✳✼✮

■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✻✳✼✮ ✈❛♥✐s❤❡s ❛s ǫ → 0✱ ❞✉❡ t♦
✭✸✳✹✮ ❛♥❞ ▲❡♠♠❛ ✺✳ ■t r❡♠❛✐♥s t♦ tr❡❛t ♦♥❧② t❤❡ t❤✐r❞ ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡ ♦❢ ✭✻✳✺✮✳ ❲❡ ❛♣♣❧② t❤❡ ❡①❛❝t ✐♥t❡❣r❛t✐♦♥ ❢♦r♠✉❧❛ ✭✸✳✹✮ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥

ǫ

∫

Ŵǫ×Y×(−1,0)

∂̂3vǫ
∂xi∂xj∂xh

∂ϕ

∂xN
(Φ̂ǫ(y))

̂
∂3Φ

(N)
ǫ

∂xi∂xj∂xh
dx̄dy

= −

∫

Ŵǫ×Y×(−1,0)

[
ǫ−5/2 ∂3v̂ǫ

∂yi∂yj∂yh

] [
∂ϕ

∂xN
(Φ̂ǫ(y))

] [
ǫ1/2

∂̂3hǫ
∂xi∂xj∂xh

]
dx̄dy.

❇② ▲❡♠♠❛ ✸ ✐t ✐s ❝❧❡❛r t❤❛t ǫ−5/2 ∂3v̂ǫ

∂yi∂yj∂yh
→ ∂3v̂

∂yi∂yj∂yh
✱ ✇❡❛❦❧② ✐♥ L2(W × Y ×

(−∞, 0)) ❛s ǫ → 0✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✺ ǫ1/2 ∂̂3Φ
(N)
ǫ

∂xi∂xj∂xh
→ −∂3(b(ȳ)(1+yN )4)

∂yi∂yj∂yh
✱

✉♥✐❢♦r♠❧② ✐♥ W × Y × (−1, 0) ❛s ǫ→ 0✳ ❍❡♥❝❡✱

∫

Ŵǫ×Y×(−1,0)

[
ǫ−5/2 ∂3v̂ǫ

∂yi∂yj∂yh

] [
∂ϕ

∂xN
(Φ̂ǫ(y))

] [
ǫ1/2

̂
∂3Φ

(N)
ǫ

∂xi∂xj∂xh

]
dx̄dy

→ −

∫

W×Y×(−1,0)

∂3v̂

∂yi∂yj∂yh

∂ϕ

∂xN
(x̄, 0)

∂3(b(ȳ)(1 + yN )4)

∂yi∂yj∂yh
dx̄dy.

❛s ǫ→ 0✳ �

❚❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✹✳ ▲❡t fǫ ∈ L2(Ωǫ) ❛♥❞ f ∈ L2(Ω) ❜❡ s✉❝❤ t❤❛t fǫ|Ω ⇀ f ✐♥ L2(Ω)✳ ▲❡t
vǫ ∈ H3(Ωǫ) ∩H

1
0 (Ωǫ) ❜❡ t❤❡ s♦❧✉t✐♦♥s t♦ AΩǫvǫ = fǫ✳ ❚❤❡♥✱ ♣♦ss✐❜❧② ♣❛ss✐♥❣ t♦ ❛

s✉❜s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts v ∈ H3(Ω) ∩ H1
0 (Ω) ❛♥❞ v̂ ∈ L2(W,w3,2

PerY
(Y × (∞, 0)))



❙P❊❈❚❘❆▲ ■◆❙❚❆❇■▲■❚❨ ❋❖❘ ❚❘■❍❆❘▼❖◆■❈ P❘❖❇▲❊▼❙ ✷✶

s✉❝❤ t❤❛t vǫ|Ω ⇀ v ✐♥ H3(Ω)✱ vǫ|Ω → v ✐♥ L2(Ω) ❛♥❞ s✉❝❤ t❤❛t st❛t❡♠❡♥ts (a) ❛♥❞
(b) ✐♥ ▲❡♠♠❛ ✸ ❤♦❧❞✳ ▼♦r❡♦✈❡r✱

−

∫

W

∫

Y×(−1,0)

(D3
y(v̂) : D

3(b(ȳ)(1 + yN )4) dy
∂ϕ

∂xN
(x̄, 0)dx̄

+

∫

Ω

D3v : D3ϕ+ uϕ dx =

∫

Ω

fϕ dx,

❢♦r ❛❧❧ ϕ ∈ H3(Ω) ∩H1
0 (Ω)✳

✻✳✷✳ ▼✐❝r♦s❝♦♣✐❝ ❧✐♠✐t✳ ▲❡t ψ ∈ C∞(W×Y×]−∞, 0]) ❜❡ s✉❝❤ t❤❛t suppψ ⊂ C×
Y × [d, 0] ❢♦r s♦♠❡ ❝♦♠♣❛❝t s❡t C ⊂W ✱ d ∈]−∞, 0[✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ψ(x̄, ȳ, 0) = 0
❢♦r ❛❧❧ (x̄, ȳ) ∈W × Y ✳ ▲❡t ψ ❜❡ Y ✲♣❡r✐♦❞✐❝ ✐♥ t❤❡ ✈❛r✐❛❜❧❡ ȳ✳ ❲❡ s❡t

ψǫ(x) = ǫ
5
2ψ
(
x̄,
x̄

ǫ
,
xN
ǫ

)
,

❢♦r ❛❧❧ ǫ > 0✱ x ∈ W×] −∞, 0]✳ ❚❤❡♥ Tǫψǫ ∈ V (Ωǫ) ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫ✱ ❤❡♥❝❡
✇❡ ❝❛♥ ♣❧✉❣ ✐t ✐♥ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ Ωǫ ✐♥ ♦r❞❡r t♦ ❣❡t∫

