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Abstract. This paper presents a free vibration analysis of functionally graded material (FGM) plates that are partially
submerged in an incompressible, inviscid fluid. The FGM plates with four gradient types of continuously varying
material properties along the thickness direction, including the power law, exponential, sinusoidal and cosine forms,
are studied to examine various distributions of material properties. The plate is modeled based on the Mindlin Plate
Theory (MPT), and the fluid loading effect on the FGM plates is modeled using the method of added mass. The
variational principle is applied to derive the governing equations of this fluid-plate interaction system. The differential
quadrature (DQ) method is used to solve this problem by converting the governing equations into a system of linear
equations. The fundamental frequency and the corresponding mode shape are obtained using an iterative procedure.
Numerical results for several examples are obtained and presented to investigate the vibration characteristics of the
submerged FGM plates in terms of the gradient index, gradient type, immersed depth, fluid density, aspect ratio and
slenderness ratio. Results indicate that the larger aspect ratio and immersed depth increase the fundamental frequency
of the FGM plate, while larger gradient index, fluid density and slenderness ratio decrease the fundamental frequency.
Among four different material gradient types, the FGM plate with power law type gradient has the smallest
fundamental frequency, while the one with sinusoidal form has the largest value. The mode shape in fluid deviates

from that in vacuum and shows an unsymmetrical shape for CCCC and SSSS FGM plates.
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1. Introduction

Functionally graded materials (FGM), which are one of the most advanced inhomogeneous composites and have
attracted broad engineering applications, are characterized by their mixture of continuously varying distributions of
components with different distinct properties. FGMs are usually made from the metals-ceramics mixture, of which the
material properties are allowed to vary continuously, such as Poisson’s ratio, mass density and elastic modulus
described by the power law distribution, exponential distribution, etc. [1,2]. FGMs take advantage of the different
materials to maintain structural integrity, such as metals with strong mechanical performance, ceramics with high
thermal resistance, and so on [3]. With the increasing maturity of advanced material manufacturing technology, the
FGMs have been extensively applied in various industrial sectors, such as aerospace, automobile, biomedical
engineering, and civil engineering [4,5].

Plate structures have received wide engineering applications in many fields, such as architecture, aviation,
shipbuilding and so on. Several plate theories [6—8] have been developed by researchers to model the mechanical
behaviors of plates under various loading cases and boundary conditions. The Kirchhoff plate theory [8,9] is
introduced to model the mechanical behaviors of thin plates with an assumption that straight lines normal to the
middle surface remain straight and normal to the deformed middle surface during deformation, and thus only
considering the bending deformation and stretching deformation. This thin plate theory often overestimates the natural
frequencies of the moderately thick plates because the shear deformation effect is not negligible for thick plates.
Consequently, considering the shear deformation effect is necessary in the modelling and analysis of moderately thick
plates. The plate theories considering the shear deformation effect, such as the Mindlin plate theory [10] and the
Reddy plate theory [11], were proposed to establish relatively precise models for moderately thick plates.

Based on these plate theories, the mechanical behaviors, such as bending [12—14], vibration [15-18], buckling
[19-22] and dynamic stability [23,24], of moderately thick plates have been well studied in many previous research
works. For example, the vibration problems of FGM plates have been extensively investigated by many research
works either theoretically or numerically [25-30]. An exact solution for the vibration of the rectangular FGM plates
was derived by Hosseini-Hashemi et al. [31]. Kim et al. [32] presented a frequency analysis of FGM plates using the
Ritz method and the ultraspherical polynomials as the shape functions. Wang and Shen [33] analyzed the vibration of
FGM nanoplates with reinforced composites. Zhao et al. [34] performed the vibration analysis of FGM Mindlin plates
using the kernel particle method and the Ritz method. These research works mentioned above only focused on the
vibration behavior of FGM plate in vacuum, namely without any fluid loadings. Nevertheless, the study of FGM

plates in fluids remains importance due to its broad engineering applications in shipbuilding, biomedical devices and
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aerospace structures. Farsani et al. [35] analyzed the vibration behavior of functionally graded porous plates, only one
side of which is contact with fluid, using the Ritz method. Thinh ef al. [36] examined the vibration characteristics of a
horizontal FGM rectangular plate in fluid using the Navier’s approach.

Extensive analyses for the vibration of homogeneous plate structures in fluid environment have been carried out
due to its wide applications in ocean engineering, biomedical engineering, and aerospace engineering. In these
research works, different fluid properties including the compressible and incompressible fluid [37—40], viscid and
inviscid fluid [41-44], are considered. Up to date, most studies on the plate-fluid coupling system mainly focused on
the ideal fluid for the purpose of simplifying the theoretical analysis procedures. Canales and Mantari [45] presented
the vibration analysis of Mindlin plates in fluid using the Ritz method and validated by 3D finite element method. The
vibration of Kirchhoff plates contacted with water was studied by Zhou and Cheung [46]. Omiddezyani et al. [47]
performed the vibration analysis of Mindlin microplates contacted with fluid. They studied both bulging modes and
sloshing modes due to the existence of deformation effect and sloshing effect of fluid. Khorshidi et al. [48]
theoretically and experimentally analyzed the vibration of a Kirchhoff plate in fluid using the Ritz method and the
acoustic testing method, respectively. Using the digital laser vibrometer, Bochkarev et al. [49] experimentally measured
the nature frequencies of rectangular plates vibrating in a fluid. Up to now, vibrations of FGM structures partially
immersed in fluid have been rarely studied in the field of fluid-plate interaction. However, these analyses are
necessary for the design of structures partially immersed in fluid, such as shipbuilding, sensors, bio-MEMS, etc.

