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A B S T R A C T   

To investigate the anisotropy of coal swelling, this study proposes an effective stress model for saturated, 
adsorptive fractured porous media by considering gas adsorption induced surface stress change on solid-fluid 
interface. The effective stress model can be used to capture the anisotropic swelling of coal combining aniso-
tropic mechanical properties and to link with the anisotropic permeability. Direction dependent fracture 
compressibility is used to describe the evolution of anisotropic stress-dependent permeability behaviour. 
Particularly, the impact of gas adsorption on fracture compressibility is considered in the model. The proposed 
models were tested against experimental results and compared to relevant existing models available in litera-
tures. The model predicts that the coal swelling in the direction perpendicular to the bedding plane, is greater 
than that in the parallel plane. Coal permeability in each direction can be affected by the stress changes in any 
directions. The permeability parallel to the bedding plane is more sensitive to change in stresses than in 
perpendicular to the bedding due to higher fracture compressibility. The cleat compressibility could increase 
with gas adsorption, especially for carbon dioxide. Permeability loss in the direction parallel to the bedding plane 
is more significant than that in the direction perpendicular to the bedding plane. The presented models provide a 
tool for quantifying gas adsorption-induced anisotropic coal swelling and permeability behaviours.   

1. Introduction 

Coalbeds are often recognised as energy resources and storage res-
ervoirs for geological sequestration of greenhouse gases, such as, carbon 
dioxide (CO2). Due to its extensive volume, the global coal deposits have 
significant potential to reduce the emission of CO2 into the atmosphere.1 

Over the years, a number of field demonstration projects have been 
conducted across the world to store CO2 in coal seams.2,3 The pilot trials 
regularly reported the swelling-induced loss of gas injectivity and 
struggled to achieve a sustained rate of gas injection into the seams.4–7 

CO2 adsorption in coal results in swelling of the coal matrix and reduce 
the permeability at the vicinity of the injection well.8,9 This leaves the 
bulk of the coal seam unused and questions the feasibility and practi-
cality of the technologies pertinent to carbon sequestration in coal. 
Therefore, to address the gas injection and storage issues, comprehen-
sive understanding of coal swelling and permeability behaviours are of 
paramount importance. 

Coalbeds are naturally fractured sedimentary rocks, and are gener-
ally characterised by i) a well-defined and nearly uniform distributed 

network of natural fractures, known as cleats, and ii) by multiscale 
porous blocks that reside between the fractures, known as coal matrix.10 

Coal contains two distinct types of cleats, e.g., face cleat and butt cleat. 
The face cleats are well-developed, widely spaced, nearly parallel fis-
sures that run continuously throughout a coal seam. Butt cleats are 
perpendicular to the face cleats and poorly-developed fractures of 
limited length, and often terminate at the face cleats. Both type of cleats 
are nominally vertical, and perpendicular to the bedding planes.11,12 

Cleat system provides the primary conduits for fluid flow in coalbeds,12 

and the permeability of coal is predominantly dependent on the prop-
erties of the cleat networks. The distribution of cleats in coalbeds leads 
to anisotropic permeability where the greatest permeability occurs in 
the direction of the face cleats. This has been observed in both field 
observations and laboratory measurements and, therefore, questions the 
notion of isotropic material behaviour that is often considered in theo-
retical and numerical modelling studies. For example, Koenig and 
Stubbs13 reported that from the field tests in the Rock Creek coalbeds of 
the Warrior Basin in the USA, the permeability of coal in the direction 
parallel to the bedding plane is 17 times higher than that of the direction 
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vertical to the bedding plane. Massarotto et al.14 investigated the 
permeability anisotropy of coals using a unique true tri-axial test in 
laboratory coal samples, and they reported that the permeability of coal 
was significantly directional. Another important, anisotropic property of 
coal is the directional swelling. Many laboratory experiments have 
confirmed the anisotropy of coal swelling. Day et al.15 measured the CO2 
adsorption-induced swelling of three Australian bituminous coals at 
pressures up to 15 MPa with an optical method, and observed that the 
swelling in the plane perpendicular to the bedding plane was always 
significantly higher than that of the parallel plane. Similar results have 
been reported by Pan and Connell16 and Liu et al.17 The consequence of 
adsorption-induced coal deformations is that the in-situ stress field be-
comes disturbed,7 and it can further change the permeability behaviour. 
Therefore, accurate representation of the anisotropic coal swelling 
together with anisotropic permeability is essential. 

Permeability change in coal is generally attributed to the net impacts 
of both effective stress and adsorption/desorption induced swelling/ 
shrinkage stress or strains.9 Based on this concept, many permeability 
models have been developed to study the permeability behaviour of 
coals. A comprehensive review of these models is available in Liu et al.18 

and Pan and Connell.9 Majority of these models assumed isotropy of coal 
properties and swelling behaviour. The permeability evolution is 
generally linked to the change in coal porosity using a cubic relationship 
between permeability, porosity, and different stress–strain relation-
ships. Undoubtedly, these previous studies have enriched our under-
standing of coal permeability evolution, nevertheless, the anisotropy of 
the material and its behaviour have been often neglected. Gu and Cha-
laturnyk19 suggested that the change of permeability is anisotropic (due 
to the difference between butt cleats and face cleats) even though the 
initial permeability is assumed to be isotropic. The results presented by 
Liu et al.20 indicated that the application of isotropic deformation in 
permeability model could overestimate the permeability loss compared 
to the anisotropic deformation. Thus, anisotropic deformation should be 
considered to predict the coal permeability behaviour. 

In recent years, a few anisotropic permeability models have been 
proposed to study the directional permeability behaviour of coal. Wang 
et al.21 developed an anisotropic permeability model by incorporating 
anisotropy of structural and mechanical deformation. Liu et al.22 derived 
a cleat aperture-dependent anisotropic permeability model, in which, a 
modulus reduction ratio is used to link the anisotropic deformation to 
the evolution of directional permeabilities. Pan and Connell16 presented 
an anisotropic permeability model by extending the swelling model of 
Pan and Connell.23 Like most of the isotropic permeability models, the 
aforementioned models assumed that the impacts of effective stress and 
shrinkage/swelling on coal permeability are independent. Pure stress or 
strain superposition was used to obtain the total changes in stress or 
strain, which was resulted from the pressure change and the shrinka-
ge/swelling of the coal matrix. Actually, changes of strain or stress 
caused by pressure and shrinkage/swelling of coal are inter-related, 
especially under in situ conditions.24 The coupled anisotropic perme-
ability model developed by Gu and Chalaturnyk19 shows some advan-
tages in the analysis of anisotropic permeability, which considers 
discontinuous coal mass (containing cleats and matrix) to be an equiv-
alent elastic continuum taking into account the cleat structure and 
characteristics of cleat deformation. However, the aperture changes in 
different directions are still quantified with the principle of strain su-
perposition. The deformation of cleat aperture is closely related to cleat 
compressibility.25 Recent studies show that coal-gas interaction can 
alter the cleat compressibility,26 this important coupled effect has been 
ignored in the previous permeability models. 