Ωǫ

D3vǫ : D
3(Tǫψǫ) dx+

∫

Ωǫ

vǫTǫψǫ dx =

∫

Ωǫ

fǫTǫψǫ dx. ✭✻✳✽✮

■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ♣r♦✈❡ t❤❛t∫

Ωǫ

vǫTǫψǫ dx→ 0,

∫

Ωǫ

fǫTǫψǫ dx→ 0, ✭✻✳✾✮

❛s ǫ→ 0✱ ❛♥❞ ❜② ❛r❣✉✐♥❣ ❛s ✐♥ ❬✷✱ ❊q✳ ✭✽✳✷✵✮✱ ♣✳ ✷✾❪ ✇❡ ❞❡❞✉❝❡ t❤❛t
∫

Ωǫ\Ω

D3vǫ : D
3(Tǫψǫ) dx→ 0, ✭✻✳✶✵✮

❛s ǫ→ 0✳ ▼♦r❡♦✈❡r✱ ❜② ❛r❣✉✐♥❣ ❛s ✐♥ ❬✷✱ ▲❡♠♠❛ ✽✳✹✼❪ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t
∫

Ω

D3vǫ : D
3(Tǫψǫ) dx→

∫

W×Y×(−∞,0)

D3
y v̂(x̄, y) : D

3
yψ(x̄, y) dx̄dy, ✭✻✳✶✶✮

❛s ǫ→ 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✺✳ ▲❡t v̂ ∈ L2(W,w3,2
PerY

(Y × (−∞, 0))) ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❢r♦♠ ❚❤❡♦r❡♠ ✹✳
❚❤❡♥ ∫

W×Y×(−∞,0)

D3
y v̂(x̄, y) : D

3
yψ(x̄, y)dx̄dy = 0,

❢♦r ❛❧❧ ψ ∈ L2(W,w3,2
PerY

(Y × (−∞, 0))) s✉❝❤ t❤❛t ψ(x̄, ȳ, 0) = 0 ♦♥ W × Y ✳ ▼♦r❡✲
♦✈❡r✱ ❢♦r ❛♥② i, j = 1, . . . , N − 1✱ ✇❡ ❤❛✈❡

∂2v̂

∂yi∂yj
(x̄, ȳ, 0) = −

∂2b

∂yi∂yj
(ȳ)

∂v

∂xN
(x̄, 0) ♦♥ W × Y , ✭✻✳✶✷✮

Pr♦♦❢✳ ❲❡ ♥❡❡❞ ♦♥❧② t♦ ♣r♦✈❡ ✭✻✳✶✷✮ s✐♥❝❡ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠
✭✻✳✽✮✱ ✭✻✳✾✮✱ ✭✻✳✶✵✮✱ ✭✻✳✶✶✮ ✭s❡❡ ❛❧s♦ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✱ ❚❤❡♦r❡♠ ✽✳✺✸❪✮✳ ❇② ❛♣♣❧②✐♥❣
▲❡♠♠❛ ✹✱ ❝❛s❡ α = 5/2 t♦ vǫ ∈ H3(Ωǫ) ∩H

1
0 (Ωǫ) ✇❡ ❞❡❞✉❝❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ ✭✻✳✶✷✮✳

�

▲❡♠♠❛ ✼✳ ❚❤❡r❡ ❡①✐sts V ∈ w3,2
PerY

(Y × (−∞, 0)) s❛t✐s❢②✐♥❣ t❤❡ ❡q✉❛t✐♦♥
∫

Y×(−∞,0)

D3V : D3ψ dy = 0, ✭✻✳✶✸✮

❢♦r ❛❧❧ ψ ∈ w3,2
PerY

(Y × (−∞, 0)) s✉❝❤ t❤❛t ψ(ȳ, 0) = 0 ♦♥ Y ✱ ❛♥❞ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥

V (ȳ, 0) = b(ȳ), ♦♥ Y .



✷✷ ❋✳ ❋❊❘❘❆❘❊❙❙❖

❋✉♥❝t✐♦♥ V ✐s ✉♥✐q✉❡ ✉♣ t♦ ❛ s✉♠ ♦❢ ❛ ♠♦♥♦♠✐❛❧ ✐♥ yN ♦❢ t❤❡ ❢♦r♠ ay2N ✳ ▼♦r❡♦✈❡r

V ∈W 6,2
PerY

(Y × (d, 0)) ❢♦r ❛♥② d < 0 ❛♥❞ ✐t s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥

∆3V = 0, ✐♥ Y × (d, 0),

s✉❜❥❡❝t t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s




∂2(∆V )
∂y2

N
+ 2 ∂2

∂y2
N
(∆N−1V ) = 0, ♦♥ Y ✱

∂3V
∂y3

N
(ȳ, 0) = 0, ♦♥ Y .