This paper analyzes the free vibration of rectangular Mindlin FGM plates interacted with fluid. The gradient
variation of the FGM plate along the thickness direction is considered, and different gradient types of FGM plates are
discussed. The fluid effect is modeled as an added mass to the vibrating plates. The linear governing equations of
discretized form are obtained using the DQ method. An iterative procedure is applied to obtain the numerical solutions
for the fundamental frequency and the mode shape. The fluid-loading influences in terms of the gradient index,
gradient type, fluid density, slenderness ratio and aspect ratio on the vibration characteristics of FGM plates are

studied using the present modelling method and discussed.

2. Formulation

In Fig. 1, a rectangular FGM plate with thickness ho, height L. and width L, is vertically and only partially
immersed into a fluid with a depth Li. Fig. 1 shows a schematic diagram for the spatial geometry of this plate and its
x0z section immersed in a fluid within the Cartesian coordinate system Oxyz. The FGM plate is made of a

metal-ceramic mixture with 100% of metal and 100% of ceramic on the left and right surfaces, respectively. The
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variation of material properties is continuous and smooth along the z-axis with four gradient types, namely the power
law, exponential, sinusoidal and cosine forms. The FGM plates mainly analyzed by the power law form and other
forms are given for comparison in the discussion. The Young’s modulus E(z), Poisson’s ratio W(z) and mass density o(z)

of the power law form are computed as [50],

E(Z)z(Eb‘Eﬂ)[%Tij +E,. (1)

v(z)=W,—v) l+i n+v )
<) = b a 2 ho a’

= po| L+ 2| 4 3)
PR=(p,=p.)| 5 I Pu

where n is the gradient index; subscripts a and b refer to the physical quantity of metal at z = —/0/2 and ceramic at z =

ho/2, respectively.

Fig. 1. An FGM plate Schematics in fluid.

2.1 Hydrodynamic pressure
In this fluid-plate coupling system, we assume an ideal fluid, which is irrotational, incompressible, and inviscid.
Therefore, the damping effect and the sloshing effect of the fluid are ignored in this study. The velocity potential of

fluid domain ¢ is satisfied the following Laplace’s equation [46] as,
Vip =0, )
and the corresponding boundary conditions,

9
ox
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a0 =0 Sy lms =0 (5b)
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where Wi(x, y, t) = Yi(x, y)T(¢) is the out-of-plane immersed deflection of FGM pates, and Yi(x, y) corresponds to its
amplitude; ¢ is the time. Eq. (5¢) is the continuity condition of velocity at the fluid-plate interface. Using the method of

separation of variables, the solution of ¢ induced by the vibration of rectangular plate is expressed as [46],

o(x,y,2,1) = iiA,},z cos(4,.x) cos(4,y)e “T (), 6)

L=l L=

where A = QL+ /2L1, a=ha /Ly, Jy=—+A+72 1, =0,1,2, ..., T(t)=dT(r)/dt, and

Ishy h
ML ¢ I h) y25
W, c 7,10 he
%I:L 21, 4), Yo

L oL, . .
with 1(%,7) = [ *[ " ¥i(x, y)cos(Ax)cos(Z,y)dxdy and ¢, ={(2,if 1, =0), (4,if 1, 1)}.
Using the Bernoulli’s equation [51,52]

2
P=—p, ai) ™

the hydrodynamic pressure on any point P of the plate is solved. For FGM plates which contacted with fluid on one

side, the resultant hydrodynamic pressure P. projected on the z-axis is formulated as,

Py =P0 0 =000 T8 ®
and for FGM plates which contacted with fluid on both sides, the hydrodynamic pressure P. becomes,
Py =Pl 0Py 000,000 T8 ©
where
o, (x,y)=@2 (x,y)/2, (10a)



2¢, p; cos(4,x)cos(4,y)
@2 (X,y) = A,SLlLle (X, y)
0, L <x<L

1(3,4,),0<x<L,

(10b)

Note, @1 (x, y) and 6 (x, y) are the effective added masses on rectangular plates that caused by the fluid pressure for

FGM plates contacted with fluid on one and two sides, respectively. Herein, & (x, y) and &: (x, y) are dependent on

the fluid density, immersed depth, plate characteristic scale and its vibrational modal.

2.2 Vibration of FGM plates

With the Mindlin plate theory [12], the displacements of FGM plates along x-, y- and z- axes are expressed as,

respectively,

U(x,y,2,0) =U(x, y,1) + 2¥.(x, , 1),
V(x,y,2,0 =V (x,y.0)+2%,(x, y,0),

W(x,y,2,8) =W(x,,1),

(11)

(12)

(13)

where U(x, y, 1), V(x, y, ) and W(x, y, t) refer to the corresponding displacements of mid-plane of FGM plates; ¥:(x, y,

t) and P(x, y, t) are the cross-sectional rotations about the x- and y- axes of lines normal to the middle plane before

deformation. The nonzero components of strain are expressed as,

ou  ov, ov oY,
E,=——*z2 » €y =12 ,
ox ox 7 0y Oy
ou ov oy, oY,
Y, =——+—+2| —+ ,
Y0y ox oy  Ox

yxzzylx-l_a_w’ yZ:SI/‘+a_W
' ox Y oy

b

The stresses are derived from the constitutive equation of stress-strain relationship

axx :Qllgxx + Q128yy 4 O-yy :Qllgyy + Q128xx ’

Txy = Qﬁﬁyxy’ Tyz = Q66yyz’ sz = Qﬁ()yxz’
where

0 =—LD _VRER , __ E@®@
1) T 1Y () T 2]

The internal forces are

{NXX’ Nyy ’ ny} - J-hO/z {O-”’ Oy Ty } dz,

—hy/2
6

(14)

(15a)

(15b)

(16a)