The purpose of this work is to present a comprehensive model that 
accounts for both anisotropic swelling and permeability behaviour in a 
practical and rigorous manner. Adsorption of gases on pores of coal 
matrices can alter the surfaces stress, influencing its effective stress. 
Firstly, an effective stress model for an anisotropic fractured porous 
media with dual porosity is derived using the surface stress approach. It 

is then used to describe anisotropic macroscopic coal swelling with 
anisotropic mechanical properties. Compared to the exiting anisotropic 
swelling model, the number of required parameters is reduced in the 
proposed model. An anisotropic, stress-dependent coal permeability 
model is then derived, in which directional fracture compressibilities are 
introduced. Stress or strain superposition is avoided compered to 
existing permeability models. More importantly, the impact of coal-gas 
interaction on cleat compressibility is considered in the proposed model. 
These new features of model could advance the understandings of coal 
permeability evolution. The accuracy and reliability of the developed 
models are examined by comparing the model results with relevant 
experimental data. Finally, the impacts of anisotropic swelling on coal 
permeability are investigated for different boundary conditions. The 
model can be used to study the mechanisms that control deformation 
and anisotropic permeability evolutions of coal, which are important for 
better predictions and analysis of subsurface carbon sequestration and 
coalbed methane recovery techniques. 

2. The model 

2.1. Theoretical development of anisotropic deformation 

Assuming that the deformation behaviour of a fractured coal is linear 
and elastic, the stress-strain relationship can be expressed in an incre-
mental form as:27 

dσ
′

eij =Cijkldεkl (1)  

or 
dεij =Dijkldσ

′

ekl (2)  

where σ′

eij or σ′

ekl is a component of second-order stress tensor, εij or εkl is 
a component of second-order strain tensor. Cijkl and Dijkl are respectively 
fourth order elastic stiffness and elastic compliance tensors, and D =

C
−1. 

Considering a multi-phase system that includes solid aggregates, 
bulk fluids in fractures and in porous matrix, as well as adsorbed fluids at 
the interface between the solid and the bulk fluid (see Fig. 1), the 
effective stress (σ′

eij) for the bulk coals can be expressed as (see Appendix 
for the detailed derivation): 

σ
′

eij = σij + ps
f δij + bmij

(

pm − ps
m

)

+ bfij

(

pf − ps
f

)

(3)  

where σij is the total stress, pm is fluid pressure in matrix pores, pf is fluid 
pressure in fracturs. bmij and bfij are effective stress coefficients associ-
ated with fluid pressures in matrices and fractures, respectively. 
Adsorption of gases in coal alters its surface stresses. The effect is 
calculated using psm and ps

f as: 
ps

m = ξmσs (4) 

Fig. 1. Schematics of a fractured porous media saturated with fluids.  
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ps
f = ξf σ

s (5)  

where ξf and ξm are material parameter constants representing the 
correlations between the adsorption surface area and the volumetric 
strain and porosity (see Appendix). 

Based on the Gibbs’ law, Nikoosokhan et al.28 described the change 
in surface stress at the fluid-solid interface as: 

Δσs = −

∫

pm

pm0

ΓVbdpm (6)  

where pm0 is the pressure at reference state, Γ is the number of moles of 
fluid molecules adsorbed per unit area of the fluid-solid interface, and 
Vb = RT/pm is the molar volume of the bulk fluid. Given that the fluid 
adsorption obeys Langmuir isotherm:3 

Γ =
ΓmaxbLpm

pmbL + 1
(7)  

where Γmax is the Langmuir adsorption constant, representing the 
adsorption capacity of fluid per unit adsorption surface, and bL is the 
Langmuir pressure constant. By considering the adsorption isotherm, the 
change in surface stress for a gas mixture, is expressed as:29 

Δσs = −
RT
∑ng

m=1Γmax
m bLmxm

∑ng

m=1bLmxm

ln

(

1+ pm

∑

ng

m=1

bLmxm

)

(8)  

where xm is the molar fraction of the mth gas component, R is universal 
gas constant, T is temperature, and ng is the number of gas components 
in the mixture. 

The fourth order Dijkl tensor in equation (2) has 81 components. 
Considering that coal behaves as an orthotropic, elastic material,30 and 
employing Betti-Maxwell reciprocal relation Dijkl = Dklij, as well as the 
symmetry of the stress and strain tensors, the constitutive equations of 
an orthotropic material can be expressed as27: 

⎡
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(9)  

where d is the compliance coefficient. It can be seen from equation (9) 
that only nine nonzero stiffness are independent for orthotropic mate-
rials. By introducing the elastic parameters, equation (9) is rewritten 
as:31 

⎡

⎣

εxx

εyy

εzz

⎤

⎦=
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⎢

⎢

⎢
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Ex

−
vyx
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Ex
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1
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⎥
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⎥

⎦

(10)  

where the index correspondence is 1→x, 2→y, 3→z. The shear strains 
are not included in equation (10) for simplification, which can be found 
in Jaeger et al..27 Ei are Young’s moduli in directions i, i = x, y, z 
denoting the different direction, vij is Poisson’s ratio representing the 
compression in j direction when a tension is applied in i direction. 
Young’s moduli and Poisson’s ratio satisfy the following relationship:31 

vyx

Ey

=
vxy

Ex

,
vzx

Ez

=
vxz

Ex

,
vzy

Ez

=
vyz

Ey

(11)  

2.2. Theoretical development of anisotropic permeability 

The characteristics of a fracture network influence coal permeability 
(Fig. 2). Fracture opening, intensity, tortuosity, and connectivity can 
affect the permeation of fluid through the cross-section. Generally, fluid 
flow through parallel straight fracture can be captured by cubic law.32 

Considering the effects of fracture intensity, tortuosity, and connectiv-
ity, the coal permeability can be expressed as:33 

k=
Rc

τ
Df

a3

12
(12)  

where τ is fracture tortuosity, Rc is fracture connectivity, Df is fracture 
intensity and a is the averaged fracture aperture. 

The fracture porosity, nf , can be estimated as: 
nf = aA (13)  

where A is the specific surface area of fractures, defined as the area of 
total fracture surface per unit volume of coals. 

Substituting equation (13) into equation (12) yields: 

k=
Rc

τ

Df

A3

nf
3

12
(14) 

Equation (14) can be extended for the ith directional permeability as: 

ki =
Rci

τi

Dfi

A3

nfi
3

12
, i = x, y, z (15) 

It can be seen from equation (15) that the fracture permeability in 
coal is mainly dependent on three factors: fracture distribution charac-
teristics (tortuosity and connectivity), intensity, and size (nfi). It is 
generally assumed that the fracture distribution characteristics and the 
fracture intensity coefficients remain constant during fluid flow.33 

However, the fracture porosity varies with the flow.33 Following work, it 
is assumed that the fracture porosity is mainly due to change in fracture 
aperture. On the other hand, fracture closure or opening is associated 
with variation of stress normal to surface stress.34 Under true triaxial 
stress conditions, as shown in Fig. 2, permeability is affected by the 
variation of each principal stresses35,36 acting on the coals. Differenti-
ating equation (15) with respect to net stresses in the principal di-
rections and its rearrangement follows: 

dki =
Rci

τi

Di

A3

ni
3

4

∑

j=x,y,z

∂nfi

nfi∂σ
′

jj

dσ
′

jj, j = x, y, z (16)  

where σ
′

jj = σjj − bfjjpf is defined as the effective stress acting on coal 
fractures. Here, compression is considered to be positive. It should be 
noted that the total stresses acting on the porous matrix and the fractures 

Fig. 2. (a) Schematic of permeability anisotropy of coals and (b) single frac-
ture structure. 
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are the same, and it can be obtained via the bulk effective stress rela-
tionship presented in equation (3). 