Pr♦♦❢✳ ❊①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞ r❡❣✉❧❛r✐t② ♦❢ V ❢♦❧❧♦✇s ❛s ✐♥ ❬✷✱ ▲❡♠♠❛ ✽✳✻✵❪✳
◆♦t❡ t❤❛t ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s s❛t✐s✜❡❞ ❜② V ♦♥ Y ✇❡ ♥❡❡❞ t♦
✉s❡ t❤❡ ❚r✐❤❛r♠♦♥✐❝ ●r❡❡♥ ❋♦r♠✉❧❛ ✭✼✳✹✮ ✇✐t❤ V ✐♥ ♣❧❛❝❡ ♦❢ f ❛♥❞ ψ ✐♥ ♣❧❛❝❡ ♦❢
ϕ✳ ❲❡ ❝❤♦♦s❡ t❡st ❢✉♥❝t✐♦♥s ψ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ✇✐t❤ ❜♦✉♥❞❡❞ s✉♣♣♦rt ✐♥ t❤❡
yN ✲❞✐r❡❝t✐♦♥✳ ❲❡ t❤❡♥ ❞❡❞✉❝❡ t❤❛t

∫

Y×(−∞,0)

D3V : D3ψ dy = −

∫

Y×(−∞,0)

∆3V ψ dy +

∫

Y

∂3V

∂y3N

∂2ψ

∂y2N
dȳ

−

∫

Y

(
∂2(∆V )

∂y2N
+ 2∆N−1

(
∂2V

∂y2N

))
∂ψ

∂yN
dȳ,

❤❡♥❝❡ V ✐s tr✐❤❛r♠♦♥✐❝ ❛♥❞ s❛t✐s✜❡s t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ st❛t❡♠❡♥t✳ �

❚❤❡♦r❡♠ ✻ ✭❈❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ str❛♥❣❡ t❡r♠✮✳ ▲❡t V ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞
✐♥ ▲❡♠♠❛ ✼✳ ▲❡t v, v̂ ❜❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳ ❚❤❡♥

v̂(x̄, y) = −V (y)
∂v

∂xN
(x̄, 0) + a(x̄)y2N .

❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ a ∈ L2(W )✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s✿
∫

Y×(−∞,0)

|D3V |2dy =

∫

Y×(−∞,0)

D3V : D3(b(ȳ)(1 + y4N ))dy

=

∫

Y

(
∂(∆2V )

∂yN
+∆N−1

(
∂∆V

∂yN

)
+∆2

N−1

(
∂V

∂yN

))
b(ȳ)dȳ. ✭✻✳✶✹✮

Pr♦♦❢✳ ▲❡t φ ❜❡ t❤❡ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ Y×]−∞, 0] ❜②

φ(y) =

{
b(ȳ)(1 + yN )4, ✐❢ −1 ≤ yN ≤ 0,

0, ✐❢ yN < −1.

❚❤❡♥ φ ∈ H3(Y × (−∞, 0))✱ ❛♥❞ φ(ȳ, 0) = 0 ❢♦r ❛❧❧ ȳ ∈ Y ✳ ◆♦✇ ♥♦t❡ t❤❛t t❤❡
❢✉♥❝t✐♦♥ ψ = V − φ ✐s ❛ s✉✐t❛❜❧❡ t❡st✲❢✉♥❝t✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✻✳✶✸✮❀ ❜② ♣❧✉❣❣✐♥❣ ✐t ✐♥
✇❡ ❣❡t

∫

Y×(−∞,0)

|D3V |2 dy =

∫

Y×(−∞,0)

D3V : D3(b(ȳ)(1 + yN )4) dy

❇② ❛♣♣❧②✐♥❣ ✭✼✳✹✮ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❢♦r♠❡r ❡q✉❛t✐♦♥✱ ❛♥❞ ❜② ❦❡❡♣✐♥❣ ✐♥
❛❝❝♦✉♥t t❤❛t V ✐s ❛s ✐♥ ▲❡♠♠❛ ✼✱ s♦ ∆3V = 0 ✐♥ Y × (d, 0) ❢♦r ❛❧❧ d < 0✱ ✇❡ ❞❡❞✉❝❡
t❤❛t
∫

Y×(−∞,0)

D3V : D3(b(ȳ)(1 + yN )4) dy =

∫

Y

(
∂(∆2V )

∂yN
+∆N−1

(
∂(∆V )

∂yN

)
+∆2

N−1

(
∂V

∂yN

))
b(ȳ) dȳ.

�
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❇② ▲❡♠♠❛ ✼ ❛♥❞ ❚❤❡♦r❡♠ ✻ ✐t ✐s ♥♦✇ ❡❛s② t♦ ❞❡❞✉❝❡ ✭✐✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✶✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✭✐✐✐✮✳ ◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ v ♦❢ ❚❤❡♦r❡♠ ✹ s❛t✐s✜❡s

−

∫

W

∫

Y×(−1,0)

(D3
y(v̂) : D

3(b(ȳ)(1 + yN )4) dy
∂ϕ

∂xN
(x̄, 0)dx̄

+

∫

Ω

D3v : D3ϕ+ uϕ dx =

∫

Ω

fϕ dx, ✭✻✳✶✺✮

❢♦r ❛❧❧ ϕ ∈ H3(Ω)∩H1
0 (Ω)✳ ❇② ❚❤❡♦r❡♠ ✻ t❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢

✭✻✳✶✺✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② r❡✇r✐tt❡♥ ❛s

∫

W

(∫

Y×(−∞,0)

|D3V |2 dy

)
∂v

∂xN
(x̄, 0)

∂ϕ

∂xN
(x̄, 0)dx̄,

✇❤❡r❡ V ✐s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✼✳ ❇② ✭✼✳✹✮
∫

Ω

D
3
v : D3

ϕdx = −

∫

Ω

∆3
v ϕ dx+

∫

∂Ω

∂3f

∂n3

∂2ϕ

∂n2
dS

+

∫

∂Ω

(

(

(nT
D

3
v)∂Ω : D∂Ωn

)

−
∂2(∆v)

∂n2
− 2 div∂Ω(D

3
v[n⊗ n])∂Ω

)