(M, m m}=]" {0,010, } 2z, (16b)
(0.0} =x[" fr.7.}a (160)

The stiffness components and inertia terms are defined as

{ 11 ]2’A66} J.holz{Qll’QIZ’Q%}dZ’ {BII’BIZ’B } J.hﬂ/Z{Qll’QlPQ%}ZdZ’

/2
{Dn’DmD } ,[ {QII’QIZ’Q66} zdz’ {11’12’13}:J‘_IR]/ZP(Z){LZ,ZZ}dZ-

hyl2
where the shear correction factor of the FGM plate x = 5/6. Indeed, for FGM plate, the shear correction factor is also

5
6— (vaV1 + Vsz)

function of z, and can be accurately expressed as x =

where V, and V, are the volume fraction

of the metal and ceramic in the entire cross-section, respectively [53]. However, 5/6 or z°/12 is well accepted as

the approximate value of the shear correction factor for FGM beams and plates with the rectangular cross section.
Therefore, it is reasonable to used value 5/6.

The potential energy IIs of this plate-fluid coupling system is:

Hs - EJ.OL) .[()Lx (amgwf + O-yyg» TV Tl T byelyz )dXdy

| o
:lJ'L’J.Iﬂ[Nm%+NH Yiin, [GU aV]+M Py T

7 Jo Jo Ox, Wi 8y “l ox, > oy
+M alp"l 0, 'le+ ' +8W dx,dy (17)
oy ox,
oY
+= J' j , +N U, Mxﬂalp"2+Msz >2
Ny ay 6y ox, RG)

The kinetic energy Ir is:
. 2 2 oY,
HTzlJ.L"J.L] Il (%j +(%j +[%j 2] aU ayj +%_yl
270 Jo ot ot ot o o ot o
2 6?’ 2 , 2 2 2
+1, [8%) +| —= dxldy+le)J.Lx I, (GUZJ +(6V2) +(6W2j (18)
ot ot 270 L ot ot ot
oY, 2 (o, Y
+21, U, 0¥, OV T +1, (_85”xzj +| —2 | [bdx,dy.
ot ot ot ot ot ot

F(x, y, t) is the fluid-loading force, which is interacting with the resultant hydrodynamic pressure Pc(x, y, t) for
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rectangular FGM plates. The work of fluid force Ilr is:

L
I, = [ " F(x,y,n)Wdxdy, (19)

oO°W,
o’

where F(X,y,t):_Pc(x,y,t):_@(xi,Y)

O(xi, y) is the added mass of FGM plates, which is replaced by @:(x;, y) and @a(xi, y) given by Eq. (10) for FGM plates
contacted with fluid on one and two sides, respectively; x1€[0, Li] and x2€[L1, L] corresponds to the bottom and top
sub-plate separated by the free surface of fluid, respectively.

Applying the Hamilton’s principle,
[ @11, -1, + 011, )dr =0, (20)

the governing equations of the plate-fluid system are obtained using the method of integration by parts

ON,, ON., 0U B OV

Gxtxi Yo ThE the ey
a@% + aany" =1 a;fff +0(x,, y)%, (23)

where subscripts i = 1 and i = 2 represent the corresponding physical quantities on the bottom and top sub-plate
separated by fluid free surface, respectively. The boundary conditions of FGM plates require

U;=0or N_,=0,V,=0or N,=0,
W,=0 or Q,=0, ¥,=0 or M_,=0, (26)
Y,=0or M, =0,

at x, =0 and x, =L ;

X

U=0o N,=0,V,=0or N, =0,

W,=0or Q,=0,¥,=0o0or M, =0, 27)
Y,=0 o M =0,



at y=0andy=L;

U =U,V, :vz, W, =W,,

Txl = ijZ y2’ Qxl Qx2’
Nxxl: xx2° nyl_ny2’
M =M_ M =M_,

at x, =1L,.

The following non-dimensional parameters are introduced:

o) = EE )=,
L =L x ) Ly
(.6,,0)= [lﬂ L-L ij,é L}.’
_(L‘l’ X_LI’ A) :(Ll’Lx_l‘l)
(771’772’770) —ho (gpgz) —Lx ,

(all’a12’a66) A I3

110 'y

6,,.6,)

11°

A oh,

110

1

10

D D 1
(dll’dIZ’d ) St l2’2 66)’ w=QL, [-F,
Aol

11’ 12’A66 (A’%):M’

(B, By, Bg)
(b blZ’b) 11> Bios Bee , (mfl’mfz): 1 ’

(28)

(292)

(29b)

(29¢)

(29d)

where [0 and A0 are equal to /i1 and A1 of homogeneous plates, respectively; 7o defines the slenderness ratio; mn and

my are normalized added mass of FGM plates contacted with fluid on one and two sides, respectively; g1 represents

the dimensionless immersed depth; @ corresponds to the dimensionless form of the angular frequency Q.

The dimensionless forms of Egs. (21)-(25) are

2

o’u, R 0%, v,
11_u21+b11—y/;l+ii(a12 +a66)—VI+j‘i(b12 +b66)—y
2 5,08 5,58
2 2
+j. a668 I/i j~21766a le _ ,-2 I_la I/;z+l_za l//2xt ,
o¢? o&? ot or
82 ) a t//w 82 82
Qg Vzl +bgs +A(a, +ag) ——-+4(b, +bg) P
o¢; 8(, C@f 0.0

o, oy, -, - oy,
+/1.2a11—+i,2b11 3 =gi2 Il?—}_lz 51'2} |

(30)