The directional fracture compressibility is defined as: 

Cfij = −
∂nfi

nfi∂σ
′

jj

(17) 

Incorporating equations (15) and (17) into equation (16) yields: 
dki

ki

= −
∑

j=x,y,z

Cfijdσ
′

jj. (18) 

Therefore, the fracture permeability in the ith direction can be ob-
tained by integrating equation (18), and it takes the form: 

ki = ki0e−3(CfixΔσ
′
xx+CfiyΔσ

′
yy+CfizΔσ

′
zz) (19)  

where Δσ
′

xx = σ
′

xx − σ
′

xx0, Δσ
′

yy = σ
′

yy − σ
′

yy0, Δσ
′

zz = σ
′

zz − σ
′

zz0, ki0 and σ′

jj0 
are fracture permeability and net stress at the reference stress state, 
respectively. 

The directional fracture compressibility, Cfij, is not necessarily a 
constant and is often found to be a function of stress. In addition to the 
effective stresses, gas adsorption can alter fracture compressibility. 
Laboratory experiments on gas adsorption in coal revealed that coal-gas 
interaction can lead to enhancement the coal compressibility.26,37 

McKee et al.38 presented a stress dependent fracture compressibility 
relationship, which has been extended here to describe the anisotropic 
fracture: 

Cfij =
Cfij0fai

αij

(

σ
′

jj − σ
′

jj0

)

[

1− e
−αi j(σ

′

jj
−σ

′

jj0)
]

(20)  

where Cfij0 is the initial fracture compressibility, αij is the fracture 
compressibility change rate, and the fai is a factor representing the 
adsorption-induced change in compressibility of coal in the ith direction. 

Experimental observations provide persuasive evidence that the 
coal-gas interaction causes severe mechanical degradations in coal, e. 
g.,39,40 and this interaction induced mechanical alterations depends on 
the coal type, adsorbed gases, interaction duration and confining 
stress.41 It is believed that gas adsorption can cause fracture walls to be 
weakened,41 the reciprocal of fracture compressibility can be assumed 
to be negatively related to gas adsorption. To consider the dependence of 
fracture compressibility on factors mentioned above, the following 
Langmuir-type relationship is proposed to describe the effect of coal-gas 
interaction on fracture compressibility in this work: 
1

fai

= 1 −

∑ng

m=1γmibLmxmpm

1 +
∑ng

m=1bLmxmpm

(21)  

where γmi is a constant accounting for maximum variation of fracture 
compressibility due to adsorption-induced weakening effect of mth gas 
component. 

From equation (19) it is evident that the directional permeability can 
be affected by the change of principal stresses in any direction. This 
provides a tool to quantify the effects of stresses in all directions on coal 
permeability. For isotropic conditions, the fracture compressibility is 
identical in all three directions, which results into a permeability model 
similar to that of Seidle et al.42 and Cui and Bustin.43 In that case, mean 
stress is used in equation (18). On the other hand, when the effect of only 
horizontal stress is considered, the model is analogous to the perme-
ability model of Shi and Durucan.44 However, in their permeability 
models, the effect of adsorption-induced deformation on permeability is 
neglected. With respect to CBM extraction, carbon storage and under-
ground coal mining activities, the in-situ stress is generally anisotropic, 
and a coal seam is likely to be under true triaxial stress conditions. 

Please note that the developed anisotropic permeability model re-
quires nine cleat compressibility factors, which can be easily determined 
from laboratory experiments. The estimation procedure of the nine 

direction-dependent fracture compressibility will be provided in Section 
3.2.2. 

3. Model validation 

This section presents a series of validation tests to analyse the reli-
ability of proposed models for interpreting anisotropic swelling and 
permeability behaviour of coals. Relevant experimental data published 
in the works15,16,35,45 are used as a benchmark. 

3.1. Anisotropic coal swelling 

Day et al.15 used an optical method to directly measure CO2-induced 
swelling in three Australian bituminous coals obtained from the Hunter 
Valley, Illawarra region, and Bowen Basin. The test temperatures varied 
between 25 and 55 ◦C, and pressures up to 15 MPa in an incremental 
manner. Day et al.15 presented the linear expansion results of Sample 1 
from the Hunter Valley, conducted at 40 ◦C, and reported that the results 
of the other two samples were identical. 

Directional swelling strains of a bituminous coal sample from the 
Hunter Valley, New South Wales, Australia, were measured by Pan and 
Connell16 in a triaxial permeability cell. They measured gas adsorption 
and permeability under hydrostatic conditions. The radial and axial 
displacements were measured at each adsorption step to obtain the 
swelling strain. They measured the directional deformations for 
different gas species (CO2, CH4, N2). Following Pan and Connell,16 gas 
adsorption behaviour is captured by Langmuir isotherm. 

Here, the directions parallel to the bedding are set as x- and y-axis, 
and the direction perpendicular to the bedding is z-axis. The experi-
mental results revealed that the swelling strains in the two directions 
parallel to the bedding plane are almost the same. Therefore, the me-
chanical parameter, Young’s modulus is assumed to be constant and 
equal in the x and y directions. In other words, the coal is considered as 
transversely isotropic. The coal swelling strains were recorded at the 
equilibrium state; thus, the fluid pressure in coal matrices and fractures 
are considered to be identical, i.e. pm = pf = p. Due to lack of infor-
mation, it is assumed that the effective stress coefficients in three di-
rections are same, i.e. bmii = bm, bfii = bf (no summation on repeated 
index here). Since gas adsorption occurs largely in the coal matrix, 
surface of coal pores mainly depends on coal matrix porosity, thus, ξf =

0.8,28 Under an unjacketed experimental condition (σii = − p). There-
fore, the effectives stresses in the three axis directions are reduced to: 
σ

′

eii =(b− 1)p + ΨRTln(1+ pbL) (22)  

where b = bm + bf , Ψ = bmξmΓmax. Equation (22), in combination with 
equation (10) are solved analytically to calculate swelling strains of the 
coal samples. The model parameters obtained from the validation ex-
ercises are listed in Table 1. Pan and Connell16 developed an anisotropic 
coal swelling model (P–C model) to match these experimental data. And 
it is shown that the estimated values of Young moduli and Poison’s ratio 

Table 1 
Parameters for validation test of the developed anisotropic swelling model.  