∂ϕ

∂n
dS,

✭✻✳✶✻✮

❢♦r ❛❧❧ ϕ ∈ H3(Ω) ∩H1
0 (Ω)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ♦♥ W × {0} ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧

∫

W

(

−
∂2(∆v)

∂x2
N

(x̄, 0)− 2∆N−1

(

∂2v

∂x2
N

)

(x̄, 0) +K1
∂v

∂xN
(x̄, 0)

)

∂ϕ

∂xN
(x̄, 0)dx̄, ✭✻✳✶✼✮

✇❤❡r❡K1 =
∫
Y×(−∞,0)

|D3V |2✳ ❚❤❡♥✱ ❜② ✭✻✳✶✺✮✱ ✭✻✳✶✻✮✱ ✭✻✳✶✼✮ ❛♥❞ t❤❡ ❛r❜✐tr❛r✐♥❡ss

♦❢ ϕ ✇❡ ❞❡❞✉❝❡ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✶✱ ♣❛rt ✭✐✐✐✮✳ �

✼✳ ❆♣♣❡♥❞✐① ✭❆✮

❲❡ ❣✐✈❡ ❤❡r❡ ❛ ♣r♦♦❢ ♦❢ t❤❡ ❚r✐❤❛r♠♦♥✐❝ ●r❡❡♥ ❋♦r♠✉❧❛✳ ❲❡ r❡❢❡r t♦ ❙❡❝t✐♦♥ ✸
❢♦r t❤❡ t❛♥❣❡♥t✐❛❧ ❝❛❧❝✉❧✉s ♥♦t❛t✐♦♥ ❛♥❞ r❡❧❛t❡❞ r❡s✉❧ts✳ ❲❡ ✜rst ♥♦t❡ t❤❛t ❜② ✉s✐♥❣
t❛♥❣❡♥t✐❛❧ ❝❛❧❝✉❧✉s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t

D2f(x) =

(
D2

∂Ωf(x) +
∂

∂n

(
∇∂Ωf(x)

)
⊗ n(x) + n(x)⊗∇∂Ω

(
∂f(x)

∂n

)

+
∂2f(x)

∂n2
n(x)⊗ n(x)

)
+
∂f(x)

∂n
D∂Ωn(x), ✭✼✳✶✮

❢♦r ❛❧❧ x ∈ ∂Ω✳ ❚❤❡♥ ❢♦r♠✉❧❛ ✭✼✳✶✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② r❡✇r✐tt❡♥ ❛s

D2f(x) =

(
D2

∂Ωf(x) +∇∂Ω

(
∂f(x)

∂n

)
⊗ n(x) + n(x)⊗∇∂Ω

(
∂f(x)

∂n

)

+
∂2f(x)

∂n2
n(x)⊗ n(x)

)
− (D∂Ωn(x))(∇∂Ωf(x))⊗ n(x) +

∂f(x)

∂n
D∂Ωn(x), ✭✼✳✷✮

❢♦r ❛❧❧ x ∈ ∂Ω✳ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ✐❢ ✇❡ t❛❦❡ t❤❡ tr❛❝❡ ♦♥ ❜♦t❤ ❤❛♥❞ s✐❞❡s ♦❢ ✭✼✳✷✮
✇❡ r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ❛t t❤❡ ❜♦✉♥❞❛r②

∆f(x) = ∆∂Ωf(x) +
∂2f(x)

∂n2
+H(x)

∂f(x)

∂n
,

❢♦r ❛❧❧ x ∈ ∂Ω✱ ✇❤❡r❡ H ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ∂Ω✳
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❚❤❡♦r❡♠ ✼ ✭❚r✐❤❛r♠♦♥✐❝ ●r❡❡♥ ❋♦r♠✉❧❛ ✲ ❣❡♥❡r❛❧ ❞♦♠❛✐♥✮✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞
❞♦♠❛✐♥ ♦❢ RN ♦❢ ❝❧❛ss C0,1✳ ▲❡t f ∈ C6(Ω)✱ ϕ ∈ C3(Ω)✳ ❚❤❡♥

∫

Ω

D3f : D3ϕdx = −

∫

Ω

∆3f ϕ dx+

∫

∂Ω

(nTD3f) : D2ϕdS

−

∫

∂Ω

(nTD2(∆f))∂Ω · ∇∂ΩϕdS −

∫

∂Ω

∂2(∆f)

∂n2
∂ϕ

∂n
dS +

∫

∂Ω

∂(∆2f)

∂n
ϕdS. ✭✼✳✸✮

■❢ ♠♦r❡♦✈❡r Ω ✐s ♦❢ ❝❧❛ss C3 t❤❡♥

∫

Ω

D3f : D3ϕdx = −

∫

Ω

∆3f ϕ dx+

∫

∂Ω

∂3f

∂n3
∂2ϕ

∂n2
dS

+

∫

∂Ω

(
(
(nTD3f)∂Ω : D∂Ωn

)
−
∂2(∆f)

∂n2
− 2 div∂Ω(D

3f [n⊗ n])∂Ω

)
∂ϕ

∂n
dS

+

∫

∂Ω

(
div2∂Ω

(
(nTD3f)∂Ω

)
+ div∂Ω

(
D∂Ωn(D

3f [n⊗ n])∂Ω
)

+
∂(∆2f)

∂n
+ div∂Ω

(
nTD2(∆f)

)
∂Ω

)
ϕdS.