(€2)



azwi al/jxi al// i 2 6 w;
m@(agz +1; 3 +1.4; afz +4 oe’ =g [1 +mf(C,,§)] P > 32)
i i 0%y Oy 2
bngé'uzi +d11 %W; +/1(b12+b66) C@f—i_i( nt 66)84}/;24‘2121766 88;;
| i . (33)
82 —Ka 77‘21// 47, % - g I oy, +T 52%,-
7 766 8‘5 66 i xi i aé,l a 2 8,[ R
an' azv/ i 2 2 82\/‘.
bis 577 * oo a.{; + (b, +byg) Caéw(dlﬁd“)awz T+ A%, =
| l (34)

821// ow. - 0. = 0’ (7
‘M“zdn P2 Ka66£;71 Vi nia_‘fj:giz Iz?"'% 51’2) ,

where i = 1 and 2; my (i, &) = ma (&, &) and my (&, &) = mp (G, &) refer to FGM plates contacted with fluid on one and

both sides, respectively. The non-dimensional boundary conditions are:

u,=v,=w, =y, =y, =0, at {=0and {,=I, (35a)

1

=V, =w, =y, =y, =0, at ¢=0 and &=1, (35b)

for a plate with all edges clamped (CCCC), and the boundary conditions are expressed as,

u, =v, =w=y =0,
| oy,
by Mg Woygp Mipgq Wi (362)
ac, ac,- o %

at ¢,;=0and {,=1,

u, =v, =w=y =0,

l

ow .
b, g Mo gp Pingag Mg (362)
o¢, oc, o o&
at £=0and &=1,

for a plate with all edges simply-supported (SSSS), and the boundary conditions are expressed as,

u=v,=w =y, =y =0, at (=0, (37a)
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ou, 8Wx2
ay = 11
ac, o,
ou oy,
bll —+d 11 ?
oc, acz
8\/2
A~
ac, a
oy,
by, % +dg, Wy
ac, ac,

‘i, 6\/2 b, Wyz —0,

+ by —2 8\12 /lzdlz =0,
é‘

rha, 8u2 +/Lz ’ 6;/52 _o,

+ by 58”2 +yd, 62’52 =0,

ow,
Kl (qzwﬂ +5_C22j =0, at {,=1,

ow ..
W Wiy ga Diggp, oo,
e . o¢, o¢ o¢
bm%mm a“’mmb v, o,
oc, oc, 55 65
. oy . 4
Qg @+bﬁ6 ﬁ+iaﬁ6 al+/1bﬁ6 W,y =0,
o¢, oc¢, o¢ o
A oy,
66 % +dg ’“966 a +4 dee a%l =0,
o, @C ; @é‘ o¢

Kdge (nil/jyi +4 %_‘?j =0, at £{=0 and ¢=1,

for a cantilever plate (CFFF). At {1 = 1, the following conditions should be satisfied
U =Uy, Vi =Vo, W =Wo, W =W V=W,

@%+ﬁ6lﬂxl a %+b _61//)'1
hog h e e e

:@%_ﬁ_bﬂatﬂ,ﬂ +a %4_[7 6l//y2
o, koo, Cee tac

ﬁ%+ﬁ_8¥1ﬂ _|_b12 %4_ " awyl
55, e e T e

_b, o,
A, 8¢,

G OV
e
_ G vy D

4 0,

0
W b, P, d, W2
4 OC, o¢ o¢

A oog, s &

9

0
i P W, Ay o, by, Wy
A O ¢ oc

aW)'Z +a auz
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(37b)

(37c)

(38a)

(38b)

(38¢)

(38d)



bﬂ%_F d66 817[/1 +b66%+d66 av/ﬂ
A 0C A 0 o< o¢

(38e)
= bﬂ% + %_awyz +b66 % + ds() ay/)‘z ,
b 00, 4y OC, o o¢
ow, ow,
+—1= +—=. 38
;/Ill//xl 6(1 ;72!//)(2 5[2 ( f)

2.3 Solution method
The differential quadrature (DQ) method is applied to simplify Eqgs. (30)-(38) through discretizing unknown

variables ui, vi, wi, i, Wy and their kth derivatives as,

{Miﬂvi’wia‘//xi’wyi}

(39a)
=21le Lt Vs Woas Vs W e e
o ok
f Z: {l’ Vis ,’l//xz’l/j)l}
. (39b)
;z: kl (f)c,f (C){ mm’ tmn’ tmn’l//xtmn’y/)tmn} =(; ,.¢=¢,0

where N and M sampling points of each sub-plate along x and y axes, respectively. According to the

Chebyshev—Gauss—Lobatto distribution [54], sampling points are formulated as

& =%{1—co{”(N"_ﬂ}, =12, N, (40)
&, Z%{l—cos[n;];_ll)}},kzz L2, .M, (40b)

where (. it and fk are the values of kith and kath sampling points on the {i- and &- axis, respectively; { timn, Vimn,

Wimn, mem, l//yimn }: {M(Gn, é’”a t)a v((i"a a_.:m, t)’ W(Cm, élm’ t)’ I/JX(G”’ ém, t)a WY(G’!’ éma t)}9 l"(@), lm(éf), and Crl;l (6) s Cr/fz (Cl)

respectively refer to the Lagrange interpolation polynomials and weighted coefficient obtained in Shu [54].
Then, Egs. (30)-(34) are discretized as