Data source Day et al.15 Pan and Connell16 

Swelling model This Study This Study 
Species CO2 CO2 CH4 N2 
Langmuir pressure constant, bL, MPa−1 1.16 0.93 0.79 0.27 
Surface stress constant, Ψ , mol/m3 5508 11693 6017 4007 
Young’s modulus, Ex, GPa 2.1 1.3 
Young’s modulus, Ey, GPa 2.1 1.3 
Young’s modulus, Ez, GPa 1.5 0.95 
Poison’s ratio, vyx 0.23 0.30 
Poison’s ratio, vzx 0.31 0.44 
Poison’s ratio, vzy 0.31 0.44 
Effective stress coefficient, b 0.48 0.95  
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in all directions are very closed to those obtained by Pan and Connell16 

for both Day et al.’s data and Pan and Connell’s data. 
The model predicted swelling strains are compared against the re-

sults of Day et al.15 and Pan and Connell16 in Fig. 3 and Fig. 4, respec-
tively. The predicted results agree well with both experimental 
measurements indicating that the proposed swelling model can describe 
adsorption-induced anisotropic coal deformation behaviour both 
quantitatively and qualitatively. In all cases, expansion in the direction 
perpendicular to the bedding plane is greater than that in the parallel 
plane. For example, in Fig. 3, at 10 MPa CO2 pressure, swelling strain in 
the direction parallel to the bedding plane is approx. 0.52%. Whereas in 
the perpendicular direction it is 0.82%, an increase of 57.6% in swelling 
strain. 

Adsorption-induced swelling strain behaviour of coal is gas species 
dependent, as illustrated in Fig. 4. More CO2 generally adsorbs in coal 
than CH4 or N2. From equation (6), it can be shown that the reduction of 
surface stress due to the adsorption of CO2 is more significant than CH4 
or N2. This is why coal exhibits larger swelling strain in contact with CO2 
than CH4 and N2. 

In order to evaluate the performance of developed anisotropic 
model, the presented swelling model and the P–C model are tested 
against experimental results and are presented in Fig. 5. The experi-
mental data by Pan and Connell16 for CO2 are used as the benchmark. 
The parameters for P–C model are listed in Table 2. Compared to P–C 
model, the number of required parameters for the proposed model is 
reduced. It can be seen from Fig. 5 that both models underestimate 
swelling strain when pressure is lower and overestimate for higher 
pressure. A possible cause for these differences is that estimated surface 
stress constant for proposed model and Langmuir volume constant for 
P–C model are an average over the whole pressure range, the values for 
higher pressure may be overestimated because compression of coal due 
to higher pressure could reduce gas adsorption.46 In comparison, P–C 
model show slightly better fitting when pressure ranges from 2 to 6 MPa. 
However, when pressure is higher, the deviation of P–C model from 
experimental results is significantly more than that of the proposed 
model in this study. 

3.2. Anisotropic and isotropic permeability 

3.2.1. Robertson’s permeability data (isotropic) 
In this work, a weakening coefficient is introduced in the perme-

ability model, for the first time, to explain the effect of change in me-
chanical properties of fractures due to gas adsorption and permeability 
evolution. Its rationality can be examined via experimental measure-
ments of coal permeability under stress controlled conditions. Most the 
laboratory tests on coal permeability evolution for varied pressures or 
varied confining stresses were conducted in one direction, e.g.37,45,47 

Fig. 3. Comparison between the experimental data of Day et al.15 and pre-
dicted swelling strain. 

Fig. 4. Comparison between the experimental data of Pan and Connell16 and 
predicted swelling strain: (a) perpendicular to the bedding and (b) parallel to 
the bedding. 

Fig. 5. Comparisons of different anisotropic swelling model results with the 
experimental data for CO2. 

Table 2 
Parameters for matching anisotropic swelling data with P–C model.  

Langmuir pressure constant, bL, MPa−1 0.83 Porosity, n,- 8.9% 
Langmuir volume constant, L, mol/kg 1.76 Coal density, ρs, kg/m3 1470 
Young’s modulus, Ex, GPa 1.4 Length, lx, m 0.5 
Young’s modulus, Ey, GPa 1.4 Length, lz, m 0.5 
Young’s modulus, Ez, GPa 0.95 Length, lz, m 0.4 
Poison’s ratio, vs 0.47   

Note: These parameters are only for Pan and Connell’s model. 
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Robertson45 performed two sets of experimental tests on coal perme-
ability to investigate, firstly, the effect of confining stress on coal 
permeability by keeping gas pressure constant but varying confining 
stress (same confining pressure to all surfaces of the cores); and sec-
ondly, the effect of gas pressure on coal permeability by keeping 
confining pressure constant and by varying gas pressure. The details are 
available in Robertson.45 The experimental results for one coal sample, 
Anderson 01, are used as benchmark for this validation test. When 
confining pressure varies but holding gas pressure remains constant, the 
permeability model is reduced to the following form: 

kx = kx0e−3[(Cfxx+Cfxy+Cfxz)(σc−σc0)] (23) 
However, when the confining pressure is constant, the permeability 

model for varying gas pressure can be expressed as: 

kx = kx0e−3[(Cfxx+Cfxy+Cfxz)(σc0−bf p)] (24) 
Here, σc is confining pressure. 
The parameters used in this analytical validation test are listed in 

Table 3. The coal sample is assumed to be isotropic, i.e. Cfxx = Cfxy =

Cfxz = Cf . The permeability results obtained from the experimental tests 
with varying confining stress are used to estimate the initial fracture 
compressibility and fracture compressibility change rate. Following that 
the experimental data of different gases (CO2, CH4, and N2) are used to 
estimate the weakening coefficient. Langmuir pressure constants for 
different gases are chosen from Chen et al..8 The validation results are 
presented in Fig. 6. To keep consistent with experimental results pre-
sented by Robertson,45 when considering the effect of confining stress on 
coal permeability, the permeability tested at net stress of 900 psi is 
selected as a basis to show the variation of permeability, as shown in 
Fig. 6(a). When considering the effect of gas pressure on coal perme-
ability, the permeability of coal at gas pressure 100 psi are selected as a 
basis for CO2, N2 and CO2/N2 mixture, as shown in Fig. 6 (b, d, e), while 
the permeability of coal tested at gas pressure 72 psi are selected as a 
basis for CH4, as shown in Fig. 6 (c). The accuracy of the proposed model 
results is compared to the fitting results of both Shi-Durucan model (S-D 
model) and the Palmer-Mansoori model (P-M model) in Fig. 6. 

Compared to predictions of both S-D model and P-M model, there is a 
better agreement between the experimental measurements and pre-
dictions of the permeability model proposed in this work (see Fig. 6). 
More importantly, the proposed model can describe the coal perme-
ability evolution induced by different gas species and gas mixture using 
a common set of coal properties. It is shown that the coal permeability 
decreases as the confining stress increases. At constant confining stress, 
the coal permeability decreases with gas pressure, reaches to a mini-
mum, and thereafter, starts to rebound. This is because with increasing 
effective stress the fracture compressibility reduces, which is shown in 
Fig. 7 for various gases. It is observed that the change in compressibility 
is species dependent. The fracture compressibility undergoes a nearly 
linear increase with gas pressure due to combined effects of effective 
stress decrease and gas adsorption induced structural alteration. For 
example, it was shown when gas pressure increases from 0.67 MPa (100 
psi) to 5.5 MPa (800 psi), the fracture compressibility for CO2 increases 
from 0.073 MPa−1 (0.0005 psi−1) to 0.20 MPa−1 (0.00138 psi−1). 
Similar findings were also reported in Pan et al.37 and Peng et al.26 For 

example, Pan et al.37 reported that the fracture compressibility of coals 
for CO2 increased from 0.05 MPa−1 to 0.125 MPa−1 with pressure. It can 
be seen that compressibility increases for CO2 are comparable to those 
presented in Pan et al.37 

This finding can be used to explain why coal permeability continue 
to decrease although the net stress for fractures decreases. At lower gas 
pressures, although the net stress acting on fractures is reduced, the 
fracture compressibility increases due to gas adsorption induced coal 
structure change, and the fractures can be compressed at this stage. 
However, with an increase in gas pressure, the impact of gas pressure 
becomes dominant and the fractures re-open, resulting in an increase of 
coal permeability, as shown in Fig. 5. This can explain why coal 
permeability continue to decrease although the net stress for fractures 
decreases. 