✭✼✳✹✮

Pr♦♦❢✳ ❘❡♣❡❛t❡❞ ✐♥t❡❣r❛t✐♦♥s ❜② ♣❛rts ❡st❛❜❧✐s❤ t❤❛t

∫

Ω

D
3
f : D3

ϕdx =

∫

Ω

∂3f

∂xi∂xj∂xk

∂3ϕ

∂xi∂xj∂xk
dx

= −

∫

Ω

∆3
fϕ dx+

∫

∂Ω

(nT
D

3
f) : D2

ϕdS −

∫

∂Ω

(nT
D

2(∆f)) · ∇ϕdS +

∫

∂Ω

∂(∆2f)

∂n
ϕdS,

✭✼✳✺✮

✇❤❡r❡ s✉♠♠❛t✐♦♥ s②♠❜♦❧s ♦♥ i, j, k ❢r♦♠ 1 t♦ N ❤❛✈❡ ❜❡❡♥ ❞r♦♣♣❡❞✳ ❚❤❡♥ ✭✼✳✸✮
❢♦❧❧♦✇s ❢r♦♠ ✭✼✳✺✮ ❜② ❞❡❝♦♠♣♦s✐♥❣ t❤❡ ❣r❛❞✐❡♥t ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ t❤✐r❞ ✐♥t❡❣r❛❧ ♦♥
t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✺✮ ✐♥ t❛♥❣❡♥t✐❛❧ ❛♥❞ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥ts✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳
■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✼✳✹✮ ✇❡ ♥❡❡❞ ✜rst t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❤❡ss✐❛♥ ♠❛tr✐① ❛♣♣❡❛r✐♥❣ ✐♥
t❤❡ ✜rst ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✸✮✳ ❇② ✉s✐♥❣ ❢♦r♠✉❧❛ ✭✼✳✷✮
♦♥ D2ϕ ✇❡ ❞❡❞✉❝❡ t❤❛t

∫

∂Ω

(nTD3f) : D2ϕdS =

∫

∂Ω

(nTD3f)∂Ω : D2
∂ΩϕdS

+ 2

∫

∂Ω

(D3f [n⊗ n])∂Ω · ∇∂Ω

(
∂ϕ

∂n

)
dS

−

∫

∂Ω

(
D∂Ωn(D

3f [n⊗ n])∂Ω

)
· ∇∂ΩϕdS

+

∫

∂Ω

(
(nTD3f)∂Ω : D∂Ωn

)∂ϕ
∂n

dS +

∫

∂Ω

∂3f

∂n3
∂2ϕ

∂n2
dS.

✭✼✳✻✮

■♥ ✭✼✳✻✮ t❤❡ s②♠❜♦❧ D3f [n ⊗ n] st❛♥❞s ❢♦r t❤❡ ✈❡❝t♦r ❤❛✈✐♥❣ ❛s i✲t❤ ❝♦♠♣♦♥❡♥t
∂3f

∂xi∂xj∂xk
njnk✱ ✇❤❡r❡ s✉♠s ♦✈❡r j ❛♥❞ k ❛r❡ ✉♥❞❡rst♦♦❞✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ t❤✐r❞

✐♥t❡❣r❛❧ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✻✮ ✐s ❞❡❞✉❝❡❞ ❢r♦♠

−

∫

∂Ω

(nTD3f) :
(
D∂Ωn(∇∂Ωϕ)⊗ n

)
dS,
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❜② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s

(nTD3f) :
(
D∂Ωn(∇∂Ωϕ)⊗ n

)
=
(
D∂Ωn(∇∂Ωϕ)

)T
(nTD3f)n

= (∇∂Ωϕ)
T
(
(D∂Ωn)

T (D3f [n⊗ n])∂Ω
)

=
(
(D∂Ωn)(D

3f [n⊗ n])∂Ω
)
· ∇∂Ωϕ.

■♥ t❤❡ t❤✐r❞ ❡q✉❛❧✐t② ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t D∂Ωn ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐①✳ ◆♦✇✱
s✐♥❝❡ Ω ✐s ♦❢ ❝❧❛ss C2✱ ✇❡ ♣❧❛♥ t♦ ❛♣♣❧② t❤❡ ❚❛♥❣❡♥t✐❛❧ ❉✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✭s❡❡
❚❤❡♦r❡♠ ✷✮ t♦ t❤❡ ✜rst✱ t❤❡ s❡❝♦♥❞✱ ❛♥❞ t❤❡ t❤✐r❞ ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢
✭✼✳✻✮✳ ❲❡ ❝♦♥s✐❞❡r s❡♣❛r❛t❡❧② t❤❡ ✜rst ✐♥t❡❣r❛❧✳ ▲❡t ✉s ♥♦t❡ t❤❛t ❢♦r ❡✈❡r② ♠❛tr✐①
A = (aij(x))ij ✇✐t❤ ❝♦❡✣❝✐❡♥ts aij ∈ C2(Ω) ❛♥❞ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ ψ ∈ C2(Ω)✱ ✇❡
❤❛✈❡ ∫

∂Ω

div∂Ω
(
(A)∂Ω(∇∂Ωψ)

)
dS = 0

❜② ✭✸✳✽✮✳ ❍❡r❡ ((A)∂Ω)ij = (aij ◦ p)|∂Ω✱ ✇❤❡r❡ p ✐s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❍❡♥❝❡✱
∫

∂Ω

(div∂Ω(A)∂Ω) · ∇∂Ωψ + (A)∂Ω : D2
∂Ωψ dS = 0. ✭✼✳✼✮

❋✐♥❛❧❧②✱ ❛ ❢✉rt❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚❛♥❣❡♥t✐❛❧ ●r❡❡♥ ❢♦r♠✉❧❛ ✭s❡❡ ✭✸✳✾✮✮ ♦♥ t❤❡
✜rst s✉♠♠❛♥❞ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✼✮ ②✐❡❧❞s