N
(2) (2) ) (l)
a, Z Ck o Winke, T b, z Ckln Wink, T A(a, + aéé)z z G, Ck mVinm
=

n=1 m=1

+/1i (b12 + b66 )Z Z C(l)C(lan) inm 2a66 Z C/frz 1k1m (41)

n=1 m=1

+4 2b66 z Clizml/jxtklm 8 i2 I:Tliiik,kz + 72‘/./.)51‘1@2 :"

m=1
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(2) (2) (1) (1)
273 z Ck n Vink, T bes z Ckln W sink, + (@, + ag )z Z Ckln kymMinm
e

n=1 m=1

+Ai (b12 + b66 )Z z Clgllizc(zml//xmm + /,{ al 1 Z Clizzri ikym (42)

n=1 m=1 m=1

2 (2) A - ..
+4; bllzckzmw)riklm =8, |:Ilvik]k2 +12V/yiklk2:|’
|

N
(2) @ (O]
Ka66 [Z Ck n me + ’712 Cklnl//xmkz + 771 Z C 2ml//ylklm
n=l1 m=1

(43)
_M“izz C(Zrl lklmj = giz [I_] + mg (C,’f)} Wiklkz ’

m=1

N N N
(2) (2) [Oralty)
bll Ckln uinkz + dll Ck]n Wxinkz + j“i (b12 + b66 )Z Z C Ckzm inm

n=1 n=1 n=1 m=1

+j“ (d12 + d 66 )z Z C(I)Clizlzn yinm + j‘t'2b66 z C/E72n)1 lk m + }L 2d66 Z Clijrit xlklm (44)

n=1 m=1 m=1

2 o) R = ..
—Kdgs (’71' Wik, T ntzckln Wink, j =8 [12uik1k2 + ISV/xik,kz ]’

n=1

b66 Z Clgzn) mk + d66 Z Clizn)l//ymkz + j“ (b12 + b66 )Z Z C(I)Clgin inm

n=1 m=1

+j“ (dIZ + d 6)2 z C(I)Clii:n xinm + jvizbl 1 z Cl£2n>1 lk m + j‘ 2dl 1 Z Clifri wklm (45)

n=1 m=1

2 M 27 = ..
—Kdgs [’71' Wikk, T N Z C/wn 1klmj =8 I:IZViklkz + I3W)'iklk2 ] >
where i = 1, 2. The dimensionless boundary conditions are given by,

Uk, = Vik, = Wikk, = Vaikk, =¥ ik, — >

(46)
at {,,=0, {,y=1, {=0and ¢, =

for a CCCC plate, the dimensionless boundary conditions are expressed as,

Upk, = Vik, = Wikk, = Yyikk, =Y

bl 1 Z Clilri mkz + dll Clglri l//xmkz +/1 b12 Z Clgli)n lklm (473)

n=1

+, dlZZC(”

kzm yikim

=0, at {;,=0and {,, =1,

Uik, = Vikk, = Wik, = Vitii, =0,

+Ab,, o

kym lklm

(1) (1)
bl2 Z Ck n”"ink, + d12 C xznkz

n=1 n=1 m=1

+)~ dllz C]glml//) lk m _0’ at é:l :O and 5M =

(47b)

for a SSSS plate, the boundary conditions are,
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Uk, =V, = Wik, = Yok, =¥y, =0, at ¢;,=0,

Q)] QY] 1 (l)
allzc Mo, +bllzc n ¥ x2nk, +/12a122Ck2ml//x2k]m + XZbIZZ kom¥ y2km = =0

n=1 n=1

b, z C(l)usz +d,, C(l)‘;”xzzwc2 +hb;, Z CIS;)anzk,m +4d, Z C/gr)ntt”vZk]m =0

n=l1

(1) (09 @ Q)] _
a66zc V2N, +b662C Yok, +j‘2a66zck2mu2km +)“2b662Ck2m Y rkm = 0,

n=1 m=1

bes z C(I)VZNkZ +d g z Cm‘//yzm2 +/,bgs Z C/Sr)nMZklm + Ahdg z CIEImWXZklm =0,

@ _ —
Kag | oV cone, + Z Cansz2 =0, at ¢,y =1,

n=1

(1) (1) (1) @ —
aIZZ Ck n"ink, + bIZZ C xmkl +j“ial 1 Z Ck m lkm + jvbl 1 Z Ckzm wklm _0’

n=1 m=1

(1) (€)) (1) (1) —
b12 z Ck n”"ink, + d12 z Ck nl//)«mk, +}' bll z Ck m lk m + j’idll Z zmt//ytklm _0’

m=l1

(1) (1) (1) (1) _
% Z Ck nVink, T bes z G, Wink, T 4G Z Ck mliem T /;bgs z G, Yyikm = 0,

n=1 m=1 m=1
N
(1) (1 (1) 1) _
bes z Cklnvinkz + d66 G, Wik, T Z;bgs Z Ck mligm T Ad g z G, ¥ yikm = 0,
n=l n=1 m=1

Kgs | MY yirk, T ’11‘2 C/Sz)n m | 0, at ¢=0 and ¢=1,

for a CFFF plate. At (1= 1, the following conditions should be satisfied

Uine, = Wtk > Vink, = Vaik,» Wik, = Waik, >

Vang =¥k Yn, = ¥y,

N N
@2 Cou +2LS ey, g § CO Vi +b z c
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N
Cl
et 08 @ 1 e)) 0] o)
chn 2nk2 ZZC x2nk2+alzzc V21m+blzzck2m y21m’
=1 m=