3.2.2. Duan et al.’s permeability data (anisotropic) 
Experimental data of Duan et al.35 are used to examine the accuracy 

of the presented anisotropic permeability model. Duan et al.35 investi-
gated the influence of anisotropy of coal structure and stress state on 
permeability evolution using a multifunctional true triaxial geophysical 
apparatus. They carried out mechanical and seepage experiments on 
cubic coal samples of 100 mm × 100 mm × 100 mm dimensions. 
Permeability of the coal samples in three directions under true triaxial 
stress conditions was tested. Nine different experimental conditions 
were designed to consider different stress conditions and flow di-
rections, as shown in Fig. 8. There are three kinds of loading path: 1) 
minimum principal stress is perpendicular to bedding, 2) intermediate 
principal stress is perpendicular to bedding and 3) maximum principal 
stress is perpendicular to bedding. For each loading path, the maximum 
stress of 50 MPa and minimum stress of 10 MPa were kept constant, and 
the intermediate stress was increased from 10 to 50 MPa step by step. 
Flow in each direction was tested with three different loading paths. In 
following, the designed flow in x direction with three loading paths are 
defined as L1F1, L2F1, L3F1, flow along the direction y as L1F2, L2F2, 
L3F2 and flow along direction z as L1F3, L2F3, L3F3. 

Equation (19) is used to predict the coal permeability variation in 
each direction. The model parameters are estimated by fitting the 
experimental results. Fig. 9 shows the estimated material parameters 
including initial permeability in three directions and anisotropic 
compressibility. The permeability was tested with a low, constant gas 
pressure of 1 MPa. Change in loading is the only factor that affects the 
evolution of permeability. Due to the low permeability of the coal 
samples, the compressibility is assumed to be constant. In this validation 
test, the permeability data for L1F1, L2F1 and L3F1 are used for esti-
mation of the initial permeability in the x-direction, and compressibility 
Cfxx, Cfxy, Cfxz. The permeability data for L1F2, L2F2, L3F2 for the initial 
permeability in the y-direction, and compressibility Cfyx, Cfyy, Cfyz. The 
permeability data under L1F3, L2F3, L3F3 for initial permeability in the 
z-direction, and compressibility Cfzx, Cfzy, Cfzz. The estimated initial 
permeability in all directions is the permeability at unstressed 
conditions. 

The same coal sample was used for all tests under different flow 
indirection and stress condition, loading and unloading for each test 
could cause the slight loss of permeability due to irreversible perme-
ability. Thus, the estimated parameters may deviate slightly from their 
actual value From Fig. 9(a), the estimated initial permeability in the x- 
direction is between 1.16 and 2.38 times greater than in y- and z-di-
rections in this experiment. Fig. 9(b) shows that the estimated 
compressibility values related to stress applied perpendicularly to the 
bedding, are larger than the flow parallel to the bedding. This implies 
that the permeability parallel to the bedding is more sensitive to change 
in stress perpendicular to the bedding. In addition, it can be observed 
that when the flow direction is identical to the applied stress direction, 
the compressibility is lower, especially in the direction parallel to the 
bedding, while it is higher for stress vertical to flow direction. For 
example, when flow is along the x-cleat direction, the compressibility 

Table 3 
Parameters for validating Robertson’s45 permeability test.  

Parameters CO2 CH4 N2 

Langmuir pressure constant, bL, psi−1 0.0061 0.0046 0.002 
Weakening coefficient, γm, - 0.66 0.48 0.4 
Initial fracture compressibility, Cf0, psi−1 9.5e-4 
Fracture compressibility change rate, α, psi−1 0.0025 
Biot’s coefficient, bf 0.8  
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Cfxx is 0.001 MPa−1 but Cfxy is 0.0052 MPa−1. None of the compress-
ibility parameters is estimated to be zero indicating that the perme-
ability is affected by the stress in all directions. 

Fig. 10 compares the predicted responses with the experimental data 
of coal permeability from Duan et al.35 It can be seen from Fig. 10 that 
the permeability evolution predicted by the model achieved a good 
agreement with the observations from the experimental test. Which is 
indicative of the reliability and effectiveness of the model. Duan et al.35 

presented an anisotropic permeability model to match their experi-
mental results. The matching results of Duan et al.’s model and the 

proposed model in this study are compared, as shown in Fig. 11. The 
experimental data for L1F1, L2F1 and L3F1 are used for benchmark. As 
expected, Fig. 11 shows that the Duan et al.’s model overestimates coal 
permeability, in contrast, the proposed model shows a better match. 

4. Results and discussions 

Boundary conditions can significantly influence coal permeability 
behaviour. In this section, the presented model has been applied to 
investigate the effect of anisotropic deformation on coal permeability 

Fig. 6. Performances of different coal permeability models against experimental data of ‘Anderson 01’ coal sample by Robertson45: (a) varying confining stress, (b–e) 
varying gas pressure, (b) CO2, (c) CH4, (d) N2, (e) 51%N2+49%CO2. 
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under various boundary conditions including constant volume condi-
tions, uniaxial strain condition, and plane strain condition. The esti-
mated mechanic properties from validation tests with experimental 
results of Pan and Connell16 and Duan et al.35 as a benchmark are used in 
these cases, as listed in Table 4 and Fig. 9. The permeability ratio is used 
to evaluate the change in permeability with pressure at equilibrium 
state, i.e. pm = pf = p. 

Case 1: Constant volume condition 

Under constant volume conditions, the vertical and horizontal 
strains are equal to zero, i.e. 
εxx = εyy = εzz = 0 (25) 

Substituting equation (25) into equation (10) yields the effective 
stresses for bulk coal due to volume constrain, and it is expressed as: 
σ

′

exx = σ
′

eyy = σ
′

ezz = 0 (26) 
Inserting equation (26) into equation (3) and combing with equation 

(18), the changes in effective stresses only acting on fractures can be 
given as: 
Δσ

′

xx =Δσ
′

yy = Δσ
′

zz = bmΔp − bmΔps
m (27) 

Combining equation (27) with equation (19) and equation (8), the 
coal permeability with pressure is obtained. Equation (27) indicates the 
change in coal permeability is not related to the coal mechanical prop-
erties but only to pressure, the anisotropic coal swelling cannot affect 

the anisotropic coal permeability. The response curves of coal perme-
ability for pure gas and gas mixture are shown in Fig. 12 and Fig. 13. 