∫

∂Ω

(div2∂Ω(A)∂Ω)ψ dS =

∫

∂Ω

(A)∂Ω : D2
∂Ωψ dS ✭✼✳✽✮

❢♦r ❛❧❧ ♠❛tr✐① A ∈ C2(Ω)N×N ✱ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ ψ ∈ C2(Ω)✳ ❚❤❡♥✱ ❜② ❛♣♣❧②✐♥❣
❋♦r♠✉❧❛ ✭✼✳✽✮ t♦ t❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✻✮ ✇✐t❤ A = (nTD3f)
❛♥❞ ψ = f ✱ ❛♥❞ ❜② ✉s✐♥❣ ✭✸✳✾✮ ♦♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ ✭✼✳✻✮ ✇❡ ❞❡❞✉❝❡ t❤❛t
∫

∂Ω

(nTD3f) : D2ϕdS =

∫

∂Ω

div2∂Ω
(
(nTD3f)∂Ω

)
ϕdS

− 2

∫

∂Ω

div∂Ω
(
(D3f [n⊗ n])∂Ω

)∂ϕ
∂n

dS +

∫

∂Ω

div∂Ω

(
D∂Ωn(D

3f [n⊗ n])∂Ω

)
ϕdS

+

∫

∂Ω

(
(nTD3f)∂Ω : D∂Ωn

)∂ϕ
∂n

dS +

∫

∂Ω

∂3f

∂n3
∂2ϕ

∂n2
dS,

✭✼✳✾✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ ✇✐t❤ (V )∂Ω t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ V ♦♥ t❤❡ t❛♥❣❡♥t ♣❧❛♥❡ t♦ ∂Ω✱
❛s ❞❡✜♥❡❞ ✐♥ ➓✸✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ❚❛♥❣❡♥t✐❛❧ ❉✐✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ t♦ t❤❡ s❡❝♦♥❞
❜♦✉♥❞❛r② ✐♥t❡❣r❛❧ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✸✮ ✇❡ ✜♥❛❧❧② ❞❡❞✉❝❡ t❤❛t

−

∫

∂Ω

(nTD2(∆f))∂Ω · ∇∂ΩϕdS =

∫

∂Ω

div∂Ω
(
nTD2(∆f)

)
∂Ω
ϕdS. ✭✼✳✶✵✮

❇② ✭✼✳✾✮ ❛♥❞ ✭✼✳✶✵✮ ✇❡ ❣❡t ✭✼✳✹✮✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

✽✳ ❆♣♣❡♥❞✐① ✭❇✮

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t u ∈ H3(Ω) ∩H1
0 (Ω) ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t

♦❢ ▲❡♠♠❛ ✭✹✮✳ ■❢ 1 < α < 2 t❤❡♥ ∂u
∂xN

(x̄, 0) = 0 ❢♦r ❛❧♠♦st ❛❧❧ x̄ ∈W ✳

Pr♦♦❢✳ ■♥ t❤✐s ♣r♦♦❢ ✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ŷ ❛♥❞ û ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✺✳✷✵✮ ❛♥❞ ✭✺✳✷✶✮✳
◆♦t❡ t❤❛t

ǫα
∫

W

∫

Ŷ

1

ǫ2
|∇ȳûǫ|

2 +
1

ǫ2α

∣∣∣∣
∂ûǫ
∂yN

∣∣∣∣
2

dx̄dy =

∫

Ωǫ

|∇uǫ|
2 dx, ✭✽✳✶✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❢♦r♠✉❧❛ ✭✸✳✹✮✳ ❙✐♥❝❡ α < 2 ✇❡ ❞❡❞✉❝❡ t❤❛t ∇yûǫ → 0 ✐♥

L2(W × Ŷ )N ✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ♦♥❡ ♣r♦✈❡s t❤❛t Dβ
y ûǫ → 0 ❢♦r ❛❧❧ t❤❡ ♠✉❧t✐✐♥❞❡①❡s β



✷✻ ❋✳ ❋❊❘❘❆❘❊❙❙❖

s✉❝❤ t❤❛t 1 ≤ |β| ≤ 3✳ ◆♦✇ ♥♦t❡ t❤❛t
∫
W

∫
Y
|ûǫ(x̄, ȳ, 0)|

2dȳdx̄ =
∫
W

|uǫ(x̄, 0)|
2dx̄ ≤

C✱ ✉♥✐❢♦r♠❧② ✐♥ ǫ > 0✳ ❚❤✉s✱∫

W

∫

Ŷ

|ûǫ(x̄, y)|
2dydx̄

≤ 2

∫

W

∫

Ŷ

|ûǫ(x̄, y)− ûǫ(x̄, ȳ, 0)|
2dydx̄+ 2(b(ȳ) + 1)

∫

W

∫

Y

|ûǫ(x̄, ȳ, 0)|
2dȳdx̄

≤ 2

∫

W

∫

Ŷ

∫ yN

0

∣∣∣∣
∂ûǫ
∂yN

(x̄, ȳ, t)

∣∣∣∣
2

dt|yN |dydx̄+ C ≤ C ′,

❤❡♥❝❡ ûǫ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(W,H3(Ŷ )) ❛♥❞ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡ ûǫ ⇀ û ✐♥

L2(W,H3(Ŷ ))✱ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ û ∈ L2(W,H3(Ŷ ))✳ ❆❝t✉❛❧❧② û ❞♦❡s ♥♦t ❞❡♣❡♥❞