N

N
1 (l) 1 1) (1) a
Zz Nnulnk2 /TZC l//xlnk2+bIZZC Vle"‘dlzZCkm'/jlem
1

n=1

N M

11 €8} 11 (l) ) [0
ZZ Cln u2nk2 z C x2nk2 +blzz Ck mV2im + dlzzckzm y2]m’
m=1

N

a by

66 @ @ @ @

CNn vlnk z C y/} 1nk, + a66 Z Ckzmule + b66 Z Ck mwxle
}‘1 n=1 j‘l n=1 m=1 m=

N

_ Qg6 M bes X\ 1) o o

= P Z G, Vouk, T Z z G 7 Vyonk, T Ges Z CkzmMZIm + by Z Ck m¥x2im>
n=I n=
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N
6 O ) (€)) (6]
T Z C vlnk j,l z C W)111k2 + b66 z Ck mule + d66 Ck mele
n=1

n=1 m=1

(49e)
66 €)) (1 (1) o)
ZC Vo, +_ZC Yok, +bﬁézc m21m +d66zck7m Viotm»
2 n=1 m= m=1
(1) [€))
MY i, +ZC nWink, = MV oix, +chn Uy, - (491)

n=1 n=1

The dimensionless form of unknown displacement vector b is

T

b={{uikn}T,{vikn}T,{wiklz}T,{wxiklz}T, (W, }T} : (50)

wherei= 1, 2, k, =M x(k,— 1)+k,, k,=1,2, .,N, k=1, 2, ... M,k,=1,2, ..,NxM.
The matrix expression of Egs. (41)-(45) is,

Gb+(M,+M)b =0, (51)

where the added mass matrix My, the stiffness matrix G and the mass matrix M are all 10Nx10M matrices. The

iot

harmonic vibration are analyzed with the assumption of b=b"e¢'”. Eq. (51) are rewritten as,

(G-’ (M,+M) [b" =0. (52)

For the fluid-plate interaction vibration problem, we need to solve the added mass matrix Mr caused by the fluid
pressure for FGM plates contacted with fluid. Herein, the added mass is dependent on the unknown vibrational mode
shape b" as shown in Eq. 10. Therefore, we use the iterative method to solve Eq. (52) by substituting the vibrational
mode shape in vacuum as the initial value.

Applying the following iterative procedure, the natural frequency, and the mode shape of FGM rectangular plates
partially immersed in a fluid are computed. The computational steps are:
(i) Solve w and b" for the vibration of FGM plates in vacuum from Eq. (52) with assuming Mt = 0;
(ii) Apply the solution b" obtained in step (i) to determine M, and the w and b" in Eq. (52) are calculated and
updated;
(ii1) Repeat step (ii) until the relative frequency error of two consecutive iterations is less than a prescribed tolerance,

e.g., 107,

3. Numerical results
Several numerical examples for the free vibration analysis of FGM plates that are partially immersed in a fluid are

studied in this work. The fundamental frequency and mode shape of FGM plates in a fluid with respect to different
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parameters, such as gradient index, the immersed depth, gradient type, aspect ratio, fluid density, and slenderness ratio
are obtained and analyzed in this section. The material properties of SUS304 on the left surface of plates are E. =
207.78 GPa, pa = 8166 kg/m*, v. = 0.3177, whereas those for SisNs on the right surface are E»= 322.27 GPa, p»=2370
kg/m®, v, = 0.24. Unless otherwise stated, FGM rectangular plates contact with water on both sides, and the plate
parameters are: length L. = 0.1 m, width L, = 0.1 m, thickness ho = 0.01 m, and water density p; = 1000 kg/m’. The

conversion f= /27 is introduced for the computation of the fundamental frequency.

3.1 Model validation

The DQ method is used to solve the governing equations and obtain the fundamental frequency of FGM
rectangular plates in a fluid. The convergence for the numerical procedure with respect to the use of different node
numbers N, M, is testified and presented in Table 1. The numerical results for the fundamental frequency f of FGM
plates in vacuum and that of half FGM plates immersed in water are obtained and listed in Table 1. For both two cases,
the convergent results are achieved with the increase of N, and M = N = 12 is adopted in later computation and
analysis.
Table 1 Convergence for the fundamental frequency f (x10* Hz) of FGM rectangular plates in vacuum and water (L. =

0.1,Ly=0.1, ho=0.01,n=1).

Half of the plate immersed
N  Plate in vacuum
in water

C-C H-H C-F C-C H-H C-F

4 24829 14.013 0.98356 16.074 9.1985 0.91497
6 11.033 6.4207 1.1611 9.5818 55196 1.1477
8 10992 6.4565 1.1634 9.5813 5.5347 1.1495
10 10992 6.4559 1.1601 9.5767 5.5391 1.1473
1210992 6.4559 1.1587 9.5757 5.5395 1.1465

13 10992 6.4559 1.1581 9.5753 55394 1.1465

The numerical results of frequency parameter @ =QLi [ hy«lp,/E, of SUS304/SisNs FGM rectangular plates in

vacuum are obtained and presented in Table 2 for CCCC, SSSS and CFFF. The fundamental frequencies for CCCC,
SSSS and CFFF FGM rectangular plates that were previously calculated by Zhao ef al. [34] are used to verify the

present results of FGM rectangular plates with different gradient variations. A good agreement between Zhao et al.’s
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results and present solution is shown in Table 2.

Table 2 Dimensionless fundamental frequency @w"=QL_/hy/p,/E, comparison for SUS304/ SisN+ FGM plates in

air (Le = Ly=0.1, ho = 0.01).

BCs n
0 1 2 5 8 10
CCCC present 9.7351 5.9228 53178 4.8301 4.6683 4.6051

Zhao et al.[34] 9.6814 5.8902 5.2874 4.8005 4.6389 4.5767
SSSS  present 5.6809 34786 3.1321 2.8469 27498 2.7121
Zhao et al. [34] 5.6148 3.4242 3.0813 2.8058 2.7129 2.6768
CFFF present 1.0280 0.6251 0.5623 0.5121 0.4950 0.4884

Zhao et al. [34] 1.0203 0.6199 0.5576 0.5077 0.4907 0.4841

Table 3 lists the results for fundamental frequency wﬁ:zQLi\/m of CCCC, SSSS and CCCF aluminum
plates contacted water with one side. The plate parameters are L. = Ly = 1, u = py/ par = 0.125, tai = ho= 0.05, and
D=E,h / [12(1—\/12“)] . The material properties of aluminum plates are Eai= 30 GPa, pai = 8000 kg/m’, vai = 0.3.
Zhou and Cheung [46] analyzed the variations of fundamental frequency of vertical rectangular Kirchhoff plates with
respect to the increase of immersed depth using the Ritz method. The results of Zhou and Cheung [46] are used to

verify the results obtained using present method.