Fig. 12 shows that coal permeability in all directions undergoes a 
significant decrease at a lower pressure when coal is completely con-
strained. For example, the permeability drops by about 83% in x-di-
rection, 80% in y-direction and 63% in z-direction when pressure 
reaches 4 MPa. However, with increase of pressure, the permeability 
decease slows down. This is because the coal swelling increases quickly 
with pressure when it is lower, as shown in Figs. 3 and 4. When the 
pressure is higher, the increase of coal swelling is marginal. When the 
gas mixture is used as interacted gases, although the coal permeability 
shows a decrease, this decrease is lessened compared to the variation of 
coal permeability with pure gas, as illustrated in Fig. 13. The higher the 
fractionation of N2 in the gas mixture, the lesser the decrease of coal 
permeability. When N2 takes up 80% of the gas mixture, the coal 
permeability drops by approximately 50% in x- and y-directions and 
33% in the z-direction. The CO2 adsorption-induced coal swelling is 
greatly larger than that of N2 in coal. An increase in the fraction of N2 in 

Fig. 7. Fracture compressibility of coal with respect to confining stress and gas 
pressure for different gases. 

Fig. 8. (a) Designed stress loading paths and (b) flow directions in Duan et al.‘s experimental tests.  

Fig. 9. (a) Estimated initial permeability in three directions and (b) the 
anisotropic compressibility to match experimental data. 
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the gas mixture will lead to a decrease in coal swelling. This is why the 
permeability of coal with gas mixture shows a relatively less reduction of 
its value. 

To examine the predicted coal permeability with gas pressure, the 
laboratory tests were collected for comparison. Due to the fact that most 
of the experiments on coal permeability with gas pressure were con-
ducted under constant confining pressure, or constant pressure differ-
ence between confining pressure and gas pressure, and permeability in 
only one direction were tested. In comparison, the permeability data 
tested under constant pressure difference conditions may be used to 
approximate the evolution of permeability under constant volume 
conditions. We collected the experimental data from literatures,48–55 as 
shown in Fig. 14. The permeability ratio is defined as the ratio of 

Fig. 10. Comparisons of measured permeability and model prediction under 
different stress conditions and flow directions: (a) L1F1-L3F1, (b) L1F2-L3F2 
and (c) L1F3-L3F3. 

Fig. 11. Comparisons between matching results of different perme-
ability models. 

Table 4 
Parameters for investigation of anisotropic coal permeability.  

Parameters Values 
Temperature, T, K 303 
Young’s modulus, Ex, GPa 1.3 
Young’s modulus, Ey, GPa 1.3 
Young’s modulus, Ez, GPa 0.95 
Poison’s ratio, vyx 0.32 
Poison’s ratio, vzx 0.44 
Poison’s ratio, vyz 0.44 
Surface stress constant for CO2, Ψ , mol/m3 11693 
Surface stress constant for N2, Ψ, mol/m3 4007 
Langmuir pressure constant for CO2, bL, MPa−1 0.93 
Langmuir pressure constant for N2, bL, MPa−1 0.27 
Effective stress coefficient, b, - 0.95 
Effective stress coefficient, bm, - 0.1  

Fig. 12. Permeability evolution of coal with pure gas under constant vol-
ume condition. 

Fig. 13. Permeability evolution of coal with a mixture of gases under constant 
volume condition. 
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permeability at the resting pressure to that at the initial pressure. As seen 
in Fig. 14, permeability of coal in all experiment tests experiences a 
significant drop with pressure, especially when pressure is lower. Model 
predicted permeability evolution above are similar to experimental tests 
and fall within the range of tested permeability ratio, which indicates 
the capacity of the permeability model for the predictive purpose. 

Case 2: Uniaxial strain condition 

The uniaxial strain condition is widely used for reservoir boundary 
conditions where the zero lateral or horizontal strains are assumed 
everywhere in the domain, i.e. 
εxx = εyy = 0 (28) 

Substitution of equation (28) into equation (10) and solving equation 
(10) yields effective stress: 

σ
′

exx =
Ex

Ez

vzx + vzyvyx

1 − vyxvxy

σ
′

ezz (29)  

σ
′

eyy =
Ey

Ez

(

vzy + vxyvzx

)

1 − vyxvxy

σ
′

ezz (30) 

Combining equations (29) and (30) with equations (3) and (18), the 
changes in effective stresses acting on fractures can be given as 

Δσ
′

xx = bmΔp− bmΔps
m −

Ex

Ez

vzx + vzyvyx

1 − vyxvxy

(

− Δσzz + bΔp− bmΔps
m

) (31)  

Δσ
′

yy = bmΔp− bmΔps
m −

Ey

Ez

(

vzy + vxyvzx

)

1 − vyxvxy

(

− Δσzz + bΔp− bmΔps
m

) (32) 

It is further assumed that the overburden stress remains unchanged 
in reservoirs, i.e. Δσzz = σzz − σzz0 = 0, equations (31) and (32) are 
written as: 

Δσ
′

xx = bmΔp− bmΔps
m −

Ex

Ez

(

vzx + vzyvyx

)

1 − vyxvxy

(

bΔp− bmΔps
m

) (33)  

Δσ
′

yy = bmΔp− bmΔps
m −

Ey

Ez

(

vzy + vxyvzx

)

1 − vyxvxy

(

bΔp− bmΔps
m

) (34)  

and 
Δσ

′

zz = − bf Δp (35) 
Substitution of equations (33)–(35) into equation (19) can generate 

permeability with pressure. Existing permeability models in literature 
for uniaxial strain conditions, consider that fluid pressure can changes 

stresses only in the vertical direction, and neglect the effects of vertical 
coal swelling.43,44,56 However, in the presented model, the vertical 
swelling is considered via equations (33)–(35). It can be seen from the 
equations that under uniaxial strain conditions, stress change is not only 
associated with coal-gas interaction but also with the mechanical 
properties of coal. To investigate the impacts of mechanical properties, 
e.g. Young’s moduli and Poisson’s ratio that are determined by fitting 
anisotropic swelling data of Pan and Connell16 and Day et al.15 in the 
previous section, are used to calculate the permeability ratio, and the 
results are shown in Fig. 15 and Fig. 16. It can be observed that the 
permeability increases with pressure using the data of Pan and Con-
nell.16 However, when the mechanical properties data of Day et al.15 is 
applied, the coal permeability experiences an initial drop with the 
pressure, reaches to a minimum, and then start to increase with pres-
sure. The observed rebound behaviour in the data of Day et al.15 is not 
present in that of the Pan and Connell.16 Due to larger Poisson’s ratio 
and role of vertical swelling in the data of Pan and Connell,16 the in-
crease of compressive stress in x- and y-directions is smaller. Also, the 
compressive stress in the vertical direction is reduced by gas pressure 
and vertical swelling, resulting in a negligible decrease in coal perme-
ability. In contrast, the Poisson’s ratio of coal from the data of Day 
et al.15 is relatively smaller. The compressive stress in x- and y-direction 
initially experiences a larger increase with pressure, and therefore, the 
coal permeability decreases. As the pressure increases, the increase of 
stress slows down and the fracture pressure elevates and reopen the 
fracture. This leads to a recovery of the coal permeability. 