♦♥ y❀ ✐♥❞❡❡❞ ∇yûǫ → 0 ✐♥ L2(W × Ŷ )N ✐♠♣❧✐❡s t❤❛t ∇yû = 0✳ ❙✐♥❝❡ uǫ → u ✇❡❛❦❧②
✐♥ H3(Ω)✱ ❜② t❤❡ ❚r❛❝❡ ❚❤❡♦r❡♠✱ uǫ(x̄, 0) → u(x̄, 0) str♦♥❣❧② ✐♥ L2(W )✳ ❇② ▲❡♠♠❛
✽ ❜❡❧♦✇✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

uǫ(x̄) =
1

ǫN−1

∫

Cǫ(x̄)

uǫ(t̄, 0)dt̄→ u(x̄, 0), ✭✽✳✷✮

str♦♥❣❧② ✐♥ L2(W ) ❛s ǫ→ 0✳ ❇② ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t uǫ(x̄) =∫
Y
ûǫ(x̄, z̄, 0) dz̄ ❢♦r ❛❧♠♦st ❛❧❧ x̄ ∈ W ✳ ❇② P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✐t ✐s ❛❧s♦ ❡❛s② t♦

♣r♦✈❡ t❤❛t ∥∥∥∥ûǫ −
∫

Y

ûǫ(·, z̄, 0)dz̄

∥∥∥∥
L2(W×Ŷ )

≤ C‖∇ȳûǫ‖L2(W×Ŷ ) → 0, ✭✽✳✸✮

❛s ǫ→ 0✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✽✳✶✮✳ ❚❤❡♥✱ ❜② ✭✽✳✷✮ ❛♥❞ ✭✽✳✸✮ ✇❡ ❤❛✈❡

‖ûǫ − u(x̄, 0)‖L2(W×Ŷ )

≤

∥∥∥∥ûǫ −
∫

Y

ûǫ(·, z̄, 0)dz̄

∥∥∥∥
L2(W×Ŷ )

+

∥∥∥∥
∫

Y

ûǫ(·, z̄, 0)dz̄ − u(x̄, 0)

∥∥∥∥
L2(W×Ŷ )

→ 0,

✭✽✳✹✮

❛s ǫ → 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t û(x̄) = u(x̄, 0) ❢♦r ❛❧♠♦st ❛❧❧ x̄ ∈ W ✳ ◆♦✇ ✇❡ ✉♥❢♦❧❞
t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②

∂2uǫ
∂xi∂xj

(x̄, gǫ(x̄)) +
∂2uǫ

∂xi∂xN
(x̄, gǫ(x̄))

∂gǫ(x̄)

∂xj
+

∂2uǫ
∂xj∂xN

(x̄, gǫ(x̄))
∂gǫ(x̄)

∂xi

+
∂2uǫ
∂x2N

(x̄, gǫ(x̄))
∂gǫ(x̄)

∂xi

∂gǫ(x̄)

∂xj
+

∂uǫ
∂xN

(x̄, gǫ(x̄))
∂2gǫ(x̄)

∂xi∂xj
= 0,

✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥

1

ǫ2
∂2ûǫ

∂yi∂yj
(x̄, ȳ, b(ȳ)) +

ǫα−1

ǫα+1

∂2ûǫ

∂yi∂yN
(x̄, ȳ, b(ȳ))

∂b(ȳ)

∂yj
+

ǫα−1

ǫα+1

∂2ûǫ

∂yj∂yN
(x̄, ȳ, b(ȳ))

∂b(ȳ)

∂yi

+
ǫ2α−2

ǫ2α
∂2ûǫ

∂y2
N

(x̄, ȳ, b(ȳ))
∂b(ȳ)

∂yi

∂b(ȳ)

∂yj
+

ǫα−2

ǫα
∂ûǫ

∂yN
(x̄, ȳ, b(ȳ))

∂2b(ȳ)

∂yi∂yj
= 0.

✭✽✳✺✮

◆♦t❡ t❤❛t 1
ǫ2

∂2ûǫ

∂yi∂yj
(x̄, ȳ, b(ȳ)) → ∂2u

∂xi∂xj
(x̄, 0) = 0✱ ❛♥❞ 1

ǫα+1
∂2ûǫ

∂yi∂yN
(x̄, ȳ, b(ȳ)) →

∂2u
∂xi∂xN

(x̄, 0)✱ 1
ǫ2α

∂2ûǫ

∂y2
N
(x̄, ȳ, b(ȳ)) → ∂2u

∂x2
N
(x̄, 0) ❛s ǫ → 0✱ ✇❤❡r❡ t❤❡ ❧✐♠✐ts ❛r❡ ✐♥

L2(W × Y )✳ ❍❡♥❝❡✱ ✐❢ 1 < α < 2 ✇❡ ❞❡❞✉❝❡ t❤❛t ❛❧❧ t❤❡ s✉♠♠❛♥❞s ✐♥ ✭✽✳✺✮ ❛r❡

✈❛♥✐s❤✐♥❣ ✐♥ L2(W × Y ) ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ ǫα−2

ǫα
∂ûǫ

∂yN
(x̄, ȳ, b(ȳ)) ∂2b(ȳ)

∂yi∂yj
✳

❙✐♥❝❡ ❡q✉❛❧✐t② ✭✽✳✺✮ ♠✉st ❤♦❧❞✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❛❧s♦ t❤✐s ❧❛st s✉♠♠❛♥❞ ✐s ❜♦✉♥❞❡❞❀
❤❡♥❝❡✱