Table 3 Dimensionless fundamental frequency for rectangular FGM plates contacted with water on one side (n = 0, Lx

=Ly=1, ho=0.05).
BCs g1
0 0.2 04 0.6
CCCC present 34985 34941 33.723 29.747

Zhou and Cheung [46] 36.007 35.968 34.216 31.273
SSSS  present 19.562 19.488 18.587 16.460
Zhou and Cheung [46] 19.739 19.666 18451 16.854
CCCF present 23425 23423 23320 22.571

Zhou and Cheung [46] 24.035 24.033 23873 23.294
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3.2 Effect of different parameters on fundamental frequency

Fig. 2 shows the variation trends for the fundamental frequency with respect to the gradient index n for the CCCC,
SSSS and CFFF FGM rectangular plates partially immersed in water when L./Ly = 1 and Li/ho = 10. The frequency
reduces with the increase of the immersed depth g: for all three plates. Besides, an obvious decrease of fundamental
frequency occurs at g1 € [0.2, 1] for CCCC and SSSS plates, and g1 € [0.5, 1] for CFFF plates. For immersed depth g:
with a given value, the fundamental frequency decreases remarkably as the gradient index n increases for all three

plates.

20 12
@ CCCC : (b) SSSS:

n=0 ----n=03
....... n=1 ---n=3

‘-,
~.

~.
Sea

Fig. 2. The response of the fundamental frequency on the gradient index n for FGM rectangular plates in water when

with Li/Ly =1 and Li/ho = 10: (a) CCCC plate; (b) SSSS plate and (c) CFFF plate.

The change of fundamental frequency with different fluid media for CCCC, SSSS and CFFF FGM rectangular
plates is illustrated in Fig. 3 when L/Ly =1, n = 1 and L+/ho = 10. Herein, the numerical results with different fluid
media of bromoform (2.82 g/cm’), water (I g/cm’) and acetone (0.788 g/cm’) are obtained and discussed. The

different fluid media have a neglected influence at the immersed depth g1 € [0, 0.1] for CCCC and SSSS plates, and g1

€ [0, 0.3] for CFFF plates. Smaller fluid density prlead to larger fundamental frequency when g: € [0.3, 1].
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Fig. 3. The change of the fundamental frequency on the fluid media for FGM plates in water when L/Ly =1, n =1 and

Fig. 4 depicted the change of fundamental frequency with different aspect ratios L«/Ly for CCCC, SSSS and CFFF
FGM rectangular plates in water when n = 1 and L+/ho = 10. As shown in Fig. 4-(a) and (b), the fundamental frequency
is quite sensitive to the aspect ratio and increases with the increasing of the aspect ratio of CCCC and SSSS plates.
However, the change of fundamental frequency with different aspect ratios for CFFF FGM plates is very small. With

the same parameters, CCCC and CFFF submerged plates have the largest and smallest fundamental frequency,
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Li/ho = 10: (a) CCCC plate; (b) SSSS plate and (c) CFFF plate.
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Fig. 4. The change of the fundamental frequency on the aspect ratio L./Ly for FGM plates in water when n = 1 and

Li/ho=10: (a) CCCC plate; (b) SSSS plate and (c) CFFF plate.

Fig. 5 illustrates the effect of changing the slenderness ratio Li/ho on the fundamental frequency for CCCC, SSSS
and CFFF FGM rectangular plates immersed in water when LJ/L, = 1 and n = 1. For any given gi, the larger

slenderness ratio Li/ho leads to the smaller fundamental frequency for all three FGM plates.
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Fig. 5. The effect of the slenderness ratio Li/ho on the fundamental frequency for FGM plates in water when L./Ly = 1

and n = 1: (a) CCCC plate; (b) SSSS plate and (c) CFFF plate.
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Fig. 6. The fundamental frequency of the FGM plates contacted with water on one sides and two sides when LJ/Ly = 1,
n=1and L/ho = 10.

Fig. 6 presents the fundamental frequencies of CCCC, SSSS and CFFF FGM rectangular plates contacted with
water on one side when L./Ly =1, n = 1 and L+/ho = 10. The results for the plates contacting with water on two sides
are also given for the comparison purpose. For both CCCC and SSSS FGM plates, the difference of fundamental
frequency is unobvious when g1 € [0, 0.2]. However, in general, the fundamental frequency of FGM plates contacted
with water on one side is larger than that of two sides. Larger difference between these two cases will occur when the
immersed depth g1 is increasing from 0.2 to 1.0. For CFFF FGM plates, the fundamental frequencies for these two
cases are almost identical.

Fig. 7 shows the change of the fundamental mode shape on the immersed depth g1 for CCCC, SSSS and CFFF
FGM plates in water when L/Ly=1,n =1, Ls/ho = 10, and = 0.5. The fundamental mode shape in air is symmetrical
for CCCC and SSSS FGM plates. However, for CCCC and SSSS FGM plates, the mode shape in fluid deviates from
that in air and shows an unsymmetrical shape. For CFFF FGM plates, the change of the mode shape on the immersed

depth is unobvious.
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Fig. 7. The change of the mode shape on the immersed depth g1 for FGM plates in water when L/Ly = 1,n =1, Li/ho =

10 and ¢=0.5: (a) CCCC plate; (b) SSSS plate; (c) CFFF plate.
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Fig. 8. The response of the mode shape on the gradient index n for FGM plates in air when L/Ly =1, g1 = 0, Li/ho = 10

and = 0.5: (a) CCCC plate; (b) SSSS plate; (c) CFFF plate.