The permeability data tested under constant confining stress were 
collected to calibrate the model predictions since these experiments 
involve constant stress boundary. These data were collected from 
works45,47,57–60 and plotted in Fig. 17. It can be seen although the 
experimental permeability ratios may increase or decrease with pres-
sure, they fall within a lower bound and an upper one. The permeability 
evolution trends of coals predicted by the proposed model (Figs. 15 and 
16) are consistent with experimental measurements, indicating the 
reliability of the proposed model. 

Case 3 Plane strain condition 

Coal seams are usually horizontal or sub-horizontal, and are confined 
by much harder and thicker rock strata on the top and on the floor. Thus, 
the predominant deformation occurs in the horizonal direction. The 
vertical deformation, therefore, can be constrained, i.e. 
εzz = 0 (36) 

Inserting equation (36) into equation (10) gives: 

σ
′

ezz =
Ezvxzσ

′

exx

Ex

+
Ezvyzσ

′

eyy

Ey

(37) 

By assuming that the external stresses in x- and y-direction are 

Fig. 14. Statistics of experimental data on coal permeability under constant 
pressure difference conditions, symbols with same shape means data collected 
from same work: circle (o) represents data from Chen et al.,49 square (□) from 
Lin et al.,48 diamond (⋄) from Li et al.,50 triangular (△) from Lin and Kovs-
cek,51 cross (+) from Mira et al.,52 star (Ж) from Semoon et al.,53 plus (+) from 
Ma et al.,54 minus (−) from Meng and Li.55. 

Fig. 15. Permeability evolution of coal used in Pan, Connell16 under uniaxial 
strain condition. 
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constant, the changes in effective stress acting on fractures can be 
expressed as: 
Δσ

′

xx =Δσ
′

yy = −bf Δp (38)  

Δσ
′

zz = bmΔp− bmΔps
m −

(

Ezvxz

Ex

+
Ezvyz

Ey

)

(

bΔp− bmΔps
m

) (39) 

Coal permeability can be obtained by substitution of equations (38) 
and (39) into equation (19). Similar to uniaxial conditions, the coal 
permeability evolution is also influenced by mechanical properties of 
coal. Because the Young’s modulus in the vertical direction is generally 

smaller than that in the horizonal direction and the Poisson’s ratio 
cannot surpass 0.5. Therefore, gas pressure and adsorption-induced 
swelling could result in an increase of compression stress in the verti-
cal direction. 

Fig. 18 shows the varied trend of coal permeability in all directions as 
pressure increases, the mechanical properties of coal from Pan and 
Connell16 are used in calculation of coal permeability. Compared to the 
continuous increase of permeability shown in Fig. 15, the permeability 
in the plane strain model decreases initially with pressure, due to 
displacement constrain in vertical stress. However, the swelling is slow 
when gas pressure is larger, and the increased pressure can reopen the 
fracture, which leads to the rebound of coal permeability. Compared to 
the experimental results shown in Fig. 17, the predicted permeability 
evolution is similar to experiment results. 

5. Conclusions 

In this study, an adsorption-induced anisotropic coal swelling and 
permeability model is presented. The model is developed by combining 
gas adsorption thermodynamics with anisotropic material properties. A 
stress-dependent directional permeability model is proposed to repre-
sent the anisotropy of coal permeability, in which a direction-related 
fracture compressibility factor is incorporated. A weakening coeffi-
cient is introduced to estimate the impact of gas adsorption on fracture 
compressibility. The accuracy and reliability of the proposed model are 
examined via a series of validation exercises against laboratory coal 
swelling and permeability data along with comparisons between pre-
sented and existing models. In all cases, the model predictions exhibit 
good agreement with the experimental data. The major findings are 
summarized as follows: 

(1) Gas adsorption induced coal swelling in the direction perpen-
dicular to the bedding plane is greater than that in the parallel 
plane. Fracture compressibility may increase due to coal-gas 
interaction and CO2 can cause a larger increase in fracture 
compressibility compared to CH4 and N2.  

(2) Although coal permeability in any direction can be influenced by 
the stress changes in all directions, permeability parallel to the 
bedding plane is more sensitive to stress changes than that of the 
perpendicular to the bedding plane, especially change in stress 
perpendicular to the bedding plane.  

(3) Under constant volume condition, coal permeability drops 
significantly and no rebound was observed, however, coal 
permeability may rebound with pressure increase under uniaxial 
strain condition and plane strain condition. Anisotropic swelling 
and mechanical properties of coal can affect coal permeability 
anisotropy.  

(4) The decrease of coal permeability in direction parallel bedding 
plane is more significant than that in the direction perpendicular 
to the bedding plane. 
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Fig. 16. Permeability evolution of coal used in Day et al.15 under uniaxial 
strain condition. 

Fig. 17. Experimental data on coal permeability under constant confining 
stress, symbols with same shape means data collected from same work: cross 
(X) represents data from Anggara et al.,57 circle (o) from Robertson,45 plus (+) 
from Pini et al.,47 squares (□) from Kumar et al.,58 triangular (△) from Li 
et al.,59 diamond (⋄) from Niu et al.60. 

Fig. 18. Permeability evolution of coal under plane strain condition.  
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Appendix. Effective stress for fractured porous media saturated with adsorptive fluids 

The detailed procedure of incorporating the thermodynamics of gas adsorption in the anisotropic effective stresses is presented here. As Fig. 1, the 
media under consideration is comprised of four phases: the solid, bulk fluids in fracture, and the pores, and the adsorptive fluid that is present at the 
interface between the solid and the fluid. Therefore, the energy balance equation for per unit volume of such a system can be expressed as: 
dF = dFs + dFf + dFsurf (A1) 

Under the assumption of isothermal and infinitesimal deformation, the energy balance at equilibrium for a unit volume of fractured porous media 
with its fluids can be written as:28 

dF = σijdεij + μmdρm + μf dρf (A2) 
When coal is exposed to gases, such as, CO2 and CH4, they mostly adsorb onto the surface of matrix pores. It is therefore considered that only bulk 

phase gas resides in coal fractures, while both bulk phase and adsorbed phase gases coexist in the matrix pores. Thus, 
ρm = ρb

m + ρa
m (A3) 

The Helmholtz free energy of the fluids in, a bulk state, per unit volume is: 
Ff = μmρb

m − nmpm + μf ρf − nf pf (A4) 
Therefore, 

dFf = ρb
mdμm + μmdρb

m − pmdnm − nmdpm + ρf dμf + μf dρf − pf dnf − nf dpf (A5) 
Applying the Gibbs–Duhem relations,61 ρb

mdμm = nmdpm and ρf dμf = nf dpf , equation (A5) can be simplified as: 
dFf = μmdρb

m − pmdnm + μf dρf − pf dnf (A6) 
Work can be provided to the fluid-solid interface either by increasing its area (working against the surface stress) or by adding more adsorbed 

molecules. So, the energy balance for the interface is expressed as:62 

dFsurf = σsdAp + μmdρa
m (A7) 