1

ǫα
∂ûǫ
∂yN

(x̄, ȳ, b(ȳ))
∂2b(ȳ)

∂yi∂yj
→ 0,
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✐♥ L2(W × Y ) ❛s ǫ → 0✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ∂u
∂xN

(x̄, 0) ∂2b(ȳ)
∂yi∂yj

= 0 ❢♦r ❛❧♠♦st ❛❧❧

(x̄, ȳ) ∈ (W × Y )✳ ❚❤❡♥ ∂u
∂xN

(x̄, 0) = 0 ❢♦r ❛❧♠♦st ❛❧❧ x̄ ∈W ✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳
�

▲❡♠♠❛ ✽✳ ▲❡t (vǫ)ǫ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ L2(Θ)✱ ❢♦r ❛ ❣✐✈❡♥ ❜♦✉♥❞❡❞ ♦♣❡♥
s❡t Θ ⊂ RN ✳ ▲❡t v ∈ L2(Θ)✱ ❛♥❞ ❛ss✉♠❡ t❤❛t vǫ → v ✐♥ L2(Θ)✳ ❋♦r ❛❧❧ ǫ > 0 ❧❡t
Cǫ(x) = {y ∈ RN : |x− y| < ǫ} ❛♥❞ ✇❡ ❞❡✜♥❡

vǫ(x) =
1

ǫN

∫

Cǫ(x)

vǫ(y) dy,

❢♦r ❛❧♠♦st ❛❧❧ x ∈ Θ✳ ❚❤❡♥ vǫ → v ✐♥ L2(Θ) ❛s ǫ→ 0✳

Pr♦♦❢✳ ❲❡ ❝❧❛✐♠ t❤❛t

v(x) :=
1

ǫN

∫

Cǫ(x)

v(y)dy → v(x), ✭✽✳✻✮

str♦♥❣❧② ✐♥ L2(Θ) ❛s ǫ → 0✳ ▲❡t δ > 0 ❜❡ ✜①❡❞ ❛♥❞ ❧❡t w ∈ C1(Θ) ∩ L2(Θ) s✉❝❤
t❤❛t ‖v − w‖L2(Θ) ≤ δ✳ ❚❤❡♥

v(x)− v(x) =
1

ǫN

∫

Cǫ(x)

(v(y)− v(x)) dy

=
1

ǫN

∫

Cǫ(x)

(v(y)− w(y)) dy + (w(x)− v(x)) +
1

ǫN

∫

Cǫ(x)

(w(y)− w(x)) dy.

▲❡t ✉s ❞❡✜♥❡ Θǫ = {x ∈ Θ : dist(x, ∂Θ) > ǫ}✳ ◆♦t❡ t❤❛t

∫

Θǫ

∣∣∣∣∣
1

ǫN

∫

Cǫ(x)

(v(y)− w(y))dy

∣∣∣∣∣

2

dx ≤

∫

Θǫ

1

ǫN

∫

Cǫ(x)

|v(y)− w(y)|2 dydx

=

∫

Θǫ

|v(y)− w(y)|2

(
1

ǫN

∫

Cǫ(y)

dx

)
dy ≤ Cδ2

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❚♦♥❡❧❧✐ ❚❤❡♦r❡♠✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❝❧❡❛r
t❤❛t ∥∥∥∥∥

1

ǫN

∫

Cǫ(x)

(w(y)− w(x))dy

∥∥∥∥∥
L2(Θ)

≤ Cǫ.

❍❡♥❝❡✱ ‖v − v‖L2(Θǫ) ≤ C(δ + ǫ) ≤ C ′δ✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❝❧❛✐♠ ✭✽✳✻✮✳ ◆♦✇
♥♦t❡ t❤❛t

‖vǫ − v‖L2(Θǫ) ≤

(∫

Θǫ

(
1

ǫN

∫

Cǫ(x)

|vǫ(y)− v(y)|2dy

)
dx

)1/2

.

❇② ❚♦♥❡❧❧✐ ❚❤❡♦r❡♠ ✇❡ ❝❛♥ ❡①❝❤❛♥❣❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ ✐♥t❡❣r❛❧s ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥
∫

Θǫ

(
1

ǫN

∫

Cǫ(x)

|vǫ(y)− v(y)|2dy

)
dx ≤ ‖vǫ − v‖2L2(Θ)

1

ǫN

∫

Cǫ(y)

dx = ‖vǫ − v‖2L2(Θ).

❍❡♥❝❡✱ ‖vǫ − v‖L2(Θǫ) ≤ ‖vǫ − v‖L2(Θ)❀ ❝♦♥s❡q✉❡♥t❧②✱

‖vǫ − v‖L2(Θǫ) ≤ ‖vǫ − v‖L2(Θǫ) + ‖v − v‖L2(Θǫ) ≤ ‖vǫ − v‖L2(Θ) + ‖v − v‖L2(Θǫ),

❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❡♥❞s t♦ ③❡r♦ ❛s ǫ→ 0✳ �

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳

❚❤❡ ❛✉t❤♦r ✐s ✈❡r② t❤❛♥❦❢✉❧ t♦ Pr♦❢✳ P✳❉✳ ▲❛♠❜❡rt✐ ❢♦r s❡✈❡r❛❧ ❞✐s❝✉ss✐♦♥s ❛♥❞
s✉❣❣❡st✐♦♥s✳
❚❤❡ ❛✉t❤♦r ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ s✉♣♣♦rt ♦❢ ❊P❙❘❈✱ ❣r❛♥t ❊P✴❚✵✵✵✾✵✷✴✶✳
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