Figs. 8-10 present the response of the fundamental mode shape of CCCC, SSSS and CFFF FGM plates with

different gradient index n when Li/Ly = 1, L/ho = 10, and &= 0.5 for g1 =0, g1 = 0.5 and g1 = 1, respectively. As shown
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in Figs. 8 and 9, the change of the fundamental mode shape with respect to different gradient index » is insignificant

for all three FGM plates either in air or in water. Fig. 10 indicates that with the decrease of gradient index n, the

deviation of mode shape increases for CCCC and SSSS FGM rectangular plates in fluid with g1 = 0.5. However, the

change of the mode shape on gradient index n is very sight for CFFF rectangular plates. The effect of other parameters

is unobvious on the fundamental mode shape.
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Fig. 9. The response of the mode shape on the gradient index n for FGM plates in water when L/Ly = 1, g1 = 1, Li/ho =

10 and ¢=0.5: (a) CCCC plate; (b) SSSS plate; (c) CFFF plate.
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Fig. 10. The response of the mode shape on the gradient index n for FGM plates in water when L/Ly =1, g1 = 0.5,

Li/ho=10 and £=0.5: (a) CCCC plate; (b) SSSS plate; (c) CFFF plate.

3.3 Change of fundamental frequency and mode shape on gradient type

The change of fundamental frequency of FGM plates with different material gradient types in contacting with
water is analyzed in this sub-section. Four gradient types including the power law, sinusoidal, cosine and exponential
forms, are proposed to describe the distribution of material properties. The change of the Young’s modulus versus
thickness z/ho for different gradient types is given in Fig. 11. For different gradient types, the materials of FGM plate
are assumed as SUS304 and SizNa at z/ho = —0.5 and z/ho = 0.5, respectively. The Young’s modulus for four gradient
types are continuously varied form z/ho = —0.5 to z/ho = 0.5. The expressions of different gradient types are listed
below [46]:
(a) Power law form is given in Egs. (1)-(3) and n = 3 is used for comparison with other gradient types;

(b) Exponential form for the variation of material parameters is formulated as:

E(Z) — Eaeﬂl(z/’bw.S), ﬂ] — ln(Eb/Ea) , (533)
p(2)= paeﬂz(z/m]w.S)’ B, = ln(Pb/ﬂa)a (53b)
v(z) = Vaeﬁs(z/ho+0.5)’ ﬂ3 — ln(Vh/Va) ’ (53c)

(c) Sinusoidal form is formulated as:

E(z)=(E,—E,)sin (WJ+E (54a)

a’

p(z)=(p, —p,)sin (54b)

a’

(ﬂ(z/ho +0.5)j+
2
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v(z) = (v, —v,)sin [—n(z/h;+0.5) j +v,,

(d) Cosine form is formulated as:

(E,+E,) (E,-E)

> cos(m(z/hy+0.5)),

E(z) =

p(z2) = (pb-;pa)_(p,, ;p”)cos(n(zlh0+0.5)),

Wz) = v, ;V“) _ o ;v“) cos(m(z/hy+0.5)).
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Fig. 11. The change of Young’s modulus versus thickness z/Ao for different gradient types.

The change of fundamental frequency with respect to different material gradient types for FGM plates in water

when L+/Ly =1 and L«/ho = 10 is illustrated in Fig. 12. Among four different gradient types, the power law type has the

smallest fundamental frequency, and the sinusoidal form has the largest fundamental frequency. For the four different

gradient types, the difference of fundamental frequency decreases with increasing of the immersed depth gi.
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Fig. 12. The change of the fundamental frequency on different gradient types for FGM plates in water when L./L,

=1 and L+/ho=10: (a) CCCC plate; (b) SSSS plate and (c) CFFF plate.

Fig. 13 shows the change of the mode shape on different material gradient types for CCCC, SSSS and CFFF FGM
rectangular plates in water when L/Ly = 1, g1 = 0.5 and L+/ho = 10. The mode shape is not sensitive to the different

gradient types for all three FGM rectangular plates.
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Fig. 13. The change of the mode shape on different gradient types for FGM plates in water when L./Ly = 1, g1 = 0.5,

Li/ho=10 and £=0.5: (a) CCCC plate; (b) SSSS plate and (c) CFFF plate.
26



4. Conclusions

This paper focus on the study of free vibration of FGM Mindlin plates with rectangular cross-section contacted
with an incompressible and inviscid fluid. The fluid loading is considered as an added mass to the vibration of plates.
The governing equations and the boundary conditions are derived with discretized forms by the DQ method and the
variational principle. Based on the discretized governing equations, the fundamental frequency and modal of
plate-fluid coupling system are calculated using an iterative procedure. Numerical examples are performed to show
the change of vibration characteristic on key parameters, such as gradient index, immersed depth, gradient type, fluid
density, aspect ratio and slendemess ratio. Several important conclusive points are summarized as,
(1) The fundamental frequency decreases with the increase of the material gradient index for all three FGM plates.
(2) The larger fluid density and slenderness ratio lead to the smaller fundamental frequency for all three plates.
(3) The fundamental frequency increases for CCCC and SSSS plates in fluid when the aspect ratio of the plates is
increasing.
(4) The fundamental frequency difference between the cases of one side and two sides contacting with fluid is
increasing when the immersed depth is increased.
(5) Among four different material gradient types, the FGM plate with power law type gradient has the smallest
fundamental frequency, while the one with sinusoidal form has the largest value.
(6) For CCCC and SSSS FGM plates, the mode shape in fluid deviates from that in vacuum, and show unsymmetrical

mode shapes.
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