The surface of coal pores depends on coal matrix porosity and the volumetric strain of coal matrix,28 and expressed as: 
Ap =Ap(εvm, nm) (A8) 

Considering the macroscopic strain of coal being the space average of coal matrix and fractures,28 i.e.: 
εv =

(

1− nf 0

)

εvm + nf − nf 0 (A9)  

where εv = ε11 + ε22 + ε33 is volumetric stain of bulk coal and nf0 is fracture porosity in the reference state. 
Therefore, equation (A8) can be rewritten as: 

Ap =Ap

(

εv − nf , nm

) (A10) 
From equation (A1), the change in free energy of the coal without bulk fluids Fs can be obtained as: 

dFs = dF − dFf − dFsurf (A11) 
Substitution of equations (A2-A3) and (A6-A10) into equation (A11) produces the energy balance as: 

dFs = σijdεij + ps
f dεv +

(

pm–ps
m

)

dnm +
(

pf − ps
f

)

dnf (A12)  

where ps
f = ξf σs; psm = ξmσs; ξf =

∂Ap
∂(nf−εv); ξm =

∂Ap
∂nm. 

Replacing the volumetric strain with εii, equation (A12) can be rearranged as: 
dFs = σa

ijdεij + pa
mdnm + pa

f dnf (A13)  

where σa
ij = σij + ps

f δij; pam = pm–psm; pa
f = pf − ps

f , and δii = 1, δij = 0. 
It can be seen from equation (A13) that when gas adsorption is involved, the role of surface stress can be described macroscopically via psm and ps

f , 
the fluid pressures pm, pf are modified as pam, pa

f . 
Introducing energy Gs instead of the solid free energy, Fs is more convenient to consider the opposite of partial Legendre transform of solid free 

energy with regards to nm and nf :31 

Gs =Fs − pa
mnm − pa

f nf (A14) 
Substation of equation (A14) into (A13) yields: 

dGs = σa
ijdεij − nmdpa

m − nf dpa
f (A15) 
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From equation (A15), the state equation of dual poro-elasticity can be written in the form: 
Gs =Gs

(

εij, pa
m, pa

f

)

(A16)  

σa
ij =

∂Gs

∂εij

; nm =
∂Gs

∂pa
m

; nf =
∂Gs

∂pa
f

(A17) 

Differentiating state equation (A17) and considering the Maxwell’s symmetry relations: 
∂σa

ij

∂εkl

=
∂σa

kl

∂εij

;
∂σa

ij

∂pa
m

= −
∂nm

∂εij

;
∂σa

ij

∂pa
f

= −
∂nf

∂εij

(A18)  

lead to 
dσa

ij + bmijdpa
m + bfijdpa

f = Cijkldεkl (A19)  

where Cijkl = ∂2Gs
∂εijεkl 

and bmij = − ∂2Gs
∂εij∂pam

. is the ijth component of Biot’s effective stress coefficient tensor for pore fluid pressure with symmetry bmij = bmji 
due to stress and strain symmetry. From equation (A18), bmij linearly relates the stress increment to the pore fluid pressure increment in an evolution 
when fluid pressure in fractures and strain is held constant, i.e. dεij = 0. bfij = − ∂2Gs

∂εij∂pa
f 
is the ijth component of Biot’s effective stress coefficient tensor 

for fracture fluid pressure with symmetry bfij = bfji, from equation (A18), bfij linearly relates the stress increment to the fracture fluid pressure 
increment in an evolution when strain is held constant. It is worth pointing out that the effective stress coefficients bmij, bfij are a second rank tensor, 
suggesting that pore pressure modifies not only effective normal stresses, but also effective shear stresses. However, the latter effect is vanished under 
the isotropic condition. 

Based on the effective stress concept, equation (A19) can be rewritten as: 
dσ

′

eij =Cijkldεkl (A20)  

where 
dσ

′

eij = dσa
ij + bmijdpa

m + bfijdpa
f (A21)  

may be regarded as the effective stress for fractured porous media saturated with adsorptive fluids. 
Replacing the counterpart terms in effective stress σ′

eij and integrating with assumption of zero initial stress and fluid pressure give: 

σ
′

eij = σij + ps
f δij + bmij

(

pm–ps
m

)

+ bfij

(

pf − ps
f

)

(A22) 

If no adsorption occurs on the interface between a solid and a fluid, equation (A22) can be reduced as: 
σ’

eij = σij + bmijpm + bfijpf (A23) 
Compared to conventional constitutive equations of effective stress for anisotropic dual poro-elasticity, equation (A22) shows that in order to 

prevent any deformation and porosity changes with respect to the reference configuration, a pre-stress ps
f , an initial pressure in pores ps

m and in 
fractures ps

f have to be applied against the effects induced by the surface stress change resulting from gas adsorption. 

Nomenclatures 

A Area of fractures per unit volume of the rock 
a Fracture aperture 
Ap Surface area of the pores 
bfij Effective stress coefficients for fluid pressure in fractures 
bL Langmuir pressure constant 
bmij Effective stress coefficients for fluid pressure in matrices 
Cfij Directional fracture compressibility 
Cijkl Elastic stiffness tensor 
d Compliance coefficient 
Dijkl Elastic compliance tensor 
Df Fracture intensity 
Ei Young’s modulus in the ith direction 
fai Sorption induced change of compressibility in the ith direction 
F Helmholtz free energy of system per unit volume 
Fs Helmholtz free energy stored in solid skeleton 
Ff Helmholtz free energy stored in the fluid 
Fsurf Helmholtz free energy stored on pore surface 
i, j,k,l Index 
k Fracture permeability 
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ki Fracture permeability in the ith direction 
ki0 Fracture permeability in the ith direction at the reference stress state 
nf Fracture porosity 
nfi Fracture porosity in i direction 
ng Number of gas components in the mixture 
nm Coal matrix porosity 
p Fluid pressure at equilibrium state 
pf Fluid pressure in fracturs 
ps

f Adsorption induced stress in fractures 
pm Fluid pressure in matrix pores 
psm Adsorption induced stress in matrix 
R Universal gas constant 
Rc Fracture connectivity 
T Temperature 
Vb Molar volume 
xm Molar fraction of the mth gas component 
αij Fracture compressibility change rate 
γmi Weakening coefficient of mth gas component 
σij Components of total stress 
σs Surface stress 
σ

′

eij Effective stress for bulk coal 
σ

′

ii Effective stress only acting on coal fractures in ith direction 
σ

′

ii0 Effective stress only acting on coal fractures at the reference stress state 
εij Component of second-order strain tensor 
εv volumetric stain of bulk coal 
εvm Volumetric strain of coal matrix 
vij Poisson’s ratio 
Γ Number of moles of fluid molecules adsorbed 
Γmax adsorption capacity of fluid per unit adsorption surface 
μm Molar chemical potentials of the fluid in matrix pores 
μf Molar chemical potentials of the fluid in fractures 
ρm Molar density of the fluid in matrix pores 
ρf Molar density of the fluid in fractures 
ρbm Molar density of bulk phase in matrix pores 
ρam Molar density of adsorbed phase in matrix pores 
δij Kronecker delta 
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